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Exercise 1:
Given a vector field

g (x, y) = (u(x, y), v(x, y))T = (1, 3x2)T

a) compute div g and curl g and

b) make a sketch of the vector field and some streamlines in the area
[−1, 1]× [−1, 1] .

Solution:

a) g (x, y) = (u(x, y), v(x, y))T = (1, 3x2)T

div g = ux + vy = 0 , rot g = vx − uy = 6x− 0 = 6x

b) The MATLAB commands for plotting the vector field are

[X,Y] = meshgrid(-1:.2:1);

U=X.^0;

V=3*X.^2;

quiver(X,Y,U,V)
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Figure 1 b.1 Vector field g (x, y) = (1, 3x2)T
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Streamlines are the curves c(t) = (x(t), y(t))T the tangent vectors of which are
given by the vector field g(

ẋ(t)
ẏ(t)

)
= g (x(t), y(t)) =

(
u(x(t), y(t))
v(x(t), y(t))

)
=

(
1

3(x(t))2

)

⇒ c(t) =

(
x(t)
y(t)

)
=

(
t+ a

(t+ a)3 + b

)
x(0)=0⇒a=0⇒ c(x) =

(
x

x3 + b

)

Alternatively y′(x) =
v(x, y(x))

u(x, y(x))
: y′(x) =

3x2

1
⇒ y(x) = x3 + b , b ∈ IR

The MATLAB commands for plotting the streamlines are:

[X,Y] = meshgrid(-1:.2:1);

Z = X.^3-Y;

contour(X,Y,Z)
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Figure 1 b.2 Streamlines c(x) = (x, x3 + b)T , b ∈ IR
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Exercise 2:

Compute the Jacobian matrices of the following functions using the definition

a) f(x, y, z) =
√
z sin(x+ y) + ey+z and x, y ∈ IR , z ∈ IR+ ,

b) g (t) = (cos t, sin t)T and t ∈ IR ,

c) h (x, y) = (x+ y2, 3x2 + 4y)T and x, y ∈ IR ,

d) u (t, x, y, z) = (x− ey−t, 3z − xt2, t+ 5x+ y2 + 4z)T and t, x, y, z ∈ IR .

Solution:

a) f(x, y, z) =
√
z sin(x+ y) + ey+z

J f(x, y, z) = (fx, fy, fz) = gradf(x, y, z)

=

(
√
z cos(x+ y),

√
z cos(x+ y) + ey+z,

1

2
√
z
sin(x+ y) + ey+z

)

b) g (t) = (cos t, sin t)T

J g (t) = (g′1(t), g
′
2(t))

T = g ′(t) = (− sin t, cos t)T

c) h (x, y) = (x+ y2, 3x2 + 4y)T and x, y ∈ IR ,

J h (x, y) =

(
h1x h1y

h2x h2y

)
=

(
1 2y
6x 4

)

d) u (t, x, y, z) = (x− ey−t, 3z − xt2, t+ 5x+ y2 + 4z)T and t, x, y, z ∈ IR ,

J u (t, x, y, z) =

 u1t u1x u1y u1z

u2t u2x u2y u2z

u3t u3x u3y u3z

 =

 ey−t 1 −ey−t 0
−2xt −t2 0 3
1 5 2y 4



Discussion: 6.11. - 10.11.23


