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Why are we interested?

@ Understand models in which CH or GCH does not hold

o Many open questions

e con(i < c).
e con(i(k) < 2%)




The countable independence number

Definition

A family A C [w]® is called independent if for any two finite
disjoint subfamilies B, C C A it holds that | (| A\ ( U A)| = w.
AeB AeC

A={Ap: pecwisa prime number} with
Ap={n€w:3k st n= k- p} is a countable independent family.

\70‘3:? 26 97, . . 1
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The countable independence number

A family A C [w]® is called independent if for any two finite
disjoint subfamilies B, C C A it holds that | (| A\ ( U A)| = w.
AeB AeC

v
@ An independent family is called maximal if it is maximal
under set inclusion.

e i:=min{|A4|: A C [w] is maximal independent}




If AC w, let A%:= A and Al =w\A.

For A C [w]“ let FF(.A) consist of all partial functions_h, such that

e dom(h) C A, finite
e im(h) C {0,1}
Then write A" for N{AMA) | A € dom(h)}.


445963

445963

445963

445963

445963


If AC w, let A%:= A and Al =w\A.

For A C [w]¥ let FF(.A) consist of all partial functions h, such that

e dom(h) C A, finite
e im(h) C {0,1}
Then write A" for N{AMA) | A € dom(h)}.

Reformulation
A family A is independent if for all h € FF(A), |A" = w.




i is well defined!

Every independent family is contained in a maximal independent
family.

@ Apply Zorn's Lemma

@ Let (Aj)i<q increasing chain of independent families.

o A= U .A,'
i<a
o Let h € FF(A) then dom(h) C A; for some i <
e Hence, A" = A?M", which is infinite. O

7\

I Boc(?qn (Oﬁ (I:'ﬂ"‘/""f) "
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Some inequalities

Definition

@ 0 is the minimum cardinality of a dominating family

@ tis the minimum cardinality of an unsplit family

o w<i
e 0<i
ot <i
@ i < 2% - in fact there is a maximal independent family of size ¢
< —
&(}rhke
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con (i CL)

N— N - N
/v1=|)<' ¥a! . ,l, MmMax mof
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Dense maximality and selective independent families

Definition

An independent family A is densely maximal if for every X C w
and every h € FF(A) there is /' D h, such that |A" N X| < w or
|AP\ X| < w.

S ¢w Dh (A"nX =Z A" nlw)xX)d)
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Dense maximality and selective independent families

Definition

An independent family A is densely maximal if for every X C w
and every h € FF(A) there is /' D h, such that |A" N X| < w or
|AP\ X| < w.

Definition

Let A be an independent family. .
Q The density filter is the se modele Siaite
fil(A) := {X Cw | A" C* X for all h € FF(A)}.
@ The density ideal is the set {X Cw | w\ X € fil(A)}.
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Dense maximality and selective independent families

Lemma (STST 2024)

Let A be a (maximal) independent family. The following are
equivalent:
Q@ A is densely maximal. -

Q@ P(w)=fillA)U{w\ A" | he FF(A)}>_4L(

Q¢ For every h € FF(A) and every X C A" either A"\ X is in
the density ideal or there is i’ D h such that A" C A"\ X.
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Dense maximality and selective independent families

Definition
Let F C P(w) be a filter, then

e F is a p-set if for every countable H C F there is F € F such
that FC* Hforal HeH.  psevde-Tnd

o F is a g-set if for every partition £ of w into finite sets there

is F € F such that |[FN E| <1 for every E € £

e F is Ramsey if it is a p-set and a g-set.
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Dense maximality and selective independent families

Let F C P(w) be a filter, then

e F is a p-set if for every countable H C F there is F € F such
that F C* H for all H € H.

o F is a g-set if for every partition £ of w into finite sets there
is F € F such that |[FN E| <1 for every E € £

@ F is Ramsey if it is a p-set and a g-set.

v
An independent family A is called selective if it is densely maximal
and fil(A) is Ramsey.

v




Dense maximality and selective independent families

Theorem (Shelah, 1992)

Selective independent families exist under CH.

@ Does ZFC prove the existence of selective independent
families?

@ What about densely maximal ones?

@ Is there a densely maximal independent family which is not
selective? )




Construction of a selective independent family

o Let M= CH c.t.m

o P:={(A,A) | A countable independent family, A C w
and |A" N A| = w for all h € FF(A)}.

@ Let G be P-generic and
AG =U{A|FACwst (A A) € Gl

(A A)Ep (BB ‘;‘fj
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Construction of a selective independent family
- close

o Let M= CH c.t.m
-cc

o P:={(A4A) A countable |ndependent family, A C w
and |A"NA| = w for all h € FF(A)}.

@ Let G be P-generic and
Ag =U{A|FACwst (A A) € G}

@ Ag is an independent family -
@ Ag is densely maximal ™% Aeas lj* %”C:Qf

Q fil(Ag) is a p-set
Q fil(Ag) is a g-set
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fil(Ag) is a p-set!

Let Fg := {A| 3A such that (A, A) € G}

fil(Ag) is generated by Fg U Fr,_in fact for every A € fil(Ag)

exists F € Fg such that F C* AN w) Gial seds

W & Si((Ag) coentable

aL
<
¥ or each ﬁc’)-(( Tﬁ 63—9 :ﬁ_ A
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fil(Ag) is a p-set!

Let Fg := {A| 3A such that (A, A) € G}

fil(Ag) is generated by Fg U Fr, in fact for every A € fil(Ag)
exists F € F¢ such that F C* A.

@ Suffices to show any countable subset of F¢ has a
pseudo-intersection (in M[G]!).

@ Assume not and let H C Fs be countable subset without
pseudo-intersection.

@ Then thereis p € G s.t plk- VX € Fg(IH € H(X €* H)).

@ Enumerate H = {H, | i < w}, for every i < w there is A; s.t
('*'—Aini) €6 O ((/\‘I Ho/( P Qn & ('A'r( H'l)/ “lo
@ Use that G is a filter and PP is < wi-closed to obtain g € P s.t
< (A, H;) forall i <wand g < p.
9= ( ) i<wandqg<p. £
(8, 4]
I
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fil(Ag) is a g-set!

o Let B = (Bj)n<w be a partition of w into finite sets.
@ We want to find a semiselector in Fg.
e Dp:={(A,A) € P| Ais a semiselector for B}

H | <
e Now shovvpthat D(ﬁ IS ier—te. have (€ c)s(A4A)
4 XN
(AA) €l Iy ce{deg%z
C o cech e TT M) occoss

FIA) = ther s 20 T ebion
M’W,\H\ =« Samew sd A1Ang, L

VV‘\—_\\\“
3 a,

ha T30 A Ap «
A aB] s I "G, o

N
hn+4
(AT 0A L Dm s, Haga 1

¢ nAn B’Nu4£f¢/

7

Ctanin v (A, C) o


445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963

445963


An equivalent condition to the g-set property

Theorem (Cruz-Chapital, Fischer, Guzman, gupina)

A filter F is a g-set if and only if for every strictly increasing
function f : w — w there is A € F, such that if {a, : n € w} is its

enumeration, then f(a,) < a,41 forall n € w.
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An equivalent condition to the g-set property

Theorem (Cruz-Chapital, Fischer, Guzman, Supina)

A filter F is a g-set if and only if for every strictly increasing
function f : w — w there is A € F, such that if {a, : n € w} is its
enumeration, then f(a,) < apy1 for all n € w.

The original definition of a g-set does not generalise to higher
Baire spacel!!!

S (n) € (5 (an) € apq

aﬁ (n—M)

g(r\\ L 7 €4 (f))
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Sketch of proof of con(i < 2¥)

@ Start in a ground model V' in which CH holds

—_—

@ Use the forcing poset

P:= {(A,A): Ais a countable independent family, A C
w and |A" N A| = w for every h € FF(A)} with

(A,A) < (B,B) iff AD Band AC* B.

Let G be P-generic and

Ac =U{A|FACwst (A A) € G}.

Show that Ag is selective in V[G].

Notice that (2¢ = wy)V1€]

Show that Ag remains densely maximal after wp many
iterations of the Sacks forcing S.

©

o © 0
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Independence in the higher Baire space

How can we define independent families of subsets of k7

Definition (Strong independence)

e A family A C [k]" is called strongly x-independent if for every

two disjoint B, C C A of size <k, | () A\(U A)|=«
AcB AcC

@ A strongly x-independent family is called maximal if it is
maximal with respect to set inclusion.

@ is(k) = min{A | A is maximal strongly k-independent}




Independence in the higher Baire space

How can we define independent families of subsets of k7

Definition (Strong independence)

e A family A C [k]" is called strongly x-independent if for every

two disjoint B, C C A of size <k, | () A\(U A)|=«
AcB AcC

@ A strongly x-independent family is called maximal if it is
maximal with respect to set inclusion.

@ is(k) = min{A | A is maximal strongly k-independent}
v

is(k) is not necessarily well-defined!!

e
"
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i is well defined!

Every independent family is contained in a maximal independent
family.

© Apply Zorn's Lemma
@ Let (Aj)i<q increasing chain of independent families.
Q@ A= A
i<a
Q Let h € FF(.A) then dom(h) C A; for some i < «
— A

@ Hence, A" = A?[A’, which is infinite. O
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Independence in the higher Baire space

Definition

e A family A C [k]" is called k-independent if for every two
finite, disjoint B,C C A, | [ A\ (U A)| =k
AeB AeC

@ A k-independent family is called maximal if it is maximal with
respect to set inclusion.

e i(k) = min{A | A is maximal s-independent}

v (,30{4f cncoeniaDle
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Independence in the higher Baire space

e A family A C [k]" is called k-independent if for every two
finite, disjoint B,C C A, | [ A\ (U A)| =k
AeB AeC

@ A k-independent family is called maximal if it is maximal with
respect to set inclusion.

e i(k) = min{A | A is maximal s-independent}
Write FF(.A) for all finite partial functions A — {0,1}. With
A% =: A and Al =: k \ A define A" as before.




@ Every k-independent family is contained in a maximal one
@ There is a maximal independent family of size 2%

o vt <i(k)

o t(k) <i(k)

o Isd(k) <i(k)?
@ Is there a relation between i(x) and is(x)?

\S /):: i S-(('nﬂ/'j i(\d(’?fn’{m‘l garu,'/j
l,tl < a[‘k) ':5/(}\. /\"’ qu;(‘?ﬂl
UL oce) S «;9’2)
* - K (13(,/4/ LK‘ :1(/
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@ Every k-independent family is contained in a maximal one
@ There is a maximal independent family of size 2%

o vt <i(k)

o t(k) <i(k)

o Is o(k) <i(k)?
@ Is there a relation between i(x) and is(x)? )
An independent family A is densely maximal if for every X C

and every h € FF(A) there is i’ D h, such that A" N X =0 or
AN\ X = 0.




Goal: prove con(i(k) < 2%)
@ Assume that k _is measurable in our ground model Vj and
2% =kt and let U be a (non-principal) normal measure on k.
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Goal: prove con(i(k) < 2%)

o

2]

0006 o0

o

Assume that x is measurable in our ground model V{ and
2% =kt and let U be a (non-principal) normal measure on k.

Define a poset P, let G be Py~-generic and construct

A = Ag in the generic extension V := V,[G].

Show that P, preserves cardinals, A is densely maximal, and
" similar to selective” .

Find an equivalent condition to being densely maximal.
Introduce the Sacks Forcing S, and the x-support product Sé.
Define preprocessed conditions and the outer hull.

Assume by contradiction that A is not densely maximal in
V52, Let X be a witness to the violation of (4) and p € S(k)
forcing that.

Use the "similar to selective” properties and outer hulls to
find g < p forcing the opposite of (4).



Construction of V

o Let Py := {(B,B) : B is an independent family of size x, B €
U and |B"N B| = & for all h € FF(B)}.
(A0)Sp (68 5 2B
n *
. pe*s
l?M V4 Y-
\(}/M v - C /05(44
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Construction of V

o Let P :={(B, B) : B is an independent family of size x, B €
U and |B"N B| = & for all h € FF(B)}.

o P is k-closed and x*+-cc.

@ For G a Py-generic filter define
A=U{B:3BcU st (B,B) e G}.

@ Then A is an independent family!


445963

445963


Properties of A

Definition

@ The density ideal of A is the set
id(A) := {X €eU* |Vhe FF(A)IN 2 hst A" n X = 0}.
e The density filter fil(A) is the dual filter of id(A).
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Properties of A

Definition

@ The density ideal of A is the set
id(A) == {X eU* |Yhe FF(A)IN D hst A" n X =0}
e The density filter fil(A) is the dual filter of id(A).

Equivalent condition

An independent family A is densely maximal if and only if for all
h € FF(A) and all X C A"

O Either there is B € id(A), such that A"\ X C B
—_————

——

@ or there is i’ O h such that .A_’l’ C A"\ X,
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Properties of A

Definition

@ The density ideal of A is the set
id(A) == {X eU* |Yhe FF(A)IN D hst A" n X =0}
e The density filter fil(A) is the dual filter of id(A).

Equivalent condition

An independent family A is densely maximal if and only if for all
h € FF(A) and all X C A"

O Either there is B € id(A), such that A"\ X C B
@ or there is i D h such that A" C A\ X.

A is densely maximal!




Properties of A

Definition

A filter F is a k-p-set if for every H C F of size < k there is
FE]—"suchthatF%* H for all H € H.
\—/vlo/((/(o K
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Properties of A

Definition

A filter F is a k-p-set if for every H C F of size < k there is
F € F such that F C* H for all H € H.

Next property
fil(A) is a k-p-set!

Difficult part

Fgr every f LR R whlch is strictly increasing there is Aei(fl)_
with increasing enumeration {a,}n<s, such that f(a,) < anpt1.

—

§5e ¥ §es §6)s§ e M
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The Sacks forcing

@ A set T C <#2 which is closed under initial segments is called
a tree.

@ Astring s € T splitsin T if both s™0 and s™1 are in T.

o A tree T is called perfect if for every s € T thereis s’ DO s
which splits in T and if (s,)n<q is @ sequence of spllttm%

nodes, then there is s O s, which splits in T. , 440 iog nocle

It
@ The r-Sacks forcing S, consists of all perfect trees with P*%
p<s.qiff pCq.

° Sé is the x-support product of A many copies of Sj.

M/4S~/'4blf = c‘aecc. + [y —
A
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The Sacks forcing

@ A set T C <#2 which is closed under initial segments is called
a tree.

@ Astring s € T splitsin T if both s™0 and s™1 are in T.

o A tree T is called perfect if for every s € T thereiss’ D s
which splits in T and if (s,)n<q is @ sequence of splitting
nodes, then there is s O s, which splits in T.

@ The k-Sacks forcing S, consists of all perfect trees with
p<s.qiff pCq.

° Sé is the k-support product of A many copies of Sj.

We need « to be inaccessible in order to not collapse cardinals
> ktF. Also both S, and S are not s-closed! == Use fusion
orderings!




Preprocessed conditions and the outer hull

@ For a condition p € S let split,(p) be the set of all splitting
nodes in the a-th splitting level of p.

o For p €S, F € supp(p), |F| <k let
N = {G = (0;) : i € F,o; € split,(pi)}.

o Let X be an S)-name for a set, p € S}, F C supp(p) with
|F| < k. Then p is preprocessed for (F, X) if for every
& € NE(p) there are F' C supp(p), |F'| < K, F' D F, x € @2
and 7 2 & with 7 € AL (p), such that pr IF x4 [ a =%

@ p is preprocessed for X if it is preprocessed for every pair
(F, X).

=
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Preprocessed conditions and the outer hull

Definition

Let X be a name for a set, p preprocessed for X and 7 € /\5 for
some suitable o, F. Then the outer hull of X below pz is the set
Yo :={fcr|ITDostp:l-jec X}

[,
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Preprocessed conditions and the outer hull

Definition

Let X be a name for a set, p preprocessed for X and 7 € /\5 for
some suitable o, F. Then the outer hull of X below pz is the set
Yo :={fcr|ITDostp:l-jec X}

Observation

One can choose 7 € AF(p) for some o/ which is bounded
depending on  and 3. Also note that |Af(p)| < & for all a, F.




Proof of con(i(x) < 2%)

A is densely maximal in V5.

Proof by contradiction

Assume not. Then there is h € FF(A) and X C A", such that
there is no B € id(A) with A"\ X C B, and VA’ 2 h it holds that
AN X £,

Forcing theorem

Fix such h, let X be a name for such a set and p € S}
preprocessed forcing the statement above.
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Proof of con(i(x) < 2%)

Want to find ¢ < p and C € fil(A), such that g I C C X.

This leads to a contradiction because then
AP\ X C AP\ C Ck\ C eid(A).
pOR A —_—)
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Proof of con(i(x) < 2%)

Want to find ¢ < p and C € fil(A), such that g I C C X.

This leads to a contradiction because then

AP\ X C AP\ C Ckr\ C € id(A).

How to find such a set and condition?

@ Use outer hulls, p-set and "nearly g-set” property
@ Enumerate C = {cs}a<k
@ Have a fusion sequence (ga)a<x, such that ga+1 IF &, € X

@ There is g, such that g < g, for all a < k as desired. [

gl
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Thanks for your Attention!

Questions?



