Analysis III, SoSe24, 26.08.2024, (Struckmeier)

Exercise 1: (5 points)
Compute all stationary points of the following function and determine their types

flz,y) =2° -3z +y* — 12y.

Solution:
grad f(CC,y) = (3%2 - 37 3y2 - 12)T = (3@2 - 1)7 3(y2 - 4))T = (070)T
We obtain z =1 or z = —1 and y = 2 or y = —2, so the stationary points are

e (1)one () (2) e (2

( 9 > = indefinite = P, saddle point

-6 0 . : .

Hess f(P3) = 012 | = indefinite = P5 saddle point
6 0
0 2

) = negativ definite = P, maximum

Figure 1 f(z,y) =2 -3z +y> — 12y
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Exercise 2: (14143 points)
Given an implicit representation of a curve

fz,y) :==42” +9y* — 36y =0

a) determine the symmetries of the curve.

b) Compute the gradient of f.

¢) Compute the points of curve with horizontal and vertical tangent.

Solution:

a) (1 point) The curve is symmetric about y-axis, since

f(=x,y) = 4(—x)* + 9y — 36y = 4a® + 9y° — 36y = f(z,y).

b) (1 point)
grad f(xay) = (fr('rvy>7fy(x7y)> = (81’, 18y - 36)

¢) (3 points)

()

The points of the curve with horizontal tangent are given by the conditions

folr, ) =0 A flr,y)=0 A fy(x,y) #0.

0=folz,y) =8 = 2=0
0=/f(0,y)=9y*—36y=9y(y—4) = y=0Vy=4

< ae(8)ne(8)

It holds f,(0,0) = —36 # 0 and f,(0,4) = 36 # 0.
The points of the curve with vertical tangent are given by the conditions
folwy) =0 A flz,y)=0 A fo(z,y) #0.

0=fy(r,y) =18y —36 = y=2
0=f(2,2) =42 +9-22 -T72=42?-36 = x,=3V 15=-3

- ne(2)ne(2)

It holds f,(£3,2) = +24 £ 0.
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Figure 2 Ellipse 9:_+
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Exercise 3: (2+2 points)

a) Make a sketch of the area Z enclosed by 0 < z < 5 and 2? + y? < 4, and give its
representation in cylindrical coordinates.

b) Given density p(x,y,z) = 2z + 1 compute the moment of inertia of Z about z-axis
using cylndrical coordinates.

Solution:

a) (2 points)

Figure 3 Cylinder Z, radius r = 2, height h =5
Cylindrical coordinates with 0 <r <2, 0 < <27,0< 2 <5

x rcos(p)
y | =2(r e, )= | rsin(p)
z 2

b) (2 points)

Calculation of the moment of inertia via the transformation theorem
Orais = /,0 z,y, 2 (x,y, 2) d(z,y, 2) = /(22’+ (2 4+ y?) d(z,y, 2)
5
/22+1 rdzdgodrz/3dr/dg0/22+1dz
0

Z
2
-/
2 24
)(% ) (z +z\0> = 2730 = 240n

41

o\:‘m
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Exercise 4: (1+1+43+1 points)
Given a vector field f(z,y,2) = (0,0,2)" and a body
K = {(x,y,z)T € R? ’1:2+y2+z2 <25 } ,
a) make a sketch of K.

b) Give a parameterization for the surface S of the body K .

c¢) Calculate the flow(flux) of f through the surface S using parameterization from b).

d) Compute the volume integral / div f(z,y,2) d(z,y, z) .
K

Solution:

a) (1 point)

Figure 4 Sphere K, Radius r =5
b) (1 point)

Parameterization of the surface of Sphere H: ¢ : [0, 27| X

-2 g] — R? with

5 cos(p) cos(v))
q(p,¥) = | Ssin(p)cos(y)
5sin(v))

¢) (3 points)

Flux through H, with the outward going normal vectors

oq 0q el ey €3 cos (i) cos(¢))
Yo X % = | —5sin(p)cos(1h) 5cos(p) cos(v)) 0 = 25cos(¢) | sin(p) cos(v)
P —5cos(p)sin(yp) —5sin(p)sin(y) 5 cos(y) sin(v)
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21 /2 cos(p) cos(1))
/Sfdo = / / 25cos(w)<< 8 ) , ( sin(;?) cos(i) )> dipdyp

0 —m/2 5sin(e)) sin (1))
2 7/2 . w/2
= 125/ / sin?(¢) cos(1))dpdyp = 125 (SO|§W) (sm:;;(z/}) ) = 50??7r
0 —m/2 —7/2

d) (1 point)

With the Gauss’s theorem (Divergence theorem) we get:

/divfd(x,y,z):/deZSOOW
K S 3

Alternatively:
direct calculation using spherical coordinates and div f(z,y,z) =1

/Kdiv flz,y,2)d(z,y, z) = /Kd(x,y, z)

5 27 /2 5 o /2
= // / r? cos(¢) dypdpdr = /TQd?”/d(p / cos(v) dip
00 —n/2 0 [ J—
B, 52 500w
= ) el = 5"
Alternatively:
. . . Amr®
direct calculation using div f(x,y, z) = 1 and sphere volume V =
4753 500
/ div f(z,y,2) d(z,y, 2) :/ d(x,y,z) = ™ _ 22T
K K 3



