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Problem 1:

a) Find all first and second order partial derivatives of

2 Y
s(w,y,2) =ayzsinfe +y+2)  and  glry,z) = (z)e

b) Calculate for the function f: R® — R
f(z,y,2) = arctan(z)e? + sin(z) In(1 + %)z + 2”¢*

the derivative f,,. as well as Vf(z,y,2).

Solution 1:

a)
s(x,y, 2) :=xyz sin(z +y + 2),
S(x,y,2) =yz sin(z +y + 2) + xyzcos(x +y + 2)
Sex(X,y, 2) =2yz cos(x +y + 2) — xyzsin(z +y + 2)

Sey(,y,2) =(2 — wyz) sin(x +y + 2) + (vz +yz) cos(x +y + 2)

All other derivatives we get immediately due to the symmetry, since variables x,y, z
are interchangeable. For example, one gets by exchanging the roles of x and z:

Su(2,y,2) = sy (2,y,2) = (x — 2yz) sin(x +y + 2) + (vz +yz) cos(z +y + 2)

Or for the calculation of s,, by exchanging z and y in s,

Syy(@,y, 2) = 222 cos(z +y + z) — wyzsin(z +y + 2)

For the calculation of f,. one exchanges y and z in f,,:
Sex(,y,2) = (y — zyz) sin(z +y + 2) + (2y + yz) cos(z +y + 2)

and so on.
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, o cos®(z)e¥ .
A differentiation of g(x,y,z) = ———— with respect to y does not change the
z

function. Therefore:

—2 cos(z) sin(x)e?

9x(,y,2) = .
cos?(z)e?
gy(2,y,2) =g(x,y,2) = —
cos?(x)eY
9:(7,Y, 2) =gy (7,y,2) = — %
—2cos?(z) + 2sin®*(z)) e
G2z (2, Y, 2) =( . ) , Gy (T, Y, 2) =g2(,y, 2) ,
2 cos(z) sin(z)eY
9oz (T, Y, 2) = ( )22 (@) ; Gy (7,9, 2) =g2(2, 9, 2),
Gyy(2,y, 2) =g(z,y, 2), Gy (7,9, 2) =g.(2,y, 2),
Gea (T, Y, 2) =0a(2, 9y, 2), Goy(,y,2) =g.(7,y, 2)
2 cos?(z)eY
gzz($7 Y, Z) = %

b) In order to calculate the third order derivative f,, of
flz,y,z) = arctan(z)e? + sin(z) In(1 + y?)z + 22>
it makes sense to differentiate with respect to y or z first. For example:

Fo(z,y,2) = 0 +sin(z) In(1 4 ?) + 2222

fy(x,y, 2) = sin(z) e +0
2y cos(x)
fxyz('ra Y, Z) = ?@/2 .
fe(x,y, 2) 1-6;2:2 + cos(z) In(1 4 y?)z + 2z¢*")
Vi(xy) = | fulz,y,2) | = arctan(x)e? + sin(z) 12+y;2

f(z,y, 2) sin(z) In(1 + y2) + 2z22¢*’
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Problem 2: The function

u(z,t) = % {Sin (2%(1: + ct)) + sin (2%(35 - ct))]

describes approximately the displacement of the point x € [0, L] of a vibrating string of
length L at time ¢ > 0

2
The position and the velocity of the string at time ¢t = 0 are wu(z,0) = sin (ﬂ) and

L
uy(x,0) = 0. These are the so-called initial values.

a) Calculate the displacement at the end points of the string, the so-called boundary
values u(0,t) and wu(L,t).
0%u 0%u
b) Show that u satisfies the wave equation ——— = c?—
) Show wave ed o~ o
c¢) Try to sketch the form of the string for ¢t =0, %, £ £ L L

Hint: sin(a 4 b) + sin(a — b) = 2sin(a) cos(b) .
Solution 2:

a) u(0,t) = u(L,t)=0.

b) Calculate derivatives and substitute into the equation.

g (7, 1) = % : 2% [cos <f(x + ct)) + cos (%(m - ct))]
(1) = T 2T [—Sin (2%(1« 4 ct)) _ sin (2%(93 - ct))]
wlet) =3 28 {Cos (2%(93 + ct)) ~ cos (2%(95 - ct))]

(1) = 2% [—sin <2%(3: + ct)) ~ sin (2%@ - m)] — Pup(z,t)

c¢) Using the hint sin(a + b) 4 sin(a — b) = 2sin(a) cos(b) we get
u(z,t) == = [sm(QL”(m—i—ct)) + sin (2 (z — ct))] = sin (ZZ) - cos ()
u(x,0) = sin () cos(0) = sin (£z) .

u(z, é) = sin (QT) - COS (%‘;LLL) = sin (%TI) -cos(§) = %u(:c, 0)

CD

Similarly one obtains:

u(z, 45) = sin (225”’) -cos(%’r .c- 4%) = sin (2”—“‘”) -cos(5) =0
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Due date: 01.-05.11.21



