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Exercise 1: (4 points)

Compute all stationary points of the following function and determine their types

1'4 2
flz,y) = vy —2w2+%+2y-

Solution:
grad f(z,y) = (2* — 42,y +2)" = (z(2? = 4),y+2))" = (0,0)"

We obtain 1 =0, x5 =2 or z3 = —2 and y = —2, so the stationary points are

|
RN

ou - J- f(xy) 0

-5

Figure 1  f(z,y) = % — 22 + =
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Exercise 2: (14143 points)

Given an implicit representation of a curve

f(z,y) :=2* —6x+4y* +5=0,

a) check the symmetries of the curve.
b) Compute the gradient of f.

¢) Compute the points of curve with horizontal and vertical tangent.

Solution:

a) (1 point) The curve is symmetric about z-axis, since
f(ill', _y> =12’ — 6z + 4<_y)2 +0= f(xay>
b) (1 point)
grad f(z,y) = (folz,y), fy(z,y)) = (22— 6,8y)
¢) (3 points)

(i) The points of the curve with horizontal tangent are given by the conditions

fzb(xvy)zo A f(x>y>:O A fy(x7y>7£0

0= fo(z,y)=2x—6 = =3
0=/F(3,y) =3 —18+4y*+5 = ¢y =1V yo==1

e (2)ne ()

It holds f,(3,£1) # 0.

(ii) The points of the curve with vertical tangent are given by the conditions

0=fy(z,y) =8y = y=0
= 0=f(z,0)=2?>—-6z+5=(z—1)(z—5) = x3=1Vay=5

- () (3)

It holds f,(z12,0) # 0.
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Figure 2 Ellipse @2—2>

+yP=1&2?—6x+4y*+5=0.
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Exercise 3: (2+2 points)

a) Make a sketch of the area Z enclosed by 1 < z < 2 and 2% + y? < 9, and give its
representation in cylindrical coordinates.

2

b) Given density p(z,y, z) = z° compute the moment of inertia of Z about z-axis using

cylindrical coordinates.

Solution:

a)

20
215
10

Figure 3 Cylinder Z
Cylindrical coordinates with 0 <r <3, 0 < p <27, 1 <2 <2

x rcos(p)
y | =@(rp¢) = [ rsin(yp)
z z

b) Calculation of the moment of inertia via the transformation theorem

O = / o, s 23wy, 2) d(z,y, =) — / 22 + ) d(z,y, 2)
7

Z
2w

il
:<§

2

2 3 2
/z2 rdzdgodr:/r3dr/dg0/z2dz
1 0 0 1
’ 34 7 1897

= 2 op. - = 28
0 4 3 2
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Exercise 4: (14+2+3+1 points)
Given a vector field f(z,y,2) = (0,yz, O)T and a body
K ={(z,y,2)" e R® |x2+y2+z2§4, 2<0},

a) make a sketch of K.
b) Give parameterizations for each of the surface segments bounding K.

c¢) Calculate the flow(flux) of f through these boundary segments.
1
Hint: Tt holds /sin2(g0)dg0 = 5(90 — sin(p) cos(¢)).

d) Compute the volume integral / div f(z,y,2) d(z,y, 2) .
K

Solution:

a) (1 point)

2

Figure 4 Hemisphere K

b) (2 points)
Parameterization of the circle face S:  p:[0,2] x [0,27] — IR? mit

rcos(yp)
p(r,p) = | rsin(yp)
0

Parameterization of the surface of hemisphere H: g : [0, 27] X [—g, O] — IR? mit

2 cos(p) cos(v))
q(p, ) = | 2sin(p) cos(y))
2sin(v)
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|

¢
/fdo//<(r5m090 ) ( )>d90d7“0/0/0d90dr0

Flux through H, with the outward going normal vectors

¢) (3 points)

Flux through S, with the outward going normal vectors

8p 9p _ cos(1 ) sin(yp
or "0y ”

—rsin(p) rcos(p

aq aq €1 €2 es cos(p) cos(1))
D0 8¢ —2sin(p) cos(yp) 2 cos(yp) cos(y) 0 =4cos(y) | sin(p) cos(v)
Y —2cos(p) sin(yp) —2sin(y)sin(y) 2 cos(v)) sin(2))

0 0 cos(¢p) cos(v))
/deo = / / 4cos(1/1)< 2sin(yp) cos(y)2sin(y) |, sin(g?) cos(1)) > dydy
0 —n/2

0 sin(1))

=167 / sin? () sin(¥) cos3<w>d¢dso=167 / sin(p) (— cos™ (1)) d(cos(1))dg

0 —m/2 0 —m/2

[CER
0 4 —7/2

With the Gauss’s theorem (Divergence theorem) we get:

/dlvfdmy, /fdo+/fdo_—

Alternatively:  direct calculation using spherical coordinates div f(x,y,z) = 2

— _16 (%(gp — sin(y) cos())

d) (1 point)

/div flz,y,2)d(x,y,2) = /zd(a:,y,z)

_ / / / rsin(i)r? cos(v) dibdipdr

0 —7r/2

= /7’ dr/dgp/cos ) sin(v) dip = %4

—7/2

2 ) 0
2r  Sin"(¥)
(p 0 - _ 7
0

= —4r

[\]

—7/2



