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Overview

ﬂ Problem Formulation
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Optimization Problem

L 1 o'
Minimize J(q, u) = §||u —u? + Ellqllfz(g) q € Qad
—Au=q in{2
s.t.
u=20 on 012
and u < on 2

With nice 2 CR", n <3, a >0, ¥ > 0 and at least one of the following
holds:

e a>0,
@ Qa4 is bounded in L2(£2).

Then there exists a (unique) solution
(. 7) € L2(2) x H>(2) N H(2) = Q x W to this problem.

Winnifried Wollner Adaptive Discretization in Optimal Control April 3, 2008



Necessary Conditions

Let (g, U) be a solution to the optimization problem, then there exist

@ez¢c L2(Q) =Q
IS M(ﬁ) = Co(ﬁ)*
such that:

(AT, ¢) = (7. )

(—2¢.2) = (T—u, ) + (0. B)
(@, 7) > (o 0

(Z.g-9) =2 (-2q.9—7)

Yo e Q
Yo e W
Vo <
Vq € Qad
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Necessary Conditions

Let (g, U) be a solution to the optimization problem, then there exist
°0zcl2(2)=Q
o ne M) = Co>R)*

such that:
(—Au, ) = (a,9) Yo € Q
(—Ap.2)=(T—u’, @)+ (0. B)  VoeW
(U, m > {p, @ Vo <
(z.9) =(—aq.q) Vge Q

For simplicity assume inactive control constraints.
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Barrier Problem

Consider the barrier problem:

Minimize Jy(q, u) = J(q, u) + b(u;y) q € Qaq

—Au=q inf2
S.t.
u=2~0 on 0f2

with the barrier functional:

) — v
i) = |, g vy

with order m > 1 which we assume to be sufficiently large.
Then there exists a (unique) solution (G, Ty) € Qaq X W.
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Necessary Conditions

Let (g, Uy) be a solution to the barrier problem then there exist
e Zy e H} () =V
0 i, = g2 € [2()

(¥—1y)
such that:
(VTy, Vo) = (dy, 0) Vo e V
(Vo,VZy) = (Ty — u?, 0) + (0. By) VeV
(Zy.a—7y) > (—aGy, g —Ty) Vg € Qad
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Necessary Conditions

Let (g, Uy) be a solution to the barrier problem then there exist
e Zy e H} () =V
(] H'y = (wzﬁ%,:)m S L2(Q)

such that:
(Viy, Vo) = (4. ) Vo eV
(Vo.VZy) = (Gy - v, 0) + (0. By) Vo€V
(Zy.9) = (—ady. q) Vg e Q

For simplicity assume inactive control constraints.
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Necessary Conditions

Let (g, Uy) be a solution to the barrier problem then there exist
e Zy e H} () =V
(] H'y = (w’(ﬁ%’:)m S L2(Q)

such that:

(Viy, Vo) = (4. ) Vo eV
(Vo,VZy) = (Ty — v, 0) + (. Tiy) Vo eV
(Zy, ) = (-4, q) Vg e Q

For simplicity assume inactive control constraints. In addition we get:

(—Aly, ) = (qy. ) Vo e Q
(—A@, Zy) = (Uy — u®, @) + (0. Ty) Yo e W
(Zy, q) = (-4, q) VgeQ
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Discretization

Use standard @ elements for discretization.

Then there exists a (unique) solution (g4, @5) € Qfy x V" and:
° ny e Vvh
T L (7)

(p—1h)e°
such that:
(VUh, Vo) = (@) ) Vp e VI
(Vo,VZ)) = (dh @)+ (Bl VpeVvh
Zh,a-a5) > (—adh, g — ) Vg € Qf
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Discretization

Use standard @ elements for discretization.
Then there exists a (unique) solution (g4, @5) € Qfy x V" and:

° ny e vh
—h d) o
® Uy = (w_%g)o € Lz(—(z)
such that:
(Valy, Vo) = (a7, ¢) Vo e vh
(Vo Vzh) = (@ — v, o)+ (0. 7)) Veoe VI

(z}. q) = (—adj, q) Vg € Qly

Again for inactive control constraints.
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Overview

© A Posteriori Estimates
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Error in the Cost Functional

Splitting the error:

J(@.9) = (@5, 8) = (J(@. 1) = Jy(dy. T)) + (J(@y. B) = S(5, ﬂﬁ))J

RMhom RMdisc
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Error in the Cost Functional

Splitting the error:

J(@.9) = (@5, 8) = (J(@. 1) = Jy(dy. T)) + (J(@y. B) = S(5, ﬁi))J

RMdisc

RThom

Let
£=(9.0.2z.n)
&y = (Ty. Uy, Zy, [hy)

h _ (wh —h =h —h
& = (Gy. Uy, 2y, 18y)

be the solutions to the three systems of necessary conditions.
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Estimating the Homotopy Error

Introduce the Lagrangian:

M(q,u,z,u) = J(q,u) +(q,2) + (Au, 2) = (Y — u, )

Using the NCs we obtain:

J(q.u) - J,Y(a,y,ﬂ,y) =M(§) — M(&) — b(Ty; )
= STy~ Ty + )~ b(Ey7)

Finally:

=

J(@ U) - J’y(a'yvn’y) ~ _<Ufl; - ilfyﬁfy) - b(n'i;;’Y) = Mhom

N
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Estimating the Discretization Error

Introduce the Lagrangian:

L(q,u,z)=Jy(q,u)+(q.2) = (Vu,Vz)

Using the NCs we obtain:

J’Y(a’Y'U’Y) ’Y(q'y 'y) _El(g'y)( éh)

with arbitrary £ € Qh x VI x v,
Use (with a higher order interpolant on a coarser mesh /2(2)):

Iy (T, Ty) = Iy(@, "y)N El(gh)(/(Z) — £7) = Mdisc
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Overview

© Numerical Example
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Model Problem

From: Giinther, Hinze

. 1 1
min J(q, u) = E“LI —0.5)2 + EHq - 60]2,

(Vu, Vo) + (0, 9) = (a.9) Vo e H(Q),
0.45 < u(x) <9P(x) in £,

on the domain 2 = (0, 1)? with data:

¥(x) = min(1, max(0.5,50||x — (0.3,0.3) " [|?)) J

And a reference value J* is given as:

J* =1759.04733 J
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Typical Mesh

Figure: Mesh
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Figure: State
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Figure: Control
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Lagrange Multiplier for State Constraints

Multiplier
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Figure: Lagrange Multiplier
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Error in the Costfunctional
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Figure: Error in the cost functional for different strategies
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Effectivities

Table: Effectivity indices on globally refined meshes

N
o' 625 2401 9409

-107Y 0.48 0.47 0.48
.10~ 0.87 0.83 0.87
0.15 0.25 0.85
-1072 2.36 2.35 0.38
-1073 6.74 874 4.19
-1073 11.1 183 12.0

= W~k W W
—
9
N
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Transformed Problem

. 1 1
min J(g, u) = 5[1(0.45 — Y)u + ¥ — 0.5/ + Sla - 60|,

(V((0.45 —9)u — ), Vo) + ((0,45 — Y)u — 9, ) = (q.9) Ve € H',
0<u(x)<1 in$2,

on the domain 2 = (0, 1)2.
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Effectivities

Table: Effectivity indices on globally refined meshes

N
o' 625 2401 9409

-107! 0.36 0.67 0.94
.10~ 0.00 0.31 0.72
129 1.60 0.12
-1072 152 230 1.03
-1073 158 258 1.54
-107% 160 266 1.71

= W~k W W
—
9
N
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Effectivities

Table: Effectivity indices on locally refined meshes

(b) Local refinement for

(a) Local refinement balanced with Mnom v—0

N lefs ¥ S = N lest [J* — Jy]
169 048 2-1072 15-107! 169 198 3.4-1071
281 383 4.-107% 19-100! 269 7.80 22-1071
401 127 8-1073 1.1-107' 401 345 1.7-1071
1057 156 4-1073 4.7-1072 1045 390 6.7-1072
1981 065 3-1073 16-1072 1749 2.09 3.2-102
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Thank You for Your Attention!

Optimization Library RoDoBo

http://rodobo.uni-hd.de/

<

FEM Toolbox Gascoigne3D Visualization Tool VisuSimple
R »
Gascoigne

http://gascoigne.uni-hd.de/ http://visusimple.uni-hd.de/
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