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MobaL Logaic

The syntax of modal logic is the one of propositional logic together with symbols

O ’'necessary’

O ‘possible’

We view ¢ as an abbreviation for —[J—.
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Krirke SEMAaNTICS 1

Definition
A Kripke frame (F, <) consists of a set of worlds F and an accessibility relation <.

A Kripke model (F, <, || - ||) consists of a frame and a valuation | - || : Prop — ¢ (F).
We extend || - || to arbitrary modal formulas by

=l = F \ gl

1Y A Xl =1l Nl
10yl ={weF|<[w] ClyYl} ={weF|VYo=>w(veElyl)}

In a Kripke model, (F, <, |- 1), w = @ (‘¢ is true at w’) iff w € |yll.
In a Kripke frame, (F, <), w E ¢ (‘i is valid at w’) iff w € ||¢|| for every valuation || - ||.
(F, <) E ¢ (¢pisvalid’) iff (F, <), w = ¢ for every w € F.
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Krirke SEMaNTICS 11

Example

(F,<0-M,sEpAOpA-TpAdg
(F, <11+ 1), w = Og

(F,<),s k= Op —» OOp

(F,<) E Op - O0p
(F,<),wEOp—p

(F,<) EOp—p

(F,<),t=0p
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NorMAaL MobaL Loacics [

Definition
A set of modal formulas is a normal modal logic if it contains all propositional
tautologies,

(K)y =0(p - ¢q) —» (Op — Og),

and is closed under

p-x ¢ PP, - Pn) (4
—x MP —lp()(lr"'/)(n) UsS 751’0 Nec

K is the smallest normal modal logic.
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Normar MobaL Logics 11

Lemma

Log(F,<) = {y | (F, <) & ¢} is normal for any frame (F, <).
However, {{ | (F,leq), w k= ¥} is not always closed under Nec.

Lemma

Let Cbe the class of all Kripke frames.
Then K = Log(C) = ﬂ(F <eC Log(F, <), i.e. K is sound and complete w.r.t. C.
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CommMoN Mobal Loaics

Definition

Let L + ¢ be the smallest normal modal logic containing L and ¢.
S4=K+Op-p+0p-00p

S4.2 =S4+ O0p - Odp

S5=54+00p —p

Lemma

S4 is sound and complete w.r.t. (finite) reflexive and transitive frames.
S4.2 is sound and complete w.r.t. (finite) reflexive, transitive, and directed" frames.
S5 is sound and complete w.r.t. (finite) reflexive, transitive, and symmetric frames.

Ix<yandx<z=Jw(y <wandz < w)
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Nec 1S SOMETIMES EASY

Lemma
In a reflexive and transitive frame, (F, <), w | Qg implies (F, <), w = S4 + ¢.

Proof.

We show by induction on proofs that (F, <), v = S4 + ¢ for all v > w. By reflexivity,
this implies (F, <), w = S4 + ¢.

If p € S4 U {¢}, there is nothing to show.

Since {¢ | (F, <), v = ¢} is always closed under MP and US, these cases are easy:.
Assume (F,<),u = ¢ forallu > w,ie. (F,<),w E O, and let v > w. By transitivity,
(F,<),v E Uy O
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MobaL Loaic or ForciNGg

Definition
Let M be a countable transitive model of ZFC and ¢ a sentence of set theory.

M E Oy iff |Fp ¢ for every forcing poset P € M.
The modal logic of forcing of M is

MLEWM) = {¢(q1,..-,9,) | M E ¢(@1,...,¢,) forall ¢4, ..., ¢, € Lc}.
The modal logic of forcing is

MLF = [ |MLF(M).
MEZFC countable

By the Truth Lemma, we can think of MLF as the modal formulas valid on the
Kripke frame of models of ZFC with M < N iff N is a generic extension of M.
Then MLF(M) is the set of modal formulas valid at M.
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Lower BounD

Theorem (Hamkins and Lowe [4])
S4.2 C MLE.

Proof.

The ‘frame’ is reflexive, transitive, and directed.

Reflexivity M is a generic extension of itself
Transitivity iterated forcing P * Q
Directedness product forcing P x Q

Hence S4.2 is valid on it. O
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BuTtTtOoNns AND SWITCHES

Definition
A sentence ¢ of set theory is a switch in M if M = O0p A OO—g.
A sentence ¢ of set theory is a button in M if M = OOg. It is unpushed if M £ ¢.

Example

CH is a switch in any model.
InL, ”w,% +1 is not a cardinal” is an unpushed button.

Definition
A family of buttons b; and switches s; is independent in M if none of the buttons is

pushed and in any generic extension of M, any button can be pushed and any
switch can be switched without affecting the others.
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Pre-LATTICES [

Lemma

S4.2 is complete w.r.t. the class of finite reflexive, transitive, and directed frames.

Definition

A frame (F, <) is a pre-lattice if (F/=, <) is a lattice, wherev = wiffv <w < v.

Lemma

S4.2 is complete w.r.t. the class of finite pre-lattices.
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Pre-LAtTiCcES 11

Proof.

Let (F, <) be finite reflexive, transitive, and directed frame with (F, <), w & .
W.lo.g. w < vforall v € M. Directedness implies that there is a top cluster [#].
Unravel the frame of clusters at [w], but merge all copies of [f].

The unravelling is a finite pre-lattice:

min([u], [v]) if u and v are comparable
[u] A [v] = .

[w] otherwise

max([u],[v]) if u and v are comparable
[u]l v [v] = .

[£] otherwise.

Since the two frames are bisimilar, 1 is not valid in the unravelling either. ]
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Lemma

Let (F, <, |l - |I) be a Kripke model on a finite pre-lattice and w € F. Let M = ZFC have an

independent family of infinitely many buttons b; and infinitely many switches s;. Then there
are ¢; € L such that (F,<,||-II),w & ¥(qq,...,q,) iff M E ¢(¢q, ..., ¢,) for all modal

formulas .

Theorem (Hamkins and Lowe [4])
MLF C MLF(L) C S4.2.

Proof.

A result by Hamkins and Lowe [4, 3] shows that L has enough buttons and switches.
Hence ¢ & S4.2 implies ¢ & MLF(L). ]
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Urrer Bounp I

Proof of the Lemma.
Assign distinct buttons b, to all clusters [v] C F. Define

ba = (\DObpy) A\ =Obysy) for A C F/=
[v]EA [v]EA
Proy = \/ {ba | 01 = V A} for [0] € F/=.

If M[G] E p(yy, then M[G] E Oppy, iff v < u. Wlo.g. M | pryy.
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Urrer Bounp III

Proof of the Lemma (continued).

Assume every cluster has at most 2”7 nodes. For any cluster [v] € M/=, let
{A, : u € [v]} partition ©(n)? for every cluster [v] C F and define

sA:/\siA/\—lsi forACn
ieA i¢gA
Pu = Pro] N \/s,Z for u € [v].
A€A,

Then ¢; = \/ {p,, | (F, <, 1| - II), u E q;} works.

ey Au=9m), A, #0and A, NA, = Dforallu #u’ € [v]
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MaxmmavriTy PrRINCIPLE [

Definition
The maximality principle MP is the scheme V¢ (O0¢ — ¢).

Theorem (Hamkins [2])
ZFC and ZFC + MP are equiconsistent.

Theorem
IfM E MP, then MLE(M) = Sb5.

17/32




Maxmvavrity PriNcipLE 11

Lemma
For any model M of set theory, {¢ | M = OO¢} is consistent.

Proof.

Let M E O0gy, ..., 00g¢,,. Choose forcing posets such that M+ £ Og;. Then
M]P’lx...x]P’n E P, e P n
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Maxmmavrity PriNncrpLE T11

Theorem (Hamkins [2])
ZFC and ZFC + MP are equiconsistent.

Proof.

Let M E ZFCand T = {¢ | M | OOg}. Since T is consistent, there is a model

N E T 2 ZFC. Assuming N | OUg@, we show N ¢, i.e. N E MP.

If M = OO0-00¢, then —00g € T, so N = =0Ug in contradiction to N | ¢Ug.
Hence M E -00-00¢ = O0O0g. By transitivity, M | O00g. By reflexivity,

M E OUOgp. Thus ¢ € Tand N E ¢. O
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Maxmmavrity PriNcipLE IV

Lemma
If M = MP, then so does every generic extension of M.

Proof.

Let N be a generic extension of M. Assume N  OUg. By transitivity, M = OO g.
By MP, M [ Ug. Hence N [ ¢. O
Theorem

If M = MP, then MLF(M) = S5.

Proof.

By the above, O (0Op — p) € MLF(M). Since the forcing relation is reflexive and
transitive, MLF(M) D S4 + OOp — p = S5. MLF(M) C S5 holds for every M. O]
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ANOTHER SUFFICIENT CONDITION FOR S5

Lemma

Let M' be a ground of M such that M = |a| = N for all ordinals « definable in M'. Then
MLF(M) = S5.

Proof.

We show M = MP. Assume M | O0Og. By transitivity, M" E OOg. In M’, let
a = min {2"| P is a forcing with |Fp O¢}.

Then M [ |a| = Nj. Choose a forcing P € M’ such that |Fp O¢ in M’ and

ME (2'P‘)M’ = Nj. In M, P has only countably many dense subsets. Thus M can
recursively define a G C P such that N = G is a P-generic filter. Hence M'[G] C M.
By Grigorieft’s Theorem, M'[G] = Og¢ implies M = ¢. [
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BBL

Definition
(BBL') = (=Op A 00q) —» O (0p — Og).
BBL = S4.2 + (BBL").

Lemma

BBL is sound and complete w.r.t. (finite) pre-Boolean algebras with at most two clusters.
In particular, S4.2 C BBL C S5.

Lemma
In a reflexive and transitive and directed Kripke model, w = (BBL') implies w = BBL.

Proof.
By transitivity, w = (BBL') implies w = CI(BBL'). ]
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FinarL Burtons [

Definition
A sentence ¢ of set theory is a final button over M if it is an unpushed button over M
and for any button ¢ over M,

ME ¢ (=0O¢ AOy) - Oy

as well as

MEO(Op - Oy) .
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FinaL Butrtons 11

Lemma

Let M = ZFC with a final button ¢ over M and arbitrarily large finite families S of switches
over M such that S U {¢} is independent. Then MLF(M) = BBL.

Proof.

To show BBL C MLF(M), it suffices to show that (BBL') € MLF(M).

Let ¢ and x be sentences of set theory.

We show M = (=Oy A O0x) — OOy — Oy).

If 1 is not a button over M, then M E —~00y = O-0y, so M = O (Oy — Oy).
So assume ¥ and yx are buttons over M and  is unpushed in M.

Since ¢ is a final button, M £ ¢ (=O¢ A Oy) —» Oy and M E O (e — Oy).
Since M E -0y, we get M | =0 (=Op A Oy) = 0O (Oy — Og).

Hence M E O (Oy — Oy).
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FinaL Burrons 111

Proof (continued).

To show MLF(M) C BBL, let (F, <) be a pre-Boolean algebra with at most two
clusters [L] < [T].

If [L] =[T], then MLFE(M) C S5 C Log(F, <).

Otherwise, use the unpushed final button to distinguish between the two clusters
and the switches to distinguish between equivalent worlds. We obtain a labelling
with sentences of set theory which shows MLF(M) C Log(F, <). O
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BBL As MobaL LocGic orF FOrcING |

Theorem (Block and Hamkins)
There is a model of ZFC whose modal logic of forcing is BBL.

Proof.

Let M denote the mantle, i.e. the intersection of all grounds. Let W be a unary
predicate symbol and define

S={Wisaground A w; =M} U{0(w; =M ADOp) > Ol € Lew!-

Assume there is a model (M, €, M') E ZFC U S. We claim that w; # w’l"l is a final
button over M.
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BBL As MobAL Logic or Foraing 11

Proof (continued).

For any L w-formula ¢, M E O (w; = M A Og) - Og implies
ME O (=0 (w; # M) AOgp) - Og

because w; # wllw is upwards absolute
Let &« > w; be definable in M’. Since there is a forcing collapsing & to w; without
collapsing w; and M E w; = WM,

M 0 (<0 (an # ) AD (il = b))

Since & can be defined using an L w-formula, M = O (Ja| = ™).
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BBL As MobaL Locic or Forcing 111

Proof (continued).

Let N be a generic extension of M in which w; is collapsed, i.e. oM = W} = wN.
Then N E |a| = wM, so

N = M = WM = V.
Hence MLE(N) = S5. If ¢ is a button over M, then it also is over N, so N [ ¢. Thus
MEO(O(w; # M) > Op)

for any button ¢ over M.
We conclude that {w; # «M} U {2Nw+n =Nyins1 |12 1} is an independent family
of a final button and infinitely many switches over M. Hence MLF(M) = BBL.
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BBL As MobaL Locic or Forcing [V

Proof (continued).

It remains to show that ZFC U S is consistent. Let ® = {¢, ..., ¢,,_1} C L w be
finite. We show the consistency of

ZFCU {Wisaground A w; = M} U {0 (w; = M AOg) - Og | ¢ € D} .

There is a model M’ of ZFC with M’ E w; = WM. Let My = M'.

If (M, e, M) E O (wy = wIle A Og;), let M;, | be a generic extension of M;
witnessing it. Otherwise, let M;,; = M,.

M’ is a ground of M, and M, E w; = M. If (M, €,M") E O (w; = &M A Og;),
then (M;, e, M") £ O (w1 = w’l"I A D(pi) by transitivity. Hence (M; 1, €, M") E Og;
and (M,,, €,M) E Oep;. O]
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BBL As MobAL Logic or Forcing V

Corollary

There is a model M of ZFC in whose multiverse S4.2, BBL, as well as S5 occur as modal
logics of forcing.

Proof.

A result by Piribauer [5] shows that S4.2 occurs in every multiverse.
The previous theorem shows that BBL can occur.
Its proof shows that S5 also occurs. O
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Open questions

P Are any other modal logics possible?
P Are there multiverses with more than three modal logics of forcing?
» Is MLF(M) normal for every model M of ZFC?
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