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Exercise 1: Consider the following sets

x) :x,yGR,x2+y2§1},

m) :x,yER,m2+y2<4},

(
(
(x) :x,yeR,1§x2+y2<4},
(

=
i

cxy,z €R 22497 <1y,

sy, 2 €ER P+ < 1y,

a) Which are the boundary points of M, ..., My?
b) Decide for each set My, ..., My if it is closed, open or neither closed nor open.
¢) Which of the sets M, ..., My are bounded?

)

d) Which sets M;,..., My are connected? Which are convex?
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Solution 1:

a)

8M4 .

oM,

aM(; .

8M7 .

aMg :

8M9 .

le

MQZ

MgZ

cry eR 224yt = 1} circle C, radius 1, center 0,

= (x> cxy €R, 224+ = 4} circle Cy, radius 2, center 0,

cryeR, 22 4+9% € {1,4}} two circles C7 and Cy,

y| s zy,z€R, 22+ =1 right circular cylinder side,

(x) €R? : (a:,y)-(l,?)Tzl} line z + 2y =1,

eR? : (z,y,2)-(1,2,1)T =1 plane: = 42y + 2z =1,

<

y| :z,y, 2 €R, 2z =1+ ¢ paraboloid,

x
= { y| @ x,y,2€R, 2 +y*+ 22 =1} sphere, surface of a ball, radius 1, center 0,
z

(Z) L,y €R, (x+3)2+y2—1}
)

c 1,y €ER, (-3 +y* = 1} two circles with radius 1 and centers (F3,0)”.
closed disc with radius 1 and center zero.
open disc with radius 2 and center zero.

Annulus, region between two concentric circles with centres = 0. The circle with

radius 1 belongs to M3 whereas the circle with radius 2 does not belong to Mjs. Nei-
ther open nor closed.

M4Z

M5Z

Closed infinitely long cylinder. Note: the complement is open!

Open Ball, radius 1, centre zero.
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Mg : Line in R?, closed.
M : Half-space in R3 without the dividing plane, hence open.
Mg : Plane in R?, closed. The complement is open!

My : Two closed discs with radius 1 and centres (F£3,0)7 . Closed.

The sets M, My, M3, M5 and My are bounded. If we choose r € R large enough
the sets are contained in a ball B, with radius r and centre zero.

The sets My, Mg, M; and Mg are unbounded. There is no r € R with
M, C B,, ke {4,6,7,8}.
All sets accept My are connected: Any two points belonging to one of the sets My, k #

9 can be connected via a curve lying in M) . This is not true for My. Consider for
example (—2,0)" and (2,0)7.

Since any convex set is also connected, My is not convex.

M3 is not convex. Consider for example the line segment connecting (—1,0)7 and
(1,0)".

Mg is not convex. Example: the line segment connecting (—1,0,1)" and (1,0,1)"
does not completely belong to Mg .

All the other sets are convex.
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Exercise 2: Consider the functions f;, : R? = R, k=1,2,3,4
a) filz,y) = 20 + 3y, b) folz,y) = a* + %,

c) fs(z,y) = cos(x —y?), d) fa(z,y) = exp(z-y).

Draw a few contour lines (curves along which the function has a constant value)

€)= {(z,y)": flz,y) =C}
for each fy .

Solution 2:

a) fi:2x 4+ 3y=0C —

C—2zx

the contour lines are parallel lines y = ==

b) fg:x2+%

the contour lines are ellipses with centre zero. The axis in y-direction is three times as

long as the axis in x-direction.
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c) fz: cos(zx —y?)
the contour lines are parabolas x = y? + c¢. The z— axis is the symmetry axis.

d) fi:exp(z-y)

For x =0 or y =0 we have f(z,y) = C = 1. Hence the x— axis and the y— axis

are contour lines.

The other contour lines are hyperbola branches y = C'/z for x #0 or x = C/y for

y#0.
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