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Taylor Theorem

Let D C R" be open and convex. Let f: D — R be a C"*+!-function
and xo € D. Then the Taylor-expansion in x € D is well-defined

f(X) = Tm(X; X0) + Rm (X; Xo0),
where

Rm(X;X0) = Z D%t +Q!H(X_XO)) (x—x0)",v0 € (0,1)

|a|=m+1

is a Lagrange-remainder.
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Error of a Taylor polynomial approximation
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Ra((X,¥); (X0, Y0)) =

R3((x,¥); (Xo0,Y0)) =

42



Exercise 1

Compute Taylor polynomial To(x;Xo) of the function
f(x,y,z) = xe* — y? centered around a point xo = (1,—1,0)".
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Exercise 2

Compute the remainder in a Lagrange form Rz (x; Xo) of
f(x,y,z) = xe* — y? centered around a point xo = (1,—1,0)".
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The estimate on the remainder

The Taylor approximation of a function reads as
() = Tim(X; X0) + O(|| x = xo ™)

If D*f, |a] = m + 1 are bounded by C > 0 in a neighborhood of xq
then the estimate holds

nm+1

[Rm (X0; )| < TC Il x=xo 15"

(m+1)!
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Exercise 3

Compute To(x; Xo) of a function f(x,y) = €*cos(y) at the point
Xo = (0,0)" and the estimate for the associated remainder Ry (x; Xo)
for (x,y) € [-2,2] x [-2,2].
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Exercise 4

Compute Ta(X; Xo) of a function f(x,y) = cos(x? + y?) at the point
Xo = (0,0)" and the approximation error for (x,y) € [0, ] x [0, 5.
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Extrema of multivariable function

let D C R",f: D — R and xo € D. Then at xq the function f has

a (strict) global maximum if Vx € D : f(X) g f(%o)

a (strict) local maximum if

Je>0VxeDwith || x—xo ||<e:f(x) < f(xo)
- analogously for minima

Note: xq is called an extremum if it is maximum or minimum
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Stationary points

- The points xo € D for which it holds
grad f(X()) =0

are called stationary points (critical points) of f.

- Stationary points are not necessarily extrema.
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Necessary optimality conditions

- Letfe Dis Ct,xo € D - local extremum = grad f(xo) =0
- Letfe Dis C?,xo € D - stationary point
- if Xo is local min (max)

= H f(xo) positive (negative) semi-definite.
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Sufficient optimality conditions

- Letfe Dis C?,xy € D - stationary point
- H f(xo) positive (negative) definite
= Xo is strict local min (max)
- H f(xo) indefinite = Xxo Is a saddle point
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Figure 2:
f(x) = x*,£"(x) = 12¢,£"(0) = 0 but
still x* = 0 is minimum

Figure 1: f(x) = x*,f(0) = 0 but
X* = 0isn't extremum
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Exercise 5

Compute the stationary points of the following functions and
determine whether it is min/max/saddle point

T fXy)=xy+x—2y—2

2. flx,y) = 2x3 — 3xy + 2y — 3
3. f6y) = (2 +22)e Y
4. f(x,y) = x° — 3x3 + y2 + 15,
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Implicitly Defined Functionss

Consider a system of nonlinear equations

with g: D c R" — R™ m < n, i.e more unknowns than equations. -
underdetermined system of equations.

We want to solve such systems locally expressing some variables via
other.
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Implicit Function Theorem

Letg:D C R" — R™ be a C! - function. Let (x,y) € D, where
x e R"™M y e R™. Let (xo,Y0) € D - solution to g(xp,yo) = 0. If the
Jacobian matrix

991 991
8g oy1 OYm
87()(0,)/0) = oo

y 99m 99m
oy1 OYm

is regular, then there exist neighbourhoods U of xq, V of yo,U x V .C D
and a uniquely determined continuous differentiable function
f:U—=V:f(xo) =yoand g(x,f(x)) =0 forall x e U and

1509 =~ (oo (Leosin)
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Exercise 7

Can the equation (x2 4 y2 + 272)2 = cos(z) be solved uniquely for y
in terms of x,z near (0,1,0)? For z in terms of x and y?

F(x,y,2) =
F(0,1,0) =

5(0,1,0) =

9£(0,1,0) =
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Exercise 8

Consider the function F(x,y,z,u,v) : R> — R? given by

%) n
F(X,, 2, U, V) = ( Xy® 4+ Xzu + yv 3 )

udyz 4+ 2xv — u?v? — 2

Can we solve for u,v as functions of x,y,z near (1,1,1,1,1)?

Notice that F(11,1,171) = 0.

OFy OFy
ou ov —
OFy oFy | T
ou ov

ga  oa
5 &1 (11,1,1,1) =

ou v
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Some more exercises

Compute To(x; Xo) of a function

f(x,y) = cos(x) sin(y)e* ™

at the point xo = (0,0)" and the associated remainder Ra(X; xo)
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Some more exercises

Compute Taylor polynomial of second degree Ta(x; xo) of a function

fix,y) = sin(x +y) + ye*™

at the point xo = (0,0)" and the estimate for the Lagrange remainder
for x| <0.1,]y| <0.1.
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Thank you!



