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Exercise 1:

a) Given a set

2
x Yy 2
D = R?: = —2< 1 <4-
{(y)e 5 < T < y}

Sketch the set D and determine the center of mass of D with the uniform mass
density (mass/unit area) p = 2.

Hint: It holds
Mass: M:/ plx)dx
D

1
Center of mass: X, = 7 / p(x) x dx  (componentwise)
D

b) Let K :={(z,y,2)" € R¥:2? + 4>+ 2> <1, 2 >0} . Compute

/ (v — %) d(z.y,2)
K
Hint:

- To reduce the amount of work one can use spherical coordinate system.
- It holds cos(2t) = cos?(t) — sin?(t) .

Solution sketch Exercise 1:

a) One can see from the sketch

2
D = {(i) eR?: —2<y< 2,%—2 <z < 4—y2} [1 Point]
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N
T

15

2 4 0 1 2 3 s
[1 Point)]

To compute the center of mass, firstly one has to compute the mass M .

2 4—y? 2 y2
M:/ / pda:dyzZ/ 4—y*— T+ 2dy
—2 JZ 9 ) 2

3 2
=2 {—% + 6y] =4(—4+12) =32 [2 Points]
-2

Because of the symmetry, it holds for the y—component of the center of the mass:
ys = 0. [1 Point]

For x—component of the center of the mass one obtains

1 2 4—y? 1 2 1 @2_4)2
= — - — 2~ ((d—9y?)? - "
o M /—2 /1‘22—2 pmdxdy M /—2 2 (( y) 4 ) dy
2

1 3 3 8 5 v°1°
== CU—yRdy = 2 |16y — oyt + L
6),s V)W 8-16[ 3Ty
3 64 32, 3 3 4
— 32— — 4+ Y= 14— = _. 2 Point
s3B2-gt3) =g lt= 5 [2Point

b) Using the transform to the spherical coordinates (see Sheet 3p, Exercise 1b) we have

R* x [0,27] x [0,Z] — R?

P - r 7 Cos ¢ cos 0
¢ | — | rsingcosf
0 rsin 6

and det J ® = r? cos(¢p) (known from the lecture):
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(y2 - ZL’2) d(ZL’, Y, Z) =

2w

/ /7’2 (sin2 ¢ — cos? go) cos® 6 - 2 cos O dy df dr
00

INIE

St — T

21

13
:/T4/cos3(0) /—cosngd(p dodr =0
0o 0

0

Additionally: (since it is not proven at the lecture/auditorium exericse class):

cospcosl —rsingcos —r cos ¢psinf
JO = | singcosf rcos¢pcosf —rsin ¢sind
sin ¢ 0 rcosf

cospcosf) —rsin¢cosd
singcosf  rcos¢ocosb

—rsingcosf —r cos ¢sinf

det J& =sinf rcos¢gcosf —r sin ¢sinf

4+ rcosf

=sind (r” sinf cosf(cos” ¢ + sin” ¢))
+ rcosf (rcos®0(cos® ¢ + sin® ¢))

= r?cosf (cos® 0 +sin®0) = r*cosf,

3
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Exercise 2:

Given is the elliptical pipe section

RCR R:8l< (%)2+ (—)25 100, —5 <z <5.

The piece of pipe has the constant density p.

Compute the volume, mass and moment of inertia of the pipe section with respect to the
y— axis using integration. Use elliptical cylindrical coordinates

x = 3rcos(p), y= 2rsin(p), z = z.

Hint:

COSQ(¢) _ cos(22¢) +1 .

Since we do not use a calculator, there is no need to calculate the precise final value. It is
sufficient to only insert the integration limits into the calculated root functions.

Solution sketch to Exercise 2:
Transformation:

x = 3rcos(p), y= 2rsin(y), z = 2.

For the Jacobian matrix J of the coordinate transformation it holds

3cos(p) —3rsin(p) 0
det J = det | 2sin(p) 2rcos(p) 0| = 6r.
0 0 1

For the paremeter it holds r € [9,10], ¢ € [0,27], z € [=5,5]. Therefore, for the volume

we get
10 5  p2r 10
V= / / / 6rdpdzdr = 1207 / rdr = 60m(100 — 81) = 11407 .
9 J-s5Jo 9
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For the mass it holds M =V .p = 11407 p .

For the distance a(z,y,z) from the point (z,y,2)T to y— Axis we have: a(x,y,2)* =
22 + 22, So we have for the moment of inertia we are looking for:

10 5 2
6, = / / / p(9r? cos®(p) + 2%) 6r dp dz dr
9 J-sJo

10 5 2w 9 1
:6p/ / / 9r3 (M) +r2¥dpdzdr
9 J-5Jo 2
10 p5 o3 2m 10 p5
= Gp/ / {(— + 227’) go] dzdr = 6p/ / 31 + 22%rm dz dr
9 J-s 2 0 9 J-s
10

90 250
= 6p-7r/ 90r® + 2r [z3/3}5_5 dr = 6p-7 (Z(104—94) + ?(100—81))
9

= p-1.488377643527968 - 10°.
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