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BITTE BEACHTEN SIE DIE 3G-REGEL! /_Ex'}
PLEASE OBEY THE 3G RULE! N~

D

Zutritt zur Lehrveranstaltung
haben nur:

~VOLLSTANDIG GEIMPFTE
—GENESENE

—GETESTETE

(negatives Testergebnis ist max. 24 Std. giiltig)

Sollten Sie dies nicht nachweisen

kénnen, missen Sie bitte den Raum

jetzt verlassen.
Andernfalls droht ein Hausverbot!

Vielen Dank fur Ihr Verstandnis.
Schitzen Sie sich und andere!

Admission to the course is restricted
to persons who are:

—FULLY VACCINATED
—RECOVERED
—TESTED

(negative test result is valid for max. 24 hours)
If you cannot prove this,
please leave the room now.
Otherwise you could be banned from
the room!

Thank you for your understanding.
Protect yourself and others!
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- office hours / megs‘\&/
- Mon 13:15-14:15 bi-weekly (1810, 0111, 1511. .%)
Location: SBC 3-E, Room 4.012
- orin BBB
appointment by email sofiya.onyshkevych@uni-hamburg.de

- Room Change: Mon, 4pm - NO0Q9. Last class - A018.
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Setting

Given: f: D - R,D C R"
j’ (x.,yz, , o) XeR

&a-wHe ofe ‘F“"‘ &?» reald. Ol !,/ i \

/ \
V(ih,r) = %ﬂ'I’Qh ’J/' . \

D:={(h,r) eR?*:h>0,r>0} / | \

CCLDW\D\\V\ / -
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What is a level curve?

) Lot awrver e conbour lines"
fewel set
Gioew 2= flxy). {ixg)=C
- :~ : | &

(a) A relief image of Mount Etna. (b) A perspective photo of Etna
Source: Wikipedia
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Example 1

Crche m 2D 0 @-¥)'+(y -y
C(xn,y,),

Plot contour lines of the given function

Solution:

=1,
cC>l-
¢

z:f(xy):x2+2y2+1.

*_23 H = j

w24 y2= C -\

1”3 =0 ~ fort (80)

e\

mo  lines in a zes) S)"‘“’ 4t
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Example 1

(a) Surf plot of f.

Locle e,k//anc;é‘ak @ [ater
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15 2 = 5.8 S5
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/ / \ \
0 { ! |
\ \ v )
0.5 07 k- S 4
So  BRag e B
s, P T T =
e ~ 3 s
Ay S —— 34— IS
i SRV 1
15 02 58— . 1 8%
709.4 7
3 6 8, a4 08
2 -15 1 0.5 o 05 1 15 2

(b) Contour plot of f.

olefes
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Exercise 1

Plot contour lines of the given function
Z=f(xy) =x+y*+1
Solution: X*Jl‘*" =C

DQI"Q'W\‘ RL x__/—\é e _—\

fb.mé/a_
7;‘_-u s/q?é’an c/&/ anC

oo —
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Exercise 2

Plot contour lines of the given function and determine the direction
of the gradient
z=f(xy) =x+y*+1

Solution: :

e e
oy 280, 1908 514 o0} 0

2%1%%7

280319005118 0504 3333 411430952 476 4571,
2 45 4 95 0 05 1 15 2
x
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Exercise 3

Sy — 50— S
. N
Given the contour map' for a 4 \ (/\
function f, estimate the values of [\

f(1,3) and f(4,5). What can you

/
f@\/\\

(95}
/—\
] gy

say about the shape of the graph 2 > 0< kgo
70 70
ek ! 60 60
I~
9 1 2 3 4 5 *

Thttps://www.usna.edu/Users/math/uhan/sm223/lessons/12%20Level%20Curves.pdf
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Plotting in Matlab

aJternatioe:
/ '&hS‘ﬁqEE( a,gggj-s
C&, 63,1
3 o2 § 2];%JH&04\ E-Jiﬂ;é“t(’ 0.2 &

[-2

[-2 : .2 : 2];

,Y] = meshgrid(x,y); |
Z=X."2 + 2*Yg2 + 1 / Ze x4y Be c:weg-n\ wifh r\w\f\hﬂuc&;ﬂhﬁ
mesh(X,Y,Z)

contour(X,Y,z,30) % rfé{o-l-hrlj covdour fives

T ot of lines

slake] ('x awis'); ‘/,Ialadi\:) Hhe owes

[ Ch1 = comour (X9,2, 30); E to et Ocluen of cowtous lines
clabel (CW); hsphued on Hhe pmpl
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Continuity and Differentiability

Let D Cc R"—open,f: D — R,xq € D.

fis called partially differentiable in xo with respect to x; if the limit

je(xa — Jiy [0+ téi) — f(Xo)

t—0 t

exists. Here e; denotes the i—th unit vector. This limit is called partial
derivative of f with respect to x; at Xo.

fis (continuously) partially differentiable if fis (continuously)
partially differentiable w.rt. each component x, ..., X,.
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Are functions f; — f3 partially differentiable? Compute the partial
derivatives of the given functions.

L 2.3yt ) _Q.9x
V7 fi(x1,X2) = 3x3 + 8x3 'Défz_SjX\ L:a%}-g 2

X fao 1) =~ R0

\/]cg X1,X2 = 3X1 = 5X2 B9

?5;5_—_ 3 CD<E-—5 =3
=T KA
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Gradient and nabla-operator

Let D € R"—open, f: D — R partially differentiable.

- We denote the row vector
(o of af
g2 100) = (00 000 00)) = (b B )

as gradient of f at xo.
- We denote the symbolic vector

(o 9 YN
T\ Ox T Oxe T O,

- Thus we obtain the column vector

i of o .\
m— <%(X0)7%(X0)7---a%(xo)>

as nabla—operator
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1 J@,(*\j\; x> T J\*
-E]x =3" 4y %‘j: r \{33
BT—A R—ILK& = K.Sxitj) X*‘i;js)

Compute the gradient of the given functions
2 Al xiby- g %—%‘(mk 4xiluy -y
X

%, (xy)- 25_" _sy'e”

Y H )
Gred Pilxy) = ( 4x5&.j 5 3_ _SJVE)
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More Examples

Compute the gradient of the given function
fix,y,2) = x*ycos(2)

«(xy.2) = dxyces(2)

Ly, = xren\E)

fix,v,2)= - S\'w@)xzj
grad f(x) = (fx, (%), ..., fx, & g_xjw(% X Q}L%] '}(J S -?_)>
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Tangent Planes

Let Py = (Xo0,Y0,20) be a point on a surface S, and let C be any curve
passing through Py and lying entirely in S. If the tangent lines to all
such curves C at Py lie in the same plane, then this plane is called

the tangent plane to S at P,.

Pol¥o. Yo, 3o

0 ’

CurveC N
sssss through ™\
P( Yo Zo}

:wL e {

K
7

Figure 3: The tangent plane to a surface S at a point Pg
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Exercise

Compute the tangent plane to the graph f at point (xo, yo) := (1, 3).
f:R2_>R7 f(Xay):4_X2_y2

Solution:

T(x,y) == f(Xo, ¥0) + fx(Xo, Yo) (X = Xo) + fy (X0, ¥0) (¥ — Yo)
f1,3)= 4-1-9=-6
Kxy)= -dx
fy(x,y) = ——ﬂj
G- x (x1) -2y (y-3) = 6 D A2y My
~1X1‘9“11 + dxt GJ‘C

wl
1

1
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Exercise

’}:ﬁ(xﬁ) = x4yl
Compute the tangent plane to the surface z = x2 + y? at the point
(X07yO>ZO):::(1’275)

+.= E»(XO,?O) = _(,( 12) =3

Solution:

T(X,y) := f(Xo0,Y0) + fx(X0, Y0) (X — Xo) + fy (X0, Y0) (Y — Vo)
%X( ¥nzjl"":l¥ %J(KI:J):;‘J
fe(42)=2 e
Tyl = 5+ 200 +uly-2)
~ S+2y-2+My -8 < f;l?ﬂ*‘ﬁj'“j
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Exercise 2 (part 2)

—ﬂnabrew\ —“heéfd.l'\ew\: is e(-l'lmaon—\ Jo the eontour lmes

Plot contour lines of the given function and determine the direction
w

of the gradient
Z=f(xy) =x+y*+1
Solution: .
Jf'ﬂ:l (_f ()gj)) < A, D = R
I (49 Ji ("')_)
_l_T_ B (+I+\ ™ (+|_)
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Higher-order derivatives

Compute the derivatives of the second order of the given function
f(x,y,2) = x*y cos(2)

(X, v, Z)T y2 cos(z)
fy(X,¥,2) % 2xy cos(2)
f2(x,v,2) = xy? (—sin(2))

K (i?‘)‘ ?:j
dyfy (x,¥,2) -F:L] "BL = i% ez ()_H: ,f_?;

&h(xy,2) = =) xysin %
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If all second partial derivatives of f exist and are continuous over the
domain of the function, then the Hessian matrix H of f is a square

n x n matrix:

‘H ,&k‘ = Hess f(x) =

(Y, - 28

QD 19x;

i
0X10X1

9*f
OXnOX1

*f f
6X18Xn X Xy - Kl )(H
N R
‘ﬁi(v\)‘l - f)(v\k-\

i
OXnOXn

is T ~thwes cont, JA%‘E“'}MHQ

7 gmj = ng-xa
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Exercise

-2 00
Compute first and second derivatives of f ﬂa"'j' (0] ; o}
f:R? 5 R, fx,v,2) = 2% + In(xy?) 002
4 -
Afx: 2%3 :)‘:><| ﬁxx:‘xziﬁxg:o ‘yg)(?:o
J .-
-E;) = X-l; _ ?::_l‘\j“ EJXT-O 187‘.3‘ iz ‘{Jfo
Xy J J
Las s L“:Q ££J=° taa7d
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Exercise

Compute the third order partial derivative f,,, of a function f:

l fix,y) = In (xy* + 2y)

vl

* ?‘jl“ao - )\j+7_

b= 990y 2 o)
)(ZJ(,”L LJJQ) "

(—*3;\ = 3-(-2) UJ”) (xg+2)°
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Exercise

Compute the first and second order partial derivatives of a function f:

flx,y) = 8x — 2x%y?

kffﬂ
£y S .
Ju—lﬂ_lxz. ;j :_\“‘zj ‘L‘_‘j" —\lx'ﬁj—‘ '<?)<J ‘fJJ: -

N |
H(R/(Xl‘a < 3\3 __:lxzj
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Exercise

Compute the first and second order partial derivatives of a function f

for x # 0: 4)(-1 — )
IZ:(X% )—ez+;1<+xe*y ‘(ixx L‘-)J( X2 lx
Blngd= @7 4 e By7 g e
-EQ(X,LJL'%) - yed (—1) - -xe? ﬁx;‘o 1
fa(xiga) < e Ly Ty
247> —c"jo 4270
\'{g,(‘hk’ﬂ = (—80\3 Xg % X—%x‘ . -e%j o Q%?__
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Some more exercises

Compute partial derivatives of given functions

© (3x —5y)* é‘a’x ‘g(x'd)= (qt’ﬂ-s“] 3‘33 ) Y LBX—SJ\l (—S )

. sin(xyz)
X2

. Yo (P4
o (7 +7)

- arctan ¥ = A

: A -\(-(4))
4+ (L) S v
X\f‘ (5) J § Jl
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Exercise

Compute the tangent plane to the surface defined by the function
f(x,y) = sin (2x) cos (3y) at the point (x/3,7/4). Solution:

T(x,Y) == f(Xo0,Y0) + fx(X0, Yo) (X = Xo) + fy(X0, Yo) (¥ — Vo)
£ () Jcm.zxwﬂj %’n()‘lj) 2 = 3sm(2) 8 (3y)

u % v
mg.*& ~m(.at;)cm(3£1 ): ASN-% )= ¥
£y (3.9 -5&\"(;1%)5“{;11“]-—5@){%):—g%
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Thank you!
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Gedent q{,‘h&\?wl T L ‘Lf‘k‘“"m{%"”‘wud
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