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BITTE BEACHTEN SIE DIE 3G-REGEL! /_Ex'}
PLEASE OBEY THE 3G RULE! N~

D

Zutritt zur Lehrveranstaltung
haben nur:

~VOLLSTANDIG GEIMPFTE
—GENESENE

—GETESTETE

(negatives Testergebnis ist max. 24 Std. giiltig)

Sollten Sie dies nicht nachweisen

kénnen, missen Sie bitte den Raum

jetzt verlassen.
Andernfalls droht ein Hausverbot!

Vielen Dank fur Ihr Verstandnis.
Schitzen Sie sich und andere!

Admission to the course is restricted
to persons who are:

—FULLY VACCINATED
—RECOVERED
—TESTED

(negative test result is valid for max. 24 hours)
If you cannot prove this,
please leave the room now.
Otherwise you could be banned from
the room!

Thank you for your understanding.
Protect yourself and others!
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Taylor Theorem

Let D C R" be open and convex. Letf: D — R be a @—function
and xo € D. Then the Taylor-expansion in x € D is well-defined

f()—/T?XXO+RmX 0), ,4c(%eee.w

cylo‘ﬂ CJ< oo
where

Ruiixg) = 3 ZI0HO6X0)) e vg e (0,1)

al

|a|=m+1
is a Lagrange-remainder.
1:-.(%3@ = ‘,,2()4: + Staﬂ,f(x,,\(x-—xc)_‘__"
;d_\/———/
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Error of a Taylor polynomial approximation
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Devote g Xo + 6(" Xo)
Ra((x,¥); (X0, ¥0)) _/m‘ {JL':)’ (x Xe) 35, 3 xyj(j ,3,_ (X Xo) (“J "])

+3 -ﬂk”('ﬁ(ﬂ)l)(x—k")(j_n') + ?)JD[—SH?)Q(:J":]")!)
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Exercise 1

Compute Taylor polynomial To(x;Xo) of the function
f(x,y,2) = xe* — y? centered around a point xo = (1, —1,0)".

T, (%)= f0) + TAO)%) + 5 (e HI () [x-xe)
e? 0 ¢
V.ﬁﬁq{j.?) = ( 2y j H‘F (xy.2)- ( ©-2 0 >
xe? e? o xe?
VE(y1,0) = (;J ftfCti-no) - ( 5 -
-I;(X| Xn) L O + (X‘Kn) + J-(D—Ju) 'f‘(?"?s“)

o

+ i (- 9.((\]—39)1+ (2-20)2 + Q(x-x.,)(e-i.))
= (x=0+alyma2- (y202 422 + (x1)2
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The estimate on the remainder

The Taylor approximation of a function reads as

all pockial lesomtes f(x) = Tin(x X0) + O(| x = xo |"*1)

IfBaf, |a] = m+ 1 are bounded by C > 0 in a neighborhood of xq
then the estimate holds
nm+1
‘Rm(XOaX)‘ = (m+1)|

/v\,j;uf omisbles of L ( §: B R)
o ~ degree of Taylee {:ﬂlahom‘ﬂ\ LT@(K;)@))

Cllx—xo [1&

“\TIIM= nna.x -{ lVil ! i—_:I—,T:l]

v= (4 -7, 6) Wull = maxqnl, 1= lelly = 6. 7/21



Exercise 3

e Lo tn X €T
snx € C 0y1]

Compute T2(Xx; Xo) of a function f(x,y) = €*cos(y) at the point _,
= (0, O)T and the estimate for the associated remainder Ra(X; Xp)

for(xy —2,2] /ii’toY\j
(- (e,“”ﬂ £ (0= <€“°’°:s ~efsty ) vf(&):(:a)

~-Q S'h _ eKSivx —est*j
i)z (o o ) Phag wbe Jomude T, (x50
To eompute -Hae eshmate o~ Femaindes: Lound -V-D!"“),{Z {n—.\\m abeoe

m+l= 3 (_‘! 'DCHZ:-qTR) 'HM_ [ d_
Hxxx|=l€x CB):]) < G}-’\ l-k‘"f]l: ’»e";h.‘] |< 62-1 &uu\i s

¢-= e?
l‘g"‘lﬁ|= \exca:)\ ¢ et \{-;gjh \CXS""J\s et

| )
|Rs (xo;X)] & 2_‘:_.{’.2/\”\«“1( ol ly-o\PP = 27 o2 pnen {le,l'j]';\‘s
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Exercise 4

Compute Ta(x; xo) of a function f(x, y) = cos(x? + y?) at the point
Xo = (0,0)" and the approximation error for (x,y) € [0, ] x [0, 5].

L) wflx) (-;stm@hy) ) VP (<o) - (g)

= :’j St (x’-f;J“J

H]E(K)—- (‘QSM(K2+J”) - k(k’-&n(xzﬁjl) —‘lXjM(x’wj’-) >
- Yxy en( x =+‘j¢) -2 sm(xhal)— HJ‘M(K‘Q‘)
H_f(x\,) = < Z 2) = 1, ((,f,j)-,(olo)) s £(0,0)+ -E)‘(O;O) «4-53[0,“&
Tor Hhe temamder weed o check 0 ( LMU)'D)K“ )[A\J 92k hll"]f)ﬂ
2cd  geder  dervetues: Xy € to-lg]
—grm)u = - 19x Cm()(hyi)#&kss\'h(xz’fja) R x4y2e T O, %: 1

}x%:‘ = “\{jw\(xu\az) : Exljs\\ﬂtxhgl) .
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Extrema of multivariable function

let D C R",f: D — R and xo € D. Then at xy the function f has

+ a (strict) global maximum if ¥x € D : f(x) < f(xo)

- a (strict) local maximum if

(<)
Je>0VxeDwith || x—xo ||[<e:f(x) < f(xo)

/Lf(x.) is lek than LUx) inthe Bg () A%
- analogousty for minima

Note: xq is called an extremum if it is maximu

Xi- sttich [oes) wmin

Xy —sH. 5\»?.\ il Xe-seddle bt
X~ st d [l mex Xz - ghnet 5\J=I sk
Xe - sheet oo\ min o

X TXy X3~ loe\ win



Stationary points

- The points xo € D for which it holds
grad f(X()) =1()

are called stationary points (critical points) of f.

- Stationary points are not necessarily extrema.
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Necessary optimality conditions

@ — ik ghedd hld G x fo be = conlidate for an exheme,
o'l shil have 46 Lo a.-(cl-Homl cheeks (<lec
TR B del) be due for Aot ke (bt Aokimgy b Bl

3( —ex-hennum = )(q ls & S'Iﬁ')'lovnrr
A% letfe DisClxg € 15/ local extremum = grad f(xo% =0

W V‘SE’Ltfe Dis C2,x, € D - stationary point
- if xo is local min (max)

= H f(Xo) positive (negative) semi-definite. ({(K,
N - Pos Aewt - AE{
QJ e, |8y &\l]luesl-d's esitecion M(xc)4o
H:(c\ar\m Avo ff & 20 1
a, 6y ag det (2 az)7o —wegatiot—def -
det (B) >0 W osome w2 05 > sewi- lef

e, az

det (alar)?° = .\,LAe,Fim(Er_

p<o . 240 \'_F wone ol Ha abooe.
% dek (B) <0 22



Excnml,l{
+0O+ =3A%0 - +m -Sﬂ-rm\—cIC:F

-0~ => A‘.{O

- = .'V\Ae{«»\.'be

4++ =>A>0
—+- f#<0

A""=l°9Nl3 — \l.s‘\vD ﬁDew}c.‘uos </W°ﬂt ar\- e Qarcrse cb;)

'V.»\>o - min

Y2N<co -5 max
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Sufficient-optimality conditions

" Q “(= "g" qu "B true , Hen "R" s Hrue.
The Jeuth (1& B €3U1:2144CL5 e JSIA¥L\ c‘_ Y

- Letfe Dis C?,xy € D - stationary point
- H f(xo) positive (negative) definite
= X is strict local min (max)
- H f(xo) indefinite = Xo Is a saddle point
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Figure 2:
f(x) = x*,£"(x) = 124, £"(0) = 0 but
still x* = 0 is minimum

Figure 1: f(x) = x*,f(0) = 0 but
X* = 0isn't extremum

x*is a G-L-“am:] *{', but (s

}"(0) =020 — 50
Ond oudes 2H- and 1s whk sdufe]

\ou-‘l— X< (5 shlt - VFINIALA,
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Exercise 5

Compute the stationary points of the following functions and
determine whether it is min/max/saddle point

VA f(X,y) =xy+x—2y —2

V2. fix,y) = 2x3 — 3xy +2y3 — 3
3. f(x,y) = (X 4 2y2)e*" ¥ } in The =roeice dert
4. f(x,y) = x® — 3x3 + y2 + 15,
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Implicitly Defined Functionss

Consider a system of nonlinear equations

with g: D c R" — R™ m < n, i.e more unknowns than equations. -
underdetermined system of equations.

We want to solve such systems locally expressing some variables via
other.
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Implicit Function Theorem

Letg: D C R" — R™ be a C! - function. Let (x,y) € D, where
x e R"™M y e R™. Let (Xo,Y0) € D - solution to g(xg,yo) = 0. If the
Jacobian matrix

991 991
8g oy1 OYm
87()(0,)/0) = oo

y 99m 99m
oy1 OYm

is regular, then there exist neighbourhoods U of xq, V of yo,U x V .C D
and a uniquely determined continuous differentiable function
f:U—=V:f(xo) =yoand g(x f(x)) =0 forall x e Uand

1509 =~ (Boson)  (Leosin)
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Exercise 7

Can the equation (x2 4 y2 + 272)2 = cos(z) be solved uniquely for y
in terms ?igjggfs_rzg(?ﬂ,_(gg(g?r zin terms of x and y?

F(X,y,Z) :/O+1+Q) Ya_ |=D

-1
F(O’l’o):i’("nﬂ%“i) {J'/a& J(O'u\ ) viwz;: ' erLHTS = Tie
%(0,1,0) 2 er-L({ theoton we can oke far y in deimc of (£3)

(Jﬁ PUPLISEON _1/[.23 -esmg),(oﬂ )
2(0’1’0)2 0O+sm0D=0

=2 F(k.jﬁ] Cvnot &J b))bg-h,..u' Fcn be E,X‘:m;.o,J ag fc‘gé(“},)
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Exercise 8

Consider the function F(x,y,z,u,v) : R> — R? given by

xy% 4+ xzu + yv? — 3
F(X7V7Z7U7V)= 3y N +yQ 2

Uu°yz 4+ 2xv — u“vs — 2
Can we solve for u, v as functions of x,y,z near (1,1,1,1,1)?

) ) ) )

Notice that F(111,171) = 0.

& St | = [ 3utya- aw? Ix~Qu’v
ou v
poz (28 1 2 det A= 1:0-2 =-2 2,
deFZ d(d)i: (1,1,1,1,1) = \ 1 o) o m&m:j{;,,nmf |
UV m s X452
/3 (= f(xg2) b soloey © ' (s

loallJ et ( |,{,i,),})19/21



Some more exercises

Compute To(x; Xo) of a function

f(x,y) = cos(x) sin(y)e* ™

at the point xo = (0,0)" and the associated remainder Ry (X; xo)
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Some more exercises

Compute Taylor polynomial of second degree T (x; xo) of a function

fix,y) = sin(x +y) + ye*™

at the point xo = (0,0)" and the estimate for the Lagrange remainder
for x| <0.1,]y| <0.1.
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Thank you!



