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sy = [ (3 [ vtefaxcs  luofF)eat,

Yi— v+ yyx = 0 in(0,00) x (0,1),
vyx(-,0) +ooy(-,0) = u in(0,00)
vyx(, 1) +o1y(,1) = g in(0,00)

y(0,) = Y in(0,1),



‘Semi-impicit soluion of the Burgers equation (with opt. control)
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FIGURE 1. Optimal state with random noise (9.0) in the initial
condition: feedback design (left) and open-loop design (right).

‘Semi-implit soluon o the Burgers equation (with opt. contol)
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FIGURE 2. Optimal state with random noise (0.25) in the RHS:
feedback design (left) and open-loop design (right).



min E{ Jy (v, Dy) + (u, Cu)) dt + (y(T), Gy(T))}
Ye=Ay+Bu+w
¥(0) = yo

w white noise with intensity V, Qo = E(yo,)Yo

ut = —F(y(t), F()=C BN

—Mg(t) = A*N(t) + N()A* — N(t)BC-1B*N(t) + D
{ nry=a

.
Enin = tr(n(0)00+/0 N V() dt)

close the loop:  y; = Ay(t) — BC~'B*N(t) y(t)



Dynamic Programming Principle

{ minJ(yo, u) =[5~ L(y(1), u(t))e at
y(t) = f(y(1),u(t)), y(0) =0, U € Uag.

value function v(yo) = minyecy,, J(¥o, U).

(DPP) v(yo) = Minue {77 L(y(t: Yo, ), u(t)eat + v(y(T: yo, u))e ™7}



Dynamic Programming Principle

{ minJ(yo, u) = [;° L u(t))e Htdt
y(t) = f(y (), (f)), Y(O) = Yo, U € Ugg.

value function v(yo) = minyecy,, J(¥o, U).

(DPP)  v(yo) = minue vy, { fy| L(Y(t; Yo, u), u(t)e™dt + v(y(T; yo, u))e *T}

(HIB)  pv(yo) = urgzgr;d{(Vv(yo), f(yo, u)) + L(yo, u)}
replace yp by y*(t).
ut(t) = F(y*(1)) where
F(yr(1) € argmin,c,, {(Vu(y*(1), f(y*(t), u)) + Ly~ (1), u)}



(py) MMl Jo e Mth(y)+ 3 [y ul?
y=1fy)+Bu(t), y(0)=y

v =v(t,y) ... value functional v=vV,

v = mingey, ((F(Ey) + BTU, Vo) + h(y) + § [u?)
u(T,)=0

1
u =Py, (-~ B'Vv)



t-discretisation, infinite time horizon
ti=jh

Vi1 = Yj+ hi(y, u)
Yo given

Jn(Yo, Un) = *[L Yo, Uo) Ze ML), Ui—1) + L(yj, u))-

vn(Yo) = inf "~ Jn(yo, Un)

upe uad



t-discretisation, infinite time horizon
ti=jh

Yis1 =Y+ hi(y;, )
Yo given

Jn(Yo, Un) = *[L Yo, Uo) Ze ML), Ui—1) + L(yj, u))-

vn(Yo) = inf "~ Jn(yo, Un)

upe uad

(HJBh) 'uh(yo):ueir)jh{g[L(yo,u)+e’“”L(y0+hf(yo, u), u)l+e~""on(yo+hf(yo, u)))

Yivr =Y + iy, Falyy)), 1= 0



t-discretisation, infinite time horizon
ti=jh

Vi1 = Yj+ hi(y, u)
Yo given

Jn(Yo, Un) = *[L Yo, Uo) Ze ML), Ui—1) + L(yj, u))-

vn(Yo) = inf "~ Jn(yo, Un)

upe uad

(HJB:) 'Uh(VO):ueirz]xfh{g“-(}’o,U)+ef“hL(}/o+hf(YO, u), u)l+e~""un(yo+hf(yo, u))}
Yir =Y+ hf(y;, Fn(y)), = 0

numerically still infeasible, joint with L. Xie



discretization, finite time horizon

in time: TVD Runge-Kutta scheme

in space: local Lax-Friedrich scheme



POD-Galerkin Ansatz (for Navier Stokes):

yI(tv X) = Z O‘i(t)@i(x)’ U(t, X) = Zui(t) Bi (X)’

i=1

{¢i} POD basis for velocities, {¢;} POD basis for controls
& =—Aa—a' Ha+ G(u)

1
Aj = 5o (Vei, Vi), Hie= (o Vo, ei),



Implementation Aspects

for NS: finite difference upwind scheme on staggered
nonuniform grid, fractional 1J-scheme for time-integration.

(HJBp) vp(ar) = inf {g (L(a, u) 4+ e “"L(a + hf(a, u), U))Jref“hu(omthf(a7 u))}

h
ueUy,

hypercube I, in R"” such that o*(t) € ', for all ¢,
aj grid points inTp, a = > Ajay , YN =1

vn(er) =Y N va(ey)

Solve (HJBy) as fixed point equation,
(Bardi, Capuzzo-Dolcetta; Gonzales-Rofman)
nonuniform grid ~ decay of POD eigenvalues.

Constrained nonlinear programming problem at each grid point
of 'y : in parallel.

Validation



Reynolds number, Re 1000
Time horizon, T 10

No. of basis functions 6
No. of controls 2

Bounds on controls [-0.5,0.5]
Grid system 12x6x6x4x3x3

Discount rate, 2

Observe region, Q, [—1,12] x [0, 1]

Table: Parameter Settings







2-point BVP-solutions

1 = 0, no control constraints

y=1(y)+Bu, ¥(0) =0
(0S){ A+ F(y)A=—H(y), MNT)=0
u=1x

T

u(t) = —3 BTV v(t,y(1) = Fr(t, y(t)) = At yo)
= Fr4(0,y(t)) ~ Fr(0,y(t)) = T A (0: y(1))
finite dimensional realization
(i) choose grid >~ c R" containing optimal trajectory

(i) calculate (y(-,¥o), A(+, o)) forall yo € >, thus
F1(0, ¥o) available

(iii) use interpolation for Fr(0,y), y € R" arbitrary.



Remark: (OS) must be solved often ! (gridpoints in one
direction)#basis _, POD use for open loop optimal control to
estimate values in >_.

Example
(Control-to-zero of Burgers equation).

FE POD | closed loop
cost | 0.1694 | 0.1704 0.1733




Optimal Vortex Reduction by Non-Stationary Flows

Cost functionals:

;
» Tracking functional: Ji(y) = [ [ |y(t,x) — Yaes(t, X)|? dx dlt
00
T
» Curl functional: J(y) = [ [leurly(t,x)[? dx dt
00
;
» Galilean functional:  Js(y) = [ [|detVy|dx dt
00

;
» Objective functional: Js(y,p) = [ [(Ir(y,p)| — 1) dx dt,
0Q



Optimal Vortex Reduction by Non-Stationary Flows

Cost functionals:

;
» Tracking functional: Ji(y) = [ [ |y(t,x) — Yaes(t, X)|? dx dlt
00
T
» Curl functional: J(y) = [ [leurly(t,x)[? dx dt
00
;
» Galilean functional:  Js(y) = [ [|detVy|dx dt
00

;
» Objective functional: Js(y, p) = ff Ir(y,p)| —1)* dx dt,

I’(y, p) = % _ 3(pX1 Xq pxg);z) 2(7an1 Xo ’

o2

w = (.y2)X1 - (y1)X2ﬂ O0s = (.y2)X1 + (,V1)X2; On = (y1)X1 - (y2)X2'




Optimal Vortex Reduction by Non-Stationary Flows

Cost functionals:

;
» Tracking functional: Ji(y) = [ [ |y(t,x) — Yaes(t, X)|? dx dlt
00
T
» Curl functional: J(y) = [ [leurly(t,x)[? dx dt
00
;
» Galilean functional:  Js(y) = [ [|detVy|dx dt
00

;
» Objective functional: Js(y, p) = ff Ir(y,p)| —1)* dx dt,

I’(y, p) = % _ 3(pX1 Xq pxg);z) 2(7an1 Xo ’
o2

W= (.y2)X1 - (y1)X2ﬂ Os = (.y2)X1 + (,V1)X2; On = (y1)X1 - (y2)X2'
jointly with B. Vexler




y = 0 on @Q\(r,’nUrout)a
y = g(u)yn on p,

Vin parabolic profile

g(u)(t) = 0—7(_) + En: (Uok—1 sin(2rkt/T) + up cos(2mkt/T)).
k=1

U =R,
;

//y~ndsdt:co/)“/,-,,~nds

0 T [in

independently of u.



Optimal Vortex Reduction by Non-Stationary Flows

Galilean functional Objective functional



Receding horizon control

g(e)
\\
t >t

[ T 2T,

T.--- control-interval  ( stabilization, y = 0 steady state ).

00 Te 00
min [ (1), u(t))dt ~/ Wmmm+/'mmmm
(P) 0 0 T

dy(t) = f(y(t), u(t)),  y(0)=yo, inY.

£(0,0) = h°(0,0) = 0



Receding horizon control

1G] -
%%ii1>§>~>t

| SAYET
T.--- control-interval

( stabilization, y = 0 steady state ).

(P mm/ h°(y / h°(y,u)dt+/ h°(y, u)

dy(t) = f(y(t), u(t)),  y(0)=yo, inY.

f(0,0) = h°(0,0) =0
end-point restriction: y(T;) =0or y(T;) € S



Alternative: replace/ h°(y(t), u(t)dt by G(y(T))
T

KT

inf R (y (1), u(t))dt + G(y(kT))
U J(k—N)T

y(tk=1)T) =y((k=1)T)

global solution by concatenation: (¥, U).



Alternative: replace/ h°(y(t),u(t)dt by G(y(T))
T
( KT

inf R (y (), u(t))dt + G(y(kT))
U J(k—N)T

y(t) = f(y(t), u(t)),

y((k=1)T)=y((k—1)T)
global solution by concatenation: (¥, U).

Definition
G e C(Y,R),G(0) =0, is a control - Ljapunov- function, if

Vv eY, T>03u=u(,y,T):

/ (y ))dt + G(y(T)) < G(yo)



JUSTIFY

(o) mf/ h(y(t), u(t))at + G(y(T)).

Theorem (H)

» T — V7 (¥) monotonically decreasing.

» There exists pr < 11 G(¥(kT)) < pXG(o) for all k.

CONSTRUCT

G(y) = glyf?--- CLF?



Definition
(P) is called closed loop dissipative, if 3 feedback law
u=9%o(y)e Uand a > 0:

a(f(y’ U),y)y + ho(yv U) < 07
CLD = %|y|2 is CLF. (domains)

Examples

Navier—Stokes equations, Boussinesq equations, geophysical
flows, etc.

more generally: G requires to solve a Liapunov or Riccati
equation.

K.lto-K.



Applications

(i) dissipative Systems:
Gy(t) = Aoy(t) + F(y (1)) + Bu(t)

Ao dissipative, f: locally Lipschitz, (f(y),y)y =0

e.g. Navier—Stokes equations, Boussinesq equation,
geophysical flows, Lorenz systems, etc.

h(y,u) = 3lyP + 3|uf?, u=-By,
G(y) = %|y|? ist CLF if « sufficiently large.
(ii) wave equation withdamping
(&)22(t) + 0y (& z(1)) + Az(t) > Bu(t),

¥: R™— R convex ,0v(0) 2 0,A € R™".

Coulomb friction: v (2) = °74 ~ilz], v > 0.

CLF—function G is solution of algebraic Riccati equation.



(iii) Semilinear wave equation
{ Yie+ o) —Yx=uxi;, x€(0,1), t>0
y(z‘.,O) =0, yX(t71) =0

I = (x1,x2) C (0,1), ¢ Lipschitz, p(s)s > 0,

/ h°(y,u)dt = / <U’x 2+ |}/t| 2+ |U’%2(/)> at

1
GU(T) = [ (IK(DE + (D) ax+

1 1
| abon(Tn(Tyax b [ y(Ty(T) ox
0 0



Feedback Control of Schrodinger Equation

Ot V(x,t) = (Ho + e()u)W¥(x,t), W(x,0) = WVqy(x).

'Ho positive, closed, self-adjoint operator in X,
w self-adjoint dipole operator, ¢(t) € R amplitude

. d

O = HoO(0)

O(t) = e Ny,

Vi(u(t), 0(1) = 3v(t) - O(D %
Vo(W(t),0(1)) = 5 (1 = [(O(1), W(1)xI?)
Vo(W,0) =0 ifandonlyif w=e?0,

Nl= =

observe V(t) = Vo =1 for all £.



VAW (1), 0(8)) = e(t) Im (O(1), ¥ (D)x.

dat
() = 5 1m (O(1) w¥(1))x = Fi(¥(0), O(),
then d
S 1D, 0(0) = =B (D).
Similarly
S Va(w(1),0) = (1) Im ({0, W()x (O, (1)x) -

(1) = =5 1m (O 9O)x (0. k¥ (1)x) = Fa(¥(1).0).

then J
o 2(V(D,0) = =B (D).



Assume that

>

(e M)y e Mk M)y, Ly s w-independent in L2(0, T),

forsome T >0

>
tig, = (Vky» mtk)x # 0 forall k =1,2,....
»
{S(t)Wy, t > 0} compact in X.
Theorem

lim;—oo V4 (W(t),O(t)) = 0, for the feedback law F.
If, in addition, (Wo, 1k, )x # 0, thenlim;_., Vo(W(t), O(t)) =
for the feedback law F».

If ‘)\k + A — 2)\k0| > § is violated: ﬂ(t) = 2121 Ej(t) s



V1(t7 \U) =1- (O(t)¢w)H><H
satisfies the Hamilton Jacobi equation

oVy
ot

wherer( % 73()),8:( 0“ g)
M, _

o = ;(om, BY) ik = F1 (W, O(1))

ming D e+ (Vi) (AoV-+eBY)] +5 = |(O(1), BY) i = O

24

minimizes

J—T6 21(9tBlllt 2Y dt+ Vi (W(T),O(T
(e)—/o(zl()l 26(()’ () HxH[®) dt+V1(W(T),O(T)),

over e € L2(0, T).



