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Zutritt zur Lehrveranstaltung
haben nur:

~VOLLSTANDIG GEIMPFTE
—GENESENE

—GETESTETE

(negatives Testergebnis ist max. 24 Std. giiltig)

Sollten Sie dies nicht nachweisen

kénnen, missen Sie bitte den Raum

jetzt verlassen.
Andernfalls droht ein Hausverbot!

Vielen Dank fur Ihr Verstandnis.
Schitzen Sie sich und andere!

Admission to the course is restricted
to persons who are:

—FULLY VACCINATED
—RECOVERED
—TESTED

(negative test result is valid for max. 24 hours)
If you cannot prove this,
please leave the room now.
Otherwise you could be banned from
the room!

Thank you for your understanding.
Protect yourself and others!
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Last Class: Implicitly Defined Functions

Consider a system of nonlinear equations .
3% | qU | J lmHm;l -F\nzi\Dh.
g(x) =0,

with g: D c R" — R™ m < n, i.e more unknowns than equations. -
underdetermined system of equations.

We want to solve such systems locally expressing some variables via
other.
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Last Class: Implicit Function Theorem

Letg: D C R" — R™ be a C! - function. Let (x,y) € D, where
x e R"™M y e R™. Let (Xo,Y0) € D - solution to g(xg,yo) = 0. If the
Jacobian matrix

991 991
8g oy1 OYm
87()(0,)/0) = oo

y 99m 99m
oy1 OYm

is regular, then there exist neighbourhoods U of xq, V of yo,U x V .C D
and a uniquely determined continuous differentiable function
f:U—=V:f(xo) =yoand g(x f(x)) =0 forall x e Uand

1509 =~ (Boson)  (Leosin)
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Representation of curves

- Explicit:  y=g(x) lOCx[b.\
- Implicit:  g(x,y) =0

J
o (r)- 2 foced oict

- Implicit function theorem = if

in which L Lent +
LN 4qu an =J+ﬂkjk i@ﬁn~
grad g(x,y) = (9x,9y) # 0
then g(x,y) locally defines function / fest’- i‘r 3x¥o

Fa y=F00 orx =10
- Let g(xo0,Y0) = 0. Then if
grad (xo,Yo0) = 0, = Jx=0 ond Jy=°
(X0, Y0) is called point.
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Example: Implicit representation of a circle (locally!)

Ove canwot r:,f)(esen{ He ciccle
as & g—\mt‘:{'f'aw UF—OVE Oofiable

. J
fecause for each choice of xg(-1;1)
Hase ate hoo chores of gt
) + [1ox? = wob o funchion.
But
Jy\ h.d&_-F '“ukm'.
F |_o’=ﬂ l‘cbfeso_wba'\"a"‘

. B-no represent. ay y (x),smee
LJEQB‘QP\=O
but  F oy wiy)Smee
"'n"‘l('.b] e 2¥0
C + ﬂtr'l“-{ﬂm;e_t—‘-

flx,y) = ¥*+y? -1 -C: fk- ax\(o,_ﬂzo
sz = 3yl ne"2 Fo

=2 Z eepr. ay :j(") ot C.
+ “"d' ‘}ﬂmaeb\'t

—
o
s 4
v

=i
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Regular points

- The point (xo, Yo) is called regular point if
Belomac k
gradj(XOa)/O) 7& 0. + Salufion 5()(., J"\ 0

- At regular points the set of solutions is described by a contour
line:

* Gx(X0,¥0) = 0, gy(Xo,Yo0) # 0 ,
- horizontal tangent at (X, Yo) (5

* Gx(Xo,¥0) # 0, gy(Xo,Y0) =0
- vertical tangent at (xo, Yo)
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Classification of singular points

fo& 5 (XQ.L“]‘\ =0
/ J
A singular point (xg, o) is called

- isolated point if
det Hg(Xo,Y0) > 0

- double point if
det HQ(X(),)/()) <0

- return point (cusp) if
det HQ(X(),)/()) =0

Note that point (xg,Yo) should belong to the solution set of g, i.e
g(Xo,¥0) =0
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Example: Singular points

Ay

10+

Combute ol\ Sips ulnr
:h':ﬁa c]e{e(mmc. }fl‘ Pe

al‘aJ -{(XJ\:’ (_3)< )—1‘:])
_{\Jx"":o RN ’P (_0 0)

5T -;ncu ‘COJA \ ae_ ?O(‘

P & Slnau\o«r bt-
| : : L Neod also s chock 1§ P sechsfres
G 1o £(P)zo,

-10 4+

FrY- -0~
-Henc.e - Sivau.luf ‘bo{vd: .

wou- (& °)
det (RE®)) - ©
=5 Pis a aub.

Figure 1: f(x,y) = x> — y?,

f(X7y) =
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Example: Singular points 2

eSlréulnd' ‘tm\vvts
'ty gred fOg=(ax*+ 3%, 3)
2x +Ix=0 _ le(ssf*l)‘
0.5+ % 53 e “ 2!“’
\ngﬂ" u 3:‘; B (o,0)
-2 -1ls -1 -0.5 0 i ;\f{:i’i ?2.(‘%'a°\)
3
0.5 P\. P, - comdidates go\— Shegy. bis
(PI§= 0+D+0 <O g y
3 2+~
2P - (L) (-3)0 =558
Figure 2: =5 P15 ek a sy bt
fx,y) = X + X2 + Y2, f(x,y) = 0 Clresk e %b o+

M(X.b\ ( x+2 o)

5

J«.‘(G‘L—F [‘P)) = Qz0=) lsnla-"EJ
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Example: Singular points 3

é\\nou\a-( S o
arad §xy)e (3x=2x, 2P
1Y «(3x-D=o x::—;o
‘13=° {Ex—_i-v
. P=(00) P=(%.9
. f‘ £(0,0\ = 0X0%+0%=0
1 0.5 0 0.5 i {'(pz)f o 7(
-2
0.5 {fﬂC“J§= GK o) 02)

det (W§(R))= —u<o
=7 JMSLQ »o\v*

Figure 3:
foy) =5 =x* +y*,f(x,y) =0
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Exercise 1

Consider the curve
fix,y) =x>+y?> —4=0.
Find

- symmetries
- tangent lines (horizontal and vertical) for regular points
- singular points and determine their type
_%wwkn: -{—(&J):—&(-xg) = ux.{-.g—axg
. f—(x.gﬁnfix,-a) — Wik Xx-axs
- Llxy)= L) — ek ofgin

+ {Zﬁxla) = # (cj\?°

11/30



4 1{—(&,3)'-'?‘2*:] 1 =0 f(wa\‘:.[.’Lx(-'j\ =_¢(-x,lj),_- {_(-x.—j) - snee there (s powes of 2
.I.(x,_‘j\; Ky =Y =2 -F\s gwmdﬂcm.r.-\- X -axs, 4-axis anl (00).

2. -E;v-ach{— [owes
—_ 'Huﬂtbh{-ﬂ-( -\-awae\r\‘l: _ﬁx (.XQ"J-‘,)=D —q—:] (M,‘a-\) ¥o ¥—(leye\=°

-ﬁx: Ax =0 X=0
fy=9y 7° [\ J 2o
flay)= xUyty=o (—(0,3\‘- 0*;;1-‘( =0 ”Jfﬁi 0

= Tinese 2)05"' bh(h—on‘kn\ sr\cv\oo-\vr{-s at 'Pe'm-k ’P| = (n' 2)5 P2.=LD| ‘Z)_

- \fe(-‘n'u\ +av'D-eh‘|:

fr=2x#o K #o X=t2
Fy=2y=0 d4=° J=°
{xey)=o [(x,0) = X*-Y=0 X %o

=> 3 oeched Ymwyus o Gk P(0,2), W(0-2),

- .Shﬂ(j‘-\"{ #n‘l\ﬂ‘l's.' JG‘-J.c(.K.D)-_- le,;b) - (99)
Ploo)s 0o =7 P s nsh = Sy bt

) = fce 1w o syydel ot
e koot eotnlafore, sce fOuy) Ts a csvcl&( ey, c(o,n‘)“& wo shg. s



Exercise 2

Consider the curve
fix,y) = +y* —xy
Find
- symmetries
- tangent lines (horizontal and vertical) for regular points

- singular points and determine their type

12/30



—{— (XU‘ = 1(34-‘:]3 - xy
3\‘::4 .ﬂ(x.:l\ = (23« 1-:1, 3\3"—x>
c jinau\hf P‘l‘&

3xiy=o 3=3x1 27x1-x=0 X=0 of Xz V}
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3 +_L.L,.L._L X
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6
. Tevbnh"‘, e
Hoslzonte) : .ﬁ;\—-o = 3x>Y 3=3)<'1
*v = ZJL)((:D _c (XI:SXZ): Xs-" @x")z -3X3'= D-:H(“' 2x%=0
4
flxgreo 3 yxeo x3(33x>2)=o

N
+

opefom B ¥ (M) v o X
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Exercise 2 (cont'd)

051

- Vefte
i-‘\l = 3:11—X=U
_ﬁx = 3X1-3#0
L(Kg) = 13y by

-0.5+4

ois 1 k:_’;al

-Fo(v‘o
L(LHZ,J\= J—?—_‘jg—\—z % 3y°

ﬂaw ~0 %

X= 33

Figure 4: f(x,y) = x> = x>+ xy =0 B <(Q)- sigeler

57 enl
J, 3( /3\ serbieal -\=vD
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Unconstrained minimization problem

“~ . - An ©. — unconstraned e
of LD)W"A‘P\’MQé . Pocsench ‘_0_”__4_}_”‘.
es 9T 21xT -2y2] 1 '
%‘A_ q; ry“\\,\_-? =) CDVlS‘kE\V\I.J. i N A 3
G _» G:C-mTIxea - YN 3&
G- admitsa e cek ‘ v
Determine the minimum of the function f: R” — R R (S
Notation:
min f(X), (1)

XeR"

- for maximum: —f(x) in (1)
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Constrained minimization problem (equality constraints)

Determine the minimum of the function f: D ¢ R" — R under the

constraint §0 J/ qu,_\(b comsfavt

| () a0 do v cosrber tn s )

- = nol™ Comst )
where g : D — R™, 3 hodto =2 o° clets -
Notation:

1}1612 ( ) a.Jw\\ss\\a\& et
- .pum'\'s Fhet J

where < Xhe c.,quMs

G:={xeD:gx)=0}cCD
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Example of a constrained problem

ot ﬁ-“g) =i}

Let f: R? — R, given the problem
f(x,y) = x* — 2xy + 3 — min

i s.t.
subject to L ) v cons}oint

gx,y)=x-y=0
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The Lagrangian

*‘5“ e ,‘ is a ,(Lv\e:ho\n ve e do ae-.d‘-lr'ee ho vb{-mollb Conditorg
Le hed do Hn conshamed esse.

- The Lagrange-function is defined as
Somehivnes ‘LL&hnl—i as

1;%_)8‘.:1‘3»\ F(x) := f(x) + Z Aigi(x), @)
-(= i=1
AL

where A = (A1,...,Am)T - Lagrange multipliers.

- A necessary condition for existence of local extrema:

(i¥5<|
: \ = grad F(x) =0 (3)
Tom

+ a(x)=o
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The Lagrange Multiplier Rule

Let Xo = (X1, ---Xn,) € D = local extremum of f that satisfies
constraint: g(xo) = 0.

- If the following regularity condition is satisfied
g reg y tye s a.,&u_\,k Copnk

. M#L eggkxg afe.
I G, Cang = rank (Jg(xo)) = m, s ;\g“‘“‘b indelpendent

(i.e the Jacobian matrix has g f
then there exist Lagrange multipliers A1, ..\, of a Lagrangian (2)
such that the necessary optimality condition (3) is satisfied:

grad F(xg) =0
9 yecanbidde o obtimim
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Sufficient optimality conditions (of 2nd order)
& (-rdthions ]c‘f %o 4o b an ophwum.

- If rank (Jg(x¢)) = m for xo € G and grad F(xo) = 0 and

HF(xo) is positive definite on tangential space
@\ :ue)

TG(xo) := {w € R" : (grad g;,w) = 0},

W HF(xo)w > 0 for w € TG(xo \ 0)

then Xq is a strict local minir‘num of f that satisfies the
constraints g. Qrerime
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s Pl S"ﬁ'hO\rq( owmts '-»\—'\‘W- L‘D‘-""‘,j"-"‘)
° CO;\\L:\“ _?‘)IV\ tﬂhﬂ =D Owne UD()‘"\ e \M'SCA — wmeX

Smellea¥ — min .

- If an admissible set G is compact and function f is a continuous,
then f attains its max/min on G:
- the stationary point where function has the largest value - global
maximum
- the stationary point where function has the smallest value - global
minimum

= no need to check the second order optimality condition.
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Exercise

Find the global extrema of the function
fix,y,z) =x—8y +2z.
on the admissible set defined by g(x,y,z) = 0 and h(x,y,z) = 0:

shhete. ®=5.L(070) g(x,,2) =X + (y +4)* +2° — 25
sphese Red Clowe) N(x,y,2) =X° +y* +27 — 9
Ut adesslle s ts claed and bualed @2
=7 s = ch+=c;l— et
=0 pon uie emdb fom slide 20.
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= Qeéu\orib andbion  Bells o oall adwissible bowds.
L‘gmatm .
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X= %

0
(‘ =1 / =
Xl=-2 ot A.:—(\z x2N1+32-920

K& yr+2l.8=0

';'Z'OI"'(\Zl a ~1

(32N
“ /‘]:D

“’N = 3\
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Exercise

Given the function f: R* — R

fx,y,2) = z.

Compute all extrema of the function that satisfy the following
constraints

G1(x,,2) = x> +y? — 9 ~fider _, clmed, Lou”:fe._l
gil()<,)/,Z) =y—-z _ }Ek‘=me— =) Cﬂnnkanc

and determine whether it is maximum/minimum using the Lagrange
multiplier rule.
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3. Jéb&‘-ma-g_ Jlu-"\ﬂ\,heﬁ. Rule

X=0 ot A\to

T 3 )X 0
—\:J - 5~/\Lj -",\2 0 =Y 3Al{j+"2t°
;'2 J)?z'-’\:" | e Ay, =22
! +Dl_5 0 2
X~4y% 3§
52 J-E D j =2\J
1 X=e "3 (29 = 35/+3= =1 0\ wih
V= Al v 4+2/25= 7 v
i'\‘.j-"}'zw 1\3:‘}_C - rPl = <5\ M=l
21322 =Y X = LN N2c(
g5 Onged 2y [
=2 2=%t3 V2> ( ——%\ (t\‘::__c
Ao Ji=no 5\ e=has
J—)U-i—z\;__ro PN z\:,——o ?}= ( Do ) Goze
A)‘Z? <= =0 _':'7
Xe+yt= 3 X =2 Py-= (g);,\_a
5= 5

H’“"E ‘HM"\' 4’"’“1?3\?\4 J,=A1=o e the CDV‘S‘LTCI-\'V\‘{' Ys 'm:al'\\)e_
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Exercise
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Double Integrals

"ﬁ(‘en.\\')o\um lepls  — elewlate e Volumefotes  wnder the Ok 4,\0(‘5())
V= jl {(x)dx
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Example 1

I\Lk ved Fubw hee !

Integrate the function f(x,y) = xy over the rectangle [0,2] x [1,4].

[ronoce [ o= [ 5)]
ZT———* —/y(—> 1/42ydy 42 12 = 15

l 1 Shest caleulshions ba cle*-"mfw\\s the fanses o{. xj

14— 0<x <12
A ’\é:]s\\

dy

T 7
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Fubini theorem:

- If fis integrable over D and for all x € [ay, b1],y € [a2, ba] there

exist integrals
bz b}
— [fxnay 60 = [ ey ox
ag a

then it holds

/f dxf//f(xy dydxf//fxy ) dx dy

az 4y
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Example 2

3
Rogbons o K3 4

Integrate the function f(x,y) = 2 — xy over the rectangle [0,1] x [0, 2].

‘Z‘ZETQ sy Je ik X /M o
1 a g N
S (CR- N R B N Yk
00O o >
= 4-3.3.
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Example 3

£

Compute the following integrals: D
o) [[ egdrdy o Hhe gon D Londed &y curots
D =6 and Xayg=?

i o Hhege. ol
i U’iu;!} {B{Ef:g/)‘ -> Poz (1) ) = (67)

x-g::; (\J= %
Rt deletmne e vmodbp )(\\J : gﬁ X¢6
* £y £2-x
£ ?-X 1S y_z :I‘:‘?“&)‘ \ @«\ xf ‘}_c;J)
SY@U\AKAD= g J K*";]A"AJ =j (i(j*' S ) ﬂ°£ dx= & K[F-®+ )
0 1 g/x 1 X “

Can uﬁu any f\fJZ‘L w¥ \h"ﬂ'\- de Rhw

The B\"-'\“r —one wita W‘“‘MLHS 28/30
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Some more exercises

Consider the curve

fox,y) =x* —x* +y?

Find
- symmetries

- tangent lines (horizontal and vertical) for regular points

- singular points and determine their type
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Some more exercises

Compute the global extrema of a function
fx,y,2) = xy + 2°
subject to constraints
9(x,¥,2) =x*+y*—8=0

h(x,y,2) =x—y+2z2—2=0
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Thank you!



