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Exercise 1:

Compute the divergence and rate of rotation (curl) for the following vector fields
with x, y, z ∈ IR

a) f (x, y) = (sinx cos y, (x+ y)2)T ,

b) g (x, y) = (sin y cosx,−2xy)T ,

c) f (x, y) + g (x, y),

d) h (x, y, z) = (ex+y+z, ex+y+z, ex+y+z)
T
,

e) u (x, y, z) = (yz, xz, xy)T ,

f) 2h (x, y, z)− u (x, y, z) .

Solution:

a) divf = f1x + f2y = cosx cos y + 2(x+ y)

curlf = f2x − f1y = 2(x+ y) + sin x sin y

b) div g = g1x + g2y = − sin y sinx− 2x

curl g = g2x − g1y = −2y − cos y cosx

c) div(f + g ) = divf + div g

= cosx cos y + 2(x+ y)− sin y sinx− 2x = cos(x+ y) + 2y

curl(f + g ) = curlf + curl g

= 2(x+ y) + sin x sin y − 2y − cos y cosx = 2x− cos(x+ y)
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alternatively:

f (x, y) + g (x, y) = (sin x cos y + sin y cosx, (x+ y)2 − 2xy)T

= (sin(x+ y), x2 + y2)T

div(f + g ) = cos(x+ y) + 2y

curl(f + g ) = 2x− cos(x+ y)

d) h (x, y, z) = (ex+y+z, ex+y+z, ex+y+z)
T
,

divh = h1x + h2y + h3z = ex+y+z + ex+y+z + ex+y+z = 3ex+y+z

curlh = (h3y − h2z, h1z − h3x, h2x − h1y)
T

= (ex+y+z − ex+y+z, ex+y+z − ex+y+z, ex+y+z − ex+y+z)T = 0

alternatively:

h (x, y, z) = φ(x, y, z)v with φ(x, y, z) = ex+y+z and v =

 1
1
1


We obtain

∇φ = h , divv = 0 , curlv = 0 and

(∇φ)× v = h × v = (φ(x, y, z)v )× v = φ(x, y, z)(v × v ) = 0 .

Hence

divh = (∇φ, v ) + φ divv = 3ex+y+z

curlh = (∇φ)× v + φ curlv = 0 .

e) u (x, y, z) = (yz, xz, xy)T ,

divu = u1x + u2y + u3z = 0 + 0 + 0 = 0

curlu = (u3y − u2z, u1z − u3x, u2x − u1y)
T = (x− x, y − y, z − z) = 0

f) div(2h (x, y, z)− u (x, y, z)) = 2divh − divu = 6ex+y+z

curl(2h (x, y, z)− u (x, y, z)) = 2curlh − curlu = 0
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Exercise 2:

Given a function f : IR2 → IR with

f(x, y) =


x2y

2x2 + 3y2
, if (x, y) ̸= (0, 0)

0 , if (x, y) = (0, 0) .

a) Draw the function in the domain [−1, 1]× [−1, 1] .

b) Compute all directional derivatives of f at the point (x0, y0) = (0, 0) .

c) Check if f is (completely) differentiable at the point (x0, y0) = (0, 0) .

Solution:
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Figure 2: f(x, y) =
x2y

2x2 + 3y2

b) Since we have zero in the denominator of function f at point (x0, y0) = (0, 0),
we cannot assume any differentiability there, i.e. the derivatives in direction
h = (h1, h2)

T must be computed by directly using the definition.

Dh f(0, 0) = lim
t→0

f(th1, th2)− f(0, 0)

t
= lim

t→0

(th1)
2(th2)

t(2(th1)2 + 3(th2)2)
= f(h1, h2)
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c) If f were (completely) differentiable at point (x0, y0) = (0, 0) , there would
have existed a linear operator A with

lim
x→0

f(x )− f(0)− A x

||x ||
= 0 .

Since the partial derivatives are special directional derivatives, it would hold

(ii) A = J f(0, 0) =

(
∂f

∂x
(0, 0),

∂f

∂y
(0, 0)

)
= (0, 0) .

Now, take for example the null sequence x n = (1/n, 1/n)T

lim
n→∞

f(x n)− f(0)− A x n

||x n||
= lim

n→∞

1/n3

5/n2
√
2/n2

=
1

5
√
2
.

So f is not differentiable at the origin.
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