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[S'={ACS: |Al=r}.

A k-colouring of [S]" is a function f: [S]" — k.

Given f: [S]" — k, aset H C S is i-homogeneous for f if f [ [H]" is
constant with colour i € k.

Definition (Arrow notation)

Let « and §; be order-types for all i < m, where m is a cardinal and let
r € N. We write
a = (Bi)i<m

if for all sets S with otp S = « and every m-colouring f: [S]” — m there
exists a i-homogeneous set H C S with otp H = §3;.

« is the resource,

B; are the goals,

r is the exponent, and

m is the colour set or colour cardinal.




Positive Step-Up Lemma

For all infinite cardinals k, finite r, any cardinal m and any ordinal X\, if
Kk — (A7, then (2<F)t — (A + 1)rFL

Forany r,k € N, wy — (w+1);.

Let r.k € N. Then (2%)" — (w +2)%.

For any infinite cardinal k, 3,(k)" — (k1)1
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Pattern of partition relations

For any r,k € N, w; — (w+1);.

Let r,k € N. Then (2%)* — (w + 2)F.

o 3 = (wH1)L
* 3 = (w+2)
* 3 = (w3
® etc...
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Pattern of partition relations

oI5 —
033'74
o:i’_—>
o:fﬁ
o I —

033‘7L>

w+1
w42
w2
w+3
w+3

w+4

—~~ ~ N N /N
SN—r S N N N N
X NP X DWW x>

N
~

X
(k)
X
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Theorem (Lemma 4, [1])

Let ap, 1, Bo, P1 be linear order-types and 2 < r < w. Assume that
lao| = |eu| and Bo, B; £ aw. Then

a1 7 (Bo, Br, (r + 1)n—2)n.

Proof.

Throughout we may assume |5o|, |81] > No. Let S be a set such that
otp(S, <) = ai1. As |S| = |aa| = ||, there is an ordering < on S such
that otp(S, <) = ap. Given any X € [S]", we can index the elements in
X such that X = {xp < x3 < ... < x,_1}. There is a unique permutation
7 r — rsuch that x;(0) < Xr(1) < ... < X(,—1). Note that there are
precisely r! permutations of r. Fix an enumeration (m, | n < r!) of
permutations of r, where 7g is the identity, and m = 7.




Proof (continued).

Define the rl-colouring f: [S]" — r!: {xo < x1 < ... < X,_1} > n where
7y is such that x; o) < Xr,(1) K - .. < Xg,(r—1)- Suppose there is a
n-homogeneous set H for f with otp(H, <) = [, there are three cases
that we consider.

Case n = 0. Then otp(H, <) = (o and f [ [H]" = 0. As 7 is the identity
and r > 2, we have in particular for any x,y € H that

x <y <= x < y. This means

Bo = otp(H, <) = otp(H, <) < otp(S, <) = ap, which is a
contradiction.

Case n = 1. Then otp(H, <) = 1 and f [ [H]" = 1. In this case

T = my, which means for any x,y € H we have x < y <= y < x.
Therefore 85 = otp(H, <)* = otp(H, <) < otp(S, <) = ayp, again a
contradiction.




Proof (continued).

Case n > 2. Then otp(H,<) =r+1 and f | [H]" = n. In particular
Tn # mo and 7, # m. Write H = {xo < x1 < ... < x,—1 < X, } and
define yx = xx+1. Then

Xra(0) K Xr,1) K -0 K Xp(r—1)5
Yra(0) < Yra(1) <. L Yrn(r—1)-

Suppose xo < x1, then x; )1 < X (1)-1 and so yp < y1. This gives

x1 < xp. Repeating this argument gives that xp < 3 < -+ < x,_1, and
hence 7, = mg, which is a contradiction. If, on the other hand, we
assume x3 < Xp, then using an analogous argument, we get

X1 K ... <K x1 < Xg, i.e. m, = m1, which is also a contradiction.

We conclude that such a homogeneous set H cannot exist, and this
concludes the proof.




Theorem (Lemma 5, [1])

Let « be an ordinal and r < w and m any cardinal. Let -y, be ordinals for
all n < m such that B # (Yn)hem for all B < a. Then a # (v, + 1)5EL,.

Proof.

Let S be a set such that otp(S, <) = «. For every x € S, define
I,={y €S|y < x}, then otp(/y, <) = 8 < «, for some 5. By
assumption there is some colouring f: [I]" — k such that there is no
n-homogeneous set H of order-type .

Define f: [S]™*! — k by
{o<x1...<X—1 <X} h({X<x...<x—1}).

If there is an n-homogeneous set H = {h; | i <, + 1} C S for f with
otp(H, <) = v, + 1, then the set {h; | i < v,} is n-homogeneous for f,
with order-type ,. This is a contradiction and hence the proof is
concluded.




The first negative relation

wr A (w+2)3.

Clearly, w + 1,w* £ w. By Lemma 4, we have 3 /4 (w + 1,w)3 for all
countable ordinals 8. This relation holds for all 8 < w; and thus by
Lemma 5, w1 A (w +2,w + 1)3. O

X
&l
X
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Recapitulate

o 3§ = (w+1);.
o J5 A (w+2)
o Jf 5 (w+2)

T DWW X

° :l; — (w+3)f(.

3f A (w+3)s3

X
(k)
X
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Discrepancy

Given distinct f, g € 2", we define the discrepancy § as
§(f,g) = min{¢ < x| £(£) # &(£)}-
If f = g, we simply let §(f, g) = &.

If6(f,g) < o(g, h), then 6(f, g) = 6(f, h).

Let < denote the lexicographic ordering on 2*. If f, g, h € 2¥ are such

that f < g < h, then 6(f,g) # (g, h). Else, f(&) < g(&) < h(§) for
some & < K.

X
&l
X
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Theorem (Albin L. Jones (2000), [3])

Let « be a linear order-type and let k be an infinite cardinal. If
a A (w)ie, then a 4 (k +2,w)3.

Proof.

Let e: a — 2" be a witness of a /4 (w)i.. As w is regular, it follows for
every B € [a] there is C € [B]“ such that e | C is injective. Define the
partition f: [a]?> = k + 1 by {x,y} = &(e(x), e(y)).

Define the partition of triples g: [a]® — 2 s.t. for x <y < z,

{ }— 0 if e is injective on {x,y,z} and f{x,y} < f{y, z}, and
EVGYs25 =1 1 ifeisnot injective on {x,y, z} or f{x,y} > f{y, z}.

We show that g is the partition which proves o /4 (k + 2, w)3.




Claim
There is no 0-homogeneous H C « for g with otp H = K + 2.

Proof of claim.

Suppose such H = {hy | v < k + 2} exists. We observe immediately that
e | H is injective. In particular, e(h,) # e(hx+1) and hence

f{hg, het1} = 0(e(hy), e(hxt1)) = & < K. For any u < v < K we have
f{hu, h,} < f{hy,, h.}, and by the observation:

f{hu, h.} = f{hy, h,} < f{h,, h.}.

Note that f{h,, h.} < f{h., het1} = & < k. Hence, the sequence
(f{hu, he} | p < k) is a strictly increasing sequence of length « of
ordinals below &, which gives a contradiction. |




X
(&)

X

Claim

There is no 1-homogeneous H C « for g with otp H = w.

Proof of claim.
Again, for sake of contradiction assume such H € [a]“ exists. By the

remark above there is B € [H]“ such that e | B is injective. Consider the
colouring h: [B]® — 2 by

0 if f{x,y} > f{y,z}, and
h{x<y<z}:{ 1 W) = fly ).

By definition of g and since B is 1-homogeneous for g, the colouring h is
well-defined. Now, by a weak version of Ramsey's Theorem, w — (w,4)§.
Hence, either

there is C € [B]* such that h | [C]> =0, or

there is D € [B]* such that h | [D]* = 1.
If (a) holds, then (f{cp,cht1} | n € w), where C={cp <c1 <...} isa
strictly decreasing sequence of ordinals of length w, which is a
contradiction.




Alternatively, if (b) holds and such D = {x < y < z < w} exists, then
f{x,y} = f{y,z} = f{x, z}. This gives us three pairwise distinct
functions e(x), e(y), e(z) € 2" such that they are pairwise different at
some point £ < k, which is not possible since these functions map to 2.
Hence we reach a contradiction. |

X
&l
X
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The second negative relation

We conclude that

at (Wi = as(k+2,0)3

I A (w+3,w+1)5

Let B < 7, then |3| < 3J; = 2%, Define the partition

f: B — B:v 7. Then f witnesses 3 /4 (w)h. Therefore 8/ (w)g, -
By Jones's lemma, we have 3 4 (w + 2,w)3.

Then by Lemma 4 in [1], we obtain the desired result. O

X
&l
X
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Does the pattern continue?

oI5 —
033'74
o:i’_—>
o:fﬁ
o I —

033‘7L>

w+1
w42
w2
w+3
w+3

w+4

—~~ ~ N N /N
SN—r S N N N N
X NP X DWW x>

N
~

X
(k)
X
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Converse Positive Step-Up Lemma unprovable

The converse: k 4 (A, = (2<%)" A (A +1)}.
Assume 280 = R, and 2™ = 2%2 = R;3. Then 0] = (22N°)+ =N, and
(2<Nz)+ = Ny.

* Sierpifisky: Ny = 2% 4 (Ny)2

® Erd8s-Rado: Wy =3 — (Ng + 1)3.

X
(k)
X
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The idea

® We want to show k 4 (), = 25 A (a+ 1)+

* We will show x /4 (), = 2% A (\)-FL

® Given a partition (lg | £ < m) witnessing k /4 (\)/,.

® Want to create partition (Ig | € < m) witnessing 2% 4 (\)F1.

® The partition will (unfortunately) only work if X is a cardinal.

X
(k)
X
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A bunch of definitions

Let r > 3 and v € [27]". Write u = {xo <* x1 <* ... <* x,_1} and
define

e n(u) = (nlx0, x1),n(x1, x2), - - -, (xr—2, Xr-1)),
where n(x,y) =0if x <* y <= x <y, and n(x,y) = 1 otherwise.

Also given s < r — 1 and kg, k1, ..., ks—1 € 2, define
o Klkos ks ks 1) = {u € 251 [ n(u) T's = (Ko, kv ks 1)}
* Ky = K(0,0,...,0) and K; = K(1,1,...,1).
° K=KyUKj.

X
(k)
X
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X
(k)
X

Examples

Given u = {xg <* x1 <* ... <* x,_1}.

ue K(0,1) < n(xo,x1) =0 and n(x,x) =1
< Xp < X1 > Xo.

* e Ky <= xo<x1<...<x_1

S UEK <= Xg=- X1 > ... X1
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More definitions

Let r >4 and u € K. Write u = {xp <* xy <* ... <* x,_1} and define
ds = 6(xs, Xs11) for s < r — 2. Define

© C((;(U)) = (C(50, 51)7 C((Slv 52)a R C(5r737 6,»72)),
where ((Js,0s+1) = 0 if §s < dsy1, and ((Js, ds41) = 1 if §s > dsy1.
Also given s < r — 2 and kg, k1, ..., ks—1 € 2, define
° P(k07 k17 MR ks—l) = {U 6 K | C((S(U)) r S = (k07 kl) MR ks—l)}-
°* Py =P(0,0,...,0) and P, = P(1,1,...,1).
°* P=FPyUP;.

X
(k)
X
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More examples

Given u = {xg <* x1 <* ... <* x,_1}.

uc P(071) — <((5o,61) =0 and C((Sl,(sg) =1
< §p < 01 > o
<~ 5(X0,X1) < 5(X1,X2) > 5(X2,X3).
s uehPy < <o <...<6b_2

*yehP, < >0 >...>06_2

X
(k)
X
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Lemma (Lemma 23.12, [2])
Let r > 3, let r be a cardinal. Let | C [k]"~1 and put

I*={uePy|d(u)el}. (1)

Assume that [H]" C I* for some H # () where by assumption
otp(H, <*) = a. Then there is X C k with otp(X, <) = o~ such that
X]—tcl.

Proof.

We may assume that |H| > r and write H = {h, | v < a} where
a = otp(H, <*). (Recall that <* is a fixed well-order on 2%). For
ordinals v such that v+ 1 < o we let

6»7 = 6(/77, h7+1).

Define
X={0,|v+1<a}.




Proof (continued).

First we show that otp(X, <) = a~. It obviously suffices to show for all
v <~ <a that §, < d,. By the assumption [H]" C I* C Py, it
follows that

C((S({hva hv+1v hw’})) = C(‘S(hw h7+1)> 5(h7+17 hw’)) =0.
Also
<(5({h'y+la h’y’v h'y/—s-l})) = C(‘s(h’y—s-la h’Y/)v 5(”'7’; h'y/—s-l)) =0.

In other words, 6, < §(hy41, hy) < 0,. Note that we assumed
v+ 1<+, because if v+ 1 =+', we could just leave out the term
d(hy+1, hy). In particular, we obtain d, < 4.+, showing that
otp(X, <) =a.




Proof (continued).

It rests to show that [X]""1 C /. Given & < ... < &5 < a”, we want
to show {0g, < ... < d¢ _,} €. Suppose that & +1 < 1. As

[H]r C Py, we have (5(/’151., h5f+1) < (5(h§i+1, h§i+1) and hence ,

6(h5” hE;+1) = (S(hfi, h€f+1)' If f,' +1=¢&, then

O(he;, he;+1) = 6(he;, he,,,) obviously holds as well. Now, writing

& 1=¢& 5+ 1, we obtain

{0 | i <r—1} ={d(he;, heja) | i < r—1}
= {6(h£i’ h5f+1) | I<r— 1}
— 5({hg, | i < r}).
As {he, | i < r} € [H]" C I*, we have by definition of /* that
{0¢, | i < r—1} € 1. This gives us [X]"~! C I, which is what we wanted
to show.




Lemma (Lemma 23.5, [2])

Let X C 2% and assume |X| > Rg. Assume that (i) [X]" N K(0,1) = & or
(ii) [X]" N K(1,0) = @. Then there is a set Y C X with |Y| = |X| such
that [Y]" C Ky or [Y]" C Kj.

Proof.

Write A = |X| and we may assume otp(X, <*) = A. Assume that no
such Y exists.

Claim

There are elements xg <* x; <* xo <* x3 such that xyp < x1 = Xo < Xx3.
If the claim is proven, then there is {xo, x1, X2, ...} € [X]" N K(0,1) and

{x1, X2, x3, ...} € [X]" N K(1,0), contradicting (i) or (ii), respectively,
which gives the contradiction. Hence such Y exists.




Claim

There are elements xg <* x; <* xo <* x3 such that xyp < x1 > X < Xx3.

Proof of claim.
For every x € X there are y,z € X and y’,z’ € X such that

x<*y<*zandy < z, (2)
x<*y' <*Zandy = Z. (3)

Suppose not and let x € X be a counterexample, the set

Y = {x’ € X | x <* x'} has cardinality A and is contained in either Ky or
K1, which is a contradiction.

Now let xg,z; € X with xg <* z; and xp < z;. Then let y;,z, € X with
71 <* yy <* zp with y1 = z. Define x; = max<{y1,z1}, then xg <* x;
and xg < xq3. Also, x; = 2.

Pick y»,z3 € X with zo <* y» <* x3 with y» < x3. Let xo = min<{y», z}.
Then x; <* x» and x; > xo. Also, x» < x3. This proves the claim [ |




X
X

Lemma (Lemma 23.9, [2])

Let r > 4, let X C 2" such that | X| > Ro. Suppose [X]" C Ky or
[X]" C Ki. Assume (i) [X]" N P(0,1) = @ or (ii) [X]" N P(1,0) = .
Then there exists Y C X with |Y| = |X| such that [Y]" C Py.

Claim

Suppose xg <* x; <* ... <* xs_1 are such that

€(9i,0i41) # C(i41,0i42), (4)

foralli <s—4. Thens < 4.

Proof of claim.

Suppose s > 5 and xp <* x; <* xo <* x3 <* x4 constitutes a
counterexample. If {(do,d1) < ((01,02) > ((d2,d3), then

{x0, X1, X2, %3, ...} € [X]"N P(0,1) or {x1, x2, X3, xa, ...} € [X]"N P(1,0),
giving a contradiction with (i) or (ii), respectively.

Similarly, if {(do, 1) > ((01,92) < ((02,03), we get
{x0, x1,X2,%3, ...} € [X]" N P(1,0) or {x1, X2, x3, X4, ...} € [X]" N P(0,1),
giving a contradiction with (ii) or (i), respectively. |



Proof (continued).

Now let such s < 4 be maximal (note s > 3 always holds) and define

X = Xs—3, ¥ = Xs—2 and z = xs_1. Note that 6(x,y) # d(y, z), hence
either (a) d(x,y) > d(y, z) or (b) d(x,y) < d(y,z). Then by maximality
of s, for all z <* zy <* z, either

(a) not 4(x,y) > o(y,z0) < 6(z0,21), or
(b) not 6(x,y) < d(y, z0) > 0(z0, z1)-

We show case (a) is impossible. For suppose otherwise, then for all
7o € X with z <* z5 we have

(y,z) > 6(z,20) = é(y, 20).-
Picking an <*-increasing sequence (z, | n < w) gives us
6(y,20) > o(y, z1) > 0(y, ) > ...,

which is a contradiction.




Proof (continued).

So, assume (b) holds. Let 2y, z1, 2z € X be arbitrary such that
z <* zg <* z; <* z. Then firstly, 6(x, y) < d(y, z) < d(z,z), hence
d(x,y) < d(y,z0) = 0(y,z). As d(x,y) < d(y, z), it must be that
d(x,y) < d(y,z) < 0(z0, 21)-
Then 0(x, z9) = d(x,y) and so d(x,2zy) < 6(z0,21). Therefore, in view of
the maximality of s,

5(20721) < 6(21,22).

Define Y = {2z’ € X | z <* z’}, we showed that [Y]" C Py and clearly
Y] = |X]|. O
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Theorem (Negative Stepping-Up Lemma, [2])

Suppose r > 3 and that x and X\ are infinite cardinals. Assume k /> (\)5.
Then 2% £ (\)5™.

Proof.

Let [k]" = o U h be the partition witnessing s # (A)5.
Define a partition [2%]"t1 = Jyu J; by

J = K(0,1)UP(0,1) U If,

and
Jo =27\ 4.

Suppose there is X C 2% such that [X| = X and [X]"*! C Jy. Then
[X]""1 N K(0,1) = &, hence there is by the previous lemma some Y C X
with |Y] = X and [Y]"™! C Kp or [Y]"t! C Ki. By the other lemma,
there is Z C Y with |Z| = X and [Z]"*! C Py. But this means

[Z] ! C I. Using another lemma, we find a homogeneous set of size A
in Iy, a contradiction.




Proof (continued).

Similarly, suppose X C 2% such that |X| = X and [X]*! C J;. Then
[X]™™! € KU K(0,1), and thus [X]""1 N K(1,0) = @. This gives some
Y C X with [Y]"*1 C Ky or [Y]™1 C K; and |Y| = A. Then

[Y]™+1 C P(0,1) U Py, hence [Y]" ™1 N P(1,0) = @. Thus thereis Z C Y
with [Z]™1 C Py. Therefore [Z]™*1 C I} and so we find a homogeneous
set of size A in /1, a contradiction.

Therefore 2 /4 (A\)5 O
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