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Exercise 1:

a) Compute the Jacobian matrix of h using the chain rule:

h : IR2 f→ IR2 g→ IR(
x
y

)
7→

(
u(x, y)
v(x, y)

)
7→ g(u, v) .

b) Compute the Jacobian matrix of f directly and also using the chain rule

f : IR2 f 1→ IR3 f 2→ IR2

(
r
s

)
7→

 u = sin(rs)
v = er + s
w = 1− 2s3

 7→
(

uw
vw

)
.

Solution:

a) Chain rule: h = g ◦ f i.e. h(x, y) = g(u(x, y), v(x, y))

J f (x, y) =

(
ux(x, y) uy(x, y)
vx(x, y) vy(x, y)

)
,

J g(u, v) = (gu(u, v), gv(u, v))
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⇒ Jh(x, y) = (hx(x, y), hy(x, y)) = Jg(u, v) · Jf(x, y)

= (gu(u, v), gv(u, v))

(
ux(x, y) uy(x, y)
vx(x, y) vy(x, y)

)
= (gu(u, v) · ux(x, y) + gv(u, v) · vx(x, y),

gu(u, v) · uy(x, y) + gv(u, v) · vy(x, y))

= (guux + gvvx , guuy + gvvy) = (hx , hy)

b) Chain rule: f = f 2 ◦ f 1

J f 1(r, s) =

 s cos(rs) r cos(rs)
er 1
0 −6s2

 , J f 2(u, v, w) =

(
w 0 u
0 w v

)

Jf(r, s) = J(f 2 ◦ f 1)(r, s) = Jf 2(f 1(r, s)) · Jf 1(r, s)

=

(
w 0 u
0 w v

) s cos(rs) r cos(rs)
er 1
0 −6s2


=

(
ws cos(rs) wr cos(rs)− 6us2

wer w − 6vs2

)
=

(
(1− 2s3)s cos(rs) (1− 2s3)r cos(rs)− 6s2 sin(rs)

er(1− 2s3) 1− 2s3 − 6(er + s)s2

)

directly:

f 2(f 1(r, s)) = f 2(u(r, s), v(r, s), w(r, s))

= f(r, s) =

(
sin(rs)(1− 2s3)
(er + s)(1− 2s3)

)

⇒ J f (r, s) =

(
s cos(rs)(1− 2s3) r cos(rs)(1− 2s3)− 6s2 sin(rs)

er(1− 2s3) (1− 2s3)− 6s2(er + s)

)
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Exercise 2:

a) Draw the following circles and ellipses

(i) x2 + y2 = 5,

(ii) 16x2 + 25y2 = 400,

(iii) x2 + y2 + 6(x− y) + 9 = 0,

(iv) x2 + 2y2 − 16y + 28 = 0.

Determine the (x, y) of the solution sets of the above equations using polar
coordinates.

b) Draw the solution sets of the following areas in IR3

(i) x ≤ 0, y ≤ 0, 0 ≤ z and x2 + y2 + z2 ≤ 9

(ii) 1 ≤ z ≤ 2, 0 ≤ y and x2 + y2 ≤ 9

and represent them using cylindrical or spherical coordinates.

Solution:

a) (i) x2 + y2 = 5

describes the circle

with radius r =
√
5

and a center at (0, 0)

(x, y) = (
√
5 cos(φ),

√
5 sin(φ))

with −π ≤ φ < π
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Figure 2.1 Circle x2 + y2 = 5

(ii) 16x2 + 25y2 = 400

⇔ x2

52
+

y2

42
= 1

describes the ellipse

with the semi-axes

a = 5 and b = 4

with center at (0, 0) .

(x, y) = (5 cos(φ), 4 sin(φ))

with −π ≤ φ < π
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Figure 2.2 Ellipse
x2

52
+

y2

42
= 1
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(iii) By completing the square we ob-
tain

0 = x2 + y2 + 6(x− y) + 9
= x2 + 6x+ 9 + y2 − 6y + 9− 9

⇔ (x+ 3)2 + (y − 3)2 = 9 .

So this is a circle

with a center at (−3, 3)

and radius r = 3 .

(x, y) = (3 cos(φ)−3, 3 sin(φ)+3)

with −π ≤ φ < π
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Figure 2.3 Circle (x+ 3)2 + (y − 3)2 = 9

(iv) By completing the square we ob-
tain

x2 + 2y2 − 16y + 28
= x2 + 2(y2 − 8y + 16)− 4 = 0

⇔
(x
2

)2

+

(
y − 4√

2

)2

= 1.

This is an ellipse

with the center at (0, 4)

with the semi-axes

a = 2 and b =
√
2

(x, y) = (2 cos(φ),
√
2 sin(φ) + 4)

with −π ≤ φ < π
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Figure 2.4 Ellipse
(x
2

)2

+

(
y − 4√

2

)2

= 1

b) (i) x ≤ 0, y ≤ 0, 0 ≤ z and x2 + y2 + z2 ≤ 9

-3

-2

-1

0

x

-3

-2

-1

0
y

0

1

2

3

z

-3

-2

-1

0

x

-3

-2

-1

0
y

Figure 2.5 Eighth of a ball K
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Spherical coordinates for K : u = (r, φ, θ)T

x =

 x
y
z

 = Φ (r, φ, θ) =

 r cos(φ) cos(θ)
r sin(φ) cos(θ)

r sin(θ)


with 0 ≤ r ≤ 3 , −π ≤ φ ≤ −π

2
, 0 ≤ θ ≤ π

2

(ii) 1 ≤ z ≤ 2, 0 ≤ y and x2 + y2 ≤ 9
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Figure 2.6 Half cylinder Z

Cylindrical coordinates for Z : u = (r, φ, z)T x
y
z

 =

 r cos(φ)
r sin(φ)

z

 = Φ (r, φ, z)

with 0 ≤ r ≤ 3 , 0 ≤ φ ≤ π , 1 ≤ z ≤ 2

Discussion: 20.11. - 24.11.23


