ulm university umvelsnat |

Timo Tonn

ThoTon = A-Posteriori Error Estimators for RBM
March 27, 2008 Applied to Quadratic Non-Linear PPDEs

(Involving Non-Affine Coefficient Functions)

(Joint work with Claudio Canuto, Karsten Urban)




Page 1/32 A-Posteriori Error Estimators for RBM Applied to Quadratic Non-Linear PPDEs (Contents)

Motivation
Reduced-Basis Methods
Application

Theory

Problem
Primal Problem
Dual Problem
Existence, Uniqueness and Well-Posedness

A-Posteriori Error Estimation

Numerical Results



Page 2/32 A-Posteriori Error Estimators for RBM Applied to Quadratic Non-Linear PPDEs Reduced-Basis Methods (Motivation)

Reduced-Basis Methods for solving PPDEs rapidly, repeatedly and reliably.

u(p**) | M:{u(p) | p € D}
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1. ensures reliability;
2. allows for optimal basis selection.
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Reduced-Basis Methods for solving PPDEs rapidly, repeatedly and reliably.

o Usage of N global basis functions &, := u(u,),
N < N := dim(X) is sufficient.

new : D S .. .
u(p )M {u(p) | 1 € D} e Availability of a-posteriori error estimators

1. ensures reliability;
2. allows for optimal basis selection.

o Efficient treatment of output functionals.

o Offline/Online Decomposition allows for a
N—independent online-stage.
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Comparable to POD, another Method for Model-Order Reduction:
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Comparable to POD, another Method for Model-Order Reduction:

Compute
o up= ), 1< <m K= ((ui t)x) ;o
1 n
o (= — Z vi)juj, 1 < i < N, where )\; is the i-th largest eigenvalue of K

VA £

and v; is the corresponding eigenvector.



Page 3/32 A-Posteriori Error Estimators for RBM Applied to Quadratic Non-Linear PPDEs Reduced-Basis Methods (Motivation)

Comparable to POD, another Method for Model-Order Reduction:

Compute
o up= ), 1< <m K= ((ui t)x) ;o
1 < . , , .
° & = 7 Z(Vi)fuf' 1 < i < N, where ); is the i-th largest eigenvalue of K
i

and v; is the corresponding eigenvector.

Then, it is proven that
1. (f;,fj)x = (5,‘], 1 S I,_] S n and

O R IOED NOMEINC R SPY
D i=1 % i=N+1
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In RBM: “optimal” basis selection by Greedy Algorithm:
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In RBM: “optimal” basis selection by Greedy Algorithm:

Choose a (large) sample set =, an initial sample S* := {y;} and an ‘smallest
(energy) tolerance’ € > 0.
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In RBM: “optimal” basis selection by Greedy Algorithm:

Choose a (large) sample set =, an initial sample S* := {y;} and an ‘smallest
(energy) tolerance’ € > 0.

Then for N=1,2,...

1. compute
= arg max A(p);
peE=

2. if A(u*) > e, update SV*1:= SN U {u*} and continue;
3. stop,

where A(u) is a rapidly evaluable, reliable a-posteriori error estimator for

[[u(p) = a(u)llx-
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Application

For ;1 € D := [0, 5] we aim in solving
—aAu+ (b-Vu)u+c® =0, inQu), [ '
u=0, on 9B(p), =
u= g ) on rD’ -1
% =0 s on r[\[ -1sr ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘

Figure: Geometry for one blade.
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Mapping to a reference situation yields:

Find Ui(u) € up + X, s.t. Vv € X:

/Q(g(-;u)vn) -VVdQ+/ﬁ(§(~;u)-Vn) LVJVdQ+/Q~y(';u)b2\V/dQ:O,

where
o X:={veHYQ):v=0o0nTpUdB};
o up € HY(QE) : up =g on Tp,up = 0 on Ik \ I'p.
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Primal Problem (Generalization of [?] (K. Veroy, A.T. Patera; 2005)):

For € D C RP find u(p) € X, s.t. for all v € X:
g(u(p), vi h(p)) = alu(p), v; ha(w)) + b(u(p), u(p), vi ho(n)) = f(v) = 0,
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Primal Problem (Generalization of [?] (K. Veroy, A.T. Patera; 2005)):

For € D C RP find u(p) € X, s.t. for all v € X:
g(u(p), vi h(p)) = alu(p), v; ha(w)) + b(u(p), u(p), vi ho(n)) = f(v) = 0,

where
« QCR" X C X®C HYQ);
h(p) = {ha(1e), ho(r0)}, hi(p) = hi(i ), hi € L(Q) x CH(D);
o a(w,v; hy) is linear in w,v € X and h, € L>(Q);
o b(w,z,v; hp)is linear in w,z,v € X and hy € L>*(Q);
e f is a bounded, linear functional in X.
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Primal Problem (Generalization of [?] (K. Veroy, A.T. Patera; 2005)):

For € D C RP find u(p) € X, s.t. for all v € X:
g(u(p), vi h(p)) = alu(p), v; ha(w)) + b(u(p), u(p), vi ho(n)) = f(v) = 0,

where
« QCR" X C X®C HYQ);
h(p) = {ha(1e), ho(r0)}, hi(p) = hi(i ), hi € L(Q) x CH(D);
o a(w,v; hy) is linear in w,v € X and h, € L>(Q);
o b(w,z,v; hp)is linear in w,z,v € X and hy € L>*(Q);
e f is a bounded, linear functional in X.

Output of Interest:
o s(u) :=4€(u(u)), where £ is a bounded, linear functional in X.
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Frechét derivative dg(-,-; h)[z] : X x X - Ratze X is

dg(w,v; h)[z] :== a(w, v; hy) + b(w, z, v; hp) + b(z, w, v; hp) .

=:db(w,v;hp)|[z]
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Frechét derivative dg(-,-; h)[z] : X x X - Ratze X is

dg(w,v; h)[z] :== a(w, v; hy) + b(w, z, v; hp) + b(z, w, v; hp) .

=:db(w,v;hp)|[z]

Inf-sup parameter and continuity constant (for fixed z € X):
d v h
B(z;h) = inf sup de(w, vi h)lz] )[Z],
weX vex |[wlx [Ivlix

d, v h
vz k) = sup sup B vNIEL
weX veX HWHX ||VHX
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For well-posedness {u(u), i € D} is required to be a non-singular (isolated)
branch, thus we pose

Assumption
There is By > 0, s.t. Vi € D: B(u(p); h(p)) > Bo.

~ Will be verified a-posteriori.
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For well-posedness {u(u), i € D} is required to be a non-singular (isolated)
branch, thus we pose

Assumption
There is By > 0, s.t. Y € D: S(u(w); h(w)) > Bo.

~ Will be verified a-posteriori.
Furthermore, we pose

Assumption
Y € D there is 0 < p,, pp < 00, s.t. Yw, z,v € X:

la(w,viha)l < palwlix IVIIx [[hall oo gy »

|b(w, z, v; hp)| po 1wl [12[lx [1vllx 1hsll oo ) -

IA

In the sequel: pi() := pi [[hi(p)| (0. 7 € {a, b}.
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For 1 < N < N™ax et
o SN:={u, €D,1<n< N} be anested set of parameter samples, and

o WN :=span{¢, := u(un),1 < n < N} the associated reduced-basis
Lagrangian space.



[ZYTREWEPI A-Posteriori Error Estimators for RBM Applied to Quadratic Non-Linear PPDEs Problem (Theory)

For 1 < N < N™ax et
o SN:={u, €D,1<n< N} be anested set of parameter samples, and

o WN :=span{¢, := u(un),1 < n < N} the associated reduced-basis
Lagrangian space.

Primal Reduced-Basis Problem:

For u € D find G(pn) € WV, s.t. for all v e WN:
g(u(p), vi h(u)) =0,
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For 1 < N < N™ax et
o SN:={u, €D,1<n< N} be anested set of parameter samples, and
o WN :=span{¢, := u(un),1 < n < N} the associated reduced-basis
Lagrangian space.

Primal Reduced-Basis Problem:

For u € D find G(pn) € WV, s.t. for all v e WN:
g(u(p), vi h(u)) =0,

where we have replaced h(1) := {ha(1), ho(12)} by h(ze) := {ha(12), hs(12)} and
hi(n) == Z ¢m(1)ah, i€ {a,b},

obtained by Empirical Interpolation Method (EIM)
(c.p. M. Barrault, Y. Maday, N.C. Nguyen, A.T. Patera; 2004).
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Solved iteratively by Newton’s method:

o Initial guess: 1 (u) € WV,
e For k=0,1,2,...:
1. Find 6®(u) € WV, s.t. Wv € WV
dg(8") (), vi () [ ()] = —g(@"® (1), vi h(w));
2. Update @9(s2) by 7449 (1) = ) (1) + 609 1),
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For the offline/online decomposition, let

F o= (f(&)),
= (a(§,&iam), - 1<m< M,
By, = (b(§.& & qm)) 1<m< M, 1<n<N,
dB;, = (db(ﬁﬁéuqm)[fn]) 1<m<M,1<n<N.

The coefficients 65,“(/1), 1 < n < N, can be obtained by solving

[Za em(10) +Zu<* M)Z‘Pm B,';,] 8" ()
- [i@z(m +Z R Z b (i )B&] () + F,

m=1
within O(M,N?) + O(M,N3) + O(N3).
~~ (online-)complexity independent of N/ > N.



Page 14/32 A-Posteriori Error Estimators for RBM Applied to Quadratic Non-Linear PPDEs Problem (Theory)

Improvement of the output approximation 5y () := ¢ (4(u)) necessitates invoking
the Dual Problem:

For u € D find ¥(p) € X, s.t. for all v € X:
i (. 005300 + Jel1)i) ) = =401,

where e(u) := u(p) — u(p).

~» This is a linear problem.
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For 1 < N < N™a let
o SN .= {pn€D,1<n< N} be a nested set of parameter samples, and

o W .= span{&, := YN (11,),1 < n < N} the associated reduced-basis
Lagrangian space.
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For 1 < N < N™a let
o SN .= {pn€D,1<n< N} be a nested set of parameter samples, and

o W .= span{&, := YN (11,),1 < n < N} the associated reduced-basis
Lagrangian space.

Dual Reduced-Basis Problem:

o~

For yu € D find ¢(11) € WV, st. for all v € WN:
dg (v, $(); 6(); h(n)) = —(v).



Problem (Theory)
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For 1 < N < N™a let
o SN .= {pn€D,1<n< N} be a nested set of parameter samples, and

o W .= span{&, := YN (11,),1 < n < N} the associated reduced-basis
Lagrangian space.
Dual Reduced-Basis Problem:

For i € D find ¥(u) €
dg (v, b(p); B(w); h(p)) = —£(v).

WN, st. for all v e WN:

(Online-)complexity is O(M,-,,KP) + O(MbNN2) + O(N3).
~» comparable to one Newton iteration (for solving the primal reduced-basis

problem).
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Existence, Uniqueness and Well-Posedness

First, we define a proximity indicator (the key parameter for the BRR theory):

(1) = Apo(u)(B(r) "2 (R(k) + E()),

where (for v € X and p € D)

Rvip) = g (@), vih(n). R = IRGW)x
E(vim) = g (000 vih(w) b)), EG) = [EGmlx.

and 0 < B(u) < B(a(p); h(w)) for all € D,
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Corollary
For () < it is true, that B(u(y); (1)) > Bu)/V2 > 0.
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Corollary

For () < it is true, that B(u(y); (1)) > B(1)/V2 > 0.

Immediate consequences:

e The primal problem is well-posed
({u(p), n € D} is a non-singular (isolated) branch).

e The dual problem is well-posed and possesses a unique solution.
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Proposition
For T(p) < 1 there is a unique u(u) such that

- u(u) € B (), Bl) @os() ),
where B(z,r) :={ve X :|v—-z|,<r}

o llu(u) = B x < A) = Bl) 2ps(u) ™ (1= VI=7()).
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Proposition
For T(p) < 1 there is a unique u(u) such that

- u(u) € B (), Bl) @os() ),
where B(z,r) :={ve X :|v—-z|,<r}

o llu(u) = B x < A) = Bl) 2ps(u) ™ (1= VI=7()).

Proof: Use Banach Fixed Point Theorem for H* : X — X defined by

dg(H"w, v; h())[u(p)] = dg(w, vi h(u))[u(r)] — g(w, vi h(n)), v € X.
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For the dual problem we define an a-posteriori error estimator by

_ o 2(RWFEW) - A=)
A S i) 1+\/i5 09l

where (similar to the primal problem)

R = | dg (- B): 80 B(w)) + ()|
E(n) = ||dg (00 u): h(p) — B )|
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For the dual problem we define an a-posteriori error estimator by

A 2 (R(u) + E) L - VT)
VT B Vo) I

where (similar to the primal problem)

[#a]]

)

Ry = g (B B ) + 0|,
E(n) = ||dg (00 u): h(p) — B )|

We may proof that

X'

Corollary

If (1) < 1, then it holds H?/}(,u) - @(u)H < A(p).
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For the output of interest we find (&(s) := ¥() — (1))

o~

s() = @) = R(D()in) + E (D)) + g (@), (0); h(w))
——

=5(p)
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For the output of interest we find (&(s) := ¥() — (1))

o~

s() = L@) = R(D0)in) +E (D00 1) + g (@(p), (p); (1))
——

=5(p)
or

s) = (@) + R (Syin) ) = E (D)) + & @), 2(0); hw)).

—%(n)




A-Posteriori Error Estimators for RBM Applied to Quadratic Non-Linear PPDEs A-Posteriori Error Estimation (Theory)
For the output of interest we find (&(u) := v(u) — ¥(p)):

s() = L@) = R(D0)in) +E (D00 1) + g (@(p), (p); (1))
Ltu)

=5(p)
or

s) = (@) + R (Syin) ) = E (D)) + & @), 2(0); hw)).

Therefore, for the corresponding a-posteriori error estimators we find

Corollary
If T(p) < 1, then it holds

1 [s(1) = 31 < Ao, (0):=|R (21): ) |+]E (@m)s )|+ (RO + E () B

2. Is(1) = %2()| < D) i=|E (D12): ) |+ (R()+E (1)) Aw)
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Summary of quantities:

(1) R(w), E(u), B(), Ay
A(w):  no additional terms, As(p):

(Online-)complexity:

A-Posteriori Error Estimation (Theory)
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Summary of quantities: B - B ~
r(n):  R(w), E(n), B(w), A(p): R(u), E(p), H¢
A(w):  no additional terms, As(n): R (J(u),u) E(

(Online-)complexity:

R(p): O(MN*),

k(u): O(MgNzﬂlz),
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Summary of quantities: . -
T(n):  R(p), E(n), B(u) Ap): R(p), E(p), Hﬂf
A(w):  no additional terms, As(n): R E

(Online-)complexity:

R(p): O(MEN®), E(p): O(N*),

R(1): O(MEN2RR),  E(n) o(N2N2),



A-Posteriori Error Estimators for RBM Applied to Quadratic Non-Linear PPDEs A-Post Error Estimation (Theory)
Summary of quantities:
r(n):  R(w), E(n), B(), Ap): R(p), E(p), Hw(u) N
A(w):  no additional terms, As(n): R (z;(u) y), E (z/?(u) u)
(Online-)complexity:
R(w): C’)(/\/IgN“), E(p): (’)(N4),
R(n) o(MgN2/v2) E(n): o(/v2/v2)
E ($(n)in):  O(N?N)
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Estimation of 8(ii(y), h(p)):
Let F(t; i) be an expansion of (ﬁ(ﬁ(u),ﬂ(u)))2 in fi, s.t.
Corollary

1. F(t; i) is concave in t, i.e. Vt € [t1, t2]: F(t; @) > min{F(t1; ), F(t2; @) }.
2. For given p, i € D, t = u — [, the inf-sup parameter satisfies

BEw ) > (VEED - o5m)

where 6(t; i) is a second order correction.
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Lower bound for inf-sup parameter:

0.06

0.05

0.04

0.03

0.02

0.01
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Application
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A-Posteriori Error Estimation

Numerical Results

(Numerical Results)
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For a=0.1, b=(0.5,0.5) and c = 0 for the Primal Problem we obtain:

eVl | AMw) | 2" | TV(w)
7.02e-02 NaN NaN Inf
2.60e-03 NaN NaN 6.61e-01

3.91e-05 | 8.32e-05 | 2.34e+400 | 7.85e-03
1.60e-06 | 3.43e-06 | 2.04e+00 | 4.25e-04
10 | 1.08e-07 | 3.40e-07 | 5.03e+00 | 4.02e-05

wlo|ls|nv|=

Where V(1) := u(p) — () and n"(u) := AN(u)/ [[" ()] -
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o 1"l

——aw |
——w
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For the Dual Problem for fixed N = N™&* — 10:

W | A% | )
1 9.99%e-01 3.73e+00 | 3.03e+00
2 2.84e-01 7.00e-01 | 2.59e+00
3 4.91e-02 1.07e-01 | 2.52e+00
4 5.69e-03 1.56e-02 | 2.58e+00
5 9.91e-04 2.64e-03 | 4.06e+00

Where &% (u) = y() — $"N (1) and VN (p2) := ANV () [ (n) |
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:
NN
o1l ()l

—o— Ay )

o
-
n
w
IN
o
o



Output Approximation for N = Nmax — 5.

A-Posteriori Error Estimators for RBM Applied

to Quadratic Non-Linear PPDEs

(Numerical Results)

N el(u) | ANN(u) | oN(p) | el N(u) | ANN(u) | nlN(w)
2 | 2.40e-03 | NaN NaN | 2.08e-04 | NaN NaN
4 | 1.69e-05 NaN NaN 3.60e-07 NaN NaN
6 | 6.17e-07 | 1.14e-06 | 1.92e-+00 | 2.86e-10 | 5.19e-07 | 2.45e+03
8 | 3.71e-00 | 5.40e-09 | 1.65e+00 | 1.97e-12 | 1.69e-09 | 8.56e+02
10 | 7.50e-10 | 7.89e-10 | 1.06e+00 | 4.33e-13 | 3.96e-11 | 1.66e+02
Where el (1) == [s(u) — s’ ()], N () := AV () /el (1),
_ e _ N
as well as, ell"N(p) == [s(p) — 3" ()], NN () = AN () /el N ().
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Computational savings (for the output approximation):

N=2|N=4 | N=6|N=8| N=10
N=0| 385 364 346 328 311
N=1 351 287 261 244 228
N=2 349 285 258 240 224

N = 349 284 257 240 224
N = 349 284 257 240 223
N = 348 284 257 239 223

All computations are done with Matlab 6.5 in conjunction with Femlab 2.3 on an
AMD Opteron Processor 252 at 2.6 GHz
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