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Exercise 1:

Compute the Jacobian matrices for the following functions

R e 2z + 3y
2 () FoR SR, f@): .

Ty
R? - R2 o e — 2 —1 R fixed
ii :R* — = ter.
(i) f : f - 52y 4+ cB-Dm _ 1) v € R fixed parameter
—4x; + l’% — 3x3
T
(i) F:R* >R  fla| =] 21— 322+ 23
L3 2x, — 4x‘21 + 3

b) For the transformation from spherical coordinates to Cartesian coordinates

T 1 cos(¢) cos(6)
g :Rx[0,27] x [-%, %] = R?, glo] = |rsin(¢)cos(d)
7 rsin(6)

it holds that
det(J g (r,¢,0)) = r*cos(h).

Provide the determinant of the Jacobian matrix for the transformation to elliptic co-
ordinate system

r ar cos(¢) cos(0)
g :Rx[0,27] x [-Z,Z] — R?, g | o] = [ brsin(¢)cos(d)
0 crsin(6)

for fixed values of a,b,c.

Solution hint for exercise 1:

2 3
a) (i) Jf(z,y.2) = |22 2y
Yy oz

3y + 1)eBrthnm —1
(i Jﬂmwﬂ=<ww_> )

5 (37 — 1)e®r—baz
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—4 2$2 -3
(i) J f(zy,@9,23) = | 227 —3 23
2 —16x3 1

b) For h(z,y,z) = (ax,by,cz) it holds § = h o g and we have
Jg=Jh-Jg and det(J g) =det(J h)-det(J g)

Obviously, it holds

a 0 0
Jh=105b 0 and det(J h) = abc.
0 0 ¢

det(J g) = abc - r*cos(6) .
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Exercise 2:

Compute the 2-nd order Taylor polynomial of
flz,y,2) =2+ 2z +y* + e"y* cos(z)

around a point (zo, yo, 20)" := (0,1, m)T .

Solution:

f(z,y,2) =2+ 2z +9y* + e"y* cos(2), f(0,1,1) =2+ 1+ cos(m) =2.

fe = 2z + e*y*cos(z), f:(0,1,m) =7 —1

fy = 2y + 2ye” cos(z), f,(0,1,7) =2—-2=
f. = x — e"y?sin(2), £(0,1,1)=0—-0=
fee = €%y? cos(2), fez(0,1,7) = —1

foy = 2€"y cos(z), fay(0,1,7) = =2

for =1 — e¥y? sin(2), fe(0,1,7m) =1

fyy = 2+ 2€” cos(z), fw(0,1,1)=2-2=0
fy= = —2ye”sin(z), fy2(0,1,m) =0

for = —€%y? cos(z), f2(0,1,m) =1

T(z,y,2) = f(0,1,7) + f.(0,1,7)(z —x0) + f,(0,1,m)(y — o) + f2(0,1,7)(z — 20)

+§(x_xmy_y()vz_ZO)Hf(07177T) Y—"Y
Z— 20

1 -1 -2 1 x
=24z(r—1)+=(x,y—L,z—m) -2 0 O y—1
2
1 0 1 Z—=T

1 =2y 1)+ (2 — )
:2+mc—x—|—§(x,y—1,z—7r) —2x
r+ (2 —m)

:2—|—7m:—:c+%[—x2—2x(y—1)—|—x(z—7r)—2:c(y—1)+x(z—7r)—|—(z—7r)2]

2

2
:2+7T$—x—%—2x(y—1)+x(z—7r)+

(z =)
2
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Alternatively, one computes

X
T(l’,y,Z) = f(O,l,’]T) + gradf(07177T)T Yy— 1

zZ— T

+ % (f22(0,1,7)(z — 0)* 4+ 24, (0, 1,7)(z — 0)(y — 1)

+ 2fw2(07 1,7T)($ - 0)(Z - 7T) + fyy(07 1777—)(y - 1>2

+ 2f,.(0,1,7)(y — 1)(z — 7) + f..(0,1,7) (2 — 7)?)

2 )2
2+7rx—x—%—2x(y—l)+a:(z—7r)+(2 27r)

Or a Taylor series with
2

1
cos(z):—1—|—§(z_7r)2+...7 ex:1+x+%+---

Classes: 15.-19.11.21



