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Linearity 2

—

Consider two functions

:DCR* 5 R™
f9 ;

where D is open, and zg € D. If f and g are differentiable at zg, then
the linear combination o.f + 8¢ with «, 8 € R is also differentiable at
ZQ-

For the Jacobian matrix of the linear combination, we have

J(af + Bg)(zo) = aJ f(zo) + BJg(x0)
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Composition of Functions 3

—

Let’s consider a function f: D C R” — R™ and a function
g:ECR™ = RF,

For f(D) C E, the composition of f and g is defined as

gof:D =R, (gof)(z):=g(f(x)
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Composition of Functions 4

—
f(xo)
Rm
/ g
o gof 9(f(x0))
R™ ~ R
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Theorem: Chain Rule 5
P——

If f is totally differentiable at 20 and g is totally differentiable at
y? := f(20), then g o f is totally differentiable at 2° and the following
holds

J(go f)(a°) = Jg(f(20)) - T f(2°)
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Example 01
—
Rz 5 R? %4 0R
)> = w(u,v) = w(z,y)

Let,
w
( x ) ( u(z,y
H
Y v(z,y)
Jw = (wg,wy) =J(Wwo®)=Jw-JP
U Uy ) = (Dylg + Wyy , Wylly + Wyty)

= (wu,wv)<vx oy




Example 02 7
—

Calculate the Jacobi matrix using the chain rule and directly:

FfirR2 B R? iR

(5) = (1257) o rests)
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Example: Chain rule

—

s = (4 )
Jfa(r,s) = ( cos(s?), —2rssin(s?) )
Jf(l‘,y) = J(f? © fl)(xvy) = JfQ(fl(JU,y)) ) Jfl(xvy)
ye”

= (cos((z*)?), —2ye*a’sin((z*)?) ) - ( 32

= ( ye” cos(z%) — 62°ye” sin(z®), e*cos(zP) )

€
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Example: Direct

—

Fa(filz,y)) = fa(r(z,y)), s(z,y)) = f(z,y) = ye* cos(a®)

= Jf(z,y) = ( ye” cos(a) — 62°ye” sin(z%), e” cos(zf) )




Exercise 01 10

—

Calculate the Jacobi matrix using the chain rule and directly:

g:R® % R? Z R
T . 2v — 3u
P < 3:21211(23/2) > = Q2utv
z o udv
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Coordinate Transformation 11

—

Definition:
Let ® be a C! function, and U,V C R™ be open sets, with

®:U -V and uw~— P(u)

Here, u = (ug,ug, - ,u,)! and ®(u) = (®1(u), P2(u), -+, P, (u))?.

The Jacobian matrix J®(u") is assumed to be regular for every

u? € U, and there exists a C'! inverse function ®~1 : V — U. Then,
x = ®(u) is referred to as a coordinate transformation from the
coordinates u to the coordinates x.
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Polar Coordinates 12

—

T

Let u = (1, ¢)
with O <rand T <p<m

() -oeo- (153
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Circle Equation 13

—

The equation for circle is:

m2+y2:R2

describes the boundary K of a circular disk with a radius of R and a
center at (0,0).
K can be represented using Polar coordinates with R = r.

Circle: x2 +y?=R?
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Ellipse Equation 14

The equation for ellipse is:

describes the boundary E of an ellipse with the semi-axes a and b and
a center at (0,0).
E can be represented as (z,y) = (acos(p), bsin(p)).

Ellipse: x%32 + y%/22 = 1
a=3,b=2

2 —
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Cylindrical Coordinates 15

—

In cylindrical coordinates, a point is represented as u = (r, ¢, z
with O <r,—m<ep<mzeR

)T

x rcos(p)
z=| vy | =0(r,¢,2z)=| rsin(p)
z z
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Spherical Coordinates 16

In spherical coordinates, a point is represented as u = (r, ¢, 6)T
T T
with0<r,—nm<p<rm,— <0< =

2 2
x r cos(¢) cos(6)
r=|y | =®(r,p,0) = | rsin(yp)cos(h)
z rsin(f)

The inequality
2242 422 < R?
describes a Solid Sphere K with a radius of R and a center at
(0,0,0).
With 0 <r < R, K can be represented using spherical coordinates.
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Example 03 17
—

2?+y? =3

Draw the circle or ellipse and represent the solution sets of the
equation using polar coordinates, and display the (x,y) coordinates.
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Example 03 18
—

Solution:
Circle: Radius 7 = /3, Center (0,0)
Representation using Polar Coordinates with —7 <o <m

(z,9) = (V3cos(), V3sin())

Figure: Circle 22 +y? =3
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Example 04 19
—

42% + 9y* = 36

Draw the circle or ellipse and represent the solution sets of the
equation using polar coordinates, and display the (x,y) coordinates.
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Example 04 20
—

Solution:
Ellipse: Semi-axes a =3 and b= 2, Center (0,0)
Representation using Polar Coordinates with —7 <<

(z,y) = (3cos(p), 2sin())

=

Figure: Ellipse 2—2 + 5 =1
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Example 05 21
—

1622 + 3y* + 6y + 3 = 48

Draw the circle or ellipse and represent the solution sets of the
equation using polar coordinates, and display the (x,y) coordinates.
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Example 05 22
—

Solution:
Through completing the square, we obtain

1622 + 3y% 4+ 6y + 3 = 1622 + 3(y + 1)? = 48

2 1 2
- & LW +2 )’ _
(v/3)? 4
Ellipse: Semi-axes a = v/3 and b =4, Center (0, —1)
Representation using Polar Coordinates with —7 <o <m

(2,9) = (V3cos(p), 4sin(p) — 1)
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Example 05
—

23

Figure:

Ellipse

X
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Example 06 24
—

22 —6x+94+19%=25

Draw the circle or ellipse and represent the solution sets of the
equation using polar coordinates, and display the (x,y) coordinates.
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Example 06 25
—

Solution:
Through completing the square, we obtain

2?2 —6x+9+y* = (v —3)2 + ¢y =52
Circle: Radius r =5, Center (3,0)

Representation using Polar Coordinates with —n7 <o <m

(z,y) = (5cos(p) + 3,5sin(p))
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Example 06 26
—

=

Figure: Circle (z — 3)% + y? = 52
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27
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Example 07

28
—
Cylindrical Coordinates for Z: u = (r, ¢, 2)T
rcos(p)
y | =| rsin(e) | =(r¢2)
z z
. T 3m
with 0<r <2, §§<p§?, 1<2<3
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Example 08 29
—

Draw the solution sets of the following region in R? and represent
them using spherical coordinates.z? + y? + 22 < 16, 0 <y

Figure: Half sphere H
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Example 08 30

Spherical Coordinates for H: u = (r,¢,0)7

x r cos(g) cos(6)
x=\1y | =@(r,p,0)=| rsin(e)cos(h)
z rsin(6)

with 0<r<4, 0<p<m, —
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Example 09 31
—

Consider the coordinate transformation

— u(:an) _ r—=Yy
ven=(50n )= (547)
with (z,y) € Q :=[-1,1] x [-1,1].
» Calculate J®(x,y) and det(JP(x,y)).

» Calculate @ !(u,v), JO 1 (u,v), det(JP(u,v)).
» Draw @ and ®(Q)
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Example 09512 -
sen= ()= (220 -(0 ) ()

This is a linear transformation, more precisely, it’s a rotation and
scaling by 45° with a factor of v/2, as:

(1 1) =ve( 12 ) =va(mia o).

o up uy (1 -1
J¢($’y)_<vx ,Uy>_<1 1)7

det(J®(z,y)) =2
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Example 095 i1)

)=( 1) ()
(5
( 1/2 1/2

“1/2 12 ) = (o),
det(J® L (u,v)) =1/2




Example 095 iii) 34

Figure: @

Figure: ©(Q)) i
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