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Mixed variational problems

Find x € X and p € Q such that
a(x,w)+b(w,p) = (f,w) forallwe X,
b(x,q) —c(p.q) =(g.q) forallge Q
with
Hilbert spaces: X, Q,

bilinear forms: a: XxX—R, b: XxQ—R,
c:QxQ—R,

linear functionals: f: X — R, g: Q — R.
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Example: the Stokes problem

Find the velocity v and the pressure p such that

—Au+Vp=1Ff inQ,
V-u=0 inQ,
u=0 on'.

Find u € H}(Q)? and p € L3() such that

(VU,VV)Lz(Q)dxd - (pV : V)Lz(Q) = (f, V)LZ(Q)d forall v e HO1 (Q)d,

— (G, V- U)12(q) =0 for all g € L5(9).
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Find the velocity v and the pressure p such that

—Au+Vp=1Ff inQ,
V-u=0 inQ,
u=0 on'.

Find u € H}(Q)? and p € L3() such that

(VU,VV)L2(Q)d><d - (pV : V)Lz(Q) = (f, V)LZ(Q)d forall v e HO1 (Q)d,
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Example: the Stokes problem

Minimize the cost functional
1
J(u) = 2 ||vu||iZ(Q)dxd — (f, U)Lz(Q)d

for u e H}(Q)? subject to the constraint for u :

V-u=0 in€Q.
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Example: a model problem from optimal control

Minimize the cost functional

1 gl
J(y,u) = > ly — Yd||i2(Q) + 5 HUH%2(Q)
subject to the state equation for y with distributed control u

-Ay+y = u in Q,
oy
on

where yy is the desired state.

=0 on'l,
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Example: a model problem from optimal control

Optimality system (KKT conditions):
@ The adjoint state equation:

-Ap+p = —(y—-yq4) inQ,
op
= 0 onTl.

@ The control equation:
yu—p = 0 inQ.
@ The state equation:

—Ay+y = u inQ,

9y

an = 0 onT.
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Example: a model problem from optimal control

Find y € H'(Q), u € L2(Q) and p € H'(Q) such that

(v, Z)Lz(Q) + (2, p)H‘(Q) = (}’daz)m(n) forall z e H' (),
¥ (U, V)Lz(Q) - (V, p)LZ(Q) =0 forall v e L2(Q),
Vs D) — (U, Q)20 =0 for all g € H'(Q).

Find (y,u) € H'(Q) x L?(Q) and p € H'(Q) such that

(Y, 2)iz0) + 7 (U V)12() + (2, P)Hr () — (Vs P)iz(e) = (Va, 2) 120

Y, Dre) — (U, Q)20 =0

forall (z,v) € H'(Q) x L2(Q) and g € H'(Q).
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(v, Z)Lz(Q) + (2, p)H‘(Q) = (}’daz)m(n) forall z e H' (),
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Example: a model problem from optimal control

Second approach: use the control equation to eliminate the control:
u=-—p.

Find y € H'(Q) and p € H'(R) such that
(V. 2)izi) + (2. P)(q) = Vo 212y forall ze H'(Q),

(P, q)12(q) =0 forall g e H'(Q).

1
(Vs @)1 Q) — 5
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u=-—p.

Find y € H'(Q) and p € H'(R) such that
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Mixed variational problems

Find x € X and p € Q such that

a(x,w)+ b(w,p) = (f,w) forallwe X,
b(x,q) —c(p.q) =(9,q) forallge Q.

alx,w) + b(w,p) + b(x,q) — c(p,q) = (f,w) + (g,q)

N~

B((x, p), (W, q)) (F, (w,q))
Find (x, p) € X x Q such that

B((x,p),(w,q)) = (F,(w,q)) forall(w,q)e X x Q.
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Mixed variational problems

Assumptions:
@ Bis bounded on X x Q:
1B((x, p), (W, )| < Cll(x, p)llxxall(W; q)lxxa
forall (x,p), (w,q) € X x Q.
@ Bis stable on X x Q:

swp BUx.p).(w,q))
p
o£w.gexxa  I(W;q)llxxa

> c(x,p)llxxa

forall (x,p) € X x Q.

Walter Zulehner (JKU Linz) Multigrid Methods for Mixed Problems GAMM Workshop 2008 11/46



Mixed variational problems

Brezzi’s theorem (for the case ¢ = 0):
@ a is bounded on X:

la(x, w)| < ||a|| ||x]|x||w|x forall x,w e X.
@ b is bounded on X x Q:
|b(w,q)| < [|bll [wl]x[lqllq forallwe X, qge Q.
@ a iscoerciveonkerB={we X:b(w,q) =0, g€ Q}:
a(w,w) > aq ||w|% forall w € ker B.
@ b satisfies the inf-sup condition on X x Q:

sup b(w, q)
ozwex l|Wllx

> ko|lqllq forallge Q.
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Find (x, p) € X x Q such that

B((x,p),(w,q)) = (F,(w,q)) forall(w,q)e X x Q.

Galerkin’s principle:
Xp C X, QnC Q.

Find (xn, pn) € Xn x Qp such that
B((Xn, Pn), (Wh, gn)) = (F,(Wh, qn)) forall (wh, gn) € Xp x Qp.
Find x, € X, and p, € Qp such that

a(xn, Wn) + b(Wh, pn) = (f, wp) forall wy € X,
b(xn, gn) — c(pn, qn) = (g,qn) forall gy € Q.
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Matrix-vector representations:

a(Xha Wh) = (Ah Xh’wh)a b(Wh’ Qh) = (Bh ﬂh?ﬂh)v
C(phv Qh) = (Ch Bh)gh)v
<fa Wh> = (Ih?ﬂh)a <g7 CIh> = (gha Qh)

Linear system:

(& %)) - (a)
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Brezzi’s theorem (for the case ¢ = 0):
@ a is bounded on Xj:

|a(xn, wn)| < ||all || Xnllx|Iwal|x for all xn, wy € Xp.
@ b is bounded on X x Qp:
[b(Wh, gn)| < [|bI| [whllxllgnllq for all wy € Xn, qn € Q.
@ a is coercive on ker By, = {wp € Xj : b(wp, qn) =0, gn € Qu}:
a(Wp, wp) > g ||wp||%  for all wy, € ker B,
@ b satisfies a uniform inf-sup condition on X}, x Qp:

sup bW, Gn) ko llanllq forall gs € Q.

0£wheX, || Whllx
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A class of iterative methods

Linear system
X f . A BT
©(5)= (o) v e (5 %)

If Ais non-singular, then

T —1gT
<g fC>—<g —Os> <é A ,B ) with S= C + BA~ BT

Preconditioner

P A 0\ /I A'BT\ (A BT
—\B -§)\0 / ~\B BA'BT-S§
with AT=A>0 and ST =S > 0.

Walter Zulehner (JKU Linz) Multigrid Methods for Mixed Problems GAMM Workshop 2008 16/ 46



A class of iterative methods

Preconditioned Richardson method:

x(k+1) x (k) P f x (k)
(geen) = o)+ [(g) - (o)

requires to solve

AW r,
Sqg = Bw-s,
Aw r—BTs.
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Symmetric indefinite preconditioners

Case: AT=A>0and C=0:

Theorem

A<A and BA'BT > S,

then
o(K~'K) c (0,0).

If
A<A and BA'BT > §,

then KK is selfadjoint and positive definite w.r.t. the scalar product

((5):(5)), - Axme e e - S

—> CG method applied to the preconditioned problem
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Symmetric indefinite preconditioners

Assumptions (for the case AT = A> 0 and C = 0):

°
A<A
o ~ ~
BAT'BT <38
o ~
(AW, W), > o (Aw,w), forall w e kerB
° ~ ~
BAT'B" > S
with

0<a<1 and §>1
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Symmetric indefinite preconditioners

Theorem

2
. 2
>\min ’C_1K =
(R7K) = a[\/5—1/ﬁ+\/1—1/ﬂ]

Amax(K1K) < B(1+/1-1/B)

Therefore
w(K71K) < c(ﬁ)g

with

1<¢(B) <3+V5, c(1)=1
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Symmetric indefinite preconditioners

Brezzi’s theorem (for the case a is symmetric and ¢ = 0):
@ a is bounded on Xj:

|a(xh, Wh)‘ < HaH HXhHXHWhHX for all x,, wp € X

With
(X, Wh)x = (XpXp, Wp)p2

we obtain
Ap < al| Xj
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Symmetric indefinite preconditioners

Brezzi’s theorem (for the case a is symmetric and ¢ = 0):
@ a is bounded on Xj:

|a(xh, Wh)‘ < HaH HXhHXHWhHX for all x,, wp € X

With
(X, Wh)x = (XpXp, Wp)p2
we obtain
An < lall X,
@ Compare with
Ap < Ap
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Symmetric indefinite preconditioners

@ b is bounded on Xj x Qp:
|b(Wh, gn)| < [|b[] [[whl|x|Ignllq forall X, € Xk, gh € Q.

With
(ph7 qh)Q = (Qheha gh)£2

we obtain
BnX,, By < ||bl| Q,
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Symmetric indefinite preconditioners

@ b is bounded on Xj x Qp:
|b(Wh, gn)| < [|b[] [[whl|x|Ignllq forall X, € Xk, gh € Q.

With
(ph7 qh)Q = (Qheha gh)ﬁ
we obtain
BnX,, By < ||bl| Q,

@ Compare with A
ByA,'Bf <3S,
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Symmetric indefinite preconditioners

@ a is coercive on ker Bp:
a(wp, wp) > ag | wpl|%  for all wy, € ker By,
becomes

(Ahwhaﬂh)éz > Qp (Xh ﬂh,ﬂh)gz for all wy e ker Bh
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Symmetric indefinite preconditioners

@ a is coercive on ker Bp:
a(wp, wp) > ag ||wp||%  for all wy, € ker By,
becomes

(Ahwhaﬂh)éz > Qp (Xh ﬂh,ﬂh)gz for all wy e ker Bh

@ Compare with

(AnWp, Wp)e > o (Apwpy, wp)e  forall wy, € ker By,
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Symmetric indefinite preconditioners

@ b satisfies a uniform inf-sup condition on X}, x Qp:

sup 2 Gn) - 4 jgylg forall gy e O

0£wyeX, || Whllx

becomes
Bh th B; > ko Qp,

@ Compare with A A
BA'BT > §
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Symmetric indefinite preconditioners

Choice: ]
Ap=—X, and éh:th
o T

forc >0and r > 0. If

< 1 and > 1
L - 7
all K2

then the conditions are satisfied with

Ib]?

and 5 =rblf > -

o= UOzo<
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Example: a model problem from optimal control

Find (y,u) € H'(Q) x L2(Q) and p € H'(Q) such that

(Vs 2)120) + 7 (U V)i20) + (Z. P (@) — (Vi P) i) = Va: 2) 12(0)
a((y.u).(2.) b((2.v).0)
YV D) — (U, Q)2 =0

b((y,u).q)

forall (z,v) € H'(Q) x L3(Q) and g € H'(Q).

Discretization: 7, triangulation of Q, P;-P;-P; element

An BIN (xp\ _ (fn _(My O _ _
<Bh O > <ph - 0 9 Ah - 0 7Mh bl Bh - (K/'h Mh)

with x, = (Xh,gh)T, mass matrix M, and stiffness matrix Kj.
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Example: a model problem from optimal control

X = H'(Q) x L2(Q):

(x,W)x = (¥ 2)n1() + (U, V) 2(q)

Q= H'(Q):

(P, 9)a = (P D1 ()

K, 0
Xh_<0h Mh>’ Qh:Kh-

On X, x Qp:
N 1
lall = max(1,7), [Ib] = V2, ao = 3, ko= 1= r(K;"Kp) = o)
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Example: a model problem from optimal control

X = H'(Q) x L2(Q):

(X, W)x = (V.2)120) + V7V 2) ) + 7 (U, V) 120

Q= H'(Q):
(P, 9)a
On Xp X th
_(Yy O
X“<07w

[(Pa D) + V7 (P q)H‘(Q)}

==

1 .
>,QFWWWMYFMWWM

2 3 .
lall =1 bl =1 a0 2. ko—/2 —a(RyTKn) ~
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Example: a model problem from optimal control

Summary:
Xp\ _ (fn _(An By
& (o) = (§) win o= (5
with y 0
Ap = (Oh ,th> . Byn=(Kn —My)

Preconditioner

where

with
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Example: a model problem from optimal control

Summary:
Xp\ _ (fn _(An By
& (o) = (§) win o= (5
with y 0
Ap = (Oh ,th> . Byn=(Kn —My)

Preconditioner

where

with . .
Yh %Xh = M, + \f'yKh and M, ~ M;.
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Numerical experiments

Geometry and mesh:
@ Q=(0,1)3.
@ initial mesh / = 1: 24 tetrahedra
@ uniform refinement, final mesh / = L.

Preconditioner:
e ¥, one V(3,3)-cycle of the multigrid method
@ M, 3 steps of the symmetric Gauf3-Seidel method

Iterative method
@ CG-method for the preconditioned problem
@ Starting values 5570) and 3570) randomly generated.
o stopping rule r®) <er(®  with ¢ =10-8.
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Numerical experiments
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predicted —&—

e

Figure: Number of iterations versus relative accuracy.
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Numerical experiments

Table: Fixed regularization parameter v = 1.

level L | number of unknowns n+ m | iterations k | cpu time t (in seconds)
3 1107 14 0.06
4 7 395 15 0.61
5 53 955 15 6.96
6 412 035 16 62.04
7 3200 227 15 559.16

Table: Fixed refinement level L = 5.

vy iterations k
10~% 15
1072 14

1 15

102 14
104 15
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Multigrid methods

Problem:
B((Xn, pn), (Wn, Gn)) = (F, (Wh, Gn))  (Wh, qn) € Xn x Q.
Two-grid method: Xy C X, Qy C Qp
(x,(7 ), p},o) ) starting value

@ Smoothing step:

(x5 ,pﬁ,’"’»
(R, (Wh, Gn)) = (F. (Wh, q)) — B(x™. p™), (Wh. Gn)
@ Coarse grid correction:
B((sH, H), (WH, qH)) = (R, (WH, GH))  (WH, gH) € Xy x Qy

(™D 0y — (™ o™y 4 (s, 1)
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Multigrid methods

@ Smoothing step:

iterative method as smoother:
%k+1) X%k) .
k = | (k + K
o) \e?)

. An BT
Ky = s ho
h (B,, ByA B! sh>

with
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Multigrid methods

Theorem

A<A C+BA'BT <3S,
then, for M = | — KK,

KMz < no(m)]Qllz,

o A—A 0
“\ 0 C+BA'BT_S§)’

L is an arbitrary symmetric and positive definite matrix, and

1 (m—1 1
()= 571 () = O

where
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Multigrid convergence analysis

For w € X}, qc th

B((s,r),(w,
I(w,q)lor and [(s,)llen=  sup [B((s, 1), (w, Q)|
0z(w,q)exnx@y (W Q)lllo,n

Approximation property:

(m+1)

1
1B1lo.5 110<™ = x4, pf 4

—pn)llo.n < ca ™ = xi, ™ — pr)lll2.n
Smoothing property:

O™ = X3, 6™ — ) ll2n < 12(m) 1Bllo.a 12 = X4, 62 — )0

with
n(m) — 0 form— oo.
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Multigrid convergence analysis

For w € X3, g € @, with vector representations w € R™, g € R™:

ll(w. @)llon = ((g,, (g) | (g))ﬁ)”z B H (Z)

Lp
Smoothing property
IKaME I, < n(m) IKn]l .z,
which follows with 7(m) = cgno(m) = O(1//m) if
Ap> A, and S,> Ch+ ByA.'B]
and
. An — A 0
< h = N A
1Qnllcy < crIKhllz, with  Qp ( 0 Ch+BA Bl - Sh)
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Example: a model problem from optimal control

Find (y,u) € H'(Q) x L2(Q) and p € H'(Q) such that

(Y, 2)i2) + 7 (U V)i20) + (Z. P (@) — (Vi P) i) = (Va: 2) 12(0)

v

-~

a((y,u),(z,v)) b((z,v).p)
Vs Drr ) — (U, Q)i2(q) =0

b((y,u).q)

forall (z,v) € H'(Q) x L2(Q) and q € H'(Q).

Discretization:

An BIN (Xn\ _ (fn _(M» O _ B

with x;, = (Zh,gh)T, mass matrix M and stiffness matrix K.
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Example: a model problem from optimal control

Mesh dependent norm on X, x Qp:

1/2
iw, @)llon = h (Izlle + M lvlie+ Igle )

- (=(3)-(2),)"

with w = (z,v) € Xp, g€ Qp and

I 0 0
Lh=H [0 M1 0].
0 0 |/

The approximation property is satisfied. l
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Example: a model problem from optimal control

Choice of A, and S

o

A, — 1 (dlag Ky 0

0 - diag Mh> . 5, = ; diag (B[A;1B;> .
with ¢ > 0, 7 > 0 such that

Ap>A, and §,>B,A'Bl.
Observe:

- , 1 (diag M, 0
Ah#dlagAh:a( % ’ 'ydiath)

The smoothing property is satisfied with n(m) = O(1/+/m).
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Example: a model problem from optimal control

There exists a constant ¢ > 0 such that

(m+1)

— i (0)

1
(™ — Xn, P},

( (0)

— Pn)lllo,n — Pn)lllo,n

\/— [
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Numerical experiments

Geometry and mesh:
e Q=101
@ initial mesh / = 1: 2 triangles
@ uniform refinement, final mesh / = L.
Iterative method
@ Starting values 5570) and Bﬁ;o) randomly generated.
@ stopping rule r®) <¢r®  with ¢ =108,

smoothing steps
level L n+m 5+5 I 7+7 [ 10+10

3267 || 46 | 0.668 || 30 | 0.538 || 21 | 0.411
12675 || 48 | 0.679 || 34 | 0.578 || 24 | 0.455
49923 || 49 | 0.685 || 35 | 0.587 || 25 | 0.467

198147 || 49 | 0.685 || 35 | 0.588 || 25 | 0.469
789507 || 49 | 0.685 || 35 | 0.589 || 25 | 0.469

© o0o~NOoO O;
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Example: a model problem from optimal control

Second approach:
Find y € H'(Q) and p € H'(R) such that

V. 2)i2) + (2. Py = Vo, 2)i2@q) forallze H(Q)

aly.2) b(z.p)
1
VD) — = (P, Q)rz) = 0 for all g € H'(Q)
—_—
b(y,q) o p"’ a)

Discretization:

y fh> . <Ah BT> (M,, K,,)
Knl=h) = th Kp= h | =
”(ph> (0 i k=B, ~C) T K 1,

with the mass matrix M), and the stiffness matrix K.
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Example: a model problem from optimal control

Smoother:
k+1 K
p%k-H; = p%k; + oKy
Yh Yh
with 1 < p < 2,
. A, Bl
K = ~ N ”
g (B,, ByA B[ —S,,)

An = diagk, &,— - diag (7 K, + Mh2\,;1Mh) .
g T

and
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Example: a model problem

Numerical experiments:

m optimal control

smoothing steps
level L n+m 1+1 | 2+2 | 3+3
5 2178 16 | 0.301 9 | 0127 || 7 | 0.067
6 8 450 16 | 0.302 9 0.128 7 | 0.066
7 33282 16 | 0.302 10 | 0.135 || 7 | 0.067
8 132 098 16 | 0.302 10 | 0.135 7 | 0.067
9 526 338 16 | 0.302 10 | 0.135 || 7 | 0.068
Dependence on ~:
[+ [ Mer. [ conv. rate ]

1 16 0.302

102 16 0.302

10— 16 0.302

106 16 0.302
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Concluding remarks

@ General approach: one-shot multigrid

@ Exploit special properties
(much better results for the reduced form)

@ Block preconditioners: require more information
@ Rigorous analysis

@ Other approaches: Braess-Sarazin, ...
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