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Upper Bound of ML

Definition

The modal formulas are built from propositional variables, Boolean
connectives and [J (" necessary”), & (" possible™).

Definition

We call any directed graph (K, E) a Kripke frame;

If v: Prop — P(K) is a function (called a valuation function), we shall
call (K, E,v) a Kripke model.

For any Kripke model (K, E, v) and x € K, we define a satisfaction
relation for modal formulas recursively as follows:

(K, E,v,x) = piff x € v(p);

(K,E,v,x) E oA iff (K,E,v,x) = ¢ and (K, E,v,x) = 1;
(K,E,v,x) E oV iff (K,E,v,x) = ¢ or (K,E,v,x) = ;
(K,E,v,x) E ¢ iff (K,E,v,x) ¥ ¢;

(K, E,v,x) = Og¢ iff for all y such that xEy, (K, E,v,y) = ¢;

(K, E,v,x) |E {¢ iff there is a y such that xEy and (K, E, v,y) = ¢.



Upper Bound of ML

Definition

If ¢ is a modal formula, we say that it is valid in (K, E, v) if

(K, E,v,x) | ¢ for every x € K.

We say that it is valid in (K, E) if it is valid in every Kripke model on
(K, E).

If C is a class of Kripke frames, we write ML(C) for the set of modal
formulas valid in all frames (K, E) € C.

Definition

A modal logic (in this talk) is a set A of modal formulas closed under
substitution, modus ponens, and necessitation (A € A only if A € \),
containing classical tautologies and axioms of S4:

O(¢ = ¢) = (O¢ — D), =00 + O=¢, Do — ¢, Do — O0¢.



Upper Bound of ML

We take M to be a countable transitive model of ZFC and P the class of
ccc-partial orders, and interpret

M |= $¢ as a statement for "¢ holds in some forcing extension of M by
forcing with a partial order in P";

M = O¢ as a statement for " ¢ holds in all forcing extensions of M by
forcing with partial orders in P".

Definition

For every model of set theory M, we can consider (Mult.(M), <..) as
a Kripke frame. A valuation function v. : Prop — P(Mult.(M)) is
called ccc forcing-set theoretic if there is an assignment p — op
assigning a sentence in the language of set theory to any propositional
variable in such a way that v.(p) = {N € Mult.(M); N |= o, }. We call
a Kripke model ((Mult.(M), <cc), vc) ccc forcing-set theoretic if v, is
a set theoretic valuation function.



Upper Bound of ML

Definition

We can now define the modal logic of ccc forcing of M by
MLccc(M) := {WV; W is satisfied at M in all ccc forcing-set theoretic
Kripke models on (Mult.(M), <c.)}

The modal logic of ccc forcing is

MLeee := ({MLeee(M) ; M = ZFC is a countable model }.



Upper Bound of ML

Theorem (Hamkins, Loewe)

If ZFC is consistent, then the ZFC-provable modal logic of ccc forcing,
ML ccc, is included in S4tBA.

Theorem (Inamdar)

If ZFC is consistent, then the ZFC-provable modal logic of ccc forcing,
ML ccc, is included in S4sBA.



Upper Bound of ML

Definition

The finite partial function algebra on n elements is represented by the
set A, of partial functions from n to {S,F} and a < b € A, iff

a=b | dom(a).

Definition
The modal theory FPF A is defined to be modal assertions which are
true in all Kripke models whose frame is a finite partial function algebra.



Upper Bound of ML

Theorem

If ZFC is consistent, then the ZFC-provable modal logic of ccc forcing,
ML cc, is included in FPFA .
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Theorem
FPFA C S4tBAN S4sBA.



Upper Bound of ML

Is FPFA finitely axiomatizable?
Is FPFA the best upper bound of the ZFC-provable modal logic of ccc
forcing?
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Medvedev’s Logic

Definition

An intuitionistic Kripke frame is a pair F = (W, <) such that W is a
non-empty set and < is a partial order, that is, a reflexive, transitive
and anti-symmetric binary relation on W.

A valuation in a frame F = (W, <) is a map V associating with each
propositional variable p some subset V/(p) of W such that, for every

x € V(p)and y € W, x < y implies y € V(p).

An intuitionistic Kripke model is a pair M = (F, V), where F is an
intuitionistic Kripke frame and V' a valuation in F.
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Medvedev’s Logic

Definition

Let F = (W, <) be a model and x a point in the frame 7 = (W, <
We inductively define x |= ¢ as follows:

x) E piff x € V(p);

) & A iff (M,x) = 6 and (M, x) |= ¥

) b= 6V 1 iff (M, x) = 6 or (M, x) = o

)E o —iffforall y, (x <y and M,y E ¢) implies

)

) ¥

X

):w
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Medvedev’s Logic

Definition

A formula ¢ is true in M if (M, x) |= ¢ for every x € F; in this case
we write M |= ¢.

The formula ¢ is valid in the frame F if ¢ is true in all models on F; in
this case we write F = ¢.

If S is an intermediate logic, a frame F is an S-frame if all formulas of
S are valid in F.

Finally we say that ¢ is valid in a class of Kripke frame C, and write

C E ¢, if F = ¢, for every F € C. The logic Log(C) is the set of
formulas that are valid in C.
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Medvedev’s Logic

p-morphism

A map f from F to F' is a p-morphism if

(1). for all x,y € F, x <y implies f(x) < f(y),

(2). for all x € F and all z € F', f(x) < z implies that there exists a
y € F such that x <y and f(y) = z.

In case f is onto, we say that F' is a p-morphic image of F .
Recall that p-morphisms preserve validity. That is, if f is a p-morphism
from F onto F’, then F |= ¢ implies F' |= ¢ for every formula ¢.
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Medvedev’s Logic

Jankov-de Jongh Theorem

For every finite rooted frame F, there is a formula x(F) such that for
every frame G, G ¥ x(F) iff F is a p-morphic image of a generated
subframe of G.

The formula x(F) is called the Jankov-de Jongh formula of F.

Corollary

If C is a class of finite Kripke frames closed under rooted generated
subframes, then for every finite rooted frame F, F |= Log(C) iff F is a
p-morphic image of some frame in C.
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Medvedev’s Logic

Definition (Maksimova, Shehtman and Skvorcov)

For a finite non-empty set D, let P°(D) denote the Kripke frame
P(D) = ({X C DIX # 0},2).

We call P°(D) a Medvedev's frame. The intermediate logic LM is the
logic of all Medvedev frames, that is, the set of formulas that are valid
in all Medvedev frames.

It is not hard to see that the class of Medvedev frames is closed under
rooted generated subframes.

Thus a frame is an LM-frame iff it is a p-morphic image of some
Medvedev frame.
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Medvedev’s Logic

Definition (Chinese Lantern CL(s, n))
For n > 1 and s > 3, the Chinese Lantern is the frame CL(s, n) formed
by the set: {(i,j) cwxw|(0<i<s-3,0<<1)\/(i=s5-2,0<

J<n=1)V(i=s-1j=0)}
with the accessibility relation being an ordering: (i,j) < (/’, ') iff

P>V (i) = (7).

For each natural number k > 1, let Gy be the frame CL(k + 3,2%*3).
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Medvedev’s Logic

Definition (Chinese Lantern CL/(s, n, m))

For m < s — 3, the frame CL'(s, n, m) formed by the set:
{(il))ewxw|(0<i<s=3,i#m0<j<1)V(i=m,j=
O)V(i=s-20<<n-1)\(i=s—-1,j=0)},

with the accessibility relation being an ordering: (i,j) < (i, ) iff
i>i'v(i,j)=("J).

For each natural number k > 1 and each m < k, let G be the frame
CL'(k + 3,243 m).
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Medvedev’s Logic

Proposition
For each natural number k > 1, the frame Gy is not LM-frame.

Lemma

Let D be a finite non-empty set and let F be a finite rooted frame. If
F is a p-morphic image of some P°(D), then either F has some point
with a single immediate successor or the branching degree of any x in
F is less than 29X) where d(x) is the depth of the subframe generated

by x.
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Medvedev’s Logic

Proposition
For each natural number k > 1 and each m < k, the frame G/ is
LM-frame.

Lemma

If F is a finite rooted frame with a greatest element, then F is a
p-morphic image of some P°(D).

Lemma

If a finite rooted frame F = (W, R) is a p-morphic image of some
P°(D), then the frame G = (V, S) defined by V = W U {a, b} and
S =RU{(x,a),(x,b);x € W} is a p-morphic image of some P°(D’).
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Medvedev’s Logic

Proposition

Let ¢ be a formula with k variables. There exists a natural number
m < k such that Gy |= ¢ iff G" = ¢.
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Medvedev’s Logic

Theorem (Maksimova, Shehtman and Skvorcov)

Medvedev's logic LM is not finitely axiomatizable.
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Modal Counterparts

Definition
Let A be a propositional formula. The Tarski-translation of A is defined
recursively as follows:

T( ) = Dpn;

T(-A) =0-T(A);
T(AAB)=T(A)AT(B);
T(AVB)=T(A)V T(B);
T(A— B)=0O(T(A) = T(B)).

The well-known translation takes every intuitionistic formula to a modal
formula.

For a set S of modal formulas we put T=}(S) = {A; T(A) € S}. If Lisa
modal logic, then T—1(L) is an intermediate logic, L is called a
3counterpart of T~1(L).
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Modal Counterparts

For a modal or an intermediate logic L, let (L) be the set of all its
extensions, that is, of modal (respectively, intermediate) logics containing
L. It is ordered by inclusion.

Proposition

Let L = H + S be an intermediate logic. Then

(1) 7(L) = S4 + T(S) is the least modal counterpart of L;

(2) L has the greatest modal counterpart (denoted by o(L));

(3) o is an isomorphism between e(H) and e(Grz)(the Blok-Esakia
isomorphism);

(4) o(L) = Grz+ T(S).
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Modal Counterparts

Corollary

L is finitely axiomatizable iff o(L) is.

Proof.

"Only if" is a consequence of (L) = Grz + T(S).

On the other hand, if L is not finitely axiomatizable, it is the union of
an ascending chain of logics: Lo C Ly C ..., thus o(L) is the union of a
chain: o(Lp) C o(Ly) C ..., so (L) is not finitely axiomtizable. O
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Modal Counterparts

Proposition
Let C be a class of finite partially ordered frames. Then
ML(C) = o(Log(C)).

Proof.

If F € Cand A€ Log(C), then F |= A, i.e. F = T(A). Thus
T(Log(C)) € ML(C). Since the Grzegorczyk axiom is valid in any finite
partially order frame, o(Log(C)) € ML(C).

T=YML(F)) = Log(F) because of the definition of Log(F). Hence
T-YML(C)) = Log(C), and ML(C) C o(Log(C)). O
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Modal Counterparts

Conclusion
a(LM) = ML({P°(D); D is finite and non-empty}) = S4tBA.
S4tBA is not finitely axiomatizable since LM is not.
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