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Exercise 1:

Compute the Taylor polynomial of second degree for the function
f(z,y) = (y + cosy) sinz

about the point (zg,v0) = (g, 0) and provide the upper bound for the error of ap-
proximation of f by T, at point (z,y) = (0,0).

Solution:

f(z,y) = (y + cosy)sinz = f(g,0>:1

fo(®,y) = (y+ cosy)cosz = [, (g’0> —0

fy(z,y) = (1 —siny)sinx = f, (g’0> -1
foz(z,y) = —(y+cosy)sine = fu, <g’0) - 1

fay(x,y) = (1 —siny)cosz = fu <g70> 0

fy(x,y) = —cosysinz = f, (g,O) =1
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The third derivatives are required for the error estimation

foza(z,y) = —(y+ cosy)cosz
fmy(x,y) = —<1 —Siny) sin x
Jayy(2,y) = —cosycosx
fyw(x,y) = sinysinz.

We estimate the error at (z,y) = (0,0) with 6 €]0,1[, (§1,&2) = ((1 - 9)%,0) . So it
holds 0 < & < g and & = 0.
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The actual error is
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‘f(0,0) T (o,o, §,0)‘ — Ty (0,0, 5,0) | = ‘1 -5 (—5) — 0.233701..
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Exercise 2:

Compute and classify all stationary points of the following functions

32
a) f(x,y)=i+x3—y3+3y,

2
b) flx,y) =2(2* +y*)* — 2> — 3,

c) flr,y) =22 +y?,

d) f(z,y) =zsiny.

Solution:

a) grad f(z,y) = (32 +32% =3y +3)" = (32(1+2),3(1 —y*)" = (0,0)7
We obtain =0 or x =—1 and y =1 or y = —1, so the points

(1) ne(2)me()n-(2)

3+6x O
Hess f(z,y) = ( 0 6y )

3 O) = indefinite = P; saddle point
) = positive definite = P, minimum

Hess f(Ps) = ( _(3) _g ) = negative definite = P; maximum
3
0

g ) = indefinite = P, saddle point

2

3
Figure 2 a):  f(z,y) = % + 2% —y3 + 3y
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b) f(z,y) =2 +y?)?—2*—y* = grad f(z,y) = (4(2*+y*)—1)(2z,2y)" = (0,0)

= stationary points are (zo,yo) = (0,0) and all points with
1\ 2
4(1:2—|—y2)—120<:>:c2—|—y2:(§> :

1
So they are on the circle K of radius r = 3 with center at (0,0).

o 2(4(2* +y?) — 1) + 1622 16zy
H f(z,y) = ( 162y 2(4(a? + %) — 1) + 1692 )

H f(0,0) = ( _(2) _g ) is negative definite

= (xo,y0) = (0,0) is strict local maximum.

For the stationary points at K we have with z? 4+ y* = 1

162% 16zy

We obtain the eigenvalues from the characteristic polynomial
p(A) = (162% — \)(16y* — \) — 16°2%y* = \* — 16(2* + y)A = A(A —4) =0
= M=0,\=4 = H f(z,y) ist positive semidefinite.

Hence the points from K can not be local maxima.
Since 12 = 22442 and f(r) = 2r* — r? we know that f is rotationally symme-

tric. f has absolute minima for r = j:§ and for r = 0 a strict local maximum.

So the points on K are absolute minima (not strict).
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Figure 2 b):  f(z,y) =2(z* + y?)? — 22 — 32
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¢) flz,y) =22+ 9>

T
x Y T
rad f(x,y) = ) = (0,0 = (20,%0) = (0,0
grad f(z,y) <\/x2+y2 \/x2+y2> (0,0) (%0,%0) = (0,0)
is not admissible, since grad f in (0,0) does not exist.

So there is no stationary points.

The only remaining point (0,0) is obviously strict global minimum, since
£(0,0)=0 and f(z,y) >0 (2,y) # (0,0).

Figure 2 ¢):  f(x,y) = V2% + 42
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d) f(z,y) =xsiny.

grad f(z,y) = (siny, vcosy)” = (0,0)7

= siny=0 = y=kr = cos(kmr)=(-1)F = 2,=0

So the stationary points are given by (xg, yx) = (0, k7)

_ 0 cos Yy
H f(x,y) = ( cosy —wsiny )

— H (0, k) = ( (_Ol)k <_01)k )

has eigenvalues ;o = £1.
Hence H f(0,km) is indefinite, all stationary points are saddle points.

Figure 2 d): f(x,y) = zsiny

Discussion: 4.12. - 8.12.2023



