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Exercise 1 [12 points] Given a function

f:R* = R,

f(z,y)

= z-arctan(y) + "7 — 1.

a) Compute the second degree Taylor polynomial T, of f centered at a point (0,0)7T.

b) Show that for the remainder Ry(z,y) = f(x,y) — To(z,y) in the area
|z] < 0.1, |y| <0.1 the following estimate holds:

|Ro(z,y)| < 0.006.

¢) Find the stationary point of 7, and check, whether it is minimum, maximum or a

saddle point.

1+

, arctan(0) = 0.
Y2

Value at (0,0)7

Hints: (arctan(y)) = !
Solution:
a) [4 points]
flx,y) =
folz,y) =
fy<x7y) =

x - arctan(y) + "tV — 1

arctan(y) + e*tv

x Tty
7 T €

f:vy(xay) = 1+1y2

+ eery

fyy(%y) = (1;2—;2?4)2 + ey

e N R e N = =)

1
T(z,y) =z + y+ — 2% + 2zy + =2,

2
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b) [4 points]
maximal value
| faaa (@, y)| =[] < 02
|fzmy(xvy)| = ’e$+y| < 60'2
—2y N
| fayy(z,y)] = m +e +y‘ < 0.2+ €22
1 2\2 4 2 1 2
‘fyyy(x»y)‘ = |—2x- ( Y ) Y ( Ty ) < 0.3+ 02

For the last derivative for example one computes

0y, LY —4y’(1 17

(I +y?)*

.04
) <0.2 (1+%) = 0.208.

Overall, the values of the third-order derivatives can be selected as an upper bound

C=3>23=+4+03> e+ 03 > "2 40.208

Substituting into an estimate we have

23

8
|Ro(,y)| < 50- |z — x|, < 6'3'0‘13 = 0.004 < 0.006.

Note: When we estimate ¢%2 as 3 and C = 4, the bound is 0.00533333.

¢) [4 points]
The stationary point P of

1 1
To(z,y) =z + y+ — 2% + 2zy + =7,

grad Th = (1+ 242y, 1 + 22 +y) = 0,0) = az=y=—3.

The Hessian matrix H (x,y) = (

negative.

Alternatively one can compute eigenvalues

(1-XN?—-4=0<+= A=1+2. Hence P = (

W W=

) is indefinite, because the determinant is

) is a saddle point of T3 .
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Exercise 2: Given a function  f(z,y) :=2* +y*+8xy =0.

a) (i) Show using the implicit function theorem that f(x,y) can be solved for y near
the point (x¢,70)" := (2, —2)7 . It means that there exists a function g(z) with
g(2) = =2 | such that in some neighbourhood of xy and yy the following equiv-
alence holds

fl@,y) =0 <= y=g().
(ii) Compute the first-order Taylor polynomial of function g from the part a) centered
at a point zg = 2.
b) Using the implicit function theorem show that the solution set of

fl@,y,2) = (2" —2e™)z +2=0

in a neighbourhood of the point Py := (29, %0, 20)? := (0,1,1)T can be solved for z. It
means that there is a function g¢(y, z) with ¢(1,1) = 0 such that in a neighbourhood
of xg, o, zo it holds

flz,y,2) =0 <= v =9g(y, 2).

Using the implicit function theorem for which other variable(s) one can solve the prob-
lem?

Solution sketch for Exercise 2:

a) (i) f(2,-2)=0.

3 T - T
J f(z,y) = (igg i—sz) = J f(2,-2) = <_3§2 —1—1166) — One can solve

for y or for x near the point (2, —2)7 .
(ii) Ti(z;2) = g(2) + ¢'(2)(x — 2) For the first-order Taylor polynomial we also

need ¢'(2). Following the implicit function theorem we have

423 + 8y 16

Aoy 9)= - > — 1.
s 70O

gl(l’) = _fm/fy = ~16

Alternatively : implicit differentiation
fla,y(z) = 2 + (y(x))" + 8zy(z) = 0
[z, y(x)) = 42® + 49y + Sy + Sxy/ = (42 +8y) + (4y° +8x)y =0

423 + 8y
4P+ 8
Ti(z;2) =y(2) +y'2)(x —2) = -2+ (z — 2)

— y/(z) =
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x4+ y,4+8*x.*y =0
.
Al
Al
>0
_1—
_2—
_3 L 1 1
%3 -2 -1 0 1 2 3
(iii) '
b) As Jacobian matrix of f we have
If(z,y,2) = (22— 2ye™)z, —2xze™, a2 —2e™)
and hence it holds Jf(0,1,1) = (-2,0,-2).
Since % = —2 and % = —2 as 1 x l-matrices are invertible, from the implicit

function theorem it follows that in some neighbourhood of P, there exist the functions

z(y,z) and z(x,y) with z(1,1) = 0 and f(z(y,2),y,2) = 0 as well as 2(0,1) =

1

and f(x,y,z(z,y)) = 0. The theorem does not provide the information whether it is

possible to solve locally for y. An explicit form of the formula for f to y is
yz%-ln(%—l—%).

This expression is not defined in any neighborhood of x = (0,1,1)T!
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