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Topics for today 2

Vector Field

Jacobian Matrix

>

>

> Streamlines
» Directional derivative
>

Vector Operators
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Vector Field 3
-

Let D be open and D C R" | a function f: D — R is called a vector
field on D, if every function fi(z) of f = (f1,...., fn)" is a C*-
function, then f is called ¢®-vector field.

as Vector Field: f(x, y) = [X; Y]
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Example 4

—

Find the vector field in the zy -plane

s = (hem) = ()
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Example

Vector Field: f(x, y) = [-y; x]
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Jacobian Matrix

—

Let f: D = R™D CR" , z = (21, ..., an)’ € D,

fi(z) fi(@y, s )
f(:L‘) _ f2(33) _ f2(3§'1, ,:L'n)

() (1, oo )

Then the Jacobian Matrix is m x n matrix J;; = gy{ L(x):
J

grad f1(x) Ui(z) i(z)... OL(a)
Jf(z) = grad :fQ(CC) _ gﬁ:(x) g—g(z:) . %(x)
grad fm(7) %JCTT(ZE) %fT’;‘(JJ) . gfﬁ(x)




Determinant of a Matrix 7

—

A matrix is given

The determinant is
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Jacobian Determinant 8

—

» If m = n the determinant of the Jacobian is knownn as the
Jacobian determinant of f

» The Jacobian is used when making a change of variables and a
coordinate transformation.
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Exercise 1 9

—

Compute the Jacobian matrix and the Jacobian determinant of the
following vector function:

e = (o) = (5 it

—_

D{'n,j)— %%7_ Df%j =/ 1ty 27

g% :é{j Iy (oS ,J

v
JU}/’H‘ZAJ X / = (1'*2"_3) ¢65)3) —b_ztv - C’{j)f-zw._j L’>(‘J/" P
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Exercise 2

10
PR

Compute the Jacobian matrix of the following vector function:

f(z,y,2) = <f1(x73/72)) (xey +az2z> M2 n

f2 (x’ Y,z ) e$2+2y2
'-)_0[1- ?L f—’?Tng Qe,j al
I maj 9 _ -
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Chain rule For vector functions 11

—

Let f: D — R™ be differentiable in 2° € D, D is open. Let
g: E — R¥ be differentiable in ¢ = f(2° € E ¢ R™), E is open.
Then g o f is differentiable in 2°.

For the differentials it holds

d(go f)(2°) = dg(y°) o df(a")

and analogously for the Jacobian matrix

J(go f)(a°) =Jg(y®) o Jf(a)
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Exercise 3 12

—

Let f:R?® - R and g : R — R? be a vector valued function of one
variable defined as follows

=7 2x)sin(3
f(x,y,2) = e*cos(2z)sin(3y) %:Zf‘%h(h)ﬁhiﬁ)

g(t) = (:z:(t),y(t),z(t)) = (2t7t27t3) a_;c =‘}£%E°St2'\) c«s{s:ﬁ

Compute the derivative of the composition f o g.
P P fog % = €* coslr) S(33)

iffo2)= pud[1orman). 50 ",
dt

= 28m)sing>y).2 + et Cos(z‘«)“’i("_’) 264 Jold) ot
e_"*agsLZn) Sn'hg'-:)- »n>

&
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Exercise 4 13

—
Let f:R?2 >R ) M _ amy e
pLY
flz,y) =27y +ay L ey
and g : R? —» R? -

3.2
o= (32 - () F b))
EAHATS

Compute the derivative of the composition f o g.
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Streamlines 14

—

Let u = (uy(z,y),u2(z,y))” be a velocity field of the two dimensional
flow. The streamlines associated the flow u are the solution of the
system of the differential equations

{ T = Ul
Y =u
or the differential equation
/ U2 (x7 y)
€Tr) =
Y ( ) U1 (.%', y)
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Exercise 5 15

—

Calculate the streamline passing through a point (g, yo)? for the

stagnation point flow
u = =
U2 (l’, y) -y

g hove b sohe He Lft. eg” [5'(“‘ k\.{”j) - Jj QL(‘.‘D - J_x_ = 2J
1 w ) =7 oy e T ox

e b b dbegde Ao fid e Snaelives, (L {3 5 taris-bsrre

fald)y arb
ing r 7 E ,= e =hA> tvm'-;:?
[ Rory, " co « s =
IR e fnd e comrtent A "l fs.)= =2 sy =A
Mewi n)3) = Jae) )3 - Iy) = H'”H 1 .
} '} > f .}k\ E'Lh r{_ S-Ir\_c,_mﬁhL.
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Exercise 6

—

16

stagnation point flow

v= () = (o= e )

4y 2_(1—1)(3”—)
dn ~

Calculate the streamline passing through a point (0,0)7 for the

— (x-1¢y Tu
_> YT tx—q)dz. =5 lhl‘nr'”‘\‘:-l :1; -3 tC,
= » .
= NW=2 _a 4¢, -
_7|n|94\ 7 % (7%,.:(1_>6 Lt-nv-d*""b
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Directional Derivative 17

—
Let f: D —R ,D CR" Disopen, 2’ € D, v &R0 a vector. Then

Dy f(2°) := lim f(xo + tv) — f(20)

t—0+t t

is called the directional derivative of f(z) in the direction v.
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Exercise 7 18

—

Calculate by definition the directional derivative of the function
f(z1,22) = 211 + 2122 at a point (27, 29) in the direction

v = (vg,v)7.
A0t 2)AB) subskibing fi Jachior g ) e b defrekion.
t

Dot ()= Ene
Dlll" {“)=f'M Ll b‘l il )+ a-: ‘%‘I")h;*-h/b))' [111‘ ? &;'“;,) ,L" vV, VL

w7 v ° L owm T
t - v, vty L
o ° .
=173 v/l_-h,;?b + l:':;,, + (v,v-,)

- 29 -rﬂ;\/,_ ﬁ:-\/l
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Exercise 8

—

Let f(x,y) = 2%y. Now compute

> grad f(3,2)

» the derivative of f in the direction of (1,2) at the point (3,2)

sd Ly = (o ,M”BL’L) *(14)

>, dhg) = 5 AV

Dﬂ'b)‘F {1,')1) = ﬂ,coL ;(—5, L}. Y

1
= Ln.g) Eﬁ-\ - %ﬁ
13

19
(17 - {_f ;)
. . ) L 4 r
M.v-ll— veekr , Y N () 1’,"71.:" &
2 3
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Exercise 9 20

—

Let f(x,y) = 2%y. Now compute
> grad f(3,2)
» the derivative of f in the direction of (2,1) at the point (3,2)
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Exercise 10 21

—

Compute D, f(z,y) for f(z,y) = cos(]) in the direction v = (3, —4)

od Lt \s -1 anfA) 2 si/a
IJ\/,}(.,\,.;) = jrm.b j[(m ‘1\.!/ bt 1)'(3 5{’{3]’ I (9)

1, !/r . . Ve (Ll'_q 3 -9
(53 3“’”@))-&_ B et mey TE T

Y,

% x x
=y ) - e
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Exercise 11 22

—

Compute D, f(3,—1,0) for f(z,y,z) = 4x — y*e3** in the direction
v =(—1,4,2). Is it a direction of descent or ascent?

2
™o
) 23t /

grad § (3.1 %) = {‘1-325"(;
- 212
-3n ye
%1 )

o4 (319 = s B (51 -V

Qa SCEﬂ(“

it bof 0 T
D g o —§J¢Jcen4’
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Divergence 23

—

For the vectorfield = (f1,..., f,)" in R” and = = (21, ....z,,) then the
divergence of the vector field is

: =~ 0f;
dlvf::Zai,
i=1 "

» The divergence of the vector field f is a scalar field.
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Example 24

—

Compute the divergence of the vector field:

> f=azityj
> f=—wi—yj
> f=—yi+aj
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Rotation 25

—

Let f be the in R? and the rotation of f or the curl of f:

Ofs _ Ofs
0z oxs
fi(z1, 2, z3) ) )
flar,wo,x3) = | falwr,m9,23) |, vot fi=| S0 -G8
1,9,
f3(x1, 22, x3) on  on
(9361 8(22

» The curl of a vector field f is indeed a vector field. The curl
operation takes a vector field as input and produces another
vector field as its output.
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Example 26

—

Compute the divergence of the vector field:
> f=azityj
> f = —yi+xj
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div

Exercise 12

—

Compute the div (f) and rot (f) for f(x,y, 2)

27

2y \—4
2)=|2"-3z| "4
4y2 -ﬁj}
i ': k 2 2 .
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Exercise 13 28

—

Compute the div (f) and rot (f) for f(x,y,z) = 20221 + yzj'+ k.

o\ e\
N T e

g~ —
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Additional Exercise

—

Compute the Jacobian matrix of the following vector function:

~ ;.”,.,.7 ucr'u‘.r'c 2 -

flz,y) =

fi(z,y)
f2(fl',y)
f3(x’y)

29

sin(y)
= [ 23 + cos(z)
222
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