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Model problem
We discuss the optimal control problem

J(@) = min J(u),
J(u) := F(Su, u),

1

1%
Fly,u) = Slly - Yallfzia) + EHUH%2(Q)7

where the associated state y = Su to the control u is the weak solution of
the state equation

—Ay=u inQ, y=0 onl =0Q,
and the control variable is constrained by
a<u(x)<b fora.a. x € Q.

2 is assumed to be two-dimensional and non-convex. Universitit s Minchen



Results from literature for L°°-estimates

Results in convex domains

o [Meyer/Rosch, 2004] discrete control, no postprocessing, 2D
|G — Tp|| Lo (@) = O(h)
o [Hinze, 2004] semidiscrete approach

1 = Tp|l () SIS = Sh)yalli=(e) + 1(S™ = S4)Stll = (a)

h*|log h'/?|[l2q)  (2D)
02|l 2(q) (3D)
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L*>-error estimates for the state equation
State equation:

—Ay=1f inQQ, y=0 onl =0Q,
Results in literature:
o [Frehse/Rannacher, '76]
Iy = Yall o) < CH?| log hlly|we.c ()
o [Schatz/Wahlbin, '78/'79]

Iy = yallioe() < CH*~€

for “smooth” right-hand side.
Aim:
o Estimate for non-convex domains.

o Seperate the constant from the norm of the function to be ...
approximated. Universitdt (y Miinchen



Corner singularities (2D)

The solution y of
—Ay =1finQ, y =0 o0n 02

is not contained in the Sobolev space
W22(Q), if w > .

Instead, one can write
Yy=yr+tVys
where y, € W?22(Q) and

vs = E(r)yrsin(Ap)  with A = g

&(r) is a smooth cut-off function and  a coefficient.
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Regularity

The solution can be described in weighted Sobolev spaces

1/p
Vﬂk’p(Q) ={yeD: </ B~ IO“JrkD"‘y|”> < 00
o<k

Vf’m(Q) ={yecD: sug <|r7_|°‘|+kD°‘y(x)|) < 00
x€
Jee| <k

One has the a priori estimates

Hy”v“(m Sl for B>1-A,
Yz @) S [Ifllcoo(@)  fory>2—A
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Mesh grading

In order to get an optimal rate of convergence, mesh grading is necessary.
We set the element size according to

ht/n if rr =0

h+ =
T7 bt ifrr>0

where h is the global mesh parameter and r is the distance to the corner.
One has to choose

- for optimal convergence rate in L%(Q).
W

N> >~

for optimal convergence rate in L>°(Q).
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Subsets of Q2

Divide Q in different subsets
Q=]J9
j=0
where
Q={x:di<|x-v[<d} j#I
Q) ={x:|x—v|<d}
and dj =274, dj ~ k¥
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Local error estimates

Lemma
For J =1,/ — 1 one has

ly = yall=(a,) S log A 2RIyl 20 ) + llog A2 ly = yalliz(ar)-
For J # 1,1 — 1 the inequality
ly — ¥alle(@,) < |log hl i Iy = Xl @) + 45y = yall )

is valid.

Lemma
The inequality

dit ly = yallzqy) S | log h’1/2HyHV3’°°(Q)

is valid.




[ >*-estimate for the state equation

Theorem

Let y be the solution of the boundary value problem with a right-hand side
f € C%(Q) . The finite element error can be estimated by

ly = yhlliss@) < Ch?|log hl||f|| corr (o)

on finite element meshes with grading parameter 1 < \/2.

A mesh is graded, if 4 < 1. This means, that mesh grading is necessary
for all corners with

>7T
w > —.
2
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Back to optimal control

. 1 v
min J(u) = §||5U — Ydlli2() + EH”HB(Q)
subject to
—Ay=u inQ, y=0 ondQ
and
a<u<b a. e in€.

with a < b, v > 0, Q C R? non-convex with one reentrant corner.
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Optimality system

The optimal control & is the unique solution of the system

with the projection
M[a,5f(x) := max(a, min(b, f(x))).

The control is discretized by piecewise constant functions. State and
adjoint state are approximated with piecewise linear functions. Denote by
S, the solution operator of the discrete system and by Rj, the operator

Rpu(x) = u(St) ifxe€ T, St centroid of T. |

Universitdt (3 Miinchen



Discretization of the OCP
Find oy, € U;','d such that

_ .1 2 v 2
Jn(tn) = u,,rgll?gd 5 I1Shun = yalliz () + 5 llunllzz(q)
with
Up={uel*Q):ult €PoVT € Ty}
U ={uecl?Q):a<ux)<bae inQ}
Up? = Upn U*
Discrete optimality system:
Yh = Ship
Pn = Sh(¥h — yd)

_ 1,
lp = Myad <_VRhPh> :
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L°°-error estimate for OCP

Theorem

On a family of meshes with grading parameter pu < % the estimates
17 = ey < ch2llog bl (13l coo(gy + Ivall ooy
155 = Blliec@) < ch®[1og bl (I1all oy + Iyl coo )

are valid.

Proof:

1V = ¥nll Lo (@) = (15T — Spin|| 1=(q)
<||Sz— ShDHLoo(Q)—l-”ShU — SthUHLoo(Q)-‘r—HSthU — ShUhHLoo(Q).
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L°°-error estimate for OCP

Theorem

On a family of meshes with grading parameter pu < % the estimates
17h — ¥l 1) < ch?|log h| (||U||c0»a(s‘2) + ||Yd||c0>a(ﬁ))
15n = Pl < ch?llog Al (1l cor @y + Iyl comey

are valid.

Proof:

1V = ¥nll Lo (@) = (15T — Spin|| 1=(q)
< ||Sz— Sha”Loo(Q)+
FE - error
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L°°-error estimate for OCP

Theorem

5 . o A c
On a family of meshes with grading parameter ;1 < 5 the estimates

174 — V|l 1oo () < ch?|log h| (HE’”COJ(Q) + HYd”Cw(Q))
154 — BllL () < ch?|log hl (||D||C°7o(s'2) + ||Yd||c0,o(s'2))
are valid.

Proof:

1V = ¥nll o) = (15T — Spin|| 1~(q)
< +||ShRht — ShahHLoc(Q).

Supercloseness

Universitdt (> Miinchen
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Supercloseness

The approximate solution @y is closer to the interpolant R, than to the
solution :

[Apel, Rosch, Winkler, 2005]

On a family of meshes with grading parameter 1 < A the estimate

1Gh — Riiill 20y < ch® (|l oo () + [Iyall=(a))

holds true.

Further, one has

1Shll2(@)— 1) < €
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L°°-error estimate for OCP

Theorem

On a family of meshes with grading parameter p < % the estimates
174 — V|10 () < ch?|log h| (HBHCW’(Q) + ”}/d”CUJ(f_Z))
1Bh — BllL () < ch?|log hl (||U||c0»a(s’2) + ||Yd||c0>o(s'7))

are valid.

Proof:

17 = ¥nll o) = (15T — Spin|| 1~(q)
< |Sht — ShRh|| L ()
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Regularized Dirac function

Let us define a regularized Dirac function for a fixed a € T as a function
with the properties

Q (0"(a),vh) = vn(a)  Vvh € Vj,
Q@ supp 6"(a) C T,

Q 5h(a) € 771(7_),

@ [18"(@)ll2(r+) = O(h7Y).

Q [|6"(a)[l (1) < CITI7!

An example of such a function is [Scott, 73]

oo 1T (FY(x) ifxeT
(x) = {0 ifx¢ T

with F: T — T and ¢ a polynomial of degree one, so that

/ ppdi=p(3)  VpePu(T).
T der Bu
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Regularized Green function

The regularized Green function z" is defined as solution of
a(v,z") = (6"(a), v) Vv e V.
We denote by z,’] its discrete counterpart,
a(vh, 2" = (6"(a), v) Vv € Vp.
Here a ist the bilinear form a(u,v) = [, VuVv.

Lemma
The estimate
151l oo (@) + 127 | () < Cllog hl

holds on a finite element mesh with p < A.
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Estimate for ||Spti — SpRp||1~(q)

Lemma
The inequality

1Shii — ShRil oo () < Ch?|log | (||Tl] oo () + Il L= ()

is satisfied.

Proof: For an arbitrary, but fixed a € Q, we find

|Spi(a) — SpRyTi(a)| = |(6"(a), Sy — SpRyT)|  (Definiton of d,(a))
= |a(Spi — SpRyT, 2")|  (Definiton of z]1)

= (28,5 — RyT)| (Test function z]!)
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Estimate for ||Spt — SpRpi|1~(q)

Lemma
The inequality

ST — ShRAT| oe(q) < Ch?|log Al (||l oo () + IIFdll L= ()

is satisfied.

Proof: For an arbitrary, but fixed a € €, we find
1Spt(a) — SpRyT(a)| = |(6"(a), Sy — SpRyT)|  (Definiton of d4(a))
= |a(Spt — SRy, 2")|  (Definiton of z]!)
= |(z!, 5 — RyT)| (Test function z/)

Auxiliary result [Apel, Résch, Winkler, 2005]:
On a mesh with grading parameter p < \ the estimate

(vh 7 = RaB) iy < C (Ivilleseco + 1vall ey ) (1l + 7l o)

der Bundeswehr
Universitdt ‘ix‘? Miinchen
can be proved for all v, € V4.



Estimate for ||Spt — SpRpi|1~(q)
Lemma
The inequality
1Sht — SpRyl| 1< () < Ch?|log h| (|1l Loe(0) + I7allL ()

is satisfied.

Proof: For an arbitrary, but fixed a € 2, we find
1Spi(a) — ShRyTi(a)| = |(6"(a), Sl — SpRyT)|  (Definiton of §,(a))
= |a(Spi — SpRyT, 2")|  (Definiton of z]1)
=|(z, 7 — Rym)| (Test function z/")
Auxiliary result + estimate for regularized Green function =
1Sha(a) — SuRui(2)] < C7 (I12fllu o) + 1128 e ) (1Tl + 7l (2)
< CH|Inhl (||| o) + 17alle @)
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L°°-error estimate for OCP

Theorem

On a family of meshes with grading parameter p < % the estimates

17 = i@y < ckl1og bl (117l co(gy + Ivallcomey

1B — BllLoo(q) < ch?|log Al (HUHCOJ(Q) + ”}/dHcovo(Q))

is valid.

Proof:

1V = ¥nll o) = 15T — Ship|| 1 ()
< ||St — Spttl| Lo () + IShT — ShRr[ Lo (@) + |ShRRT — Shin|| L)
< ct?|log hl (117l co @y + Vel con ()
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Postprocessing for the control

Postprocessing step [Meyer, Rosch, 2004]

N 1
ip = Mg p) <_;Ph> :

Theorem

On a family of meshes with grading parameter p < % the inequality

13— @nllieg) < %1 Al (113l coe ) + el com )

is satisfied.
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Numerical example (by G. Winkler)
Consider

—Ay+y=u+f inQ
—Ap+p=y—ys inQ

1
u="Mo37 <—VP>

with v = 10~* and homogeneous Dirichlet boundary conditions for y and
p. The data f and y4 are chosen such that

2
_(2/3_ 52\ 2
y(r,p) (r r ) sin 3¢
2
_ 2/3 52\ in 4
p(r,¢) =v (r r ) sin 2 ¢

are the exact solutions of the optimal control problem.

BL
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Different mesh grading
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Errors in the state for 4 = 0.6 and 1 = 0.3

mesh size

<A

error

10"
mesh size

A
H<3
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Error in the control for ;= 0.3

u-us |- =03

’ ndof | |lu— Gplli~()
N 425 | 2.00e-01 ...
' 1617 | 1.12e-01 0.84
6305 | 3.02¢-02  1.89
; | 24897 | 7.77¢-03 1.96
o Ofh)
S lmm-od)
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Conclusion and Outlook

Conclusion

@ [*°-error estimate for Dirichlet problem in non-convex domains

@ [*°-error estimate for linear-quadratic OCP in non-convex domains

Current work
Extension of the results to 3D

o L2-error estimates in polyhedral domains with reentrant edge
— GAMM

@ open: L°°-error estimate for three-dimensional, non-convex domains.
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