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Chapter 1

Introduction

1.1 Historic overview

One of the most fundamental areas of study in graph theory is the analysis of
a graph’s connectivity. Most results in that area belong, roughly speaking, to
one of two types: the first type is concerned with finding a highly connected
substructure of the graph and wants, in the case of a graph not containing such
a structure, to find a ‘dual structure’ which witnesses the absence of that highly
connected substructure. Perhaps the first result of this type is Menger’s theorem
which characterizes high connectivity between two vertices via the existence
of a lot of disjoint paths. It states (in one form) that, for any k£ € N and any
two vertices of a graph, there always exist either k disjoint paths between the
two vertices or a separator of size less than k which separates the two vertices
from another. Thus, we either find a structure witnessing the high connectivity
between the two vertices (the k disjoint paths) or we find a dual structure which
witnesses that such paths cannot exist (the separator of size < k).

The other type of connectivity result is not interested in finding a highly
connected substructure, but instead wants to decompose the graph into small
parts, so that each part contains just one such substructure. As a trivial example,
every graph is the disjoint union of its components, so we can ‘decompose’ the
graph into its 1-connected pieces. The well-known block-cutvertex-tree extends
this, in a way, to 2-connected pieces. It, roughly speaking, allows one to
decompose, in a tree-like way, a connected graph along its cut vertices into
2-connected components.

These two primary results of the second type motivated, starting in the 1960s,
the search for corresponding analogues for higher connectivity: we would like to
be able to decompose a graph in a tree-like way into its (k 4+ 1)-connected pieces.
However, for increasing k, this task becomes more and more challenging if one
interprets ‘(k + 1)-connected pieces’ as ‘(k + 1)-connected subgraphs’ Already
for k = 2, this does no longer seem to be possible in this naive way. Thus, the
well-known decomposition theorem by Tutte [74] does not give a decomposition
into 3-connected subgraphs: instead Tutte showed (formulated in modern terms)
that every graph admits a tree-decomposition of adhesion 2 such that every torso
of that decomposition is either 3-connected or a cycle.

Moving from 3-connected subgraphs to the torsos in this theorem is a first



step in an important shift in perspective: instead of requiring that the parts of the
decomposition are 3-connected ‘in their own’, Tutte’s theorem only guarantees
that they are 3-connected ‘in the surrounding graph’.

This shift in perspective resulted in considering k-inseparable sets in a graph
instead of k-connected subgraphs. The first one to consider such sets was Mader
[65]. Formally, a k-inseparable set X in a graph G is a vertex set of size at least
k + 1 with the property that no two vertices in X can be separated in G by k
vertices. Nowadays, maximal such sets are called blocks. Dunwoody and Kréhn
[33] noticed that these k-blocks can be used to generalize, in a way, the classic
result from Tutte to greater values of k, by showing that the k-blocks of a finite
k-connected graph can be separated from another in a tree-like way. This result
has then been generalized by Carmesin, Diestel, Hundertmark and Stein [13] to
graphs of arbitrary connectivity.

Independently of this theory of k-blocks, Robertson and Seymour [68] invented
a new, and radically different notion of a ‘k-connected piece’ as a tool in their
graph minor project: tangles. Instead of characterizing a highly connected
substructure explicitly by some fixed set of vertices and/or edges, they capture a
k-connected piece in an indirect way, following the idea that, for every small (that
is of size less than k) vertex set X of our graph, the majority of a k-connected
piece should be contained in one component of G — X. This can easily be
modelled via separations of a graph: a separation (A, B) of order k in a graph
G consists of two vertex sets A and B such that A U B is the whole vertex set
of G, the intersection A N B has size k, and there are no edges from A \ B to
B~ A. Following the idea that a k-connected piece of a graph should always be
contained, with its majority, in one of the two sides, A or B, of such a separation,
Robertson and Seymour then defined their notion of a ‘k-connected piece’ via
the separations of order less than k: a k-tangle is a way to choose a side for each
such separation in a ‘consistent way’, which is traditionally given by requiring
that a tangle should not contain any three separations such that their small
sides, where the small side of a separation (A, B) in a tangle is G[A], cover the
whole graph.

This novel way of indirectly capturing the highly connected pieces of a graph
in particular includes another prototypical example of a substructure of a graph,
of which we might think of as ‘highly connected’, but which is not captured by
the notion of a k-block: large grids. Every large enough grid induces a k-tangle
by orienting every separation towards the side containing more of that grid,
however a large grid does not contain any k-block for £ > 4. In fact, the famous
grid theorem by Robertson and Seymour implies that the existence of a high
order tangle is quantitatively bound to the existence of a large grid minor: a
graph contains a large grid as a minor if and only if the graph contains a high
order tangle.

Robertson and Seymour [68] gave theorems of both the types mentioned
above about these tangles: a ‘tangle-tree duality’ theorem and a ‘tree-of-tangles’
theorem. The first one, like Menger’s theorem, characterizes the existence of a
highly connected substructure, in that it shows that a graph contains no k-tangle
if and only if the graph has branch-width at most k£ — 1.!

The second of these two, like the traditional theorem by Tutte, allows the

1branch-width is a width-measure defined via a so called branch-decomposition. It is closely
related to tree-width in that the tree-width and the branch-width of a graph only differ by a
linear factor.



decomposition of a graph into its ‘highly-connected’ pieces: there is a tree-
decomposition of the graph that distinguishes all the distinguishable tangles in
that they are contained in distinct bags of this decomposition. More precisely,
this theorem reads as follows:

Theorem 1.1.1 ([68]). Ewvery graph has a tree-decomposition displaying its
mazximal tangles.

Since neither does the existence of a k-tangle imply the existence of a k-
block, nor vice versa?, the two distinct notions of ‘highly-connected’ pieces are
independent, and consequently, a unified decomposition; one distinguishing all
the tangles and all the blocks simultaneously, would be a closer representation of
a decomposition into ‘highly-connected pieces’. Such a decomposition was found
by Diestel, Hundertmark and Lemanczyk by inventing the notion of a profile
[27]. Profiles are, in a sense, a weaker version of a tangle in that a k-profile is
again an orientation of the separations of order less than k, but with a weaker
consistency condition. Diestel, Hundertmark and Lemanczyk not only showed
the existence of a decomposition distinguishing all the profiles in a graph, but
even were able, unlike Robertson and Seymour in Theorem 1.1.1, to do so in
a canonical way: their decomposition is invariant under automorphisms of the
graph at hand.

Moreover, all they used in their proof was the relation between the separations
of a graph, apart from this they made no references to the graph structure at
all. Consequently, their theorem is formulated in a new, abstract framework:
‘abstract separation systems’. They were able to formulate their theorem just in
terms of a partially ordered set S together with an order-reversing involution *
on S Here, the elements of S correspond to the oriented separations of a graph.
They observed that the set of all orientated separations of a graph is a lattice,
which they, in the abstract called a universe of separations. So a universe of
separations is a lattice U together with an order reversing involution on U. Now
given any separation system S contained in such a universe, a profile P of S is
simply a way to choose exactly one orientation from {3, 5*} for every separation
§ €S in a consistent way: so that if P contains a separation 3, and 7 is another
separation such that 7 < § then 7 ¢ P, and so that, whenever 7,3 are contained
in P, then the inverse (7 V )* of their supremum, taken in U, is not contained in
P. The order of the separations of a graph then corresponds to some symmetric
submodular function on U and a k-profile, which generalizes both the k-blocks
and the k-tangles mentioned above is just a profile of S}, , the set of all those
separations from U of order less than k. Consequently, their theorem reads as
follows:

Theorem 1.1.2 (Canonical tree-of-tangles theorem for separation universes
[27, Theorem 3.6]). Let U = (U, <,*,V,A,|-|) be a submodular universe of
separations. Then, for every robust set P of profiles in U, there is a nested set
T =T(P) CU of separations such that:

(i) every two profiles in P are efficiently distinguished by some separation
nT;

(i) every separation in T efficiently distinguishes a pair of profiles in P;

2although it can be shown that a k-block does give rise to a ,——tangle



(iii) for every automorphism o of U we have T(P®) = T(P)®;  (canonicity)
(iv) if all the profiles in P are regular, then T is a regular tree set.

This general abstract setup allows the application of the theory of tangles to
a lot of other contexts such as matroids or arbitrary data sets.

Perhaps surprisingly, Diestel and Oum [29,30] showed that not only a tree-
of-tangles theorem can be formulated in this abstract context, but one can even
prove an abstract version of a tangle-tree duality theorem, which then again
could be applied to a lot of contexts other than graphs.

Consequently, the focus of tangle-theory shifted from the concrete graphs to
this more abstract setup of abstract separation systems. This led to Diestel, Erde
and Weilauer showing in [26] that both, a tree-of-tangles and a tangle-tree duality
theorem, can in fact be formulated without the previously required submodular
order function mentioned above. Instead, they distilled the properties of such an
order function needed in the proof into a structural property, called structural
submodularity. However, their tree-of-tangles theorem, unlike the original one for
profiles from [27] does no longer build a canonical decomposition and also, since
they do not require the existence of a submodular order function, they cannot
guarantee that the decomposition is ‘efficient’ in the sense that the distinct
profiles are always distinguished by separations of the lowest possible order.
Their theorem reads as follows:

Theorem 1.1.3 ([26, Theorem 6]). Let S be a structurally submodular separ-
ation system and P a set of profiles of S. Then S contains a nested set that
distinguishes P.

1.2 The contributions of this thesis

Building on this existing theory we start with the new results presented in
this thesis. Most of the work in this thesis can also be found in the papers
[24,25,36-43], other results will be indicated explicitly.

After giving a formal overview about the notation, definitions and existing
results in Chapter 2, we start in Chapter 3 with studying the following general
considerations: while capturing the highly connected pieces of a graph indirectly
via its tangles has a lot of advantages, it comes at the cost of no longer being able
to easily describe these highly connected regions. The existence of a k-tangle in a
graph does, a priori, not give us any information about that region. Consequently,
in Chapter 3 we try, from different angles, to find concrete witnesses for tangles
and other ‘highly-connected pieces’.

We start in Section 3.1, which is based on [37], with the following: while
in fact all the prototypical examples of a tangle, like for example a large grid,
have the property that there exists a vertex set X (in the context of the grid,
the vertex set of that grid) such that every separation in the tangle is oriented
towards the side containing more vertices from X, it is an open question by
Diestel [27] whether such a vertex set, which we call a decider set, exists for all
tangles in graphs. Our first main theorem from Section 3.1 provides a partial
solution to this:



Theorem 1. Let G = (V, E) be a finite graph and T a k-tangle in G. Then there
exists a function w: V — N such that a separation (A, B) of G of order < k lies
in 7 if and only if w(A) < w(B), where w(U) =3,y w(u) for U CV.

While this theorem does not give us such a vertex set X as mentioned above,
it at least gives us a weighted version of such a set which as such guarantees
that a k-tangle in a graph at least ‘points to something’ Perhaps surprisingly,
this result extends to profiles of graphs and hypergraphs as well as to a variation
of tangles in a graph which deals with separations corresponding to edge cuts:

Theorem 2. Let G = (V, E) be a finite (multi-)graph and T a k-edge-tangle in
G. Then there exists a function w: V — N such that a cut (A, B) of G of order
< k lies in T if and only if w(A) < w(B).

However, we also show in Section 3.1 that an extension to a version of these
edge-tangles for hypergraphs is not possible, by giving an example of such a
tangle which does not have such a weighted decider, and thus also does not have
a decider set.

After that, we deal in Section 3.2, which is based on parts of [25], with other
ways to guarantee the existence of a decider, even if the considered setup is not
covered by Theorem 1 or Theorem 2, because we work, for example, with the
edge-tangles of hypergraphs. We obtain a sufficient condition on a tangle, which
we call a high enough resilience, which guarantees the existence of a weighted
decider for any tangle of set separations, independent of the concrete setup.
More specifically, we can show the following:

Theorem 3. Let U be the universe of all set separations of some finite set V,
and let T be an orientation of some set S C U of separations. Let m be the
number of mazimal elements of T. If T is k-resilient for some k > 7, then T
has a decider.

The other half of Section 3.2 is devoted to finding actual decider sets, rather
than just weighted versions of them. While we cannot show that every tangle,
even in a graph, has a decider set, we can at least show that a restriction of the
tangle to a lower order has. More precisely, we can show the following:

Theorem 4. Let U be a universe of set separations of some finite set V' equipped
with, the order function |(A, B)| = |ANB| and let k € N. If 7/ is a k-profile in U
which extends to a regular 2k-profile T in U, then 7' has a decider set X CV of
size | X| = 2k.

Another possible way to guarantee the existence of a tangle of a separation
system is via the existence of a tangle of a certain ‘dual’ separation system. In
Section 3.3, which is based on [24], we describe a naturally arising setup of two
separation systems of which we think as dual. In that setup, a tangle of one of
the separation systems naturally gives an orientation of the other one. We will
show that this orientation, restricted to a lower order, actually will be a tangle,
i.e. we show the following:

Theorem 5. Let 7 be a tangle of Sy (X) and let 7/ =7 N Sy (Y), then 7' is a
tangle of Sk (V).



In some sense, this tangle is then witnessed by the tangle of the other, ‘dual’
separation system.

After proving Theorem 5 which says that the ‘shift’ of a tangle of one
separation system gives, restricted to a lower order, again a tangle, a natural
question to ask is whether performing these shifting operation a second time
gives a restriction of the original tangle. As it turns out, this is indeed the case,
more precisely we can show the following;:

Theorem 6. Let 7 be a tangle of Shok (X), let 7/ ="t N Sk (Y), and let
7" ="NS,(X). Then " C 7.

We will also consider in Section 3.3 some variations and generalizations of
this idea of obtaining one tangle from another via a ‘shifting’ operation.

We end Chapter 3 with a result exclusive to this thesis in Section 3.4, where
we consider a different type of dense structures in graphs: ‘agile sets’. Weiflauer
[76] proposed them as a possible generalization of the special case of ‘Z-linkages’
for sets Z of size 4, which were considered independently by Seymour in [70] and
Thomassen in [72]. WeiBlauer defined a vertex set X in a graph G to be agile if
there are, for any partition X = X; U X5 of X into disjoint sets, two distinct
trees 11, T in G such that X7 is contained in 77 and X5 is contained in 75. In
that sense, every two partition classes of X can be connected independently.
Thus, a large agile set is another object of which we might think of as highly
connected. These large agile sets are not directly connected to profiles or tangles,
as for example the bipartite graph K does contain an agile set of size k, but no
l[-profile for [ > 3. Weiflauer asked whether, in a sense, these agile sets actually
measure high connectivity in terms of these bipartite graphs by asking whether
we can force the existence of a K p-minor in a graph by requiring the existence
of a large agile set.

In Section 3.4 we show that the general answer to this question is no, but
only because of one specific additional structure: a large regular strip, the graph
obtained from two long disjoint paths Py = vivs ... v, and P, = wiws ... wg by
adding all the diagonal edges v;w; 1 and w;v;41. Concretely, building on the
characterization of large K j-minor free graphs by Ding [32] we can show the
following:

Theorem 7. There exists a function f : N — N, such that every graph with
an agile set of size f(k) either contains Ko ) or a reqular strip of length k as a
minor.

After proving this, we consider a possible generalization of agile sets. Instead
of partitioning X into just two sets we might allow a partition into at most m
classes, say, and consequently require that for any partition X = X3 U---U X,,
we find disjoint trees T7, ..., T, so that X; C T;. This notion is what we call
m-agile. As it turns out, this time using a theorem by Geelen and Joeris from
[50] which generalizes the grid theorem, large m-agile sets are quantitatively
characterized by the existence of either a K, y or a large rectangular grid minor:

Theorem 8. There is a function f: N> = N such that every graph containing
an ((m — 1)2m + 1)-agile set of size at least f(m,k) contains K, or the
(2m — 1) X k-grid as a minor.
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Note however, that this theorem is quantitative not only in terms of the size
of the m-agile set, but also in terms of m: a K,, ; and a (2m — 1) x k-grid both
only contain a large m-agile set, not a large ((m — 1)2m + 1)-agile set.

In Chapter 4 we then return to tangles and profiles in abstract separation
systems and focus on generalizations of the existing tree-of-tangle theorems.
Prior to this thesis, there were two concurring tree-of-tangles theorems, both
of which can claim for themselves to be the one of greatest generality. On the
one hand we have Theorem 1.1.2 by Diestel, Hundertmark and Lemanczyk from
[27], on the other hand we have Theorem 1.1.3 by Diestel, Erde and Weiflauer
from [26].

Since a structurally submodular separation system is a weaker object than a
submodular universe of separations, Theorem 1.1.3 is more widely applicable.
On the other hand, Theorem 1.1.2 improves over Theorem 1.1.3 in terms of
the strength of the statement: not only is the tree of tangles achieved by
Theorem 1.1.2, unlike the one from Theorem 1.1.3, canonical, i.e. invariant under
isomorphisms, it also distinguishes the used profiles efficiently, that is with a
separation of lowest possible order. Since Theorem 1.1.3 does not require the
existence of an order function, it cannot achieve this. Consequently, it would
be nice to have a theorem combining the strengths of these two: it should be
applicable even without an order function, but if something like an order function
exists, we should be able to obtain a tree of tangles which indeed distinguishes
any two profiles by a separation of lowest possible order. This is the first goal
we achieve in Section 4.1, which is based on [39]. There, we are able to show the
following:

Theorem 9. IfS = (S1,...,S5,) is a compatible sequence of structurally submod-
ular separation systems inside a universe U, and P is a robust set of profiles in
S, then there is a nested set N of separations in U which efficiently distinguishes
all the distinguishable profiles in P.

Not only does Theorem 1.1.3 follow from Theorem 9 by applying it to a
sequence S consisting of just one S, also a non-canonical version of Theorem 1.1.2
can be obtained from Theorem 9 as a simple corollary.

But even more interesting than the result of Theorem 9 is the way we proved
it. We observed that for proving tree-of-tangles theorems we actually do not
even need to keep the information about the considered profiles, actually all we
need is an information about the separations used to distinguish them. More
precisely, we only need to consider, for every pair P, P’ of profiles we want to
distinguish, the set Ap pr of separations which (efficiently) distinguish them.
The information that the considered objects are actually profiles is then only
used to conclude one simple property of the relation of the sets Ap pr to one
another, which we call splinters. The main ingredient of the proof of Theorem 9
is then our following key lemma:

Lemma 10 (Splinter Lemma). Let U be a universe of separations and let
A= (A)ign be a family of subsets of U. If A splinters, then we can pick an
element a; from each A; so that {ay,...,a,} is nested.

Although the proof of Lemma 10 only takes a little more than half a page, it
is the key tool to obtain various tree-of-tangles theorems. In particular, all that
is required to prove the reader’s favourite tree-of-tangles theorem is to check

11



that corresponding sets Ap p/ satisfy our splinter condition, whose definition is
simple and which is easy to check. We show this in Section 4.1.3 by applying
Lemma 10 in a variety of contexts.

The one remaining flaw of Theorem 9 compared to the existing Theorem 1.1.2
is the fact that our splinter Lemma 10 and thus also Theorem 9 cannot achieve
a canonical tree of tangles. This is due to the fact that our splinter condition is
formulated as the weakest possible condition to guarantee the existence of a tree
of tangles, and therefore is too weak to guarantee that the construction of such
a tree can be carried out canonically. Consequently, we obtain in Section 4.1.4 a
stronger, splinter-like condition which we call splinters hierarchically and which
does allow us to obtain a canonical version of Lemma 10. Namely, we can show
the following;:

Lemma 11 (Canonical Splinter Lemma). Let U be a universe of separations and
let A= (A; : i €I) be a collection of subsets of U that splinters hierarchically
with respect to a partial order < on I. Then there exists a nested set N = N(2)
meeting every A; in .

Moreover, N(21) is canonical: if ¢ is an isomorphism of separation sys-
tems between | J;¢; A; and a subset of some universe U’ such that the family
©(A) = (p(A;) = i € I) splinters hierarchically with respect to <, then we have
that N(p(2)) = o(N(2)).

This lemma is again applicable in a variety of contexts, as we demonstrate
in Section 4.1.5.

In Section 4.2, which, at the time of writing, is exclusive to this thesis, we
are concerned with trees of tangles in one specific application: directed graphs.
For the corresponding notion of a separation in a directed graph, which we
call a directed separation, it is in general not possible to obtain a nested set of
separations distinguishing the corresponding (directed) tangles, due to the fact
that they do not allow the building of new separations out of existing ones in
the same way as ordinary separations in graphs do. Consequently, they do not
form a universe of separations and thus our splinter Lemma 10 cannot directly
be applied to them. The best distinguishing structure for directed graphs we
can hope for thus needs to be weaker, for example a tree-labelling as defined and
constructed by Giannopoulou, Kawarabayashi, Kreutzer and Kwon in [51].

We would like to obtain a result like theirs using the ideas of our splinter
Lemma 10. This cannot be done by directly applying Lemma 10, as the directed
separations, as mentioned above, do not form a universe of separations. But,
perhaps surprisingly, we can abstract Lemma 10 even further in order to be
able to apply it to directed separations. Namely, all that is needed from the
universe of separations and the separation systems in Lemma 10 is the nestedness
relation on the undirected separations and the existence of certain joins and
meets, which is guaranteed by the fact that the universe is a lattice. This
nestedness relation is just a reflexive and symmetric relation, and the properties
of a separation system required to prove Lemma 10 can entirely be described
via this nestedness relation. Consequently, we can give an abstract definition of
our splinter condition in terms of this nestedness relation. Using this idea we
can then obtain the following, abstract version of Lemma 10:

Lemma 12 (Abstract Splinter Lemma). Let A be a finite set and let ~ be a
reflexive and symmetric relation on A. Let A = {Ay,..., A,} be a family of
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subsets of A which splinters. Then there is a set N = {ay,...,a,} C A such
that a; € A; for every 1 < i < n and such that a ~ a’ for any a,a’ € N.

Using this abstract version of Lemma 10 we are then able to develop a theory
of directed separation systems in Section 4.2.3, together with a corresponding
notion of a profile, in a similar fashion as the abstract separation systems
generalized the separations of an undirected graph. In the context of these
directed separation systems and their profiles we can then define a weaker
relation, which we call weakly P-nested, and are able to show the existence of a
tree of tangles with respect to this relation:

Theorem 13. If P is a set of distinguishable profiles in a directed universe U,
then there exists a weakly P-nested set of separations which efficiently distin-
guishes every two profiles from P.

This theorem can be applied to the directed separations of a directed graph
and with this application we obtain a tree-labelling like the one constructed by
Giannopoulou, Kawarabayashi, Kreutzer and Kwon in [51]. In that way, we give
an alternative proof of their theorem, based on our abstract splinter Lemma 12.

After this excursion to abstract directed structures, we are, once more,
concerned with the existence of canonical tree-of-tangles theorems in usual
abstract separation systems. Our canonical splinter Lemma 11 does not allow
us to give a canonical version of Theorem 1.1.3, due to the fact that the sets
Ap p obtained from the profiles of a structurally submodular separation system
do not necessarily splinter hierarchically. Nevertheless, we can prove a canonical
version of Theorem 1.1.3, and we do so in Section 4.3, which is based on [306].
Concretely, we show the following:

Theorem 14. Let S be a structurally submodular separation system and P
a set of profiles of S. Then there is a nested set N = N(?,”P) C S which
distinguishes P. This N(g,’P) can be chosen canonically: if p: =
is an isomorphism of separation systems and P’ = {p(P) : P € P} then
©(N(§,P)) = N(5,P).

After having dealt with distinguishing tangles in a lot of different finite
contexts, we turn our attention in Section 4.4, which is based on [42], towards
infinite structures. Lemma 10 does not hold in an infinite setting due to the
fact that it is proved via induction, and a transfinite version of this proof would
require us to perform a limit step, which unfortunately is not possible. However,
we can obtain a version of Lemma 11 in the infinite setting. We this time
formulate this Lemma directly in the more abstract from of Lemma 12, as we
will need to apply it in this more abstract form. Moreover, our corresponding
infinite version of ‘splinters hierarchically’, which we call ‘splinters thinly’ is
slightly stronger as this definition additionally requires, roughly speaking, that
the separation at hand only crosses with finitely many others of the same order.
Apart from that, we can obtain exactly the same theorem as Lemma 11 in an
infinite setting:

Lemma 15. If (A; : i € 1) thinly splinters with respect to some reflexive
symmetric relation ~ on A := Uiel A;, then there is a set N C A which meets
every A; and is nested, i.e. ny ~ ng for all ni,ne € N. Moreover, this set N
can be chosen invariant under isomorphisms: if ¢ is an isomorphism between
(A,~) and (A’,~"), then we have N((p(A;) : i €1))=@o(N((A; : i€1))).
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Unlike for finite graphs, Lemma 15 cannot directly be applied in the context
of profiles (or tangles) of an infinite (not locally finite) graph, as the considered
separations there would not need to splinter thinly. This, however, is in line
with the existing theory: there does not in fact exist a theorem stating that all
tangles of an infinite graph can canonically be distinguished by a nested set of
separations, not even if one special type of ‘silly’ tangles, called ultrafilter tangles,
is excluded. In fact, such a nested set can only be obtained in a non-canonical
way, as shown by Carmesin [9]. However, as shown by Carmesin, Hamann,
Miraftab [14], there does exist a canonical structure to distinguish the tangles
of an infinite graph, which they call a tree of tree-decompositions. Both these
results can be deduced from Lemma 15, via an additional twist. We obtain
both of these results via an intermediate step which is interesting in its one
right: while it is not possible to find a canonical nested set of separations which
distinguishes all the tangles of an infinite graph, it is possible to define a notion
of nestedness for the separators of such separations for which this is possible.
Namely, we are able to show the following:

Theorem 16. Given a set of distinguishable robust reqular profiles P of a graph
G there exists a canonical nested set of separators efficiently distinguishing any
pair of profiles in P.

This nested set of separators can then be, on the one hand, used to construct
a non-canonical nested set of separations like the one from [9], and on the other
hand to obtain a tree of tree-decompositions as defined by Carmesin, Hamann,
Miraftab.

While this application of Lemma 15 to classical separations of infinite graphs
is a bit tricky, there does in fact exist a prototypical application of Lemma 15:
it can be naturally applied to the edge-blocks of a graph, where a k-edge-block
shall be a C-maximal subgraph which cannot be separated by a set of less than
k edges. Consequently, we show in Section 4.5, which is based on [43], the
following:

Theorem 17. Every connected graph G has a nested set of bonds that efficiently
distinguishes all the edge-blocks of G.

This theorem can also be deduced from the theory of edge-cuts developed
by Dicks and Dunwoody [17], as they showed that every graph contains a
canonical nested set of bonds which generates all other bonds. Here, a bond
can be generated from a set of bonds if the separation corresponding to that
bond can be obtained from the separations corresponding to the set of bonds
via finite combination of join and meet operations. As it turns out, not only
does such a set of bonds which generates all bonds need to distinguish all the
edge-blocks efficiently, also the other direction holds: every nested set of bonds
which efficiently distinguishes all the edge blocks will also generate all bonds, i.e.
we can show the following result:

Theorem 18. Let G be any connected graph and let M be any nested set of
bonds of G. Then the following assertions are equivalent:

1. M efficiently distinguishes all the edge-blocks of G;
2. For every k € N, the <k-sized bonds in M generate all the k-sized cuts
of G.
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Thus, Theorem 17 and Theorem 18 together give an alternative, combinatorial
proof based on Lemma 15 of the important result by Dicks and Dunwoody.

The last Section 4.6 of Chapter 4, which is based on [41], is devoted not to
the development of even more general tree-of-tangles theorems, but to obtaining
such a theorem via a completely different proof method. The theory of tangles
consists, as already stated in the introduction, of two major types of theorems:
on the one hand there are tree-of-tangles theorems which seek out to distinguish
all the given tangles of our structure, on the other hand there are tangle-tree
duality theorems which are concerned with structures witnessing the absence
of tangles. While these two types of theorems are fundamentally different, we
show in Section 4.6 that actually the most general form of a tangle-tree duality
theorem can be used to prove tree-of-tangles theorems, for example a version of
Theorem 1.1.3. Consequently, the two archetypical results from tangle theory
are not as fundamentally different, as one might think.

We prove a tree-of-tangles theorem via a tangle-tree duality theorem by
considering a hand crafted structure as a ‘tangle’, which cannot exist in the
given structure. Consequently, the tangle-tree duality theorem will then give us
a tree-like structure witnessing the absence of this type of tangle. This structure
can then be used to obtain the desired tree-of-tangles theorem. Proving a tree-
of-tangle theorem in this way actually has the benefit of allowing us, in some
cases, to give some bound on the degree of the nodes in such a tree, something
which is not so easy to do with the conventional methods. For example, we can
show the following;:

Theorem 19. Let U be a submodular universe and let P be the set of reqular
profiles of Si.. Then there exists a tree of tangles (T, ) such that, for every
profile P € P, the degree of P in (T, ) is 0.(P) and the mazximal degree of T is
at most max{d.(P),3}.

The last Chapter 5 of this thesis deals with abstract separation systems as an
object of its own right. While a lot of results in this thesis are formulated in the
context of these separation systems, not so much is known about their general
properties. For example, one question we answer in Section 5.1, which is based
on [38], is the following: prior to this thesis, it was not known whether there
actually exists a submodular separation system which does not at all come from
a submodular order function. If in fact all such systems would come from some
submodular order function, then all the results about structurally submodular
separation systems would actually be just corollaries from the corresponding
result about separation systems with an order function. But, as it turns out,
there indeed are such examples and we construct one in Section 5.1.3:

Theorem 20. There exists a separation system S which is submodular in a
universe U of set bipartitions whose submodularity in U is not induced by a
submodular order function on U.

Another question about these abstract separation systems deals with their
interior structure. It has been characterized [3] which abstract separation systems
do arise as the special type of bipartitions of a finite set. What we are able to
show in Section 5.1.5 is that in fact every structurally submodular separation
system, in a distributive universe, can be built from these systems of bipartitions.
More specifically, we can show the following:
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Theorem 21. FEvery separation system S which is submodular in some dis-
tributive universe U of separations is a disjoint union of corner-closed subsystems
S,....8, of § (which are thus also submodular in (7) each of which can be
corner-faithfully embedded into a universe of bipartitions.

Finally, in Section 5.2, which is based on [10], we focus again on the difference
between separation systems arising from an order function and the structurally
submodular ones. It can be shown that the former ones always have the following
property: if Sy is the set of all separations of order less than k, then we find
a separation in Sy so that after deleting this separation we are left with a
separation system that is still structurally submodular. If an equivalent property
would hold for every structurally submodular separation system S, then each
such system could be obtained via a sequence ) = Sy C S; C---C S, =S of
structurally submodular separation systems, where any two consecutive systems
differ in just one separation. We could then think of the ‘order’ of a separation
as the smallest k for which that separation appears in S, and would hope that
some of the proofs using a submodular order function could still be carried out
for this definition of order. Unfortunately, at least for separation systems in a
non-distributive universe, such a sequence does not need to exist, as we show in
Section 5.2.5. For separation systems in distributive universes on the other hand,
the problem turns out to be equivalent to the following easy to state question
about subsets of a finite set:

Problem 22 (Unravelling problem). A finite set X’ of finite sets is woven if, for
all X, Y € X, at least one of X UY and X NY isin X. Let X be a non-empty
woven set. Does there exist an X € X for which X — X is again woven?

While we do not know the general answer to Problem 22, we still can provide
a partial positive answer to a variation of that problem.

Instead of measuring the submodularity of a separation system ‘externally’,
inside a surrounding universe of separations, we may as well measure this
submodularity ‘internally’ inside the separation system itself. That is, we may
say that a separation system S is submodular if for any two separations s and
{ in that system there exists a common join or a common meet inside that
separation system. A similar property may also be defined just for arbitrary
posets: let us call a poset P woven if any two elements of that poset have a
join or a meet, calculated inside the poset. Now, an unravelling of such a woven
poset P is a sequence ) = Py C --- C P, = P as above: with the property that
every P; is woven and any two consecutive P; differ by only one element. What
we can show in Section 5.2.6 is the following:

Theorem 23. Fvery woven poset can be unravelled.

An analogue statement also holds for the ‘internally’ submodular separation
systems mentioned above.
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Chapter 2

Preliminaries

We use the basic graph-theoretic notation from [20]. Moreover, this thesis is
build on the theory of (abstract) separation systems introduced for example in
[21,27]. In what follows we will recap the definitions from that context that we
need and, in some cases, generalize them slightly to feed our needs.

2.1 Lattice Theory

The definitions in this section are based on [16]. A partially ordered set or poset is
a set P together with a binary relation < on P which is reflexive, antisymmetric,
and transitive. Given a poset (P, <) and a,b € P we write a < b to mean that
both a < b and a # b hold.

A lattice is a non-empty partially ordered set (L, <), in which any two points
a and b have a join and a meet. Here, a join (or supremum) of a and b is an
element ¢ € L such that a < ¢ and b < ¢ with the additional property that ¢ < d
whenever a < d and b < d. So there is a smallest upper bound for a and b. This
element is then denoted as a vV b. Analogously, a meet (or infimum) of a and b is
an element ¢ € L such that ¢ < a and ¢ < b with the additional property that
d < ¢ whenever d < a and d < b. So there is a largest lower bound for a and b.
This element is then denoted as a A b.

Every finite lattice (L, <) has a top element T satisfying a < T for alla € L
and a bottom element 1 satisfying 1 < a for all a € L.

A lattice (L, <) is said to be distributive if the distributive laws hold, i.e.
aV(bAc)=(aVb)A(aVec)and aA(bVe)=(aAb)V(aAc)forall a,b,ce L.

An isomorphism between two lattices (L,<) and (L’,<’) is a bijection
¢ : L — L' respecting the partial orders, that is for a,b € L we have that
a < b if and only ¢(a) < ¢(b). Note that such an isomorphism needs to respect
joins and meets, i.e. p(a Vb) = ¢(a) V ¢(b) and ¢(a A b) = p(a) A p(b) for all
a,be L.

A typical example of a lattice is the so called subset lattice of a set V: the
set of all subsets of V' ordered by inclusion (so A < B if and only is A C B) is a
distributive lattice, where AV B=AUBand ANB=ANBforall AABCV.
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2.2 Abstract Separation Systems

In this section, we follow the notation from [21]. A separation system (S, <,*)
consists of a partially ordered set (§ , <) together with an order-reversing invol-
ution *. Here, an involution is a map * : § — § such that (s*)* = § and * being
order-reversing means that § < { if and only if " < 3* for all §,f € S. In most
parts of this thesis, we will assume that the considered separation systems are
finite, we will explicitly state where we do not require this. The definitions in
Chapter 2 however are formulated such that they also hold for infinite separation
systems.

The elements of S are called oriented separations. Given a separation §
inside a separation system S , we also write 5 as shorthand for the inverse s* of
g under *. For the set {,§} consisting of an oriented separation s together with
its inverse, we use the shorthand notation s and call s an unoriented separation
or the underlying unoriented separation of § (or §). Moreover, we write S to
denote the set of all the unoriented separations belonging to separations in 3.
The other way around, given an unoriented separation s the orientations of s
are the oriented separations contained in s and denoted by § and §. Given a set
T of unoriented separations we mean by T the set of all oriented separations
contained in the elements of T

If there is no risk of confusion we may use the term separation to mean either
an oriented or an unoriented separation, and we will use terms and properties
only defined for one of the two types also for the other one if the meaning is
clear. Moreover, we may also talk about the separation system S to mean a
separation system (§ , <,*) of which S is the set of unoriented separations.

An isomorphism between separation systems (S, <,*) and (57,<',°) is a
bijection ¢ between S and §7 respecting the partial order and the involution, so
7% = (5)° and ¥ < 1 if and only if ¢(3) <’ ¢(f) forall 3,7 € S.

Two unoriented separations s and ¢ from a separation system S are nested
if there are orientations 5 and £ of s and ¢ such that § < f. Note that this is a
symmetric property, as § < { implies that { < 5. If s and ¢ are not nested, they
cross, or are crossing separations. We will use the terms of nested and crossing
separations also for oriented separations to mean that the unoriented separations
corresponding to them cross.

We say that two oriented separations § and { point towards each other if
§ < 1. Note that this implies that also £ < §. The separation § and ¢ point away
from each other if t < 3, and thus also § < . So, if two oriented separations
and 7 are nested, they either are comparable (so 8 < ¥ or < 5), or they point
towards each other, or they point away from each other.

A set N of unoriented separations is nested if the elements of N are pairwise
nested.

A separation 3 in S is called small if § < 5. In that case we say that § is
co-small. A set N of oriented separations is regular if N does not contain any
co-small separations. Consequently, a set IV of unoriented separations is regular
if N is regular, i.e. if no separation in N has a small orientation.

A separation 3 in S is called trivial in S if there is a separation ¢ in S such
that § < ¢ and < t. As above, in that case we say that § is co-trivial in s
and that s is trivial in S. Note that every trivial separation is small, but the
opposite is not true in general. In particular, whether a separation is trivial or
not depends on the surrounding separation system.
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Given a separation system S, a nested set N of unoriented separations from
S is called a tree set if N does not contain any separation which is trivial in .S.

A separation § is called degenerate if § =§.

A star of separations is a set o of oriented separations which are not degenerate
and all point towards each other. That is, any two distinct separations 3,7 € o
satisfy that § < 7. In particular, any two separations in a star are nested.

2.3 Universes of separations

Like for the previous section, the terms in this section are based on [21].

If a separation system (U, <,*) happens to be a lattice we say that U or
Tj', <,*) is a universe of separations. In universes, DeMorgan’s law holds, i.e.
FVI)* =5At.

A homomorphism between universes ((7, <,*) and (17’, <’,°) is any map
: U — U’ which respects the involutions and the joins and meets of U and
', 50 9(5) = @(3)°, P(F V1) = p(3) V@), and p(3 A1) = ¢(5) A p(f) for
13,t € U. Note that each such homomorphism respects the partial order on
,as given § < £ in U we have that o(f) = ¢(3 V1) = ¢(5) V ¢(f) and thus
() < (i) L

Observe that, if U and U’ are universes and ¢ : U — U’ is an isomorphism
between the underlying separation systems (17 ,<,*) and (ﬁ’, <,?), then ¢ is also
a homomorphism between U and U’ i.e. ¢ respects the join and meet operations.
Consequently, we say that such a map is an isomorphism of universes. Note
that if ¢ is an isomorphism of universes, then ¢ also is an isomorphism between
the underlying lattices. Like for separation systems, we say that two universes
are isomorphic if there is such an isomorphism.

Given two unoriented separations s and ¢ inside a universe any separation
of the form §V £ or § At is called a corner or corner separation of s and t.
Moreover, we will also call any underlying unoriented separation of such a corner
separation a corner (or corner separation) of s and t. Consequently, the set of
unoriented corner separations consists of four separations (although it is possible
that some of these unoriented separations may coincide).

An important basic property of these corner separations is collected in the
so called fish lemma:

UL Y6 WS

©

Lemma 2.3.1 ([21, Lemma 3.2]). Let r,s € U be two crossing separations.
Every separation t that is nested with both r and s is also nested with all four
corner separations of r and s.

2.4 Submodularity

The notation in this section is also based on [21]. Usually (except for some part
of Chapter 5) we are interested in separation systems which are contained in
some surrounding universe of separations and fulfil some kind of submodularity
inside this universe.

One possible variant of this submodularity is the existence of a submodular
order function on U. Here, an order function is a function from the set U into
the natural numbers', i.e. |-| : U — N which is symmetric in that |s| = |5 for all

1n this thesis, the set N of natural numbers includes 0.
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g € U. We then also write |s| to mean |§| = |§]. That an order function |-| is
submodular means that 3| + |£] > |8 V| + [§ A t| for all 5,L € U.

We say that a universe U is submodular or a submodular universe if it comes
with a submodular order function. Given such a submodular universe, we usually
consider the separation systems Sy := {3 € U : |3] < k} of all separations of
order less than k, for k some integer or k = Xy. Note that SNO =U.

In some parts of the literature such a submodular order function is also
considered to be a function f : U — R into the reals instead of the natural
numbers. This however only is the case in some parts of the literature which
deal with finite universes, and in finite universes, due to the fact that the reals
can be considered as a vector space over the rationals and moreover the rationals
are dense in the reals, every such function into the reals can be replaced by a
function into the natural numbers, without changing the family of the sets Sk,
as shown in the following lemma:

Lemma 2.4.1. Let U be a finite universe and let f : U—>Rbea function
that is symmetric and submodular. Then there is a submodular order function
-] = U — N such that there is, for every real number b, a natural number k such
that {3 € U : f(3) <b} = Sy and conversely, for every natural number k there
is a real number b such that {3 € U : f(3) < b} = Sy.

Proof. We will first show that we can find a rational valued function with which
we can replace f. For this we note that, since U is finite, there are only finitely
many distinct values a1 < as < --- < a, the function f takes. Moreover,
there exists an € > 0 such that submodularity is always satisfied with either
equality, or with a difference of size at least ¢ and that moreover the difference
between any two a; is at least e. For example, we can choose € so that for any
a,b,c,d € {ay,...,a,} we either have a+b=c+dor la+b—c—d| >e.

We now choose a collection {by,...,b;} of real numbers so that {b1,...,bx}
is C-minimal with the property that there are, for every a;, rational numbers
q1,i,- -,k such that a; = Z?zl g;,:b;. Since {a1,...,a,} is a candidate for
this collection, such a collection exists.

Now we choose, for 1 < j < k, the number m; to be the maximal |g; ;|, where
this maximum is taken over all 4 from 1 to n. Moreover, let €; be smaller than
Since Q is dense in R, we find rational numbers r; so that |b; — r;| <¢;

€
4]671’7,]' :
for every 1 < j < k. We now construct a function f; : U — Q by declaring that
— k —
fq(8) =351 4jirj whenever f(5) = a;.
Clearly, f, is symmetric, we claim that f; is again submodular and that there
is, for every real number b, a rational number ¢ such that

(sel: f8)<bl={3eU : f(5) <q}.

1) £ VD) + [ AD)
D+ fEAD +e However,

\_/

To see that f, is submodular let &, tel. If JE
we know, by the choice of €, that f(3 ) f&>f (
by our choice of the r; we know that |f,(w) —
indeed f,(3) + f,(f) = f,(3 V) + fq(s At).

If on the other hand f(3) + f(f) = f(s
f8) = aw, f(t) =az, fEVTE) =ay, fGENE
claim that g;w + ¢, = g5,y + ¢;,» for every

vV T) 4+ f(38 A1), say because of
a, and @, + ay = ay + a,, we
7 < k. Indeed, we know that

._\\_//\
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> b+ Y @iabi =Y aiybi+ Y 4j2bs
j=1 j=1 j=1 j=1

and if ¢y + Gm,e # Gm,y + dm,z, say, then
k k k k
Zj:l,j;ém 4j,wbs + Zj:l,j;ém j,2bj — Zj:l,j;ﬁm 4jybj — Zj:u;em qj,2b;

b =
" Qm,y + Qmﬁ: - qm,w - Qm@

which contradicts the choice of {b1,...b}, as this means that b,, is a rational

linear combination out of the other b;, hence {b1,...,bm—1,bm+1,...,bk} con-

tradicts the C-minimality of {b1,...b;}.

Thus, indeed g; . + ¢j» = @5,y + q;,~ for every 1 < j <[ and hence we also
have, by the construction of f,, that f,(3) + f,(f) = f,(3VI) + f,(3 A T).

Since the value of f; only depends on the value of f, we clearly also have that
f4(3) = f,(T) whenever f(3) = f(f). Moreover, if f(3) < f(f), say, then clearly
our choice of € implies that f(5) + € < f({), and thus, since |f(5) — f,(5)| < £,
we have that also f,(3) < f,(f). Thus, it is easy to find for every real number
b a rational number 7 so that {§ € U : f(3) <b} ={5eU : f,(3) <7}
and conversely, for every rational number r to find a real number b so that
(3elU: fE)<bl={seU : f,3) <r}.

Now to obtain an actual submodular order function out of f, we observe
that, again since U is finite, there is a natural number M such that M f, is
a function with values in Z. Now let N be the minimal value of M f, then
|5 = M - f,(8) — N is a function with values in N, and it is easy to show that
this is the required order function. O

In the infinite setting however, a statement like Lemma 2.4.1 is no longer
possible. Since there the theory only works for an order function which indeed
takes it values in the natural numbers, order functions in this thesis are always
required to be N-valued. However, all statements about finite universe with
an order function can, using Lemma 2.4.1, be easily translated to also work if
instead a real-valued symmetric submodular function is given.

While all the theory of tangles was originally performed in these submodular
universes, nowadays one usually can work with a weaker property. Namely, with
the notion of (structurally) submodular separation systems inside a universe,
developed by Diestel, Erde and Weiflauer in [26]. Given a universe U, we say
that a separation system ScUis (structurally) submodular in U if for any two
5,te S we have that SVI e S or AT € g, where 5V ¢ and § A { are the joins
and meets taken in the surrounding universe U. Note that this is not the same as
requiring that there is a join or a meet of 3 and 7 in the poset S , this is another
possible notion of submodularity which is considered in parts of Chapter 5.

The notion of structural submodularity of S in U is weaker than requiring
that U is submodular in that, given a submodular universe U, every S} needs to
be structurally submodular in U, due to the fact that the order function on U is
submodular.

2.5 Orientations

The definitions in this section are from [27]. Given a separation system S, a
subset O C § is antisymmetric if |0 N {3,5}| < 1 for every separation § € S. In
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that case we say, given some s € S, that O orients s (as ) if § € O.

If O contains exactly one orientation of every separation in S, that is
0N {5,5} =1 for every § € §, i.e. O orients every separation from S, then O
is said to be an orientation of S.

Such an orientation O is consistent if O does not contain any two distinct
separations 7 and § such that ¥ < §. In particular, a consistent orientation of S
cannot contain any separation which is co-trivial in 5 ,asif § € S is co-trivial,
witnessed by the separation ¢ # s, then { < 8 and < 5 and thus a consistent
orientation containing 8 can neither contain ¢ nor ¢, i.e. would not orient ¢.

A separation s (or its orientations) distinguishes two orientations O and O’
(of potentially different separation systems) if s is not degenerate and one of the
two orientations contains s and the other contains §.

Two orientations of (potentially different) separation systems are distinguish-
able if there is a separation distinguishing them.

This notation naturally extend to sets of orientations, a set O of orientations
is distinguishable if any two orientations in that set are distinguishable, and a set
N of separations distinguishes O if any two orientations in O are distinguished
by a separation in N. Note that no separation distinguishing two consistent
orientations of the same separation system S can be trivial or co-trivial in S.

If we are given a submodular universe U and two orientations O and O’
of Sy and Sy, respectively, where k, k' € N U {Rg}, then a separation s € U
distinguishes O and O’ efficiently if s has minimal possible order among all
separations distinguishing O and O’.

One special type of consistent orientations are the profiles. Given a separation
system S that is contained in some universe U, we say that a consistent orientation
P of S is a profile of S if P satisfies the profile property (P):

Vs, feP: (5AT)¢P (P)

Note that here the meet is again taken in U. Further recall that a profile is
reqular if it does not contain any co-small separations.

If we consider a submodular universe U, so a universe with a submodular
order function, a profile of Sy, for some k € NU {Rg}, is said to be a k-profile in
U. If the k is not important we might omit it and say that P is a profile in U to
mean that there is some k such that P is a profile of Si. In that case we say
that k is the order of P, note that if there are k and &’ such that S, = gk/ , any
k-profile is also a k’-profile and thus a profile may have multiple orders.

A k-profile P is said to be robust if

Vs e Pt e U: if |3Vi| < || and [§Vi| < |3], then either VI € P or 3Vi € P.

Note that this robustness property is usually only needed for separations ¢
that lie in a slightly smaller subset than the whole of U. This is why Diestel,
Hundertmark and Lemanczyk [27] defined the slightly weaker, but also much more
technical notion of profiles being n-robustly distinguishable and declared that a
robust set of profiles shall be a set of profiles that is n-robustly distinguishable
for a large enough n. Since the notion of robustness only plays a minor role
in this thesis, we are not going to define this slightly more general notion
formally. Instead, the statements in this thesis will be formulated for a set of
robust profiles. Every distinguishable set of robust profiles is a robust set of
profiles. Moreover, the reader familiar with the formal definition of n-robustly
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distinguishable profiles may replace every occurrence of ‘set of robust profiles’
with ‘robust set of profiles’.

2.6 Tree sets and S-trees

The definitions in this section are based on [22,52].

Given a graph-theoretic tree T, finite or infinite, let us denote the set of
orientations of its edges as E (T, i.e. E(T) contains for every edge e = vw € E(T)
its two orientations (v, w) and (w,v). On this set of these orientations we have a
natural partial order by defining, for € = (vy,v2) and f= (w1, ws), that € < 7 if
and only if the unique path in T from vy to wy contains both ve and wy. Together
with the involution * on E(T) which reverses the edges, i.e. (v,w)* = (w,v),
this partial order turns E (T') into a separation system. In fact, since any two
directed edges are nested and no directed edge is small, this separation system
is a regular tree set which we call the edge tree set of T'.

Given any separation system S, an S-tree (T, «) consists of a (finite or
infinite) tree T together with a map « from E(T) to S that commutes with * in
that «a(8) = a(&)*.

Such an S-tree (T, ) is called order-respecting if for any € < f € E(T) we
have that a(€) < a(f), i.e. a preserves the partial order. Given a node ¢ € V(T
the set {a(s,t) : s € N(t)} of all the images under « of the ingoing edges to t is
denoted as a(t).

These S-trees are used to relate nested sets of separations to tree-like struc-
tures.

Given some (finite or infinite) separation system S and an ordinal number
a (we shall only use « € N or @« = w or a = w + 1), a chain of order type « or
an «a-chain, or a chain of length «, is a collection {s; : 0 < i < a} of oriented
separations such that s; < s} whenever ¢ < j. Such a chain is contained in a set
N of unoriented separation if all the separations in that chain are orientations
of separations from V.

Now Kneip and Gollin [52] used these chains to characterize which tree sets
arise as the edge tree sets of trees:

Theorem 2.6.1 ([52], Theorem 3.9). A regular tree set is isomorphic to the
edge tree set of a suitable tree if and only if it does not contain a chain of order
type w + 1.

This result also immediately gives the existence of a suitable order-respecting
S-tree. For finite separation systems, this was shown in [22]:

Lemma 2.6.2 (see also [22]). Let N be a regular tree which does not contain
an w + 1-chain. Then there exists an order-respecting S-tree (T, a) such that the
image of a equals N .

Proof. By Theorem 2.6.1, the set IV is isomorphic to the edge tree set of a tree
T. This implies that the corresponding isomorphism « is order-respecting, i.e.
(T, @) is an order-respecting S-tree, with image N. O

Having established this connection between tree sets and order-respecting
S-trees, we would like to be able to explicitly characterize how the S-tree
corresponding to a tree set can be constructed. As it turns out, in the context
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were we need this, this is indeed possible: namely we will usually use tree sets
to distinguish orientations and, if a tree set is chosen C-minimal with keeping
this property, we can explicitly construct the corresponding S-tree. For finite
separation systems in graphs, something like this was shown in [12], and our proof
is somewhat similar. For showing this we first need to observe how C-minimal
nested sets of separations behave:

Lemma 2.6.3. Let O be a set of consistent orientations of some separation
system S (finite or infinite) and let N C S be a C-minimal nested set with the
property that N distinguishes any two orientations in O from each other. Then
there is, for every separation s in N, a unique pair O,O’ of orientations from O
such that s is the only separation in N which distinguishes O and O'.

Proof. If for some s € N there would be no such pair, then N \ {s} would still
be a nested set which distinguishes O, contradicting the C-minimality. Now
let s € N and O1,07,05,0% € O, such that § € 01,05 and § € O}, 0} and
let us suppose that O; # O,. Since N distinguishes all orientations in O from
another, N needs to contain some separation ¢ # s which distinguishes O; and
O, from another, say because of £ € O1,t € Oy. Since s and t are nested we
either have s < ¥ or 8 < 1. In the first case ¢ distinguishes O; and O}, whereas
in the second case t distinguishes Oy and O}, in particular s is either not the
only separation from N distinguishing O; and O, or not the only separation
from N distinguishing O and O5. O

Moreover, we can show that for finite separation systems the S-tree corres-
ponding to such a C-minimal regular tree set is essentially unique:

Lemma 2.6.4. Let O be a set of consistent orientations of some separation
system S, let N C S be a C-minimal regular tree set such that N distinguishes
all the orientations from O from one another. Given any order-respecting S-tree
(T, o) with the property that the image of « equals ]V, there is a bijection [
between V(T') and O in such a way that there is an edge between two vertices v
andw from T if and only if there is a unique separation s in N which distinguishes
B(v) and S(w). Moreover, in that case a(v,w) =3, where 3 is the orientation
of s contained in B(w).

Proof. For every orientation O € O consider the orientation of E(T) given by
orienting e = vw as (v, w) if and only if a(v,w) € O. Since O is a consistent
orientation and (T, «) is order-respecting, no two edges of T' can be oriented
away from each other, thus this orientation has a unique sink v which we say
is the node of T' containing O. Moreover, since any two orientations in O are
distinguished from each other by some separation in N and the image of « is
all of N , these sinks need to be distinct for distinct orientations from O. If on
the other hand there would be some node ¢t of T" which is not the sink for any
orientation in O, we could pick some edge e = vt incident with ¢ and delete
the separation a(v,t) from N. Since any two orientations in O are contained
in distinct nodes of T, this set would then contradict the C-minimality of N.
Thus, let us define 8 by mapping a node v € T to the unique orientation in P
contained in that node.

Now given any two adjacent nodes ¢,t" of T', the orientations of F(T') induced
by A(t) and B(t') are the same except for the edge t¢'. Thus, the unoriented
separation corresponding to a(t,t’) is the only separation in N which distinguishes
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B(t) and S(t'), and clearly a(t,t') € S(¢'). On the other hand, if two nodes ¢, ¢
of T are not adjacent then all the separations corresponding to a(e) for an edge
e on the unique path between t and ¢’ distinguish 5(¢) and S(t’), in particular
there are at least two such separations. O

In particular, the Lemmas 2.6.3 and 2.6.4 together imply that we can construct
an S-tree from such a C-minimal nested set as follows:

Corollary 2.6.5. Let O be a set of consistent orientations of a finite separation
system S, let N be a C-minimal tree set which distinguishes any pair of orienta-
tions from O from another. Let T be the graph with vertex set O in which we
add an edge to E(T) between O and O' if and only if there is a unique separation
in N which distinguishes O from O'. Let o : E(T) — N map the directed edge
from O to O to the orientation of the unique separation in N distinguishing O
and O' which is contained in O'. Then (T, «) is an order-respecting S-tree with
image N.

2.7 Tree-of-tangles theorems

Prior to this thesis, the two most general versions of a tree-of-tangles theorem
were the following from [27] and [26]:

Theorem 1.1.2 (Canonical tree-of-tangles theorem for separation universes
[27, Theorem 3.6]). Let U = (U,<,*,V,A,|-|) be a submodular universe of
separations. Then, for every robust set P of profiles in U, there is a nested set
T =T(P) CU of separations such that:

(i) every two profiles in P are efficiently distinguished by some separation
mn T,
(ii) every separation in T efficiently distinguishes a pair of profiles in P;
(iii) for every automorphism o of U we have T(P®) = T(P)*;  (canonicity)
(iv) if all the profiles in P are regular, then T is a regular tree set.

Theorem 1.1.3 ([26, Theorem 6]). Let S be a structurally submodular separ-
ation system and P a set of profiles of S. Then S contains a nested set that
distinguishes P.

While the second of these two theorems removed the requirement of the exist-
ence of a submodular order function, the first of these statements gives a stronger
result because of the resulting set distinguishing the profiles efficiently, and being
canonical, i.e. invariant under automorphisms. A large part of Chapter 4 is
devoted to obtain unified and more general versions of these two theorems, which
allows one to combine the fewer assumptions of Theorem 1.1.3 with the stronger
result of Theorem 1.1.2.

2.8 Examples

Let us now see some examples of these separation systems. These are mostly
taken from [20,21]. A typical example of a separation system are the separations
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of a graph. Given a (finite or infinite) graph G, an (oriented) separation of G
is a pair (A, B) of vertex sets such that AU B = V(G) and there is no edge
from A~ B to B~ A. The set S(G) of all these separations is a universe of
separations when equipped with the involution (A, B)* = (B, A) and the partial
order of declaring (A, B) < (C,D) if and only if A C C and D C B. Then
(A,B)V(C,D)=(AUC,BND)and (A, B)A(C,D) =(ANC,BUD). We say
that the order of a separation of G is |AN B| € NU {oo}. If we consider the set
Sy, (@) of all those separations of G of finite order, then this definition gives us
a submodular order function on Sy, (@), thus Sy, (G) equipped with this order
function is a submodular universe of separations. By a (k-)profile in G we shall
mean a (k-)profile in Sy, (G).

In graphs, one historically does not consider k-profiles, but the slightly more
restrictive notion of k-tangles. Given an integer k, a k-tangle of a graph is an
orientation 7 of Sj, with the tangle property:

v (Al,Bl)7 (AQ,BQ), (A3,33> e P: G[A1] @] G[AQ] @] G[Ag] # G (T)

Note that every k-tangle 7 of a graph needs to be a k-profile: if 7 is not
consistent, say because (A, B),(C,D) € 7 but (B, A) < (C, D) then the pair
(A, B), (C, D) violates (T) as G[A] U G[C] = G. Similarly, 7 cannot violate (P),
as if 7 contains (A, B), (C,D) and (BN D, AU C), then this violates (T) as
G[A]UG[C]UG[B N D] = G. While every k-tangle is a regular k-profile, [27]
gave an example of a k-profile in a graph that is not a k-tangle ([27, Example 7]).

A k-tangle of G is a maximal tangle of G if it is not the subset of some
I-tangle of G for some [ > k.

The notion of profiles originates in that of k-tangles of a graph. Likewise,
also the notion of an S-tree has its origin in an important notion in graphs which
is, as for example shown in [68], closely related to these tangles: the notion of
a tree-decomposition of a graph G. A tree-decomposition is a pair (7,V) of a
tree T and a family V = (V;)er of vertex sets V; C V(G) which satisfies the
following three properties (see also [20]):

(T1) V(G) = User Vs
(T2) Given e € E[G] there exists a t € T such that e C V;;

(T3) Given a path P in T from ¢; to t3 and a vertex to € P we have that
Vi, NV €V,

The edges xy of the tree T of a tree-decomposition naturally induce a separation
of the underlying graph: let T, and 7}, be the components of 7' — xy containing
x or y, respectively, and consider the separation

Uv. Uw

zE€T, z€Ty

Consequently, a tree-decomposition corresponds to an S-tree by mapping every
edge of T to the separation of G induced by that edge (see also [20, §12.5]).
The width of a tree-decomposition is the largest size of a bag V; minus 1. The
adhesion of the tree-decomposition is the largest size of one of the sets V; N V4,
for distinct nodes ¢t and ¢’ of T'.
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The relation between k-tangles and tree-decompositions of low width (say
less than [) lies in two important properties. On the one hand there is a ‘duality’:
a graph has a tree-decomposition of low width only if the graph does not contain
a k-tangle for a large k. While for tangles this relation is not 1:1 (in that k = 1),
the parameters depend on each other only by a linear factor (i.e. if a graph
has a tree-decomposition of width less than [, the graph does not contain an
(I 4 1)-tangle, and conversely, if the graph does not contain a tree-decomposition
of width less than [, then the graph contains a [4]-tangle).

On the other hand, tree-decompositions can be used to distinguish distinct
tangles. Let us say that a tree-decomposition (T, V) of G displays its mazimal
tangles if the set of separations induced by (7', V) efficiently distinguishes the set
of all maximal tangles of G. The classic tree-of-tangles theorem by Robertson
and Seymour can then be phrased as follows:

Theorem 1.1.1 ([68]). Every graph has a tree-decomposition displaying its
mazximal tangles.

The separations of a graph can be naturally generalized to another important
class of separation systems, the set separations of a given set V. We say that,
given A, B C V, that (A, B) is an (oriented) set separation of V if and only
if AUB = V. For set separations, and also for separations of a graph, we
usually write {A, B} to denote the unoriented separation {(A, B), (B, A)}. Like
the separations of a graph, these set separations form a universe of separations
equipped with the partial order of defining (A, B) < (C, D) if and only if A C C
and D C B. Moreover, if restricted to all the separations (A, B) with AN B
finite, there is a natural order function on the set separations of a set V' given
by [(A,B)| = |AN B|. A universe of set separations shall be any universe of
these separations of a set with the above partial order. If we do not explicitly
specify otherwise, we will implicitly assume that this universe comes with the
order function mentioned above.

A subclass of these set separations is given by the bipartition universe B(V')
consisting of only the bipartitions (A, B), that is only those separations (A, B)
where B = V ~. A. Note that B(V) as a lattice corresponds exactly to the
subset lattice on V via the map (A, B) — A, since (A, B), (C, D) € B(V) satisfy
(A, B) < (C, D) precisely if A C C.
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Chapter 3

Witnessing dense structures

We start the presentation of the results of this dissertation with results concerning
concrete witnesses for the existence of dense structures both in graphs and
abstract separation systems. The leading task in this chapter is to find concrete
structures witnessing the existence of a ‘highly connected substructure’, for
various notions of such structures. We start in Section 3.1 with tangles in graphs.
We show that every such tangle admits a (weighted) decider, that is there is a
weight function on the vertices of the graph, such that every separation in the
tangle is oriented towards the side of higher weight. This weight function thus
is, in some sense, a concrete ‘highly connected substructure’ corresponding to
that tangle. This result is joint work with Jakob Kneip and Maximilian Teegen
and can also be found in [37].

In Section 3.2 we are then concerned with the question, whether such weighted
deciders exist for tangles in other contexts. While we already in Section 3.1 given
an example of a context in which not every tangle admits a weighted decider,
we in Section 3.2 search for sufficient conditions on tangles in contexts other
than graphs to admit a weighted decider. We find a sufficient condition for this
property to hold. Moreover, we also again consider tangles in graphs and ask
under which condition we can actually find a decider set for such tangles, that is
under which conditions does there exist a vertex set X in our graph, such that
every separation (A, B) in our tangle satisfies |[A N X| < |B N X|. These results
are joint work with Reinhard Diestel and Raphael Jacobs and can also be found
in [25].

After that, in Section 3.3, we consider another possible way to witness the
existence of a tangle: via a tangle of a ‘dual’ separation system. We will describe
a concrete setup of separation systems which are dual in some sense. In that
setup we can then show that, a tangle of one of the two separation systems
involved naturally defines an orientation of the other system which will, restricted
to a slightly lower order, also be a tangle. Moreover, we will consider some
variations of this idea. This joint work with Reinhard Diestel, Joshua Erde and
Maximilian Teegen can also be found in [24].

Finally, in Section 3.4 we are concerned with another type of dense structures
in graphs. Weiauer [76] suggested the notion of agile sets in graphs and asked
whether the existence of large agile subsets of a graph can, quantitatively, be
characterized via the existence of concrete minors of the graph. We are able
to give such a characterization, and also consider some generalizations of these
agile sets. These results are joint work with Maximilian Teegen and partly Jakob
Kneip (see Appendix D) and are, at the time of writing, not published elsewhere.
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3.1 Tangles are Decided by Weighted Vertex Sets

3.1.1 Introduction

A concrete example of a tangle in a graph is the following: if a graph G contains
an n x n-grid for large n, then the vertex set of that grid defines a tangle 7 in G
as follows. Take note that no separation of low order can divide the grid into
two parts of roughly equal size: if the grid is large enough then at least 90% of
its vertices, say, will lie on the same side of such a separation. Orienting towards
that side all the separations of order < k for some fixed k£ much smaller than n
then gives a tangle 7. In this way, the vertex set of the n x n-grid ‘defines 7 by
majority vote’. It results from this idea that every tangle is defined by ‘majority
vote’, that we think, given some tangle 7 in G containing a separation (A, B), of
A and B as the ‘small’ and the ‘big’ side of (A, B) in that tangle, respectively.
The main result of this section will make this intuition concrete.

Consequently, in [27] Diestel raised the question whether indeed all tangles in
graphs arise in the above fashion, that is, whether all graph tangles are decided
by majority vote by some subset of the vertices:

Problem 3.1.1. Given a k-tangle 7 in a graph G, is there always a set X
of vertices such that a separation (A, B) of order < k lies in 7 if and only if
[ANX| < |BNX|?

A partial answer to this was given in my Master’s thesis [35], where I showed
that such a set X always exists if G is (k — 1)-connected and has at least 4(k —1)
vertices. However, this approach relies heavily on the (k — 1)-connectedness of
the graph and offers no line of attack for the general problem. Finding an answer
for arbitrary graphs appears to be hard.

If a tangle in G is decided by some vertex set X by majority vote, this
set X can be used as an oracle for that tangle, allowing one to store complete
information about the complex structure of a tangle using a set of size at most
[V]. On the other hand, if there were tangles without such a decider set, this
would mean that tangles are a fundamentally more general concept than concrete
highly cohesive subsets, not just an indirect way of capturing them.

In this section of this thesis, we consider a fractional version of Diestel’s
question and answer it affirmatively, making precise the notion that B is the
‘big’ side of a separation (A, B) € 7: given a k-tangle 7 in G, rather than finding
a vertex set X which decides 7 by majority vote, we find a weight function
w: V(G) — N on the vertices so that for all separations (A, B) of order < k we
have (A, B) € 7 if and only if the vertices in B have higher total weight than
those in A.

Thus, we show that every graph tangle is decided by some weighted set of
vertices. This weight function, or weighted set of vertices, can then serve as an
oracle for that tangle in the same way that a vertex set deciding the tangle by
majority vote would. For any tangle, the existence of such a weight function
with values in {0,1} is equivalent to the existence of a vertex set X deciding
that tangle by majority vote.

In Section 3.1.2 we will formulate and prove our main theorem asserting that
tangles of graphs (and of hypergraphs) always admit such a weight function.
Following that we show in Section 3.1.3 that the same arguments are also
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applicable to edge-tangles of graphs, a relative of the tangles usually considered,
and prove our main result also for this type of tangle.

For settings beyond graphs it is known that the analogue of Diestel’s question
may be false. For instance, Geelen [17] pointed out that there are matroid
tangles which cannot be decided by majority vote, not even when considering a
fractional version of the problem. For edge-tangles as analysed in Section 3.1.3 the
fractional version of Problem 3.1.1 is true for graphs but may fail for hypergraphs.
We demonstrate the latter with a counterexample which, though discovered
independently, is conceptually similar to Geelen’s example in the matroid setting.

3.1.2 Weighted deciders

Our main result is the following:

Theorem 1. Let G = (V, E) be a finite graph and 7 a k-tangle in G. Then there
exists a function w: V — N such that a separation (A, B) of G of order < k lies
in 7 if and only if w(A) < w(B), where w(U) == cyw(u) for U CV.

We shall prove Theorem 1 in the remainder of this section. Our general
strategy will be as follows: since the separations of a graph form a separation
system, there is a partial order on them. Hence, we can consider the set of those
separations of the k-tangle 7 that are maximal in this partial order. For these
separations we will be able to show that, on average, their separators divide each
other so that they lie more on the ‘big’ side of each other, where ‘big’ is the big
side according to 7. This will enable us to use a result from linear programming
to find a weight function assigning weights to the vertices of these separators so
that this weight function decides all these maximal separations of 7 correctly.
The nature of the partial order will then ensure that this weight function in fact
decides all separations in 7 correctly.

Recall that for a graph G the natural partial order on the separations of G
is given by letting (A, B) < (C, D) if and only if A C C and B D D and that a
k-tangle of a graph is an orientation 7 of all separations of order < k with the prop-
erty that 7 does not contain any three separations (Aj, By), (Aa, B2), (As, B3)
so that G[A1] U G[A2] U G[A3] = G. One of the main ingredients for the proof
of Theorem 1 is the following observation about those separations in a tangle 7
that are maximal in 7 with respect to the partial order. It says, roughly, that
they divide each other’s separators so that, on average, those separators lie more
on the big side of the separation than on the small side, according to the tangle.

Lemma 3.1.2. For every k-tangle T in a graph G and distinct mazimal elements
(A, B),(C,D) of T we have

|IBN(CND)|+|DN(ANB)|>|An(CND)|+|CN(ANB)|.

Proof. Let T be a k-tangle in G = (V, E) and (A4, B) and (C, D) distinct maximal
elements of 7. Observe that (AU C, BN D) is a separation of G as well. In
fact this separation is the supremum of (A, B) and (C, D) in the partial order.
Therefore, 7 cannot contain (AUC', BN D) by the assumed maximality of (A, B)
and (C, D) in 7. On the other hand, 7 cannot contain (BN D, AU C) either
since A, C, and B N D together cover GG. Consequently, since 7 is a k-tangle, we
must have |(AUC)N (BN D)| > k.
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Recall that |[AN B| < k and |C N D| < k since 7 is a k-tangle. Observe
additionally that the order of separations is modular, that is,

[ANB|+|CND|=|(AuC)N(BND)|+|(ANnC)N(BUD)|.

With the above inequalities this implies that [(ANC)N (B UD)| < k, and hence
in particular that

(ANC)N(BUD)| < |(AUuC)n (BN D)|.
Adding |[AN BN C N DJ to both sides proves the claim. O

Additionally, we shall use a result from linear programming: Tucker’s The-
orem, a close relative of the Farkas Lemma. For a vector x € R™ we use the
usual shorthand notation z > 0 to indicate that all entries of x are non-negative,
and similarly write z > 0 if all entries of x are strictly greater than zero.

Lemma 3.1.3 (Tucker’s Theorem [73]). Let K € R™*" be a skew-symmetric
matriz, i.e. KT = —K. Then there exists a vector z € R™ such that

Kx>0 and >0 and x+ Kx > 0.
We are now ready to prove Theorem 1.

Proof of Theorem 1. Let a finite graph G = (V, E) and a k-tangle 7 in G be
given. Since G is finite, it suffices to find a weight function w: V — R3¢ so
that a separation (A4, B) of order < k lies in 7 precisely if w(A4) < w(B); by the
density of the rationals in the reals, this w can then be turned into such a weight
function with values in N.

For this it is enough to find a function w: V — R3¢ such that w(4) < w(B)
for all maximal elements (A4, B) of 7: for if w(A) < w(B) and (C, D) < (A, B)
then

w(C) < w(A4) < w(B) < w(D).
So let us show that such a weight function w exists.
To this end let (A1, B1),...,(An, B,) be the maximal elements of 7 and set

mij = |B; N (A; N B;)| — [A; 0 (4, N By)

for i, j < n. Let M be the matrix {m;;}; j<n. Observe that, by Lemma 3.1.2,
we have m;; +mj; > 0 for all i # j and hence the matrix M + M7 has positive
entries everywhere but on its diagonal (where it has zeros). We further define
M+ MT
2

Then K is skew-symmetric, that is, KT = —K. Let z = (z1,...,2,)7 be the
vector obtained by applying Lemma 3.1.3 to K. We define a weight function

w: V—R by
w(v) = Z x;.
i: vEA;NB;

K': and K=M-K'.

Note that w has its image in Ry and observe further that, for Y C V', we have

w(¥V) =Y wly) =Y i |[Y N (ANB)].

yey i=1
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With this, for i < n, we have

w(B;) — w(A ij (IB; N (A; N By)| — |Ai N (A; N Bj)])
:lej.mw
= (Mz);,

where (Mx); denotes the i-th coordinate of Mxz. Thus, w is the desired weight
function if we can show that Mx > 0, that is, if all entries of Mx are positive.

From z 4+ Kx > 0 we know that at least one entry of z is positive. Let us
first consider the case that z has two or more positive entries. Then K’z > 0
since K’ has positive values everywhere but on the diagonal, and hence

Mz=(K+K')z>0

since Kx > 0. Therefore, in this case, w is the desired weight function.
Consider now the case that exactly one entry of z, say z;, is positive, and that
x is zero in all other coordinates. Then, for j # i, we have (Mz); > (K'z); >0
and thus w(B;) — w(A;) = (Mz); > 0. However, (Mz); = 0 and thus w(A4;) =
w(B;), so w is not yet as claimed. To finish the proof it remains to modify w
so that w(A4;) < w(B;) while ensuring that we still have w(4;) < w(By) for
j # i. This can be achieved by picking a sufficiently small ¢ > 0 such that
w(A;) + e < w(By) for all j # i, picking any v € B; \ A;, and increasing the
value of w(v) by e. O

We conclude this section with the remark that Theorem 1 and its proof
extend to tangles in hypergraphs without any changes. Even more generally, the
following version of Theorem 1, which is formulated in terms of profiles of set
separations, can be established with exactly the same proof as well:

Theorem 3.1.4. Let U be a universe of set separations of a finite ground-set
V' with the order function |(A, B)| .= |AN B|. Then, for any regular k-profile P
in U, there exists a function w: V. — N such that a separation (A, B) of order
< k lies in P if and only if w(A) < w(B).

Recall that a set separation of some ground-set V' is a pair (4, B) of subsets
of V with AUB = V and that a set U of such separations is a universe if U
contains (B, A) and (AUC, BN D) for all (A, B) and (C, D) in U. Like for the
separations of a graph, a partial order on the set separations of V' is given by
letting (A, B) < (C,D)if AC C and B2 D.

Recall furthermore that, for an integer k, a regular k-profile in U is a set
P consisting of exactly one of (A, B) and (B, A) for every (A, B) in U of order
|AN B| <k, with the additional property that there are no (A, B) and (C, D)
in P for which (B, A) < (C, D) or such that P contains (BND, AUC).

Observe that if G = (V, E) is a (hyper-)graph then the set U of all separations
of G is such a universe. Moreover, every k-tangle 7 of G is also a regular k-
profile of U. Therefore, Theorem 3.1.4 indeed applies to tangles in graphs and
hypergraphs as well.

Theorem 3.1.4 holds with the same proof as Theorem 1, since Lemma 3.1.2
holds in this setting too: the only difference being that to see that (BND, AUC)
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cannot lie in the profile at hand one now has to use the definition of a regular
k-profile rather than the fact that A, C, and BN D cover G.

3.1.3 Edge-tangles

A related object of study (cf. [29,63]) to the (vertex-)tangles discussed above
are the edge-tangles of a graph. In this context one considers the (edge) cuts
of a (multi-)graph G = (V, E), i.e. bipartitions (4, B) of V. The order of a cut
(A, B) is the number of edges in G that are incident with vertices of both A
and B. For an integer k, a k-edge-tangle of G is a set 7 consisting of exactly one
(A, B) or (B, A) for every cut (A, B) of order < k, with the additional properties
that 7 has no subset {(A1, B1), (A2, B2), (A3, B3)} such that By N Ba N By =0,
and that 7 contains no cut (4, B) for which B is incident with fewer than k
edges of G.
In very much the same way as above we can prove the following theorem:

Theorem 2. Let G = (V, E) be a finite (multi-)graph and 7 a k-edge-tangle in
G. Then there exists a function w: V — N such that a cut (A, B) of G of order
< k lies in 7 if and only if w(A) < w(B).

We shall prove a more general version of this theorem where we allow G
to be a graph with R>o-weighted edges. We consider edges of weight 0 as
indistinguishable from non-edges. Consequently, rather than a graph with
weighted edges, we will just consider a pair (V,e) of a finite set V' together with
a symmetric function e: V2 — R, which we shall call a pairwise weighting to
distinguish it from the weight function of a decider. The order of a bipartition
(A, B) is defined as [(A, B)| == 3 (, ,)eaxp €(u,v). Note that this function is
submodular in the sense that for all bipartitions (A4, B) and (C, D) we have

[(A,B)|+|(C,D)| =2 |[(AuC, BNnD)|+|(AnC, BUD)|.

For any positive r an r-profile in (V) e) is a set 7 consisting of exactly one of
(A, B) or (B, A) for every bipartition (A, B) of V' of order < r, such that 7 does
not contain (V,()) and has no subset of the form {(A, B), (C, D),(BND,AUC)}.

Observe that every k-edge-tangle of a (multi-)graph G = (V, E) is also a
k-profile in (V,e), where e is the multiplicity of the edges of G. Therefore, the
following theorem directly implies Theorem 2:

Theorem 3.1.5. Let (V,e) be a pairwise weighting and T an r-profile in (V,e).
Then there exists a function w: V — N such that a bipartition (A, B) of V of
order < r lies in 7 if and only if w(A) < w(B).

The main idea for proving this theorem is to first find an appropriate weighting
on the edges by the same principles as in Theorem 1 and to then transform it into
the weighted vertex decider w. So let us first show an analogue of Lemma 3.1.2
for pairwise weightings. For this, we define a partial order on the bipartitions of
V as in the previous section: by letting (A, B) < (C, D) if and only if A C C
(and thus B D D). Using this partial order we can prove the following analogue
of Lemma 3.1.2:

Lemma 3.1.6. For every r-profile T in a pairwise weighting (V,e) and distinct
maximal elements (A, B), (C, D) of T we have

Z e(u,v) + Z e(u,v) > Z e(u,v) + Z e(u, ).

(u,w)EB?N(CxD) (u,w)eD?*N(AxB) (u,0)€A’N(CxD) (u,w)eC?N(AxB)
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Proof. The bipartition (AU C, BN D) of V is strictly larger in the partial order
than the maximal elements (A, B) and (C, D) and hence cannot lie in 7. However,
by the definition of an r-profile, 7 cannot contain (BN D, AU C) either. Thus,
we must have [(AUC, BN D)| > r, from which it follows by submodularity that
[(ANC, BUD)| < r. Combining these two inequalities, using the definition of
order and adding » ., c snc 2 _venp (%, v) to both sides proves the claim. [

We are now ready to prove Theorem 3.1.5:

Proof of Theorem 3.1.5. Like in the proof of Theorem 1, it suffices to find a
suitable real-valued weight function w: V' — Ryx¢ since V is finite. We will
begin by finding a weight function w: V2 — Rs( on the pairs in V so that
we have w(A) < w(B) for all (A, B) € 7, where W(A) = >, ,)ca2 W(u,0),
and with this inequality being strict for all but at most one of the maximal
elements of 7. We will subsequently use this w to construct the desired weight
function w: V — Ryo.

Enumerate the maximal elements of 7 as (A1, By),..., (A, B,). Just as
in Theorem 1 it suffices to find a weight function which decides these maximal
elements. For every two maximal elements (A;, B;) and (4;, B;) let

mi; = Z e(u,v) — Z e(u,v).

(u,0)€B? N (Ajx B;)(u,0)€EAZN (A;x Bj)

Let M be the matrix {m;;}i j<n. Observe that, by Lemma 3.1.6, M + M7 has
positive entries everywhere but on the diagonal, where it is zero. We are now
in the same situation as in the proof of Theorem 1 and can find some vector
r € RY; so that either (Mz); > 0 on all i, or = has exactly one non-zero entry,
say x;, and (Mx); > 0 for all j # 1.

In either case, given a pair of vertices (u,v) let

w(u,v) = e(u,v) Z xj + Z zj

j: (u,v)EA; X By j: (u,w)EB;XA;

= Z xj - e(u,v).

(u;Z)e(A,-xBj)u(Bij,-)

Note that w is symmetric. For the same reason as in Theorem 1, by choice of z,
this function @ decides all but at most one of the (A;, B;) correctly in the sense
that w(A;) < W(B;) for all i = 1,...,n with at most one inequality not being
strict.

It remains to turn w into a weight function on V rather than on V2, and to
verify that it has the desired properties. Define w: V' — Ry as

w(v) = Z w(u,v).

ueV

34



Then, for each i = 1,...,n, we find that

w(Bi) —w(A) =Y > wlu,v)— Y > w(u,0)

ueEB; veV u€A; vev
= w(u,v) — Z w(u, v)
(U,U)GB? (u,v)eA?
= Z Z Tj+ e(“? 1)) - Z Z T+ e(u7 1})
(uﬂ))EBi2 gt (u’v)EA? jt
(u,0)€(A;xB;)U(B; x Aj) (u,0)€(A; x Bj)U(B; x A;)

22 Z zj - e(u,v) — Z zj - e(u,v)

J=1 \(u,0)€BIN(A;xB;)  (u,0)EAIN(A;xBj)

Thus, either w(B;) > w(A;) for all maximal elements of 7, from which the claim
follows directly, or there is a single maximal element (A;, B;) of 7 such that
w(B;) = w(A4;) and w(B;) > w(A;) for all others. However, as in the proof
of Theorem 1, in the latter case we can pick an arbitrary vertex v € B; and
increase w(v) by some small € > 0 to achieve w(B;) > w(A;) while keeping
w(Bj) > w(A;) for all other maximal elements of 7. O

Remarkably, and in contrast to Theorem 1, Theorem 2 does not in fact
extend to hypergraphs. To see this, let us recall the relevant definitions, which
extend naturally to hypergraphs.

A hypergraph H = (V, E) consists of a vertex set V together with a set
E C 2V of hyperedges. An (edge) cut of H is a bipartition (A4, B) of V and
the order of such an edge cut (A, B) is the number of hyperedges of H that are
incident with vertices from both A and B.

For an integer m, a m-edge-tangle of H is a set 7 consisting of exactly one
(A, B) or (B, A) for every cut (A, B) of order < m, with the additional properties
that 7 has no subset {(A1, B1), (A2, B2), (A3, B3)} such that By N Ba N By = (),
and that 7 contains no cut (A, B) for which B is incident with fewer than m
hyperedges of H.

A weighted decider for some m-edge-tangle 7 of a hypergraph H = (V, E)
then is a function w: V' — N such that a cut (A, B) of H of order < m lies in 7
if and only if w(A) < w(B).

Theorem 2 thus asserts that if H is just a (multi-)graph, i.e. if every hyperedge
in FE has size 2, then every m-edge-tangle of H has such a weighted decider.
We are now going to construct an example demonstrating that this may fail for
hypergraphs H with hyperedges of size > 3.

Example 3.1.7. For some natural number m > 6 let k be an integer with
3< k<. Let V be the set of all k-element subsets of [m] = {1,...,m}. Let
the set E of hyperedges consist of, for each i € [m], the set of all v € V' that
contain i. Note that each of these m many hyperedges of H has size (75__11),
making H a uniform k-regular hypergraph.

Theorem 3.1.8. Let H be as in Fxample 3.1.7. Then H has a m-edge-tangle
with no weighted decider.
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Proof. Let S,, denote the set of all cuts of H of order < m. For a set A CV we
write UA for the set | J,c 4 v, which is a subset of [m]. Observe that for every
cut (A, B) of H at most one of UA and UB can be a proper subset of [m]. Note
further that a cut (A4, B) of H lies in Sy, if and only if at least one of the m
hyperedges of H does not meet both A and B, which is the case precisely if one
of UA and UB is a proper subset of [m].

We can therefore define

T={(AB)e S, : UAC [m]}.

Let us show that 7 is a m-edge-tangle of H with no weighted decider.

To see that 7 is a m-edge-tangle we note that by the above observation 7
contains exactly one of (A4, B) or (B, A) for every cut (A, B) € S,,,. Furthermore,
if (A1, B1),(Az, Bs), (A3, B3) € 7 then any element of V' containing at least
one point each from [m] \ UA;, from [m] \ UAg, and from [m] \ UA3 lies in
By N By N Bs, which is hence non-empty since such a v € V exists by k£ > 3.
Finally for each (A4, B) € 7 the set B is incident with each hyperedge of H
since UB = [m]. Thus, 7 is indeed a m-edge-tangle.

Finally, let us show that 7 has no weighted decider. Suppose for a contra-
diction that some weighted decider w: V' — N for 7 exists. For each i € [m]
consider the cut (A;, B;), where

Ai={veV :i¢v} and B, ={veV :iecv},

and note that (4;,B;) € 7. Since w is a weighted decider for 7 we have
w(B;) > w(A;) for each i € [m]. We therefore have

(w(Bi) —w(4;)) >0,
bl

i€

since each term in the sum is positive. By counting the instances of w(v)
occurring in the sum for each v € V' we find that

Y (w(Bi) —w(A)) =Y w)-({iem] :icvl—|{icm]:i¢v}]),

1€[m)] veV

since v € B; if and only if 4 € v, and otherwise v € A;. The left-hand side of this
equation is positive. However, in contradiction to this, no term of the right-hand
sum is greater than zero since we have by k < 7 that

Hiem] :iev}—|{iem] :iéov}=k—(m—k)<O0.
Therefore, there can be no weighted decider for 7. O

A construction analogous to Example 3.1.7 was found independently by
Geelen [47] in the setting of matroids, who used it to show that matroids, too,
can have tangles with no weighted decider.

Finally, let us remark that Example 3.1.7 can also be used to show that
allowing weighted deciders to take values in R rather than N does not suffice
to guarantee their existence for edge-tangles of hypergraphs: for m = 2k the
tangle described in Theorem 3.1.8 has no weighted decider with real-valued and
possibly negative weights either, with the same proof.
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3.2 Deciders for tangles of set partitions

3.2.1 Introduction

While Theorem 3.1.4 and Theorem 2 provide the existence of a weighted decider
for tangles and profiles in a lot of different contexts, there still exist contexts
in which they do not guarantee this. For example, we cannot guarantee the
existence of a weighted decider for edge-tangles in hypergraphs, as Theorem 3.1.8
shows that not each such tangle has a weighted decider. Therefore, it seems
natural to ask for sufficient additional conditions a tangle or profile may satisfy
and which do guarantee the existence of a weighted decider even if we are not in
the context of Theorem 3.1.4 and Theorem 2. We searched for such conditions
for quite a while, until we came up with the following: let S be any abstract
separation system in some universe U of separations. Now given any k € N, we
say that an orientation 7 of S is k-resilient if no set of < k elements of 7 has a
co-small supremum in U.

Both tangles and edge-tangles of graphs as defined in Section 3.1.3 are 3-
resilient. The example of a hypergraph tangle constructed in Theorem 3.1.8 with
parameters k and [ is [-resilient, but its ground set contains (];) many elements.
On the other hand, every principal profile in a universe of bipartitions, that is a
profile consisting of all those bipartitions (A, B) whose big side B contains some
fixed element x, is infinitely resilient in that it is k-resilient for every k € N.
Note that {z} is a decider set for this profile.

These examples seem to suggest that profiles of bipartitions, or more generally
profiles of set separations, that are k-resilient for large k are more likely to have
decider sets. We can indeed prove such a fact, with an interesting additional
twist: ‘large’ has to be measured not in terms of |V| or |S|, but relative to the
number of those elements of the profiles which are maximal in the profile with
respect to the partial order of oriented separations. This as such is unsurprising:
in a k-resilient profile with at most k£ maximal elements, the intersection of all
their big sides is non-empty, and is clearly a decider set for this profile.

The exact statement we can show is the following:

Theorem 3. Let U be the universe of all set separations of some finite set V,
and let T be an orientation of some set S C U of separations. Let m be the
m

number of mazimal elements of . If T is k-resilient for some k > '3, then T
has a decider.

Moreover, we will also see that there are, for every k < examples of
tangles which are k-resilient but do not have a decider.

The second part of this section of this thesis deals with the existence of decider
sets for profile of set separations, that is in the universe U of set separations of a
finite set V equipped with the submodular order function assigning order |[AN B
to the separation s = {A4,B} € U.

As we have shown in Theorem 3.1.4, each k-profile of this U has a weighted
decider. But what if we are instead interested in a decider set? We will provide
a partial answer to this question in Section 3.2.4 by showing that, if a k-profile
extends to a profile twice its order, then it has a decider set, i.e. we will be able
to show the following:

m
PE

Theorem 4. Let U be a universe of set separations of some finite set V' equipped
with the order function |(A, B)| = |ANB| and let k € N. If 7' is a k-profile in U
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which extends to a regular 2k-profile T in ('7, then 7' has a decider set X CV of
size | X| = 2k.

After giving the basis definitions about deciders used in this section of this
thesis in Section 3.2.2, we start in Section 3.2.3 with proving Theorem 3. After
that, in Section 3.2.4 we prove Theorem 4.

3.2.2 Weight Functions and Deciders

Let us define a weight function on a finite set V' as any map w from V to Ryg.
For any subset U C V' we write w(U) =} ., w(v). Note that

w(B) —w(A) =w(B~\A) —w(A\ B)

for every set separation (A4, B) of V and every weight function w on V', a fact we
shall use freely throughout. A weight function w on V' with values in {0,1} can
be equivalently formulated as an indicator function of the set X = X, = w~(1)
in that w(A4) = |X N A| for every A C V. For such a weight function we shall
transfer all the wording around weight functions equivalently to the set X.

Let w be a weight function on a set V. We say that w decides a set
separation s = {A, B} of V if there is an orientation § = (A, B) of s such
that w(A) < w(B); we shall also say that w decides s as 3. If S is a separation
system which consists of set separations of V', then w decides S if it decides each
of its elements. In particular, the fact that w decides S yields an orientation 7
of S by orienting a separation s € S as 3 if w decides s as §.

Now given an orientation 7 of S we say that a weight function w decides S
as T if w decides every s € S as § € 7, i.e. if w(A) < w(B) for every (A, B) € T.
Such a weight function w is called a decider (function) for 7. If the weight
function w has values in {0, 1}, i.e. it comes from the set X = w=1(1), then X
(and also w) is a decider set for 7.

A weight function w witnesses a separation (A, B) if w(A) < w(B). Thus, a
decider w for some previously given orientation 7 of S witnesses all separations
in 7. We therefore say that w witnesses 7; if a decider witnessing 7 exists, then
we say that 7 has a decider (or a witness).

Let us conclude this section with some basic observations about deciders.
First observe that we can scale a weight function w on V' by a positive scalar A > 0
without changing the sign of w(B) — w(A) for any set separation (4, B) of V.
In particular, if an orientation 7 of a separation system S has a decider, then
there exists a decider for 7 which decides every separation in 7 at least with
difference K for any K > 0: we just scale a decider w for 7 appropriately, i.e. by

the factor
K

min 4, gye- (w(B) — w(A4))’

This fact directly implies that, if an orientation 7 has a decider, there also
exists a weight function w witnessing 7 which takes values in N instead of R:
suppose that w decides every separation of S as in 7 with difference at least € > 0.
Since Q is dense in R, we can replace w(v) € R with a rational number w’(v)
so that |w(v) — w'(v)| < 7. The resulting weight function w’ clearly still

A=

witnesses 7. Now an appropriate scaling of w’ (e.g. by the least common multiple
of the denominators of all the w’(v) for v € V) yields the desired decider function
for 7 taking values in N.
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Also, as in Section 3.1 it is enough to consider the maximal separation in an
orientation 7 if one is concerned with the question of whether a given function
w decides S as 7. More precisely, we have the following easy observation:

Observation 3.2.1. Let w : V. — Ry be a weight function on a set V.
Let (A, B) and (C, D) be two set separations of V with (C, D) < (A, B). If w
witnesses (4, B), then it witnesses (C, D) as well.

Proof. Since (C,D) < (A,B), we have C C A and D D B. So w(C) < w(A)
and w(D) > w(B), as w is a weight function. Now w witnesses (A, B) in
that w(A) < w(B). This immediately implies

w(C) < w(4) < w(B) < w(D),

so w witnesses (C, D) as well. O

3.2.3 Deciders and resilience

In this section we use the novel notion of resilience to prove a sufficient criterion
for an orientation of some set of set separations to have a decider. We begin this
section by giving all the definitions around the concept of resilience.

We say that, given an abstract separation system S in some universe U
of separations and k € N, an orientation 7 of S is k-resilient if no set of < k
elements of 7 has a co-small supremum in U. Note that a k-resilient orientation
of S is also k'-resilient for every k' < k.

For example, if S is a set of set separations of a set V| then 7 is k-resilient if and
only if for all sets 0 C 7 of at most size k, we have that | J{A : (4,B)€oc} #V
because a set separation is co-small if and only if it has the form (V,X) for
some X C V. If S is even a set of bipartitions of V', then this is equivalent
toN{B : (A,B) €0} #0 for all sets 0 C 7 of size at most k because (V,0) is
the only co-small bipartition of V.

If for some orientation 7 there exists a maximal & € N such that 7 is k-resilient,
then we call k the resilience of 7.

Let us illustrate the concept of resilience with an example. Consider the
5-tangle 7 of the (n x n)-grid that has the entire vertex set of the grid as a decider
set. Let us show that 7 is (n?)-resilient. Notice that every element (A, B) of T
satisfies |A| < 10; indeed, most satisfy |A| < 5. Since all co-small set separations
of V are of the form (V, X) for some X C V, any set of separation in 7 with a
co-small supremum has at least ’f—; elements.

Why can the notion of resilience help us with constructing a decider for a
given orientation of set separations? Consider an orientation 7 of a set S of set
separations of some finite ground set V. Write M = M (1) for the set of maximal
elements of 7. Let us see how high resilience of 7 compared with |M| might help
us build a decider for 7.

Assume that 7 is k-resilient, for some integer k, and write M for the set
of all k-element subsets of M = M(7). Then, for every M’ € M, there exists
an element vy, of our ground set V' which is strictly on the big side of all
separations in M’. It seems natural to construct a decider for M (and thus for 7
by Observation 3.2.1) by combining all these local decider sets {vs }: we assign
to each v € V as its weight the number of sets M’ € M with vy = v.
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It turns out that, as soon as k is big enough that each fixed separation
(A, B) € M is contained in the majority of the sets in M, which will happen
as soon as M has more (k — 1)-subsets to form a k-subset with (A, B) than
it has k-subsets not including (4, B), the orientation (A, B) of {A, B} will be
witnessed by the majority of the local decider sets {vy;} for M’ € M. We can
then deduct from this that w is a decider for M, and hence for 7.

More precisely, we have the following theorem:

Theorem 3. Let U be the universe of all set separations of some finite set V,
and let T be an orientation of some set S C U of separations. Let m be the
number of mazimal elements of . If T is k-resilient for some k > 3, then T
has a decider.

Proof. Let M (1) be the set of maximal elements of 7. Given some M’ C M(T)
of size k, we know that there exists, by the definition of k-resilience, an ele-
ment vy € ﬂ(A,B)GM, B. Let vy be chosen as an arbitrary such element of
Na,zyen

We define our weight function w : V. — Ry by defining w(v), for v € V, as
the number of subsets M’ of M(7) of size k, for which v = vj; and claim that
this function is a weighted decider for O.

Indeed, by Observation 3.2.1 it is enough to show that w is a decider for
all separations in M (7). However, given some (A, B) € M (1), there are (7,:’__11)
many distinct subsets M’ C M(7) of size k which contain (A, B) and (mk_l)
many such subsets M’ C M(7) of size k which do not contain (A, B). Since

k > " we observe that (7,?:11) > (mk_l). Thus,

wld) =Y wlo) < 1001 €M) = 1] = k(a8 ¢y < (M)

acA
<<T,Z_11) =|{M' € M(r) : [M'| =k (A B)e M} <Y wb) =w)

beB

Thus, w decides every separation (A,B) € M(r) as (A, B) and thus is, by
Observation 3.2.1, a decider for 7. O

As it turns out, this bound of £ > % in Theorem 3 is optimal in the following
sense:

Proposition 3.2.2. For every k,m € N with 3 < k < %, there exists an
edge-tangle T, 1, of a hypergraph with m mazimal elements that is k-resilient,
but which has no decider.

Proof. Consider the uniform k-regular hypergraph H from Example 3.1.7. Let
us denote as T,  the m-tangle 7 constructed in Theorem 3.1.8 for this hyper-
graph H.

Let us denote, for every i € [m], as V; the set of all those vertices of H
which correspond to a k-element subset of [m] containing ¢. Then the maximal
separations in 7, j are, by construction, all the bipartitions 5; = (V' \ V;, V;).

We only need show that 7, j is indeed k-resilient, but this is immediate from
the construction: by Observation 3.2.1, it is enough to consider an arbitrary

collection sj, , ..., s;, of k separations in the set M of maximal separations in 7,,, .
But then there is a vertex of H corresponding to the k-element subset {i1, ..., i}
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of [m], and this vertex is on the big side V;; of ;, for all j € [j] by construction.
O

Now another approach we might take in order to guarantee the existence of a
decider for our given profile 7 of set separations is to make further requirements
that 7 should satisfy. Let us for the moment only consider the case of bipartitions.
We might increase our requirements on 7 by requiring that, for some fixed integer
¢ we have that | B1NB2NBs| > £ for any three (A1, By), (A2, Ba), (A3, B3) € 7. So
let us say that an orientation 7 of bipartitions is an Fy-tangle if 7 does not contain
any three separations (Aj, By), (As, Ba), (A3, B3) so that |B; N By N Bs| < £.
Now for any fixed ¢, the construction from Example 3.1.7 and Theorem 3.1.8
can easily be modified to find an Fj-tangle which still does not admit a weighted
decider, but is k-resilient for our favourite £ < 3: we can simply take £ disjoint
copies of every vertex of H and let any hyperedge of H contain all copies of the
vertices contained in that edge.

However, maybe we can guarantee the existence of a decider by requiring that
¢ is not only a large constant, but large in terms of |V|, e.g. of size at least € |V/|
for some constant € > 0. The following proposition shows that there exists a
sharp lower bound for those € > 0 for which £ > €|V| guarantees the existence
of decider:

Proposition 3.2.3. Let V be a (finite) set, and let 0 < e < 1. Ife > %, then
every Fen-tangle 7 of some set S of bipartitions of V' has a weighted decider; if
€> é, then T even has a decider set.

Conversely, for every e < % we find some n € N, so that for corresponding
choices of m and k the tangle T, 1 from Proposition 3.2.2 forms an example of
an Fen-tangle which orient bipartitions of a ground set V' of size n and does not
have a decider.

Proof. Let 7 be an Fy-tangle on a set S of bipartitions of some set V with
{> %. If all of V is a decider set for 7, then we are done; so suppose not.
Then there exists a separation (A;, By) € 7 with |By| < “;—l Again we are
done if Bj is a decider set for 7. If this is not the case, then there exists a

separation (Ag, Bs) € 7 such that |B; N As| > |By N Bsl; in particular, we

have ‘Bl ﬂB2| < %
It turns out that if ¢ > %, then B; N By needs to be the desired de-

cider set: otherwise, there exists another separation (Asz, Bs3) € 7 such that
|(B1 N Bs) N Bs| < |(B1 N By) N Ag|. This implies |B; N By N B3| < % which
contradicts the fact that 7 is an Fy-tangle.

In the case of £ = %, the same arguments as above result in a decider set
if at least one of the occurring inequalities is strict. So suppose that all the
inequalities are satisfied with equality. In particular, every separation (A, B)
needs to satisfy |A| < |B|. With a similar reasoning as above, we can still obtain
a decider function: note first that it is enough to find a weight function w on V'
which decides the set 7/ C 7 of all those separations (A, B) € 7 with |A| = |B|
correctly. Given such a weight function w, we obtain a decider for 7 by adding
large enough constant weight to all vertices in V.

Suppose there are two separations (4, B), (C, D) € 7’ with |[BNC| > |BN D|.
Then this yields |[BN D| < % which in turn implies the existence of a decider
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set with the same arguments as above. Consequently, for every two separa-
tions (A, B), (C, D) € 7/, we have |[BNC| < |BN D|.

Hence, the weight function w defined by counting for every v € V the
number of those separations (A,B) € 7/ with v € B is a decider for 7':
given some separation (C,D) € 7' we have that w(C) =34 p)e[BNC]
and w(D) =34 e,/ |B N D|. As above, we have [B N C| < |B N D| for every
separation (A,B) € 7'; as we clearly have |DNC| < |D N D|, this implies
w(C) < w(D). Thus, w is a decider for 7.

For the second part of the proposition, let us consider the tangle 7, ; from
Proposition 3.2.2 for some m > 2k > 6. Then, for any three maximal separations
in 7y, k, their intersection contains exactly (7;:;) elements of the constructed

ground set V. In particular, 7, , is an F-tangle for all £ < (7;:33 ) Now recall
that the size of the ground set V is [V| = (7). Thus, if we set k = 2, then

m—3
lim (’“;f’) .
m—yoo (1) 8

So, by Proposition 3.2.2, we find for any € < % some n € N and integers m, k
so that the tangle 7.,  witness that there exists an F,-tangle on a ground set
of n elements without a weighted decider. O

3.2.4 Deciders for extendable tangles

Let U be a universe of set separations of a ground set V' which is equipped with
a submodular order function, and let 7 be an orientation of Sy for some k& € N.
In Section 3.2.3 we analysed different properties of 7 which ensure the existence
of a weighted decider for 7. All the notions we considered there may be viewed
as additional requirements 7 need to satisfy in order for us to guarantee the
existence of a decider for 7.

But how can we guarantee the existence of a decider for a profile 7 if we
do not want to impose additional requirements on 7 in the above sense? We
know that there exist profiles, and even tangles, without deciders (see e.g.,
Proposition 3.2.2). So instead of looking for a decider for 7 itself, we may try to
find a decider for some subset 7/ of the separations of 7. Ideally, we can do so in
such a way that this decider for the subset is still, in some sense, related to the
original profile 7.

In the presence of an order function, one natural such subset of a k-profile 7,
say, consists of all separations of order less than some k' < k. In other words, we
would like to obtain, given a k-profile 7, a decider for the k’-profile 7/ C 7. One
way in which we could try to achieve this consists in proving the following: if a
profile 7 extends to some profile 7 of higher order in U, then 7' has a decider.
Here, we say that an orientation 7’ of a separation system S’ C S extends to an
orientation 7 of S if 7N & = 7/. In this case, we may view the decider w for 7/
as an approximation of a decider for its extension 7 — although w will in general
not decide all the separations in 7. The profiles constructed in Proposition 3.2.2,
for example, do not have a decider; but if we consider only those separations of
order at most % in this example, then they even have a decider set: the whole
ground set V' decides all separations of order at most 3 as in 7, .

This leads us to the question whether profiles which extend to profiles of
twice their order do always have decider sets.
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In this section we show that k-profiles which extend to regular 2k-profiles do
indeed have decider sets — if we work in a universe U of set separations equipped
with the order function |(A, B)| = |AN B|. Recall that in this setting, we already
know from Theorem 3.1.4 that there exists a weighted decider for any k-profile
in U. The following theorem strengthens this in that it shows the existence of
an actual decider set for certain k-profiles:

Theorem 4. Let U be a universe of set separations of some finite set V' equipped
with the order function |(A, B)| = |ANB| and let k € N. If 7' is a k-profile in U
which extends to a regular 2k-profile T in U, then 7' has a decider set X CV of
size | X| = 2k.

The proof of Theorem 4 will find a star o C 7 whose interior ﬂ(A’B)eJ B is
the desired decider set for 7/. Let us show first that the interior of any star in 7
has size at least 2k.

Lemma 3.2.4. If 7 is a reqular 2k-profile in U for some k € N and o C 7 is a
star, then the interior X = (4 pye, B of o satisfies | X| > 2k.

Proof. Suppose that this is not the case, and let ¢ C 7 be a star such that its
interior X = (4 p)e, B has size | X| < 2k.

Let us write 0 = {(A1, B1),..., (A, B;)}. We claim that for any ¢ < 1 we
have |(A1,B1) V ---V (4;, B;)| < 2k. By definition, we have

[(A1,B1) V-V (A, B)| =[(A1U---UA)N(ByN---N Byl

Since o is a star, we have (A; U---U A;) C B; for every j > i. So in particular,
we have

(A1U~-~UAi)ﬂ(Blﬂ~~ﬂB¢)g(Bi+1ﬂ~~ﬂBl)ﬁ(Blﬂ~~~ﬂBi):X.

Therefore, |(A1,B1) V-V (A;, B;)| < |X| < 2k. By the profile property of 7, it
follows inductively that ((Ay, B1) V-V (4;, B;)) € 7 for every i < I. Then the
separation (A;,B1) V.-V (A;,B;) = (Y, X) isin 7, where Y = U(A’B)e(7 A.
Since | X| < 2k, the separation {X,V} has order < 2k and hence an ori-
entation in 7. By the regularity of 7, this orientation must be (X,V) be-
cause (V,X) is co-small. But this leads to a contradiction since this would
imply (Y, X) Vv (X,V) = (V,X) € 7 by the profile property of 7. O

Proof of Theorem 4. Let ¢ be a star in 7 with an interior X = ﬂ(A,B)GU B of
smallest possible size. By Lemma 3.2.4 we have |X| > 2k. We claim that X is
the desired decider set for 7.

For this suppose that X does not witness (A, B) € 7/. Since | X| > 2k, we
then especially have | X N A| > k which we are going to lead to a contradiction.

Solet (A4, B) € 7/ be of minimal order among all separations with | X N A| > k.
Note that this separation (A, B) may be witnessed by X. For every (C, D) € o,
the corner separation (AN D, BUC) has at least the order of (A4, B) as other-
wise (AND, BUC) would contradict the choice of (A, B): indeed, by construction,
we have X C D, and therefore [(AND)N X| =|ANX| > k. Thus, by the
minimality of |(A, B)|, the corner (AND, BUC') must have order at least |(A4, B)].

By submodularity, the opposite corner (B N C, AU D) has order at most
|(C,D)| and thus we have (BN C,AU D) € 7 by consistency. Now consider
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the star 6 C 7 consisting of (A, B) together with, for every (C,D) € o, the
separation (BN C, AU D).

We claim that the interior X of & is smaller than X contradicting the choice
of o: by definition, we have

X=Bn () (AUD)=(ANB)U(BNX)=((ANB)\ X)U(BNX).
(C,D)ec

Since X is the disjoint union of BN X and (AN X) \ B, we are done if
[(ANB)N X| < |(ANX)\ B|.

Let h = |AN BN X]|. Since |AN X| > k, we have |(ANX)\B| >k — h.
However, we have (A, B) € 7, so |AN B| < k and hence

[(ANB)NX|=|ANB|—-|AnBNnX|<k—-h
completing the proof. O

Our proof of Theorem 4 heavily relies on the assumption that the order
function on U is given by |(A, B)| = |A N B|. We do not know whether a similar
result holds for other or even all submodular order functions on such U:

Problem 3.2.5. Let U be a universe of set separations of a finite set V', and
suppose that Uis equipped with some submodular order function. Is it true that,
if 7/ is a k-profile in U for some k € N which extends to a regular 2k-profile in U,
then 7 has a decider set? What if we consider other universes of set separations
like e.g. the universe of bipartitions of V7
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3.3 Dual separation systems

Unlike in the previous sections, in this section we do not try to witness the
existence of a tangle by some vertex set, instead we are dealing with a specific
scenario in which a tangle might be witnessed by a tangle of a different, in some
sense dual, separation system.

As a concrete example let us think about the following setup: suppose we
are given a set of objects, and a list of properties such that each object may,
or may not, have each of the properties. This can be visualized by a bipartite
graph, where the vertices on the sides correspond to the set X of objects and the
set Y of properties, respectively, and we draw an edge between an object and a
property precisely if the object has that property. Now we might be interested
in tangles on the set X of objects, say of the set §(X) of set separations or
the set B(X) of bipartitions of X. Clearly, we want to restrict ourselves to a
subset of these separations, as there are no tangles of either S(X) or B(X), and
one natural to do so is by considering a submodular order function. This order
function now clearly should take into account how the edges between X and Y
are distributed, as we would think of two objects as being rather similar if they
agree for a lot of properties on whether the have, or fail to have, that specific
property.

However, in this specific setup, we might also be interested in tangles of
the set Y of properties, we might want to analyse which properties often occur
together, and so we might look at tangles of a subset of §(Y) or g(Y), the
set separations or bipartitions of the set Y of properties, instead. This then
results in a dual approach to the one above, where we want to consider an order
function on separations of Y, which again should take into account how the
edges between X and Y are distributed.

We would suspect that the two types of tangles — those in X and those in
Y — are linked in some way, and it might be the case that a given tangle of
separations of X, say, witness that there is some tangle of separations of Y, and
the other way around.

In this section we are giving a formal setup in which this is indeed possible,
and we will show how to do so.

The setup works with the sets S(X) and S(Y) of set separations of X and
Y, however we can find a similar setup for bipartitions, and will show how to do
so at the end of Section 3.3.3.

3.3.1 Tangles on the sides of a bipartite graph

Given a bipartite graph G with partition classes X and Y, let us denote by
S(X) the set of all set separations of X, that is the set of all sets {A, B} with
A,B C X such that AU B = X. Similarly, we denote by S(Y) the set of all
set separations of Y, and we denote by S(X) and S(Y) the set of oriented
separations from S(X) or S(Y), respectively.

Then the structure of the bipartite graph G will allow us to relate the
separations in S (X) to the separations in S(Y), i.e. we will obtain a dual
separation to a given separation in § (X). One natural way to do so is as follows:
given a separation (A4, B) of X there will be some vertices in Y which are joined
in G to more vertices in A than in B, while other vertices in Y are joined to more
vertices in B than in A. This gives us a natural way to partition the vertices in Y.
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So, given (A, B) € §(X) we define the separation (A, B)” := (A%, B%) € S(Y)
by letting
A :={yeY : [N(y) N Al = [N(y) N B[}

and
Bii={yeY : [N(y)n Al <IN NBJ}.

We call (A, B)” the shift of (A, B).
Similarly," a set separation (C,D) of Y gives rise to its shift
(C, D) := (CF, DY), a set separation of X, via

C%={xeX : [N(z)nC| > |N(z)nD|}

and
D :={ze€X : [N(z)NnC| < |N(z)nD|}.

We note that both these shifting operations commute with the natural involu-
tions on S(X) and S(Y). However, we also note that this operation is not neces-
sarily idempotent: there may exist (4, B) € S(X) such that ((4, B)*)? # (A, B).

The map (-)”: §(X)— S(Y) induces an inverse map *(-): 25()  95(X%)
which we call a pull-back, sending every 7 C § (Y) to

“r:={(C,D) € §(X): (C,D)> e 7} C §(X).
Similarly, the map (-)*: §(Y) — S(X) induces a map "(-): 25(X) _, 25(¥)
sending every 7 C S(X) to

>r:={(C,D) € S(Y): (C,D)* e} C S(Y).

The question then arises, under which conditions on a tangle 7 will the subset
P71 or U7 also be a tangle? In order for there to be any interesting tangle structure
we will have to restrict to some subset of S(X) or §(Y), and the most natural
way to do so will be to choose some order function and consider sets S (X)
and S, (V) of separations of order less than k. However, then in order for the
pull-back to have any hope of being a tangle, it must orient every separation in
Sy (X) or Sy (Y) for some k. Hence, already for this question to make sense,
we will need to choose an appropriate order function which behaves nicely with
respect to the shifting operation.

In fact, we will define order functions on §'(X) and §(Y) so that shifting a
separation never increases its order. This will guarantee that if 7 orients all the
separations of order less than k in § (X), then "7 orients all the separations of
order less than k in §(Y). Indeed, if (C, D) € S(Y) has order less than k, then
(A, B) := (C, D)% € §(X) has order less than k and so precisely one of (A4, B) or
(B, A) is in 7 by assumption. Since (B, A) = (D, C)<, it follows that precisely
one of (C,D) or (D,C) is in "7.

Furthermore, these order functions are defined in a particularly natural way,
determined only by the structure of G. Broadly, the order functions measure in
some way how evenly a separation of X or Y splits the neighbourhood of each

nformally, we think of the vertex classes X,Y of G as being its ‘left’ and ‘right’ class,
respectively. Formally, however, {X,Y} is an unordered pair, so the operators * and < are
formally the same: they map their argument, an oriented separation of one of the sets X, Y,
to an oriented separation of the other set. It is important, that we never treat X and Y
differently: they are disjoint, but indistinguishable.
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vertex from the appropriate class. For example, in the motivational example
from the introduction, the order of a separation (A, B) of X will be determined
by how evenly this separation splits, for every property in Y, the set of objects
sharing that property. The more balanced the split, the larger the contribution
of this property to the order of the separation. Back to the general setup of
a bipartite graph G with partition classes X and Y, the order of a separation
(A, B) will be the lower, the more vertices from the opposite partition class have
a clear ‘preference’ of one side or the other.
Explicitly, let us define the order function |-|x: §(X) — N where

(A, B)|x = Y (2min{|N(y) N A, [N(y) N B} = [N(y) N AN BY).

yey

Here, the first term will be larger when N(y) is more evenly split by (A, B).

The reason why we multiplied the term min{|N(y) N 4|, |N(y) N B|} with
a factor of two and added the extra term of —|N(y) N AN B| is to adjust for
double-counting: if z is contained in both A and B we would count all the edges
incident with z in 7 oy min{|N(y) N A[,|N(y) N B|}, so moving z out of A or
B would not increase the order even if it made the separation more balanced.
Now in order to prevent this and still keep the order of a separation integer
valued, we added the factor 2 before min{|N(y) N A|, |N(y) N B|} as well as the
extra term —|N(y) N AN B|. This then results in a neighbour  in AN B is
treated as lying half in A and half in B.

Similarly, we define ||y : §(Y) — N where

(C, D)y = 3" (2min{|N(z) N C|,|N(z) N D[} — |N(z) nC N DJ).

zeX

Note that these functions are symmetric and non-negative, as required of an
order function for separation systems. Less obviously, they are submodular, so
S(X) and S(Y) equipped with these functions are submodular universes.

Moreover, the function |-|x attains its maximum value on the degenerate
separation (X, X), and since orientations of all of §(X) are not enlightening,
in particular no such orientation will be a tangle or a profile, we will in the
following implicitly assume that any S, (X) we consider does not contain the
separation (X, X).

Submodularity is a fundamental property for order functions at the heart
of tangle theory, and so we include the proof even though it is straightforward.
However, the reader is invited to skip the proofs of the next three lemmas at
first reading, to remain with the flow of the narrative.

Lemma 3.3.1. The order function |-|x is submodular.

Proof. We show that |-|x is a sum of submodular functions. For this consider,
for y € Y, the order function on S(X) given by

(4, B)ly := 2min{|N(y) N A[,[N(y) N B|} — [N(y) N AN B

and note that [(A, B)|x = >_ oy [(A, By, thus it is enough to show that ||, is
submodular for every y € Y.
Fix some y in Y. For Z C X we denote Nz := |N(y) N Z|.
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Take separations (A1, By) and (Ay, By) in §(X), and suppose without loss of
generality that N4, < Np,. Let A} := A;\ By, B, := B;\ A; and Z; := A; N B;.
Note that |(Ai7 Bz)‘y = 2NA; + NZL

We observe that

(A1 N Az, B1 U Ba)|y = 2Narna, + Nzynz, + Nzyjnay, + Najnz,,
and
|(A1U Az, B1 N Ba)|y = 2min{Na;uay, NpinB,} + Nzinz, + Nzynp, + Ninz,-
Summing these two, we get
|(A1 N Az, By U Bs)l|y, + [(A1 U Az, B1 N Ba)|y
=2Naina, + Nzynz, + Nzynay + Najnz,
+2min{Narua,, NpiaBy} + Nzinz, + Nz,npy + Npinz,
< 2Nagnay +2N4q04,
+ Nzynz, + Nzynay, + Nzynpy + Nzinz, + Najnz, + Npinz,
= 2NA/1 +2NA/2 + Nz, + Ng,
= [(A1, B1)ly + (A2, B2)ly-

Similarly,
|(A1 N Bz, B1U As)|y = 2min{Na;npy. Npjuay b+ Nzinz, + Nz, + Najnz,-
and
|(A1U B2, B1N A2)|y = 2min{Na,upy, Npjnay} + Nzinz, + Nz,nay, + Npjnz,-
Summing these two, we get

|(A1 N By, B1 U As)|y, + [(A1 U By, B1 N Ag)|y

=2min{Na,npy, Npiuay} + Nzinz, + Nzynpy, + Najnz,
+2min{Narupy, Npinay} + Nzinz, + Nz,nay + Npinz,

< 2Narnpy +2Naynp;
+ Nzinz, + Nzynay, + Nziny + Nzynz, + Naynz, + Npjnz,

< QNA’l +2NA5 —‘y—]\fz1 —‘y—]\fz2

= (A1, B1)ly + (A2, B2)ly-

Thus, |-[y is submodular and so is |-[x =2, cy[[y O

Next, we show that the shifting operation does not increase the order of a
separation. For this we first show the following lemma, giving an alternative
representation of the order function:

Lemma 3.3.2. For all (A, B) € §(X) we have

(A, B)|x = 2|E(A%, B)| +2|E(B}, A)| — |[E(AL N B, X)| — |[E(Y, AN B)J,
where E(Zy,Z3) denotes, for Z1,Z5 C V(G), the set of edges between Z; and
Zs.
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Proof. This can be calculated by rearranging sums:
(A, B)|x

= > @min{|N(y) N A[[N(y) N B} = [N(y) N AN B)
yey

_ 3 2[N(y) N B| + > 2[N(y) N Al

yey yey
IN(y)NAIZ|N(y)NB| IN()NB|Z|N(y)NA|
(X INwI+ Y INwnAnB))

yey yey
[N (y)NA|=|N(y)NnB|

=2|B(AG, B)| +2|E(B}, A)| - [E(Ap N B}, X)| - |[E(ANB,Y)[. O

With this we can now prove that shifting a separation indeed cannot increase
the order of a separation:

Lemma 3.3.3. Let (A, B) be a separation of X, then |(A, B)|x = [(A%, B%)|y-
Similarly, if (C, D) is a separation of Y, then |(C,D)|y > |(C}), D&)|x -

Proof. This is true by the following calculation:

(A%, BA)ly

= Y (2min{|N(z) N A%[,|N(z) N B4} — [N(x) N A N Bi)
rzeX

< D 2N(a)N B+ Y 2AN(B) N AR — Y IN@)- > [Ny
acA beB z€eANB yEA%ﬂBDA

= D 2AN®)NA[+ Y 2N@NBl— > [N@|- Y [N
be BY ac Al yeALNBY z€ANB

=2E(A%,B) +2E(B%,A) — E(A%NB%,X) - E(ANB,Y)

= |(A, B)|x. O

Finally, in order to define tangles of Sy, (X) and S, (Y)) we need to define the
notion of consistency that we require our orientations to satisfy. There are a few
natural choices that one could make here, however in most contexts it turns out
that these definitions are in some sense weakly equivalent, in that tangles under
any one definition tend to induce tangles of slightly lower order under the other
definitions.

With that in mind, let us define a tangle of S (X) (in G) as an orientation
7 of S (X)) which satisfies the following property:

There are no (Al,Bl), (AQ,BQ), (A3,B3) € 7 with A1 U Ay U Ag = X. (T)

We define tangles of S, (Y) in G in a similar manner. This is perhaps the
simplest definition to take, and is a direct analogue of the corresponding notion
of ‘consistency’ used to define tangles in matroids. We will discuss later in more
detail the extent to which our results hold for tangles defined in terms of different
notions of ‘consistency’.

We are now ready to state the main results of this section. We will show
that, with the aid of this order function, we can relate the tangles in §(X) to
those in 5(Y).
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Theorem 5. Let 7 be a tangle of Sy (X) and let 7/ =>7 N Sy, (Y), then 7' is a
tangle of Sk (V).

By symmetry, we then obtain a similar conclusion as in Theorem 5 when we
shift a tangle of Sy (V).

Proof of Theorem 5. We first note that 7/ is an orientation of Sy (Y). Indeed,
suppose that both (C, D) and (D, C) are in 7. If we let

A={x e X:|N(z)nC| > |N(z)n D}

and

B={reX:|N(@x)nC|<|N(z)nD|}
then (C, D) = (A, B) and (D,C)? = (B, A) and by assumption both of these
separations are in 7 contradicting the fact that 7 is an orientation.

So, it remains to show that 7' satisfies (). Let us suppose for contra-
diction that there is some set {(C1, D1),(C2, D2),(C3,D3)} C 7' such that
CiuCyUCs =Y.

Let (A;, B;) = (C;, D;)? for each i = 1,2, 3. Then, since (A4;, B;) € 7 for each
i, and 7 is a tangle, it follows that there is some non-empty set Z such that
Z =X\ (A1 UAyU Aj).

Since Z C B; for each ¢ we have that |[N(z) N D;| > |[N(x)NC;| forall x € Z
and i = 1,2,3. However, since C; UCoUC3 =Y,

3 3
SI(C D)y = 30 Y @win{|N(z) N Cil, [N(2) N Dif} = [N(2) N Ci 1 D))
=1 i=1xeX

3
> ; Z; (2min{|N(z) N Ci|, |N(z) N Di|} — |N(z) N C; N Dy])

3
>3 Y (2IN(z) NG| — [N(z) N C; N D))

rxeZ i=1

> Y d() = |E(Z.Y)].

z€EZ

Hence, |E(Z,Y)| < 3k. Then
(Z,X)|x = E(Z,Y) < 3k.
Thus, (Z,X) € 7 by (1).
Finally, since |(As, B3)|x < |(C5, D3)|y < k we can conclude by Lemma 3.3.1
that
‘(Ag UZ,BsN X)‘X < |(A3,Bg)|X + |(Z,X)|X < k+ 3k = 4k.

Hence, since (A3, B3), (Z,X) € 7 and |(A3 U Z, B3)|x < 4k, it follows from
(1) that (A3 U Z, Bs) € 7. However, then

{(A1,B1), (A2, Bs),(A3U Z,B3)} C 7

and A; U Ay U (A3 U Z) = X, contradicting (7). O
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A natural question then to ask at this point, is, even if the shifting operations
themselves are not idempotent, whether the operation they induce on tangles
is in some way ‘idempotent’: that is, if we shift a tangle twice, do we end up
with the original tangle? It turns out that, again up to a constant factor, this is
indeed the case.

Theorem 6. Let 7 be a tangle of Sigr (X), let 7/ = >7 0 Sy (Y), and let
7" =9%"NSL(X). Then 7" C 7.

To prove this theorem, we first need to analyse how a separation of X can
behave under shifting that separation from X to Y and then back to X. It turns
out that the behaviour of this ‘double shift’ depends on the relation between
the order of the separation and its shift. Our first lemma analyses the case that
these two orders are the same:

Lemma 3.3.4. If |(A, B)|x = (4, B |y then A C (A%)3. and B C (B%)%: .

Proof. By the proof of Lemma 3.3.3, we have that

(A%, B2y
=Y (2min{|N(z) N A%[,[N(z) N B3|} — [N (z) N A N B4|)

zeX
<Y 2AN(@)NBA+ D 2AN(B) N AL - > IN@)|— Y [IN(y)
acA beB z€ANB yeA»NBY
=|(A, B)|x.

Thus, if |(4, B)|x = |(A%, B%)ly, then

> 2min{|N(x) N AR, [N (z) N Bil}

rzeX
=Y 2IN(a) N BA[+ > 2INB) N AR — > [N(x)l.
acA beB rEANB

In particular, for z € A we have |N(x) N B%| < |[N(xz) N A%| and thus
x € (AE)%Z' Similarly, for © € B we have |N(z) N B%| > |N(z) N A%| and thus
x € (Bi)?q%. O

While the previous lemma analysed the case that the order of the shift equals
the order of the separation we started with, the next two lemmas allows us to
obtain additional information when this is not the case.

Lemma 3.3.5. For every x € A~ B with |[N(z) N B%| > |[N(x) N A%| (equival-
ently: for every x € (BZ)?“% \ B) we have that |(A+ z, B+ z)|x <|(A,B)|x
and |({z}, X)|x <[(4, B)|x.

Symmetrically, the same is true for every x € B . A with the property that
|N(z) N A%| > |N(x) N BY|, or equivalently, every x € (A%)%; A
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Proof. We have

(A, B+ z)|x

= @min{|N(y) VAL IN(y) N (B + )|} = [N(y) N AN (B +z)))

= (2min{|N(y) N AL [N(y) N Bl} — [N(y) N AN B)
yey

+2E(AB ~ By, {z}) — [N (2)|
<|(A,B)|X.

Moreover, |({z}, X)|x = |N(z)| and for every y € N(x) N B% we have that
min{| N (y) N A, [N (y) N B[} = [N(y) N A
214 |N(y)N(A—z)| =2 1+[N(y)NnAN B,
thus 2min{|N(y) N A|,|N(y) N B|} — |N(y) " AN B| > 2, which gives

ABlx> Y. (@min{|N(y)NALING) 0B} - [N(y) N AN B))
yeN (z)NB"

> 2|N(x) N Bi| = |({}, X)|x.

O

Lemma 3.3.6. If (A, B) € §(X) such that |(A, B)|x > |(A, B)®|y, then their
either exists an x € (A~ B)U (B~ A) such that for (A’,B') = (A+ z,B + z)
we have (A", B")|x < |(A,B)|x and |{z}, X|x < |(4, B)|x, or there exists an
x € AN B such that for (A',B') = (A —x,B) or (A',B") = (A, B — x) we have

(A", B')[x < (A, B)|x and [({z}, X)|x < (4, B)|x.
Proof. By the proof of Lemma 3.3.4, if |(A4, B)|x > |(A%,B%)ly, then

> 2min{[N(x) N AR, [N (z) N B4}

zeX
<D 2IN(a)NBA[+ > 2INB)n AR — > IN(2)].
a€A beB r€EANB

Thus, without loss of generality there needs to be an x € A such that
[N (z) N B > [N(z) N Ap|.

Every such x is suitable for the x in the assumption by Lemma 3.3.5.
Now suppose that z € AN B and |N(z) N B%| > |N(xz) N A%|. Then

[(A—=2,B)|x

= > (@min{|N(y) N (A—2)|,IN(y) N B} = [N(y) N (AN B) — z)])
yey

= > (2min{|N(y) NA[[N(y) N Bl} — [N(y) N AN BY)
yeY
— E(B}, {z}) + [N (2)]

< |A,B‘X
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For every such x € X we have, since x € AN B, that

2min{|N(y) N AL, IN(y) N BJ} - IN(y) N AN B|
> 2|N(y) N {2}] - [N (y) N {}] = [N (y) N {x} .

Hence,
({z}, X)x = [N(2)] = Y _IN(y) n {a}]
yey
<Y @min{|[N(y) N A|,|N(y) N B[} = [N(y) N AN B|) = |(4, B)|x.

yey
O

We are now ready to prove Theorem 6:

Proof of Theorem 6. Both 7" N S, (X) and 7N Si (X) are tangles of Sy (X),
suppose that they are distinct. Let (A, B) € 7 be a separation of minimal order
with the property that (B, A) € 77 N S (X) and let us assume further that
among all those separations (A, B) is chosen so that AN B is as large as possible.
Suppose first that [(A, B)|x = [(A%, B%)|y-

Let (A’, B") = ((A, B)*)?, by Lemma 3.3.4, we have that A C A’ and B C B’.
Since (A’, B') # (A, B) by definition, we can pick z € (A’ A) U (B’ \ B).
Note that |(A" + z, B’ + z)|x < |(4, B)|x by Lemma 3.3.5. Thus, by the choice
of (4,B), either (A" + z,B' + z) € 7/ N 7 which implies that z € A’ A
or (B'4+x, A"+ x) € 7" N7 which implies x € B’ \ B. In any case, since
|({z}, X)|x < |(4,B)|x (again by Lemma 3.3.5) and ({z},X) € 7" N7 this
contradicts the fact that 7/ N S, (X), respectively 7N Sy (X) are tangles.

If on the other hand |(4, B)|x > |(A%, B%)|x then, by Lemma 3.3.6 there
either exists x € (A~ B) U (B ~ A) such that for (A",B") = (A+ z,B + )
we have |(4',B)|x < [(A,B)|x and [{z}, X|x < |(4,B)|x, or there exists
x € AN B such that for (4’,B") = (A —x,B) or (A, B") = (A, B — x) we have
(A BY)x < I(A, Bl and |({z}, X)lx < (4, B)lx. )

However, either of these cases again contradicts the fact that 7/ N Sy (X),
respectively 7N Sy, (X), is a tangle as ({x}, X) € 7N 7" and, by the choice of
(A, B), either (A", By e rn7" or (B',A") e rN7" and {A, B}, {A',B'}, {z, X}
together contradict (7). O

There is also a more exciting way to prove Theorem 5 and Theorem 6

indirectly, albeit at the cost of a slight increase in the factors on k. This is to
view the tangles of the two partition classes as two different facets of tangles on
the edge set of the bipartite graph. We give these proofs in the next section.

3.3.2 Tangles of the edges

We will show that the tangles on the sides of a bipartite graph are related to a
special kind of tangles defined on the separations of the edges. So let us give the
notation required for these intermediate tangles of the edges.

We will denote the set of all set separations of the edge set E as S (E), and
the set of the corresponding unoriented separations as S(E). The following order
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=
function on the separations in S(E) is a natural variation on our previous order
function for separations in S'(X):

(C.D)|g =) (2min{|E(v) NC|,|E(v) N D} — [E(v)nC N D),

veV

where E(v) denotes the set of incident edges of v. Again we observe that the
degenerate separation (E, F) has maximal possible order and so we shall again
implicitly assume that this separation is not contained in any S, (E).

We say that an orientation 7 of a subset Sy (E) of S(E) is a tangle of Sy, (E)
if 7 is an orientation of Sy (E) with the following property:

There are no (C1, D1),(Ca, D2),(Cs,D3) € 7 with C; UC,UC3 =E. ({g)

Given a separation in s (X), it is pretty immediate how to obtain a separation
in §(E) which is ‘dual’ to this separation: a separation (A, B) of X naturally
defines a separation (A, B)¥ := (E(A), E(B)) of E, where E(A) denotes the set
of all edges of G which have an end vertex in A. Note that ((4, B)®)* = (B, A)F.

The other way around is less obvious, but it will be necessary to associate to
each separation in §'(E) a separation in §(X) and S(Y"). We will do so similarly
to how we associated to each separation in S'(Y) a separation in S'(X). There
we obtained, given a separation (4, B) € §(Y), a separation in S(X) by asking
for every vertex in X whether that vertex has more neighbours in A or in B. In
a similar manner we will now ask, given a separation (C, D) in S(E), for each
vertex in X whether more of the adjacent edges lie in C or in D. Formally, given
a separation (C, D) of E, we obtain a separation (C, D)% := (C3,DJ) of X by
defining

Cr={zeX :|E(x)NC| > |E(x)ND|}

and
Dg ={zreX : |E(x)nC| < |E(x)nD|}.

This shifting operation preserves the partial order of separations in the following
sense:

Lemma 3.3.7. If (C, D) < (C", D'), then (C, D)% < (C', D)

Proof. If (C,D) < (C',D’), then C C C' and D D D’. Thus, for z € X, we
have that |E(x) N C| < |E(x) N C'| and |E(xz) N D| > |E(z) N D'|.
Now if z € C3, then |E(z) N C| = |E(x) N D| and thus

\E(x)nC'| > |E(x)NC| > |E(x)n D| > |E(z)n D],

hence z € C}Y. Similarly, if z € DY, then |E(z) N D'| > |E(xz) N C’| and thus
|[E(x)ND| > |E(x)ND'| > |E(x)nC'| > |E(x)nC|,

hence x € CJ3. Thus, C3 C C and D C D&, ie. (C,D)* < (C',D")*. O

In a similar manner we can define a separation (C, D)» of Y, however by the
symmetry of the situation we will only ever need to talk about the map (-)<.

Unlike the shifting operations considered in the previous section, there is
less of a symmetry here: the separation (A4, B)¥ fully determines the separation
(A, B), whereas the separation (C, D)* in some way ‘compresses’ the information
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in the separation (C, D) into a rough estimate. Generally there are multiple
different separations (C, D) in S(E) for which the (C, D)* coincide, and so the
operation (-)¥ is not injective.

As with (+)”, this function induces a pull-back map: given a subset 7 of 5 (X),
we define

e :={(C,D) : (C,D)* e}

Note that, as (E(A), E(B))* = (A, B), the set of all the separations (A, B)¥ is
a subset of 7g.

For shifting in the other direction we take a slightly different notion. Given
a tangle 7 of S(E), let us define

x = {(C,D)* : (C,D) € 7},

and let 7y be defined analogously. Note that this is a genuinely different way to
move between tangles in S(F) and S(X); rather than ‘pulling back’ the tangle
from S(X) to S(E) via the shift (-)¥, giving rise to a set of separations

Xr:={(4,B) e S(X) : (4, B er},

we're ‘pushing forward’ via the shift (-)<.

We note that in this particular case, since assuming the graph is connected
it is clear that ((A,B)E)< = (A, B), we have that 7x 2 X1 and so, since X7
is automatically a partial orientation of S(X), if the restriction of 7x to some
lower order is a tangle, then the restriction of X7 to the same order will also
satisfy (f). In particular, working with this definition results in slightly stronger
results than working with X7, however the main purpose of this change is that
it will result in slightly simpler proofs, see for example Corollary 3.3.16.

We will show that for a given tangle 7 of Sy, (X), the set 75N S}, (E) actually
is a tangle of Sy (E) and dually that, if 7 is a tangle of Sy, (E), then 7x NS}, (X)
is a tangle of Sy (X). We will then be able to use this to obtain proofs of
Theorem 5 and Theorem 6 from the symmetry between X and Y.

As a first step, let us show that the function |-|g is again submodular. This
follows from straightforward calculations, which we nevertheless include here for
the sake of completeness:

Lemma 3.3.8. The order function |-|g is submodular.

Proof. As in the proof of Lemma 3.3.1, it is enough to show that, for every v € V,
the function

(€, D)], = 2min{|E(v) N C,|[E@) N DI} — [E@) N C 1 D)

is submodular, as clearly |(C, D)|g = >, cy/|(C, D)|,. Now fix some v in V. For
F C E we denote Np := |E(v) N F|.

Take separations (C1, D;) and (Cy, Ds) in §(E) and suppose without loss of
generality that No, < Np,. Let C} := C; \ D;, D, := D;\ C; and F; := C; N D,.
Then

[(C1 N C2,D1UDs)|y =2Nginey + Nrinr, + Neincy + Nejnr,
and

|(C1UC2, D1 N De)|y, = 2min{Nc:uey, Npinpy } + Nk, + Neinpy + Npjar, -
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Summing these two, we get
|(Cy N Cq, D1 U D3)|yy + |(C1 U Cy, D1 N Dy)|y
=2Ncincy + Nrnr, + Npncy + Nejnr,
+2min{Ne¢;uey, Npjnpy } + Nenr, + Nenpy + Npjar,
< 2Neyney + 2Nejucy
+ Nrnp, + Nriney + Nrop, + Neynr, + Nejnr, + Npjnr,
=2N¢; +2Ngy + Np, + Np, = [(C1, D1)]v + [(C2, D2)ly.
Similarly,

|(C1N D, D1 UCs)|y = 2min{Nernpy, Nprucy } + Nenr, + Neyapy + Notar, -

and

|(C1U D2, D1 N C2)|, = 2min{Nciupy, Npjnoyt + Nrar, + Neyney + Npjar, -
Summing these two, we get

|(Ci N Dy, D1 UCs)ly + [(C1 U Da, D1 N Ca)ly
=2min{Ne¢:npy, Npjucy} + Nenr, + Neinpy + Nojnr,

+2min{Nerupy, Npiney} + Neinr, + Neney + Npiar,
< 2N¢jnpy + 2Neynp;

+ Npnr, + Neyney + Neynpy + Nevnr, + Nojnr, + Npiar,
< 2Ng; +2Ngy + Nr, + Nr,)|(C1, D1)ly + [(C2, D2y

Thus, ||, is a submodular order function and so is || . O

However, unlike for the correspondence between |-|x and ||y, we will no
longer be able to show that the order of the shift of a separation is non-increasing,
instead we will only be able to show that, when shifting from a separation of the
vertices to the corresponding separation of the edges, we can bound how much
the order increases. More precisely, simple calculations show that:

Proposition 3.3.9. Given a separation (A,B) of X, we have that
|(AﬂB)|X < |(A’B)E|E and |(A7B)E|E < 2|(A7‘B)|X'

Proof. For the first statement we note that:

(A, B)lx = Y (2min{|N(y) N A|,|N(y) N B} = [N(y) N AN B|)

yey

= Y (@min{|E(y) N E(A)|,|[E(y) N E(B)|} — |E(y) N E(A) N E(B)))
yeyYy

< Y 2min{|E(v) N E(A)],|E(v) N E(B)[} - |E(v) N E(A) N E(B)))
veV

=|(E(A), E(B))|e
For the second statement we observe that, for x € X we have that

min{|E(z) N E(A)|,|E(z) N E(B)[} = |E(x) N E(A) N E(B)|
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and thus

> @min{|E(z) N E(A)|, |E(x) N B(B)[} - |E(z) N E(A) N E(B)])
reX
—|E(A) N E(B)|.

Since clearly |(A, B)|x > |E(A) N E(B)], it follows that
((E(A), E(B))|e
= > @min{|E() N E(4)],|E(v) N E(B)|} — |E(v) N E(A) N E(B)])

= Ei (2min{|E(z) N E(A)]. |E() N E(B)]} — |E(x) N E(4) N E(B))
+Z;V (2min{|E(y) N E(A)].|E() 0 E(B)]} — |E(y) N E(4) N E(B))

By £ + S~ @min{|N(y) N AL IN(y) N BJ} ~ [N(y) N AN B)

camx .

For (-)® on the other hand, we will be able to show that this is a non-increasing
operation:

Lemma 3.3.10. Let (C, D) be a separation of E, then |(C, D)|g = |(C3, D3)|x-

For the proof of Lemma 3.3.10 we will need to carefully analyse how we
can ‘locally’ change a separation in S(E) without changing the shift. Recall
that, given a separation (A4, B) in §(X), there are other separations apart from
(A, B)F in §(E) which still shift to (A, B). So, in order to prove Lemma 3.3.10
we will analyse what these different separations of E inducing the same separation
(A, B) of X look like. For this, we will show which ’local’, i.e. single-edge, changes
we can make to a given separation (C, D) to bring it closer to one of the type
(A, B)?, without increasing its order.

So, let us start analysing these ‘local’ changes. Firstly, in the next lemma we
show that we can move a single edge from C' to D without increasing the order
of (C, D) or changing its shift (C, D)* if at the end vertex in X of that edge
there are fewer incident edges in C' than in D.

Lemma 3.3.11. Let (C, D) be a separation of E and let e € E be incident with
CA~DZ. Then |(C+e,D—e)lg <|(C,D)|g and (C+e,D —e)* = (C,D)*.

Proof. Let e = vw. We observe that, since v € C3 \ D3, we have
2min{|E(v) N C|,|E(v) N D|} — |[E(v) N C N D|
=2|E(v)ND|—|E(v)NCND|
22|E(w)N (D —e)| = |[E(w)N(C+e)N(D—e)|+2,
and
2min{|E(w) N C|,|[E(w) N D|} — |[E(w) NC N D|
>2min{|E(w) N (D —e)|,|E(w) N (C+e)|} — [E(w)N(C+e)N (D —e)| —2.
Thus, |(C' —e,D + ¢e)|g < |C, D|g. Moreover, v € C3 ~ D& and therefore also
ve(C+e)p_.~(D—e)d,, and thus (C,D) = (C+e,D—e)*. O

€
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Using this, we can show that from within the set of those separations of F
with the same shift (A, B), we can always find some (C, D) of minimal order
which is ‘close’ to (A, B)¥, in the sense that every edge incident with A \ B is
contained in C' . D and every edge incident with B ~\. A is contained in D \ C:

Lemma 3.3.12. Let (C,D) € S(E). Then there exists a separation (C', D) of
E with |(C",D")|g < |(C,D)|g and (C’',D")* = (C, D)* such that every edge e
incident with C3 ~ D3 lies in C' \. D' and every edge incident with D3 ~ C}
lies in D' . C".

Proof. Suppose (C',D') € S(E) is chosen so that (C’,D')* = (C,D)* and
[(C',D")|g < |(C,D)|g, and so that there are as few edges as possible incident
with C3 ~\ D3 which do not lie in ¢’ \ D’ and as few edges as possible incident
with D2 ~ C'§ which do not lie in D’ \. C".

Suppose that there exists some such edge e incident with C§ ~ D3 which
does not lie in C' \. D’ or some such edge e incident with D3 ~. C3 which does
not lie in D'\ C’. Let us assume we are in the former case, as the argument in
the latter case is identical.

Since (C',D')* = (C, D)%, by Lemma 3.3.11 we could then consider the
separation (C' + e, D' — e) which must then satisfy (C' +e, D' —e)* = (C’, D)<
and |(C"+e,D' —e)|g < |(C",D")|g < |(C, D)|g, contradicting the choice of
(¢, D". O

This observation enables us to perform the necessary calculations to prove
Lemma 3.3.10.

Proof of Lemma 3.3.10. By Lemma 3.3.12 we may suppose that every edge
incident with C'§ \ D& lies in C' . D and every edge incident with DI . C3
liesin D\ C.

In this case, we can calculate |(C, D)|g as follows.

I(C, D)le
=Y (2min{|E(v) N C|,|E(v) N D[} — |E(v) N CN D)
veV
= Z (2min{|E(v) N C|,|E(w)ND|} — |[E(w)NC N DJ) + Z |E(v)|
veY veC3NDZ
> (2min{|N(v) N CF|,IN(v) N D[} — [N (v) NCF N DE))
veY
—|[E(CNEDI+ D IN@)
veCaND3
>3 (2min{|N(v) N 3], IN(v) N D]} = [N (v) N C3 N DY)
veY
=[(C5.D3)Ix- O

Analysing local changes will also play a crucial role in showing that, given
a tangle 7 in S(E), the restriction of 7x to a lower order is actually an orient-
ation. For this we will need to make sure that separations obtained from one
another by local changes cannot be oriented differently in 7z. However, whereas
Lemma 3.3.11 allows us to move certain edges from C' . D to D ~ C without
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changing the shift or increasing the order for showing that the restriction of 7x
to a lower order actually is an orientation, we will need to analyse a different
type of local change.

More precisely, the next lemma will allow us to move certain edges from
D \ C (or, symmetrically, C \ D), to C N D without increasing the order. Such
an operation might change the shift of a separation, but, by Lemma 3.3.7, it
does so only in a controlled way: moving an edge from D \ C to DN C will only
result in a shift that is larger, in the sense of the partial order on the separation
system, than the shift of the original (C, D). Moreover, such a local change does
not change the way a separation is oriented by a tangle.

Lemma 3.3.13. Let (C, D) be a separation of E and let e € E be incident with
CH. Then |(C +e€,D)|gp < |(C,D)|g and (C +e,D)* > (C,D)<.

Proof. Let e = vw. We observe that, since v € C'3, we have

2min{|E(v) N C|,|E(v)ND|} — |[E(v) N C N D|
=2|E(v)ND|—|E(v)NCND|
=2|E(w)N (D —e)| - |E(v)NnCN(D+e)|+1

and

2min{|E(w) N C|, |E(w) N D[} — | B(w) N C N D
>2min{|E(w) N (C + ¢)|, |[E(w) N D|} — |E(w) N (C +¢) N D| - 1.

Thus, |(C+e, D)|g < |(C, D)|g. We have (C, D)% < (C+e, D)* by Lemma 3.3.7.
O

We now have all the ingredients at hand needed to show that the shift of
a tangle, restricted to an appropriate order, is still a tangle. Let us start by
considering the shift 7x of a tangle 7 in S'(FE).

Theorem 3.3.14. If 7 is a tangle of Sy (E), then 7x N Sy (X) is a tangle
Of Sk (X)

Proof. We first note that the set 7x N Sy (X) contains at least one of (4, B)
and (B, A) for every separation (A, B) € Sj, (X). Indeed, by Proposition 3.3.9
(A, B)E|z < 2|(A, B)|x, and so since 7 is a tangle of Sy, (E) either (A, B)F € 7
or (B,A)F er.

Let us now show that for no separation {A, B} we have that both (A, B)
and (B, A) are contained in 7x N S (X). Suppose otherwise, then 7 con-
tains separations (C1,D;) and (C2, D2) such that (Cq,D1)* = (A, B) and
(Ca,Dy)* = (B, A).

Note that, by Proposition 3.3.9, we have that

[(E(A), E(B))|e < 2|(4, B)|x <2k,

hence (A,B)?Y € 7 or (B,A)¥Y € 7. Since (E(A),E(B))* = (4,B), we
may suppose without loss of generality that either (Cy,D;) = (A4, B)F or
(Cy, Dy) = (B, A)F. We suppose the former one, the latter case is similar.
Now pick a separation (C, D) € 7 so that (C, D)% = (Cq, D2)* = (B, A) and
the set (D1 N D)~ (C1 UC) is as small as possible. Then, since 7 satisfies ({z),
we have C; U C # E. Hence, there exists some edge e € (D; N D) ~\ (C; UC).
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Let = be the end vertex of e in X. Note that e € E(B) \ E(A) since
E(A) = C; and e ¢ Cy. Thus, 2 € B~ A. Moreover, as B = Cy55, € CJ3, we
have that 2 € C3. Thus, e is incident with C'3.

Consequently, applying Lemma 3.3.13 yields |(C' + e, D)|g < |(C, D)|g. Thus,
7 orients (C + e, D) and therefore (C + e,D) € 7, as (D,C + ¢) € 7 would
contradict (fg) because of (C,D) € T and DUC = E.

But this implies that (C + e, D) € 7 is a better choice for (C,D), as
(C+e,D)* > (C,D)* by Lemma 3.3.7 and

(D1N D)\ (C1UC) 2 (D1ND) N (CLU(C +e)),

ase€ (DyND)~\(CLUC).

Thus, 7x N Sy, (X) is indeed an orientation. That 7x N Sy (X) satisfies the
tangle property (1) now follows like this: if (A1, By), (A2, Ba), (A3, B3) would
be a triple in 7x N S (X) contradicting the tangle property (1), then 7 would
need to orient (Aq, B1)¥,(As, B2)¥ and (A3, B3)® by Proposition 3.3.9. By the
above observation 7 orients them as (A, By)¥,(As, B2)¥ and (43, B3)¥, since
7x N Sk (X) does not contain any (((A;, B;)®)*)* = (B;, A;). However, the
three separations (A;, B1)¥, (As, B2)¥ and (A3, B3)¥ in 7 then contradict the
tangle property (1), as every edge in F is incident with at least one of the sets
A1, Ay, As. O

A similar conclusion holds for the shift 7 of a tangle 7 of Sy, (X).

Theorem 3.3.15. Given a tangle T of S (X), then 75 N Sy (E) is a tangle
of Sk (E).
Proof. By Lemma 3.3.10, given some separation (C,D) € Sj(E) we have
that |(C,D)4|x < |(C,D)|g, thus 7 contains exactly one of (C,D)* and
((C,D)*)* = (D,C)*, and consequently 75 N S (E) contains exactly one of
(C,D) and (D, C), i.e. 75 N Sy (E) is an orientation of S, (E).

So, it remains to show that 75 N S (E) satisfies the tangle property (fz).
Let us suppose for a contradiction that there is some set

{(C1,D1),(C2, D2),(C3,D3)} € 751 Sk (E)

such that C;UCy UC3 = E.
Let (A4;, B;) = (C;, D;)* for each ¢ = 1,2, 3. Then, since (A;, B;) € 7 for each
i, and 7 is a tangle, it follows that the set Z = X \ (41 U A2 U A3) is non-empty.
Since Z C B; = D, &, for each i, we have that |E(z) N D;| > |E(z) N Cj| for
all z € Z and i = 1,2,3. However, since C; UCo UC3 = E,

3 3
Y I(Ci,Di)lp =" Y @min{|E() N Cil,|E(v) N Dil} = [E(v) N C; N Di)

i=1 i=1veV

3
>3 @min{|E(2) NG|, |E(2) N Dil} = |E(2) N C; N D)

i=1z2€Z
3
- Z Z(2|E(z) NCi| = |E(z) N C; N Dyl)
ze€Z i=1
> Y d(:) = [B(Z.Y)|.
z2€Z
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Since |(Cy, D;)|g < k for every ¢ = 1,2, 3, this gives us |E(Z, X)| < 3k and thus
I(Z, X)|x = |E(Z,Y)] < 3k.

Hence, T needs to orient (Z, X). Since (X, Z) € 7 would contradict (), it follows
that (Z,X) € 7.

Finally, since |(As, Bs)|x < |(Cs,D3)|g < k by Lemma 3.3.10, we can
conclude by submodularity that

(A3 U Z, Bs N X)|x < (43, Bs)|x + (2, X)[x < 4k.

Hence, it follows that 7 needs to orient (As U Z, B3) and as (A3, Bs) € 7 it
follows from () that (A3 U Z, Bs) € 7, as A3 U B3 = X. However, then

{(A1, B1), (A2, Bz), (A3 U Z,B3)} C 7
and A1 U Ay U (43U Z) = X, contradicting (). O

Putting these two theorems together we immediately obtain that ‘double-
shifting’ a tangle gives, restricted to an appropriate order, a restriction of the
original tangle.

Corollary 3.3.16. Let 7 be a tangle of Sgi, (E), then
T” = (TX ﬂ§4k (X))E ﬂgk (E)

s a subset of T.
Similarly, let 7' be a tangle of Ssi, (X), then

—

" = (15, N Sar (E))x N Sk (X)
is a subset of T'.

Proof. By Theorem 3.3.14, 7" is a tangle of Sy (E). Now given any separation
(C,D) € Sp (E) N7, we have that (C, D)* € 7x N Sy, (X) and thus (C, D) is in
(tx N Sk (X)eN S, (E) = 7”. Since 7" is an orientation of S, (E), we then
have that 7/ C 1.

For the second part note that, by Theorem 3.3.15, 7/ is a tangle of Sy (X).
Given (A, B) € S (X) N7’ we have, since ((4, B)F)* = (A, B), that (4, B) is
in 74, N So (E) and thus (A, B) € (1) N Sar, (E))x N Sk (X) = 7. Since 7" is
an orientation of Sy (X), we then have that 7 C 7/ O

Putting these together, we obtain versions of Theorem 5 and Theorem 6 with
worse factors:

Corollary 3.3.17 (compare Theorem 5). Let T be a tangle of Ssi (X). Then
7 =" NS, (Y) is a tangle of S (Y).

Proof. Tt is easy to see that 7/ = (75 N Sax (E))y N Sk (Y) which is a tangle by
Theorem 3.3.15 and Theorem 3.3.14. O]

Corollary 3.3.18 (compare Theorem 6). Let T be a tangle of S (X), let
7' =P1NSs; (Y), and let 7" =7"' NS, (X). Then 7" C 7.
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Proof. Consider 75 N Sigx (E). By Corollary 3.3.17, we have that
= (g N Siok (E))y N Sqk (Y).

Moreover, again by Corollary 3.3.17 we have that
7" = (75N Sk (E))x N Sk (X).

But now, by Corollary 3.3.16, we note that

((r6 N 161 (E))y N Ssi, (Y)) 5 N Sar, (E) € 75N Sien (E)

and thus,

(((reNSher (B))y NSsi (V) N Sar (E))x NSk (X) C (12N Sier (E))x NSk (X),

ie. 7 C (15 N Sier (E))x N Sk (X). Again by Corollary 3.3.16 we have that
(16 N Sier (E))x NSk (X) C 7,

which shows the claim. O

3.3.3 Variations and Generalizations

A natural question to consider at this point is how much these results depend
on the very specific set up we have here.

Regular profiles

For example, whilst we considered a very specific type of tangle, there are other
types of ‘tangle-like’ clusters which one might wish to consider. Perhaps the
most general condition one could consider here would be that of a regular profile.
Recall that a profile of a system of set separations is a consistent orientation
which does not contain any triple of separations of the form

{(A1,B1),(A2,B3),(B1 N By, A1 U As)}

and that it is regular if it does not contain any co-small separations. It is easy
to see that the tangles as defined above are regular profiles, but regular profiles
model a broader class of clusters.

Similar statements as in Theorems 5 and 6 can be shown to hold via similar
arguments for regular profiles. More precisely, we can show the following
with essentially the same proof, which we nevertheless include for the sake of
completeness:

Theorem 3.3.19. Let P be a regular profile of Sai, (X), then P':="PN S, (Y)
is a regular profile of Sk (V).

Proof. We first note that P’ is an orientation of S (Y). Indeed, suppose that
both (C, D) and (D, C) are in P’. If we let

A={zeX:|N@x)nC|=|N(z)nD|}
and

B={zeX:|N)nC|<|N(z)nD|}
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then (C, D) = (A, B) and (D,C)? = (B, A) and by assumption both of these
separations are in P contradicting the fact that P is an orientation.

To show that P’ is consistent suppose for the contrary that there are
some separations (C1, D1),(Ca, Ds) € P’ such that (Dy,C;1) < (Cs,D3) and
let (C;, D;) = (A, B;). Then, since D; C Cy and Dy C (4, we have that
(B1, A1) < (Ag, Bs) and thus (A1, By), (A2, B2) € P contradicts the consistency
of P.

So, it remains to show that P’ is a regular profile. Let us suppose for
contradiction that there is some set {(C1, D1),(Ca, D2),(C5,D3)} C P’ such
that (017 Dl) V (CQ, Dg) = (Dg, Cg)

Let (Al, Bl) = (Cl, Dz)q for each ¢ = ]., 2, 3. Let Z = Bl N B2 N Bg.

Since Z C B; for each i, we have that |[N(z)ND;| > [N(z)NC;| forall z € Z
and i = 1,2,3. However, since C;UCyUC3 =Y,

D IC D)y =YY 2min{|N(x) N Cf, [N (2) N Dil} = [N(z) N C; N Dy)

i=1 i=1xeX

>N @min{|N(z) N Ci, [N (z) N Dil} = [N(z) N C; N D)

i=1x€Z

3
> > (2IN(z) N Ci| = IN(z) N C; N D)

zeZ i=1

> Y d() = [E(Z.Y)|.

z2€Z
Since |(Cy, D;)|y < k for every i = 1,2, 3, we have |E(Z,Y)| < 3k and thus
(Z,X)|x = E(Z,Y) < 3k.

Hence, (Z, X) € P since P is a regular profile of Sae (X).
Moreover, P contains (A1, By) V (Asg, Bs) as by submodularity

|(A1, B1) V (A2, B2)|x < [(A1, B1)|x + |(A2, B2)|x < 2k.
Then also (A1, B1) V (A2, Bs) V (A3, B3) € P as
|(A1, B1) V (A2, B2) V (As, Bs)|x < |(A1,B1) V (A2, B2)|x + |(As, Bs)|x < 3k.

But (Al, Bl) \Y (AQ, Bg) V (Ag, B3) = (Al UAQ UA3, Z) and, as z = Bl ﬁBg mBg
we have that A UA;UA3UZ = X and thus (43 UAUA3, 2)V (2, X) =(X,Z)
which contradicts the fact that P is a profile.

The profile P’ is regular, since if (Y,C) € P’, then (Y,C)* = (X,C%) is a
co-small separation in P, which contradicts the regularity of P. O

We also obtain a version of Theorem 6 for regular profiles:

Theorem 3.3.20. Let P be a regular profile of Sigr (X), P/ ="PN S, (Y) and
P" =P' NS, (X), then P" C P.

Proof. Both P” and PN S, (X) are regular profiles of S, (X), suppose that
they are distinct. Let (A, B) € P be a separation of minimal order with the
property that (B, A) € P” NS, (X) and let us assume further that among all
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those separations (A, B) is chosen so that AN B is as large as possible. Suppose
first that |(A B)lx = |(A%,B%)|y.

Let (A, B") = ((4,B)* ) by Lemma 3.3.4, we have that A C A" and B C B’.
Since (A’ B') # (A, B) by definition, we can pick z € (A’ ~ A) U (B’ \ B).
Note that |(A" + a:,B’ +z)|x <|(4, B)|x by Lemma 3.3.5. Thus, by the choice
of (A, B), either (A" + z,B’' +z) € P” N P which implies that z € A’ A
or (B'+ z,A' + x) € P”" N P which implies € B’ \ B. In any case, since
|({x}, X)\X < [(A, B)[x (again by Lemma 3.3.5) and ({z}, X) € P" N P this
contradicts the fact that P” N S, (X), rebpectlvely P NSy (X) are profiles.

If on the other hand |(A, B)|x > |(A%, B% )|y then, by Lemma 3.3.6 there
either exists x € (A~ B) U (B ~\ A) such that for (A',B’) = (A+ z,B + z)
we have |(4',B)|x < [(A,B)|x and |{z}, X|x < |(4,B)|x, or there exists
x € AN B such that for (4’,B") = (A —x,B) or (A, B") = (A, B — x) we have
(A, B)lx < |(A, B)|x and |({a}, X)|x < (4, B)lx. .

However, either of these cases again contradicts the fact that P” NS (X), re-
spectively PNS}, (X),isaprofile as ({z}, X) € TN P"” and, by the choice of (4, B),
either (A", B") e N P" or (B',A") € PN P" and {A,B},{A",B'}, {{z}, X}
together contradict the profile property. O

Moreover, we can even show that also the statements about tangles on the
edges translate to statements on the profiles of the edges without a lot of changes
to the proof:

Proposition 3.3.21. If P is a reqular profile of So (E), then for
Px :={(C,D)* : (C,D) € P}, we have that Px NS, (X) is a regular profile of
S (X).

Proof. If k < 1 we observe that Px only orients separations (A4, B) of order less
than 1, thus Px only orients those separations where every vertex in Y has all
its neighbours in either A\ B or B \. A. It is then easy to see that Px indeed
needs to be a profile.

So suppose that k& > 1.
We first note that the set Px N Sj (X) contains at least one of (A, B) and (B, A)
for every separation (A, B) € S (X). Indeed, by Proposition 3.3.9 we have
that (A, B)?|p < 2|(A, B)|x, and so since P is an orientation of Sy, (E) either
(A,B)Y € Por (B, A)F

Let us now show that for no separation {A, B} we have that both (A, B)
and (B, A) are contained in Px N Sy (X). Suppose otherwise, then P con-
tains separations (Cy,Dp) and (Ca, Ds) such that (Cy,Dp)% = (A4,B) and
(Cq,D9)* = (B, A).

Note that, by Proposition 3.3.9, we have that

[(E(A), E(B))|e < 2|(4, B)|x < 2F,

hence (A, B)f € P or (B,A)¥ € P. Since (E(A),E(B))* = (A,B), we
may suppose without loss of generality that either (Cy,D;) = (A, B)?
(Cy, Dy) = (B, A)F. We suppose the former one, the latter case is similar.

Now pick a separation (C, D) € P so that (C, D)* > (C2,D2)* = (B, A) and
the set (D1 N D) N\ (C1 UC) is as small as possible. We claim that C; UC # E.
So suppose for a contradiction that C; UC = E. Then

(C1,D1) VvV (C,D)=(C,UC,DyND)=(E,D;ND).
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Since Dy C E(B) and D C E(A), we have that D1 N D C E(AN B). It is thus
easy to see that

[(E,D1ND)|g <2|D1ND|<2E(ANB)| < 2/(A,B)|x < 2k,

which gives a contradiction, as (E, D, N D) € P contradicts the fact that P is
regular. Thus, C; UC # E and there exists some edge e € (D; N D)~ (CL UC).

Let = be the end vertex of e in X. Note that e € E(B) \ E(A) since
E(A) = C; and e ¢ Cy. Thus, 2 € B~ A. Moreover, as B = Cy55, C C3, we
have that 2 € C3. Thus, e is incident with C'3.

Consequently, applying Lemma 3.3.13 yields [(C' + e,D)|g < |[(C,D)|g.
Thus, P orients (C' + e, D) and therefore (C +e¢,D) € P as (D,C +¢) € P
would contradict the profile property, since (C, D) V ({e}, E) = (C + ¢, D) and
|({e}, E)|g < 2 and consequently ({e}, E) € P, since P is regular and k > 1.

But this implies that (C + e, D) € P is a better choice for (C,D), as
(C+e,D)* > (C,D)* by Lemma 3.3.7 and

(DN D)~ (CLUC) 2 (D1ND)\ (CLU(C +e)),

since e € (D1 N D)~ (C1UC).

Thus, Px N Sy (X) is indeed an orientation. That Px N Sy (X) is a profile
now follows like this: if (A1, By), (As, Ba2), (B1 N By, A1 U As) would be a triple
in Px N §k (X) contradicting the profile property, then P would need to orient
(A1, B1)F, (As, B2)P and (B1N By, A;UA5)F by Proposition 3.3.9. By the above
observation, P orients them as (A, B;)¥,(As, Bo)¥ and (B1NBy, A{UA)¥ since
Px NS} (X) does not contain any (((A;, B;)®)*)* = (B, A;). However, the three
separations (A1, B1)¥,(As, Bo)F and (B1NBy, AjUA2)E = (B, A1) PA(Bg, A2)P
in P then contradict the profile property.

The profile Px N Sy (X) is regular, since if (X,A) € Px N Sk (X), then
(E(X),E(A)) = (E,E(A)) is a co-small separation in P, which contradicts the
regularity of P. O

Proposition 3.3.22. Given a regular profile P of Ssy (X)), let
Pg :={(C,D) € 83 (E) : (C,D)* e P}.
Then Pg N Sy (E) is a reqular profile of Sj (E).

Proof. By Lemma 3.3.10, given some separation (C,D) € Sj(E) we have
that [(C,D)¥|x < |(C,D)|g, thus P contains exactly one of (C, D)% and
(C,D)%)* = (D,C)%, and consequently Pg N Sj, (E) contains exactly one
of (C,D) and (D,C), i.e. Pz N Sy (E) is an orientation of Sy, (E). That the
orientation Py N S}, (E) is consistent is then immediate from Lemma 3.3.7.

So, it remains to show that Pg N Sy, (E) satisfies the profile property. Let us
suppose for a contradiction that there is some set

{(Clle)v (CQ7D2)7 (C37D3)} CPegn gk (E)

such that (Cl, Dl) V (CQ,DQ) = (D3, 03)
Let (AuBz) = (CzaDz)< for each ¢ = 1,2,3 and let Z = Bl N B2 N B3.
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Since Z C B; = D, g, for each i, we have that |E(z) N D;| > |E(z) N Cj| for
all z € Z and i = 1,2,3. However, since C1 UCy UC3 = FE,

3 3
Y HC D) =" @min{|E() N Cyl, [E(v) N Dy[} — |E(v) N C; N Dyl)

i=1 i=1veV

>33 @min{|E(2) NG|, |E(z) N Dil} — |E(2) N C; N D)

=1 zeZ
3
=Y > QIE(z) N Ci| - |E(z) N C; N Dy)
z€7Z i=1
>3 d(z) = |E(Z.Y)l.
z€Z

Since |(C;, D;)|g < k for every i = 1,2, 3, this gives us |E(Z, X)| < 3k and thus
I(Z, X)|x = [E(Z,Y)] < 3k.

Hence, P needs to contain (Z, X), as P is a regular 3k-profile.
Moreover, P contains (A1, B1) V (Aa, B2) as by submodularity

[(A1, B1) V (A2, Ba)|x < [(A1, B1)|x + (A2, B2)|x < 2k.
Then also (A1, B1) V (A2, B2) V (A3, B3) € P as
|(A1, B1) V (Ag, B2) V (A3, B3)|x < [(A1, B1) V (Ag, Ba)|x + (A3, B3)|x < 3k.

But (1417 Bl) \Y (AQ, Bg) V (1437 Bg) = (Al UA2 UA3, Z) and, as z = Bl ﬁBg ﬂBg
we have that A UA;UA3UZ = X and thus (A3 UAUA3, 2)V (2, X) = (X, Z)
which contradicts the fact that P is a profile.

The profile Py N Sy (E) is regular, since if (E,C) € Py N Sy (E), then
(E,C)* = (X,C¥) is a co-small separation in P, which contradicts the regularity
of P. O

It would be nice if one could find a unified result implying both our results
about tangles and the results about profiles. Unfortunately, it seems that the
nature of the result means that strengthening or weakening the notion of a
tangle we consider does not make the statement stronger or weaker, but rather
incomparable. Indeed, since we wish to show that tangles in s (X) shift to tangles
in §(Y), if we consider a stronger notion of tangle, then fewer orientations are
tangles, and so it is required to show that a stronger property holds for the
shifts, but under a stronger assumption on the original orientations. Similarly, if
we consider a weaker notion of tangles, then more orientations will be tangles,
and so it is required to show that a weaker property holds for the shifts, but we
only have weaker assumptions on the original orientations.

Forward shifts

Another possible variation of the problem is to consider other ways to relate
tangles of the different systems to each other. Given our shifting operation
between the two separation systems S(X) and S(Y) we defined a ‘pull-back’
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type operation that maps subsets of S (X)) to subsets of s (Y) and investigated
its action on tangles. However, as in the definition of 7x, there is another way
to extend our shifting operations from acting on single separations to acting on
subsets via a ‘push-forward’ type action. It is perhaps equally natural to ask
how the tangles of Sy (X) and S}, (Y') behave under these operations.

Given a tangle 7 of Sy (X) one may define the set

7= {(A,B)” : (A,B) € 7} C S (Y),
and similarly, if 7 is a tangle of Sy, (Y), we may define
79:={(4,B)° : (A4,B) e 1} C S} (X).

Note that 7> and 79, generally, are no more than subsets of S (V) or Sy (X),
respectively, they need not be an orientation, not even a partial orientation.

However, we can show that this push-forward 7> is, when restricted appropri-
ately, contained in a corresponding pull-back "7 and thus needs to be a partial
orientation satisfy (7).

Proposition 3.3.23. Let 7 be a tangle of Sigk (X), then
(1N S (X))> C>r.

Proof. The only way in which this may fail is that for some (C,D) € "7
we have (D,C) € (1N Sy (X))>. Let us say this happens because of some
(A,B) € 7N S; (X) with (A, B)" =(D,C).

Then also (A,B) € "(°7N Sy (Y)) N Sk (X) by Theorem 6, and hence

(A,B)? = (D,C) € 7N Sy (Y), contradicting the fact that >7 N Sy, (V) is
a tangle. O

Bipartitions

A third variation of this idea comes from applications. There we often wish
to work with systems of bipartitions, rather than more general set separations.
Again, here much of the work in previous sections remains true in this setting,
with slight tweaks to the definitions and results.

More explicitly, given as before a bipartite graph G with bipartition classes
X and Y, let B(X) and B(Y) be the universe of all bipartition of X and Y,
respectively.

Given a bipartition (A4, B) of X, we can define, as before, the shift of (A, B)
to be the bipartition (C, D) of Y, where C' is the set of all elements of Y with
more neighbours in A than in B and D is the set of all elements of Y with
more neighbours in B than in A. However, a small issue arises here as to what
to do with those vertices which have an equal number of neighbours in A and
B. Since we need the shift of a bipartition to be a bipartition, we need to
break the symmetry in some way here, and we define our shifting operation
not for unoriented, but for oriented bipartitions, namely we define a bipartition
(A,B)” := (C,D) of Y by letting

Ci={yeY : INW)NA>|N(y) B}
and

D:={yeY : [N(y)nA|l <|N(y)nBl}.
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In particular, in general (A4, B)” # ((B, A)*)*.
There is again a natural order function for these bipartitions given by

(4, B)|x =Y min{|N(y) N A|,|N(y) N B},
yey

for bipartitions (A4, B) of X and
[(C,D)ly = > min{|N(z) N C|,|N(z) N DI},
zeX
for bipartitions (C, D) of Y. These functions are again submodular:
Lemma 3.3.24. The order functions |-|x and |-|y are submodular.

Proof. By symmetry, we only need to show the submodularity of |-|x. Note that
it suffices to show that the function

(4, B)ly := min{[N(y) N A, [N (y) N (B)[}

is submodular for each y € Y, since sums of submodular functions are again
submodular.
To that end, let (A4, B) and (A, B’) be two bipartitions of X and let

IN(y) NAN A = paar, |Ny)NANB'| = pay
IN(y) "BNA'| =ppar, |N(y)NBNB'| = ppy.

so that

I(A, B) |y + |(A/7 B/) |y = Min{Paa’ +Pab’ s Poa’ +Poby } +Min{Paa’ +Ppar s Pab + P }
and
[(AnA'",BUB")|, +|(AUA’,Bn B,
= min{paa’, Pab’ + Poa’ + Povr } + min{paar + Poar + Pav, Pov }-
There are four possible cases for |(A4, B)|, + [(A", B')|y:
Paa’ + Pab’ + Paa’ + Pba’ = Paa’ T+ (paa/ + Pba +pab/);
DPba’ + Doty + Paa’ + Pob’ K Paa’ + Db

Paa’ + DPab’ + Pab’ + Dby’ Paa’ + Do’ 5
Poa’ + Dby + Daty + Doy = (Pav + Poar + Do) + Dobr

<
<

and in each case it is clear that this is at least as big as

min{paa’7pab’ +pba’ +pbb’} + min{paa’ +pba’ +pab’7pbb’}
=|(AnA",BUB')|,+|(AUA4", BN B)|,. O

Given some k € N we use By (X) to denote the set of all bipartitions in B(X)
with order lower than k. A tangle of Bj (X) then is a consistent orientation 7 of
B, (X) which

(BT1) does not contain any separation of the form (A, B) with |B] < 1 or
IN(B)| <1, and
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(BT2) where for any three separations (Aj, By), (As, B2), (43, B3) € 7 we have
that A1 U Ay U A3z # X.

Similarly, we define By (V) and tangles of By (Y).
We observe that a bipartition (A4, B) in B(X) naturally defines a bipartition
(A,B)* := (C, D) in B(Y) by letting

C:={yeY : [N(y)nAl>[N(y)nBl}

and
D:={yeY : [N(y)nA|l <|N(y)nBl}.

Similarly, a bipartition (C,D) in B(Y) gives rise to a bipartition
(C,D)?:=(A,B) in B(X) via

A={rxeX : |[N(z)nC| > |N(z)nD|}

and
B:={zeX : |[N(x)NC|<|N(z)nD|}

Like for set separations, it turns out that, with respect to the order functions
defined above, the order of (A, B)* is at most that of (A, B). In order to show
this we will first need the following simple bound on the order of a bipartition.

Lemma 3.3.25. Let (A, B) be a bipartition of X, then |(A, B)|x < |E(A4,Y)].
Proof.

(A B)lx = 3 min{|N(y) N AL IN() 0 BJ} < 3IN() N Al = [B(A,Y)]. O
yey yey

This implies that tangles cannot point towards sets of vertices with small
neighbourhoods:

Lemma 3.3.26. If 7 is a tangle of By, (X) and Z C X with E(Z,Y) < k, then
(Z,X\Z)erT

Proof. By Lemma 3.3.25 we have |(Z/, X \ Z')|x < |E(Z")Y)| < |E(Z,Y)| <k
for all Z’ C Z, so 7 contains an orientation of (Z', X \ Z') for all Z' C Z. We
show by induction on |Z’| that the orientation in 7 is always (Z’, X ~ Z’). The
induction start for Z’ = ) is immediate by (BT1). For the induction step let
7' C Z with |Z'| > 0, pick an arbitrary element z € Z’, and let Z" := Z' — 2.
By the induction hypothesis, (Z”, X \ Z") is in 7 and, by (BT1), ({z},X —2) is
in 7. Since Z"”" U {z} U(X \ Z’) = X, the tangle 7 cannot contain (X \ 7', Z’)
by (BT2) and hence contains (Z', X \ Z). O

We can show that the order of the shift of a bipartition is at most the order
of the bipartition we started with:

—

Lemma 3.3.27. Let (A, B) € B(X), then |(A, B)|x = |(A, B)"|y. Similarly, if
(C,D) € B(Y) then |(C, D)|y > |(C,D)Yx.
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Proof. Clearly it suffices to prove the first statement by symmetry. Let
(A,B)> = (C, D). Then, by definition, we have |N(y) N A| > |N(y) N B| for
y € C and vice versa for y € D. Thus,

(A, B)lx = Y min{|N(y) N A, |N(y) N B}

yey
=Y IN@)NB[+ Y IN@) N A
yel yeD

= |E(C,B)| + [E(D, A)|.
Conversely, we have

(C.D)ly = Y min{|N(z) N C|,|N(z) N DI}

reX
= Z min{|N(z) N C|,|N(z) N D|} + Z min{|N(z) N C|,|N(z) N D|}
T€EA zeB
< SN N DI+ SN ne
T€A zeB
=Y |E(@ D)+ ) _|E(z,0)
z€A rz€B
= |E(A, D)| + |E(B,C)|
= (A, B)lx.

We can now define, given a tangle 7 of By, (X), the shift
*r = {(C, D) € B(Y): (C,D)* € 7} C B(Y),
and, given a tangle 7 of By (Y), the shift
7 :={(A,B) € B(X): (A, B)* € 7} C B(X).

Like for set separations, the shift of a tangle, restricted to a lower order, gives a
tangle:

Theorem 3.3.28. Let 7 be a tangle of B(X ), 7/ =7 NB(Y)y, then 7' is a
tangle of B(Y ).

Proof. We first show that 7/ is an orientation of By (Y). For this, let (C, D) be
a bipartition in By (V) and

A={z e X:|N(x)nC|>|N(z)NnD|},
B={zxe€ X:|N(x)NnC| < |N(z)ND|}, and
Z={zxeX:|N@z)nC|=|N(z)nD|}
then (C, D)= (AU Z,B) and (D,C)? = (BU Z, A).
If both (C, D) and (D, C) are contained in 7/, then (AU Z, B) and (BUZ, A)

both are contained in 7, however A N B = (3, contradicting the fact that 7 is a
tangle.
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If on the other hand neither (C, D) not (D, C) is contained in 7/, then neither
(AUZ, B) nor (BUZ, A) is contained in 7 and therefore (B, AUZ), (A, BUZ) € 7.
Moreover, we observe that

(C.D)ly =) min{|[N(z) N C|,|N(x) N DI}

zeX

> min{|N(z) N C|,|N(z) N D}
r€Z

< IN@)nC|  |B(Z,Y)

_;e:z . =—5

Consequently, |E(Z,Y)| < 2k. Thus, by Lemma 3.3.26, we have that the
separation (Z, X \ Z) is contained in 7. However, this contradicts the definition
of a tangle, as AUBU Z = X. Thus, 7’ is indeed an orientation of By (Y).

Secondly, we claim that ({y},Y —y) € 7/ for every y € Y with the prop-
erty that |({y},Y —y)|ly < k. Indeed, let us suppose for a contradiction that
(Y —y,{y}) € 7. Then, for

A={reX: Nx)={y}}, B:=X\A4,

we have that (Y —y, {y})? = (B, A). Thus, (B, A) € 7, however this contradicts
the assumption that 7 is a tangle, as |[N(A)| = |{y}| = 1.

Additionally, we claim that (C,D) € 7' whenever [N(C)| = 1 and
|(C, D)y < k. Again, suppose for a contradiction that (D, C) € 7. This implies
that the separation (A4, B) := (D, C)" is contained in 7. However, B C N(C)
and thus |B| < [N(C)| = 1 contradicting the fact that 7 is a tangle. With that,
we have proven that 7" satisfies (BT1).

So, it remains to show that 7/ satisfies (BT2). Let us suppose for con-
tradiction that there is some set {(C1, D1), (C2, Ds), (Cs,D3)} C 7’ such that
CiuCyUuCs =Y.

Let (A4;, B;) = (C;, D;)< for each i = 1,2,3. Then, since (A4;, B;) € 7 for each
i and 7 is a tangle, it follows that the set Z = X \ (A1 U A2 U A3) is non-empty.

Since Z C B; for each i, we have that |[N(z)ND;| > |[N(z)NC;| for all z € Z
and i = 1,2,3. However, since C; UCoUC3 =Y,

3 3
Y I(Ci, Dy = Y min{|N(z) N Cil, IN(z) N Dif}
i=1 i=1 xeX
3
>3 ) min{|N(x) N Cy|, [N (x) N Dil}
1=1x€Z
>3 > IN(@)NCyl
z€Z i=1
> ) dz)=|E(Z,Y)|
reZ

Hence, |E(Z,Y)| < 3k. Thus, by Lemma 3.3.26, we have that (Z,X \ Z) € 1.
But, since |(As, Bs)|x < [(C3,D3)|y < k and |E(Z,Y)| < 3k we can conclude
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that

(A3U 7, B3\ Z)|x = Y min{|N(y) N (43U Z)[,|N(y) N (Bs \ Z)[}
yey
< ) (min{[N(y) N As|,IN(y) N Bs[} + | E(y, Z))
yey
< 4k.

It follows from (BT1) that (A3 U Z, B3 \ Z) € 7. However, then
{(A1,B1), (A2, By), (A3 U Z, B3\ Z)} C 7
and By N By N (Bs \ Z) = 0, contradicting (BT2). O

Like for the tangles of set separations, if we take a tangle on X, shift it to Y
and then shift it back to X we obtain a truncation to low order separations of
the tangle that we started out with.

Theorem 3.3.29. Let 7 be a tangle of E(X)16k, let 7' ="r OE(Y)M, and let
T =39%"NB(X),. Then " C 1.

To prove this theorem, we need some lemmas:

Lemma 3.3.30. If (A,B) € B(X) and |(A,B)|lx = |(A,B)|y then
((A,B)")" > (A, B).

Proof. Let (C,D) = (A, B)” and (A’, B") = (C,D)".

By definition, we have that C = {y € Y : [N(y)NA| > ‘Néiy)‘} and similarly

that D={yeY : [Ny) N4l < %} The order of (A, B) is thus
|[E(A, D)| +|E(B,C)|.
On the other hand, the order of (A, B)* is bounded from above by

Y |B(x, D)+ Y |E(z,0)| = |E(4,D)| + |E(B,C)|.

z€A rEB

Thus, in order for these two orders to be equal we need that every x € A has at
most as many neighbours in D asin C. Since A’ = {z € X : |[N(z)NC| > M},
this implies that € A’ for € A. Thus, (4, B) < (4',B’) = ((4, B)*)“. O

Lemma 3.3.31. Let (A, B) € B(X) and let (A’,B") := ((A, B)*), then for
every x € A’ \ A we have that |(A+ z,B — z)|x < |(4, B)|x and moreover
({2}, X —2)|x <2/(4,B)|x.

Proof. Let z € A’ \ A and consider some y € Y. If y is not adjacent to z, it
has as many neighbours in A as in A + z and as many neighbours in B as in
B — x. If y is adjacent to x it has one neighbour more in A + = than in A and
one neighbour less in B — z than in B. Thus, by the definition of the order
function, we can bound the order of (A + x, B — x) by the order of (A, B) plus
the number of vertices in N(x) which have more neighbours in B than in A
minus the number of vertices in N(z) which have at least as many neighbours in
A asin B, ie. we have |(A+2,B —1z)|x < |(A4,B)|x +|N(z)ND|—|N(z)NC|
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for (C,D) := (A, B)>. However, as x € A’, we have |[N(z) N C| > |N(x) N D|
and thus [(A+z,B — x)|x < |(4,B)|x.

The order of ({z}, X — z) is bounded by |N(z)|. Observe that the order of
(A, B) is at least as big as |[N(z) N C|, as every vertex in C has at least as many
neighbours in A as in B. Observe further that |[N(z) N C| > M by the choice

of z. Thus, (A, B)|x > W o

Proof of Theorem 3.3.29. Both 7" and 7N By, (X) are tangles of By (X), suppose
that they are distinct. Let (A, B) € 7 be a separation of minimal order with
the property that (B, A) € 7" and let us assume further that among all those
separations (A, B) is chosen <-maximal. Let (4, B") = ((4, B)*)“.

If A’ is not a subset of A, let z € A’ \ A as in Lemma 3.3.31. Then, by the
choice of (A, B) and the fact that (B —z, A+ ) < (B, A) € 7", we have that
(B—x,A+2x) € 7. However, as |({z}, X — x)|x < 2|(4, B)|x < 2k < 16k we
have ({z},X —z) € 7 and (4, B), (B — z, A+ ), ({z}, X — x) together form a
forbidden triple in 7.

Thus, we may suppose that A" C A and thus (4’,B’) < (4, B). Hence,
(A',B") € 7 and therefore (A,B)* € 7' by the definition of 7/, as
(A, B") = ((A, B)*)? € 7. However, this implies that (A4, B) € 7", contradicting
the fact that (B, A) € 7" and 7" is a tangle. O

Again we note that the proofs of Theorems 3.3.28 and 3.3.29 closely follow
those of Theorems 5 and 6, and thus we would suspect that there exists some
unified theorem from which both, the theorems about set separations, and those
about bipartitions, can be deduced.

However, as with the difference between tangles and profiles, there arises
some problems if one tries to do so: in principle, every tangle of set separations
induces a tangle of bipartitions. And conversely, every tangle of bipartitions
induces a tangle of set separations of lower order, except that the ‘regularity’
conditions of these two types of tangles are not compatible: for set separations
we just require that we do not contain any co-small separations, whereas for
bipartitions we want more, namely that the big side of our bipartition of the
edges meet both sides of the graph in at least two vertices. Thus, the statements
for these two types of tangles are, formally, independent of each other, although
most of the proof strategy is very similar.
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3.4 Agile sets

In this section we turn our attention to a different type of dense structures, not
directly related to separations or tangles.

Seymour in [70] and, independently, Thomassen in [72] considered, given
an ordered set Z = (x1,2,..., Tk, Y1,Y2,---,Yx) of vertices in a graph G, the
question whether there exists a Z-linkage in G. Here, a Z-linkage consists
of vertex-disjoint paths Py, Ps,... Py between z; and y;. Both, Seymour and
Thomassen, independently characterized when a graph contains, for a given
ordered set Z of size 4, a Z-linkage.

Now, instead of considering this question for larger k let us generalize the
special case of k = 2 in a different direction. Let us say that a pair (X1, Xs) of
disjoint vertex sets in G is independent if we find two disjoint trees 17,75 in G so
that T contains all of X; and 75 contains all of X5. To the author’s knowledge,
this notation was first suggested in a mathoverflow post by the anonymous user
‘monkeymaths’ [66].

Weiflauer [76] now used this notion to give a possible definition of when a
vertex set is, in some sense, dense in the graph: let us say that a vertex set X is
agile if for every partition X = X;UX5 the pair (X7, X3) is independent.

A typical example of a large agile set can be found in the complete bipartite
graph Ksj: the set X of all the degree-2 vertices in this graph is agile, since
for any partition X;UX5 of this set we can obtain disjoint trees T} and T5 by
adding one of the degree-k vertices to X; and the other to Xs.

Moreover, this notion of agile sets is well-behaved under the minor relation,
since if H is a minor of G containing an agile set X, then picking an arbitrary
vertex from every branch set corresponding to a vertex in X results in an agile
set contained in G.

In light of these observations, Weilauer asked [76] whether, at least qualitat-
ively, a graph contains a large agile set if and only if the graph contains a large
K> 1, as a minor. More precisely, WeiBauer asked the following:

Question 3.4.1. Is it true that for every k there exists an m such that every
graph with an agile set of size at least m contains K3 j as a minor?

For k = 2 this is the case, since all graphs without a K3 »>-minor are outer-
planar and thus cannot contain an agile set of size 4. This was already observed
by WeiBauer:

Observation 3.4.2 ([76]). If G does not contain a K3 o-minor, then G cannot
contain an agile set of size > 4, as in that case G is outerplanar.

In the following we will analyse graphs with larger agile sets and answer
Question 3.4.1. We will find out that, while the answer to Question 3.4.1 is ‘yes’
for k < 4, for larger k the question must be answered negatively. However, this
is only the case due to one special additional type of graph, and consequently
we will be able to show that there is a function f : N — N such that every graph
containing an agile set of size f(k) will need to contain a Ky, or this other
special type of graph, which is called a regular strip of length k, as a minor.

To achieve this, let us start with a general lemma about graphs containing
agile sets, which will allow us to assume that the graph considered is 2-connected:
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Lemma 3.4.3. If G is a graph containing an agile set X of size | > 4, then
either G is 2-connected or G contains a proper subgraph still containing an agile
set of size l.

Proof. Suppose G is not 2-connected and let = be a vertex such that the set
{C1,...,Cy} of components of G — x has size at least 2.

Then there is one component, say C4, such that all but at most one vertex
from X lies in C4: otherwise pick four vertices vy, v9, wy, ws so that neither vy
and vy nor wy and wsy lie in the same component of G — x. Then there are no
two disjoint trees 717,75 in G such that T} contains v; and ve and T contains
wy and ws, as both of these trees would need to contain x, since every path from
v1 to ve uses x and also every path from w; to wy uses z.

Moreover, if v is the only vertex in X \ Cy, the set X — v + x is again an
agile set. It is easy to see that this set is also an agile set of the proper subgraph
Cy U{z} of G, thus this subgraph contains an agile set of size [. O

While this lemma allows us to essentially assume that every graph containing
an agile set is 2-connected, we can, perhaps surprisingly, show something similar
for larger connectivity. Of course, not every graph containing a large agile set is
3-connected, as for example K5 is not, but an agile set still behaves nicely with
respect to separations of order 2 or larger. Namely, we can show the following:

Observation 3.4.4. Let G be a graph, (C, D) a separation of G and X an agile
set contained in G. Then X NC and X N D are agile in the corresponding torsos,
i.e. in the graphs obtained from G[C] and G[D] by making C'N D complete.

Proof. Let us show that X N C is agile in the torso H corresponding to C.
Given any partition X;UX5 of X N C, we know that, since X is agile, the pair
(X1 U (X \ (), X5) is independent. Thus, we find disjoint trees T7,T% in G so
that 77 contains X; U (X \ C) and T5 contains As. Now clearly 73 N C and
T5 N C induce disjoint connected subgraphs of H which contain X; and X,
respectively. Thus, we find the desired trees inside these subgraphs. O

Being able to assume that the graph considered is 2-connected is in fact all
we need to answer Question 3.4.1 positively for k = 3:

Proposition 3.4.5. If G does not contain a Ky 3-minor, then G cannot contain
an agile set of size 5.

Proof. We may assume by Lemma 3.4.3 that G is 2-connected.

Since a graph is outerplanar if and only if the graph contains neither K» 3
nor K* as a minor, we may suppose that G is either outerplanar or contains K*
as a minor. Thus, as by Observation 3.4.2 no outerplanar graph contains an
agile set of size 5, we may suppose that G contains K* as a minor. Thus, (since
A(K*) = 3,) G contains K, as a topological minor. Since every TK* not equal
to K* contains K» 3 as a minor, we therefore may suppose that K* C G.

If there is any other vertex v € GG, there are two disjoint paths from v to this
K*, since G is 2-connected. However, the K* together with v and these 2 paths
again include K3 3 as a minor, thus there cannot be such a vertex.

Thus, G would need to be equal to K*, however K* does not contain an agile
set of size 5. Thus, every graph containing an agile set of size 5 must contain
K5 3 as a minor. O
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Moreover, it is possible to show that Question 3.4.1 is true for k = 4:

Proposition 3.4.6. There exists an m such that, if G does not contain a
Ky 4-minor, then G cannot contain an agile set of size m.

While Proposition 3.4.6 can be proven directly using either the character-
ization of graphs without Ky 4-minor obtained by Ellingham, Marshall, Ozeki,
and Tsuchiya in [44], or a result by Dieng ([18]) which states that every graph
without a K5 4-minor is obtained from an outerplanar graph by the addition of
at most 2 vertices, both of these proofs would consist of a rather extensive case
distinction. Thus, we will not prove Proposition 3.4.6 directly, instead it will
turn up as corollary of a later result.

For k = 5 however, Question 3.4.1 needs to be answered negatively, as shown
by the following counterexample:

Counterexample 3.4.7. The set of red vertices in the following graph G is
agile, however G does not contain a K5 s-minor.

A—0) v@v@va@v@v@v@ (19
KAXLRRALS

Formally this graph G is constructed as follows: given some n € N, the vertex set
of G consists of the red vertices rg,r1,...r, and the white vertices wy,...w,_1.
The edge set of G consist of an edge between r; and 7,11 for all 0 <7 < n, an
edge between w; and w;41 for all 1 <i <n —1 as well as an edge between any
w; and r;41 and any w; and r;—q forall 1 <i<n—1.

Proof. Tt is easy to see that the set X = {rg,...,r,} of the red vertices in G is
agile.

To see that G' does not contain a Kjy s-minor, suppose for the contrary that
G contains a Ky 5-minor. Then we can find such a minor so that the branch set
of every vertex of degree 2 in K 5 consists of only a single vertex of G. Let us
denote the branch sets of the vertices of degree 5 of such a K s-minor in G by
Hl and HQ.

Now consider the set I of those i € {0, ...,n} for which r; or w; corresponds
to one of the vertices of degree 2 in K3 5. By pigeonhole principle, one of H; and
Hj contains, for at least three distinct ¢ € I, neither r; nor w;. Let us suppose
without loss of generality that H; does so and let us denote three such ¢ € I
where H; contains neither r; nor w; as iy < is < i3. Now the set {r;,,w;,}
disconnects every r;, w; with j < is from every 7y, wy with k& > i5. Therefore, as
both, one of 7;,, w;, and one of r;,, w;, correspond to one of the vertices of degree
2 in the Ky 5, both {r;,,w;, } and {r;,, w;,} are adjacent to Hy. But, since Hy
is disjoint from {r;,,w;, }, this contradicts the fact that H; is connected, as H;
would need to meet two components of G — r;, — w,,. O

We will now prove that this counterexample is essentially the only one:

Theorem 7. There exists a function f : N — N, such that every graph with
an agile set of size f(k) either contains Ko or a regular strip of length k as a
minor.
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To prove this, we will heavily rely on a result by Ding which characterizes the
graphs not containing K> . as a minor [32]. Consequently, we need the following
definitions by Ding [32]:

We say that a graph G is internally 3-connected if we can obtain G from a
3-connected graph by subdividing each edge at most once.

A fan is a graph G which consists of a cycle C, three consecutive vertices
a,b,c € C and additional edges between b and some other vertices on C. These
additional edges are called the chords of the fan. The vertex b is called the center
of the fan, and the vertices a, b, ¢ are the corners of the fan. The length of the
fan is the number of chords.

Consider graphs G obtained from a cycle C' containing two disjoint edges ab
and cd by adding some edges between the two distinet paths in C' \ {ab, cd}.
The added edges are called chords. We say that chords fifs and f3f4 cross if
the four vertices fi, fo, f3, fa are pairwise distinct, and they appear in the order
f1, f3, f2, fa, f1 along C'. If given such a graph G where every chord is crossed by
at most one other chord, and where if two chords f; fo and f3f4 cross, then either
fifs and fofs, or f1f4 and fofs are edges in C, we call G a strip. Moreover, we
will also call any H € {G — ab,G — cd, G — ab — cd} a strip if H has minimum
degree at least 2. The corners of such a strip are the vertices a, b, ¢, d and the
length of the strip is the maximal size of a set of pairwise non-crossing chords
with pairwise disjoint endpoints.

Given a graph G, adding a fan or strip to G shall mean that we obtain a new
graph out of the disjoint union of G and a fan or strip by identifying the corners
of the fan or strip with disjoint vertices from G.

Finally, we say that a graph H is an augmentation of a graph G if H is
obtained from G by adding disjoint fans and strips in such a way that two corners
of distinct fans and strips are only allowed to be identified with the same vertex
of G if one of them is the center of a fan, and the other one is either a corner of
a strip, or also a center of a fan.

We denote, for m € N, as A,, the class of all graphs that are augmentations
of a graph with at most m vertices, i.e. the class of all those graphs H for which
there is a graph G with at most m vertices such that H is an augmentation of G.

A regular strip of length k is the graph obtained from two disjoint paths
P :=v;...v, Py :=w; ... wg by adding an edge between v; and w;4+; and w;
and v;41 for every 1 < i < m. This graph is depicted in the following image:

Note that such a regular strip is a strip with corners vy, wq, Vg, wg.
Ding ([32]) now showed the following:

Theorem 3.4.8 ([32, Theorem 5.1], rephrased). For every k € N there is some
m € N such that every internally 3-connected graph without a Ko p-minor is
contained in A,,.

This theorem will allow us to prove Theorem 7. Our proof strategy will be
as follows: suppose we are given a graph G which contains a large agile set. We
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will be able to show that, if G does not contain a K ;-minor, then we find a
minor of G which is internally 3-connected and still contains a relatively large
agile set, hence we can essentially assume without loss of generality that G is
internally 3-connected. We then can assume, using Theorem 3.4.8, that G lies
in A, thus G is an augmentation of a graph with at most m vertices. Since
every such augmentation is obtained by adding a bounded number of fans and
strips, this will then imply that one of the fans or strips used for G still contains
a relatively large agile set, and we will be able to show that this is only possible
for a strip, and that this strip will then contain a regular strip as a minor.

So let us first show that the graphs in A,, are indeed constructed by adding
only a bounded number of fans and strips:

Observation 3.4.9. Every graph in 4,, is obtained from a graph G with at
most m vertices by adding at most % fans and strips.

Proof. Every vertex of GG is a non-center corner of a strip or fan for at most one
such fan or strip. Since every strip and fan has at least 2 non-center corners,
this gives the desired bound. O

Our next goal is to show that, if an augmentation contains a large agile set,
this large agile set cannot be contained in any of the fans used in the construction
of this augmentation. Since the corners of such a fan separate the fan from the
rest of the graph, this follows from Observation 3.4.4 — as soon as we establish
the following;:

Observation 3.4.10. Let G be a graph obtained from a fan by making the set
of corners complete. Then G cannot contain an agile set of size 7.

Proof. Suppose X is an agile set in GG of size at least 7 and let us denote the
center of that fan as b. Then there are 4 vertices in X which do not belong to
the corners of the fan. Let us denote them as vy, vo, v3, v4 and assume that they
lie in this order on the cycle C' used in the construction of G.

Since X is agile, there are disjoint paths P; from v; to v3 and P, from vy to
vg. However, as {b, v, v4} together separate v; from vz in G and P; can neither
contain vo nor vy, it needs to be the case that b is contained in P;. But similarly,
{b,v1,v3} separates vg from vy in G and thus b is contained in Pa, contradicting
the fact that P; and P, are disjoint. O

Corollary 3.4.11. Let G be a graph containing a fan H as a subgraph such
that the corners of H separate the rest of H from the rest of G. If G contains
an agile set X, then X cannot contain more than 6 vertices from H.

Proof. Immediate from Observation 3.4.4 and Observation 3.4.10. O

Next we would like to show, given an augmentation G and a strip used in
its augmentation process, that, if the vertices of that strip in G contain a large
agile set, then this strip needs to contain a large regular strip as a minor.

For this we first observe that a strip contains a regular strip as a minor, as
soon as the strip has enough pairs of crossing chords:

Lemma 3.4.12. Let G be a strip containing k distinct pairs of crossing chords.
Then G contains a reqular strip of length k as a minor.
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Proof. Let C be the cycle used in the construction of G, and let ab and cd be the
two edges of C for which we added chords between C' ~\ {ab,cd}. Let us denote
as P; and P the two paths together forming C \ {ab, cd}, where P; starts in a
and P, starts in b.

Let us denote the pairs of crossing chords as {vjw],viws}, where v} is
contained in P; and we enumerate these pairs so that v} appears before both, v}
and vifl on Py, for every 1 < i < k. Then, since every chord in a strip crosses at
most one other chord, we have that vi appears before vi“ on Py (or is identical
to vi™) and that the relation between the w; on P, is such that wf appears
before w? which appears before wit on Py (again, or that wi = wé‘”), for every
1<i<k.

Thus, suppressing every vertex on P; or P, which is not one of the ’U; or w§
and then contracting every existing edge between v4 and viH as well as every
edge between w! and wé“ for every 1 < ¢ < k gives the desired regular strip of
length k. O

With this lemma at hand we can now show the following:

Lemma 3.4.13. There is a function j : N — N, namely j(k) := 22(k—1)+4k+1,
such that whenever the graph G obtained from a strip H by making the set of
corners of H complete contains an agile set of size j(k), then H contains a
reqular strip of length k as a minor.

Proof. By Lemma 3.4.12, if H contains at least k pairs of crossing chords, then
H contains a regular strip of length k£ as a minor. So suppose that H contains
at most k — 1 pairs of crossing chords. Let X be the set of vertices incident with
the edges of these chords together with the four corners of the strip. It is easy
to see that G — X contains at most 2(k — 1) components, and that each of these
components is either a path or a strip without crossing chords. Moreover, each
of these components is adjacent to at most 4 vertices in X. By the pigeonhole
principle, one of these components needs to contain, since j(k) > 22(k — 1) + 4k,
at least 11 vertices of our agile set. Let Y be the vertex set of one such component,
let K’ be the subgraph of G induced on Y U N(Y) and denote as K the graph
obtained from K’ by adding all edges between the vertices in N(Y). Since N(Y)
separates Y from the rest of G, it is, by Observation 3.4.4, enough to show that
K does not contain an agile set of size at least 11.

The ladder of length n is the graph on the set [n] x {0, 1} where we add an
edge between (z,y) and (z’,y’) precisely if |z —a'| + |y — 3’| = 1. The endvertices
of a ladder of length n are the four vertices (0,0), (0,1), (n —1,0) and (n —1,1).

We claim that K is a minor of a graph obtained from a ladder of large enough
length by making the 4 endvertices of this ladder complete, i.e. we claim that
K is a minor of the type of graph depicted in Fig. 3.1. Indeed, if G[Y] is a
strip without crossing chords, then the graph obtained from K’ by removing
the edges between the vertices from N(Y) is also such a strip. Moreover, the
corners of this strip are the vertices from N(Y). Now we find this strip as a
minor in a large enough ladder, with the additional property that the branch
sets of the vertices from N(Y) each contain one of the endvertices of the ladder.
Consequently, K is a minor of the graph obtained from that ladder by adding
all edges between the endvertices of that ladder.

If on the other hand G(Y') is a path, then again we find the graph obtained
from K’ by removing the edges between the vertices from N(Y') as a minor in a
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Figure 3.1: The type of graph of which K is a minor.

large enough ladder, with the additional property that the branch sets of N(Y)
each contain an endvertex from that ladder.

But, for any n € N, the graph obtained from a ladder of length n by making
its endvertices complete cannot contain an agile set of size 11: by pigeonhole
principle, one of the rails (that is one of the sets {(¢,0) : 7 € [n]},{(z,1) : i € [n]})
needs to contain 6 vertices from our agile set. But if we partition these vertices
alternatingly, we see that is not possible to connect the two partition classes
disjointly.

Since containing an agile set is a minor-closed property, K can thus also not
contain an agile set of size 11 contradicting, by Observation 3.4.4, the assumption
that Y contains 11 vertices from our agile set. O

Corollary 3.4.14. Let G be a graph containing a strip H as a subgraph, such
that the corners of H separate the rest of H from the rest of G. If G contains an
agile set X containing more than j(k) many vertices from H, then G contains a
reqular strip of length k as a minor.

Proof. Immediate from Observation 3.4.4 and Lemma 3.4.13. O

We are now ready to use Theorem 3.4.8 to show that every internally 3-
connected graph containing a large agile set will indeed need to contain a large
Ky 1, or a large regular strip as a minor:

Lemma 3.4.15. There exists a function g : N — N such that every internally
3-connected graph which contains an agile set of size g(k) contains Ko or a
reqular strip of length k as a minor.
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Proof. By Theorem 3.4.8, we find some m € N such that every graph without a
K5 p-minor is contained in A,,. Let g(k) :=m + % max{j(k),6}. Now let G be
a graph containing an agile set of size g(k). By Theorem 3.4.8 we know that G
either contains a K3 j as a minor or is contained in A,,. By Observation 3.4.9, in
the second case G is obtained from a graph of at most m vertices by augmenting
at most 5 fans and strips. By the pigeonhole principle, one of the augmented
fans or strips needs to contain an agile set of size at least max{j(k),6}. By
Corollary 3.4.11, this cannot be a fan, so it needs to be a strip. However, by
Corollary 3.4.14, this implies that G contains a regular strip of length k as a
minor. O

In order to extend this result to graphs that are not locally 3-connected, it
will be essential to analyse how separations of order 2 in a graph containing a
large agile set can behave. As it turns out, we are able to assume that they are
all pairwise nested:

Lemma 3.4.16. Let n € N and let G be a graph which is minor-minimal with
the property of containing an agile set X of size n, then the separations of order
2 in G form a nested set.

Proof. Suppose that two separations (A4, B) and (C, D) of order 2 in G cross. If
X meets all quadrants V. (BUD),V~(AUD),V~(BUC)and V \ (AUC),
then this would contradict the agility of X by partitioning vertices in opposite
quadrants into the same partition class.

Thus, at least one quadrant, say without loss of generality V ~ (B U D),
contains no vertex from X. Then, by minor-minimality of G, the quadrant
contains no vertex, since contracting any edge adjacent to such a vertex results in
a minor of G in which X is still agile. Thus, we may assume that G[ANC| consists
of just an edge between the sole vertices v € (AN B)~ D and w € (CN D)\ B.

We denote the second vertex in AN B as v' and the second vertex in C' N D
as w'.

We claim that we can contract the edge vw, contradicting the minimality
of G.

Suppose first, that at most one of v, w is contained in X, say v ¢ X. Suppose
that X is not agile in G’ = G/vw and let us denote the partition of X which
witnesses this as X = X;UX5. Since X is agile in G, there are connected disjoint
subgraphs G1, G2 of G such that X; C G; and X5 C G3. Moreover, we may
assume without loss of generality that V(G1) UV (G2) = V and that v € Gy
and w € Ga, as otherwise G'[V(G1)] and G'[V(G2)] are also connected disjoint
subgraphs of G’.

Now if w’ € Gy, then BN C 2 Ga. Then, for V/ = V(Gy) — v and
V4 = V(G2) 4+ v, we have that G'[V{] and G'[VJ] are connected and contain X
and X», respectively. Thus, X;UX> does not witness that X is not agile in G’.

So suppose w' € G5. Then v/ € G, since Gy is connected and {v,v'}
separates w from w’. By a symmetric argument to the above we may assume
that w € X, as otherwise G'[V(G1) + w] and G'[V(G2) — w| are connected and
contain X; and X, respectively. Thus, we have that X; CV ~ (D U A).

If XN BNC C Xy, the partition X = X;UX5 would again not witness that
X is not agile in G’, as both G'[BN C] and G'[V ~ (B N C)] are connected. So
we may suppose that Xo N (B N C) is non-empty.
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Moreover, there do not exist connected subgraphs G} and G4 of G[B N C]
such that v ¢ GY and such that X; C GY and Xo N (BNC) C GY, as we could
otherwise replace Gy N BN C and G2 N B N C with these subgraphs which then
shows that X;UX5 is not a partition witnessing that X is not agile in G'.

Additionally, X is not completely contained in C, as G was chosen C-minimal
and X N C is agile in the torso obtained from G[C] by Observation 3.4.4, and
this torso is a proper minor of G since there exists the vertex v’ € (AN B) \ C.

Thus, let 2 € X ~ C and let X{ = X; +2 and X} = X5 — 2. Since X is agile
in G, there are disjoint connected subgraphs 7] and T4 of G with X| C T and
X5 CTy. Now w' € Ty, since {w,w'} separates X| in G and w € X3. On the
other hand v € T since X], X} look the same on G[BNC] as X1, X2. But then
T5 cannot connect w to X N (BN C), which is a contradiction.

It thus remains the case that v,w € X. Then v/, w’ ¢ X, as {v, v’} separates
w from V ' A and {w,w'} separates v from V ~ C and both, V'~ A and V . C
need to contain vertices from X by the minor minimality of G.

We may assume that X meets both V'~ (AU D) and V \ (C'U B) in vertices
x and y, say, as otherwise the corresponding quadrant would contain only an
edge between v and w’, respectively w and v’, which could be contracted by the
previous argument.

Now consider a partition X]UX} of X where w,z € X] and v,y € XJ. This
partition witnesses that X is not agile, which is a contradiction. O

Thus, the set of all separations of order 2 of such a minor-minimal G which
are neither small nor co-small form a tree-set, which in turn gives us a tree-
decomposition (7,V) of G along all these separations. In particular all torsos
of this tree-decomposition are 3-connected. If a large subset of our agile set is
contained in one of the torsos of this decomposition, we know by Observation 3.4.4,
that it is still agile in the torso, and since the torso is 3-connected, we can then
apply Lemma 3.4.15 to deduce that the torso, and thus also the original graph,
contains a large Ky j or a large regular strip as a minor.

However, this does not need to be the case. But we can use the structure
given by T to analyse the case where it fails. Namely, if no torso contains a large
agile set, then our agile set needs to be spread across a lot of different bags of
the decomposition. This can either be the case in a ‘path-like’ or in a ‘star-like’
way. Let us first deal with the ‘path-like’ case:

Lemma 3.4.17. There exists a function h : N — N such that the following
holds: if G is a graph containing an agile set X and a sequence

(A1, B1) < ... < (Anw), Buy)

of separations of order 2, so that (B; \ Bix1) N X # 0 for all 1 < i < h(k), then
G contains a Ko i, or a regular strip of length k as a minor.

Proof. Let z; € B; \ B;+1 N X and note that the z; are pairwise distinct. Let

191 *
If we consider the partition of X given by the two classes X; = {z1,23,...}
and X5 = {23, 24, ...}, and corresponding disjoint trees T} and T3 containing X

and X5, respectively, we observe that there need to be, for every 2 < i < n — 3,
two disjoint paths from A; N B; to A;41 N B;+1 in B; N A; 41, one contained in
T, and the other contained in T5.
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We say that the pair {i, (i + 1)} is free if there are two pairs of such paths
T, T», where one consists of a path between s} and s}, ; and a path between
s? and s?, |, and the other consists of a path between s} and s?,; and a path
between s? and s}, ;. Otherwise, the pair i(i + 1) is said to be restrictive.

We note that, if there are, for 2 < i < n— 2, two consecutive pairs {(i —1),4}
and {i, (¢+1)} which both are restrictive, then for one of the pairs, say {4, (i+1)},
there need to be two pairs 17 ;, T5; and Tl’ﬂ-, TQ’J- of disjoint trees in B; N A;11,
such that T} ; contains s;,z;,s;,; and Ty, contains s7,s7,, and T] ; contains
5%>311+1 and Tj ; contains s?,xi,s§+1. This is due to the fact that X is agile,
and we can thus consider the partition of X obtained from the one above by
changing only the class to which z; belongs. Moreover, we may suppose without
loss of generality that T5; and Tl’)i are paths.

If there are, for the pair {i, (i + 1)}, these four trees Ty ;, To, 11 ;, T3 ; as
above with the additional property that the two paths 75 ; and T; 1’1 meet, then
we say that the restrictive pair {4, (i + 1)} is weakly free.

We may suppose that h(k) is chosen such that there either is a large interval
I < i < m with the property that every pair {7, (i + 1)} from that interval is
restrictive and not weakly free, or that there is a large collection of pairs which
are all free or weakly free.

In the former case, by the definition of weakly free and the above observation
about two adjacent restrictive pairs, we may suppose that m (and thus h(k)) is
chosen such that there are at least k pairs {7, (4 1)} from the interval | < i < m,
for which we find trees Ty ;, Ty i, T} ;, T5 ; as above with the additional property
that 15 ; and T{,i are disjoint. In that case we find a K3 j-minor in G as follows:
the branch sets for the two vertices of degree k each consist of a path between
A;N By and A, N By, formed by concatenating the 75 ;’s and Tl’,i’s7 respectively.
Now we find a path between x; and T5; and a path between x; and Tl”i both
contained in 77 ; U T2/,i and thus both contained in B; N A;;1. The union of these
two paths form, for each of the k restrictive pairs considered, the branch set of a
vertex of degree 2 in our K3 j-minor.

So we may suppose that there is a collection of at least k pairs {4, (i + 1)}
which are all free or weakly free.

In this case we claim that whenever a pair {7, (i + 1)} is free or weakly free,
there exists a cross in B; N A; 1. Here, a cross shall be a graph consisting of two
disjoint paths P; and P, between s} and s},; and s? and s?,; together with two
disjoint paths @ from P; to P> and Q2 from P to Pp, such that @1 starts in a
vertex before the endvertex of Q2 and Q5 starts in a vertex before the endvertex
of Q1~

To see that such a cross exists if the pair {i, (¢ + 1)} is free we observe
the following: since {i, (i 4+ 1)} is free, there are two disjoint paths P ;, Ps ;,
where P ; is a path between s} and s;,, and P,; is a path between s? and 312+1.
Additionally, there are two disjoint paths Py ;, Py ; where P ; is a path between
st and s?,; and Py, is a path between s? and s}, ;. Let us suppose that these
four paths are chosen so that their union contains as few edges as possible. We
set P, = P, ; and P, = P, ;. Now both Pll,i and PQ’J- contain subpaths between
P, and P, which are, except of their endvertices, disjoint from P; and P and it
follows from the choice of Py, Py, P| ;, Py, that some two of these subpaths
need to form our desired paths @1 and Q5.

If on the other hand the pair {i, (¢ + 1)} is weakly free, there are two pairs
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Ty, T2, and Tll,iaT2/,i of disjoint trees in B; N A;41, such that T3 ; contains
s¢,%i, 87,1 and Ty; contains s7,s7, | and T} ; contains s;,s},, and Ty ; contains
2,24, 7,1. Moreover, Ty ; and Ty ; are paths which meet in a common vertex y.
Again, by choosing these trees so that there union is as small as possible, we
observe that we indeed need to find the desired cross.

Thus, each such pair give rise to a cross, and it is easy to see that if we
combine all these crosses we obtain a regular strip of length k£ as a minor in G. O

We are now ready to prove Theorem 7:

Theorem 7. There exists a function f : N — N, such that every graph with
an agile set of size f(k) either contains Ko or a regular strip of length k as a
minor.

Proof of Theorem 7. By Lemma 3.4.3 we may suppose that G is 2-connected.
Moreover, we may suppose that G is minor-minimal with the property that G
contains an agile set X of size f(k).

By Lemma 3.4.16, the regular separations of order 2 in GG form a nested
set, thus by Lemma 2.6.2, there is an S-tree T corresponding to this set. This
S-tree corresponds to a tree-decomposition, and we consider the parts of this
decomposition containing vertices of our agile set. If there is one node of T
whose corresponding part contains at least g(k) many vertices of our agile set,
then, since the torso of this part is 3 connected, this torso and thus G contains
a Ky 1 or a regular strip of length k£ as a minor by Lemma 3.4.15.

So each part of this decomposition contains less than g(k) many vertices
of our agile set. Thus, by the pigeonhole principle, we can choose f(K) such
that we either find a sequence of separations of G as in Lemma 3.4.17, or that
there is a node t if T such that there are n >> k many different components of
T —t which each contain a vertex ¢’ such that the part of the tree-decomposition
corresponding to ¢’ contains a vertex of our agile set which is not contained in
the part corresponding to t.

In the first case, we are immediately done by Lemma 3.4.17, so suppose that
there indeed is a node t of T" such that there are n >> k different components of
T —t which each contain a vertex ¢’ such that the part of the tree-decomposition
corresponding to ¢’ contains a vertex of our agile set which is not contained in
the part corresponding to ¢.

Let us denote the separations corresponding to the incoming edges from these
components to t as (A1, B1), ..., (An, By) and note that they form a star.

We now ask whether A; \ B; contains at least two vertices of X, or if this
set contains only one such vertex. If at least k& of the sets A; \. B; contain at
least two vertices from our agile set, we consider a partition X;UX5 of X where,
for each of these A; \ B;, we add one vertex from X N A; \ B; to X; and all
others to X5. This results in two trees T} and T5, where each of the separators
A; N B; needs to contain one vertex from 77 and one vertex from T5. Moreover,
T1 and T5 still need to be connected after deleting all the sets A; ~ B; which
contain two vertices from X. These two connected sets form the two vertices
of high degree of a K3 ;. The vertices of degree 2 can then by obtained from
the components of the sets A; \ B;, since each such component needs, as G is
2-connected, to send an edge to both vertices in A; N B; and thus sends an edge
to both 77 and T5.
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So suppose that at least g(k) of the sets A; \ B; only contain one vertex from
X. Then we know, since G was chosen minor-minimal, that A; . B; consists
for each such 7 of just this one vertex from X and that this vertex is, as G is
2-connected, adjacent to both vertices in A; N B;. Note that no two separations
corresponding to incoming edges of ¢ can have the same separator, since then the
supremum of these two separations would also lie in our nested set, and would
imply that ¢ has only degree 3 in T

Let us show that, if we contract, for every incoming edge to ¢ which corres-
ponds to a separation (A, B), one component of the set A~ B down to a single
vertex, and delete all other components of A \ B, we are left with an internally
3-connected graph. For this we only need to show that G does not contain any
edge e in C'N D, as the torso corresponding to t is 3-connected. So suppose
G does contain an edge e € C N D. Then, since G was chosen minor-minimal,
deleting this edge results in X no longer being agile, say because of the partition
X1UX>, which was independent in G as witnessed by T} and T, and suppose
that 77 contains e. Then T, would need to be contained entirely in A \ B, as
otherwise Ty is disjoint from A \ B, and thus replacing e with a path between
the two vertices in A N B contained in A results in (X7, X5) being independent
in G — e. Thus, since T5 is contained in A \ B, we may assume that 75 consists
of just one vertex z from X, and A ~ B = {z}. But now, since (X1, X2) is
not independent in G — e, this implies that x is a separator in G — e. But the
only neighbours of x are the vertices in A N B, and thus, since G contains more
than 3 vertices, one of the two vertices in A N B would be a separator of G,
contradicting Lemma 3.4.3.

Thus, if we contract for every incoming edge to t with separation (A, B)
one component of the set A\ B down to a single vertex, and delete all other
components of A\ B, we are left with an internally 3-connected graph. This
graph still needs to contain an agile set of size g(k), since the set of all the
vertices from X which are the unique vertex from X in one of the sets A; \ B;
is agile in this restricted graph. Thus, by Lemma 3.4.15, we again find a Kj j, or
a regular strip of length k£ as a minor. O

Now Theorem 7 also gives a proof of Proposition 3.4.6:

Proof of Proposition 3.4.6. If G contains a large enough agile set, then G con-
tains, by Theorem 7, either a K5 4 or a regular strip of length 4 as a minor. Such
a strip however also contains K 4 as a minor, which proves Proposition 3.4.6. [

3.4.1 Generalizations

Let us now look at possible variations of the notion of an agile set. One such
natural variation is the following: instead of just partitioning our set X into
two subsets, we might allow partitions into more partition classes and try to
connect the vertices in each of these classes disjointly. More precisely, let us say
that, given a graph G = (V, E) and an integer m, a set X C V is m-agile in G if
for every partition X = X;U...UX,, (where we allow empty partition classes)
there are vertex-disjoint connected subgraphs 7171, ...,T,, C G such that X; C T;.
So, X is 2-agile if and only if X is agile. If a set X is m-agile for every m, we
[A]

say that X is dexterous. Note that this is equivalent to being {7—‘ -agile.
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Again, containing an m-agile or a dexterous set is closed under the minor
relation in that, if H is a minor of G and H contains an m-agile or dexterous
set of size k, say, then G also contains an m-agile or dexterous set of size k.

We again try to characterize, qualitatively, the existence of a large m-agile
or dexterous set via a minor. A natural graph containing an m-agile set of size
k is the complete bipartite graph K, . On the other hand the complete graph
K™ contains a dexterous set of size m.

Another example of such graphs can be found in grids and, since neither K°
not K3 3 is a minor of the grid, these grids are another class of graphs containing
a large dexterous or m-agile set. For dexterous sets we need to take a quadratic
grid:

Example 3.4.18. In the N? x N2-grid taking every N*" vertex of the diagonal
gives a dexterous set of site V.

Of course, since every dexterous set is m-agile for every m, the quadratic
N? x N?2-grid also contains an m-agile set of size N. But such a set can actually
already be found in a rectangular grid where the small side just needs to have
size 2m — 1:

Proposition 3.4.19. The (2m — 1) x (N — 1)m + 1) grid contains an m-agile
set of size N.

Proof. Let us denote the vertices of the grid by
{vij 1 1<i<2m—-1,1<j< N(m—1)}.

We claim that the set {v;,—1 k41 @ 0 < j < N —1} is m-agile. How to construct
the required trees is illustrated in the following picture:

O

O

In particular, as every m-agile set of size 2m is also dexterous, also the
(N-1)x (M + 1)-grid contains a dexterous set of size N.

If we only seek for a quantitative result, not only in terms of the size of our
agile set but also in terms of the m for which our set is m-agile, we can actually
show that conversely a large enough [-agile set, for large enough I, forces the
existence of either a K, y or a rectangular grid as a minor. Similarly, we can
show that a large enough dexterous set forces the existence of a large complete
graph or a large quadratic grid as a minor.

For dexterous sets this can be obtained immediately, as the existence of
a large dexterous set implies that our graph has high tree-width. This can
either be shown directly or by using a result by Diestel, Jensen, Gorbunov and
Thomassen ([28]) about m-connected sets. Following their definition, a vertex
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set X is m-connected if |X| > m and for any two subsets X7, X> C X with
| X1| = | X2| < m one can find | X;| many disjoint paths between X; and X5.

This notion of m-connected vertex sets is related to our m-agile sets in that
an m-agile set needs to be m-connected:

Proposition 3.4.20. If a graph contains an m-agile set Z of size at least m,
then Z is m-connected.

Proof. Let X, Y C Z such that |X| = |Y| < m. Then we can find pairs
{z1, 91}, A7x),¥)x|} so that z; € X and y; € Y and so that z; = y; only if
i = j. We now construct a partition of Z into classes Xi,..., X|x| by defining
Xi = {xs,yi} whenever i > 2 and X1 = X \ {x2,92,...,7|x],¥|x]|}-

Since Z is m-agile, we thus find disjoint trees T1,...,T|x| so that X; C T;.
In particular, T; contains a path between z; and y; which shows that Z is
m-connected. O

As Diestel, Jensen, Gorbunov and Thomassen showed, the existence of a large
m~connected vertex set is an obstruction to the graph having low tree-width,
thus the same holds for dexterous sets as well. Concretely, Diestel, Jensen,
Gorbunov and Thomassen showed the following;:

Proposition 3.4.21 ([28, Proposition 3(i)]). Let G be a graph and k > 0 an
integer. If G has tree-width < k then G contains no (k + 1)-connected set of
size > 3k.

Together with the grid theorem by Robertson and Seymour [67] (see also
[28, Theorem 2]), which states that a graph of large enough tree-width needs to
contain an N x N-grid as a minor, this directly implies a quantitative relation
between the existence of a dexterous set and a grid minor:

Theorem 3.4.22. There is a function f: N — N such that every graph con-
taining a dexterous set of size at least f(N) also contains the N x N-grid as a
minor

Proof. If a graph contains a dexterous set of size at least k, it has, by Proposi-
tion 3.4.21 and Proposition 3.4.20, tree-width at least % — 1. However, by the
grid minor theorem [67] (see also [28, Theorem 2]) there is a function f such
that every graph of tree-width > f(N) contains an N x N-grid as a minor. [

For large m-agile sets we will be able to show that their existence is, again
quantitatively, characterized by K, » and rectangular grid minors. Again we can
build on existing literature about variations of the grid theorem. This time we
will incorporate a generalized version of the grid theorem obtained from Geelen
and Joeris ([50, Theorem 9.3]). To state this theorem, we need the following
additional definition from that paper. Given parameters ¢,l,n a (t,1,n)-wheel is
a graph obtained from a tree T with t vertices, a set Z of size [, a permutation
m: V(T) — V(T) and a function ¢ : Z — V(T') via the following construction:
we start with n disjoint copies of T, called T, ...,T),. Let us denote the copy
of v € Vin T; as v;. We then add an edge between v; and v; 4, for any vertex
v € V and any index i between 1 and n — 1. Then we add an edge between v,
and w; where w = w(v). As a last step, for every z € Z and z = ¢(z), we add
an edge between z and every v;.
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A (0, n)-wheel is any graph which is a (¢, 1, b)-wheel for some ¢, € N satisfying
2t+1=06.
[50, Theorem 9.3] by Geelen and Joeris now implies the following:

Theorem 3.4.23 (see also [50, Theorem 9.3]). There exists a function
f:N%2 = N such that, given ,n € N with 6 > 2 and n > 3, every graph G
containing a 0-connected set U of size at least f(6,n) contains a Ky, or a
(0, n)-wheel as a minor.

Using this result we can now, again quantitatively, show that the existence
of an m-agile set indeed is characterized by the existence of a large rectangular
grid or a large complete bipartite graph as a minor. Concretely, we can show
the following:

Theorem 8. There is a function f: N> = N such that every graph containing
an ((m — 1)2m + 1)-agile set of size at least f(m,k) contains K, or the
(2m — 1) x k-grid as a minor.

Proof. Every such ((m — 1)2m + 1)-agile set is, by Proposition 3.4.20, also
((m — 1)2m + 1)-connected, thus by Theorem 3.4.23 there is a function f such
that every graph containing an ((m — 1)2m + 1)-agile set of size at least f(m, k)
either contains K, —1)2m+1,k or an ((m —1)2m + 1, k)-wheel as a minor. We are
now going to show that such a wheel induces a K,, 1, or a (2m — 1) x k-grid as a
minor. For this recall that such a wheel was constructed using a tree T of size ¢,
say, and a set Z of central vertices of size z, say, so that 2t + z = (m — 1)2m + 1.

Consider the tree T’ obtained from T by adding every vertex in Z as a leaf
to T in such a way that z € Z is adjacent to its neighbour ¢(z) in T. Then
T’ has at least (m — 1)m + 1 many vertices. Thus, 7" has at least m leafs or
contains a path of length at least 2m + 1.

If 77 contains a set L of m leafs, we can construct a K,, p-minor in G as
follows: for every leaf v € L of T”, if v is a vertex of T we let X,, be the set of
all v, € T'. If v € Z then X, = {z}. Clearly every X, is connected and the sets
X, will be the branch sets of the vertices of degree k in our K, j-minor. For
the vertices of degree m we now take, for every 1 < i < k, the rest of T;, i.e. the
set X; =T; UveL X,. Since every v € L is a leaf of T, the set X; is connected
in the wheel. Moreover, each X; has a neighbour in X, for every v € L and the
X; and X, are all pairwise disjoint, which completes the construction of our
K, p-minor.

If on the other hand T’ contains a path of length at least 2m + 1, then T'
needs to contain a path P of length 2m — 1, as the vertices in Z were only
added as leafs to T. This P directly corresponds to the (2m — 1)-columns of a
(2m — 1) x k-grid minor in G, i.e. the restriction of the wheel to the set of all
those v; for which v € P, equals an (2m — 1) x k-grid, except for some additional
edges. O

We remark that it can actually be shown that a (¢,1, k(4 — 1))-wheel itself
induces a (% + l)-agile set of size k, for example by performing a pebble pushing
argument (akin to the one used in [2]) on the tree T'. Thus, we could as well have
formulated Theorem 8 in terms of a corresponding wheel instead of a regular
grid.

Let us end this section with one final observation regarding Question 3.4.1.
While we have seen that the existence of a large 2-agile set alone is not enough
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to guarantee the existence of a K j-minor, due to the regular strips, it turns out
that, by requiring the existence of a large 3-agile set, we can actually guarantee
the existence of a Ky j-minor.

Theorem 3.4.24. There exists a function f: N — N such that every graph
containing a 3-agile set of size at least f(k) also contains a K -minor.

Proof. Let G be a graph containing a 3-agile set X of size f(k) := N > 4. Like
in Lemma 3.4.3 we may assume that G is 2-connected: if (A, B) is a separation
of G such that A N B contains at most one vertex, then either A or B contains
only one vertex of X, otherwise X would not be 3-agile. So suppose that A
contains at most one vertex from X, we claim that G’ = G — (A\ B) is a
subgraph of G which also contains a 3-agile set of size N. Indeed, it is easy to
check X N BU (AN B) is such a 3-agile set in G'.

Thus, by taking a subset-minimal subgraph of G' containing a 3-agile set of
size N, we may suppose that G is 2-connected.

Let T be a normal spanning-tree of G. Since |G| > N, by taking N large
enough we can ensure that T either contains a vertex of degree at least k + 1
or a path of length L, say. If T contains a vertex of degree at least k + 1, it is
easy to find the desired Kj g-minor, as follows: if ¢ € T has degree at least k£ + 1,
there are k distinct components of G — ¢ which do not contain the root. Now
since T is normal and G is 2-connected, each of these components needs to send
an additional edge to the path P in T between r and ¢t. Thus, taking all the
components as the branch sets of the degree-2 vertices, the vertex v itself as the
branch set of one of the degree-k vertices and the vertices of P — ¢ as the branch
set of the other degree-k vertex gives the desired K j-minor.

So we may suppose that T' does not contain a vertex of degree k + 1, and
thus contains a path P of length at least L. Let us suppose further that there
are at least m vertices vy, ..., v, (enumerated starting from the root of T') on P
such that there is a component C; of T'— P with neighbour v; in T (possibly
the empty component) with the property that C; U {v;} contains a vertex x; in
X. Note that we can indeed achieve the existence of such a path by taking a
large enough N.

Consider some partition AUBUC of X into three disjoint sets with the
property that x; € A whenever i is divisible by 3, z; € B whenever i equals 1
modulo 3 and z; € C whenever ¢ equals 2 modulo 3. Since X is 3-agile, there are
disjoint trees Ty, 17,75 C G such that A C Ty, B C T, and C' C T5. We may
assume without loss of generality that every vertex on P belongs to either Tj or
T, or T5. We say that a subpath P’ of P is T;-free if no vertex on P’ is contained
in T;. Now if P would contain a long subpath P’ which contains vj, ..., vj+3k+2,
say, and which is Tj-free for some 4, then we find the desired K p-minor: there
are at least k of the vertices vy, ..., V43142, for which the corresponding z; lies
in T;. In particular, the corresponding components C; are met by T;. Since T'
is a normal spanning tree, there therefore exists, for every such component, a
vertex on rT'v; which lies in 7; and is adjacent to that component. But now we
obtain our desired K> p-minor by taking as one of the vertices of high degree
the subpath P’, as the other one the path rTv; and as the vertices of degree 2
the components C; mentioned above.

Hence, there cannot be a long T;-free subpath, thus every long enough
subpath of P meets all three T;.
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In particular, if we partition P into subpaths Py, Ps,... P53, each containing
3k + 2 of the v;, then each of the P; meets all the T;. Thus, for each P; there is
a 0 < ¢ < 2 such that P; contains a subpath on which all v; are contained in T3,
put the preceding v; and the successive v; on P together meet both the other
trees.

By the pigeonhole principle we find that for at least k of the P; the chosen
T; is the same. But now we obtain a K5 p-minor by taking the other two T;’s as
the vertices of high degree, and use the paths P; found above as the vertices of
degree 2 in our K3 p-minor. O
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Chapter 4
Distinguishing

In this chapter we are concerned with tree-of-tangle theorems in various contexts.
We start in Section 4.1 with a theorem unifying Theorem 1.1.3 as well as a
version of Theorem 1.1.2: our splinter Lemma 10. We also demonstrate that this
lemma allows us to develop tree-of-tangle theorems for a variety of other contexts,
some of which could not be solved by Theorem 1.1.3 or Theorem 1.1.2. That
section is joint work with Jakob Kneip and Maximilian Teegen and published in
[39].

After that, we consider another application of Lemma 10 in Section 4.2:
an application to separations of directed graphs. Such an application is not
possible directly as the separations of a directed graph do not form a universe
of separations. However, using an additional twist we can in fact use a vari-
ation of Lemma 10 to reprove a tree-of-tangles theorem for directed graphs by
Giannopoulou, Kawarabayashi, Kreutzer and Kwon. We do so via defining an
abstract notion, like abstract separation systems, which reflects the structure
of separations of directed graphs and proving a corresponding tree-of-tangles
theorem for a notion of tangles of these separations. The results from that
section are yet unpublished and joint work with Maximilian Teegen, except for
Lemma 12, which is joint work with Maximilian Teegen and Jakob Kneip.

In Section 4.3 we then turn back to abstract separation systems and find
a strengthening of Theorem 1.1.3 in another direction, by proving a canonical
version of Theorem 1.1.3, i.e. showing that the construction of the tree of tangles
in Theorem 1.1.3 can actually be performed invariant under isomorphisms. This
result is published in [36] and joint work with Jakob Kneip.

After having shown these various results about trees of tangles in finite
structures, we turn our attention in Section 4.4 towards infinite separation
systems. There, we develop a version of Lemma 10 for infinite separation
systems and again show that this result can be used to obtain existing tree-of-
tangles theorems for infinite graphs. While the results presented in this section
are joint work with Maximilian Teegen, the paper [42] in which these results are
published is joint work not just with Maximilian Teegen, but also with Jakob
Kneip.

In Section 4.5 we then consider another application of this infinite splinter
theorem: we show that it can be used to distinguish edge-blocks in a graph,
where a k-edge-block is a C-maximal vertex set not separated by any cut of
order less than k. This result can then be used to obtain an alternative proof of
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an important result by Dicks and Dunwoody, stating that there exists, in any
graph, a nested set of cuts which ‘generates’ all cuts of that graph. This joint
work with Jan Kurkofka and Maximilian Teegen is published in [43].

Turning our attention back to finite structures, the last part of this chapter
is devoted not to a new tree-of-tangles theorem, but rather to a new proof
strategy. While traditionally the tree-of-tangles theorem and the tangle-tree
duality theorem form the two main independent pillars of tangle theory, we will
be able to show that the second pillar — the tangle-tree duality theorem — can
actually be used to obtain a proof of a tree-of-tangles theorem. Thus, these two
pillars are not as independent, as one previously thought. Moreover, this proof
allows us to give some bounds on the degrees of the nodes of the tree of tangles,
which are not easily shown otherwise. These results are joint work with Jakob
Kneip and Maximilian Teegen and published in [41].
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4.1 Trees of tangles in abstract separation sys-
tems

4.1.1 Introduction

In this section of this thesis we bridge the gap between Theorem 1.1.2 and
Theorem 1.1.3 by establishing the following tree-of-tangles theorem which com-
bines some of the upsides of both Theorem 1.1.2 and Theorem 1.1.3, i.e. which
is as widely applicable as Theorem 1.1.3 while still resulting in an efficient
distinguisher as Theorem 1.1.2 when applied in a context with an order function:

Theorem 9. IfS = (S1,...,5,) is a compatible sequence of structurally submod-
ular separation systems inside a universe U, and P is a robust set of profiles in
S, then there is a nested set N of separations in U which efficiently distinguishes
all the distinguishable profiles in P.

Theorem 9 includes Theorem 1.1.3 by taking a sequence of just one separation
system. Also, if applied in the context of Theorem 1.1.2 we can obtain a nested
set of separations efficiently distinguishing all the profiles, by taking as separation
systems Sy, the sets of all separations of order < k of the given graph.

The nested set IV found by Theorem 9 has to contain for every pair of profiles
in P a separation from that pair’s ‘candidate set’ of all those separations which
(efficiently) distinguish that pair of profiles. Thus, to prove Theorem 9, it suffices
to show that one can pick an element from each of these ‘candidate sets’ in a
nested way.

As it turns out, there is a very simple and purely structural requirement of
the way these ‘candidate sets’ interact with each other which guarantees that it
is possible to pick such a nested set:

Lemma 10 (Splinter Lemma). Let U be a universe of separations and let
A = (Ai)ign be a family of subsets of U. If A splinters, then we can pick an
element a; from each A; so that {ay,...,a,} is nested.

Lemma 10, in a sense, represents yet another step of abstraction in the theory
of tangles: rather than working with the profiles themselves it works with the
sets of separations distinguishing a given pair of profiles.

Lemma 10 not only implies Theorem 9, but can also be used to prove for
example Theorem 1.1.1 and Theorem 1.1.3 directly. In fact Lemma 10 has a
remarkably short proof (as we shall see in Section 4.1.2), making it the shortest
available proof of Theorem 1.1.1 so far (see Section 4.1.3). Moreover, the
premise in Lemma 10 is straightforward to check, and Lemma 10 itself does
not make reference to tangles or any specific implementations of them. As a
result Lemma 10 can be used in many different settings, implying variations
of Theorem 1.1.1 in a multitude of contexts. For example, after deriving in
Section 4.1.3 Theorem 1.1.1, Theorem 1.1.3, and Theorem 9 from Lemma 10,
we use Lemma 10 to establish a new tree-of-tangles theorem in the setting of
clique separations.

Since Lemma 10 does not yield a canonical set of separations, we cannot
deduce the whole Theorem 1.1.2 from it. We fix this in Section 4.1.4 by estab-
lishing a version of Lemma 10 which does give a canonical nested set, albeit
under slightly stronger assumptions:
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Lemma 11 (Canonical Splinter Lemma). Let U be a universe of separations and
let A= (A; : i €I) be a collection of subsets of U that splinters hierarchically
with respect to a partial order < on I. Then there exists a nested set N = N(2)
meeting every A; in 2.

Moreover, N(21) is canonical: if ¢ is an isomorphism of separation sys-
tems between | J,¢; A; and a subset of some universe U’ such that the family
o(A) == (p(A;) = i € I) splinters hierarchically with respect to <, then we have
that N(o(2)) = o(N(A)).

We make use of Lemma 11 in Section 4.1.5 to obtain a new shortest proof
of Theorem 1.1.2 and to extend Theorem 1.1.2 to two natural types of separations
whose structural submodularity does not come from a submodular order function:
clique separations, and circle separations.

4.1.2 The Splinter Lemma

In this section we establish Lemma 10, from which we shall derive two previ-
ously known theorems as well as two new flavours of tree-of-tangles theorems
in Section 4.1.3. A cornerstone of the proofs of both Lemma 10 and of the two
known results we shall derive from it is the fish Lemma 2.3.1.

Typically, the proof of a tree-of-tangles theorem proceeds by starting with
some set N of separations which distinguish some (or all) of the given tangles,
and then repeatedly replacing elements r of N which cross some other element
s of N with an appropriate corner separation of » and s. Lemma 2.3.1 is then
used to show that each of these replacements makes N ‘more nested’, and thus
one eventually obtains a nested set NV which distinguishes all the given tangles.
(See for instance the proof of Theorem 4 of [26].) Usually, in order to not reduce
the set of tangles distinguished by IV, one has to take special care which corner
separation of two crossing r and s in N one uses for replacement; this depends
on the specific properties of the tangles at hand.

Our Lemma 10 seeks to eliminate this careful selection of corner separations
for replacement: we will show that for a family (A;):<, of subsets of some
universe U we can find a nested set N meeting all the A;, provided that these
sets A; have one straightforward-to-check property. This lemma will imply
many of the existing tree-of-tangles theorems by taking as sets A; the sets of
separations which distinguish the i-th pair of tangles, and checking that the
one assumption needed for Lemma 10 is met. Notably, Lemma 10 will make no
reference at all to tangles or their specific properties. The proof of Lemma 10
will also utilize Lemma 2.3.1; however, the only assumption we need about the
sets A; is that for elements a; and a; of A; and A;, respectively, one of their
four corner separations lies in either A; or A;. This condition will be easy to
verify if one wants to deduce other tree-of-tangles theorems from Lemma 10.
In fact, the verification of this condition, which just asks for the existence of
some corner separation of a; and a; in A; U A;, will usually be much more
straightforward than the hands-on arguments used in the original proofs of those
tree-of-tangles theorems, which for their replacement arguments often need to
prove the existence of a specific corner separation of a; and a;. So let us define
this condition formally.

Let U be a universe and 2 = (A;);<, some family of non-empty subsets
of U. We say that 2 splinters if for every crossing pair of a; € A; \ A; and

94



a; € Aj \ A; one of their four corner separations lies in A; U A;.

Observe that a family (A;);<, of non-empty sets splinters if and only if for
every pair a; € A; and a; € A; of separations, either some corner separation of
a; and a; lies in A; U A;, or one of a; and a; lies in A; N A;. This is, because
if two separations a; and a; are nested, then these separations themselves are
corner separations of the pair a; and a;.

With this definition and Lemma 2.3.1 we are already able to state and prove
our first main result:

Lemma 10 (Splinter Lemma). Let U be a universe of separations and let
A = (A)ign be a family of subsets of U. If A splinters, then we can pick an
element a; from each A; so that {ay,...,a,} is nested.

Proof. We proceed by induction on n. The assertion clearly holds for n = 1. So
suppose that n > 1 and that the above assertion holds for all smaller values of n.

Suppose first that we can find some a; € A; so that a; is nested with at least
one element of A; for each j # 4. Then the assertion holds: for j # i let A;-
be the set of those elements of A; that are nested with a;. Then (A} : j # 1)
is a family of non-empty sets which splinters by Lemma 2.3.1. Thus, by the
induction hypothesis we can pick a nested set {a; € A} : j # i}, which together
with a; is the desired nested set.

To conclude the proof it thus suffices to find an a; as above. To this end, we
apply the induction hypothesis to A1, ..., 4, _1 to obtain a nested set consisting
of some ay,...,a,_1. Fix an arbitrary a,, € A,,. For all i < n, if a; itself or one
of its corner separations with a,, lies in A,,, this a; is the desired separation for
the above argument. Otherwise, for each i < n, either a, itself or one of its
corner separations with a; lies in A;, in which case a,, is the desired separation
for the above argument. O

We shall see in Section 4.1.3 that this innocuous-looking lemma is actu-
ally strong enough to directly imply various existing tree-of-tangles theorems,
including Theorem 1.1.1.

4.1.3 Applications of the Splinter Lemma
A short proof of Theorem 1.1.1

As a first application of Lemma 10 let us give a short proof of Theorem 1.1.1:

Theorem 1.1.1 ([68]). FEvery graph has a tree-decomposition displaying its
mazximal tangles.

If N is a nested set of separations of a finite graph G it is straightforward
to find a tree-decomposition of G whose set of induced separations is precisely
N (see [22,68], this can also be shown by using the statements from Section 2.6).
Therefore, in order to prove Theorem 1.1.1, it suffices to find a nested set N of
separations of G which efficiently distinguishes all maximal tangles of G.

For every pair P, P’ of distinct maximal tangles of G let

App = {{A, B} € S(G) : {A, B} efficiently distinguishes P and P'}.

Since P and P’ are not subsets of each other, Ap p/ is a non-empty set.
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Let 2 be the family of all these sets Ap p/. A nested set of separations of
G distinguishes all maximal tangles of G efficiently if and only if it contains
an element of each Ap pr. Therefore, the existence of such a set, and hence
Theorem 1.1.1, now follows directly from Lemma 10 once we show that A
splinters:

Lemma 4.1.1. The family A of all Ap p: splinters.

Proof. Let P # P" and @ # Q' be two pairs of distinct maximal tangles of G and
let {A, B} € Appr and {C,D} € Ag g’ be two crossing separations. We need
to show that we have either {A, B} € Ag o or {C,D} € Ap p/, or that some
corner separation of {A, B} and {C, D} lies in Appr U Ag . By switching
their roles if necessary we may assume that |(4, B)| < |(C, D)|.

Since @ and @’ both orient (C, D), and |(A, B)| < |(C, D)|, both tangles also
orient {A, B}. If @ and Q' orient {A, B} differently, then {A, B} distinguishes
them efficiently and hence lies in Ag g. So suppose that @ and Q' contain the
same orientation of {A, B}, say, (A, B).

By renaming them if necessary we may assume that (C, D) € @ and (D,C) € Q.

Consider the corner separation (AU C, BN D) and suppose first that
[(AuC, BN D)| < |(C,D)|. Then, by (4, B),(C,D) € @ and the tangle prop-
erty (T), @ must contain (AU C', BN D). On the other hand @’ must contain
its inverse (BN D, AUC) since (D,C) € Q'. But then this corner separation
efficiently distinguishes @ and @’ and hence lies in Ag ¢.

Thus, we may suppose that |(AUC , BND)| > |(C, D)|. By a similar argument
we may further suppose that [(AU D, BN C)| > |(C, D)|. Submodularity then
yields [(ANC, BUD),|(ANnD, BUC)| < |(4, B)|.

By switching the roles of P and P’ if necessary we may assume that
(A,B) € Pand (B, A) € P'. Then, by the above inequality, P must contain both
(ANC, BUD) and (AND, BUC), since it cannot contain either of their inverses
due to (A, B) € P and the tangle property (T). However, due to (B, A) € P’
and the tangle property (T), P’ cannot contain both of (AN C, BU D) and
(AND, BUC). In must therefore contain the inverse of at least one of these
corner separations, which then efficiently distinguishes P and P’ and hence lies
in Ap’p/. O

Profiles of structurally submodular separation systems

The most general, or most widely applicable, tree-of-tangles theorem published
so far, in the sense of having the weakest premise, is Theorem 1.1.3:

Theorem 1.1.3 ([26, Theorem 6]). Let S be a structurally submodular separ-
ation system and P a set of profiles of S. Then S contains a nested set that
distinguishes P.

The price to pay in Theorem 1.1.3 for having the mildest set of requirements
is that its assertion is also among the weakest of all tree-of-tangles theorems.
For graphs, Theorem 1.1.3 implies only that for any fized k every graph has a
tree-decomposition displaying its k-tangles. This is a much weaker statement
than Theorem 1.1.1, which finds a tree-decomposition displaying the maximal
k-tangles of that graph for all values of k£ simultaneously.

Let us show how to derive Theorem 1.1.3 from Lemma 10. For this, let P be
a set of profiles of a submodular separation system S, and for distinct P and P’
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in P let
App :={s€ S : s distinguishes P and P'}.

For proving Theorem 1.1.3 it suffices to show that the family
Ql'p:(ApJDl : P#P/EP)
splinters:

Lemma 4.1.2. Given a set P of profiles of a submodular separation system g,
the family Ap = (Appr : P # P’ € P) splinters.

Proof. Let P # P’ and Q # Q' be two pairs of profiles in P and let r € Ap ps
and s € Ag ¢ be two distinct separations. We need to show that we have
either r € Ag g or s € Apps, or that some corner separation of r and s
lies in Ap pr U Ag g If r and s are nested, then they themselves are corner
separations of r and s and there is nothing to show, so let us suppose that r and
5 Cross.

Both r and s are oriented by all four profiles P, P’, @, and Q’. If r distinguishes
Q@ and @', or if s distinguishes P and P’, we are done; so suppose that there are
orientations 7 and § of r and s with 7 € Q N Q' and § € PN P’. By possibly
switching the roles of P and P’, or of  and @Q’, we may further assume that
FePand7e P aswellas §5€ @ and 5 € Q'.

The submodularity of S implies that at least one of the two corner separations
7V 3 and 7V § lies in §. We will only treat the case that (7 V 3) € S; the other
case is symmetrical.

From the assumption that r and s cross it follows that ¥V § is distinct from
r and s as an unoriented separation. Therefore, by 7 € P’ and consistency, P’
cannot contain ¥ V § and hence has to contain its inverse # A 5. On the other
hand, by ¥,8 € P and the profile property (P), P cannot contain the inverse
of ¥V g and thus must contain ¥V 3. Now ¥ V § distinguishes P and P’ and is
therefore the desired corner separation in Ap pr. O

Let us now deduce Theorem 1.1.3 from Lemma 10.

Proof of Theorem 1.1.3. Let P be a set of profiles of S. By Lemma 4.1.2 the
collection (Ap p: : P # P’ € P) of subsets of S splinters. Each of the Ap p/ is
non-empty as P and P’ are distinct profiles of S. Thus, by Lemma 10, we can
pick one element from each Ap ps so that the set N of all these elements is a

nested set of separations. It is then clear that N distinguishes all the profiles
in P. O

The above way of using Lemma 10 to prove a tree-of-tangles theorem is
archetypical, and we will use the strategy from this section as a blueprint for
the applications of Lemma 10 in the following sections.

Profiles in submodular universes

Theorem 1.1.3, which we deduced from Lemma 10 in the previous section implies
that every graph has, for any fixed integer k, a tree-decomposition which displays
its k-tangles. However, Robertson’s and Seymour’s Theorem 1.1.1 shows that
every graph has a tree-decomposition which displays all its maximal tangles, i.e.
which distinguishes all its distinguishable tangles for all values of k simultaneously,
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not just for some fixed value of k. Therefore, Theorem 1.1.3 does not imply
Theorem 1.1.1.

Moreover, since Theorem 1.1.3 does not assume that the universe U it is
applied to comes with an order function, Theorem 1.1.3 cannot say anything
about the order of the separations used in the nested set to distinguish all
the profiles. If the universe U, as for instance in a graph, does come with
a submodular order function, one might ask for a nested set which not only
distinguishes all the profiles given, but one which does so efficiently, i.e. which
contains for every pair P, P’ of profiles a separation of minimal order among all
the separations in U which distinguish P and P’.

Thus, let us recall Theorem 1.1.2, which satisfies both of the requirements
above, and is the strongest tree-of-tangles theorem, in terms of its consequence,
known so far:

Theorem 1.1.2 (Canonical tree-of-tangles theorem for separation universes
[27, Theorem 3.6]). Let U = (U,<,*,V,A,|:|) be a submodular universe of
separations. Then, for every robust set P of profiles in U, there is a nested set
T =T(P) CU of separations such that:

(i) every two profiles in P are efficiently distinguished by some separation
inT;

(ii) every separation in T efficiently distinguishes a pair of profiles in P;
(iii) for every automorphism o of U we have T(P®) = T(P)*;  (canonicity)
(iv) if all the profiles in P are regqular, then T is a regular tree set.

As mentioned in Chapter 2, the definition of robustness of a set of profiles is
rather involved and thus not repeated here. In the following proofs this definition
will be used only in one place; therefore we shall use it there as a black box and
refer the reader to [27] for the full definition. Alternatively, the reader may think
of a ‘robust set of profiles’ as a slightly stronger ‘distinguishable set of robust
profiles’.

Since every k-tangle of a graph is robust ([27]), Theorem 1.1.2 indeed im-
plies Theorem 1.1.1 of Robertson and Seymour that every graph has a tree-
decomposition displaying its maximal tangles (see [27, Section 4.1] for more
on building tree-decompositions from nested sets of separations, and how The-
orem 1.1.2 implies Theorem 1.1.1). Moreover, Theorem 1.1.2 improves upon
Theorem 1.1.1 by finding a canonical such tree-decomposition, i.e. one which is
preserved by automorphisms of the graph. Since Lemma 10 does not guarantee
any kind of canonicity, we are not able to deduce the full Theorem 1.1.2 from
Lemma 10; however, using Lemma 10 we will be able to find a nested set T' C U
with the properties (i), (ii) and (iv). We shall refer to this as the non-canonical
Theorem 1.1.2. (In Section 4.1.4 we shall prove a version of Lemma 10 which
implies Theorem 1.1.2 in full.)

Our strategy will largely be the same as in Section 4.1.3. For a robust set P
of profiles in a submodular universe U we define for every pair P, P’ of distinct
profiles in P the set

App :={a €U : a distinguishes P and P’ efficiently} .

Let Ap be the family (App: : P # P’ € P). The only lemma we need in order
to apply Lemma 10 is the following:
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Lemma 4.1.3. For a robust set P of profiles in U the family Ap of the sets
Ap pr splinters.

Proof. Let P, P’ and ), Q" be two pairs of distinguishable profiles in P and let
re€ Appr and s € Ag g be two crossing separations. We need to show that we
have either r € Ag ¢/ or s € Ap p, or that some corner separation of r and s
lies in Ap pr U Ag /. By switching their roles if necessary we may assume that
| < .

Since @ orients all separations in U of order at most the order of s, ) contains
some orientation 7 of r. Similarly, Q' contains some orientation of r: if ¥ € Q'
then r distinguishes @ and @', and by |r| < |s] it does so efficiently, giving
r € Ag,q'. So suppose that 7 € @Q'.

If either one of the two corner separations ¥V § and ¥ V § has order at most
the order of s, then that corner separation would distinguish @ and Q' by the
profile property. In particular, that corner separation would do so efficiently and
hence lie in Ag g/. Thus, we may assume that both of these corner separations
have order strictly larger than the order of s.

The submodularity of U now implies that both of the other two corner
separations, that is, ¥ A § and ¥ A 5, have order strictly less than the order of 7.
Therefore, both P and P’ orient both of these corner separations. By possibly
switching the roles of P and P’ we may assume that ¥ € P and ¥ € P’. Then
P’ contains both 7 A3 and 7 A § due to consistency, since both of these corner
separations are distinct from r as unoriented separations by the assumption that
r and s cross.

But now the assumption that r distinguishes P and P’ efficiently implies
that neither of the two corner separations 7 A § and 7 A § can distinguish P
and P’, since the corner separations have strictly lower order than r. Therefore,
P contains 7 A'§ and 7 A5 as well. However, by ¥ € P, this contradicts the
robustness of P, which forbids exactly this configuration. O

Let us now deduce the non-canonical Theorem 1.1.2 from Lemma 10:

Proof of the non-canonical Theorem 1.1.2. By Lemma 4.1.3 the collection 2Ap
of the sets Ap ps splinters. Thus, by Lemma 10 we can pick an element from
each set Ap pr in Ap in such a way that the set T of these elements is nested.
Let us show that this set T is as claimed.

For (i), let P and P’ be two profiles in P. Since T meets the set Ap ps, some
element of T' distinguishes P and P’ by definition of Ap pr.

For (ii), observe that every element of T lies in some Ap p: and hence
distinguishes a pair of profiles in P efficiently.

Finally, (iv) follows from the fact that all sets Ap ps in Ap are regular if
every profile in P is regular, which implies that T is a regular tree set in that
case. O

Sequences of submodular separation systems

Let us, once more, compare Theorem 1.1.3 and Theorem 1.1.2. The first of
these has the advantage that it does not depend on any order function and
thus applies to a wider class of universes of separations; on the other hand, for
those universes that do have an order function, the latter theorem is much more
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flexible and powerful, since it not only distinguishes all distinguishable profiles
across all orders simultaneously, but also does so efficiently.

Our aim in this section is to establish Theorem 9 which combines the advant-
ages of both Theorem 1.1.3 and Theorem 1.1.2 (without canonicity), i.e. which is
not dependent on the existence of some order function, but which is as powerful
and efficient as Theorem 1.1.2 if such an order function does exist.

Concretely, we shall answer the following question, which inspired this re-
search:

If 1 C Sy C...C S, is an ascending sequence of structurally submodular
separations systems exhausting a universe of separations U, does there exist a
nested set of separations which efficiently distinguishes
all the maximal profiles in U ?

Let us substantiate this question with rigorous definitions of the terms involved.

We call a sequence S; C Sy C ... C S, C U of submodular separation
systems in a universe U compatible if for all pairs s; € S; and s; € S; with ¢ < 7,
either \S; contains at least two corner separations of s; and s;, or .S; contains at
least three corner separations of s; and s;.

Observe that if U comes with a submodular order function |-| and the S; are
defined as in Section 4.1.3, i.e. if S; is the set of all separations in U of order
< 1, then the sequence S; C So C ... C S, C U is a compatible sequence of
submodular separation systems.

A profile in S = (S1,...,Sy) is a profile of one of the S;.

A separation s € S,, distinguishes two profiles P and @ in S if there are
orientations of s such that § € P and 5 € ). The separation s distinguishes
P and Q efficiently if s € S; for every S; which contains a separation that
distinguishes P and Q.

Note once more that, as above, these notions of profiles and efficient dis-
tinguishers coincide with their usual definitions as given in Chapter 2 if U has
a submodular order function and the S; are the subsets of U containing all
separations of order < 1.

We also require a structural formulation of the concept of robustness from [27]:
a set P of profiles in S is robust if for all P,Q,Q’ € P the following holds: for
every T € QNQ’ with ¥ € P and every s which distinguishes @ and Q’ efficiently,
if s € S, then there is an orientation § of s such that either (FV §) € P or
(FV3)esS;.

Q || @

Figure 4.1: Robustness.
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With the above definitions we are now able to formally state and prove The-
orem 9, which includes both Theorem 1.1.3 and the non-canonical Theorem 1.1.2
(and hence Theorem 1.1.1) as special cases:

Theorem 9. IfS = (S1,...,5,) is a compatible sequence of structurally submod-
ular separation systems inside a universe U, and P is a robust set of profiles in
S, then there is a nested set N of separations in U which efficiently distinguishes
all the distinguishable profiles in P.

Since the proof of Theorem 9 runs along very similar lines as the proof of
Theorem 1.1.2 in the previous section, we only sketch it here:

Sketch of proof. For every pair P, P’ of distinguishable profiles in P let Ap p/
be the set of all s € S, that distinguish P and P’ efficiently. The assertion of
Theorem 9 follows directly from Lemma 10 if we can show that the family 2 of
these sets Ap ps splinters.

So let r € App and s € Ag g be given. If r and s are nested there is
nothing to show, so suppose they cross. Let ¢ and j be minimal integers such
that » € S; and s € S;; we may assume without loss of generality that ¢ < j.

If r distinguishes @ and @', then r € Ag ¢/, so suppose not, that is, suppose
that some orientation ¥ of r lies in both Q and Q'.

If one of the two corner separations 7 V § and 7 V § lies in §j, then that
separation distinguishes @Q and @’ by consistency and the profile property and
hence would lie in Ag ¢/. So we may suppose that neither of these two corner
separations lies in 5} The compatibility of S then implies that both of the
other two corner separations, ¥ Vs and ¥ V 5, lie in S;.

By possibly switching the roles of P and P’ we may assume that 7 € P’ and
7 € P. Then the robustness of P implies that P contains either ¥V § or ¥ V §.
This corner separation then lies in Ap p due to the consistency of P’. O

Theorem 9 directly implies both Theorem 1.1.3 and the non-canonical The-
orem 1.1.2: for the first theorem, consider the singleton sequence S; = S; and
for the latter, take as S; the set of all separations of order < ¢ and let n be large
enough that S, = U.

Clique-separations in finite graphs

For a finite graph G a separation (A, B) of G is a clique separation if the induced
subgraph G[A N BJ is a complete graph. Clique separations in graphs have been
studied by various people over the course of the last century [55,75]. More
recently clique separations have received quite some attention in theoretical
computer science (see for instance [1,15,62]) following Tarjan’s work [71] on
their algorithmic aspects.

In [26] it was shown that the theory of submodular separation systems can be
applied to clique separations of finite graphs to deduce the existence of certain
nested distinguishing sets. Using Lemma 10 directly instead of Theorem 1.1.3,
we are able to obtain a stronger result than the one given in [26], much in the
same way that Theorem 9 improves upon Theorem 1.1.3.

For this section let G = (V, E) be a finite graph, U = U(G) the universe
of separations of G, and § = § (G) C U the separation system of all clique
separations of G. Moreover, let Se =S, (@) be the set of all clique-separations
in G of order less than k, i.e. the set of all (4, B) € S such that |AN B| < k.
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It was shown in [26, Lemma 17] that S is a submodular separation system.
Following their proof, we can show that in fact every Si C S is a submodular
separation system, and that these extend each other in a way similar to the
ordinary Sy of G:

Lemma 4.1.4. Let r and s be two crossing clique separations with |r| < |s|.
Then there are orientations ¥ and s of r and s such that (FAS), (FAS), and (FAS)
are clique separations with |F A§| < |r| and |[F AS| < |r| as well as |F AS| < |s].
Moreover, if |FAS| = |r| = |s|, then (T AS) is also a clique separation with
7 A< .

Proof. Let s = {A, B} and t = {C, D} be two crossing clique separations of G
with |r| < |s|. Since C'N D is a separator of G, and all vertices in AN B are
pairwise adjacent, AN B must be a subset of either C' or D. Similarly, C N D
must be a subset of either A or B. By renaming the sets if necessary we may
assume that AN B C C and CND C A. We orient r as ¥ = (A, B) and s as
3§ = (C, D); let us show that these orientations are as claimed.

Observe first that the separators of both (7 A §) and (7 A 5) are subsets of
AN B, showing that these are clique separations of order at most |r| = |A N B|.
Similarly, the separator of the corner separation (7 A §) is a subset of C' N D,
and hence (7 A §) is a clique separation of order at most |s| = |C' N D].

Finally, suppose that |7 A §| = |r| = |s|. Then, since the separator of (7 A %)
is a subset of both A N B and of C' N D, this separator must in fact be equal
to both AN B and C'N D. Consequently, the separator of (7 A 3) also equals
AN B = CnN D, which shows that (7 A S) is a clique separation of order at
most r. O

We can now consider profiles in G with respect to these separation systems.
A profile P (of clique-separations) of order k shall be a consistent orientation of
Sy satisfying the profile property

VP, §€P: (FAS) ¢ P. (P)

Every hole in G (i.e. an induced cycle of length at least 4) defines such a profile
P of order |V| in G by letting P contain a separation (A, B) € § of order less
than |V if and only if that hole is contained in G[B]. In an analogous way every
clique of size k defines a profile of order k in G. Let us denote by Py the set of
all profiles of order k.

As usual, given two distinguishable profiles P and P’, let

App :={a €S : a distinguishes P, P’ efficiently}.
We will show that the collection of these Ap ps splinters.
Lemma 4.1.5. For any set P of profiles the collection
(Appr : P, P’ distinguishable profiles)
splinters.

Proof. Let P, P’ and @, Q' be two pairs of distinguishable profiles in P and let
r € App and s € Ag g be two distinct separations. We need to show that we
have either r € Ag, g or s € Ap,ps, or that some corner separation of r and
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s lies in Ap pr U Ag qr. If 7 and s are nested, then the latter is immediate, so
suppose that r and s cross. By switching their roles if necessary we may further
assume that |r| < |s|.

Since @ orients s, and |r| < |s|, the profile @ contains some orientation 7 of
r. Similarly, Q' contains some orientation of r. If ¥ € @Q’, then r distinguishes Q
and @', and by |r| < |s| it does so efficiently, giving r € Ag g/. So suppose that
req.

By Lemma 4.1.4 at least three of the corner separations of r and s are clique
separations of order at most |s|. Thus, at least one of (F A 5) and (FAS) is a
clique separation of order at most |s|. This corner separation then distinguishes
Q@ and Q' by the profile property, and in fact it does so efficiently, since its order
is at most |s|, yielding the desired corner separation in Ag ¢. O

It is now straightforward to use Lemma 10 to obtain the following theorem:

Theorem 4.1.6. There is a nested set of separations which efficiently distin-
guishes all the distinguishable profiles in |J;_, P;.

Proof. By Lemma 4.1.5, we can apply Lemma 10 to
(App : P, P distinguishable profiles),
resulting in the claimed nested subset. O

In particular, for any two holes, a hole and a clique, or two cliques if there is
a clique separation which distinguishes them, then our nested set contains one
such separation of minimal order. As usual, such a nested set can be transformed
into a tree-decomposition of G (see [22] for details). Thus, G admits a tree-
decomposition whose adhesion sets (the sets V; NV, for distinct nodes ¢,¢') are
cliques and which efficiently distinguishes all the holes and cliques distinguishable
by clique separations in GG. Such a decomposition is similar to, but not exactly
the same as, the decomposition constructed by Tarjan in [71].

We will see in Section 4.1.5 that such a decomposition can in fact be chosen
canonically, i.e. to be invariant under automorphisms of G.

4.1.4 Canonical Splinter Lemma

As we saw in the previous section, Lemma 10 is already strong enough to imply
most of Theorem 1.1.2, but crucially does not guarantee the canonicity asserted
in (iii). In this section we wish to prove a version of Lemma 10 using a stronger
set of assumptions from which we can deduce Theorem 1.1.2 in full: we want
to find, for a family A = (A; : i € I) of subsets of some universe U, a nested
set N = N(20) meeting all the A; that is canonical, i.e. which only depends on
invariants of 2. More formally, we want to find N = N(2) in such a way that if
A" = (A : i € I) is another family of subsets of some other universe U’ that also
meets the assumptions of our theorem, and ¢ is an isomorphism of separation
systems between | J,.; A; and (J,;; A} with o(A;) = Aj for all i € I, we ask that
N@') = o(N(2)). In particular, the nested set found by our theorem should
not depend on the universe into which the family 2l is embedded.

The assumptions of Lemma 10 are not sufficient to guarantee the existence of
such a canonical set. Consider the example where we have just two separations,
s and ¢, which are crossing and let 2 = (A;) = ({s,¢}). Note that 2 splinters,
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but there may be an automorphism that swaps the two separations so the choice
of any single one of them is non-canonical. Since the separations are crossing,
we cannot use both of them for our nested set either.

For obtaining a canonical nested set, one crucial ingredient will be the notion
of extremal elements of a set of separations, which was already used in [27].
Given a set A C U of (unoriented) separations, an element a € A is extremal in
A, or an extremal element of A, if a has some orientation @ that is a maximal
element of A. (Recall that A is the set of orientations of separations in A.) The
set of extremal elements of a set of separations is an invariant of separation
systems in the following sense: if F is the set of extremal elements of some
set A C S of separations, and ¢ is an isomorphism between S and some other
separation system, then ¢(F) is precisely the set of extremal separations of p(A).
Moreover, the extremal separations of a set A C U are nested with each other
under relatively weak assumptions: for instance, it suffices that for any two
separations in A at least two of their corner separations also lie in A.

Let us formally state a set of assumptions under which we can prove a
canonical version of Lemma 10. Given two separations r and s and two of their
corner separations c¢; and ¢y, we say that ¢; and co are from different sides of r
if, for orientations of ¢;, r, and s with ¢; = (7 A §), there is an orientation &
of ¢g such that either @ = (FAS) or @& = (FA§). Note that ¢; and ¢ being
from different sides of  does not imply that ¢; and ¢y are distinct separations;
consider for instance the edge case that r = s = ¢; = ¢o.

Let 2 = (A; : i € I) be a finite collection of non-empty finite subsets of U
and let < be any partial order on I. We write ¢ < j if and only if ¢ < 7 and
i # j. We say that U splinters hierarchically if for all a; € A; and a; € A; the
following two conditions hold:

(SH1) If i < j, either some corner separation of a; and a; lies in A;, or two corner
separations of a; and a; from different sides of a; lie in A;.

(SH2) If neither ¢ < j nor j < ¢, there are k € {i,j} and corner separations
c1 and ¢y of a; and a; from different sides of ay such that ¢; € Ay and

Co € .AZ U.Aj.

—(IJ' (],J' (I‘j —(l]‘
Figure 4.2: The possible configurations in (SH2) in the definition of splinter
hierarchically, up to symmetry.

In particular if < is the trivial partial order on I in which all i # j are
incomparable, then 2 splinters hierarchically if and only if (SH2) holds for all
a; € A; and a; € Aj; this special case which ignores the partial order on [ is
perhaps the cleanest form of an assumption that suffices for a canonical nested
set meeting all A; in 2. The reason we need to allow a partial order < on [
and the slightly weaker condition in (SH1) for comparable elements of I is that
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otherwise we would not be able to deduce Theorem 1.1.2 in full from our main
theorem of this section due to a quirk in the way that robustness is defined for
profiles in [27] (see Section 4.1.5).

Our first lemma enables us to find a canonical nested set inside |J
a collection of sets .A; whose indexing set is an antichain:

iel Az for

Lemma 4.1.7. Let (A; : i € I) be a collection of subsets of U that splinters
hierarchically. If K C I is an antichain in <, then the set of extremal elements
of Upex Ak is nested.

Proof. Suppose that K C I is an antichain and that for some 7,7 € K there are
a; € A; and a; € A; such that a; and a; are extremal in Uk€ « Ai but cross. Let
@; and @; be the orientations of a; and a; witnessing their extremality. Since a;
and a; cross, there are three ways of orienting a; and a; such that the supremum
of this orientation is strictly larger than @; or @;. Hence, none of these corner
separations can lie in A; U A;, since that would contradict the maximality of @;
or @j in {Jycg Aj. On the other hand, since neither i < j nor j < i, by (SH2)
and the assumption that a; and a; cross there are at least two orientations of a;
and a; whose corresponding supremum lies in A4; U A;, causing a contradiction
to the extremality of a; and a;. O

We are now able to prove a canonical version of the splinter lemma by
repeatedly applying Lemma 4.1.7 to the collection of the A; of <-minimal index
that have not yet been met by the nested set constructed so far:

Lemma 11 (Canonical Splinter Lemma). Let U be a universe of separations and
let A= (A; : 1 €1) be a collection of subsets of U that splinters hierarchically
with respect to a partial order < on I. Then there exists a nested set N = N (%)
meeting every A; in 2.

Moreover, N(21) is canonical: if ¢ is an isomorphism of separation sys-
tems between | J;c; A; and a subset of some universe U’ such that the family
o) = (o(A;) : i€ ) splinters hierarchically with respect to <, then we have
that N(p(%)) = ¢(N()).

Proof. We proceed by induction on |I|. If |I| = 1 we can choose as N the set of
extremal elements of A;, which is nested by Lemma 4.1.7 and clearly canonical.

So suppose that |I| > 1 and that the claim holds for all smaller index sets.
Let K be the set of minimal elements of I with respect to <. By Lemma 4.1.7
the set E' = E(A) of extremal elements of | J, . ;- A is nested. Let J C I be the
set of indices of all those A; that do not meet E, and for j € J let A;- be the
set of all elements of 4; that are nested with £. We claim that the collection
A" = (A} : j € J) splinters hierarchically with respect to < on J. This follows
from Lemma 2.3.1 as soon as we show that each A;- is non-empty.

To see that each A’ is non-empty, for j € J let a; be an element of A; that
crosses as few elements of I/ as possible. We wish to show that a; is nested
with F and thus a; € .A;-. So suppose that a; crosses some separation in E,
that is, some a; € A; N E with i € I ~. J. Since i is a minimal element of I, we
have either ¢ < j or that ¢ and j are incomparable. We shall treat these cases
separately.

Consider first the case that i < j. By (SH1), either some corner separation of
a; and a; lies in Aj;, or two corner separations of a; and a; from different sides
of a; lie in A;. The first of these possibilities contradicts the choice of a;, since
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that corner separation in A; would cross fewer elements of £ by Lemma 2.3.1.
On the other hand, the latter of these possibilities contradicts the choice of a;
as an extremal element of | J, o ;- Ax. Thus, the case i < j is impossible.

Let us now consider the case that ¢ and j are incomparable. Again, by
the choice of aj, none of the corner separations of a; and a; can lie in A; by
Lemma 2.3.1. Therefore, (SH2) yields the existence of a corner separation of a;
and a; in A; for each side of a;; this, however, contradicts the extremality of a;
in Uy g Ar as before.

Therefore, each of the sets .A;- with j € J is non-empty, and hence the
collection A" = (A : j € J) splinters hierarchically with respect to <. Since
|J| < |I|, we may apply the induction hypothesis to this collection to obtain a
canonical nested set N’ = N () meeting all A’. Now N = N'U E is a nested
subset of U which meets every A; for i € I. It remains to show that N is
canonical.

To see that N is canonical let ¢ be an isomorphism of separation systems
between J;c; A; and a subset of some universe U’ such that ¢(2) splinters
hierarchically with respect to < in U’. Then ¢(E) = E(¢(2)), i.e. the set of
extremal elements of | J;c; ¢(A;) is exactly ¢(E). Therefore, p(E) meets ¢(A;)
if and only if F meets A;. Consequently, the restrictign of ¢ to |J e A s
an isomorphism of separation systems between | ies A and its image in U !
with the property that ¢(21’) splinters hierarchically with respect to < on J.
Moreover, for j € J, the image ¢(A’) of A} is exactly the set of those separations
in ¢(A;) that are nested with ¢(E).

Thus, applying the induction hypothesis yields N(o(20)) = (N (). To-
gether with the above observation that p(E(2)) = E(p(2)) this gives

PN () = p(E@) Up(NR)) = E(e(A) UN () = N(p(R)),

concluding the proof. O

4.1.5 Applications of the Canonical Splinter Lemma

In this section we apply Lemma 11 to obtain a short proof of Theorem 1.1.2,
to strengthen Theorem 4.1.6 for clique separations so as to make it canonical,
and finally to establish a canonical tree-of-tangles theorem for another type of
separations, so-called circle separations.

Robust profiles

Having established Lemma 11 in the previous section, we are now ready to
derive the full version of Theorem 1.1.2. For this let U = ((7, <5 VA ) be
a submodular universe of separations and P a robust set of profiles in U, and
let I be the set of all pairs of distinguishable profiles in P. As in Section 4.1.3,
for {P,P'} € I we let

App :={a €U : a distinguishes P and P’ efficiently},

and let 2p be the family (Ap pr : {P, P’} € I). We furthermore define a partial
order < on I by letting {P, P’} < {Q, @'} if and only if the order of some element
of Ap ps is strictly lower than the order of some element of Ag /. Note that
the separations in a fixed Ap p/ all have the same order.
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We shall be able to deduce Theorem 1.1.2 from Lemma 11 as soon as we
show that 2Ap splinters hierarchically.

Lemma 4.1.8. 2Ap splinters hierarchically with respect to <.

Proof. Let r € App and s € Ag g be given. By switching their roles if
necessary we may assume that || < |s|. Then @ and Q" both orient r; we may
assume without loss of generality that 7 € ). We will make a case distinction
depending on the way Q' orients r.

Let us first treat the case that @ and @’ orient r differently, i.e. that ¥ € Q’.
Then r distinguishes @ and @’ and hence |r| = |s| by the efficiency of s. This
implies that {P, P’} and {Q, Q'} are either the same pair or else incomparable
in <. We may assume further without loss of generality that s € @Q and § € Q'.
Consider now the two corner separations 7V § and 7 A S: if at least one of these
two has order at most |s|, then this corner separation would distinguish @ and
Q' by the profile property. The efficiency of s would then imply that this corner
separation has order exactly |s| and hence lies in Ag g/. The submodularity of
the order function implies that this is the case for at least one, and therefore for
both of these corner separations, yielding the existence of two corner separations
of r and s from different sides of s in Ag g/ and showing that (SH2) is satisfied.

Let us now consider the case that @ and @’ orient r in the same way, i.e.
that 7 € Q'. We make a further split depending on whether |r| = |s| or |r] < |s].

Suppose first that » and s have the same order, i.e. |r| = |s|; then neither
{P,P'} <{Q,Q'} nor {Q,Q'} < {P, P'}. We may assume that P and P’ orient
s in the same way: for if P and P’ orient s differently, we may switch the roles of
r and s as well as { P, P’} and {Q, Q’} and apply the above case. So suppose that
both of P and P’ contain 3, say. Then neither of the corner separations 7V § nor
7V can have order strictly less than |r| = |s|, as these corner separations would
distinguish @Q and @’ or P and P’, respectively, and would therefore contradict
the efficiency of s or of r, respectively. The submodularity of |-| now implies
that both of these corner separations have order exactly |r| = |s| and hence lie
in Ag,qg and Ap ps, respectively, showing that (SH2) holds.

Finally, let us suppose that |r| < |s|; then {P, P’} < {Q,Q'}. Consider the
two corner separations 7 V § and 7 V §: if both of 7V § and 7V § have order
strictly greater than |s|, then by the submodularity of the order function both of
the other two corner separations 7V § and ¥V § have order strictly smaller than
|r|. By the robustness of P one of these two corner separations would distinguish
P and P’, contradicting the efficiency of r.

Thus, we may assume at least one of 7V § and 7V § has order at most |s|.
Then that corner separation distinguishes @ and @Q’. In fact, it does so efficiently
and hence lies in Ag ¢, showing that (SH1) holds and concluding the proof. [

We are now ready to deduce the full Theorem 1.1.2 from Lemma 11:

Theorem 1.1.2 (Canonical tree-of-tangles theorem for separation universes
[27, Theorem 3.6)). Let U = (U, <,*,V,A,|:|) be a submodular universe of
separations. Then, for every robust set P of profiles in U, there is a nested set
T =T(P) CU of separations such that:

(i) every two profiles in P are efficiently distinguished by some separation
mnT;
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(it) every separation in T efficiently distinguishes a pair of profiles in P;
(iii) for every automorphism o of U we have T(P®) = T(P)®;  (canonicity)
(iv) if all the profiles in P are regular, then T is a regular tree set.

Proof. By Lemma 4.1.8 the family 2p splinters hierarchically. Thus, we can apply
Lemma 11 to 2Ap to obtain a nested set N = N (2p) which meets every Ap pr.
Clearly, N satisfies (i), (ii) and (iv) of Theorem 1.1.2.

To see that N satisfies (iii), let o be an automorphism of U. Then the

-

restriction of « to | (PP }el Ap pr is an isomorphism of separation systems onto

its image in U. We therefore have, by Lemma 11, that a(N(2p)) = N(a(2p)).
For every App in 2Ap we have that a(App/) is precisely the set of those
separations in U which distinguish P® and P’® efficiently; in other words, we
have a(Jp) = Apa, showing that (iii) is satisfied. O

Clique separations

Regarding the profiles of clique separations discussed in Section 4.1.3, Lemma 4.1.4
not only suffices to show that the sets Ap ps splinters, but can be used to show
that the collection of these Ap ps even splinters hierarchically, allowing us to
apply Lemma 11: for this we simply define the same partial order < on the set
of pairs {P, P’} as in the previous section, that is, {P, P’} < {Q, Q’} if and only
if |r] < |s] for some (equivalently: for all) r € Ap p: and s € Ag .

To see this, let P, P’ and Q, Q' be distinguishable pairs of profiles of clique
separations. Let r € Ap pr and s € Ag g/, and suppose without loss of generality
that |r| < |s|. If r and s are nested, then r and s themselves are corner separations
of r and s that lie in Ap pr and Ag ¢/, respectively. However, if 7 and s cross, then
by Lemma 4.1.4 there are orientations of r and s such that |F AS|, [FA S| < |r|
and |[FAS|,|[FAS], |7 A5 <|s|. By switching their roles if necessary we may
assume that 7 € P and ¥ € P/, and likewise that § € Q and § € .

Since (FTA5),(FAS) < §and § € @, the profile Q' contains both of these
corner separations by consistency. On the other hand, by the assumption that
|| < |s|, the separation r gets oriented by @), and consequently by the profile
property @ must contain the inverse of one of those two corner separations. This
corner separation then distinguishes Q and @', and in fact it does so efficiently,
since its order is at most |s|, meaning that this corner separation lies in Ag ¢-.
Therefore, if |r| < |s|, (SH1) of splintering hierarchically is satisfied.

So suppose further that |r| = |s|, and let us check that (SH2) of splintering
hierarchically is satisfied. Observe that, similarly as above, P orients s, and
P’ contains both (7 A §) and (7 A'S) by consistency with 7 € P/, implying as
before that one of (7 A 5) and (F A 3) also efficiently distinguishes P and P’,
i.e. is an element of Ap ps. If this corner separation in Ap pr and the corner
separation in Ag ¢ found above are from different sides of either r or s, then
(SH2) of splintering hierarchically would be satisfied. So suppose not; that is,
suppose that (7 A §) distinguishes both P and P’ as well as @ and Q' efficiently.
In particular |F A §| = |r| = |s|, and hence by the last part of Lemma 4.1.4, all
four corner separations of r and s have order at most |r|. Consequently, since P’
orients s, one of (¥ A'§) and (7 A §) distinguishes P and P’ efficiently, which one
depending on whether § € P/ or § € P’. In either case we have found a corner
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separation of  and s in Ap pr, which together with (F A §) € Ag o witnesses
that (SH2) is fulfilled.

Therefore, by Lemma 11 we get that we can choose the set in Theorem 4.1.6
canonically:

Theorem 4.1.9. For every set P of profiles of clique separations of a graph
G, there is a nested set N = N(P) of separations which efficiently distin-
guishes all the distinguishable profiles in P and is canonical, that is, such that
N(P*) = N(P)* for every automorphism « of the underlying graph G.

Proof. Every automorphism of G induces an automorphism of the separation
system. Hence, we can obtain the claimed nested set by applying Lemma 11
to the family of the sets Ap p: of those clique separations which efficiently
distinguish the pair P, P’ of distinguishable profiles in P. O

Circle separations

Another special case of separation systems are those of circle separations discussed
in [26]: given a fixed cyclic order on a ground-set V, a circle separation of V' is a
bipartition (A4, B) of V into two disjoint intervals in the cyclic order. Observe
that the set of all circle separations is not closed under joins and meets and
hence not a subuniverse of the universe of all bipartitions of V:

Example 4.1.10. Consider the natural cyclic order on the set V = {1,2,3,4}.
The bipartitions ({1},{2,3,4}) and ({3},{4,1,2}) of V are circle separations.
However, their supremum in the universe of all bipartitions of V'is ({1, 3}, {2,4}),
which is not a circle separation.

Let V be a ground-set with a fixed cyclic order and U = ((7, <5 VLA )] the
universe of all bipartitions of V' with a submodular order function |-|. Let S C U
be the set of all separations in U that are circle separations of V. Moreover, let
us denote as Sy the set of all those circle separations in S whose order is < k.

Given fixed integers m > 1 and n > 3, we call, for this application only, a
consistent orientation of Sy a k-tangle in S if it has no subset in

sz,:;::{FgQﬁ

!ﬂ(A,B)EFB] <mand |[F| < n}

A tangle in S is then a k-tangle for some k, and a mazximal tangle in S is a tangle
not contained in any other tangle in S. As usual, two tangles are distinguishable
if neither of them is a subset of the other; a separation s distinguishes two tangles
if they orient s differently, and s does so efficiently if it is of minimal order
among all separations in S distinguishing that pair of tangles.

Using Lemma 11 we can show that there is a canonical nested set of circle
separations which efficiently distinguishes all distinguishable tangles in S:

Theorem 4.1.11. The set S of all circle separations of V' contains a tree set
T =T(S) that efficiently distinguishes all distinguishable tangles in S. Moreover,
this tree set T can be chosen canonically, i.e. so that for every automorphism «
of S we have T(S*) =T(S)“.

In order to prove Theorem 4.1.11 we need the following short lemma:
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Lemma 4.1.12. Let r and s be two circle separations of V. If r and s cross,
then all four corner separations of r and s are again circle separations.

Proof. Let 7 = (A,B) and § = (C, D). Since r and s cross, the sets AN C
and B N D are non-empty and moreover intervals in the cyclic order. Thus,
BUD is also an interval and therefore 7 A3 = (ANC, BUD) is indeed a circle
separation. O

Let us now prove Theorem 4.1.11.

Proof of Theorem 4.1.11. For every pair P, P’ of distinguishable tangles in S let
Ap pr be the set of all circle separations that efficiently distinguish P and P’.
We define a partial order < on the set of all pairs of distinguishable tangles by
letting {P, P’} < {Q, Q’} for two distinct such pairs if and only if the separations
in Ap p have strictly lower order than those in Ag .

Let us show that the collection of these sets Ap ps splinters hierarchically;
the claim will then follow from Lemma 11.

For this let P, P’ and Q, Q" be two distinguishable pairs of tangles in S and
let r € Ap pr and s € Ag /. If 7 and s are nested, then r and s themselves are
corner separations from different sides of  and s that lie in Ap pr and Ag g/,
respectively, in which case there is nothing to show.

So suppose that r and s cross. Then, by Lemma 4.1.12; all corner separations
of r and s are circle separations. By switching their roles if necessary we may
assume that |r| < |s|; we shall treat the cases of |r| < |s| and |r| = |s| separately.

Let us first consider the case that |r| < |s|. Then {P, P’} < {Q,Q’}, so it
suffices to show that (SH1) is satisfied, i.e. to find a corner separation of r and s
in Ag /. Since @ and @’ both orient s, which is of higher order than r, both Q
and Q' also orient r. By |r| < |s| and the efficiency of s, r cannot distinguish @
and @’. Thus, some orientation 7 of r lies in both @ and Q’.

By renaming them if necessary we may assume that 7 € P and ¥ € P’.
Suppose now that one of 7V § and 7 V § has order at most |s|. Then @ and Q’
would both orient that corner separation, and they would do so differently by
the definition of a tangle. Thus, that corner separation would lie in Ag ¢/, as
desired.

Hence, we may assume that both of 7V 3 and 7V § have order higher than |s|.
Then, by submodularity, both 7 A3 and 7 A § have order less than |r|. Therefore,
both of these corner separations get oriented by P and P’, but neither of them
can distinguish P and P’ by the efficiency of r. In fact by the consistency of P
and P’ we must have (FAS), (FAS) € PNP’. However, the set {F, (FAS), (FAS)}
lies in F, contradicting the assumption that P and P’ are tangles in S.

It remains to deal with the case that |r| = |s| and show that (SH2) is satisfied.
For this we shall find corner separations from different sides of r or of s that lie
in Ap pr and Ag, ¢, respectively. By the submodularity of the order function,
and by switching the roles of r and s if necessary, we may assume that there are
orientations of r and s such that both 7V § and 7V § have order at most |r|.
By possibly renaming § and § we may further assume that 7 V § distinguishes
P and P’. Then, by the efficiency of r, we must have |7V 3| = |r|, and hence
|7V §| < |s| by submodularity. Recall that we assumed |7V §| = |r| = |s|, so one
of ¥V § and 7 V 5 must distinguish @ and Q’. Again, that corner separation
must in fact distinguish @ and @’ efficiently, i.e. lie in Ag /. Now this corner
separation together with 7V § witnesses that (SH2) holds. O

110



4.2 Directed graphs

In this section we are going to see how we can reformulate our splinter Lemma 10
in order for us to make it applicable to distinguish tangles in directed graphs
(digraphs). Such a theorem for digraphs has been developed by Giannopoulou,
Kawarabayashi, Kreutzer, and Kwon in [51], where they showed that a directed
tree-decomposition of a digraph which distinguish all its tangles of order k can
be constructed in polynomial time. However, this tree-decomposition does not
distinguish the tangles efficiently. The reason why constructing such a tree-
decomposition in the setup of digraphs is more challenging lies in the definition
of directed separations (see Section 4.2.1). These do not form a universe of
separations, in particular one can not take corners of these directed separations
in the same way as for separations of an undirected graph.

However, Giannopoulou, Kawarabayashi, Kreutzer, and Kwon also proved in
[51] a result about efficient distinguishers: they were able to construct a structure
called a ‘tree-labelling’ for the set of tangles (for definitions see Section 4.2.1).
They then used this tree-labelling as an important step in the construction of the
tree-decomposition mentioned above. More precisely, they showed the following:

Theorem 4.2.1 ([51, Theorem 6.2]). Every set T of distinguishable tangles in
a digraph G has a T -tree-labelling.

An important part of the proof of Theorem 4.2.1 is the case where T consists
of distinct (k + 1)-tangles which induce the same k-tangle. This case is then
used to inductively construct the tree-labelling in Theorem 4.2.1. In this section
of this thesis we show two results.

First, we are going to see that this important part of the proof of Theorem 4.2.1
can in fact be simplified by using a variation of our splinter Lemma 10; for
this we are going to remark that Lemma 10 can in fact be formulated in an
even more general context, where we do no longer require the existence of a
separation system, but only a symmetric, reflexive relation corresponding to
‘nestedness’. The same idea will also later be used in Section 4.4 to develop
results like Lemma 10 for infinite structures.

This even more abstract version of Lemma 10 will then come in handy to
achieve our second result of this section: using a different relation than before in
this more abstract version of Lemma 10, we will be able to develop a theory of
directed separation systems, and show that we can find a tangle distinguishing
structure like the tree-labellings in Theorem 4.2.1 in this more abstract setting.
Moreover, if applied to the directed separations of a digraph, this will give us a
different proof of Theorem 4.2.1, solely based on this more abstract version of
our splinter Lemma 10.

This Section 4.2 is structured as follows: first, in Section 4.2.1 we are
going to give the definitions from [51] regarding digraphs and separations that
we need. Then in Section 4.2.2, we are going to see how Lemma 10 can be
generalized to work even without a separation system, and how this can be
used to simplify the part of the proof of Theorem 4.2.1 mentioned above. After
that, in Section 4.2.3, we are going to develop our theory of direct separation
systems and use the more general version of our splinter lemma to prove a
tree-of-tangles-like theorem for these directed separation systems. This yields an
alternative proof of Theorem 4.2.1.
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4.2.1 Directed graphs and separations

In this section we recall the definitions for separations and tangles in digraphs
that we need. These definitions are largely based on [51], however, in some cases
we are going to slightly adjust these definitions in order to make them more
compatible with the definitions about separations and tangles used in other parts
of this thesis, such as for graphs.

Given a digraph G and two vertex sets A, B C V(G), a (directed) edge
e = (v,w) € E(G) is said to cross from A to Bifve AN Band w € BN A. An
edge e is a cross edge for A and B if e crosses from A to B or from B to A.

Unlike in the undirected case, we allow for separations {A, B} in digraphs
the existence of edges between A\ B and B \ A, as long as they all ‘cross in the
same direction’. With this definition a separation of a digraph reflects the notion
of strong connectivity: recall that a vertex set in a digraph is strongly connected
precisely if we find a directed path between any two vertices in that graph, i.e.
there exist paths in ‘both directions’ Thus, given a directed separation {A, B},
no strong component of G — AN B will meet both A and B.

Formally, let us say that a pair (A, B) of vertex sets of G is an (oriented)
directed separation of G if AU B = V and there are either no cross edges
from A to B or no cross edges from B to A. As for undirected graphs, the
separator of (A, B) is AN B and the order of (A, B) is the size of the separator,
ie. |[(A,B)| = |AN B|. We call the (unoriented) pair {A, B} the underlying
unoriented directed separation of (A, B) (and (B, A)). In this section we will
denote the set of all (unoriented) directed separations of a digraph G as S(G).

Now given an oriented directed separation X = (A, B), there are no edges
that cross from A to B or no edges that cross from B to A. To distinguish these
two cases, we also write the directed separation (A, B) as X = (A — B) if there
are no cross edges from B to A, and as X = (A < B) if there are no cross edges
from A to B. Moreover, if X is an unoriented directed separation, we denote as
X*, X~ € X the sides of X so that (X — X ™) is an orientation of X, i.e. X
and X~ are chosen so that there are no edges from X~ ~ XT to X+~ X!

We can now define what a tangle in a digraph shall be. A (directed) tangle
of order k in a digraph G is a set 7 of oriented directed separations which all
have order < k, such that for every unoriented directed separation {A, B} of
order < k exactly one of (4, B) and (B, A) is contained in 7, and moreover any
three separation (Ay, By), (Aa, Ba), (A3, Bs) € 7 satisfy the tangle condition in
that A; U Ay U Az # V(G). We say that 7 is a tangle if 7 is a tangle of order k
for some natural number k.

We say that an (unoriented) directed separation {4, B} € S(G) distinguishes
two directed tangles 7,7’ if (4,B) € 7 and (B, A) € 7’ (for some orientation
(A, B) of {A, B}). Two tangles are distinguishable if there exists a separation
which distinguishes them. Otherwise, they are indistinguishable. Note that
and 7/ are indistinguishable precisely if 7 C 7" or 7/ C 7. Given some integer
I, two tangles T and 7’ are [-distinguishable if there exists a separation {A, B}
of order [ which distinguishes 7 and 7’. Similarly, we define two tangles to
be < l-distinguishable, if there exists a separation {4, B} of order less than [
which distinguish them. If two tangles are not [-distinguishable, or not < I-
distinguishable, they are l-indistinguishable, or < l-indistinguishable, respectively.

f X = {A, B} is a separation of the underlying undirected graph, i.e. there are no edges
from A\ B to B~ A and no edges from B \ A to A~ B, we choose X1t and X~ arbitrary.
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If {A, B} is a separation of minimum possible order that distinguishes 7 and 7/,
then {A, B} distinguishes 7 and 7/ efficiently.

Finally, we define the tree-like structure distinguishing tangles obtained in [51].
Given a set T of tangles in a digraph G, let us say that a triple £ := (L, 8,7) of
an (undirected) tree L and two maps 8: V(L) - 7 and v: E(L) — S(G) is a
tree-labelling of T if L satisfies the following two properties:

(TL1) B is a bijection and

(TL2) for any two distinct nodes ¢, of L and the unique path P between them,
the separation y(e) distinguishes §(¢) and 3(¢') efficiently for every edge e
of P, as long as e satisfies that v(e) has minimum possible order among
all separations associated to P, i.e. |y(e)] = min{|y(¢')| : ¢ € E(P)}.

Note that this definition implies that, given any edge e of T, the separation
~(e) is a minimum order distinguisher for the images under 8 of the end vertices
of e. In particular there are, for every e € E(L), tangles for which ~(e) is an
efficient distinguisher.

Now Theorem 4.2.1 states that, given any set T of pairwise distinguishable
tangles, we can always find a tree-labelling for this set of tangles. A major step
in the proof of Theorem 4.2.1 from [51] is the following intermediate result, which
essentially allows one to prove Theorem 4.2.1 via an inductive argument:

Theorem 4.2.2 ([51, Theorem 6.3]). Let T be a set of tangles of order > 1 in
a digraph G which are pairwise l-distinguishable but < l-indistinguishable. Then
there is a T -tree-labelling (L, 8,7) of G such that |y(e)| =1 for all e € E(L).

In the following, we are going to see how this result can actually be obtained
from a corresponding version of our splinter Lemma 10. The challenge here lies
in that, at least for the natural definition of declaring two unoriented directed
separations {A, B} and {C, D} as nested if and only if they are nested as set
separations, a tree-labelling does not give a nested set of separations. Moreover,
with the natural partial order originating from set separations, they will also not
form a universe of separations. Thus, we will not be able to use Lemma 10 as it
is stated in Section 4.1 to prove Theorem 4.2.2. Instead, we are going to see in
the next section that Lemma 10 can actually be formulated in a more general
context with the exact same proof. This variation of Lemma 10 will then be
applicable to obtain Theorem 4.2.2.

4.2.2 Abstracting Lemma 10 away from separation sys-
tems

As said above, the directed separations of a digraph do not form a universe
of separations if equipped with the natural partial order for set separations as
defined in Section 2.8. This is due to the fact that we can not guarantee that
there are corners for any two oriented directed separations. In fact, we can only
guarantee this for one of the two pairs of opposing corners: if given two directed
separations X and Y then (XtTUY T, X~ NY " )and (XTNY T, X" UY ") will
again give directed separations which will form one pair of opposite corners of
X and Y, however neither (XTUY ", X" NY ") and (XTNY ", X~ UY™") will
in general be directed separations.

113



Hence, if we want to apply Lemma 10 in a directed setting, we would either
need to come up with a different definition of a partial order on the directed
separations, for which they do form a universe of separations, or we need to
generalize the statement of Lemma 10 in order to be able to apply it to structures
other than universes of separations. As it turns out, both the statement and
proof of our splinter Lemma 10 can be formulated purely in terms of unoriented
abstract separations and the nestedness relation between them. Consequently,
we can define a more general structure encoding a set of unoriented separations
together with a nestedness relation on them and can then obtain a version of
Lemma 10 for these more general structures, i.e. a version of Lemma 10 which
does not reference a universe of separations at all.

For this, let A be any finite set, and let ~ be a reflexive and symmetric
relation on A. We will think of ~ as the relation of ‘being nested’; i.e. we will be
able to obtain Lemma 10 from the more general version of the splinter lemma
proved in this section as a simple corollary by applying it to our universe U of
unoriented separations as our set 4 and taking as ~ the nestedness relation on
this set.

We now need to define what a ‘corner’ in this more general setup should be.
Since a central ingredient of our proof of Lemma 10 is the fish Lemma 2.3.1,
we will incorporate that lemma into our definition of corner. So let us say that
given two elements a,a’ € A, a corner of a and a’ is any element b € A with
the property that b ~ ¢ for all ¢ € A satisfying both a ~ ¢ and o’ ~ ¢. In other
words, a corner of a and a’ is an element of A that is nested with all those
elements of A that are nested with both a and a’. In particular, unlike for the
classic definition of a corner between two abstract separations in a universe, both
a and a’ themselves are valid corners of a and a’.

This definition is actually all we need in order to define what splinters should
mean in our more abstract setup: given a finite set A together with a reflexive
symmetric relation ~ on A, we say that a family 2 = {A4,,...,A,} of subsets
A; of A splinters if, for any a; € A; and any a; € A;, we have that there is a
corner b of a; and a; which is either contained in A4; and satisfies b ~ a;, or is
contained in A; and satisfies b ~ a;. This means that for any two elements a;
and a; from A; and A; there should be a corner of these two which is contained
in one of the two sets A; and A; and is nested with the element a; or a; from
the other of the two. Note that, if a; and a; are nested, i.e. a; ~ a;, then we
can always take one of the two as the required corner, thus it is enough to verify
the splinter condition for elements a; and a; which are not nested, i.e. which do
not satisfy a; ~ a;.

Our more general version of Lemma 10 now reads as follows:

Lemma 12 (Abstract Splinter Lemma). Let A be a finite set and let ~ be a
reflexive and symmetric relation on A. Let A = {A1,..., A,} be a family of
subsets of A which splinters. Then there is a set N = {a1,...,a,} C A such
that a; € A; for every 1 <i < n and such that a ~ a’ for any a,a’ € N.

We can prove Lemma 12 in exactly the same way as Lemma 10, for the
reader’s convenience we nevertheless include a proof here:

Proof of Lemma 12. We proceed by induction on n. The assertion clearly holds
for n = 1. So suppose that n > 1 and that the above assertion holds for all
smaller values of n.
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Suppose first that we can find some 1 < i < n and an a; € A; so that a; is
nested with at least one element of A4; for each j # ¢, i.e. for every j # 4 there is
an a; € Aj; such that a; ~ a;. Then the assertion holds: for j # i let A’ be the
set of those elements a; of A; that are nested with a;, i.e. satisfy a; ~ a;. Then
(A} : j # i) is a family of non-empty sets which splinters by the definition of a
corner: if, a; € .A;» and aj € Aj, for some j, k # i, then a; ~ a; and a; ~ a;, and
thus any corner b of a; and ay satisfies b ~ a;. Hence, (.A; : J # 1) splinters
because (A; : 1 <14 < n) did. Thus, by the induction hypothesis we can pick a
set N' = {a; € A} : j # i} so that any two a,b € N satisfy a ~ b. Therefore,
N = N'U{a;} is as required, as we have that a ~ b for any two a,b € N and
that N meets every A;.

To conclude the proof it thus suffices to find an a; as above. To this end, we
apply the induction hypothesis to Ay, ..., A,_1 to obtain a set N’ consisting of
some ai, ..., Gn,—1 which satisfy a; ~ a;, for all 1 < j, k£ < n—1. Fix an arbitrary
a, € A,. For all i < n, we have by our splinter condition that there either is a
corner of a,, and a; contained in A,, or that there is a corner contained in A;. If
for some ¢ we find a corner b between a; and a,, that is contained in A,,, this
a; is the desired separation for the above argument, as a; ~ a; whenever j # ¢
and j # n and moreover a; ~ b and b € A,,. Otherwise, for each i < n, there
is a corner b; between a; and a,, contained in A;, thus we can apply the above
argument to a,, as a, ~b; forall 1 <i<n— 1. O

We now want to use Lemma 12 to obtain a proof of Theorem 4.2.2. For that
let us define, given a set T of tangles of order > [ in a digraph G which are
pairwise [-distinguishable but < l-indistinguishable, the set A as the set of all
directed separations of order [ and let us define, for 7,7" € T as A, .+ the set of
all those directed separations from A which efficiently distinguish 7 and 7'.

We then want to apply Lemma 12 to the family A= {A. . : 7,7/ € T}
For this, we need to do define a relation ~ on A, in such a way that on the one
hand, the family 2 splinters with respect to ~ and on the other hand, the set N
of separations which we obtain from Lemma 12 allows us to obtain the desired
tree-labelling for Theorem 4.2.2. As it turns out, the following relation will do
exactly this.

Given a set T of tangles of a digraph, we say that two unoriented directed
separations { Ay, B1}, { A2, Ba} are nested with respect to T or T -nested, denoted
as {A1, B1} ~7 {Ag, B}, if the following holds:

(1) all tangles in T orient both {A;, B1}, {As, B2}, and

(2) there are orientations (Aj, By) and (As, Bs) of {A;, By}, {As, Ba} such
that either every tangle in 7 containing (A1, By) also contains (As, Bs) or
every tangle containing (A, Ba) also contains (Aj, By).

An equivalent definition can be obtained as follows: any unoriented directed
separation {A, B} which is oriented by all tangles in T gives a bipartition
{Ta, T} of T by defining T4 as the set of all tangles from 7 containing (B, A)
and 7p as the set of all tangles from 7 containing (A, B). Now two unoriented
directed separations {41, B1} and {As, Ba} which are oriented by all tangles in
T are nested with respect to 7 precisely if the two bipartitions of 7 induced
by {A1,B1} and {As, Ba} are nested with respect to the usual definition of
nestedness for bipartitions.
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This relation of being T-nested is clearly reflexive and symmetric. Let us
now see that the family A = {A, ,» : 7,7" € T} defined above indeed splinters
with respect to this relation. Note that the following lemma uses the definition
of a corner in the setup of our nestedness relation.

Lemma 4.2.3. Let T be a set of tangles of order > 1 in a digraph G which are
pairwise l-distinguishable but < l-indistinguishable. Let X1 and Xo be directed
separations such that | X1| = | Xa| = 1. Suppose that X1 distinguishes 71,71 € T
whereas Xo distinguishes 19,75 € T. Then either X, and X5 are nested with
respect to T or there is a corner of X1 and Xo which has order | and distinguishes
71 and 1 or T and T4.

Proof. Let X; = (A; — By) and X3 = (A3 — Bs). Let us suppose that X and YV’
are not nested with respect to 7. Thus, there are tangles 7,4, Tab, Tha, Top in T such
that (Bla Al)v (B27 AQ) € Taa, (Alv Bl)v (B27A2) € Tboa, (Bl,Al)a (A27 BQ) € Tab
and (Al, Bl), (AQ, Bz) € 7. Now both (Al ﬂAQ, By UBQ) and (A1 UAQ, Bi HBQ)
are again directed separations. If one of the two, say (A; N As, By U Bs) would
have order less than , then, by the definition of a tangle, (B1UBs, AN As2) € T4q,
but (A; N As, By U Bs) € 1, contradicting the fact that 7., and 7 are < I-
indistinguishable. Thus, both (A; N As, B; U By) and (A; U Ay, B1 N Bs) have
order exactly [.

Now the bipartition of 7 induced by (A; N As, B; U Bs) is one of the four
corners of the corresponding bipartitions of 7 induced by (A1, By) and (As, Bs):
a tangle 7 € T contains (A; N Ay, By U Bs) if and only if the tangle contains one
of (A1, By) and (As, By). Thus, every separation Z which is T-nested with X
and Y is also T-nested with both (4; N Ag, By U Bs) and (41 U Ag, By N Ba).

Now let us assume that one of (A1 N Ay, B UBs) and (A1 U As, B; N By) also
distinguishes 7 and 71, say (A; N Az, By U Bs) does so. Then (A; N As, B; U Bs)
and (As, B2) are nested with respect to T and thus (A; N Az, By U Bs) is the
desired corner.

If on the other hand neither (A; N As, B; U Bs) nor (4; U Ay, B1 N By)
distinguish 71 and 7{ then both 71 and 7{ need to contain (A; N A2, By U Bs)
and (B N By, A1 UAs). Thus, by the definition of a tangle, neither 71 nor 7{ can
contain both (A1, B1) and (A, B2) or both, (By, A1) and (Bs, A2). Thus, as
(Ay, By) distinguishes 71 and 7, one of the two, say 71, needs to contain (A, By)
and (Bs, A2) whereas the other one needs to contain (Bj, A1) and (Asg, Bs).
Thus, (As, By) distinguishes 7 and 7{. But this implies that (As, By) is the
desired corner. O]

We now have all the ingredients needed to use Lemma 12 to prove The-
orem 4.2.2.

Proof of Theorem 4.2.2. For any two tangles 11 # 1 € T, let A, -, be the set
of all unoriented directed separations which efficiently distinguish 7 and 75, and
let A=U,, e Anm

By Lemma 4.2.3 the family 2 of all these sets A;, -, splinters with respect
to the relation ~7 on A of being nested with respect to 7. Thus, by Lemma 12,
there is a set IV of directed separations which meets all the A, ;, such that any
two separations from N are T-nested. Let us now see how we can use this set
N to obtain a tree-labelling for 7.
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For this let us assume that N is C-minimal with the property that N meets
every A;. Let us take T as the vertex set of our tree L, and consequently let
the map 3 be the identity. We add an edge e between 7 and 7’ if and only if
INNA; - |=1. In that case, we let y(e) be the unique separation in N N A, ..
Additionally, we shall define a map p from the set of orientations of the edges
of L, i.e. from the set E(L) := {(v,w) : {v,w} € E(L)} to the set of oriented
separations in N, which maps the edge (7, 7’) to the orientation of the separation
in NN A, ; contained in 7'.

Let B be the set of bipartitions of 7 induced by the directed separations in
N, i.e. for every directed separation (A, B) with {A, B} € N, we add to B the
bipartition (A,,B;)=({r €T : (B,A)er},{re€T : (A, B) € 1}). Since N
is a set consisting of separations which are pairwise T-nested, the set B consists
of bipartitions which are pairwise nested for the usual definition of nestedness of
bipartitions. Moreover, T naturally induces a set O of consistent orientations
of B: given 7 € T we orient every bipartition in B towards the side containing
7. Since N is a C-minimal set distinguishing all the tangles in T, the set B is
C-minimal with the property that it distinguishes all the orientations in O for
the usual definitions for bipartitions.

Let (T, «) be the order-respecting B-tree (T, «) from Corollary 2.6.5. Then
V(T) equals O and, given a directed edge (O, 0’) € E(T), we have that «(O, 0")
is the unique bipartition in B which distinguishes O and O’. Thus, L is isomorphic
to (T, «) via the isomorphism g mapping a tangle in 7 to the orientation in
O it induces. Moreover, given any directed edge (7, 7’) from L, the separation
p(7,7") induces the bipartition a(u(7), u(r')).

However, this isomorphism clearly implies that L is a tree and that our
construction indeed gives a tree-labelling: given any two tangles 7,7' and an
edge e on the path between them, we can consider the corresponding edge €’
on the path between p(7) and p(7') in T and know that the bipartition a(e”)
distinguishes u(7) and p(7’). Consequently, so does the directed separation p(€)
and consequently, the undirected separation (e) corresponding to p(€) does so
as well. O

In the next section we are going to develop an abstract version of these
directed separations and are going to see that the ideas of this proof will actually
allow us to obtain a version of Theorem 4.2.1 in this even more abstract setting.

4.2.3 Abstract directed separation systems

As said in the previous sections, the separations of a digraph are not covered from
our usual notions of abstract separation systems inside a universe of separations.
This is why, in this section, we are going to develop a directed generalization of
abstract separation systems which does cover the separations of a digraph as an
instance. We prove a corresponding version of a tree-of-tangles-type theorem
for these directed analogue which in particular allows us to obtain a proof of
Theorem 4.2.1 as a corollary.

Unlike the separations of an undirected graph, the separations {A, B} of a
digraph come with a natural ‘direction’ (A — B). To encode this in our abstract
theory, our directed separation system will be the union of two sets, which in
the instance of directed separations {A, B} of a digraph correspond to the set of
all the oriented separations of the form (A — B) and the set of all the oriented
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separations of the form (B <+ A). So let us say that a directed separation system
is a poset §=5us8 together with an order reversing involution * : 555
such that, for § € S we have 5:=35* € § , and vice versa. Note that we do not
require the two sets S and S do be disjoint, nevertheless it is easy to see that the
involution * gives a bijection between S and 5. We will usually denote elements
of § as § if we do not want to specify whether they lie in Sors.

Given such a directed separation system, we denote, given a separation § € s
the pair {3, 5} just as s and the set of all these pairs as S. The elements of S
are then also called unoriented directed separations. Conversely, given a subset
N of S we denote as N the set of all § € § such that s € N. Analogously we
define N and N.

If a directed separatlon system U7 is such that U and U are both lattices,
then we say that 7 (or U) is a directed universe of (directed) separations.

Given a directed separation system S, an orientation of Sisaset OC S
such that for every 3 € § we have that |O Nn{s,s} =1.

Such an orientation O is consistent if there do not exist any two distinct
separations §,7 € O such that §* < ¥.

Given a directed universe (7, some separation system ScvU , and some
consistent orientation P of S, we say that P is a profile of§ if for any 3,7 € SnpP
we have that (3 {)* ¢ P and for any 5,1 € § N P we have that (5V #)* ¢ P.

A separation § € S is small if § < §*. A profile P is regular if there is no
separation § € P such that §* is small.

A natural notion of structural submodularity for these directed separation
systems now is the following: a directed separation system ScUis structurally
submodular if for any two 7,3 € §, we have that 7Vs e § or P A5 € §. Note
that this implies that also, for any 7, § € 5, we have that Vs € S or FAS € 5,
since * is an order reversing involution.

Similarly, there is a natural definition of a submodular order function: a
function f : U — Nis called an order function if f symmetric in that f(3) = f(5)
for all 3 € (7 It is called submodular if f(3) + f(f) > f(3VE)+ f(3 AT) for any
two 5,7 € U. Note that this together with the fact that f is symmetric implies
that f( )4+ f(E) = f(EVE) + f(5AE) forall 5,7 € U.

Given a submodular order function on a directed universe U , the set
S, ={8elU : f(5) <k} is a structurally submodular directed separation sys-
tem. In that case we say that a profile P of S, is a k-profile in U, and that P is
a profile in U if P is a k-profile for some integer k.

We can now, given a set of profiles P of a directed separation system g ,
generalize the above defined notion of P-nestedness for separations of a digraph
to arbitrary directed separation systems: we say that two unoriented directed
separations s and ¢ from S are P-nested if there are orientation § and £ of s and ¢
such that either every profile in P containing § also contains ¢, or every profile in
P containing  also contains §. A set of separations is called P-nested if any pair
of separations from that set is P-nested. We remark that this definition, just like
the corresponding definition of P-nestedness for separations of a digraph, can
also be formulated in terms of the induced bipartitions of P: given an oriented
directed separation § € g , this separation naturally induces a bipartition of P
into the two sets Py := {P € P : § € P} of those profiles containing § and
Ps :={P € P : § € P} of those profiles containing §. Now two unoriented
directed separations are nested precisely if the bipartitions of P induced by their
orientations are nested for the usual notion of nestedness of bipartitions.
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Given two profiles P and P’ of potentially distinct directed separation systems
inside the same universe I , a separation s € U distinguishes P, P' if there exists
an orientation § of s such that § # §*, and § € P but §* € P'. If U happens
to be a universe with a submodular order function, then s distinguishes P
and P’ efficiently if s has minimum possible order among all separations in U
distinguishing P and P’.

An example of a universe U of directed separations is the set S(G) of directed
separations of a digraph as defined in Section 4.2.1. This can be seen by defining
U as the set of all the directed separations (A — B) of G and U7 as the set of all
the directed separations (A < B) of G?, and declaring (A, B) < (C, D) if and
only if A C C'and D D B. The involution on U is given by (A — B)* = (B « A)
and (B « A)* = (A — B), for any separation (A — B) € U and any separation
(B « A) € U. Moreover, both U and U are indeed lattices which can be
seen from the fact that, given two separations (A — B),(C' — D) € U, both
((AUuC) = (BND))and (ANC) — (BUD)) are again directed separations.
In this setting a separation (A, B) is small precisely if B = V(G).

A natural submodular order function on this universe U = S(G) is given
by defining |(4, B)| := |AN B|. Consequently, if we let Sj, (G) be the set of
all directed separations of order at most k in U, this gives us a structurally
submodular directed separation system inside U. Moreover, it is easy to see
that if 7 is a k-tangle of G as in the definition above, i.e. 7 does not contain any
three separations (Ay, B1), (A2, B2), (As, Bs) such that A; U A2 U A3 = V(G),
then 7 is a regular k-profile in U.

Another example of a directed separation system is given by an ordinary
abstract separation system S. If we set § = S and define the involution on
5§ :=5US8 =5 the same as the involution on the abstract separation system S,
then this S forms a directed separation system. Moreover, with this translation
also the concept of universes, profiles and (structurally) submodularity translates
from the classical notions for abstract separation systems to the corresponding
notions for our newly defined directed separation systems. In that sense, these
new definitions of directed separation systems and universes generalize the
existing theory of abstract separation systems.

We are now ready to use the exact same proof strategy as in our proof of
Theorem 4.2.2 using Lemma 12 to obtain a similar statement in the setting of a
directed separation system:

Theorem 4.2.4. Let U be a directed universe with a submodular order function,
let k,1 € N such that | < k and let P be a set of profiles of Sy such that any two
profiles in P are efficiently distinguished by a separation of order l. Then there
exists a set N C S of separations which is P-nested and distinguishes any two
profiles in P efficiently.

Proof Sketch. For distinct profiles P, P’ € P, let Ap p: be the set of all separa-
tions from Sy, efficiently distinguishing P and P’ and note that these separations
all have order exactly .

As in the proof of Lemma 4.2.3, we can show that the family 2 of all theses
Ap pr splinters. For this suppose we are given s € Ap pr and t € Ag ¢ which

2if (A, B) is a separation of the underlying undirected graph, i.e. there are no cross edges
from AN\ B to B\ A and no cross edges from B\ A to A\ B, then (A, B) shall be contained
in both, Uand U , which is covered by our definition, as we do not require the two sets U and
U to be disjoint
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are not P-nested. If either s € Ag o ort € App then s or t is the desired
corner separation of s and ¢t. Otherwise, either one of P and P’ contains both
5 and £, or one of them contains both § and t. Moreover, as s and ¢ are not
P-nested, there are profiles P, and P, in P such that §,f € P; and ‘E,f € Ps.
Since P; and P, cannot be distinguished by a separation of order less than [,
this implies, by submodularity, that both §V  and § A £ need to have order
[. But then one of these two separations is the corner required for the splinter
condition.

Thus, by Lemma 12, there is a set N C S with the desired properties. [

We remark that the exact same proof would actually allow us to obtain a
slightly stronger result. Namely, we could in the setup of Theorem 4.2.4 define a
set N C S of separations to be strongly P-nested if for every two separations
5,7 ¢ N either 5 < {, or t < 8, or there are no profiles P, P’ € P such that
3, € P and 5,t € P'. We note that this property commutes with * and hence
that we also have for any §, ¥ € N that either § < f, or £ <5 or there does not
exist profiles P, P’ € P such that 5, € P and 3,7 € P'.

Moreover, if s and ¢ are strongly P-nested, then s and t are also P-nested.
But conversely, if s and ¢ are P-nested, this may be the case just because there
is no profile in P containing § and #. Thus, it is possible that s and t are not
strongly P-nested as we do not find orientations 3,7 of s and ¢ such that § <
or t < 3 and there are profiles P, P’ € P such that 3,7 € P and §,t € P'.

The proof of Theorem 4.2.4 actually allows us to deduce that there always
exists a strongly P-nested set of separations efficiently distinguishing any two
profiles in P in the above setup.

However, the property of being strongly P-nested is only slightly stronger
than the property of being P-nested. Since we also do not have a use case for
this stronger theorem, we preferred to work with the more natural notion of
‘P-nestedness, since that relation corresponds nicely to the nestedness relation of
the induced bipartitions of P.

Now it would be nice if we could show that, for a given set of profiles P
of a structurally submodular directed separation system, we can always find a
P-nested set of separations which distinguish all the profiles in P. However, as
we will see in a moment, it is in generally not possible to find such a set. A
necessity to find such a set would be a positive answer to the following question:

Question 4.2.5. Let U be a directed universe, let S C U be structurally
submodular and let P be a set of profiles of S. Does there exist a separation
s € S which distinguishes some pair of profiles in P such that, for any two
profiles P, @ € P which are not distinguished by s, there exists a separation
t € S which distinguishes P and @Q and is P-nested with s?

Moreover, actually any statement about distinguishing the profiles of a
structurally submodular directed separation system in some sort of ‘tree-like’
way the author could think of would imply a positive answer to Question 4.2.5.

But unfortunately, the general answer to Question 4.2.5 is ‘no’, as we shall
see in Example 4.2.6. Thus, it seems like the notion of directed structurally
submodularity is too weak to be able to distinguish profiles in some sort of
‘tree-like’ way.
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Example 4.2.6. Consider the system of directed bipartitions of a set of 8 points
depicted in Fig. 4.3:

— T

Figure 4.3: Each directed separation is represented by a coloured line, and the
arrow on that line represents the direction for which that separation is contained
inS.

It is easy to calculate that this system is indeed a structurally submodular
directed separation system.

Moreover, each of the 8 points of the ground set induces a directed profile of
the separation system, let us denote as P the set of these 8 profiles. Now, for
each separation in S there is a pair of profiles in P for which that separation is
the only one distinguishing that pair of profiles. As moreover no separation in
S is P-nested with all the other separations in S, this example shows that we
cannot find a separation s as in Question 4.2.5.

In light of this example, it seems difficult to obtain any useful theorems about
structurally submodular directed separation systems. Therefore, we are instead
going to work for the rest of this section with directed separation systems Sy,
induced by a submodular order function.

However, it will not be necessary for us to restrict ourselves to a set of profiles
P of one fixed such Si. Instead, we will be able to work with profiles of some
universe U with a submodular order function, i.e. we do not require our profiles
to all be k-profiles for the same k. Thus, while we are, in a way, not able to
obtain a directed analogue of Theorem 1.1.3, we can prove, in some sense, a
non-canonical directed analogue of Theorem 1.1.2.

For the rest of this section suppose that we are given some directed universe
U with a submodular order function. Since we want to work with profiles of
different orders, we need to come up with a variation of our notion of P-nestedness
which can deal with a set P containing profiles of different order. Recall that
‘P-nestedness is only defined for separations which are oriented by all profiles
in P.

Luckily, it is possible to define a notion of nestedness with respect to a set P
of profiles of different orders, such that the sets Ap ps of separations efficiently
distinguishing the pair P, P’ of profiles from P will indeed splinter with respect
to that relation. Moreover, this relation will still be strong enough to allow us
to use, when applied to the directed separations of a digraph, the set N from
our splinter lemma to obtain the tree-labelling from Theorem 4.2.1.

So, for the rest of this section, let P be a set of pairwise distinguishable
profiles in our directed universe U and note that the profiles in P do not need
to all be profiles of the same separation system S

Let us define when two separations s and ¢ from U are weakly P-nested. This
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definition will make a case distinction depending on the relation between the
order of s and ¢. If |s| < |t|, then we say that s and ¢ are weakly P-nested if
there exists an orientation § of s such that any two profiles P and @ from P
which are < |s|-indistinguishable and are distinguished by ¢ do not both contain
g.

If |s| = |t|, then we say that s and ¢ are weakly P-nested if there are
orientations § and 7 of s and ¢ such that there is no pair of profiles P and Q
from P which are < |s|-indistinguishable and distinguished by s where P and
@ both contain # and, analogously, there is no pair of profiles P and Q from P
which are < |s|-indistinguishable and distinguished by ¢ where P and @ both
contain §.

A set of separations is weakly P-nested if every pair of separations from that
set is weakly P-nested.

We observe that if all profiles in P are profiles of the same separation system
Sk, then any set of separations of order less than k£ which is nested with respect
to P is also weakly P-nested. However, not every pair s,t of separations which
is weakly P-nested with respect to such a set P of profiles need to be P-nested,
as the definition of weak P-nestdness of s and ¢ only takes those pairs of profiles
from P into account which are < min{|s|, |¢|}-indistinguishable.

We now want to prove the following:

Theorem 13. If P is a set of distinguishable profiles in a directed universe U,
then there exists a weakly P-nested set of separations which efficiently distin-
guishes every two profiles from P.

For this, we first need a lemma which gives us a characterization of when
two separations of the same order are not weakly P-nested:

Lemma 4.2.7. Given two separations s,t € U, if |s| = |t|, then s and t are not
weakly P-nested precisely if there are four profiles Py y, Ps i, Ps g, Psy in P which
are pairwise < |s| indistinguishable and which satisfy &, Y% € Py for T € {3,§}
and y € {t,1}.

Proof. 1t is easy to see that the existence of such four profiles implies that s and
t are not weakly P-nested.

So suppose for the other direction that s and ¢t are not weakly P-nested.
Then, after potentially renaming s and ¢, there is a pair of profiles P; 7, Py ;
which is < |s|-indistinguishable such that 5,7 € P57 and 3,7 € Pg, and there is
a pair of profiles P 7, Py ;7 which is < |s|-indistinguishable such that 5,1€ Psz
and §,% € Py

If these profiles are not pairwise < |s|-indistinguishable, then there is a
separation r € U such that |r| < |s| and r distinguishes one of the profiles
Ps ¢, Pg; from one of the profiles Psy, Psy. Since Pyy, Psy and Psy, Psy are
< |s|-indistinguishable and |r| < |s|, this implies that there is an orientation
of r such that ¥ € Py, Py and 7" € P57, Ps 3.

Then however, we can consider the pair {7V 6,7 A f} of separations, and
observe that one of these two separations has order < [t| = |s| by submodularity.
This separation of order less than |¢| then needs to distinguish Py 7 from Py g or
P57 from Ps 3 by the definition of a profile. This contradicts the fact that these
two pairs are each < |¢|-indistinguishable. O
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In order to be able to use Lemma 12 to prove Theorem 13, we need to show
that the family of the sets Ap p: of separations efficiently distinguishing the pair
P, P’ of profiles in P weakly splinters with respect to P. For this we will need
some analogue to the fish Lemma 2.3.1, i.e. we need to find a separation which
can be used as a corner of two separation s and ¢ which are not weakly P-nested.
We want to take as such a separation one of the two separation 3V f and § A
Thus, we want to show that this separation, at least in the cases where we need
to find a corner of s and ¢, is P-nested with all separations which are P-nested
with s and t. As our definition of when two separations r and s are P-nested
depends on the relation between the orders of r and s, we will, in order to show
this, need to distinguish some cases. Our first lemma guarantees that, given two
separations s and ¢ such that |s| < |t|, a separation from {3V f,§ AT} is still
weakly P-nested with all those separations of order higher than the order of ¢.

It will turn out that it is enough to show this in the case where the separation
from {8V f,8 AT} actually has the same order as .

Lemma 4.2.8. Let r,s,t € U such that |s| < |t| < |r| and s and t are both
weakly P-nested with r. Let ¢ € {3V ,38 At} such that |c| = |t|, then there
is an orientation € of c¢ such that any two profiles P, Q from P which are

< |e| = |t|-indistinguishable and are distinguished by r do not both contain €.

Proof. There are orientations § and  of s and ¢ witnessing that they are both
weakly P-nested with r. If ¢ has an orientation & such that @ > § or & > ﬂ
say ¢ > §, then clearly there cannot be two profiles P and @) in P which are
< |c|-indistinguishable, distinguished by r and both contain & both P and @
would then by consistency also need to contain § which contradicts the fact that
§ witnesses that s and r are weakly P-nested.

So we may suppose that ¢ has an orientation such that & = § Af, in particular

P=3 P=3

either § =3 andt =¢, or § = § and { = ¢. Let us suppose without loss of
generality the first of the two, thus & = @ = 8 Af. We claim that @ is the desired
orientation of c.

Otherwise, there is a pair P, () of profiles in P that is < |¢| = |t|-indistinguish-
able, distinguished by r, and satisfies ¢ € P,@Q. Thus, by the profile property,
§ePorteP,and5 € Qort e Q. We may suppose that, after potentially
changing the roles of P and @, we have that § € P and f € Q, but § € P and
t € Q: neither can both P and Q contain § as § witnesses that s and r are
weakly P-nested, nor can they both, by the same reason, contain 7.

This implies that |s| = |¢| since P and Q are < [¢| indistinguishable. Thus, we
may suppose without loss of generality that ¥ € P and ¥ € Q, as 7 distinguishes
P and Q. Now since |s| = |t|, we may consider the profiles Py 3, P53 € P from
Lemma 4.2.7, and claim that P, Q, Psz, Ps; are pairwise < |s|-indistinguishable.
Otherwise, there is a separation u such that |u| < |s| and w has an orientation &
such that & € P,Q and u* € Py, P5;. But then, by submodularity, one of the
two separations @ V 3 and @ A § has order less than |s| and, by the definition of
a profile, distinguishes P from @ or P; 7 from Pz, which is a contradiction.

Thus, either 7 € Py or ¥ € Pg3. In the first case, Ps; together with
Q contradicts the assumption that ¢ witnessed that t and r are weakly P-
nested, whereas ¥ € Ps 5 would result in Ps 7 together with P contradicting the
assumption that § witnessed that s and r are weakly P-nested.

Thus, there cannot be such profiles P and  and thus & = ¢ is as claimed. [
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The next three lemmas are needed to show a corresponding statement for
separations r of order at most the order of t.

The first one will allow us to deduce in some cases that, if r is weakly P-nested
with both s and ¢, then we may assume that there is one orientation of r which
witnesses that r is weakly P-nested with both s and ¢.

Lemma 4.2.9. Let r,s,t € U be separations such that |r| < |s| < |t|. Suppose
that s and t are not weakly P-nested, s and t are both weakly P-nested with r,
and there is a pair P,Q of profiles which is efficiently distinguished by t and not
distinguished by s. Then there is an orientation ¥ of r such that there is no pair
of profiles P, Py from P which is < |r|-indistinguishable and distinguished by
one of s and t such that both Py and Py contain ¥.

Proof. Since P and @) are not distinguished by s, they both contain the same
orientation of s, say §. Since s and t are not weakly P-nested, there needs to
be another pair P, Q" of < |s|-indistinguishable profiles which is distinguished
by t, say because of ¥ € P’ and t € ', and which both contain §*. Our general
prove strategy will be to show that the four profiles P, Q, P’, Q' are all pairwise
< |s|-indistinguishable. This will then imply that they all four need to orient
r, and since r is weakly P-nested with s and ¢, we will then be able to analyse
which orientation of r they need to contain, which will yield the claim.

So let us suppose without loss of generality that £ € P and t € Q.

We claim that P,Q, P', Q" are pairwise < |s| indistinguishable. Indeed, if u
is a separation of order less than |s| which distinguish some of the two, then
there is, as P, @ and P’, Q' are pairwise < |s|-indistinguishable, an orientation
# such that @ € P,Q and @* € P’,Q’. Thus, there is a corner of u and ¢ which
either contradicts the fact that P and @ are < [t|-indistinguishable or the fact
that P’, @’ are < |s| indistinguishable.

Now all four profiles P,Q, P’, Q" orient r. Thus, if |r| < |s| we are already
done: then they all need to contain the same orientation of r, say ¥*. Thus,
7* can neither witness that r and s are weakly P-nested, nor that r and t are
weakly P-nested. Thus, ¥ will need to witness both, which yields the claim.

So suppose in the following that |r| = |s|. Let us denote the orientation of r
contained in P as ¥. Now if # € @, then this would imply that ¥ can neither
witness that r and s are weakly P-nested, nor that r and ¢ are, as P and Q' are
< |r|-indistinguishable and distinguished by s and ¢. Thus, 7 would need to
witness both, and would thus be the desired orientation of r. So suppose that
m™eq.

Now either ¥ € P’ or #* € P’. In the first case, we observe that then #* needs
to be the orientation of r which witnesses that r and s are weakly P-nested.
Since @ and Q' are also distinguished by s, this then implies that also ¥ € Q.
Since @Q and P’ are distinguished by ¢, this then implies that 7* also witnesses
that r and s are weakly P-nested, and is thus again the required orientation of .

In the second case, 7* € P’, we observe that, since ¢ distinguishes P’ and @',
the separation ¥ needs to be the orientation of r which witnesses that r and ¢
are weakly P-nested. Thus, as before, since P and @ are also distinguished by ¢
we observe that #* € Q. Hence, as P’ and Q are also distinguished by s we note
that 7 needs to be the orientation of » which witnesses that r and s are weakly
P-nested. Therefore, ¥ is the required orientation of 7. O

We can now use this lemma to show that, given two separations s and ¢, in
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some cases a separation from {8V f,3 At} will by weakly P-nested with those
separations r which are weakly P-nested with s and ¢ and have an order between
the order of s and ¢.

Lemma 4.2.10. Let s,r,t € U be separations such that |s| < |r| < |t[, s and t
are both weakly P-nested with r, and t efficiently distinguishes a pair P,Q of
profiles from P not distinguished by s. Let @ € {8V {,5 At} such that |¢| = |t],
then there is an orientation ¥ of r such that any two profiles P, Q from P which
are < |F|-indistinguishable and are distinguished by ¢ do not both contain 7.

Proof. There is an orientation ¥ of r witnessing that r and t are weakly P-nested.
We claim that this orientation is the required orientation of r. Otherwise, there
is a pair P/, @’ of < |r|-indistinguishable profiles that are distinguished by ¢ and
both contain ¥. Since this pair is distinguished by ¢, but not distinguished by ¢,
the profiles P’ and @’ are, by the definition of a profile, distinguished by s, thus
sl = Irl.

Since |s| = |r| and s and r are, by assumption, weakly P-nested, we thus
also find an orientation of r witnessing that r and s are weakly P-nested. By
Lemma 4.2.9, this orientation needs to be ¥ as well. But this contradicts the
choice of P’, @’ since they both contain ¥ and are distinguished by s. Thus, 7 is
the required orientation of r. O

Finally, we can show that also those separations r of order less than the
order of s and ¢ that are weakly P-nested with s and ¢ will in some cases also
be weakly P-nested with the chosen separation from {3V #,5 A }. This lemma
actually follows directly from Lemma 4.2.9:

Lemma 4.2.11. Let s,r,t € U be separations such that |r| < |s| < |t|, s and t
are both weakly P-nested with v, and t efficiently distinguishes a pair P,Q of
profiles from P not distinguished by s. Let @ € {8V {,5 At} such that |¢| = |t],
then there is an orientation ¥ of r such that any two profiles P, Q from P which
are < |F|-indistinguishable and are distinguished by ¢ do not both contain 7.

Proof. There are orientations of r which witness that r is weakly P-nested with
s and t. By Lemma 4.2.9, these orientations needs to coincide and equal 7, say.
Thus, 7 is clearly the desired orientation of 7, by the definition of a profile. [

We are now ready to prove the main Theorem 13 of this section:

Proof of Theorem 15. We consider, for P, P’ € P, the set Ap ps of those unori-
ented directed separations efficiently distinguishing P and P’. We want to show
that the family of these Ap p/ splinters with respect to relation of being weakly
P-nested. In order to do so, let s € Ap pr,t € Ag,q, and suppose that |s| < [¢]
and that s and ¢t are not weakly P-nested.

If s distinguishes @ and @', then we can take s € Ag o as the required
corner of s and ¢t. So we may suppose that there is an orientation § of s such
that § € @Q,Q’. Let us assume that § = &, the case § = § is symmetric.

Let us now first consider the case that |s| < |t|. Since s and t are not weakly
P-nested, there needs to be a pair Qs, Q% of profiles which are < |s|-indistinguish-
able such that § € Qs,Q% and T € Qs, and £ € QL. If [§ Af| < |s|, then this
separation § A f would, by the profile property and consistency, also distinguish
Qs and Q% and would thus contradict the assumption that these two profiles
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are < |s|-indistinguishable. Thus, [§ A Z| > |s| and therefore, by submodularity,
|V 1] < |f|. Consequently, 3V 7 also distinguishes @ and Q' and thus |3V | = [t|
as Q and Q' are < |t|-indistinguishable. Hence, 3V f is contained in Ag g and
by the Lemmas 4.2.8, 4.2.10, and 4.2.11 the separation 3V f is weakly P-nested
with all separations r which are weakly P-nested with both s and t. Thus, §V 7
is the desired corner.

Now if |s| = [t|, there either are again profiles Qs, Q% as above, and we
can perform the same argument, or we can perform the same argument after
changing the roles of s and t.

Thus, by the splinter Lemma 12 there exists a weakly P-nested set N of
directed separations which meets all Ap pr, i.e. which efficiently distinguishes all
the profiles from P. O

So given a directed universe U with a submodular order function, we can
distinguish all the profiles in P with such a weakly P-nested set. However,
what we actually want to have is a tree-like structure which distinguishes the
profiles, like the tree-labellings for digraphs. So let us now see how we can
construct such a structure from a weakly P-nested set. The underlying principle
of this structure will be the one of an S-tree, except that S now will be a set of
unoriented directed separations.

Given a directed separation system S, an S-tree? consists of a tree T together
with a map a from the set E(T) of the directed edges of T’ to the separations
in § such that a(v,w) = a(w,v)* for every edge (v,w) € E(T). Given a set P
of distinguishable profiles in a directed universe U, a U-tree (T, ) is for P if
there exists a bijection 8 : V(T') — P with the following property: given any
two nodes v, w in V(T) and the directed path vTw between v and w in T, we
consider the set a(vT'w) := {a(wi,ws2) : (w1,ws2) € vTw}. We require that,
given any separation § € a(vTw) of minimal possible order, this separation
efficiently distinguishes §(v) from B(w), and it does so such that § € f(w) and
§* € B(v).

Let us now see how we can, given a directed universe U, a set P of distin-
guishable profiles in U and a weakly P-nested set of directed separations which
efficiently distinguishes P, construct a U-tree for P.

Theorem 4.2.12. Let U be a directed universe with a submodular order function,
P a set of pairwise distinguishable profiles in U, and let N be a weakly P-nested
set of separations that efficiently distinguishes any two distinguishable proﬁles n
P. Then there is a U-tree T for P such that the image of « is contained in N.

Proof. We may assume without loss of generality that the weakly P-nested set
N is chosen C-minimal with the property that it efficiently distinguishes any
two distinguishable profiles in P efficiently.

We define our U-tree T as follows: let V(T) = P. Now for every s € N, we
add a single edge to T as follows. We pick an arbitrary pair of profiles P, @ in P
which in N is efficiently distinguished by s only, add an edge between P and @
and define (P, Q) = §, for the orientation § of s contained in Q. Consequently,
we then set a(Q, P) = §*, and note that §* € P. Since N is chosen C-minimal,
there need to exist, for every separation s € N, a pair of profiles from P such

3We denote this object as S-tree instead of S-tree, to highlight that we are working with a
tree in the context of directed separation systems instead of an S-tree for an abstract separation
system S.
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that s is the only separation efficiently distinguishing that pair. Thus, in our
construction we add exactly one edge for every separation from N.

First, we need to show that T is a tree. For this we define, given k € N an
equivalence relation ~j on P by declaring that P ~j, @ if and only if P and @
induce the same profile of §k+1 , i.e. the restriction P [ of P to all separations
of order at most k equals Q [ .

We now show inductively that every contraction T, = T/ ~y, is a tree, where
this contraction, in principle, may contain multiple edges. Thus, E (Tk) contains
precisely all those directed edges € from E(T') for which «(€) has order at most k.

For the induction start, observe that a(€) has order 0 for every directed edge
€ in Ty. Let us denote the image of E (Th) under « as NO, this equals to the set of
all separations of order 0 from N'. Each separation § in No defines a bipartition
(P2, PY) of Py ={P|o : P € P} into the class P = {P € Py : § € P} of those
profiles containing § and the class P2 = {P € Py : § € P} of those profiles
containing §*.

We observe that the set Ny is actually Pg-nested, not just weakly Pp-nested,
i.e. that these bipartitions need to be nested in the usual way for a system of
bipartitions: given s,¢ € Ny there are orientations § and 7 of s and t which
witness that they are weakly Py-nested. This implies that there either is no
profile in Py contain & and #, or no profile in Py contain § and £* or no profile
in Py containing §* and ¥ which shows that the bipartitions of Py induced by s
and t are nested in the usual way for bipartition.

Moreover, no two of the bipartitions induced by different §,7 € Ny can
coincide, since N was chosen C-minimal.

Let us denote as By the set of all oriented bipartitions of Py induced by one
of the separations in ﬁo, and note that By equals a usual separation system
of bipartitions of a set. Since every separation in No distinguishes some two
profiles, all the bipartitions in B, are regular.

Every profile P € Py induces a consistent orientation of Bo by orienting every
bipartition in By towards the side containing P. Note that these orientations are
distinct for distinct profiles in Py. Let us denote as Oy the set of all the consistent
orientations of B, induced by a profile in Py. As N was chosen C-minimal, the
set ffo is a C-minimal set of bipartitions which distinguishes all the orientations
in @g. Thus, by Corollary 2.6.5, there is an order-respecting B-tree (17", &) such
that T' equals Oy and the image of o’ corresponds exactly to Bo. As there is a
natural bijection between Oy and Py, let us suppress this bijection and assume
that the vertex set of T equals exactly Pg.

We claim that the edge set of T” equals the edge set of Ty = T/ ~. Indeed,
by the construction in Corollary 2.6.5, T” contains an edge between two profiles
P and @ in Py if and only if the bipartition o/ (P, Q) is the only bipartition in
Bo distinguishing the orientations in Oy corresponding to P and Q. This is the
case precisely if Ny contains only one directed separation distinguishing P and
Q. Conversely, for any two profiles which are not adjacent in 7”, there are at
least two distinct bipartitions in l?o which distinguish the orientations in Oy
corresponding to P and () and thus P and @ are also distinguished by at least
two separations in Ny.

Now since Ty contains an edge between two profiles only if these two are
distinguished by only one separation from Ny, and conversely we contain one
such edge for each separation from Ny, this implies that Tj contains an edge
between two profiles precisely if T does. Moreover, the separations mapped to
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the orientated edges of Ty (by a) and T” by o) coincide, i.e. for any P,Q € Py
we have that the bipartition corresponding to «(P, Q) needs to equal o/ (P, Q).
In particular, Tj is a tree as claimed.

For the induction step, let us denote, given a k-profile P € P as Pp the set
of (k + 1)-profiles in P which induce P. It is enough to show that, for every
such set Pp, the subgraph induced by Pp on T4 is a tree, as Ty is obtained
from T} by expanding each node of T} which corresponds to a k-profile P in P
by that subgraph.

We first observe that for every separation s in N, there is at most one
k-profile P in P such that s efficiently distinguishes profiles from Pp: suppose s
distinguishes some (k + 1)-profiles P;, P, € Pp efficiently, and at the same time
distinguish some (k + 1)-profiles Q1, Q2 € Pq efficiently, for distinct profiles P
and @ from P. Since N distinguish all profiles from P from another, N contains
a separation ¢ that efficiently distinguishes P and ). Moreover, as P and Q
induce distinct profiles in P [, this separation ¢ has order at most k. Thus, s
and t cannot be weakly P-nested by definition, which contradicts the fact that
all separations from N are pairwise weakly P-nested.

Thus, for Py the set of k-profiles induced by a profile in P, we can partition the
set Ni11 of separations of order k+1 from N into the sets Np of those separations
efficiently distinguishing some two profiles form Pp, i.e. Nii1 = Upcp, Np for
Np ={s € Ngy1 : s distinguishes two profiles P’, P € Pp}.

Now given any k-profile P from P, the set Np again induces a nested set of
bipartitions of Pp, and, exactly as in the induction start, we can show that the
subgraph of T" induced on Pp is a tree, again using the separation system of the
induced bipartitions and Corollary 2.6.5. Thus, T is indeed a tree.

Let us now see that for any two nodes P,@ in V(T), any separation
§ € a(PTQ) of minimal possible order efficiently distinguishes P from @, and
does so such that § € @ and §* € P. For this we note that either P and Q)
induce distinct profiles in Py, or there needs to be some k € N such that P and
@ induce the same profile Py in Pj. If they induce distinct profiles in Py, they
correspond to distinct nodes in Ty, and any edge on the path between P and @
which corresponds to a separation of order 0 is also contained in 7. Since the
separations in Ty correspond to the bipartitions in (77, a’), any separation along
the directed path from P to @ distinguishes P and @, and does so such that, for
(v,w) € PTQ, the separation a(v,w) is contained in Q. If on the other hand P
and @ induced the same k-profile Py, but distinct profiles of order (k 4 1), then
we can perform the exactly same argument as above inside the subtree of Ty
induced on Pp,. O

Now Theorem 13 and Theorem 4.2.12 together imply Theorem 4.2.1.

Proof of Theorem 4.2.1. Since every tangle is a regular profile, Theorem 13
and Theorem 4.2.12 together imply that we find a U-tree T for T so that the
image of « is contained in N Let us denote the bijection between T and T given
by that tree as . Let us define a map v : E(T) — S(G) by letting y(e) be the
unoriented separation corresponding to {«(€), a(€)}, for €, & the two orientations
of e. Then (T, 3,7) is the desired tree-labelling. O
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4.3 A canonical tree-of-tangles theorem for struc-
turally submodular separation systems

4.3.1 Introduction

In this section we present the following canonical version of Theorem 1.1.3:

Theorem 14. Let S be a structurally submodular separation system and P
a set of profiles of S. Then there is a nested set N = N(S,P) C S which
distinguishes P. This N(g,P) can be chosen canonically: if : Sl
is an isomorphism of separation systems and P’ = {p(P) : P € P} then
©(N(S,P)) = N(5,P).

There are some technical subtleties in the formulation of Theorem 14 due to
the fact that neither the profile property nor structural submodularity need be
preserved by isomorphisms of separation systems. To avoid these difficulties, we
obtain Theorem 14 by first establishing the following more general but somewhat
more technical result, which slightly weakens the definitions of submodularity
and profiles in order to make them compatible with such isomorphisms:

Theorem 4.3.1. Let S be a separation system and P a collection of con-
sistent orientations of S such that S is P-submodular. Then there is a nes-
ted set N = N(§,P) C S which distinguishes P. This N(S,P) can be
chosen canonically: if p: S — & is an isomorphism of separation systems
and P' = {@(P) : P € P}, then o(N(§,P)) = N(5,P).

Theorem 14 is then an immediate corollary of Theorem 4.3.1.

This section is structured as follows: in Section 4.3.2 we introduce the new
definition required for Theorem 4.3.1 and show that Theorem 14 indeed is an
immediate corollary of Theorem 4.3.1. In Section 4.3.3 we prove Theorem 14
and Theorem 4.3.1.

4.3.2 Submodularity with respect to a set of profiles

The first hurdle to overcome when aiming for a canonical version of Theorem 1.1.3
is to pin down what exactly ‘canonical’ ought to mean. At first glance this is
obvious: the construction of the nested set N shall use only invariants of s
and P, that is, properties which are preserved by isomorphisms of separation
systems. This approach, however, runs into a subtle difficulty: the definitions of
both structural submodularity and profiles depend on 5 being embedded into
an ambient universe of separations, whose existence Theorem 1.1.3 implicitly
assumes. An isomorphism ¢: S — & of separation systems, though, need not
preserve such an embedding, which leads to the undesirable situation that a
construction isomorphic to that of N in S could be carried out in ', even
though Theorem 14 may not be directly applicable to 57 due to differences in
their embeddings into ambient lattices.

To make our canonical version of Theorem 1.1.3 as widely applicable as
possible, and to keep the definition of canonicity as straightforward and clean as
possible, we must therefore tweak the assumptions of structural submodularity
and profiles of S in such a way that they no longer depend on any embedding into
a universe of separations, and are themselves invariants of isomorphisms between
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separation systems. This is made possible by the following observation: the proof
of Theorem 1.1.3 makes use of the assumptions that S is submodular and P
a set of profiles solely to deduce that whenever some 7 and § in S distinguish
some two profiles in P, then either their meet or their join (as provided by the
ambient lattice) is contained in S and likewise distinguishes that pair of profiles.

For our canonical Theorem 4.3.1 we will thus eliminate the need for an
ambient universe by asking of S and P that they have this property, with the
meets or joins now being taken directly in the poset S. Expressed solely in
terms of S and P, this ‘richness’ property is then preserved by isomorphisms
of separation systems, independently of any embeddings into lattice structures.
This solves the minor problem in the formulation of Theorem 14 of 57 not
meeting the assumption of the theorem despite being isomorphic to a separation
system which does. Theorem 14 is then obtained as a corollary of Theorem 4.3.1.

Let S be a separation system and P a set of consistent orientations of .
Recall that given a set M C S of oriented separations, an element ¥ € S
is an infimum of M in S if # < 8 for each § € M and additionally 7 >
whenever ¢ € § is such that £ < 5 for all § € M. Dually, an element 7 €
is a supremum of M in S if 7 > 8 for each § € M and additionally 7 <
whenever £ € S is such that ¢ > S for all § € M. In general a set M C S need
not have such an infimum or supremum in S.

Given two separations 7 and § in S we denote the infimum and supremum
of {#,§} in S by 7AS and 7V 3, respectively, if those exist. Observe that
(FV38)*=FAS.

If 7 and § have a supremum 7V § in §7 and every P € P containing both 7
and § also contains 7V §, then we call 7 V§ a P-join of ¥ and § in S. Dually we
call A S a P-meet of ¥ and § if (F A §)* € P for each P € P containing both ¥
and §.

Finally, we say that S is P-submodular if every two crossing separations 7
and 5 in S have a P-join or P-meet in S. For the remainder of this section we
assume S to be P-submodular.

Observe that P-submodularity is preserved by isomorphisms of separation
systems: if ¢: § — § is an isomorphism and P’ := {p(P) : P € P}, then 5"
is P’-submodular. Using this notion of submodularity we can therefore meaning-
fully express canonicity in the context of Theorem 1.1.3.

Note, however, that we are not assuming the elements of P to be profiles
of S this is precisely because we prove Theorem 4.3.1 without an ambient lattice
structure, which would be necessary to define profiles. Therefore, Theorem 4.3.1
improves on Theorem 1.1.3 not only by offering a canonical way of constructing N,
but also by being applicable to an even larger number of separation systems.

Before getting to the proof of Theorem 4.3.1 itself, let us demonstrate that
it is in fact a strengthening of Theorem 1.1.3 by showing that Theorem 4.3.1
implies Theorem 14. The following lemma does just that by proving that in the
setting of Theorem 1.1.3 the assumptions of Theorem 4.3.1 are satisfied:

I}

) D ey

Lemma 4.3.2. Let S be a structurally submodular separation system inside some
universe U of separations and P a set of profiles of S. Then S is P-submodular.

Proof. We must show that any 7 and § in S have a P-meet or P-join. So
let 7 and §in S be given. Since S is structurally submodular, it contains the
infimum 7 A § or the supremum 7V § of 7 and § in U. Let us assume the latter;
the other case is dual. Then 7V § is also the supremum of 7 and § as taken in S.

130



Moreover, by the profile property, every P € P containing both 7 and § also
contains 7 V §, making this a P-join of 7 and § in S. O

4.3.3 Proof of Theorem 14 and Theorem 4.3.1

In this section we will prove Theorem 14 and Theorem 4.3.1. To this end, for
the remainder of this section let S be a separation system and let P be a set of
consistent orientations of S such that S is P-submodular.

As usual, an important tool in our proof of Theorem 4.3.1 is the fish
Lemma 2.3.1. Since Lemma 2.3.1 is formulated in the context of a separa-
tion system that is contained in a universe of separations, we need to prove our
own version of this lemma;:

Lemma 4.3.3 (See also Lemma 2.3.1,[21, Lemma 3.2]). Let r,s € S be two
crossing separations in S and let t € S be a separation that is nested with
both r and s. Given orientations ¥ and s of v and s such that there exists a
supremum V'S of ¥ and § in 5‘, the separation 7V S is nested with t. The same
is true for ¥ AS.

Proof. If t has an orientation ¢ such that ¢ < 7 or £ < , then clearly < (7 V3).
Otherwise, since r and s cross, there must be an orientation ¢ of ¢ such that
7 <t and § < f. Thus, by the fact that 7V § is the supremum of 7 and 3 in S,
we have that (7 V 3) <. O

Let us say that a separation § € S is exclusive (for P) if it lies in exactly
one orientation in P. If P € P is the orientation containing an exclusive
separation §, then we might also say that § is P-exclusive (for P). Observe that
if 7 is P-exclusive for P, then so is every § € P with ¥ < 3.

For each P € P let Mp consist of the maximal elements of the set of all P-
exclusive separations. Equivalently, Mp is the set of all maximal elements of P
that are exclusive for P.

Our strategy for proving Theorem 4.3.1 will be to canonically pick nested
P-exclusive representatives of all orientations P € P that contain exclusive
separations, then discard from P and S all those orientations P for whom
we selected a representative and all those separations not nested with these
representatives, respectively. Iterating this procedure will yield the canonical
nested set.

In order for this strategy to work we must ensure that the sets Mp are not
all empty. Our first lemma addresses this:

Lemma 4.3.4. If P and S are non-empty, then some Mp is non-empty.

In the case of § being submodular in some universe of separations U and
P being a set of profiles of S, the existence of exclusive separations and
thus Lemma 4.3.4 is actually an immediate consequence of Theorem 1.1.3:
if N C S is a nested set which distinguishes P, and each element of N distin-
guishes some pair of profiles in P, then any maximal element of N is exclusive
for P. In other words, the separations labelling the incoming edges of leaves of
the tree associated with N are exclusive. (See [22] for the precise relationship
between nested sets and trees.)

However, since we are working with the more general notion of s being
P-submodular, we give an independent proof of Lemma 4.3.4.
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Proof of Lemma 4.3.4. If P consists of only one orientation the assertion is
trivial since S is non-empty. For |P| > 2 we show the following stronger claim
by induction on |P|:

If |P| = 2 there is for each P € P a separation that is exclusive but
not P-exclusive for P.

For the base case |P| = 2 observe that any separation distinguishing the two
orientations in P has two exclusive orientations, one in each element of P.

Suppose now that |P| > 2 and that the claim holds for all non-singleton proper
subsets of P. Let P € P be the given fixed orientation and set P’ := P ~ {P}.
By the induction hypothesis applied to P’ and an arbitrary orientation in P’
there is an exclusive separation 7 for P’ contained in some Q € P’. Applying
the induction hypothesis again to P’ and Q yields another separation 5 that is
exclusive for P’ and lies in some Q' € P’ with Q # Q.

If 7 or § is also exclusive for P, then we are done. So suppose not, that is,
suppose we have 7, § € P. Then r # s, and hence 7 and § must be incomparable
by the consistency of Q and Q. If ¥ < §, then § is Q-exclusive for P. Moreover,
§ < 7 is not possible by the consistency of P. Thus, we may assume that r and s
Cross.

By P-submodularity of S, there is a P-join or a P-meet of ¥ and § in S
by symmetry we may assume that there is a P-join (FV §) € 5. Since 8 is Q'
exclusive, we have § € @ and hence (7 V §) € @ by the fact that 7V 5 is the
P-join of 7 and 5. From (7 V §) > 7 we infer that 7V § is Q-exclusive for P’.
Moreover, we cannot have (7 V §) € P: it would be inconsistent with § € P as r
and s cross.

Therefore, 7 V § is exclusive but not P-exclusive for P. O

We remark that, in the case of a submodular separation system S inside
a universe of separations and a set P of profiles, the stronger assertion used
for the induction hypothesis in this proof, too, can be established immediately
using Theorem 1.1.3: for |P| > 2 the tree associated with the nested set N C S
distinguishing P has at least two leaves, and hence some leaf for which the
separation labelling its incoming edge does not lie in the fixed profile P.

Returning to the proof of Theorem 4.3.1, let us find a way to canonically pick
representatives of those P € P with non-empty Mp in such a way that these
representatives are nested with each other. For the ‘canonically’-part of this we
will make use of the fact that the sets Mp themselves are invariants of P and S.
For the nestedness we start by showing that separations from different Mp’s
cannot cross at all:

Lemma 4.3.5. For P# P’ all7 € Mp and 8 € Mp: are pairwise nested.

Proof. Suppose some ¥ € Mp and § € Mp: cross. By P-submodularity of S,
there is a P-join ¥ V'§ or a P-meet ¥ A5 in §; by symmetry we may suppose
that (7 §) € 5. Then P, too, contains this separation since § € P. But 7V §
is also P-exclusive and strictly larger than 7, a contradiction. O

It is possible, however, that the set Mp itself is not nested. In fact the
elements of Mp all cross each other, unless P = {P}: any ¥ and § in Mp
that are nested must point towards each other by maximality. But every other
orientation in P contains both ¥ and § and would then be inconsistent. If we

132



want to represent a P € P with non-empty Mp by an element of Mp, we are
therefore limited to picking at most one element of Mp. However, there is no
canonical way of singling out an element of Mp to be the representative of P; we
must therefore find another way of choosing an invariant P-exclusive separation,
using Mp only as a starting point.

For this we will show that each Mp has an infimum in S and that this
infimum is again P-exclusive:

Lemma 4.3.6. Let P € P with Mp # 0 and P # {P} be given. Then Mp
has an infimum Sp in the poset S, and 5p is P-exclusive for P. Moreover, if
some t € S is nested with Mp, then t is also nested with sp.

Proof. Fix an enumeration Mp = {7,...,7,} and some ¢t € S that is nes-
ted with Mp. We will show by induction on i that there is an infimum
g, =inf{r,..., 7} in S; that this infimum is P-exclusive for P; and that

it is nested with ¢. This then yields the claim for i = n.

The case ¢ = 1 is trivially true, so suppose that ¢ > 1 and that we already
know that the separation ;_1 = inf{7y,...,7;_1 } is the infimum of 7, ..., 7i_1
in S, that it is P-exclusive, and that it is nested with ¢.

In the case that s;_; = r; we have either §;_; =7; or s;_1 = ;. The latter
of these is impossible, since P contains both of the P-exclusive separations s;_1
and 7;. The former, however, gives that 7; is the infimum of 7 ,...,7; and thus
as claimed by 7; € Mp.

So suppose that s;_1 # r;. Let us first treat the case that 7; and §;_; are
nested. Clearly the two cannot point away from each other since P is consistent.
If 7; and §;_1 are comparable, then one of the two is the infimum of 7; and §;_4
and thus the infimum of 7 ,...,7; in 5. Since both $;_1 and 7; are P-exclusive
and nested with ¢, this infimum is thus as claimed. Finally, if 7; and §;_; point
towards each other, we obtain a contradiction: for then their inverses point away
from each other, making every orientation in P other than P inconsistent. Thus,
if ¥; and s;_1 are nested the induction hypothesis holds for ;.

Let us now consider the case that 7¥; and §;_; cross. Then there needs
to be a P-join or a P-meet of 7; and §;_;. However, we cannot have a P-
join 7; V §;_1 in S since this join would be P-exclusive and strictly larger
than 7; € Mp. Therefore, there is a P-meet (FAS;_1) € S. By consistency we
have that §; € P. Every orientation in P other than P contains 7; as well as §;_1
and hence 5; by the definition of P-meet, which shows that s; is P-exclusive.
Finally, by Lemma 4.3.3, §; is also nested with ¢. O

It remains to show that after picking as a representative for each P € P
with exclusive separations the infimum of Mp, the set of separations in S that
are nested with all these representatives is still rich enough to distinguish all
orientations in P for which we have not yet picked a representative.

For this let & C S be the system of all those separations that are nested
with all Mp, and let P’ C P be the set of those orientations @ that have
empty Mg. Our next lemma says that if we restrict ourselves to 5’ , we can still
distinguish P’

Lemma 4.3.7. The separation system S is P’ -submodular and distinguishes P’.

Proof. The fact that S is P’-submodular is a direct consequence of Lemma 4.3.3:
it implies that for 7 and § in 5 any P-meet or P-join of them in S is contained
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in S”. Since P’ C P, this P-join or P-meet is in fact a P’-join or P’-meet of 7
and 5 in 5.

To see that S distinguishes P/, let Q and @’ be distinct orientations in P’;
we shall show that some s” € &7 distinguishes them. For this choose a separation
s € S which distinguishes ) and @’ and which is nested with Mp for as many
P € P as possible. If s is nested with all Mp we are done; otherwise there is
some P € P for which s crosses some separation in Mp.

So suppose that there is a P € P for which s is not nested with Mp. Among
all ' € S which distinguish @ and @ and which are nested with each Mp/ with
which s is nested, pick a minimal s’ with s” € P. We claim that this s’ is nested
with Mp, contradicting the choice of s.

To see this, suppose that s’ crosses some 7 € Mp. Then there cannot
exist a P-join of 7 and s’ in S since this join would be a strictly larger P-
exclusive separation than 7. Hence, there is a P-meet # A s’ of 7 and & in S.
By P ¢ {Q,Q'} we have that both @ and Q' contain ¥, and hence this separation
7 A s distinguishes Q and Q' as well: one of the two orientations contains s~
and thus also 7 A s” by consistency. The other contains both §” and 7 and thus
also (FVs') = (7 As’)* by the fact that 7 As” is the P-meet of 7 and s”. However,
by Lemma 4.3.3 and Lemma 4.3.5, this 7 A s would be nested with each Mp/
with which s was nested, while being strictly smaller than s’, a contradiction. [

If Mp is non-empty let us write sp for its infimum in S as in Lemma 4.3.6.
We are now ready to prove Theorem 4.3.1 by induction.

Proof of Theorem 4.3.1. We proceed by induction on |P|. If |P| < 1 there is
nothing to show, so suppose that |P| > 1 and that the assertion holds for all
proper subsets of P.

Recall that §7 C S consists of all separations in S that are nested with all
sets Mg and that P’ C P is the set of all @ € P with empty Mg. Clearly
both §” and P’ are invariants of S and P since the sets Mg themselves are
invariants. For each non-empty Mg let Sg be its infimum in S as described
in Lemma 4.3.6. Then

Ni={sg: QeP~P}

is clearly a canonical set. From Lemma 4.3.6 we further know that N; distin-
guishes all orientations in P ~. P’ from each other and from each orientation
in P'.

By Lemma 4.3.5, every element of Mp is nested with every element of Mp/
for all P # P’. Applying the ‘moreover’-part of Lemma 4.3.6 twice thus
implies that sp is nested with every element of Mp: and subsequently with sp:.
Therefore, N7 is a nested set. Likewise, every separation in S’ is nested with N;.

Let us apply the induction hypothesis to P’ in 57, as made possible by the
Lemmas 4.3.4 and 4.3.7, yielding a canonical nested set Ny C S’ which distin-
guishes P’. Since S and P’ themselves are invariants of S and P, we have that
the union Ny U N5 is the desired canonical nested set. O

Proof of Theorem 1j. By Lemma 4.3.2, given a structurally submodular separa-
tion system S and a set P of profiles of S, we know that S is P-submodular.
Thus, Theorem 14 follows from Theorem 4.3.1. [
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4.4 'Trees of tangles in infinite separation sys-
tems

4.4.1 Introduction

In Section 4.1 we introduced the ‘splinter lemma’, a unified lemma which implies
the known tree-of-tangles theorems for finite separations systems. The merit
of this lemma lies in the fact that, while it is strong enough to imply all these
results, the proof of the lemma is simple, and its assumptions are easy to check.

Lemma 10 (Splinter Lemma). Let U be a universe of separations and let
A= (A)ign be a family of subsets of U. If A splinters, then we can pick an
element a; from each A; so that {ay,...,a,} is nested.

Lemma 10, in a sense, is yet another step in a series of abstractions in the
theory of tangles: rather than working with the tangles themselves, it operates
just on the collection of sets of separations distinguishing a given pair of these.

Recall that Lemma 10 is proved by induction: it finds a separation a; € A;
which is nested with some element of every other 4;, and then proceeds in-
ductively on the remaining n—1 family members, restricted to those separations
nested with a;. This approach cannot deal with infinite families of sets, however.

In this section of this thesis we overcome these difficulties and present a way
to obtain a version of Lemma 10 for infinite families of sets of separations which
is as abstract and therefore as widely applicable, as our original Lemma 10 and
which allow us to deduce the existing tree-of-tangles theorems in infinite graphs
(see [9,14]). Tt asks more of the sets A; than our finite splinter lemma; in return
however the set of separations we obtain will be canonical, i.e. invariant under
isomorphisms:

Lemma 15. If (A; : i € I) thinly splinters with respect to some reflexive
symmetric relation ~ on A :=J;c; Ai, then there is a set N C A which meets
every A; and is nested, i.e. ny ~ ny for all ni,ne € N. Moreover, this set N

can be chosen invariant under isomorphisms: if ¢ is an isomorphism between
(A,~) and (A’,~"), then we have N((@p(A;) : i €1))=@(N((A; : i €1))).

After stating some additional terminology as well as some basic facts in
Section 4.4.2, we prove this statement in Section 4.4.3. Like Lemma 10, the
statement of this lemma is a bit technical, as we want it to be as widely applicable
as possible. We then show the usefulness of this abstract lemma throughout
Section 4.4.4, by deducing the existing theorems about distinguishing tangles in
infinite graphs from it.

As a simple example, we start with applying it to tangles in locally finite
graphs. This application is straightforward and demonstrates a prototypical
application of Lemma 15.

After that, we show that it is also possible to apply Lemma 15 to arbitrary
infinite graphs. This application uses another new, and interesting, shift of
perspective: as in Section 4.2, we cannot apply Lemma 15 directly to the sets of
separations efficiently distinguishing two profiles since, in general, these do not
splinter thinly. Instead, we need to consider a slightly different set, namely, the
set of separators, to which Lemma 15 does apply:
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Theorem 16. Given a set of distinguishable robust reqular profiles P of a graph
G there exists a canonical nested set of separators efficiently distinguishing any
pair of profiles in P.

This theorem acts as an intermediary result between the existing results
about tangles in arbitrary infinite graphs. On the one hand we can, waiving
canonicity, transform the nested set of separators back into a nested set of
separations, recovering the following result of Carmesin about distinguishing
tangles in infinite graphs by way of a nested set of separations:

Theorem 4.4.1 (]9, Theorem 5.12]). For any graph G, there is a nested set N
of separations that distinguishes efficiently any two robust principal profiles (that
are not restrictions of one another).

This theorem is a cornerstone in Carmesin’s proof that every infinite graph
has a tree-decomposition displaying all its topological ends. For more about the
relation between ends and tangles also see [19,59]. We deduce Theorem 4.4.1
from Theorem 16 in Section 4.4.4.

On the other hand, if we want to keep canonicity, we can use Theorem 16
to deduce a result by Carmesin, Hamann and Miraftab [14]. They construct a
canonical object, which they call a tree of tree-decompositions, to distinguish
the tangles:

Theorem 4.4.2 ([14, Remark 8.3]). Let G be a connected graph and P a
distinguishable set of principal robust profiles in G. There exists a canonical tree
of tree-decompositions with the following properties:

(a) the tree of tree-decompositions distinguishes P efficiently;
(b) if t € V(T) has level k, then (T, Vy) contains only separations of order k;

(c¢) nodest at all levels have |V (1})| neighbours on the next level and the graphs
assigned to them are all torsos of (Ty, V).

We deduce Theorem 4.4.2 from Theorem 16 in Section 4.4.4.

Theorem 16 is also an interesting result in its own right: the set of separators
that it provides is a natural intermediate object between the non-canonical nested
set of separations in Theorem 4.4.1 and the canonical tree of tree-decompositions
in Theorem 4.4.2.

Moreover, proving Theorem 4.4.1 or Theorem 4.4.2 by first proving The-
orem 16 and then deducing them breaks up the proof nicely and is, in total,
shorter than the original proofs from [9, 14].

4.4.2 Additional terminology and basic facts

Recall that a profile P in a graph G is regular if it does not contain any co-small
separation of G, i.e. it contains no separation of the form (V(G),X). Note
that, in graphs, the irregular profiles are not of large interest, since they always
point towards either the empty set or a single non-cutvertex. Formally, we can
summarize this statement from [23] as follows:

Lemma 4.4.3 ([23]). Let G = (V, E) be a graph and P an irregular profile in
G then either G is connected and P = {(V,0)} or G has a non-cutverter x € V
such that

P={(A,B)e S, : z € B and (A,B) # ({z},V)}.
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These irregular profiles are distinguished efficiently from each other and from
all other profiles in G by the set of separations

{V(G),0}} U {{V(G),{z}} : © € V(G) and « is not a cutvertex of G}.

Every separation in this set is nested with all separations of G. Hence, our
efforts for applications in graphs will concentrate on regular profiles.

Given some set of vertices X C V(G), we say that a connected component C
of G — X is tight it N(C) = X.

For two vertices x,y € V(G) of a graph G, an z—y-separator of order k is
a vertex set X C V(G) \ {z,y} of size k such that z and y lie in different
components of G — X. We shall need the following basic fact about such
separators in infinite graphs at various points throughout this section.

Lemma 4.4.4 ([56, 2.4]). Let G be a graph, u,v € V(G) and k € N. Then there
are only finitely many separators of size at most k separating u and v minimally.

Additionally, we shall use the following more general observation about
separations from an arbitrary separation system that are nested with a corner
separation:

Lemma 4.4.5. Let ¥ and S be two separations. Fvery separation nested with
one of r or s is also nested with at least one of T AS and 7 V 3.

Proof. Let t be a separation nested with, say, 7. Then ¢ has an orientation  with
either £ <7 or £ < 7. In the first case t is nested with 7V & by £ <7 < (7 V 3).
In the latter case t is nested with 7 A8 by < 7 < (P AN 3)*. O

Moreover, we will use that the separations in a universe of separations with
an order function that distinguish a given pair of profiles exhibit a lattice-like
structure:

Lemma 4.4.6. Let U be a universe with a submodular order function and P
and P’ two profiles in U. If 7,5 € P distinguish P and P’ efficiently, then both
7V S and ¥ AS also lie in P and distinguish P and P’ efficiently.

Proof. If one of 7V § and 7 A § has order at most |r| = |s|, then that corner
separation lies in P and distinguishes P and P’ by their consistency and (P).
The efficiency of r and s now implies that neither of the two considered corner
separations can have order strictly lower than |r|. Therefore, by submodularity,
both of them have order exactly |r|, which implies the claim. O

Furthermore, we shall need a way to transition between separations and
tree-decompositions in graphs. Such a method in finite graphs if for example
provided in [13]. As it turns out, the ingredients of that proof together with
Theorem 2.6.1 are all that is needed to show an analogous result for infinite
graphs, which we shall present here.

We shall need the following lemma, whose proof is inspired by [13].

Lemma 4.4.7. Let G = (V, E) be an infinite graph and let N C Sx,(G) be a
reqular tree set. If we have for any w-chain (A1, B1) < (Ag, Ba) < ... which is
contained in N that (,cy Bi = 0, then t@r@ exists a tree-decomposition (T,V)
of G whose set of induced separations is N.
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Moreover, this tree-decomposition can be chosen canonical: if ¢: G — G’
is an isomorphism of graphs, then the tree-decomposition constructed for o(N)
in G’ is precisely the image under ¢ of the tree-decomposition constructed for N
in G.
Proof. Let T = (V, E) be the tree from Theorem 2.6.1. Note that by [52, Theorem
3.9(iii)] any isomorphism between the edge tree sets of two distinct trees induces
an isomorphism of the underlying trees.

Let a be the isomorphism from the edge tree set of T' to N. Recall that,
given some node t € T' we denote as a(t) the set

a(t) = {a(s,t) : (s,t) € E}

of oriented separations. We define the bags of our tree-decomposition as
Vi = (\(a,B)ca(B- Let us verify that (T,V) with V = (V; )ser is the desired
tree-decomposition.

For (T1) let v € V be given; we need to findat € T withv € V;. If v € ANB
for some (A, B) € N then v € V; for t being either of the two end-vertices of the
edge whose image under a is (A, B). Otherwise v induces an orientation O of E(T)
by orienting each edge {z,y} of T as (z,y) if v € B\ A for (4, B) = a(x,y).

Observe that O is consistent. If O has a sink, that is, if there is a node ¢ of T
all of whose incident edges are oriented inwards by O, then v € V; by definition
of O. If O does not have a sink then O contains an w-chain. This is impossible
though, since by definition of O we would have v € [,y Bi, where (A;, B;) is
the image under « of the i-th element of that w-chain in O. Thus, (T1) holds.

The proof that (T2) holds can be carried out in much the same way due to
the fact that every edge of G is included in either A or B for each (4, B) € N.

Before we check that (T3) holds, let us show that (7,V) indeed induces N.
For this we need to show that, if (z,y) is an oriented edge of T', then

a(x,y): U Vi, U V.,

z€T, z€T,

where T, and Ty, are the components of T'—zy containing = and y, respectively. So
let (z,y) € E be given and a(z,y) = (A, B). Observe first that AN B C V, N Vy
by definition. It thus suffices to show that A D UzGTI V,and B2 V, to
establish the desired equality.

To see this consider a vertex v € V, for some z € T,. Let € be the first
edge of the unique z—z-path in T and let a(€) = (A’, B"). We have € < (z,v)
by definition of an edge tree set, and hence (A, B’) < (A, B) since « is an
isomorphism. From this we know that A’ C A. We further have (B’, A’) € F,
and thus, by definition of V,, that v € A’. This shows v € A. The argument
that B D UzeTy V, is similar.

Having established that (T, V) indeed induces N, we can now deduce from
this that (T3) holds: if V4, and V;, are two bags of (T,)) which both contain
some vertex v, then v also needs to lie in the separator of every separation that
is an image under « of an edge on the path P in T from t; to t3. Therefore, v
lies in every V4, with ¢ € P. O]

2€Ty

We remark that even in locally finite graphs it is not generally possible to
find a tree-decomposition which efficiently distinguishes all the distinguishable
robust regular bounded profiles, as witnessed by the following example:
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Figure 4.4: A locally finite graph where no tree-decomposition distinguishes all
the robust regular bounded profiles efficiently. The green separator is the one of
the only separation which efficiently distinguishes the profile induced by the K54
from the profile induced by the K128,

Example 4.4.8. Counsider the graph displayed in Fig. 4.4. This graph is
constructed as follows: for every n € N pick a copy of K 2m together with n+ 3
vertices wy, ..., w; 3. Pick 2" vertices of the K2 and call them ul, ..., U
Additionally, pick 2" vertices from K2"", disjoint from the set of u”, and call
them v7,...,vZ.,,. Now identify u?“ with v]* and add edges between every
w] and every w?“ as well as between wl and v} = ujtt.

Finally, we pick one copy of K and join one vertex v of this K10 to u}
and u2. Additionally, we pick two vertices w{, w9 which are distinct from v{

from this K9 and add an edge between each w) and each wj1

Now each of the chosen K2 induces a robust profile P, of order % . gntl
which obviously is regular and bounded. The only separation which efficiently dis-
tinguishes P, and P, is the separation s,, with separator {v{ : i < n} U {u}”l}.

Additionally, the K0 induces a robust profile Py of order 4. However, the only
separation that efficiently distinguishes Py and P, has the separator {v, w{, w3}.
But these separations sy, ss, ..., and sg can be oriented such as to form a chain of
order type w+ 1. This chain witnesses that there cannot be a tree-decomposition
which distinguishes all regular bounded profiles efficiently: the separations given
by such a tree-decomposition would have to contain this chain of order type w+1
which is not possible as every chain in the edge tree set of a tree has length at
most w, cf. Lemma 4.4.7.

4.4.3 The thin splinter lemma

In this section we generalize the finite splinter lemma into an infinite setting. In
order to be able to obtain a statement like Lemma 10 in the infinite setting, we
will need to require that the separations involved do not, in a sense, cross too
badly in that they cross only finitely many separations of lower order.
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This will allow us to choose separations that minimize the number of separa-
tions crossing them, an idea which also appeared in Carmesin’s original proof of
Theorem 4.4.1 in [9], as well as in [14] and our proof of the canonical splinter
Lemma 11 for finite separation systems. However, our lemma here applies to a
more general setting and will allow us directly to deduce Carmesin’s theorem for
locally finite graphs.

In order to also be able to deduce the full Theorem 4.4.1 for arbitrary graphs,
we will state our lemma in more generality here: not as a lemma about nestedness
and separations, but as a lemma about a general nestedness-like relation, similar
to the version Lemma 12 of our splinter lemma. This allows us to apply the
lemma in Section 4.4.4 not to separations directly, where it would fail, but to
substitute separators as a proxy giving our Theorem 16. From this result we will
retrieve the separations for our proof of Theorem 4.4.1 in Section 4.4.4, but we
will also build from this a tree of tree-decompositions to deduce Theorem 4.4.2
in Section 4.4.4.

The statement of our Lemma 15 is also inspired by our canonical splinter
Lemma 11 for the finite setting, and it too will result in a canonical nested set,
a set which is invariant under isomorphisms.

So let A be some set and ~ a reflexive and symmetric binary relation on A.
In analogy to our terminology for separation systems, we say that two elements
a and b of A are nested if a ~ b. Elements of A that are not nested cross. As
usual, a subset of A is nested if all of its elements are pairwise nested, and a
single element is nested with a set N if it is nested with every element of V.

In an abuse of notation, given elements a and b of A, we call ¢ € A a corner
of a and b if every element of A crossing ¢ also crosses one of a and b. Observe
that with this definition corners of elements of A exhibit the same behaviour as
was asserted by Lemma 2.3.1 for corner separations. However, in contrast to
the terminology of separation systems, we do not insist here that a corner of a
and b is itself nested with both a and b. This distinction will become relevant in
Section 4.4.4.

Now let (\A; : i € I') be a family of non-empty subsets of Aand | |: I — Ny
some function, where I is a possibly infinite index set. We shall think of |i|
as the order of the elements of A4;. For an a € A and k € Ny the k-crossing
number of a is the number of elements of A that cross a and lie in some A;
with |é| = k. This k-crossing number is either a natural number or infinity. The
family (\A; : i € I) thinly splinters if it satisfies the following three properties:

(ST1) For every i € I all elements of A; have finite k-crossing number for
all k < |i].

(ST2) If a; € A; and a; € A; cross with |i| < |j|, then A; contains some corner
of a; and a; that is nested with a;.

(ST3) Ifa; € A; and a; € A; cross with |i| = |j| = k € Ny, then either A; contains
a corner of a; and a; with strictly lower k-crossing number than a;, or else
A; contains a corner of a; and a; with strictly lower k-crossing number
than a;.

We are now ready to state and prove the main result of this section:

Lemma 15. If (A; : i € I) thinly splinters with respect to some reflexive
symmetric relation ~ on A := Uiel A;, then there is a set N C A which meets
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every A; and is nested, i.e. n1 ~ ngy for all ni,ne € N. Moreover, this set N
can be chosen invariant under isomorphisms: if ¢ is an isomorphism between

(A,~) and (A’,~"), then we have N((@p(A;) : i €1))=@(N((A; : i €1))).

Proof. We shall construct inductively, for each k € Ny, a nested set Ny C A
extending Nj_; and meeting every A; with |i| < &, so that the choice of Ny, is
invariant under isomorphisms. The desired nested set N will then be the union
of all these sets Nj.

We set N_; := (). Suppose that for some k € Ny we have already constructed
a nested set Nj_1 so that Nj_; is canonical and meets every A; with |i| < k—1.
We shall construct a canonical nested set Ny D Nj_; that meets every A;
with |i| < k.

Let N,:' be the set consisting of the following: for every i € I with |i| = k,
among those elements of A; that are nested with Ni_;, those of minimum
k-crossing number. We claim that Ny := Ny_1 U N,j is as desired.

Since the choice of IV, ,j' is invariant under isomorphisms, and Ny _1 is canonical
by assumption, Ny is clearly canonical as well. It thus remains to show that Ny
meets every A; with |i| = k, and that the set N}, is nested.

To see that the former is true, let 4 € I with |i| = k be given. It suffices to
show that A; contains some element that is nested with Ny_q. If A; already
meets Ni_1 there is nothing to show, so suppose that it does not. By (ST1)
every element of A; crosses only finitely many elements of N _1; pick an a; € A;
that crosses as few as possible. Suppose for a contradiction that a; crosses some
element of Ni_1, that is, some a; € A; with |j| < |i|. But then, by (ST2), A;
contains a corner of a; and a; that is nested with a;. This element of A; does
not cross a; and therefore, by virtue of being a corner of a; and a;, crosses
fewer elements of Ni_; than a; does, contrary to the choice of a;. Therefore, Ny,
indeed contains an element of each A; with || < k.

Let us now show that Ny, is nested. Since Ny_; is a nested set by assumption,
and every element of IV ,j is nested with Ni_1, we only need to show that the set
N, ,j itself is nested. So suppose that some two elements of N ,j cross. These two
elements then are some a; € A; and a; € A; with |i| = |j| = k. But now (ST3)
asserts that one of 4; and A; contains a corner of a; and a; with a strictly lower
k-crossing number than the corresponding element a; or a;. Since both a; and
a; are nested with Nj_y, their corner is nested with Nj_; as well, and hence
contradicts the choice of a; or a; for IV, ,j . O

4.4.4 Applications of the thin splinter lemma

In this section we are going to apply Lemma 15 to infinite graphs. The application
to locally finite graphs in Section 4.4.4 will be a straightforward application to
a universe of separations, whereas in Section 4.4.4 we are going to use a more
involved argument.

For either case we will utilize the fact that separations which efficiently
distinguish two regular profiles are tight. Recall that for a set X C V a
component C of G — X is tight if N(C) = X. We say that a separation (A, B)
of G is tight if for X := AN B each of A~ B and B ~\ A contains some tight
component of G — X.
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Lemma 4.4.9. Let P, P’ be two distinct reqular profiles in an arbitrary graph
G. If (A, B) is a separation of finite order that efficiently distinguishes P and
P’, then (A, B) is tight.

Proof. Let (A,B) € P, (B,A) € P'.

Suppose for a contradiction that B~ A does not contain a tight component of
G—(ANB). Let Y1, ...Y,, be an enumeration of all proper subsets of AN B. For
every Y} let C; be the set of components of G — (AN B) in B with neighbourhood
exactly Y;. By consistency of P’ we have (UC, UY;,V ~UC) € P’. Since
moreover (A, B) efficiently distinguishes P from P’ and |Y;| < |A N B|, we know
that (UG, UY,V ~JC)) € P as well. Moreover, (AN B,V) € P since P is
regular. Thus, by an inductive application of the profile property (P) we have
that for every [

AnB,V)v(Jaun, v~ Ja) v v Jauy, v~ Ja) eP.
However, for | = m this contradicts the assumption since
(AnB,V)v(( oy, Ve v v CnUYm, VN JCm)) = (B, A) ¢ P.

O

Locally finite graphs

In this section we apply Lemma 15 to the set of separations of a locally finite
graph, which will result in a canonical nested set of separations efficiently
distinguishing any two distinguishable regular profiles in G. The proof of this
theorem will be a straightforward application of Lemma 15 to sets Ap ps of
separations efficiently distinguishing two profiles in G. Following the strategy of
this proof, one might be able to obtain similar results for other infinite separation
systems, e.g., in a matroid.

So let G = (V, E) be a locally finite connected graph and P a set of robust
regular profiles in G.

Let I be the set of pairs of distinguishable profiles in P. For each pair P and
P’ of distinguishable profiles in P let Ap pr be the set of all separations of G
that distinguish P and P’ efficiently. Observe that by definition all separations
in Ap p are of the same order; let us write | P, P’| for this order.

Let A be the union of all the Ap pr. We wish to show that (A; : ¢ € I') thinly
splinters, using as the relation ~ on A the usual nestedness of separations. We
shall prove first that (ST1) is satisfied, i.e. that each separation in an Ap p/ crosses
only finitely many other separations from sets Ag o/ with |Q, Q'| < |P, P'|.

Making use of the tightness of the separations in the Ap ps, (ST1) will follow
immediately from the following assertion:

Proposition 4.4.10. Let (A, B) be a separation that efficiently distinguishes
some two regular profiles in G. Then G has only finitely many tight separations
of order at most |(A, B)| that cross (A, B).

We shall derive Proposition 4.4.10 from the following lemma about tight
separations:
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Lemma 4.4.11. Let (A, B) and (A',B’) be two tight separations of G. Then
(A, B’) is either nested with (A, B), or its separator A’ N B’ is a C-minimal
x-y-separator in G for some pair x,y of vertices from (AN B)UN(AN B).

Proof. Since (A’, B’) is tight, each of A’ \ B’ and B’ \. A’ contains some tight
component of G — (A’NB’). If AN B meets all tight components of G — (A'NB’),
then in particular A N B meets these two components, say in z and in y. But
then, A’ N B’ is a C-minimal z-y-separator with z,y € AN B.

Therefore, we may assume that A N B misses some tight component C” of
G — (A’ N B’). By switching their names if necessary we may assume that this
component C’ is contained in A~ B. Since C' C A \ B has no neighbours in
B~ A but has A’ N B’ as its neighbourhood, we can infer that (A’ N B’) C A.

Consider now a tight component C' of G — (AN B) that is contained in B\ A.
From (A’ N B’) C A it follows that C' does not meet A’ N B’ and is hence
contained in either A’ \ B’ or B’ \ A’. By possibly switching the roles of A’
and B’ we may assume that C C A’ \ B’. As above we can conclude from the
tightness of C that (AN B) C C.

It remains to check two cases. If (B~ A)N (B’ A’) is empty we have B C A’
and B’ C A, that is, that (A’, B’) is nested with (A, B). The other remaining
case is that (B~ A) N (B’ ~\ A’) is non-empty.

In that case, since G is connected, the set (ANB)N(A’NB’) must be non-empty
as well, since N((BNA)N(B'\A")) C (ANB)N(A'NB’). Pick a vertex z from that
set. Since (A’, B’) is tight, z has neighbours x and y in some tight components
of G — (A’ N B’) contained in A’ \ B’ and in B’ \ A’, respectively. Then A’ N B’
is a C-minimal z-y-separator in G, and moreover z,y € (AN B) U N(AN B)
since z € AN B. O

Let us now use Lemma 4.4.11 to establish Proposition 4.4.10:

Proof of Proposition 4.4.10. Since G is locally finite, the set (AN B)UN (AN B)
is finite. Therefore, by Lemma 4.4.4, there are only finitely many C-minimal
x-y-separators of size at most |(A, B)| with z,y € (ANB)UN(ANB). Leveraging
again the fact that G is locally finite and using that G is connected, we get that
there are only finitely many separations of G with such a separator.

The assertion now follows from Lemma 4.4.11 since we know by Lemma 4.4.9
that (A, B) is tight. O

The family (\A; : @ € I') therefore satisfies (ST1). With regard to (ST2) we
can prove the following:

Lemma 4.4.12. Let (A,B) € App and (C,D) € Ag g with the property
that |(A, B)| < |(C, D)|. Then some corner separation of (A, B) and (C, D) lies
m AQ,QI.

Proof. Since |(4, B)| < |(C, D)|, it follows that both @ and Q' orient {A, B}
the same, say (A,B) e QNQ'. If

(A, B)V (C, D)| < (€, D)) or |(4, B) v (D,C)| < (C. D),
it follows that this corner separation efficiently distinguishes @ and Q' by
Lemma 2.3.1, so suppose that this is not the case. Then submodularity implies

that
(B.A)V (C,D)| < (A, B)| and |(B, 4) V (D, C)| < |(A, B),
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which in turn contradicts the efficiency of (A, B), since one of (B, A) V (C, D)
and (B, A) V (D, C) would also distinguish the two robust profiles P and P’. O

Corollary 4.4.13. Ifa; € A; and @; € A; cross with |i| < |j|, then A; contains
some corner separation of a; and a;.

Proof. This is the assertion of Lemma 4.4.12. O

It remains to show that (\A; : i € I') satisfies (ST3). For this we need the
following lemma:

Lemma 4.4.14. Let (A, B) € App and (C, D) € Ag.q with |(A, B)| = |(C,D)|.
Then there is either a pair of two opposite corner separations of (A, B) and (C, D)
with one element in Ap p: and one in Ag g, or else there are two pairs of op-
posite corner separations of (A, B) and (C, D), the first with both elements in
Ap pr and the second with both elements in Ag g .

Proof. From |(A, B)| = |(C, D)| it follows that P and P’ both orient {C, D},
and likewise that @ and Q' both orient {A, B}.

Let us first treat the case that one of P and P’ orients both {4, B} and
{C, D} in the same way as one of @) and @’ does. So suppose that, say, both P
and @ contain (A, B) as well as (C, D).

If P’ contains (D,C), then (C,D) € App and Lemma 4.4.6 results in
(A,B)V (C,D) € Appr and (B,A)V (D,C) € App. Thus, by (P) we also
have (4,B) V (C,D) € Ag.q’, producing the desired pair of opposite corner
separations. If Q' contains (B, A), we argue analogously.

So suppose that (C,D) € P’ and (A,B) € Q'. Then (B,A)V (C,D) € P’
and (A, B) V (D,C) € Q' by the profile property, since by submodularity and
the efficiency of (A4, B) and (C, D) both of these corner separations have order
exactly |(A, B)|. These two separations, then, are opposite corner separations of
(A, B) and (C, D) with the first lying in Ap pr and the second lying in Ag ¢.

The remaining case is that no two of the four profiles agree in their orientation
of {A, B} and {C, D}. But then, both of (4, B) and (C, D) lie in Ap p: as well as
in Ag,q’, and the existence of two pairs of opposite corner separations, one with
both elements in Ap pr and one with both in Ag ¢, follows from Lemma 4.4.6
and the disagreement of the four profiles on {4, B} and {C, D}. O

Using this lemma, we can now show that (\A; : ¢ € I') satisfies (ST3) using
Lemma 4.4.5:

Lemma 4.4.15. Ifa;, € A; and @; € A; cross with k = |i| = |j|, then either A;
contains a corner separation of a; and a; with strictly lower k-crossing number
than a;, or else A; contains a corner separation of a; and a; with strictly
lower k-crossing number than @ .

Proof. By switching their roles if necessary we may assume that the k-crossing
number of @; is at most the k-crossing number of @ .

From Lemma 4.4.14 it follows that A; contains a corner separation of a;
and a; whose opposite corner separation lies in either A; or A;. Now Lemma 4.4.5
implies that the sum of the k-crossing numbers of this pair of opposite corner
separations is at most the sum of the k-crossing numbers of @; and @j;. This
inequality is in fact strict since @; and @; cross each other but are each nested
with both corner separations.
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If the first corner separation is not already as desired, that is, if its k-crossing
number is not strictly lower than the k-crossing number of @;, we can infer that
the k-crossing number of the opposite corner separation is strictly lower than
that of @;. Since we assumed in the beginning that the k-crossing number of @;
is no greater than that of @j, this proves the claim. O

We are now ready to prove the main result of this subsection, which is similar
to [14, Theorem 7.5]:

Theorem 4.4.16. Let G be a locally finite connected graph and P some set of
robust reqular profiles in G. Then there exists a nested set N of separations
which efficiently distinguishes any two distinguishable profiles in P. Moreover,
this set is canonical, i.e. invariant under isomorphisms: if a : G — G’ is an
isomorphism, then a(N (G, P)) = N(a(G), a(P)).

Proof. The combination of Proposition 4.4.10, Corollary 4.4.13, and Lemma 4.4.15
shows that the family (A; : ¢ € I') thinly splinters. The nested set N C A
produced by Lemma 15 meets each set A; and thus distinguishes all pairs of
distinguishable profiles in P efficiently. O

The nested set found by Theorem 4.4.16 does not in general correspond
to a tree-decomposition of G, as Example 4.4.8 demonstrated. However, The-
orem 4.4.16 can be used to show that for every fixed integer k the subset of A/
consisting of all separations of order at most k gives rise to a tree-decomposition
of G, as this subset will satisfy the conditions from Lemma 4.4.7. In particular
we can use Theorem 4.4.16 together with Lemma 4.4.7 to prove [14, Theorem
7.3], that there is for every k € N, every locally finite graph G and every set P of
distinguishable robust regular profiles, pairwise distinguishable by a separation of
order at most k, a canonical tree-decomposition of G that efficiently distinguishes
all profiles from P.

Graphs with vertices of infinite degree

When we consider graphs with vertices of infinite degree, the method of the
previous section fails as we loose Proposition 4.4.10: it does not necessarily hold
that every separation in an Ap p crosses only finitely many other separations
from sets Ag o with |Q,Q’| < |P, P'|. Moreover, Dunwoody and Krén [33]
gave an example of a graph which does not contain a canonical nested set of
separations separating its ends. Since ends induce robust regular profiles, in
arbitrary graphs, it is not generally possible to find a canonical nested set of
separations distinguishing all the robust regular profiles.

To show the result for locally finite graphs we made use of the observation
that only finitely many different separators are involved, and then used that
every separator appears in only finitely many separations. Thus, in this section
instead of applying Lemma 15 directly to some set of separations, we are going
to apply it to only the set of separators.

With this approach we show that in an arbitrary graph you can find a
canonical nested set of separators which efficiently distinguishes all the robust
regular profiles in G. We shall make the meaning of this more precise shortly.
We propose that this set of separators is a natural intermediate object for
distinguishing profiles. Moreover, we will show that if we restrict ourselves to the
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set of robust principal profiles — which we will define at the end of this section —
then from this set we can build both a non-canonical nested set of separations
as in Theorem 4.4.1 (from [9]) as well as a canonical tree of tree-decompositions
in the sense of [14].

Either of these objects can trivially be converted back to a set of separators.
Our technique splits the process of building either of these cleanly into two
independent steps, which makes it more accessible than the proofs in [9] and [14].
Moreover, the first step of this process also works for non-principal but regular
profiles, allowing us to also get an (intermediate) result for those profiles, unlike
the theorems from [9] and [14]. Note that distinguishing non-principal profiles is
also discussed extensively in [45].

Many of the techniques applied throughout are similar to or inspired by
arguments made in [14], particularly the approach of minimizing the crossing-
number, even though the different levels of abstraction make it hard to draw
concrete parallels.

Let us now begin with the formal notation. We say that a set of vertices
X C V(G) efficiently distinguishes a pair P and P’ of profiles in G if there
exists a separation (A, B) of G with separator AN B = X which efficiently
distinguishes P and P’. Such a separation (A, B) is then a witness that X
efficiently distinguishes P and P’.

Given some set of distinguishable robust regular profiles P of an (infinite)
graph G, we define as A the set of all such separators X which distinguish
some pair of profiles in P efficiently. We say that a separator X is nested with
Y € A, ie. X ~Y, whenever X is contained in C UY for some component C
of G — Y. In other words Y does not properly separate any two vertices of X.
This relation is reflexive, the following lemma shows that it is also symmetric on
A. Unfortunately, its natural extension to all finite subsets of V(G) is not. The
reader should take note that this will lead to some situations where we argue
that some set Y is nested with some X € A provided that Y € A.

Lemma 4.4.17. If XY € A and X is contained in Y together with some
component of G =Y, then Y is contained in X together with some component
of G — X.

Proof. Pick a separation (A, B) witnessing that X € A. Since this separation
efficiently distinguishes two regular profiles, by Lemma 4.4.9, there are at least
two tight components of G — X, one in either side of (A4, B). At least one of
these tight components, say C, does not meet Y and is therefore contained in a
connected component C’ of G — Y. Now, as required, we find

X=N(C)CCUN(C)CC'UN(C')CC'uY. O

As usual, we take as I the set of pairs of distinguishable profiles in 7. But
this time we define Ap p: for each pair P, P’ in I to be the set of all the sets
of vertices in G which distinguish P and P’ efficiently. All these separators in
Ap pr have the same size; this size shall be |P, P’|.

We claim that {Ap p: : {P,P'} € I} thinly splinters. Before we can show
(ST1) we need to make two basic observations about how the vertices of a
crossing pair of separators in A lie:

Lemma 4.4.18. If X, Y € A cross, then Y contains a vertex from every tight
component of G — X.
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Proof. If C' is a tight component of G — X such that Y does not contain any
vertex of C, then C is contained in some component C’ of G —Y . However, then
X =N(C)CC'UY,ie X is nested with Y contradicting the assertion. O

Lemma 4.4.19. If XY € A cross, then' Y contains a pair of vertices v and w
such that X is a C-minimal v—w-separator.

Proof. There are at least two tight components C7,Cy of G — X and Y meets
both of them by Lemma 4.4.18. Let v be a vertex in Y N C; and w a vertex in
Y N Cs. Since both Cy an Cy are tight components, X is indeed a C-minimal
v-w-separator. O

We can now combine these with Lemma 4.4.4 to show that we satisfy (ST1).

Lemma 4.4.20. For every pair of profiles P, P' € P every X € Ap p: has finite
k-crossing-number for all k < |P, P'|.

Proof. By Lemma 4.4.19, for every Y € A of size k which crosses X, there are
vertices v,w € X which are minimally separated by Y. However, there is only a
finite number of pairs of vertices v, w in X and by Lemma 4.4.4 every pair has
only finitely many minimal separators of size k. Therefore, only finitely many
such Y € A exist. O

The following lemmas show how the separators of corner separations behave
under our new nestedness relation. We will need these to show (ST2) and (ST3).
Recall from Section 4.4.3 that a corner of two separators X,Y € A is a separator
Z € A which crosses only elements of A which cross either X or Y. Note that
this does not imply that Z is nested with X and Y.

Lemma 4.4.21. Let X, Y € A be a crossing pair of separators and let (Ax, Bx)
and (Ay, By), respectively, be separations which witness that these are in A.
Then, for every Z € A which is nested with both X and Y, there is a component
Cyz of G—Z, such that X UY C CzUZ. In particular (Ax UAy )N (Bx N By),
the separator of (Ax,Bx)V (Ay,By), is a corner of X and Y provided that it
lies in A.

Proof. We first show that Z does not separate X and Y. Since Z is nested with
X and X efficiently distinguishes two regular profiles, there is, by Lemma 4.4.9,
a tight component Cx of G — X which is disjoint from Z. By Lemma 4.4.18,
thereis a vertex y e Cx NY CY \ Z.

By a symmetrical argument there also exists a vertex z € X \ Z. Since Cx
is tight, there is a path from x to y contained in C'x except for z. This path
avoids Z.

Now, since Z is nested with X there is a component Cz of G — Z which
contains X \ Z. In particular this component contains x. Similarly, there is
a component of G — Z containing Y ~\ Z and hence, in particular, y. Since
Z does not separate z and y, this component is the same as Cz. Therefore,
XUY C CzUZ, as required. In particular, if (Ax UAy)N(Bx NBy) € A,
then (AX @] Ay) N (BX N By) C Cz U Z, hence (AX U Ay) N (BX N By) ~ 7
and therefore (Ax U Ay) N (Bx N By) is a corner of X and Y. O
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Lemma 4.4.22. Let X, Y € A be a crossing pair of separators and let (Ax, Bx)
and (Ay, By), respectively, be witnesses that these are in A. If Z € A is
nested with X, and each of the corner separations (Ax,Bx)V (Ay,By) and
(Ax,Bx) A (Ay, By) distinguishes some pair of profiles efficiently, then Z is
nested with one of the separators (Ax UAy )N(BxNBy) or (AxNAy)N(BxUBy).

Proof. Since Z and X are nested, there is a component C% of G — X such that
Z C C? UX. Let us assume without loss of generality that C% C Ax, we will
show that Z is nested with (Ax U Ay) N (Bx N By).

Since (Ax,Bx) V (Ay, By) efficiently distinguishes some regular profiles,
there is, by Lemma 4.4.9, a tight component of (Ax U Ay )N (Bx N By) contained
in (Bx N By). However, Z C Ay, so this component cannot meet Z. Hence, by
Lemma 4.4.18, Z cannot cross the separator (Ax U Ay) N (Bx N By). O

These now allow us to reuse the Lemmas 4.4.12 and 4.4.14 to show (ST2)
and (ST3):

Lemma 4.4.23. If two separators X € App and Y € Ag cross and
|P,P'| <|Q,Q’|, then there is a cornerY' € Ag o of X andY which is nested
with X.

Proof. Let (Ax, Bx) be a separation witnessing that X € Ap p: and let (Ay, By)
be a separation witnessing that ¥ € Ag /. By Lemma 4.4.12 there is a
corner separation of (Ax, Bx) and (Ay, By) which also distinguishes @ and @’
efficiently. The separator Y’ of this corner separation does not meet all tight
components of G — X, so Y’ is nested with X and thus is by Lemma 4.4.21 as
desired. O

Lemma 4.4.24. If two separators X € App and Y € Agq cross and
|P,P'| =1Q,Q'| =k, then either there is a corner Y' € Ag.qg of X andY which
has a strictly lower k-crossing-number than Y, or there is a corner X' € Ap ps
of X andY which has strictly lower k-crossing-number than X.

Proof. By switching their roles if necessary we may assume that the k-crossing
number of Y is at most the k-crossing number of X. Let (Ax, Bx) be a separation
witnessing that X € Ap p/ and let (Ay, By) be a separation witnessing that
Y € Ag,g- By Lemma 4.4.14 there is a corner separation of (Ax, Bx) and
(Ay, By) which efficiently distinguishes P and P’ and whose opposite corner
separation efficiently distinguishes either P and P’ or Q and Q’. Let us denote
their separators as Z and Z’ respectively.

By the Lemmas 4.4.21 and 4.4.22 and the fact that Z and Z’ are nested with
both X and Y we have that Z and Z’ are corners of X and Y and that the
sum of the k-crossing numbers of Z and Z’ is strictly lower than the sum of the
k-crossing numbers of X and Y.

Thus, if the k-crossing number of Z is strictly lower than the k-crossing
number of X, we can take Z for X’. Otherwise, we can infer that the k-crossing
number of Z’ is strictly lower than that of Y. Since we assumed in the beginning
that the |i|-crossing number of Y is not greater than that of X, this proves the
claim since we can then take Z’ for X’ or Y’, depending. O

With this all the requirements of Lemma 15 are satisfied. Immediately we
obtain the main result of this section:
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Theorem 16. Given a set of distinguishable robust reqular profiles P of a graph
G there exists a canonical nested set of separators efficiently distinguishing any
pair of profiles in P. O

As noted before, to be able to deduce Theorem 4.4.1 and [14, Remark 8.3] we
restrict our set P to be a set of principal robust profiles. A k-profile P in G is
principal if it contains for every set X of less than k vertices a separation of the
form (V(G)\C, CUX) where C is a connected component of G—X. In particular,
every principal profile is regular. Note that this notion of principal profiles is
equivalent to the notion of ‘profiles’ in Carmesin’s [9]; the term principal profiles
comes from [14]. Observe that in locally finite graphs an inductive application
of the profile property (P) shows that every profile is principal.

This restriction to principal profiles is necessary for Theorem 4.4.1, as Elm
and Kurkofka [45, Corollary 3.4] have shown that there is a graph together with
a set of (non-principal but robust and distinguishable) profiles, which do not
permit the existence of a nested set of separations distinguishing all of them.

Nested sets of separations If we restrict P to a set of principal profiles,
the nested set of separators from Theorem 16 can be transformed into a nested
set of separations which still distinguishes all the profiles in P if we give up on
canonicity. This task is not entirely trivial.

The natural approach would be to take for each separator every one of
the separations belonging to one of its tight components, i.e. the separation
(CUX,V\C) for every tight component C' of G — X. However, if the separators
overlap the resulting set of separations might not be nested. The following recent
result by Elm and Kurkofka states that we need to omit no more than one of
the tight components for each separator to reclaim nestedness.

Theorem 4.4.25 ([45, Corollary 6.1]). Suppose that Y is a principal collection
of vertex sets in a connected graph G. Then there is a function KC assigning
to each X € Y a subset K(X) C Cx (the set Cx consists of the components of
G — X whose neighbourhoods are precisely equal to X ) that misses at most one
component from Cx, such that the collection

H{HVNK,XUK} : Xe)Yand K € K(X)}

s nested.

Here, a principal collection of vertex sets is just a set ) of subsets of V' such
that, for every XY € ), there is at most one component of G — X which is
met by Y. In particular, any nested set of separators is a principal collection of
vertex sets.

Having for every separator all but one of these tight component separations
is still enough to efficiently distinguish all the profiles in P. However, as
Theorem 4.4.25 does not give as a canonical choice for the function I, we need
to give up the canonicity at this point. However, this still allows us to prove the
following theorem by Carmesin:

Theorem 4.4.1 (9, Theorem 5.12]). For any graph G, there is a nested set N
of separations that distinguishes efficiently any two robust principal profiles (that
are not restrictions of one another).
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Proof. If G is not connected, then every robust principal profile of G induces a
robust principal profile on exactly one of the connected components of G. It is
easy to see that we can then apply the theorem to all connected components
from G independently and obtain our desired nested set of separations of G
from those of the connected components together with separations of the form
(C,V N\ C) for connected components C' of G. Thus, let us suppose that G is
connected.

Let NV be the nested set of separations obtained by applying Theorem 4.4.25
to the set N of separators obtained from Theorem 16. Given any two profiles
P,Q € P there is a separator X in A which efficiently distinguishes P and Q.
By Lemma 4.4.9 there are two distinct tight components C and C’ of G — X such
that both (VN C,CUX) € P and (C'"UX,V ~\ (") € P efficiently distinguish
P and Q. However, at least one of these two separations is an element of N. [

For the reader’s convenience, we also offer a direct proof of Theorem 4.4.1
which does not use Theorem 4.4.25. Instead, we perform an argument akin to
one of the arguments used in the proof of Theorem 4.4.25 but in slightly simpler
form, as the statement we need is a weaker one than Theorem 4.4.25.

Direct proof of Theorem 4.4.1. Let N be the nested set of separators obtained
from Theorem 16 applied to the set of robust principal profiles. Pick an enumer-
ation of N which is increasing in the size of the separators, i.e. an enumeration
N ={X, : a <} such that |X,| < |X,| whenever a < 7.

We will construct a transfinite ascending sequence of nested sets (N,),<g,
of separations. Each N, will contain only separations with separators in
{X, : @<}, and every pair of profiles efficiently distinguished by such a
separator X, a < «, will also be efficiently distinguished by some separation in
N,.

For the successor steps of our construction suppose that we already con-
structed N, and consider X,,. Since X, is nested with all X, satisfying o < ,
we know that X, induces a consistent orientation of IV, since any separation
(A, B) € N, satisfies either X, C A or X, C B but not both, as |(4, B)| < |X,/|.

Consider the set C of tight components of G — X, and let D be the set of
the remaining, non-tight, components of G — X,.

Given any separation (A4, B) € N, pointing away from X, (that is X, C A),
the side B is contained in the union of one component Cg € C together with
some components in D: since X, is nested with A N B, there is a component
in G — X, containing (AN B) \ X, thus, any other component C of G — X,
meeting B does not meet AN B and must therefore satisfy N(C') C AN BN X,,
i.e. this component is not tight.

Given a tight component C' € C let D C D be the set of all components D in
D with the property that there is some (A, B) € N, pointing away from X, such
that D meets B and Cp = C. Informally, these sets D¢ are the components
which we will need to group together with their C when choosing our next
separations. The D¢ are pairwise disjoint: indeed, given two separations (A, B)
and (A’, B’) pointing away from X.,, if (B’, A’) < (A, B), then the set B’ and
B are disjoint, and if (A4, B) < (4’, B’), then (A’ N B’)\ X, and (AN B) \ X,
cannot be contained in different tight components of G — X,.

Let N,+ consist of N, together with, for every tight component C € C of

G — X, the separation (C’ UUDcUX,, V(G) N (CU UDC)). It is easy to
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see that this set is a nested set of separations. Moreover, any pair of profiles
efficiently distinguished by X, is efficiently distinguished by one of these new
separations.

For limit ordinals 7 let N := J
N, is already in some N,.

Then N := Ng is the desired nested set of separations. O

a<ny N,, this set is nested since every pair in

Canonical trees of tree-decompositions To canonically and efficiently
distinguish a robust set of principal profiles in a graph Carmesin, Hamann and
Miraftab [14] introduced more complex objects than nested sets of separations:
trees of tree-decompositions. These consist of a rooted tree where every node is
associated with a tree-decomposition. At the root this is a tree-decomposition of
G. At every remaining node there is a tree-decomposition of one of the torsos of
the tree-decomposition at the parent node. Their main result is the following:

Theorem 4.4.2 ([14, Remark 8.3]). Let G be a connected graph and P a
distinguishable set of principal robust profiles in G. There exists a canonical tree
of tree-decompositions with the following properties:

(a) the tree of tree-decompositions distinguishes P efficiently;
(b) if t € V(T) has level k, then (T3, V;) contains only separations of order k;

(¢) nodest at all levels have |V (T})| neighbours on the next level and the graphs
assigned to them are all torsos of (Ty, Vy).

We can also construct such a tree of tree-decompositions from our nested set
of separators. In order to do that, let us recall the most important definitions
from [14].

In a rooted tree (T, ), the level of a vertex t € V(T) is d(t,r) + 1. A tree of
tree-decompositions is a triple ((T',7), (G¢)iev (1), (Tt Vi)iev (1)) consisting of a
rooted tree (7',7), a family (G¢)icv (r) of graphs and a family (7%, Vi)ev (1) of
tree-decompositions of the G;. The graphs G assigned to the neighbours ¢’ on the
next level from a node ¢ € V(T') shall be distinct torsos of the tree-decomposition
(Tt,V4). This tree of tree-decompositions is a tree of tree-decompositions of G if
G,=G.

A separation (A, B) of G induces a separation (A’, B') of Gy if ANGy = A’ and
BN G, = B'. Given two profiles P, P’, we say that a tree of tree-decompositions
(efficiently) distinguishes P and P’ if there is a separation (A4, B) in G (efficiently)
distinguishing them and a node ¢ € V(T') such that the separation induced by
(A, B) on Gy is one of the separation induced by the tree-decomposition (T3, Vy)
of Gt.

In order to deduce Theorem 4.4.2 from Theorem 16 it is useful to observe
that our set of separators is nested in an even stronger sense: we say that
two separators X and Y are strongly nested if there is a component C' of
G — X such that Y C C U N(C) and there is a component C’ of G — Y such
that X C C" U N(C"). The separators from the nested set N from Theorem 16
are strongly nested:

Lemma 4.4.26. If X and Y are a pair of nested separators each of which
efficiently distinguishes some pair of robust principal profiles, then they are
strongly nested.
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Proof. We show that there is a component C of G — X such that Y C C U N(C).

If Y C X the statement is obvious, by picking as C a tight component of
G — X. So we may assume that Y meets some component C' of G — X in a
vertex v € Y N C. By nestedness Y C C'U X. Suppose for a contradiction that
Y € CUN(C), ie. Y contains a vertex w € X ~ N(C).

Since Y efficiently distinguishes two principal profiles, there are two distinct
tight components C1,Cs of G — Y, by Lemma 4.4.9. X meets at most one of
C1 and C since it is nested with Y'; without loss of generality we may assume
X NCy =10. Since Cs is a tight component of G — Y, there is a path P from v
to w with all its interior vertices in Cy. On the other hand v lies in C' and w
outside of C' U N(C), so N(C) separates v from w. But N(C) C X does not
meet P since X N Cy = (). This is a contradiction. O

Note that for a separator X to be strongly nested with itself is a non-trivial
property: it is precisely the statement that there is a tight component of G — X.
Thus, if we talk about a strongly nested set of separators, we mean that not only
any pair of distinct separators from that set is strongly nested, we also require
each of the separators from that set to be nested with itself.

Next we show that we can close our strongly nested set under taking subsets:

Lemma 4.4.27. Let N be a strongly nested set of separators and let N' be the
set of all subsets of elements of N'. Then N is strongly nested as well.

Proof. Let X,Y € N and let X’ C X,Y’ C Y, possibly equal. Take Cx to
be a component of G — X for which Y C Cx U N(Cx), then in particular
Y' C Cx UN(Cx). Since X’ C X, there is some component Cx, O Cx of
G- X', thusY' C Cx: UN(CY%).

By symmetry we also find a component Cy- so that X’ C Cy: UN(Cy+) O

So let N/ be the strongly nested set of all subsets of separators from N, the
canonical nested set of separators from Theorem 16. As such, A/’ is canonical as
well. The following lemma about separations with strongly nested separators will
allow us to construct a tree of tree-decompositions from N’ inductively, starting
with the separators of lowest size.

Lemma 4.4.28. If X, Y are distinct strongly nested separators and (Ax,Bx)
and (Ay, By) are separations with separators X andY respectively, such that
Y C Bx, X C By, then either (Ax, Bx) and (Ay, By) are nested, or there is
a component C of G — (X NY') which meets neither X norY .

Proof. Suppose that (Ay, By) € (Bx,Ax). Then either there is a vertex in
Ay which does not lie in By, or there is a vertex in Ax which does not lie
in By. Since Ax NBx = X C By and Ay N By =Y C By, either of these
cases implies that there is a vertex v in (Ax ~ Bx) N (Ay ~\ By). This vertex v
needs to lie in some component C of G — (X UY'). However, C cannot send an
edge to X \ 'Y since such an edge would contradict the fact that (Ay, By) is a
separation. Similarly, C' cannot be adjacent to any vertex of Y ~ X. Thus, C' is
in fact a component of G — (X NY) which meets neither X nor Y. O

Now we are ready to deduce Theorem 4.4.2 from Theorem 16:
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Proof of Theorem 4.4.2. Let N' be as above. We will build our tree of tree-
decompositions inductively level-by-level, adding at stage k to every node ¢ on
level k—1 new neighbours on level k, one for every torso of the tree-decomposition
(Ty, V4). We do this in a way that ensures the following properties:

(i) If d(r,t) = k, then every separation in (7%, V) has order k + 1.

(ii) Every separator in N of size at least k + 2 is contained in exactly one of
the torsos of (T3, V), whenever d(t,r) < k.

(iii) If d(t,r) = k, every torso of (T}, V;) meets at most one component of G— X
for every X € N’ of size < k with X C V(G,).

Our inductive construction goes as follows: for k = 0 we consider the set Sy
which consists of, for every separator X of size 1 in N’ and every component C
of G — X, the separation (C' U X,V (G) \ C), unless C is the only component of
G-X.

Observe that S; is a nested set of separations: any two separations with
the same separator are nested by construction and for separations with distinct
separators X and Y the separators are disjoint, so G — (X NY') = G is connected
and Lemma 4.4.28 gives that the separations are nested.

Moreover, every w-chain (A, B1) < (Ag, B2) < ... in S} has (), Bi = 0:
we may assume without loss of generality that no two of these separations have
the same separator since S7 has no 3-chain of separations with the same separator.
On the other hand a path from a vertex in (), B; to A1 (which has finite
length) would need to meet all the infinitely many disjoint separators A; N B;.

Since S; contains no separation with a small orientation by construction,
it is a regular tree set. Thus, by Lemma 4.4.7 it induces a canonical tree-
decomposition (T;,V,) of G, = G. We assign this tree-decomposition to the
root of our tree of tree-decompositions and shall now verify (i) to (iii).

Observe that this decomposition satisfies (i) and (iii) as we only used sep-
arators of size 1 and every torso of (T3,V;) meets at most one component of
G — X for every X € N’ of size < 1 with X C V(G¢). Moreover, (ii) is also
satisfied since every separator X in N’ of size at least 2 is nested with each of
the separators used in (7., V,.): such a separator cannot be contained in two
distinct torsos since then a separation with separator in N’ would separate them.
Conversely, there is a torso which contains X: otherwise consider a torso V;
that contains as much of X as possible and another torso V; which contains a
vertex in X N\ V;. Then one of the edges on the path between ¢ and ¢’ in T again
corresponds to a separation which separates X. But this is not possible since
the separators of these separations are in A/' and thus nested with X.

For the k-th step of our construction, for k > 1, we attach at every node ¢ on
level k — 1 of our so-far constructed tree of tree-decompositions, for every torso
G’ of (Tt,V:) a new node ¢’ (which then is at level k) with Gy := G’. We the
independently construct tree-decompositions for each of these torsos Gy.. For
every torso we use all those separators from AN which are of size k + 1 and lie
inside that torso. Note that (ii) guarantees that every separator in A/ of size
k + 1 is contained in exactly one of the newly added torsos.

Given one torso Gy of the tree-decomposition (7%, V;), we let Si4+1 be the
set of all separations (A, B) of Gy of order k + 1 with separator in N’ and the
property that A \ B is a component of G — (AN B) but not the only one.
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We claim that Sk is a nested set of separations. Indeed, if two separations
from Si41 with different separators X and Y were to cross, then by Lemma 4.4.28
there would be a component of Gy — (X NY') avoiding X and Y. However, X NY
has size less than k, lies in N7 and G meets, by (iii), at most one component of
G — (X NY). Hence, if we take vertices z and y in Gy — (X NY') we find a path
P between them in G — (X NY'). But since Gy is obtained from G by repeatedly
building a torso, P N Gy needs to contain a path between x and y in Gy. In
particular, this path does not meet X NY and thus Gy — (X NY’) has only one
component, in particular every component of Gy — (X NY) meets X and Y.

Now consider an w-chain (A41,B1) < (A2,Bs) < ... in Skg+1. We may
assume without loss of generality that no two of these separations have the same
separator, as in the case k = 0. If ("), .y B; is non-empty, then its neighbourhood
Z = Ng,, (ﬂieN B;) needs to be properly contained in some A; N B;: every vertex
in Z needs to be contained in some A,, N B,, and if such a vertex lies in A,,, N B,,,
then it also lies in A,, N B,, for every n > m. In particular, if |Z| > k + 1, there
would be an m such that A,, N B,, C Z and thus A, N B, = A,,NB,Yn>m
contradicting the assumption that no two of the (A;, B;) have the same separator.
Hence, |Z| < k and we can easily find an [ such that Z C A; N B,.

But then again G would meet two distinct components of G—Z: one meeting
;e Bi and one meeting A;. This however is not possible since [Z| < [4; N By
and Z € M.

By construction Sk;1 contains no separation with a small orientation, thus
Sk+1 is a regular tree set, so by Lemma 4.4.7 the set Si41 induces a canonical
tree-decomposition (T3, V) of Gy In this way we construct all the tree-
decompositions for nodes at level k. We need to verify (i) to (iii). (i) is obvious.
For (ii) we observe that every separator in N of size at least k + 2 which was
contained in G was nested with every separator of a separation in Sy, and
is therefore contained in exactly one of the torsos of (T, V), by the same
argument as in the case k = 0.

For (iii) we note that for separators X of size < k every torso of (Ty, Vi)
meets at most one component of G — X as, by induction Gy itself only meets
one component of G — X. For a separator X of size k + 1 let H be a torso of
(Ty, V). Firstly, H meets at most one component of Gy — X since if Gy — X
has more than one component, then X is one of the separators of (T, V) and
therefore, as Si41 includes every separation of the form (C U X, Gy \ X) for
any component C' of Gy — X, there needs to be a component C' of Gy — X such
that H is contained in C' U X.

Secondly, when building the torso Gy from G we never add edges between
distinct components of G — X since we only add edges inside of separators in A/,
which are nested with X. Hence, if H would meet two components of G — X
it would also meet two component of Gy — X. Hence, H meets at most one
component of G — X. This gives (iii).

Verification of Correctness Let us now verify that the so constructed
tree of tree-decompositions ((1',7), (Gt)iev (1), (Tt, Vi)tev (1)) — which is canonical
by construction — has the properties (a) to (¢) from the assertion. The properties
(b) and (c) are fulfilled by construction, so we only need to verify (a).

Let P, P’ be two robust principal profiles from P. By Theorem 16, N’ contains
some separator X which belongs to a separation efficiently distinguishing P
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and P’, say |X| = k. By our inductive construction, there is a unique G; at
level k which contains X. Since P and P’ are principal profiles, there are two
distinct components C,C” of G — X such that (V(G) ~ C,C U X) € P, and
(V(G)NC',C"UX) e P'. We claim that C N V(G;) is not empty.

Note that G is obtained from G by repeatedly taking some separation (A4, B)
of order < k with X C B, deleting A \ B and making A N B complete. If we
apply this operation for a single (A, B) which, say, turns some graph H with
V(H) C V(G) into H' then this preserves for H' the properties of H that (i)
H[C NV (H)] is connected and (ii) every vertex in X has, in H, a neighbour
in CNV(H). Thus, every vertex in X has, in Gy, a neighbour in C NV (Gy)
proving that C' NV (G;) is non-empty.

By a symmetrical argument not only C' but also C’ meets some component
of Gy — X. Moreover, no two distinct components of G — X can meet the same
component of Gy — X: this would require an edge between these components,
which would have to be added by the torso operation — but this operation only
adds edges inside a separator Y € N’. And since Y is nested with X, that is Y’
meets only one component of G — X, this cannot add edges between different
components of G — X.

Thus, there is exactly one component C; of Gy — X such that C; C C and this
component is not the only one from Gy — X. So, by construction the separation
(Ct UX,G¢ \ X), which efficiently distinguishes the induced profiles of P and
P’ onto G, is induced by (T, Vy). O
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4.5 Edge blocks

4.5.1 Introduction

In this section we are going to apply the results from Section 4.4 to another type
of ‘highly connected’ substructures of an infinite graph: those which we think of
as ‘edge-connected’. Related results can be found in [8,10-14,23,26,27,29-31,
33,36,39,42, 45, 46,48, 49,53, 58, 68, 74].

Unlike for vertex-connectivity, where there are multiple competing notions of
‘k-connected piece’, i.e. tangles, blocks and profiles, for edge-connectivity, there
does exist a single notion of ‘k-edge-connected pieces’ that undeniably is the
most natural one. Let k € NU {oo} and let G be any connected graph, possibly
infinite. We say that two vertices or ends are (<k)-inseparable in G if they cannot
be separated in G by fewer than k edges. This defines an equivalence relation on
V(G) :=V(G)UQ(G) where Q(G) denotes the set of ends of G (which is empty
if G is finite). Its equivalence classes are the ‘k-edge-connected pieces’ of G, its
k-edge-blocks. A subset of V(G) is an edge-block if it is a k-edge-block for some k.
Note that any two edge-blocks are either disjoint or one contains the other. In
this section of this thesis we find a canonical tree-like decomposition of any
connected graph, finite or infinite, into its k-edge-blocks—for all k € NU {0}
simultaneously. To state our result, we only need a few intuitive definitions.

A subset X C V(G) lives in a subgraph C' C G or vertex set C' C V(G)
if all the vertices of X lie in C and all the rays of ends in X have tails in C
or G[C], respectively. If G is finite, saying that X lives in C simply means
that X C C. An edge set F C FE(G) distinguishes two edge-blocks of G, not
necessarily k-edge-blocks for the same k, if they live in distinct components of
G — F. It distinguishes them efficiently if they are not distinguished by any edge
set of smaller size. Note that if F' distinguishes two edge-blocks efficiently, then
F must be a bond, a cut with connected sides. A set B of bonds distinguishes
some set of edge-blocks of G efficiently if every two disjoint edge-blocks in this
set are distinguished efficiently by a bond in B. Two cuts Fy, F» of G are nested
if F1 has a side V] and F5 has a side V5 such that V3 C V5. Note that this is
symmetric. The fundamental cuts of a spanning tree, for example, are (pairwise)
nested. One main result of this section reads as follows:

Theorem 17. FEvery connected graph G has a nested set of bonds that efficiently
distinguishes all the edge-blocks of G.

The nested sets N = N(G) that we construct, one for every G, have two
strong additional properties:

(i) They are canonical in that they are invariant under isomorphisms: if
¢: G — G’ is a graph-isomorphism, then (N (G)) = N(p(G)).

(ii) For every k € N, the subset N, C N formed by the bonds of size less than
k is equal to the set of fundamental cuts of a tree-cut decomposition of G
that decomposes G into its k-edge-blocks.

Tree-cut decompositions are decompositions of graphs similar to tree-decompo-
sitions but based on edge-cuts rather than vertex-separators. They were in-
troduced by Wollan [77], and they are more general than the ‘tree-partitions’
introduced by Seese [69] and by Halin [57]; see Section 4.5.4.
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The second additional property above is best possible in the sense that Ny
cannot be replaced with N: there exists a graph G (see Example 4.5.10) that
has no nested set of cuts which, on the one hand, distinguishes all the edge-
blocks of G efficiently, and on the other hand, is the set of fundamental cuts of
some tree-cut decomposition. (This is because the ‘tree-structure’ defined by a
nested set of cuts may have limit points, and hence not be representable by a
graph-theoretical tree.)

It turns out that the nested sets of bonds which make Theorem 17 true can
be characterized in terms of generating bonds (for the definition of generate
see Section 4.5.5):

Theorem 18. Let G be any connected graph and let M be any nested set of
bonds of G. Then the following assertions are equivalent:

1. M efficiently distinguishes all the edge-blocks of G;

2. For every k € N, the <k-sized bonds in M generate all the k-sized cuts
of G.

Nested sets of bonds which are canonical and satisfy assertion (ii) of The-
orem 18 have been constructed by Dicks and Dunwoody using their algebraic
theory of graph symmetries. This is one of the main results of their mono-
graph [17, IT 2.20f]. Since the implication (ii)—(i) of Theorem 18 is straightfor-
ward, Theorem 17 can be deduced from their theory, but it is not stated in [17]
explicitly. Our Theorem 18 itself, in particular its highly non-trivial forward
implication (i)—(ii), does not follow from material in [17]. Since our proofs are
purely combinatorial, we can combine Theorem 17 and the forward implication
(i)—(ii) of Theorem 18 to obtain a purely combinatorial proof of the main result
of Dicks and Dunwoody. In particular, this result shows again that Lemma 15 is
highly flexible and can be used to distinguish highly connected structures in a
variety of contexts. Together, our proofs of Theorem 17 and Theorem 18 take
just over 7 pages in total.

This section is organized as follows. In Section 4.5.2 we introduce the tools
and terminology that we need. In Section 4.5.3 we prove Theorem 17, and we
show that we obtain a canonical set N. In Section 4.5.4 we relate each Ny to a
tree-cut decomposition. In Section 4.5.5 we prove Theorem 18.

4.5.2 Tools and terminology

Throughout this section, G = (V, E) denotes any connected undirected graph,
finite or infinite. When we say ends we mean vertex-ends as usual, not edge-ends.
If a subset X C V(G), usually an edge-block, lives in a subgraph C' C G or
vertex set C' C V(G), we denote this by X T C for short. Recall that X C C
defaults to X C C if G is finite.

The following lemma is well-known [20, Exercise 8.12]; we provide a proof
for the reader’s convenience.

Lemma 4.5.1. Every edge of a graph lies in only finitely many bonds of size k
of that graph, for any k € N.

Proof. Let e be any edge of a graph G, and suppose for a contradiction that
e lies in infinitely many distinct bonds By, By, ... of size k, say. Let F be an
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inclusion-wise maximal set of edges of G such that F is included in B,, for
infinitely many n (all n, without loss of generality). Then |F| < k because the
bonds are distinct, and any bond B,, 2 F' gives rise to a path P in G — F that
links the endvertices of e. Now all the infinitely many bonds B,, must contain
an edge of the finite path P. But by the choice of F', each edge of P lies in only
finitely many B, a contradiction. O

Corollary 4.5.2. Let G be any connected graph, k € N, and let Fy, Fy,... be
infinitely many distinct bonds of G of size at most k such that each bond F,, has
a side A, with A, C Ay, for alln <m. Then |J, .y An = V.

Proof. If | J,, An is a proper subset of V, then any Ao—(V \ U,, An) path in G
admits an edge that lies in infinitely many F;,, contradicting Lemma 4.5.1. O

Cuts, bonds and separations

The order of a cut is its size. A cut-separation of a graph G is a bipartition { A, B}
of the vertex set of G, and it induces the cut E(A, B). Then the order of the
cut E(A, B) is also the order of {A, B}. Recall that in a connected graph, every
cut is induced by a unique cut-separation in this way, to which it corresponds.
A bond-separation of G is a cut-separation that induces a bond of G, a cut with
connected sides. We say that a cut-separation distinguishes two edge-blocks
(efficiently) if its corresponding cut does, and we call two cut-separations nested
if their corresponding cuts are nested. Thus, two cut-separations {A, B} and
{C, D} are nested precisely if they are nested in the universe of bipartitions of
V, i.e. if one of the four inclusions A C C, AC D, B C C or B C D holds.

Clearly, the set of all cut-separations forms a universe of separations (except
for the fact that this universe needs to contain the empty cut {(), V} which we
not treat as a valid cut-separation), and consequently the set of all those cut-
separations of order less than k, for some integer k, corresponds to a separation
system Sk.

4.5.3 Proof of Theorem 17

The proof of our first main result will use Lemma 15, for that we need to show
that we find the required corners for the corresponding nestedness relation ~
on the set A of all the bond-separations of a connected graph G that efficiently
distinguish some edge-blocks of G.

When a = {A, B} and b = {C, D} are two bond-separations, then we will
consider as corners of a and b one of the following four possible objects: either
{AnC,BUD}, {AND,BUC}, {BND,AUC} or {BNC,AUD}. These are
the four possibilities of how a new cut-separation can be built from {4, B} and
{C, D} using just ‘U’ and ‘"\’ and also correspond to the corner separations of
{A, B} and {C, D} in the universe of cut-separations. Note that sometimes an
intersection may be empty so some of the four possibilities may not be valid
cut-separations; and sometimes a possibility is a cut-separation but not an
element of A. We will see in Lemma 4.5.4 that every possibility that happens to
lie in A is already a corner of {4, B} and {C, D} in the sense of our splinters
hierarchically condition, provided that {A, B} and {C, D} cross.

As the index set I of our family (A; : 4 € I') of non-empty subsets of .4
to which we want to apply Lemma 15 we will consider, as usual, the collection
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of all the unordered pairs formed by two disjoint edge-blocks of G, and each
A; will consist of all the bond-separations of G that efficiently distinguish the
two edge-blocks forming the pair . Then every A; will be non-empty because
the edge-blocks forming i are disjoint. Our choice for the order |i| of an index i
shall be the unique natural number that is the order of all the bond-separations
in A;. Note that each of the two edge-blocks forming i will be a k-edge-block
for some k > |i.

Now in order to employ Lemma 15 to deduce Theorem 17, we first have to
verify that (\A; : ¢ € I') thinly splinters. To this end, we verify (ST1) to (ST3)
below.

Recall that the k-crossing number of a, for an a € A and k € N, is the
number of elements of A that cross a and lie in some A; with |i| = k. Note
that in our case, every bond-separation of order k can only possibly lie in sets
A; with |i| = k. Thus, the k-crossing number of a bond-separation of arbitrary
finite order will be the number of efficiently distinguishing bond-separations of
order k crossing it. Thus, we can deduce that every k-crossing number is finite,
and thus that (ST1) holds, from Lemma 4.5.1:

Lemma 4.5.3. FEvery finite-order bond-separation of a graph G is crossed by
only finitely many bond-separations of G of order at most k, for any given k € N.

Proof. Our proof starts with an observation. If two bond-separations {A, B}
and {A’, B’} cross, then A’ contains a vertex from A and a vertex from B. Let
ve A NAand we A'NB. Since G[A'] is connected, there exists a path from v
to w in G[A’]. This path, and thus G[A’], must contain an edge from A to B.
Similarly, G[B’] must contain an edge from A to B.

Now suppose for a contradiction that there are infinitely many bond-sep-
arations of order at most a given k£ € N, which all cross some finite-order
bond-separation {4, B}. Without loss of generality, all the crossing bond-sepa-
rations have order k. Using our observation, the pigeonhole principle and the
finite order of {4, B}, we find two edges e, f € E(A, B) and infinitely many
bond-separations {Ag, Bo}, {A1, B1}, ... that all cross {A, B} so that e € G[A,]
and f € G[B,] for all n € N. Let P be a path in G that links an endvertex v of
e to an endvertex w of f. Now v is contained in all the A,, and w is contained
in all the B, thus for every {A,, B,} there exists an edge of P with one end in
A,, and the other in B,,. However, every {A,,, B,,} corresponds to a bond of size
k of G and, again by the pigeonhole principle, infinitely many of these bonds
must contain the same edge of P. This contradicts Lemma 4.5.1. O

Next, to show (ST2), we need the following lemma:

Lemma 4.5.4. If two cut-separations {A1, B1} and {Ag, Bo} cross, and a third
cut-separation {X,Y} is nested with both {A1, B1} and {As, Bo}, then {X,Y}
is nested with {A; N As, By U By} (provided that this is a cut-separation).

Proof. Since {X,Y} is a cut-separation that is nested with both, {A;, B1} and
{43, By}, either X or Y is a subset of By or Ba, in which case it is immediate
that {X,Y} is nested with {A; N Ay, By U B} as desired, or, one of X and
Y is a subset of A; and one of X and Y is a subset of A>. However, since
A1 U Ay #V(G) (as {A1, B1} and {A3, B2} cross) it needs to be the case that
either X C A1 N4y or Y C A; N Ay, so in either case {X,Y} is nested with
{41 N Ay, B; U By} as desired. O
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Using this lemma, we can now show (ST2):

Lemma 4.5.5. If {A,B} € A; and {C,D} € A; cross with |i| < |j|, then A;
contains some corner of {A, B} and {C, D} that is nested with {A, B}.

Proof. Let us denote the two edge-blocks in j as 8 and ' so that 8 C C and
B’ € D. Since the order of {A, B} is less than |j|, we may assume without loss of
generality that 3, 8’ C A. We claim that either {ANC, BUD} or {AND,BUC}
is the desired corner in A;, and we refer to them as corner candidates. Both
are cut-separations that distinguish 8 and #’, and both are nested with {A, B}.
Furthermore, by Lemma 4.5.4, every cut-separation that is nested with both
{A, B} and {C, D} is also nested with both corner candidates. It remains to
show that at least one of the two corner candidates has order at most |j|, because
then it lies in A; as desired. However, this follows as the order function on the
set of bond-separations is submodular: let us assume for a contradiction that
both corner candidates have order greater than |j|. Then the two inequalities

|[E(ANC,BUD)|+|E(BND,AUC)| < |E(A,B)|+|E(C,D)|
and |E(AND,BUC)|+|E(BNC,AUD)|<|E(A, B)| + |E(C, D)|

imply
|[E(BND,AUC)| < |i| and |E(BNC,AUD)|<]i.

Recall that the edge-blocks forming the pair ¢ are k-edge-blocks for some values
k greater than |i|. One of the edge-blocks of the pair i lives in B, and due to the
latter two inequalities, this edge-block must live either in BN D or in BNC. But
then, either {BND,AUC} or {BNC, AU D} is a cut-separation of order less
than |i] that distinguishes the two edge-blocks forming the pair ¢, contradicting
the fact that an order of at least |¢| is required for that. O

Finally, to show (ST3), we need the following lemma:

Lemma 4.5.6. Let {Ay, B1} and {Aa, B2} be crossing cut-separations such that
both {A1N Az, BiUBs} and {A;UAy, BiN By} are cut-separations as well. Then
every cut-separation that crosses both {A; N Ay, ByUDBs} and {A; U Ay, BiN By}
must also cross both {A1,B1} and {As, Ba}.

Proof. Consider any cut-separation {X, Y} that crosses both {A; N Ay, By UBsy}
and {A; U Ag, By N By}. Since {X,Y} crosses {4; N Ag, By U Ba}, both X and
Y contain a vertex from Ay N Ay. Since {X,Y} crosses {41 U A, By N B}, both
X and Y contain a vertex from By N Ba. Hence, {X,Y} crosses both {A;, By}
and {AQ, BQ} O

Let us now show (ST3):

Lemma 4.5.7. If {A,B} € A; and {C,D} € A; cross with |i| = |j| = k € N,
then either A; contains a corner of {A, B} and {C, D} with strictly lower k-
crossing number than {A, B}, or else A; contains a corner of {A, B} and {C,D}
with strictly lower k-crossing number than {C, D}.

Proof. Let us assume without loss of generality that the k-crossing number of
{A, B} is less than or equal to the k-crossing number of {C, D}, and let us
denote the edge-blocks in j as 8 and 8’ so that 8 C C and 5’ C D. We consider
two cases.
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In the first case, {A, B} distinguishes the two edge-blocks § and 5. Hence,
BEC ANC and ' C BN D, say. Then both {ANC,BUD} and {BND,AUC}
distinguish the two edge-blocks 3 and 3’ that form the pair j, and so they have
order at least |j| = k. Furthermore, we have, by submodularity,

|IE(ANC,BUD)|+ |E(BND,AUC)| < |E(A, B)| + |E(C,D)| = 2k, (1)

so both {ANC,BUD} and {BN D,AUC} must have order exactly k. In
particular, both are contained in A;, and they are corners of {A, B} and {C, D}
by Lemma 4.5.4. Next, we assert that the k-crossing numbers of {ANC, BU D}
and {BND,AUC} in sum are less than the sum of the k-crossing numbers
of {A, B} and {C, D}. Indeed, all the k-crossing numbers involved are finite
by (ST1), and the two cut-separations {A, B} and {C, D} cross which allows
us to deduce the desired inequality between the sums by the Lemmas 4.5.4
and 4.5.6, as follows:

o by Lemma 4.5.4, every {X,Y} € A of order k that crosses at least one of
{ANC,BUD} and {BN D, AUC} must cross at least one of {4, B} and
{C, D}; and

o by Lemma 4.5.6, every {X,Y} € A of order k that crosses both cut-sepa-
rations {ANC,BUD} and {BND,AUC} must cross both {A, B} and
{C,D}.

But then, the strict inequality between the sums, plus our initial assumption
that the k-crossing number of {4, B} is less than or equal to that of {C, D},
implies that one of {ANC,BU D} and {BN D, AUC} must have a k-crossing
number less than the one of {C, D}, as desired.

In the second case, {A, B} does not distinguish the two edge-blocks 8 and f'.
Recall that all the edge-blocks in the two pairs ¢ and j are ¢-edge-blocks for
some values £ > k. Hence, U 3’ C A, say. Let us denote by 8" the edge-block
in 4 that lives in B. Then either 5/ C BNC or 8" E BND,say 8/ T BND.
In total:

BCANC, B CANDand 3" C BND.

Therefore, { ANC, BUD} distinguishes the two edge-blocks 8 and ' forming the
pair j which imposes an order of at least k, and { BN D, AUC} distinguishes the
two edge-blocks forming the pair ¢ which imposes an order of at least k as well.
Combining these lower bounds with (1) we deduce that both {ANC, BUD} and
{BND,AUC?} have order exactly k. In particular, they are contained in A;
and A; respectively, and they are corners of {A, B} and {C, D} by Lemma 4.5.4.
Repeating the final argument of the first case, we deduce from the strict inequality
between the sums of the k-crossing numbers that either {ANC,BUD} € A;
has strictly lower k-crossing number than {C, D}, or else {BND,AUC} € A;
has strictly lower k-crossing number than {A, B}, completing the proof. O

We can now prove the first main result of this section:

Proof of Theorem 17. Let G be any connected graph. By the Lemmas 4.5.3,
4.5.5, and 4.5.7 we may apply Lemma 15 to the family (A; : i € ) defined at
the beginning of this section. This results in the desired nested set N(G) C A.
To see that it is canonical, note that any isomorphism ¢: G — G’ induces an
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isomorphism between (A, ~) and (A’, ~), where the latter is defined like the
former but with regard to G’. Thus, by the ‘moreover’ part of Lemma 15, we
indeed obtain that p(N(G)) = N(p(G)). O

4.5.4 Nested sets of bonds and tree-cut decompositions

Recall that, given a connected graph G, we denote by N = N(G) the canonical
set of nested bonds from Theorem 17 that efficiently distinguishes all the edge-
blocks of G. Furthermore, recall that the subset N C N is formed by the bonds
in N of order less than k. In this section, we show that:

e For every k € N, the subset N, C N is equal to the set of fundamental cuts
of a tree-cut decomposition of G that decomposes G into its k-edge-blocks.

To this end, we first introduce the notion of a tree-cut decomposition. Recall
that a near-partition of a set M is a family of pairwise disjoint subsets Mg C M,
possibly empty, such that Ug Me =M.

Let G be a graph, T a tree, and let X = (X;)ter be a family of vertex sets
X; C V(G) indexed by the nodes t of T. The pair (T, X) is called a tree-cut
decomposition of G if X is a near-partition of V(G). The vertex sets X; are the
parts or bags of the tree-cut decomposition (T, X'). When we say that (T, X)
decomposes G into its k-edge-blocks for a given k, we mean that the non-empty
parts of (T, X) are the sets of vertices of the k-edge-blocks of G. In this section
of this thesis, we require the nodes with non-empty parts to be dense in T in
that every edge of T lies on a path in 7" that links up two nodes with non-empty
parts.

If (T, X) is a tree-cut decomposition, then every edge t1ts of its decomposition
tree T induces a cut E(Uyeq, Xt, Uyeq, Xi) of G where Ty and T3 are the two
components of T" — t1to with t; € T and to € T,. Here, the nodes with non-
empty parts densely lying in T ensures that both unions are non-empty, which is
required of the sides of a cut. We call these induced cuts the fundamental cuts
of the tree-cut decomposition (7, X’). Note that, unlike the fundamental cuts of
a spanning tree, the fundamental cuts of a tree-cut decomposition need not be
bonds.

It is important that parts of a tree-cut decomposition are allowed to be empty,
as the following example demonstrates.

Example 4.5.8. Let the graph G arise from the disjoint union of three copies
G1,G2 and G3 of K* by selecting one vertex v; € G; for all i € [3] and
adding all edges v;v; (i # j € [3]). Then the 3-edge-blocks of G are the
three vertex sets V(G1), V(G2) and V(G3). Since N(G) is canonical, we have
N3(G) = { F1, F», F3 } where F; := {vv; : j # i}. However, we cannot find
a tree-cut decomposition (T, X') of G such that, on the one hand, T is a tree
on three nodes t1,tq,t3 and Xy, = V(G;) for all i € [3], and on the other
hand, the fundamental cuts of (T, X") are precisely the bonds in N3(G): the
decomposition tree 7" would then be a path of length two, and hence would
induce two fundamental cuts, but N3(G) consists of three bonds.

Similar like a tree-decomposition forms an S-tree, so does a tree-cut de-
composition: a tree-cut decomposition (T, X) makes T into an S-tree for the
set S of cut-separations which correspond to its fundamental cuts. We will
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use this observation to relate the set N to a tree-cut decomposition, by using
Theorem 2.6.1 by Gollin and Kneip.

Ny is a set of fundamental cuts

The following theorem clearly implies that N is the set of fundamental cuts of
a tree-cut decomposition of G' that decomposes G into its k-edge-blocks:

Theorem 4.5.9. Let G be any connected graph and k € N. Every nested set of
bonds of G of order less than k is the set of fundamental cuts of some tree-cut
decomposition of G.

Proof. Let G be any connected graph, k € N, and let B be any nested set of
bonds of G of order less than k. We write S for the set of bond-separations
which correspond to the bonds in B.

First, we wish to use Theorem 2.6.1 to find an S-tree (T, ) so that the map
a: E (T) — S is an isomorphism. Since clearly no separation in S is small and
so S is a regular tree set, for this, it suffices to show that B cannot contain
pairwise distinct bonds Fy, F1, ..., F,, such that each bond F,, has a side A,
with A, C Ag for all @ < f < w. This is immediate from Corollary 4.5.2.

Second, we wish to find a tree-cut decomposition (T, X') whose fundamental
cuts are precisely equal to the bonds in B. We define the parts X; of (T, X) by
letting

X = ﬂ{D : (C,D) = a(zx,t) where zt € E(T) }.

Then clearly the parts X; are pairwise disjoint. To see that (J, X; includes
the whole vertex set of G, consider any vertex v € V(G). We orient each edge
t1ty € T towards the ¢; with v € D for (C, D) = a(tz—;,t;). By Corollary 4.5.2
we may let ¢ be the last node of a maximal directed path in 7T'; then all the edges
of T' at t are oriented towards ¢, and v € X; follows. Therefore, X’ is a near-
partition of V(G). Tt is straightforward to see that B is the set of fundamental
cuts of (T, X). O

N is not a set of fundamental cuts

Finally, we show that there exists a graph G that has no nested set of cuts which,
on the one hand, distinguishes all the edge-blocks of G efficiently, and on the
other hand, is the set of fundamental cuts of some tree-cut decomposition.

Example 4.5.10. This example is a variation of Example 4.4.8. Consider the
locally finite graph displayed in Fig. 4.5. This graph G is constructed as follows.
For every n € N3, we pick a copy of K 2t together with n + 2 additional
vertices wy,...,w;,,. Then we select 2" vertices of the K2 and call them

ul, ..., ul,. Furthermore, we select 2" ! vertices of the K 27L+2, other than the
previously chosen v}, and call them v7, ..., v5, ;. Now we add all the red edges
vfu?“, all the blue edges wl”w;”l, and if n > 2 we also add the black edge
ufw?. Finally, we disjointly add one copy of K'° and join one vertex v{ of this
K0 to ul and ud; and we select another vertex w{ € K'° distinct from v9 and
add all edges w)w}. This completes the construction.
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Figure 4.5: The only cut that efficiently distinguishes the two edge-blocks defined
by K% and by K'?8 is drawn in green.

Now the vertex sets of the chosen K2""~ are (27*+2 — 1)-edge-blocks B,,. The
only cut-separation that efficiently distinguishes B,, and B,y is

Fo={{JBn.V\|JBn}
k=1 k=1

Additionally, the vertex set of the K'° is a 9-edge-block By. The only cut-sepa-
ration that efficiently distinguishes By and Bj is Fy := {By, V \ Bo}. Therefore,
N(G) must contain all the cuts corresponding to the cut-separations F,, (n € N).
But the cut-separations F), define an (w + 1)-chain

(Bl,V\Bl) < (Bl UBQ,V\ (Bl UBQ)) << (V\Bo,Bo),
so N(G) cannot be equal to the set of fundamental cuts of a tree cut-decomposition

of G by Theorem 2.6.1.

4.5.5 Generating all bonds

A set S of cut-separations generates a cut {X,Y} if and only if both (X,Y)
and (Y, X) can be obtained from finitely many oriented cut-separations in S by
taking suprema and infima, where

e (A,B)V (A",B"):=(AUA', BN B’) is the supremum and
e (A,B)N(A",B"):= (AN A',BUDB’) is the infimum
of two cut-separations (A, B) and (A’, B’). In this section we prove Theorem 18:

Theorem 18. Let G be any connected graph and let M be any nested set of
bonds of G. Then the following assertions are equivalent:

1. M efficiently distinguishes all the edge-blocks of G;
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2. For every k € N, the <k-sized bonds in M generate all the k-sized cuts
of G.

For the proof, we need a generalized version of the star-comb lemma [20,
Lemma 8.2.2]. A comb in a given graph G means one of the following two
substructures of G:

1. The union of a ray R (the comb’s spine) with infinitely many disjoint finite
paths, possibly trivial, that have precisely their first vertex on R. The last
vertices of those paths are the teeth of this comb.

2. The union of a ray R (the comb’s spine) with infinitely many disjoint

pairwise inequivalent rays Ry, Ry, ... that have precisely their first vertex
on R. The ends to which the rays Ry, R1, ... belong are the teeth of this
comb.

Given a set U C V(G) UQ(G), a comb attached to U is a comb with all its teeth
in U. A star attached to U is either a subdivided infinite star with all its leaves
in U, or a union of infinitely many rays that meet precisely in their first vertex
and belong to distinct ends in U.

Lemma 4.5.11 (Generalized star-comb lemma). Let U C V(G) UQ(G) be an
infinite set for a connected graph G. Then G contains either a comb attached to
U or a star attached to U.

Proof. If U contains infinitely many vertices of G, then we are done by the
standard star-comb lemma [20, Lemma 8.2.2]. Hence, we may assume that U
consists of ends and, say, is countable. Inductively, we choose for each end w € U
aray R, € wso that R, is disjoint from all previously chosen rays, ensuring that
all chosen rays are pairwise disjoint, and we let U’ consist of the first vertices of
these rays. Then we consider an inclusion-wise minimal tree T C G that extends
all the rays R, with w € U. Let T C T be the inclusion-wise minimal subtree
that contains U’. Then, by the standard star-comb lemma, T” contains either a
star or a comb attached to U’, and either extends to a star or comb attached
to U. O

For more on stars and combs, see the series [4-7].
We are now ready to conclude this section of this thesis with a proof of
Theorem 18:

Proof of Theorem 18. (ii)—(i) Let M be any nested set of bonds of G such that,
for every k € N, the <k-sized bonds in M generate all the k-sized cuts of G,
and suppose for a contradiction that there are two edge-blocks 1, 82 which are
not efficiently distinguished by any bond in M. Let {X,Y} be some bond-sep-
aration which efficiently distinguishes 8 and f9, and let k be its order. Let
{{A¢, B¢} : ¢ < n} be a finite set of <k-sized bonds in M which generate {X,Y}.
Since M does not efficiently distinguish $; from fs, for every ¢ < n we either
have that both 31 and 3> live in Ay, or that both of them live in B,. However,
this implies that either both 8y and S5 live in X, or that both of them live in Y,
as both X and Y are obtained as by a combination of unions and intersections
of the Ay and By. This contradicts the fact that {X, Y} distinguishes 8; and fs.

(i)—(ii)) We assume (i). It suffices to prove (ii) for finite bonds. Let
B = E(V4,V3) be any bond of G of size k, say. By Theorem 4.5.9, the set
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formed by the <k-sized bonds in M is the set of fundamental cuts of a tree-cut
decomposition (T, X) of G. Write (T, «) for the S-tree that arises from (T, X).

Since B is finite, only finitely many parts of (T, X') contain endvertices of
edges in B. We let H be the minimal subtree of T" which contains all the
nodes corresponding to these parts. Note that H is finite. Then we let H' be
the subtree of T" which is induced by the nodes of H and all their neighbours
in T. The subtree H' might be infinite, but it is rayless. Let H be the tree-cut
decomposition of G which corresponds to the S-tree (H', o | E(H')).

We claim that every two edge-blocks of G that are distinguished by B are also
distinguished by some fundamental cut of H. For this, let 51 E V4 and (s C V5
be any two edge-blocks of G that are distinguished by B. Then ; and (5 are
also distinguished by a < k-sized bond in M, and hence some fundamental cut
of (T, X) distinguishes £, and S as well. Let st be an edge of T whose induced
fundamental cut distinguishes 3; and 2, chosen at minimal distance to H' in T..
Then 1 lives in C' and 5 lives in D for (C, D) = a(s, t), say. We claim that st is
also an edge of H’, and assume for a contradiction that it is not. Then s, say, is
not a vertex of H' and ¢ lies on the s—H’ path in T". Since {C, D} is an element
of M, it is a bond and in particular G[C] is connected. Moreover, C' avoids the
endvertices of the edges in B, because t separates s from H. Therefore, C is
included in one of the two sides of B, say in Vi, so 1 lives in V4. The node t,
however, cannot lie in H because this would imply s € H’, so ¢ has a neighbour
w in T which separates ¢ (and s) from H. Let (C’,D’) := «a(t,u). Since s and u
are distinct neighbours of ¢, we have (C,D) < (C’, D’). As argued for (C, D),
we find that C’ must be included in one of the two sides of B, and this side must
be V; since C' is included in both Vi and C’. By the choice of st at minimal
distance to H', the edge-block 3 must live in C’ (or we could replace st with tu,
contradicting the choice of st). But then, both 8; and S5 live in V;, the desired
contradiction.

We replace (T, X) with H. Then:

Every two edge-blocks of G that are distinguished by B are
also distinguished by some fundamental cut of (T, X). (+)

Given a node t € T, we denote by X, the subset of V(G) which is the
union of all the (k 4 1)-edge-blocks of G that live in D for all cut-separations
(C,D) = a(s,t) with (s,t) € E(T). Then X, N V(G) = X; and we call X,
the extended part of t. Note that extended parts of distinct nodes are disjoint.
Since T is rayless, the extended parts near-partition V(G) As an immediate
consequence of (x), every extended part of (T, X) lives either in V; or V5.

We colour the nodes of T using red and blue, as follows. We colour a node
t € T red if Xt is non-empty and Xt C V1. Similarly, we colour a node t € T
blue if X, is non-empty and X, C Vs Finally, we consider all the nodes t € T
with X; = 0. These induce a forest in 7. We colour all the nodes in a component
of this forest red if the component has a red neighbour, and blue otherwise.

We let T1 C T be the forest induced by the red nodes, and we let 7o, C T
be the forest induced by the blue nodes. The way in which we coloured the
nodes with empty extended parts ensures that, for every connected component
C of Ty or of Ty, some node ¢ € C has a non-empty extended part X;. Note that
B = E(U,er, Xt> User, Xt) by the definition of 71 and Tp. We claim that we
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are done if T' contains only finitely many 77—T5 edges. Indeed, if sptg, ..., Sptn
are the finitely many T7—T5 edges with sy € T7 and t; € T3, then

(V1,V2) = /\ \/ a(se, te)

C': a component of T L: teeC

Thus, it remains to show that T' contains only finitely many 77715 edges. For
this, we consider the tree 7" that arises from 7' by contracting every component
of Ty and every component of T to a single node. Since T is rayless, so is 7T
By Kénig’s lemma, it remains to show that T is locally finite.

Suppose for a contradiction that d € T is a vertex that has some infinitely
many neighbours ¢, (n € N). Recall that all the sets Y, := J{ X; : t € ¢} where
¢ is a node of T are non-empty. We choose one point u,, € Y, for every n € N,
and we apply the star-comb lemma in the connected side G[V;] of B where all
sets Y., live to the infinite set U := {u,, : n € N}. Then we cannot get a star,
because the finite fundamental cuts of (T, X) induced by its T;—d edges would
force the centre vertex to lie in Yy, contradicting the fact that Yy lives in V3_;.
Therefore, the star-comb lemma must return a comb contained in G[V;] and
attached to U. Without loss of generality, each u,, is a tooth of this comb.

Let us consider the end of G that contains the spine of the comb. This end
is contained in a (k + 1)-edge-block 5 C V;. And /S in turn is included in a set
Y, where ¢ is a component of T;. Hence, ¢ # d. But then, the fundamental cut
of (T, X) which corresponds to the T;—d edge on the c—d path in T separates a
tail of the comb from infinitely many wu,,, a contradiction. O
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4.6 Obtaining trees of tangles from tangle-tree
duality

4.6.1 Introduction

In this section of this thesis we demonstrate the versatility of the most abstract
version of the tangle-tree duality theorem: we deduce Theorem 1.1.3 and some
of its variations from it, reducing the two pillars of abstract tangle theory to a
single pillar.

In order to use tangle-tree duality to deduce tree-of-tangles theorems like
Theorem 1.1.3, we exploit the generality of the most abstract version of the
tangle-tree duality theorem, which reads as follows:

Theorem 4.6.1 (Tangle-tree duality theorem [30, Theorem 4.3]). Let U be a
universe containing a finite separation system S C U and let F C 2Y be a set of
stars such that F is standard for S and § is F-separable. Then exactly one of
the following statements holds:

e there is an F-tangle of S;
e there is an S-tree over F.

The strength of Theorem 4.6.1 lies in the flexibility it allows in the choice
of F. This set F can be tailored to capture a wide variety of tangles and
clusters, allowing Theorem 4.6.1 to be employed in a multitude of different
settings ([26,29]). The freedom in choosing and manipulating F will also allow
us to achieve our goal of deducing tree-of-tangles theorems from Theorem 4.6.1:
by a clever choice of F we can ensure that there is no F-tangle of S, and that
the S-tree over F one then obtains will be a tree of tangles. We present multiple
variations of this idea throughout this section of this thesis.

In terms of simplicity and brevity, reducing the tree-of-tangles theorem to the
tangle-tree duality theorem in this way cannot compete with its direct proofs in
[27],[26] or Section 4.1, our general purpose solution to obtaining tree-of-tangles
theorems in a wide range of structures. (There, we showed an even more general
theorem than Theorem 1.1.3 which no longer mentions tangles or profiles at all,
but just talks about sets of separations fulfilling one simple-to-check condition.)

Instead of competing in terms of simplicity and brevity just for a proof of
the tree-of-tangles theorem, the aim of this section is to bridge the two parts
of the theory needed for their classical proofs. This can be viewed in two ways.
Firstly, that we introduce tools from tangle-tree duality into the world of trees
of tangles, which gives us a new method for building trees in this context very
unlike the proofs in [26,27,39].

Secondly, and perhaps more importantly, from the perspective of tangle-tree
duality this may be viewed as introducing a new range of ways of how to apply the
duality theorem by a careful choice of F. Previous applications of Theorem 4.6.1
all worked with largely similar choices of F, all designed to capture some notion
of ‘width’, whereas we specifically construct F in such a way that no F-tangle
can exist, thereby making sure that Theorem 4.6.1 gives us the dual object which
will be the desired tree of tangles.

A new result that we get from this method is that it allows us to bound the
degrees of the nodes in a tree of tangles in some contexts. Getting such a degree
condition out of the original proofs does not appear to be simple.
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The structure of this section is as follows. In Section 4.6.2 we will repeat the
required definitions from [21,26,27,29,30] not already given in Chapter 2. In
Section 4.6.3 we prove our first basic tree-of-tangles theorem, for structurally
submodular separation systems. A refined version of this argument will be given
in Section 4.6.4, where we show that the approach via tangle-tree duality yields
a bound on the degrees of the nodes in a tree of tangles. In Section 4.6.5 we
present a more involved argument to obtain a tree of tangles that distinguishes
a set of profiles efficiently. Again, this approach can be used to obtain a result
about the degrees in such a tree, and we do so in Section 4.6.6. In Section 4.6.7
we prove a tree-of-tangles theorem for tangles of different orders.

4.6.2 Terminology and background
The tree-of-tangles theorem (see [27])

For the purpose of this section, we shall use the following slightly more restrictive,
non-canonical version of Theorem 1.1.2:

Theorem 4.6.2 ([27, Corollary 3.7], modified). Let (U,<,*,V,A,| |) be a
submodular universe of separations. For every set P of pairwise distinguishable
robust regular profiles in U there is a reqular tree set T = T(P) C U of separations
such that:

(i) every two profiles in P are efficiently distinguished by some separation in
T;

(ii) every separation in T efficiently distinguishes a pair of profiles in P.

Apart from the nested set T not being canonical, the major difference between
Theorem 1.1.2 and Theorem 4.6.2 lies in the fact that we require here that the
set P of profiles is regular and robust, whereas Theorem 1.1.2 only required P
to be a robust set of profiles. Moreover, we do not directly achieve that T is
a regular tree set, this however can easily be fixed at a later point: if T is a
nested set of separations which efficiently distinguish any two regular profiles
from P, then just deleting all separations with a small orientation from 7" results
in a regular tree set doing so as well, as no small separation can distinguish two
regular profiles.

Tangle-tree duality (see [30])

Given some set F of subsets of S, an F-tangle of S is a consistent orientation of
S which includes no subset in F. Given a submodular universe U , we say that
7 is an F-tangle in U if 7 is an F-tangle of some Sj,. Observe that profiles are
Fp-tangles for the set Fp of all ‘profile triples’ {7, 5, (FV)*} C S.

Often we will consider sets F of stars.

We say that a set F forces a separation s € S if {s} e F.

F is standard for S if it forces all trivial separations, that is F contains all
singletons {3} for co-trivial 5 € S.

Recall that an S-tree (T, «r) consists of a tree T together with a map « from
E(T) to § which commutes with *. Given some set F of subsets of S, such an
S-tree (T, o) is over F if a(t) € F for all t € V(T), i.e. for very node t of T the
set of all ingoing separations at that node is contained in F.
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An S-tree (T, o) is irredundant if for any node t € V(T') and distinct neigh-
bours t',t” € N(t) we have that a(t',t) # a(t”,t).

Note that, if F is a set of stars, then any irredundant S-tree over F is
order-respecting.

Given a separation system S inside a universe 17 and 7,5y € S with s S0 2
and where 7 is neither degenerate nor trivial in S the shzftmg map f ¢
defined by letting, for every § > 7,

FIL(3)=5Vs and fIZ (5)=(3V5)"

This map is defined on §>? ~A{r}, Where S>r is the set of all separations ¢t € S
which have an orientation f with £ > 7, and §>? is the set of all orientations of
separations in Sx7.

For an irredundant S-tree (T, o) over some set of stars with {F} = «(z), for
some leaf x of T', we write

(7 _flfﬂ oa.

The resulting new tree (T, v, 5, ) is called the shift of (T, a) from 7 to 5y if the
leaf x is the only one which has «a(z) = {F}.

Given a separation system S inside a universe U and a star 0 C 3, a shift of
o (to some 5y € §) is a star of the form

00 = {TVFIYU{TAS : Teo~{T}},

where T € 0. Note that if, for some 7 € §, we have ¥ > 7, then og‘) is the image
of o under f ¢

A separatlon % emulates 7 in S if 3 > 7 and for every te S~ {F} with>7
we have §V 7 € §. The separation 3 emulates fin§ for F if additionally for
every star o € F with ¥ ¢ o and every ¥ € o with Z > 7 we have o5 € F.

Note that for an irredundant S-tree (T, «) over some set of stars F with
{F} = a(z), for some leaf = of T, the shift from 7 to 3y is again an S-tree over
F if 5y emulates 7 in S for F.

A separation system S is separable if for any two non-trivial nondegenerate
separations 7,7y € S with 71 < o there exists a separation sy € S , with
71 < 5y < Fa such that 55 emulates 71 in S and 5y emulates 7> in S. The
separation system S is F-separable if we can choose, for any two such 7; and 7,
which are non-trivial nondegenerate and not forced by F, such an s so that s
emulates 7 in S for F and 5y emulates 7 in S for F.

The abstract tangle-tree duality theorem now states the following:

Theorem 4.6.1 (Tangle-tree duality theorem [30, Theorem 4.3]). Let U be a
universe containing a finite sepamtwn system S CU and let F C 2U be a set of
stars such that F is standard for S and S is F- separable. Then exactly one of
the following statements holds:

e there is an F-tangle of S;
e there is an S-tree over F.

If, in the following, we speak of the duality theorem, we mean Theorem 4.6.1.
The condition of F-separability is sometimes split into two parts which, in
sum, are stronger: firstly, that S is separable and secondly that F is closed
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under shifting, that is, every shift o’ of a star o € F is also in F if ¢/ C §.
(Compare [26, Lemma 12].)
We shall need the following additional lemmas from the literature:

Lemma 4.6.3 ([30, Lemma 2.1]). Every irredundant S-tree (T, ) over stars is
order-respecting. In particular, a(E(T)) is a nested set of separations in S.

Lemma 4.6.4 ([30, Lemma 2.3]). If (T, «) is an S-tree over F, possibly redund-
ant, then T has a subtree T' such that (T', ') is an irredundant S-tree over F,
where o is the restriction of o to E(T"). If (T, «) is rooted at a leaf x and T
has an edge, then T' can be chosen so as to contain x and e, the edge incident
tox inT.

Lemma 4.6.5 ([26, Lemma 13]). Let U be a universe of separations and § C U
a structurally submodular separation system. Then S s separable.

Moreover, we shall need a variant of [30, Lemma 4.2] which follows with the
exact same proof:

Lemma 4.6.6 ([30]). Let F C 2U be a set of stars. Let (T, @) be a tight and
irredundant S-tree with at least one edge, over some set of stars, and rooted at
a leaf x. Assume that 7 := «(€,) is non-trivial and nondegenerate, let Sy € s
emulate 7 in S for F, and consider o/ = o.5,. Then (T,d') is an order-
respecting S-tree in which {59} is a star associated with x but with no other leaf

of T. Moreover o (t) € F for all t # x with a(t) € F.

The only difference in the statement between Lemma 4.6.6 and [30, Lemma
4.2] is that [30, Lemma 4.2] requires that (T, «) is an S-tree over F, whereas
we only require (T, «) to be an S-tree over some set of stars. Consequently,
in [30, Lemma 4.2] it is shown that then (T, /) is an S-tree over F U {{5 }}
whereas we only conclude that o/(t) € F whenever a(t) € F.

Splices in submodular universes

In addition to the existing terminology, we shall need the following new concept,
which has already been considered in [29], but has not been given a name there:
in a submodular universe U a separation § is a splice for a separation 7 with
7 < 3 if there is no separation £ with ¥ <7 < § and [t| < |s|. A splice between
two separations 7 and § with 7 < § is one of minimum order among all ¢ with
F<EL3.

These splices are good choices for proving separability due to the next lemma.
It follows directly from the proof of Lemma 3.4 of [29] which, phrased in our
terminology, considers a splice between two separations. We recapitulate the
main argument of this proof below.

Lemma 4.6.7 ([Zg) Consider S, C U in a submodular universe. If 3 € Sy,
is a splice for # € Sy, , then, for every t € U with t > ¥, the order of t V 8 is at
most the order of t. In particular, 3 emulates 7 in S, .

Proof sketch, see [29, Lemma 3.4]. If the order of ¥ V § were greater than the
order of £, then, by submodularity, the order of ¥ A § would be less than the
order of 5. However, by the fish Lemma 2.3.1, # < f A§ < § and this contradicts
the fact that 3 is a splice for 7. O
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This lemma then directly implies the ultimate statement of [29, Lemma 3.4]:

Lemma 4.6.8 ([29, Lemma 3.4]). FEvery S, C U in a submodular universe is
separable.

4.6.3 Structurally submodular separation systems

In this section we will prove the first tree-of-tangles theorem of this section
of this thesis. It is a theorem for regular profiles, all of the same structurally
submodular separation system, and states as follows:

Theorem 4.6.9. Let S be a structurally submodular separation system. Then
S contains a nested set that distinguishes the set of reqular profiles of S.

By itself Theorem 4.6.9 is nothing special; indeed, it is a slight weakening
of Theorem 1.1.3, which asserts the same but without requiring the profiles to
be regular. In this case the ingredients of the proof are more interesting than its
result: we shall obtain Theorem 4.6.9 as a direct consequence of Theorem 4.6.1.

So let S be a structurally submodular separation system inside some uni-
verse U. Since we are interested in the regular profiles of S we may assume
that S has no degenerate elements. Our strategy will be as follows: we shall
construct a set F C 2Y for which there is no F-tangle of S, and so that every
element of F is included in at most one regular profile of S. If we can achieve
this, then Theorem 4.6.1 applied to this set F will yield an S-tree over F. The
set N of edge labels of this S-tree (T, «) will then be the desired nested set
distinguishing all regular profiles of S: each regular profile P of S orients the
edges of T' and hence includes a star o of the form «(¢) for some ¢t € V(T'). By
choice of F this ¢ is included in no other regular profile of S, which means that
it distinguishes P from all other profiles.

To construct this set F, first let P be the set of all ‘profile triples’ in S
the set of all {7,3, (7 V 8)*} C §. For a consistent orientation of S it is then
equivalent to be a profile of S and to be a P-tangle. Furthermore, let C be the
set of all {5} with § € § co-small. Finally, let M consist of each of the sets
max P of maximal elements of P for each regular profile P of S. We then take

F:=PUCUM.

With these definitions the regular profiles of S are precisely its (P U C)-tangles;
and there are no F-tangles of S since each regular profile P of S includes
max P e M C F. If this F were a set of stars and if we could feed this F
to Theorem 4.6.1, we would receive an S-tree over F and the edge labels of this
S-tree would be our desired nested set, since each element of F is included in at
most one regular profile of S: indeed, the regular profiles of S have no subsets
in P or C, and each element max P € M is included only in P itself.

Unfortunately, we are still some way off from plugging F into Theorem 4.6.1:
we need to ensure that F is a set of stars that is standard for S and that S
is F-separable. Out of these the second and one half of the third are easy: F is
standard for S since C C F is, and S is separable by Lemma 4.6.5.

We thus need to show that S is not only separable but F-separable. Un-
fortunately our current set F is not even a set of stars yet. However, in [23] a
solution was laid out for this exact situation: a series of lemmas from [23] shows
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that we can simply make F a set of stars and close it under shifting without
altering the set of F-tangles of S.

The way to do this is as follows. Given two elements 7 and § of some set
cC8S, by submodularity, either 7 A5 or ¥ A § must lie in s. Uncrossing T and §
in o then means to replace either 7 by ¥ A5 or § by © A'§, depending on which of
these two lies in 5. (Structural submodularity ensures that at least one of them
does.) Uncrossing all pairs of elements of ¢ in turn yields a star o*, which we
call an uncrossing of o. (Note that o* is not in general unique since it depends
on the order in which one uncrosses the elements of ¢.) It is then easy to see
that a regular profile of S includes o if and only if it includes o*:

Lemma 4.6.10 ([23, Lemma 11]). If a reqular profile of S includes an uncrossing
of some set, it also includes that set.

Conversely, if a reqular consistent orientation of S includes some set, it also
includes each uncrossing of that set.

Let us write F* for the set of all uncrossings of elements of F. Then F* is a
set of stars that is standard for S. We are still not done, however, since 7* need
not be closed under shifting. We can fix this in a similar manner though.

Just as for uncrossings it is not hard to show that the inclusion of a star’s
shift in a regular profile implies that star’s inclusion:

Lemma 4.6.11 ([23, Lemma 13]). If a regular profile of S includes a shift of
some star, it also includes that star.

In [23] the definition of a shift of a star contains additional technical assump-
tions on ¢ and Sy, keeping in line with the precise assumptions of Theorem 4.6.1.
However, the proof of Lemma 4.6.11 does not necessitate this, and neither does
its application.

Lemma 4.6.11 says that if we close F* under shifting we, again, do not alter
the set of F*-tangles of S. Formally, set Gy = F*, and for ¢« > 1 let G; be the
set of all shifts of stars in G;_;. Write F* = Uien Gi- Then, by Lemma 4.6.11,
the F *-tangles of S are precisely its F*-tangles, which is to say that there are
no F *-tangles of S. Moreover, this set F* still has the property that each star
in it is included in at most one regular profile: let us say that o* € F originates
from o € F if o* can be obtained by a series of shifts from an uncrossing of o.
The Lemmas 4.6.10 and 4.6.11 then say that, if ¢* C P for a regular profile P,
and o* originates from o € F, then ¢ C P. Since the only element of F which P
includes is max P, this implies that no other regular profile of S includes o*.

We can thus formally prove Theorem 4.6.9:

Proof of Theorem 4.6.9. Define P, C, M, F, F*, and F* as above. Then F*
is standard for S since C C f*, and closed under shifting by construction.
By Lemma 4.6.5 S is separable. Together this gives that S is F-separable.
Hence, we can apply the tangle-tree duality Theorem 4.6.1 to obtain either
an f*—tangle of S or an S-tree over F*.

We claim that the first is impossible. For suppose that P is some F *-tangle
of S. From C C F* we know that P is a regular and consistent orientation
of S. If P has the profile property (P), then we could derive a contradiction
from the Lemmas 4.6.10 and 4.6.11 since S has no F-tangle. On the other
hand, if P is not a profile, then P includes some set o € P. By the second part
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of Lemma 4.6.10 P then also includes some (in fact: each) uncrossing of o and
hence a set in F* C F*, contrary to its status as an f*—tangle.

So let (T, ) be the S-tree over F* returned by Theorem 4.6.1, which we may
assume to be irredundant (Lemma 4.6.4). Let N be the image of . Then N
is a nested subset of S (Lemma 4.6.3). Let us show that N distinguishes all
regular profiles of S. Since (T, «) is an S-tree over F* each consistent orientation
of S includes some star o* € F* N2V, In particular if P is a regular profile
of S, then P includes some o* € F* N 2V Since the only element of F which P
includes is max P, this o* must originate from max P. Consequently, no other
regular profile of S can include ¢*, since none of them include max P. Thus, ¢*
distinguishes P from every other regular profile of S. Since P was arbitrary this
shows that N distinguishes all regular profiles of S. O

Let us make some remarks on this proof of Theorem 4.6.9. First, in the
definition of F, we could have used other sets M: the only properties of M
that we used is that every regular profile of S contains some set from M, and
that no element of M is included in more than one such regular profile. We will
put this observation to good use in Section 4.6.4, where we will make a more
refined choice for M than simply collecting the sets of maximal elements from
each profile.

Second, with the approach shown here it is not easy to strengthen The-
orem 4.6.9 to the level of Theorem 1.1.3 by dropping the assumption of regularity,
since Lemma 4.6.11 cannot do without this regularity.

In the remainder of this section we will show a more direct version of the
proof presented above. This proof will be the guiding principle by which we will
approach the issues of efficiency and profiles of differing order in Sections 4.6.5
and 4.6.7.

The core idea is that one can take as F the set of all stars that are included
in at most one regular profile of S. An S-tree over this set F would immediately
lead to the desired nested set distinguishing all regular profiles. Moreover, this F
is standard for S since C C F. To obtain this S-tree over F from Theorem 4.6.1
one would only need to show two things, namely that S is F-separable and that
there is no F-tangle of S. The first of these amounts to Lemma 4.6.11; the
second requires the two insights that every F-avoiding consistent orientation
is a regular profile, and that each regular profile of S includes some star in F,
both of which retrace some steps of Lemma 4.6.10.

Lemma 4.6.12. Let S C U be a structurally submodular separation system and
let P be a profile of S. There exists a star o C P such that no other profile of S
includes o.

Proof. Let ¢ C P be a star which minimizes the number of profiles which
include o. Suppose for a contradiction that there exists a profile P’ # P with
o C P'. Some separation s, say, distinguishes P from P’. Clearly s crosses some
element of o.

Suppose that, subject to the above, o and s are chosen so that the number
of separations in ¢ that s crosses is minimum. Let £ € o be a separation that
s crosses. If either of the corner separations £V § or £ V § was in S, then,
by the profile property, it would distinguish P and P’. It would also, by the
fish Lemma 2.3.1, cross one less separation in ¢ than s does, contradicting the
choice of s.
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So, by submodularity, the corner separations f A § and £ A § are in 5. Note
that, by the profile property, any profile including

o =0~ {{YU{t AT, LAE}

also includes o. Consequently, ¢’ together with s are a better choice than o and
s, a contradiction. O

Lemma 4.6.13. Given any set P of profiles of §, every consistent orientation
O of S which is not a profile in P contains a star o which is not contained in
any profile in P.

Proof. Since O is not a profile in P there is, for every profile P in P, a separation
s such that § € O but 5 € P. Pick a set N C O which contains one such
separation for every profile in P and is, subject to this, <-minimal: that is, there
is no other such set N’ together with an injective function « : N’ — N satisfying
s <a(s) forall s € N'.

If N is a nested set, then N contains the desired star, so suppose that 3,7 € N
cross. By submodularity we may suppose, after possibly renaming s and ¢, that
AL € S and thus, by consistency, § At € O. We claim that N \ {3} U {3 At}
is also a candidate for N, contradicting the <-minimality. So suppose that
N ~ {3} U {3 At} does not contain a separation 7 such that ¥ € P, say. Then
clearly 5 € P and f € P, thus, by the profile property 5§V € P which is precisely
such an 7, a contradiction. O]

We are now ready to give a proof of Theorem 4.6.9 without resorting to
Lemma 4.6.10:

Theorem 4.6.9. Let S be a structurally submodular separation system. Then
S contains a nested set that distinguishes the set of reqular profiles of S.

Direct Proof. Let P be the set of regular profiles of S. Let Fp C 25 consist of
all stars ¢ C S for which one of the following is true:

(i) No profile in P includes o, or
(ii) Precisely one profile in P includes o.

This Fp is, by Lemma 4.6.11, closed under shifting: any shift of a star contained
in at most one profile is again contained in at most one profile. The set Fp
is also standard for § , since co-small separations are contained in no regular
profile.

By Theorem 4.6.1 there either exists an S-tree over Fp, or an Fp-tangle
of S. In the former case we obtain the desired nested set. For the latter case
observe that every Fp-tangle P, say, is a regular profile: by Lemma 4.6.13
every consistent orientation which avoids Fp is a profile and if P would not
be regular, it would contain a co-small separation § which is impossible, since
{8} € Fp. So, by Lemma 4.6.12, there exists a star ¢ C P which every profile
other than P avoids. In particular o € Fp, which contradicts the fact that P is
an Fp-tangle. O
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4.6.4 Application: Degrees in trees of tangles

In this section we are going to see that our proof of Theorem 4.6.9 in Section 4.6.3
has one advantage over the usual, more direct proofs of Theorem 4.6.9 from
[26] and Section 4.1: it allows us to easily control the maximum degree of the
resulting tree. More precisely: let S be a structurally submodular separation
system and P a regular profile of S. In this section we answer the following
question: over all trees of tangles that distinguish all regular profiles of S, how
low can the degree of the node containing P in those trees of tangles be?

Let us first make this notion of degree in a tree of tangles formal. For the
purposes of this application only, a tree of tangles (for S) is an irredundant
S-tree (T, ) whose set of edge labels distinguishes all regular profiles of S. For
a regular profile P of S and a tree of tangles (T, «), the node of P in T is the
unique sink of the orientation of T’s edges induced by P, and the degree of P
in (T, «) is the degree of this node.

Our question is thus: what is the minimum degree of P in (T, «) over all
trees of tangles (T, a)?

A lower bound for this degree can be established as follows. Let §(P) denote
the minimal size of a set of separations which distinguishes P from all other
regular profiles of S. If ¢ is the node of P in some tree of tangles (T, «), then «(t)
is such a set of separations which distinguishes P from all other regular profiles
of S; thus, the degree of P in every tree of tangles (T, «) is at least §(P).

We show that this lower bound can be achieved: there is a tree of tangles
(T, «) for S in which P has degree exactly 6(P). In fact (T, «) will be optimal
in this sense not just for P, but for all regular profiles of S simultaneously.
Additionally, the degrees of those nodes of (T, «) that are not the node of some
regular profile will not be unreasonably high: the maximum degree of T' will be
attained in some profiles’ node.

Theorem 4.6.14. Let S be a structurally submodular separation system. Then
there is a tree of tangles (T, «) for S in which each regular profile P of S has
degree exactly 6(P). Furthermore, if A(T) > 3, then A(T) = 6(P) for some
reqular profile P of S.

To prove Theorem 4.6.14 we will follow the first proof of Theorem 4.6.9,
making a more refined choice of M, and utilize the fact that uncrossing and
shifting a set cannot increase its size.

We will later see an example of a structurally submodular separation system
in which §(P) < 2 for every profile P but A(T) = 3 for every tree of tangles T
this will demonstrate that the last assertion of Theorem 4.6.14 is optimal in that
regard.

Observe further that the set of maximal elements of a profile P is a set
which distinguishes P from every other profile of S. (In fact, the maximal
elements of P distinguish P from every other consistent orientation of S.)
Therefore, §(P) < |max P| and hence the degree of P in the tree of tangles
from Theorem 4.6.14 is at most |max P|.

Let us now prove Theorem 4.6.14:

Proof of Theorem 4.6.14. For each regular profile P of S pick a subset Dp C P
of size 0(P) which distinguishes P from every other regular profile of S. Let D
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be the set of these Dp. Define P and C as in the proof of Theorem 4.6.9, and set
F=PUCUD.

From here, define F* and F* just as in Theorem 4.6.9 and follow the same proof.
The result is an S-tree over F*, which we may assume to be irredundant and
hence a tree of tangles for S.

Now let P be a regular profile of S, let ¢t be the node of P in T, and
o* == a(t). As in the proof of Theorem 4.6.9 the only element of F from
which ¢* can originate is Dp. Since uncrossing and shifting Dp cannot increase
its size we have |0*| < |Dp| = §(P). Conversely we have |0*| > 6(P) since o*
distinguishes P from all other regular profiles. Thus, the degree of P in (T, ) is
indeed 6(P).

Finally, if A(T) > 3, the maximum degree of 7' is attained in some node ¢
whose associated star «(t) originates from some Dp € D, since all elements
of F* originating from elements of P or C have size at most three. As above, we
thus have |a(t)| < |Dp| = §(P), giving A(T) = o(P). O

Let us see an example showing that we cannot guarantee to find 7" with
maximum degree less than three, even if all regular profiles of S have 6(P) < 2:

e >

Figure 4.6: A ground-set and system of bipartitions.

Example 4.6.15. Let V consist of the six points in Fig. 4.6, and S be the
separation system given by the six outlined bipartitions of V together with {(), V'}.
(That is, S contains (A, B) and (B, A) for each of these bipartitions {A, B}. We
have (A,B) < (C,D) :& A C C, and (A4, B)* = (B, A). Compare [29].) The
regular profiles of S correspond precisely to the six elements of V: each v € V'
induces a profile of S by orienting each bipartition towards v, and conversely each
profile of S is of this form. Each profile P has at most two maximal elements,
giving §(P) < 2. However, every tree of tangles for S must contain the outer
three bipartitions and hence have a maximum degree of at least three.

4.6.5 Efficient distinguishers

Often our structurally submodular separation system S is actually an Sy, , the
set of all separations of order less than k, of some submodular universe U.

178



In this case we are not just interested in a nested set N of separations which
distinguishes all profiles, but one which does so efficiently. Recall that this means
that NV, for any two profiles, contains a distinguishing separation of minimum
possible order. In this section we are going to see how this can be achieved
for regular profiles of a fixed S utilizing the duality theorem together with a
separate application of its core mechanism: shifting S-trees.

We will prove this theorem:

Theorem 4.6.16. Let U be a submodular universe and let P be a set of reqular
profiles of S . Then there exists a nested set N C Sy efficiently distinguishing
all the profiles in P.

Our approach is similar to the one of the direct proof in Section 4.6.3, but
we shall restrict our set of stars so that they do not interfere with efficiency.

Consider a nested set of separations which distinguishes all profiles efficiently
and, subject to this, is C-minimal. Every profile P induces an orientation of this
set, and the maximal elements of this orientation form a star. The separations in
this star are, in a way, ‘well-connected’ to the profile. We make this a condition
on the stars we consider. For a star ¢ and a profile P, we say that o has the
property Eff(P) if the following holds:

fsecoand s € P: <5 and |s'| < |s]. (Eff(P))

This condition ensures that, for two profiles P and P’, a star o with prop-
erty Eff(P) containing g, and a star ¢’ with property Eff(P’) containing §, the
separation § needs to be an efficient P—P’-distinguisher. For if 3 is not efficient,
consider an efficient P—P’-distinguisher 7 € P. Then 7 cannot be nested with 8,
since § < 7 would contradict property Eﬁ( ) whereas ¥ < § would contradict
property Eff(P’). But 7 cannot cross 3 either: if it did we would have either
|7 V3| < |5] or [FAZ| < |3| by submodularity, again contradicting property Eff(P)
or Eff(P’), respectively.

Property Eff(P) is preserved under taking shifts:

Lemma 4.6.17. Let s € §k be a splice for 7 € §k and let o C §k be a star
with some ¥ € o with ¥ > 7. If a profile P contains both o and o' := o5 and o
has property Eff(P), then also o’ has property Eff(P).

Proof. Suppose for a contradiction that ¢’ does not have property Eff(P), that
is, above some L A5 € o/, where { € o, there is a separation t’ € P of lower order
than £ A 5.

We will first show that we may assume t" < f. Since g is a splice for 7 we
have |8 A v| > |3], and thus by submodularity |5 A | < |£]. So if > £, then
this contradicts the assertion that o has property Eff(P). If however ¥’ crosses
t, then, by the profile property of P and property Eff(P) of ¢, the supremum
"V T has at least the order of . By submodularity then, ¢ A £ has at most the
order of ¢'. This is also a separation in P which is above A § and of lower order
than A §, so we may consider it instead.

Now, since § is a splice for 7 we have that [v' A S| > |3|, so by submodularity
A § has at most the order of #. But this ¢’ A § is the same as ¢ A § since
t>1 >t A5 Sowe have [t A 3| < |[t], which contradicts the assumption that

—

[t'] < | A O

r

4oy
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We define F, as the set of all stars o C §k which are contained in at most
one profile in P and which, if they are contained in a profile P € P, fulfil
property Eff(P).

From the Lemmas 4.6.11 and 4.6.17 immediately we obtain the following
corollary:

Corollary 4.6.18. Sy is F.-separable.

However, an S-tree over F, does not necessarily give rise to an efficient
distinguisher set for P because we make no assumptions on those stars which
are not contained in any profile. Our proof of Theorem 4.6.16 will need to make
additional arguments on why an efficient such tree exists.

It would be much more elegant if we could introduce a condition, similar to
Eff(-), on the stars which are in no profile, so as to guarantee that any Si-tree
over these stars is as desired. However, all possible such properties that the
authors could come up with failed to give F-separability and there is reason
to believe that such a solution is not possible: the critical part in the proof of
Theorem 4.6.16 will make a global argument, specifically that of two shifts of
one separation one is an efficient distinguisher. Separability on the other hand
is defined in terms of each individual shift of a star.

For this section’s analogue of Lemma 4.6.12, we define the fatness of a star o
as the tuple (ng_1,nk_2,...,n1,n0), where n; is the number of separations of
order i in 0. We will consider the lexicographic order on the fatness of stars.

Lemma 4.6.19. Given a set P of regular profiles of S, every profile P € P
includes a star in F..

Proof. By Lemma 4.6.12 P includes a star which is contained only in P. Take
such a star ¢ which has lexicographically minimal fatness and suppose for a
contradiction that o does not have property Eff(P). So take § € o and 7 € P
with § <7 and |r| < |s|. Among the possible choices for 7, let 7 be one which
crosses as few separations in ¢ as possible. If 7 were nested with o, then the
maximal elements of o U {7} would form a star of lower fatness, thus we may
suppose that 7 crosses some ¥ € o.

By the choice of 7, the corner separations 7V & and ¥ A & must have strictly
higher order than |r| since both are > §. Thus, by submodularity, the corner
separations 7 A T and ¥ A T have strictly lower order than |z|. Now the star
o' = o~ {Z}U{F AZ, F AT} has a lower fatness. This star is still contained in
P by consistency and in no other profile, since every profile which includes o’
also includes o by the profile property applied with ¥ and 7. This contradicts
the choice of o. O

We are now able to prove Theorem 4.6.16:

Proof of Theorem 4.6.16. We may apply Theorem 4.6.1 for F, since S, is F.-
separable by Corollary 4.6.18 and F, is standard since co-trivial separations
are not contained in any regular profile. From this theorem we cannot get
an Fe-tangle: such a tangle cannot be a profile in P by Lemma 4.6.19, and
Lemma 4.6.13 states that every consistent orientation which is not a profile in
P includes a star which is not contained in any profile in P, but each of these
stars is contained in F., so no such orientation is an F.-tangle. So instead, there
exists an Si-tree over F,.
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Among all Si-trees over F. pick an irredundant one, (T, «) say, whose
associated separations efficiently distinguishes as many pairs of profiles as possible.
Let us suppose that some pair of profiles P;, P5 is not distinguished efficiently
by this tree.

Consider the nodes vp,,vp, of this tree corresponding to P, and P». These
nodes are distinct, since every star in F. is contained in at most one profile.
Moreover, we can assume without loss of generality that in no node on the path
between vp, and vp, there lives a profile @): in that case either the pair P;, Q
or the pair @, P> would not be efficiently distinguished by (T, ) either, so we
could consider them instead.

Let Sp, be the separation associated to the first edge on the path from vp,
to vp, and let §p, be the separation associated to the first edge on the path
from vp, to vp,. There exists a separation ¢ which efficiently distinguishes P;
and P» and is nested with §p, and 5p,: if t € P, is not nested with, say Sp, , we
know by property Eff(P) that 5p, V  needs to have order at least |sp, |, thus
5p, At has order at most |t|, so it efficiently distinguishes P; and P, and is
nested with sp. Thus, by the fish Lemma 2.3.1, there indeed needs to exist such
a t which efficiently distinguishes P; and P, and is nested with §p, and Sp,.
Moreover, ¢ has an orientation such that sp, < < §p,, otherwise the existence
of t again contradicts either property Eff(P) or Eff(Q). Note that £ thus is a
splice between sp, and 5p, and therefore { emulates sp, for F. and t emulates
Sp, for Fe.

Let Tp, be the subtree of T" consisting of the component of T' — vp, which
contains vp, together with vp, and similarly let Tp, be the subtree consisting of
the component of 7' — vp, containing vp, together with vp,.

We consider the trees (Tp,,ap,) and (Tp,, ap,) obtained from (Tp,, [ Tp,)
and (Tp,, [ Tp,) by applying the shifts f ¢§PI and f igp"‘ , respectively. Consider
now the tree (77, a’) obtained from these two trees by identifying the respective
edges associated with ¢. By applying Lemma 4.6.6 with the two shifted trees
the combined tree is again over F.. We may again assume it to be irredundant.
We are going to show that it efficiently distinguishes more pairs of profiles than
(T, ).

Let Q1,Q2 be a pair of profiles which were efficiently distinguished by a
separation 7 associated to an edge of (T, «). If 7 is not associated to any edge of
(T', '), then, without loss of generality, either §p, <7 < Sp, or both §p, <7
and Sp, < 7.

In the first case 7 distinguishes P; and P, and therefore || > [¢|. By the
definition of the shift, our tree (T”,a’) contains both, ¥V  and 7 A f, and both
of them have order at most the order of 7, by Lemma 4.6.7. However, one of
7V E,7 At and T distinguishes Q; and Q, and does so efficiently.

In the second case, by the definition of the shift, our tree (T”, ') contains
both, 7Vt and 7 V £, and both of them have order at most the order of 7, again
by Lemma 4.6.7. Again, one of 7V { and 7V t distinguishes Q; and Qo and does
so efficiently.

Thus, since (77, ') additionally efficiently distinguishes P; and P, with ¢,
this contradicts the choice of (T, a). O
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4.6.6 Degrees in efficient trees of tangles

In this section we apply our method from Section 4.6.4 to Theorem 4.6.16
to obtain a tree of tangles of low degree, but this time one which efficiently
distinguishes the profiles. That is, we are interested in the minimal degrees of
a tree of tangles whose associated separations efficiently distinguish all regular
profiles of Sy.

Extending the definitions of Section 4.6.4, let us say that a tree of tangles
(T, @) for Sy is efficient if the set of edge labels not only distinguishes all regular
profiles of Sk, but does so efficiently.

Given a k-profile P, we denote by d.(P) the minimal size of a star ¢ C P with
property Eff(P) which distinguishes P from all other regular profiles of Sy, i.e.
every other regular profile orients some § € o as 5. Note that, by Lemma 4.6.19,
there exists such a star for every regular profile P, thus d.(P) is a well-defined
natural number.

We denote by e max the maximum of é.(P) over all regular profiles P.

We can give a bound on 6. (P) which is not in terms of stars or nested sets:

Lemma 4.6.20. Let P be a reqular k-profile in U and let Dp C P be a subset
of P which contains, for every reqular k-profile P’ # P in U, a separation which
efficiently distinguishes P from P'. Let us denote as m the number of mazximal
elements of Dp. Then 6.(P) < m.

Proof. Tt is enough to consider a set Dp C P so that m = |max Dp| is as small
as possible. Moreover, we may assume without loss of generality that every
element of Dp distinguishes P efficiently from some other profile in P, since we
could otherwise remove it from Dp. We may furthermore assume that, subject
to all this, Dp is chosen so that max Dp is <-minimal. Furthermore, we may
suppose that, for separations 7 < § in Dp, the order of 7 is lower than the order
of 3, since otherwise we could just remove 7 from Dp.

If the maximal separations in Dp are pairwise nested, they satisfy prop-
erty Eff (P) by the fact that they distinguish P efficiently from some other profile
P’. Further, every profile P’ is distinguished from P by some maximal separation
in Dp: there is an efficient P-P’ distinguisher § € Dp and thus a maximal
separation { > 3in Dp also distinguishes P from P’. Hence, if the maximal
elements of Dp are pairwise nested, they are a candidate for é.(P) and therefore
witness that 0.(P) < m.

So suppose that this is not the case, so two maximal separations 8,7 € Dp
cross and, without loss of generality, |3| < |£|. By the definition of Dp, there is
a profile Ps; which is efficiently distinguished from P by § € Dp. Similarly, there
is such a profile P, for ¢.

Since Dp was chosen to have as few maximal elements as possible, the
separation § V { has greater order than ¢: otherwise we could, by consistency
and the profile property, replace  in Dp by 3V £. Thus, by submodularity, the
order of 8 A7 is less than the order of 3. In particular, by efficiency of s and t,
neither P, nor P; contains (3 Af)* =5V .

Thus, § At and § A have order precisely |3] and |£], respectively: if one of
them had lower order this would, by the profile property, contradict the fact
that s or ¢, respectively, efficiently distinguishes P from P; or P;, respectively.
This means that, in particular, § At efficiently distinguishes P from P;.
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For every 7 < & in Dp we have assumed |F| < |3]. Both 7 Af and 7 A T
have at most the order of 7 due to submodularity, the efficiency of ¢, the profile
property and consistency, analogue to the above.

Let us consider the set D% obtained from Dp by removing all 7 < 3, and
adding 3 At as well as, for every 7 < §, any 7 Af and 7 At which efficiently
distinguishes P from some other profile. By the above, this set D, distinguishes
P from every other regular profile, and is a candidate for Dp. The maximal
separations of D% and of Dp are the same except that § in Dp is replaced
by § At in D’,. This contradicts the choice of Dp with <-minimal maximal
elements. O

To limit the degree of the node of P in our tree of tangles we want to remove
from F, all the stars which are contained in P but are larger than §.(P). In
order to achieve a maximum degree of 6. max We also need to limit the size of
the stars in J, which are contained in no profile to d¢ max. Like in Section 4.6.4,
we cannot limit the maximum degrees below 3. Along the lines of the proof
of Lemma 4.6.10, the next lemma shows that we can find, in every consistent
orientation O of S, which is not a profile, a star of size 3 contained in O and in
no profile.

Lemma 4.6.21. FEvery consistent orientation O of Sy which is not a profile
contains a star o of size 3 which is not contained in any profile.

Proof. Since O is not a profile, there are 3,7 € O such that § At € O. By
submodularity, either § A or AT € S , let us suppose the former one. Then
o={3At,L,5A1}isastar in O and ¢ cannot be contained in any profile: any
profile P needs to contain either s or §, and the profile property implies that P
then cannot contain both, $ At and § A £. O

We can now show the following variant of Theorem 4.6.16, which shows that
we can find a tree of tangles of bounded degree:

Theorem 19. Let U be a submodular universe and let P be the set of reqular
profiles of Si.. Then there exists a tree of tangles (T, ) such that, for every
profile P € P, the degree of P in (T,«) is 6.(P) and the maximal degree of T is
at most max{d.(P),3}.

Proof. Let F7 be the subset of F. consisting of, for every profile P, all stars
from F. of size d.(P) contained in P, together with all stars of size at most
max{J.(P),3} from F, not contained in any profile. For any star o and any
shift 0% of o we have |o| > |o%|. Further, Sy is F.-separable by Corollary 4.6.18.
Moreover, the shift of a star cannot contain any profile which does not contain
the original star by Lemma 4.6.11, thus Sy is also F;-separable.

Thus, all we need to show is that applying Theorem 4.6.1 cannot result
in an FJ-tangle, the rest of the proof can then be carried out as the proof of
Theorem 4.6.16: instead of S-trees over F, we now consider S-trees over F;,
and observe that the shifting argument in the proof of Theorem 4.6.16 again
shifts stars in FJ to stars in F;.

However, applying Theorem 4.6.1 indeed cannot result in an JF;-tangle: such
a tangle cannot be a regular profile, since by our definition of é.(P), there is a
star in F7 contained in P. But every consistent orientation which is not a regular
profile either contains a star {8} for a co-small separation § — each such star is
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also contained in F, — or contains, by Lemma 4.6.21 a star of size 3 not contained
in any profile. Either such star is also contained in FJ by definition. O

4.6.7 Tangles of mixed orders

In this section we would like to use the ideas from Section 4.6.5 to obtain a proof
of Theorem 4.6.2 using tangle-tree duality. The challenge of Theorem 4.6.2 com-
pared to Theorem 4.6.16 is that the set of profiles P considered in Theorem 4.6.2
consists of profiles of different orders. In particular, there might be profiles P,
and P, in P which are efficiently distinguished by separations of order k, say,
and there might be another profile @@ € P which has only order [ < k and thus
does not orient the separations which efficiently distinguish P; and P,. Thus,
we cannot simply require the stars in our set F to be contained in at most one
profile: the resulting S-tree over F would not necessarily distinguish all profiles
in P, for example it might not distinguish the profiles P; and @ from above. Our
solution to this problem will be to restrict the set of stars further by additionally
requiring that all the separations in a star in F ‘could be oriented’ by every
profile in P, even if that profile has lower order than the separation considered.

With this further restricted set of stars however S will no longer be F-
separable, but it will only fail to do so under rather specific circumstances.
Thus, in order to obtain a result in the fashion of Theorem 4.6.2, we need a
slightly stronger version of Theorem 4.6.1, which allows us to exclude this specific
situation in the requirement of F-separability.

More precisely, we need the following result from [41]:

Theorem 4.6.22 ([41, Theorem 7.1.]). Let U be a finite universe, S C U a
separation system, and F C 2° a set of stars such that F is standard for S and
S is critically F-separable. Then precisely one of the following holds:

e there is an S-tree over F;
e there is an F-tangle of S.

Here, a separation 7 in S is said to be F-critical if there exists a star
o € F such that 7 € o, but there is no o’ € F with o’ Nnr = {F}. S is said to
be critically F-separable if all F-critical separations 7,7 € S with 7 < r’ satisfy
that there exists a separation sy € S which emulates 7 in S for F such that 50
emulates 1’ in § for F. In particular, every F-separable separation system S is
also critically F-separable.

We can use this version of the duality statement to obtain a result similar to
Theorem 4.6.2, however our construction only works in distributive universes —
recall that this means that 7V (8 AT) = (7 V 8) A (7 V 7), always — since we need
the following result from [34], which can be also found in [27]:

Lemma 4.6.23 ([27, Theorem 3.11], [34, Theorem 1], strong profile property).
Let U be a distributive universe and S C U structurally submodular, then for
any profile P of S and any 7 and § € P there does not exist any t € P such that
Vs <E

Moreover, our method will not allow us to distinguish all robust profiles,
instead we need a slight strengthening of robustness: we say that a k-profile P
is strongly robust if, for any § € P and ¥ € U where § V7 and §V ¥ both have

184



at most the order of 3, one of §V 7 and 3V 7 is in P. Note that most instances
of tangles, for example tangles in graphs, are strongly robust profiles.

For this section let U be a distributive submodular universe and let P be
some set of pairwise distinguishable strongly robust profiles in U (possibly of
different order).

To handle the issue that not all separations in a tree of tangles for profiles
of different orders are oriented by all the considered profiles, we introduce the
following additional definition: a consistent orientation O of Sy weakly orients a
separation s as § if O contains a separation 7 such that § < 7. If we want to
omit s we just say O weakly contains .

We will now only consider stars of separations where every separation is at
least weakly oriented by all the profiles in P. Specifically, we work with the set
Fq consisting of all stars ¢ with the following properties:

1. There exists at most one profile P € P such that ¢ C P.

2. For every profile P € P such that o € P there exists § € o such that P
weakly orients s as §.

3. If there exists a P € P such that o C P, then o satisfies property Eff(P).

We want to show that U is critically F4-separable, and our first step to do
so is to show that splices — which we want to use in separability — are weakly
oriented by every profile in P.

Lemma 4.6.24. Let U be a distributive submodular universe and let P be a set
of strongly robust profiles in U. Suppose that 7 and § are Fy-critical separations
in U with 7 < 5, then every splice between ¥ and 5 is weakly oriented by every
profile in P.

Proof. Since 7 and § are JFy-critical, they are contained in some star in F; and
hence weakly oriented by every profile in P.

Let t be a splice between 7 and 5. If ¢ is not weakly oriented by every profile
in P, then P contains a profile P of order at most |¢| which weakly orients r as
7 and s as S, since every witnessing separation that a profile weakly orients r
as T or s as § also witnesses that it weakly orients t. Let MY be the set of all
separations w, in P satisfying 7 < w, and having minimal possible order with
that property. Let @, € M be chosen <-maximally. Let w, be defined for s,
accordingly.

Observe that if w, <5, respectively, then, by the order-minimality of M!,
the order of W, is at least |t| so P orients ¢, which contradicts the assumption
that P does not weakly orient ¢. Similarly, w, < ¥ results in a contradiction.

Suppose now that w, crosses S.

We claim that every profile P’ in P which weakly orients s as § also weakly
contains either § V w, or § Vw,. This then implies that {5,§ Aw,.,§ AW, } is a
star in F4, which will contradict the Fy-criticality of §.

So suppose that P’ weakly orients s as 5, witnessed by some w € P’ with
w=s.

If w, V w had order at most the order of wi., this would contradict the
choice of wi.: by Lemma 4.6.23 applied to the separations w, ,ws,w A w,, the
profile P would need to contain w, V @ which contradicts the choice of w), being
<-maximal in Mf .
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Similarly, if @ Aw, had order less than the order of w,., this would contradict
the choice of W), : by consistency P would need to contain wAw, which contradicts
the definition of M}, from which ), was chosen.

Thus, by submodularity, w A w, has order less than the order of w, and
W A w, has order at most the order of w. Hence, as P’ is strongly robust, P’
contains either w V w, or w V w, and therefore either weakly orients § A w, as
SVw, or SAw, as §V w,.

This proves the claim which results in a contradiction to the assumption
that s is Fy critical. Thus, we may suppose that w, does not cross § and, by a
symmetric argument, that w, does not cross 7. Hence, 7 < ws and § < w,. We
may therefore assume without loss of generality that w, = w.

P
Wr = Ws
= -
r S
t
— —

If W, = W, crosses t, then, by the choice of ¢, neither @, A £ nor w, At has
order less than |t|, thus @, V # and @, V  both have order at most the order of
W, . By the strong robustness of P applied to @, ,w, At and @, Af, we know
that either w, Vi € Por w, Vt € P. However, both contradict the <-maximal
choice of W, . So, instead W, is nested with ¢, that is, ¢ has an orientation ¢ such
that < W, , so t is weakly oriented by P, as claimed. O

Note that the assumption that our profiles are strongly robust is essential in
this argument, for example for the case w, = wy: if we only assume robustness,
we can not conclude that P contains either @, V { or @, V t and thus would not
obtain a contradiction.
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The next step is to verify that shifting with a splice as in Lemma 4.6.24 maps
stars in Fy to stars in Fy, which will prove that U is critically F4-separable:

Lemma 4.6.25. Let r and so be separations which are weakly oriented by every
profile in P and suppose that Sy is a splice for . Let o € F4 be a star which
contains a separation T > 7. Then the shift a§° of o from T to sy is again an
element of Fy.

Proof. Since sj is a splice for 7, by Lemma 4.6.7, §V sy has at most the order
of § for every s > 7.

Let o be any star in JF; containing a separation ¥ > 7. By the above,
if ¢ C S, for some k, then also the shift 0‘%0 is a subset of 3. Hence, by
Lemma 4.6.11, every profile in U which contains a§° also contains o. Now if
some profile P contains o, then P orients every separation in a§°, and thus
either P contains the inverse of some separation in a§0 or a? CP.

Hence, by Lemma 4.6.17 it is enough to show that every profile from P which,
for some 7 € o, weakly contains 7 also weakly contains y’ for some separation
= 0';:0 .

So suppose such a profile P, for some 3 € o, weakly contains ¥ and suppose
that this is witnessed by w, € P. If ¥ < %, then ¥ is shifted onto ¥ A 55 and
therefore w, also witnesses that P weakly contains § A 59 while i V 5y € 0§°.
Thus, we may suppose that 7 < i and therefore that ¥ is shifted onto 7 V §p.

If P weakly orients sy as 5y, then P also weakly contains ¥ A 55 < 53 while
TV €0,

Thus, we may suppose that P weakly orients s as sy, witnessed by wy € P.

By our assumptions on so we know that the order of sy A W, is at least the
order of sy and thus, by submodularity, 59 A w, has order at most the order
of wy, i.e. it is oriented by P. By Lemma 4.6.23 applied to wp,w, € P and
50 AW, we can therefore conclude that P contains 54 Vi, i.e. P weakly contains
YV Sy <S5y Viwy. O

In order to use our stronger tangle-tree duality Theorem 4.6.22 with our set
Fq of stars to obtain a tree of tangles for strongly robust profiles it only remains
for us to show that this application cannot result in an Fy-tangle. We do this in
the following two lemmas.

Lemma 4.6.26. For every profile P in U and every set P’ of strongly robust pro-
files in U distinguishable from P, there exists a nested set N which distinguishes
P efficiently from all the profiles in P’.

Proof. For every profile Q € P’ pick a <-minimal separation Sg € P which
efficiently distinguishes @ from P. We claim that the set N consisting of all
these separations s is nested and therefore as claimed.

So suppose that this is not the case, so 5o and s, say, cross. We may
assume without loss of generality that [sg | < [Sg/|. Now 5 V 8 has order at
least the order of ¢ since otherwise, by the profile property, s V 5 would
also distinguish P and Q" and would thus contradict the fact that s/ did so
efficiently. Thus, [sg A Sy | < [5g].

Now @’ orients 5 and it cannot contain 5¢ since then, by the profile property,
5@ N\8¢ would also distinguish P and Q' efficiently and would therefore contradict
the <-minimal choice of 5.
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Thus, 5o € Q'. Now [5g ASg | > [5g | since otherwise, again by the profile
property, 5g NS¢ contradicts the <-minimal choice of 5, .

Thus, by submodularity, [Sg A 5q| < [Sq| and [Sg ASg/| < [8g|. But, by
strong robustness, either 5¢ V 5 or 5g V54 is in Q. In particular, 5o A 5S¢
or 5o A sg efficiently distinguishes P and () and therefore contradicts the
<-minimal choice of 5¢. O

Unlike for structurally submodular separation systems in Lemma 4.6.13 or
efficient distinguishers in Lemma 4.6.21, in this setup we can not necessarily find
a star in Fy which is contained in O but in no profile in P for every orientation
O of U which not include any profile in our set P of strongly robust profiles.
This is because we require that every profile in P weakly orients a separation in
our star outwards, but the stars constructed in Lemma 4.6.21, for example, do
not necessarily have this property. Thus, we are going to, instead, find a star o
contained in both O and exactly one profile from P. Since each such star also
lies in Fy, this will be enough to ensure that our application of Theorem 4.6.22
does not result in an Fy-tangle.

Lemma 4.6.27. For every consistent orientation O ofﬁ and every set P # 0 of
distinguishable strongly robust profiles in U there exists a star o in Fy contained

in O.

Proof. Pick a star o (not necessarily from F,) with the following properties:
(i) ¢ CO.
(ii) o is contained in at least one profile in P.

(iii) Property Eff(P) is satisfied for every profile P € P such that ¢ C P.
)

Every P € P either contains o or weakly contains § for some separation
seo.

(iv

(v) For every separation § € o and any profile o C P there exists a profile
@ € P such that s is an efficient P-@) distinguisher.

Note that the empty set is such a star. Let us further assume that we choose
our star o fulfilling (i)-(v) so that as few profiles in P as possible contain o.

If only one profile contains o, then o € F, is as desired, so let us suppose for
a contradiction that there are at least two such profiles.

Pick two such profiles Py, P, D o such that the order of an efficient P;-Ps-
distinguisher is as small as possible. Pick an efficient P;-P,-distinguisher s which
crosses as few elements of ¢ as possible. O orients s, say § € O. If s is nested
with o, the maximal elements of o U {5} form a star violating the definition of
o: every profile containing this new star also contains o. To see that (iii) is
fulfilled, note that there is no profile P O ¢ in P such that § € P for which
there is a s’ of lower order than § such that s < s e P, since such an s would
be a distinguisher of lower order than § for some pair of profiles containing o,
contrary to the choice of s.

Thus, we may assume that s is not nested with o, say s crosses £ € o. Since,
by (v), there is some profile Q > t for which ¢ is an efficient P;-Q-distinguisher,
we know that at least one of § A and § A has order at least the order of ¢:
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otherwise this would contradict the fact that ¢ is an efficient P;-Q-distinguisher
by robustness (if |¢| < |s|) or the profile property (if |s| < |t|) of Q.

Hence, by submodularity, the order of at least one of 3V f and 5V is at most
the order of s and that separation is therefore also an efficient P;-P»-distinguisher
(by the profile property and consistency), which would make it a better choice
for s, a contradiction.

Therefore, o contains precisely one profile and therefore, by construction,
o€ Fy. O

Together with Theorem 4.6.22, these lemmas give a proof of a tree-of-tangles
theorem for strongly robust profiles of different orders in a submodular universe.
This theorem does not give efficient distinguishers; we will deal with efficiency
in a later step.

Theorem 4.6.28 (Tree-of-tangles theorem for different orders). Let
U= (U,<,*,V,A,|-]) be a submodular distributive universe of separations. Then,
for every distinguishable set P of strongly robust profiles in U, there is a nested
set T =T(P) CU of separations such that:

(i) every two profiles in P are distinguished by some separation in T';

(ii) for any profile P € P, any mazximal 3 € PN T and any s’ € P such that
5 <5 we have 3] < |7].

Proof. By Lemma 4.6.24 and Lemma 4.6.25 the set U is critically Fy-separable
for the set F; defined above. Thus, we can apply Theorem 4.6.22. This can,
by Lemma 4.6.27, not result in an Fy-tangle, thus there is a U-tree over Fy.
By Lemma 4.6.4, we may assume that this U-tree is irredundant. The set of
separations associated to edges of this tree is then a nested set T.

Every profile in P induces a consistent orientation of T, since all the separ-
ations in T are weakly oriented by every profile in P. The maximal elements
of this orientation form a star op in F4, and this star is a subset of P by the
definition of Fy.

To see that T distinguishes every pair of profiles in P, consider two profiles
P and @ in P. These two profiles cannot induce the same orientation of T', since
then op = 0¢ would be a subset of both P and @, contradicting the definition
of F4. Thus, some § € op witnesses that P weakly orients some {e oQ as t
and, vice versa, f witnesses that Q weakly contains 5. Of these two separations
s and t, the one of lower order is thus a P—Q-distinguisher in T

(ii) is then immediate from the definition of Fy. O

Note that the nested set constructed in Theorem 4.6.28 does not yet necessar-
ily distinguish any two profiles efficiently. However, we can use Theorem 4.6.16
in combination with Theorem 4.6.28 to obtain such a set:

Theorem 4.6.29 (Efficient tree-of-tangles theorem for different order profiles).
Let U = ([7, <L VA ) be a submodular distributive undverse of separations.
Then, for every distinguishable set P of strongly robust profiles in (7, there is a
nested set T = T(P) C U of separations such that every two profiles in P are
efficiently distinguished by some separation in T.
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Proof. Let k be the maximal order of a profile in U. Let T be the U-tree over
Fq from the proof of Theorem 4.6.28. We consider the C- maximal subtrees T;
of T" with the property that no internal node of T; corresponds to a profile in P.
Clearly T = |J;~, T; and no two T; share an edge.

We are going to simultaneously replace each of the nested sets of separations
corresponding to the T;’s with other separations in such a way that the resulting
set of separations is still nested, and we ensured that every pair of profiles
contained in some T; is efficiently distinguished by this new set of separations.

So, given some Tj;, let P; be the set of profiles in P living, in T, in one of the
leaves of T;. Let fi be the set of all separations associated to one of the directed
edges adjacent and pointing away from such a leaf. Note that L, is a star. For
every s € L; let P, € P; be the unique profile corresponding to a leaf of T; and
containing 5.

It is easy to check that for any two profiles P and @ in P; there is an efficient
P-Q-distinguisher ¢ which is nested with all of L;: pick one ¢ which is nested
with as many separations from L, as possible. Now ¢ cannot cross an § € L;
such that P, = P or P, = @, as in that case, for { € P;, either { V§ or t A §
would, by submodularity, consistency and the profile property, be an efficient
P-Q—distinguisher and as such contradict the choice of ¢ by Lemma 2.3.1. If on
the other hand t crosses some s € L;, such that P, ¢ {P,Q}, then not both of
5V {and 5§Vt can have order less than the order of s by the profile property
since, by (ii), there is no s’ € P, such that 5 < 5" and || > [s’|. Thus, the order
of either V¢ or §V ¢ is at most the order of ¢, however by Lemma 4.6.23 and
the fish Lemma 2.3.1 this separation then contradicts the choice of .

Moreover, there exists such an efﬁ01ent P- Q distinguisher ¢ which has an
orientation 7 such that & < 7 for every 3 € L;: otherwise § < ¢ for some
orientation of ¢ and if neither P = P, nor ) = P,, then both P and @ would
weakly orient t as t since they weakly contain §. On the other hand, if P = P,
say, then, again by (ii), the order of ¢ is at least the order of s, thus s itself would
be the required efficient P-Q-distinguisher.

Now consider, for every T}, the set U of all separations ¢ in U nested with L;
and fulfilling the additional property of having, for every s € IZ, an orientation
such that § < f, i.e. U’ is the set of all separations in U inside of EZ U" is closed
under V and A in U by the fish Lemma 2.3.1, thus the restriction of U to U? is
again a submodular universe of separations.

Given any § € L;, the down-closure of § is a regular profile of U?. Note that
every efficient distinguisher for the profiles induced by 57 and 52 € L; on U is
also an efficient distinguisher of P, and Ps,.

By Theorem 4.6.16 applied to the set of all separations of order less than &
in U, we thus find a U'-tree T% over F, (defined for P;). The corresponding
nested set IV; efficiently distinguishes all these profiles induced by some §; € L;.

But now the nested set N given by [J:~,(N; U L;) is as desired: it is easy to
see that this set is nested and every N; efficiently distinguishes any two profiles
in P;. Moreover, we only ever changed separations inside of L, for every T;.

The set N also contains an efficient P—Q-distinguisher for profiles P and
Q@ in different T;’s: a profile R whose node in T lies on the path between the
nodes containing P and @, respectively, also does so in the tree induced by
N. Thus, if we have efficient distinguishers for P and R and for R and @,
respectively, in N, then one of the two is also an efficient P—-@Q-distinguisher. An
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inductive application of this argument proves the claim that the set N efficiently
distinguishes any two profiles in P. O
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Chapter 5

Abstract separation systems

The last chapter of this thesis is devoted not to tangles or other ‘highly connected
structures’ in some context, but instead to abstract separation systems themselves.
A lot of results in this thesis, as well as in tangle theory in general, are formulated
in the context of these abstract separation systems, so better understanding
them gives a better insight on tangle theory in general.

For example, there are different notions of submodularity of a separation
system: a separation system could be structurally submodular in the surrounding
universe of separations, or it could be the set Sj for some submodular order
function on that universe, and so far no one has shown that these two classes of
separation systems are not actually the same, i.e. constructed an explicit example
of a structurally submodular separation system for which there does not exist a
submodular order function and a natural number & such that this system equals
Sk. Such a construction is one of the tasks we perform in Section 5.1. Moreover,
we there also show that actually every structurally submodular separation system
can be obtained as a disjoint union of systems of bipartitions. These results are
published in [38], which is joint work with Jakob Kneip and Maximilian Teegen,
however the results presented in Section 5.1 are joint work with Maximilian
Teegen only.

Finally, in Section 5.2 we are concerned with a related question: although we
have seen in Section 5.1 that not every structurally submodular separation system
arises as the Sy, for some submodular order function, it is still unclear, how much
these two different concepts can differ from each other. More specifically we are
concerned with the question of whether the separations in every structurally
submodular separation system can be enumerated in such a way that the set
of the first ¢ separations, for every integer ¢, is again a structurally submodular
separation system. We construct an example of such a structurally submodular
separation system inside a non-distributive universe, for which this is not the case.
We also consider this question for separation systems inside distributive universes
and show, that there the problem is actually equivalent to a question about
systems of sets. Moreover, we solve a variation of that problem, by showing that
such an enumeration is indeed possible if one considers a slightly different notion
of submodularity. Section 5.2 is joint work with Jakob Kneip and Maximilian
Teegen and published in [40].
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5.1 The Structure of Submodular Separation
Systems

5.1.1 Introduction

My co-authors and I have, in much of our work, relied heavily on structural
submodular separation systems. Indeed, separation systems which are structur-
ally submodular in some universe of separations form the most relevant class of
separation systems nowadays, and the most general theorems of abstract tangle
theory are formulated in their context [26,36,39,41].

However, so far no one has analysed under which condltlons this structural
submodularity of a separation system S inside a universe U actually arises from
some submodular order function, that is whether we can find some submodular
order function and an integer k such that s equals Sy . If this is the case, we say
that the submodularity of S in U is order-induced in U. This question, under
which conditions the submodularity of a separation system is order-induced, is
what we approach in Sections 5.1.3 and 5.1.4. In Section 5.1.3 we prove that not
every structurally submodular separation systems is order-induced:

Theorem 20. There exists a separation system S which is submodular in a
universe U of set bipartitions whose submodularity in U is not induced by a
submodular order function on U.

More precisely, we present a necessary condition for the submodularity of
a separation system in a universe U to be order-induced in U , and use this to
give concrete examples of systems which are submodular in some universe U of
separations but whose submodularity is not order-induced in this U.

In Section 5.1.4 we consider another aspect of order-induced submodularity.
Whether the submodularity in a universe U of a separatlon system is order-
induced or not depends, a priori, on the choice of U. As a simple example
consider the case that a separation system S is submodular in L a universe U of
separations, and that U is a subuniverse of some larger universe U’ of separations.
Then S is submodular also in U’. If the submodularity of S in U is witnessed by
some submodular order function on U , we may ask whether we can extend this
function to U’ to witness that S is submodular also in U’. We show that this can
be done in some cases. The general question of whether it is always possible to
extend such a witnessing submodular order function to a larger universe remains
open.

Finally, in Section 5.1.5, we present two decomposition theorems for separation
systems that are submodular in distributive universes. Our first decomposition
theorem allows us to write every such separation system S as a (not necessarily
disjoint) union of three smaller ones, each of which is not only again submodular
in the same universe, but is also closed under taking existing corners in S.
Thus, we cover S by smaller, simpler, ‘spanned’ subsystems. To prove this,
we introduce a variation of Birkhoff’s representation theorem for universes of
separations instead of lattices. Moreover, in our decomposition theorem, the
subsystems can be chosen disjoint, unless the separation system to be decomposed
is one of set bipartitions.

Separation systems that are submodular in the (natural) universe U of bipar-
titions of a set V' cannot be decomposed disjointly into submodular subsystems.
Indeed, every non-empty subsystem would have to contain the separations (V, ()
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and (0, V), since these form opposite corners of every pair of inverse separations.
By submodularity in U one of these — and hence also the other as its inverse —
would have to lie in this subsystem.

Separation systems of set bipartitions are, however, very concrete and bet-
ter understood than the more general abstract separation systems. We may
view these bipartition systems as the ‘elementary parts’ which make up the
separation systems that are submodular in distributive universes. Applying our
decomposition theorem repeatedly, for as long as disjoint decompositions are
possible, we can thus break down every separation system that is submodular in
a distributive universe into those elementary subsystems.

Theorem 21. FEvery separation system S which is submodular in some dis-
tributive universe U of separations is a disjoint union of corner-closed subsystems
S . .,gn of S (which are thus also submodular in U) each of which can be
corner-faithfully embedded into a universe of bipartitions.

Careful analysis of the proof of our decomposition theorem allows us to
explicitly specify the subsystems.

The research in this section was inspired, in part, by our search for a solution
to the unravelling problem which can be found in Section 5.2.

5.1.2 Preliminaries

Additionally to the terminology given in Chapter 2, we need some essential
additional terminology from lattice theory. In this section, we state this termin-
ology and also introduce some definitions specific to this section, most of which
are generalizations of definitions made for separation systems and universes of
separations to posets and lattices, respectively.

Lattice theory

A sublattice L' of a lattice L is a subset of L which is closed under pairwise joins
and meets in L.

Recall that an important example of a lattice is the subset lattice of a finite
set V' which consists of all subsets of V', ordered by inclusion. In fact, all
finite distributive lattices can be represented as such a set of subsets where
V and A coincide with union and intersection. This is a fundamental result
of lattice theory known as the Birkhoff representation theorem, which we can
state after the following additional definitions: a non-bottom element x € L is
join-irreducible if whenever x = a V b for some a,b € L, then x € {a,b}. The
set of all join-irreducible elements of L is denoted [J(L) and forms a partially
ordered set with the order inherited from L. Given a partially ordered set (P, <),
the down-closed sets in P form a distributive lattice with C as the partial order,
union as join and intersection as meet. This lattice is denoted as O(P).

Theorem 5.1.1 (Birkhoff representation theorem; cf. [16, §5.12]). Let L be a
finite distributive lattice. The map n: L — O(J (L)) defined by

na) ={z € J(L) : < a}=[algyw)
s an isomorphism of lattices.

Given a lattice L, any subset P C L together with the restrictions of V and
A (as partial functions) is called a partial lattice. [54]
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Submodularity and additional terminology

Moreover, we need some terminology specific to this section, mostly generalized
versions of established terminology.

A separation system S is a subsystem of another separation system S if
S - S and the involution on S is the restriction of the involution on S”. In
particular, S is a subset of S which is closed under the involution on 5. If a
subsystem S of a universe U is closed under joins and meets in U , we say that S
(together with the restrictions of V and A) is a subuniverse of U. For example,
the bipartition universe B(V') on a set V is a subuniverse of the universe of set
separations of V.

[21] considers submodular order functions for universes of separations, we
will need the more general notion of such a function for arbitrary lattices. Given
a lattice L, a function f: L — Ry is called submodular if

flavb) + fland) < fa)+ f(b)

for all a,b € L. Note that we here, unlike for separation systems, allow our
function to take values in Rar instead of N. However, as already mentioned in
the introduction, for finite separation systems we could have also defined an
order function to take values in R instead of N, due to Lemma 2.4.1.

We say that a subset P is order-induced submodular in a lattice L, or that the
submodularity of P in L is order-induced in L if there exists some submodular
function f on L such that P ={a € L : f(a) < k} for some k. In this case, we
also say that f induces the submodularity of P in L and that f and k induce
the submodularity of P in L.

Similarly, we say that a subsystem S of a universe U is order-induced
submodular in U if there exists a submodular order function f on U (which takes
values in N) and some k£ € N which induce the submodularity of S in (7, ie.
such that S = S,

Given a lattice L and some subset P of L we say that P is submodular in L
if, for all a,b € P, the following holds: the supremum of a and b (taken in L) is
contained in P’, or! the infimum of a and b (taken in L) is contained in P’.

5.1.3 Structural submodularity which is not order-induced

In this section we deal with the question of Whether the submodularity of a
submodular subsystem ScuU of a universe U is always induced by some
submodular order function f on U, ie. that § = 3 for some k. We will
answer this question in the negative, even for distributive 17, and thus show
that submodularity in a universe is a proper generalization of order-induced
submodularity.

We consider the question first for partial lattices P C L which are submodular
in some lattice L. Recall that these are partial lattices P C L such that for any
two points a,b € P at least one of a Vb and a A b (taken in L) is in P.

One way to show that the submodularity of a given partial lattice P inside a
lattice L is not order-induced is to find a sequence aq, a9, ... a, of elements of L
so that every submodular function f on L for which P is the set of all elements of
L of order less than k would need to satisty f(a1) < f(a2) < ... f(an) < f(a1).

1Note that this ‘or’ is not exclusive.
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Such a sequence may be found by finding a directed cycle in a digraph D on L
where we draw an edge from a to b whenever every suitable submodular function
on L needs to satisfy f(a) > f(b).

This motivates the following definition: for P C L we define the dependency
digraph D = (L, E) of P as a directed graph where (a,b) is an edge in F if and
only if one of the following holds:

e ac L~PandbeP;
e a,b € P and there is some ¢ € P such that either

—b=aVcandaAc¢ P, or
—b=aAcandaVc¢ P;

e a,b ¢ P and there is some ¢ € P such that either

—b=aVcandaAc¢ P, or
—b=aAcandaVcgP.

Let us first show that given an order-induced submodular partial lattice
P C L, the edges in the dependency digraph indeed witness that their start
vertex has higher order than their end vertex.

Lemma 5.1.2. If P C L is order-induced submodular, witnessed by some f and
k, and (a,b) is an edge in the dependency digraph of P, then f(a) > f(b).

Proof. Let (a,b) be an edge in the dependency digraph. If a € L~ P and b € P
then f(a) > f(b) since f induces the submodularity of P in L.

If a,b € P we may assume without loss of generality that the edge between
a and b exists because of some ¢ € P withb=aVcand aAc ¢ P.

Because f induces the submodularity of P in L we have f(a Ac¢) > f(c).
Moreover, since f is submodular

flave)+ flane) < fla) + f(e),

and hence f(b) = f(aV c) < f(a), as required.
Similarly, if a,b ¢ P we may assume without loss of generality that the edge
between a and b exists because of some ¢ € P withb=aVcand aAc¢ P.
Because f induces the submodularity of P in L we have f(a A¢) > f(c).
Again, since f is submodular

flave)+ flane) < fla) + f(e),
and hence f(b) = f(aV c) < f(a), as required. O

Thus, a directed cycle in the dependency digraph is an obstruction to the
order-induced submodularity of P.

Corollary 5.1.3. If the dependency digraph of P contains a directed cycle, then
P is not order-induced submodular.

Since every cycle in the dependency digraph D of P is completely contained
in either D[P] or D[L ~\ P], we sometimes consider these two subgraphs inde-
pendently of each other, naming them the inner dependency digraph D[P] and
the outer dependency digraph D[L \ P]

Each cycle in the dependency digraph has length at least 3:

196



Lemma 5.1.4. Let P C L be submodular in L, then the dependency digraph of
P contains no directed cycle of length two.

Proof. As stated above, a cycle of length 2 cannot contain one vertex in P and
one in L \. P. Thus, if the dependency digraph D contains a cycle of length
2 between a and b, then by the definition of the dependency digraph a and b
are comparable in <, so a < b, say. Note that either a,b € P or a,b ¢ P. In
either case, as (a,b) is an edge in D, there exists a ¢ € P such that aVe =10
and a A ¢ € P. Similarly, there exists a d € P such that bAd=a and bV d ¢ P.

If ¢ < d, then d > a and d > ¢ and thus a V ¢ = b < d contradicting the
assumption that bvVd ¢ P. Similarly, if d < ¢, then d < ¢ < b, again contradicting
the assumption. Hence, ¢ and d are incomparable and thus ¢vVd € P or cAd € P,
as ¢,d € P and P is submodular in L. However, b=aVec < dVe, thusdVe > b,
hence dVe>bVd, butalsodVe<dVbasc<b and thusdVe=dVvb¢ P.
And similarly, a = dAb>dAc,thusdAc<aAcbutalsodAc>aAcand
thus dAc=aAc¢P.

Thus, D cannot contain a cycle of length 2. O

Using the dependency digraph, we can give an example of a lattice L together
with a partial lattice P C L which is submodular in L, but where this submodu-
larity is not order-induced. Our example will use a universe of separations as its
lattice, and a submodular separation system for the partial lattice.

In fact, our example consists of oriented bipartitions (equivalently: subsets)
on a set of six elements. The Hasse diagram of this example is displayed in
Fig. 5.1; a formal description follows.

Consider the universe U = B(V) of bipartitions of V' = {a,b,c,d,e, f}. In
there we consider the separation system S consisting of the orientations of the
following unoriented bipartitions:

S={{0,Vv},
{{o1.{a, ¢, d; e, F1} {{d}, {a,b,c.e, f}},{{f}, {a, b, ¢, d, e} }},
{{a, b0}, {c,d e, 1}, {{e, d} {a, byes 1) {{es f1{as b, ¢, d
{{a,0,¢}{d, e, 1}, {{a, b, f}. {c,d; e}}, {as e, 1, {b, ¢, d} )

It is easy to see that S is submodular in U. However, the dependency digraph
of S in U contains the directed cycle

({a,b,c,d} {e, f}) = ({a, b}, {c,d,e, f}) = ({a, b, €, f},{c,d})
— ({e, [} {a,b,¢,d}) = ({¢,d, e, f},{a,b})
= ({e.d}, {a,b,e, f}) = ({a,b,c,d}, {e, f}).
For example, there is an arc between ({a,b, c,d}, {e, f}) and ({a,b},{c,d,e, f})

since

({av b,c, d}’ {e’ f}) A ({CI,, b, f}? {Cv d, e}) = ({a) b}’ {Cv d,e, f})

and
({a7 b,c, d}7 {ea f}) \ ({a7 b, f}v {Cv d, e}) = ({a7 b,c,d, f}) {6}),

but ({a,b,c,d, f},{e}) is not an element of §. The existence of the remaining
arcs in the cycle can be checked similarly.
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Figure 5.1: The Hasse diagram of U from Theorem 20. For readability, only
points in S are labelled and only one side of each bipartition is denoted.

This example proves the following theorem, as every separation system which
is order-induced submodular in a universe U is also a poset which is order-induced
submodular in the lattice U:

Theorem 20. There exists a separation system S which is submodular in a
universe U of set bipartitions whose submodularity in U is not induced by a
submodular order function on U.

One might wonder if every example of a partial lattice with a cycle in its
dependency digraph actually contains a cycle in the inner dependency digraph.
This is not the case, as an example we show the Hasse digram of such a lattice
in Fig. 5.2 and indicate the partial lattice inside this lattice as well as the cycle
in the dependency digraph.

However, we are not aware of any examples of submodular separation systems
whose submodularity in a universe is not order-induced and whose dependency
digraph is acyclic:

Question 5.1.5. Does there exist a separation system S C U which is submod-
ular in U, such that the dependency digraph of S does not contain a cycle, but
the submodularity of S in U is not order-induced?
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Figure 5.2: The dark blue elements form a partial lattice, which does not contain
a cycle in the inner dependency digraph, however, the green dashed edges form
a cycle in the outer dependency digraph.

We can ask the same question for a submodular partial lattice:

Question 5.1.6. Does there exist a partial lattice P C L which is submodular
in the lattice L such that the dependency digraph of P does not contain a cycle,
but the submodularity of P in L is not order-induced?

These two questions are, in fact, equivalent. To see this, observe first that a
positive answer to Question 5.1.5 implies a positive answer to Question 5.1.6:
if there exists a separation system S - U which is submodular in U , such that
the dependency digraph of S does not contain a cycle, but the submodularity is
not order-induced, then we can consider S as a partial lattice inside the lattice
U which still does not contain a cycle in its dependency digraph. However, if
ke Ry and f; : U — R{ would be a submodular function witnessing that S
is order-induced submodular as a partial lattice, then we could consider the
function f given by f(5) = fi(5) + f1(5) for every § € S, which would then, after
applying Lemma 2.4.1 result in a submodular order function for U as a universe,
which witness that the submodularity of S in U is order-induced.

On the other hand, if there exists a partial lattice P C L which is submodular
in the lattice L such that the dependency digraph of P does not contain a cycle,
but the submodularity is not order-induced, we can construct a universe U and
a submodular subsystem S C U, so that the dependency digraph of S does not
contain a cycle, but the submodularity of S in U is not order-induced, as follows:
let L' be a copy of L with reversed partial order (i.e. the poset-dual of L). We
let U be the disjoint union L U L', where we additionally declare 7 < 3 for all
7€ Land 5 € L. The involution on U is defined by mapping an element of L to
its respective copy in L', and vice versa. It is easy to see that this is a universe
of separations and that § = PU P’ (where P C L is as above and P’ C L' is
the image of P in L) is a submodular subsystem of U.2 Moreover, S is not
order-induced submodular, since we can restrict any witnessing submodular

2Note, that in U every separation is either small or co-small, i.e. for every s € U either
s<S5ors<s.
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order function on U to a submodular function on L, which would then witness
that the submodularity of P in L is order-induced.

The dependency digraph of S cannot contain a cycle either, since any such
cycle would result in a cycle in the dependency digraph of L or L': every edge in
the dependency digraph of U either is also an edge in the dependency digraph
of L or L', or is an edge between L and L’ which needs to be an edge between
an element of U < § and §. Thus, given any cycle in the dependency digraph of
U which meets both L and L', we can consider a maximal subpath of this cycle
contained in L; there then needs to be a directed edge in the dependency of L
between the last and the first vertex of this path.

5.1.4 Extending a submodular function

Our aim in this section is to better understand for what kind of submodular
separation systems the submodularity is order-induced. We investigate in how
far the existence of a submodular function depends on the surrounding universe
(7, that is, if we have an order function f which induces the submodularity of
some S in a subuniverse U’ C U, we ask whether we can extend f to U in such
a way that it induces the submodularity of SinU.

We give partial answers to this question: firstly that submodular functions
can be extended in this way from an interval in a universe and, secondly, that for
every subuniverse U’ of a universe U there exists a submodular order function f
and some k, such that U = f~1([0, k]).

It suffices to first consider these problems for submodular functions on
lattices, rather than submodular order functions on universes of separations: due
to Lemma 2.4.1 it is enough to find corresponding functions Wlth Values in R
instead of N Now if f': U — Ry is a submodular function on U’ D U which
agrees on U with some submodular symmetric functlon f: U— Ry, then we
can define a submodular symmetric function f on U’ which agrees with f by

setting

re IS+ [(5)

flg) =
We will then easily see that, in both cases, by Lemma 2.4.1, we find a corres-
ponding order function as desired.

For the first theorem, recall that an interval in a lattice L is, for some z,y € L,
the subset [z,y] = {s € L : < s < y}. Every such interval forms a sublattice.
The following result shows that we can extend a submodular function defined on
an interval.

Theorem 5.1.7. Let L be a lattice and L' = [z,y] C L an interval in L. Suppose
that f: L' — Rsr is a submodular function on L' with maximum value k. Then
there exists a submodular function g: L — R such that g(z) = f(2) for all
z€L and g(z) >k forall z ¢ L'.
Proof. Let us denote as L+ the set of all z € L ~ L’ such that z <y, as L' the
set of all z € L ~ L' such that z > x and as L* the set of all z € L ~ L’ such
that neither z < y nor z > x. Note that Li,LT,L“’ and L’ together form a
partition of L.

For z € L such that z < y we define its down-level dl(z) recursively as follows:
assign dI(L) = 0 for the bottom element L of L. Now

dl(z) :=max{dl(z')+1 : 2/ <z}
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for all other z € L. Similarly, for z € L such that z > x we define its up-level
ul(z) recursively: we assign ul(T) = 0 for the top element T of L. Now

ul(z) == max{ul(z") +1 : 2/ > z}.

Let | be the maximum possible level (up or down) and let M =2-2! -k > k.
We now define g as follows:

f(2) zel
M-(2-2"4¢) secrt
9(z) = —ul(z) +
M- (2-2 ) z€L

4-M z € L¥

To verify that this function is submodular we distinguish the possible cases
which can occur for two incomparable elements a,b € L. Note that in the case
of comparable elements, submodularity is trivially satisfied, so we suppose they
are incomparable.

The case a,b e L.
By construction, the maximal value of g is 4 - M, thus

glaVvd)+gland) <4-M+4-M=g(a)+ g(b).

The case a € LT,b € L.
By the definition of LT, we have a Vb € LT and ul(a) > ul(a V b), thus
glaVb)+gland) < M- (2—274aV0y 4. 0
<M-(2-27") 1 4. M = g(a) + g(b).

The case a € L+, b€ L.
Analogous to the above.

The case a € L', b€ L*.
By the definition of LT, we have, since a Vb > a >z, that avVb € LT U L’
and similarly, a A b € L¥ U L'. Thus, we have

glaVvb) +glanb) <2M +2M < g(b) < g(a) + g(b).

The case a,b e L'.
Suppose without loss of generality that ul(a) < ul(b). By the definition
of LT and ul, we have a Vb € L' and ul(a V b) < ul(a). Furthermore,
aNbe LTUL soin any case g(a A b) < 2M. We calculate
g(aVvb)+gland) < M- (2—2"@HO=Dy L opy
—AM — M(z—ul(a) + 2—ul(a))
<AM — M(279@) 4 27ul®)) = g(a) + g(b).

The case a,b € L.
Analogous to the above.
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The case a € L+, b€ L.
By construction a Ab € LY and a V b € L. Moreover, by the definition of
g we have g(a A b) < g(a) and g(a V b) < g(b) and thus

glanb) +g(aVvd) < gla)+g(b).

The case a € L',b e L.
By the definition of LT, we have a vV b € LT. Moreover, ul(a V b) < ul(b),
by the definition of g and choice of M, we thus have g(a V b) < g(b) — k.
Additionally, g(a Ab) € L', since x < aAband a Ab < a <y. Thus, by
the definition of k, we have g(a A b) < g(a) + k and thus

g(aVvb)+gland) <gb)—k+gla)+k=gla)+g(b).

The case a € L', b c L*.
Analogous to the above.

The case a,bc L'.
Immediate, by the submodularity of f.

Since furthermore g(z) > k whenever z € L ~\ L/, by the definition of M, the
function g is as claimed. O

This theorem will also serve as a tool in proving the second theorem, which
is the following:

Theorem 5.1.8. Let L be a distributive lattice and L' C L a sublattice. Then
there exists a submodular function f: L — RS and a k € Ry such that
L= f71([0, K]).

Theorem 5.1.7 allows us to first prove Theorem 5.1.8 only for the special case
of sublattices L’ which include the top and bottom element of L, and to then
handle general sublattices by combing that result with Theorem 5.1.7.

Lemma 5.1.9. Let L be a distributive lattice and L' C L a sublattice, such that
L and L' have the same top and the same bottom element. Then there exists a
submodular function f: L — R§ such that L' = f~*(0).

Proof. By the Birkhoff representation theorem (Theorem 5.1.1) we may suppose
without loss of generality that L = O(P), for some poset P. We may thus
interpret the elements of L (and thus also those of L’) as subsets of P.

For every element p € P let E, be the set of elements of L’ which contain
p. In particular, the top element of L lies in E),, so E, is non-empty. Thus, we
can consider, for every p € P, the set X, given by [y E, X. Note that p is an
element of X,.

Observe that, since L’ is a sublattice, we have X, € L’ for every p. Given
some Y € L we define f(Y) by summing, over all p in Y, the number of elements
of X, that do not lie in Y. Formally,

fY) = Z|Xp Y

pEY
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This function is submodular, since for all X, Y € L we can calculate as follows

fX)+ 1Y)

:Z|XP\Y|+Z‘XP\X|

pPEY peEX

= Z ([ Xp N Y]+ X, N X|) + Z | Xp N Y]+ Z | Xp N X|
pEXNY pEY X pEX\Y
= > (XN (XNY)[+]X,~ (XUY))
peXNY
+ > XY+ Y X N X
peEYNX peEXNY
=fXNY)+ D XN XUY)+ D IX N[+ > [X, N X|
peXNY peEYNX peEX\Y
2f(XNY)+ > X, N (XUY)
peXNY
+ D XN (XUY)[+ D) X, N (X UY)
pEY~X pEX\Y
=f(XNY)+ > [X,~ (XUY)
peEXUY
=f(XNY)+ f(XUY).

Thus, all that is left to show is that f(Y) > 0 for every Y € L~ L’. To see
this, we observe that, since the bottom element lies in L', any such Y needs
to contain some element p. If X, CY for every p € Y, then this would imply
that Y = [J X,,, contradicting the assumption that ¥ ¢ L’. Thus, there is some
p € Y such that X, Z Y. In particular there needs to be some ¢ € X, such that
q ¢ Y, which witnesses that f(Y) > 0. O

Combining Lemma 5.1.9 and Theorem 5.1.7 results in a proof of The-
orem 5.1.8:

Proof of Theorem 5.1.8. Let L be the bottom element of L’ and let T be the top
element of L'. By Lemma 5.1.9 there is a submodular function f : L” — RJ on
L" =[L,T] 2 L such that f~(0) = L’. Using this f as input in Theorem 5.1.7
results in the desired submodular function on L. O

From Theorem 5.1.7 and Theorem 5.1.8 we now immediately obtain the same
results for subuniverses, in the way discussed above:

Theorem 5.1.10. Given a distributive universe U of separations and a subuni-
verse U’ C U, there is a submodular order function f: U — N and a k € N such
that U' = f~1([0, k]).

Proof. We apply Theorem 5.1.8 to U’ as a sublattice of U to obtain a submodular
function f’ and k' € RS with U’ = f~'(]0,%']). We now define a symmetric
order function f on U with f(3) :== f'(3) + f'(5). Applying Lemma 2.4.1 then
results in the desired function, as can be seen by applying that lemma with
k= 2k, since U" = f~1([0, k]). O
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Theorem 5.1.11. Let U be a universe of separations and U’ = [#,7] C Ua
symmetric interval in U. Suppose that f: U — N is a submodular order function
on U with mazimum value k. Then there exists a submodular order function
g: U — N such that g(z) = f(2) for all z € U and g(z) > k for all z ¢ U".

Proof. We apply Theorem 5.1.7 to U’ as an interval in the lattice U, to obtain a
submodular function ¢’ on U which agrees with f on U’". We notice from the
proof of Theorem 5.1.7 that ¢/(Z) is an even natural number for every z ¢ U’
Now this function ¢’ need not be symmetric, but we can define ¢(2) = w.
Since f is symmetric and ¢’ agrees with f on U, also g agrees with f on U.
Moreover, g is symmetric and takes it values in N . Since ¢’ takes values larger

than k outside of U/, so does g. O

5.1.5 Submodular decompositions in distributive universes

In this concluding section we consider decompositions of separation systems
which are submodular in some universe, asking how such a separation system
can be written as the union of proper subsystems which are still submodular.
On one hand, we show that each separation systems S which is submodular in
some distributive universe U of separations can be decomposed (although not
necessarily disjoint) into at most three strictly smaller, again submodular in U ,
separation systems. On the other hand, we will be able to deduce that we can
decompose every such separation system into disjoint submodular subsystems,
each of which can be embedded into a universe of bipartitions, in which they are
again submodular.

The former statement also allows us to lower bound the size of a largest
proper submodular subsystem: by the pigeonhole principle, at least one of
these subsystems will have a size of at least % This observation vaguely links
the question of submodular decompositions to the unravelling problem (see
Section 5.2): suppose S contains a separation § such that 5" = 5 ~ {3,5} is still
submodular — this is the case if S can be unravelled — then we can decompose 5
into the two submodular subsystems S’ and {5,5,5V 5, 3NS5}

However, while this is a decomposition into fewer parts than the ones we
will obtain from our theorems, our decompositions will have the advantage that
their constituent subsystems are not merely submodular in U but ‘spanned’ in
S: Given a universe U of separations and a subsystem S cU, we say that
S C S is a corner-closed subsystem of § (in U) if for all 3,7 € S we have
V7 e S whenever 3V 7 e S. In particular, if § is submodular in U, then any
corner-closed subsystem 5§’ C § is submodular in U as well.

We begin by considering the special case of systems of bipartitions. This
will later become a subcase in the proof of our general decomposition theorem.
The idea applied in the general case will also be similar to the one in the
bipartition case. To be able to transfer these techniques we will apply the
Birkhoff representation theorem to universes of separations and investigate how
the involution of the universes interacts with this representation. We will state
this in the form of an extended Birkhoff theorem for universes of separations.
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Decomposition in bipartition universes

Given the universe U of bipartitions of some set V' and a separation system
S C U which is submodular in U, we consider, for some v, w € V, the set

{(A4,B)e S : {v,w} C Aor {v,w} C B}.

This set forms a corner-closed subsystem of S in U. We can utilize this observa-
tion to find a decomposition of S into three proper subsystems.

Theorem 5.1.12. Given a universe U = B(V') of bipartitions and a separ-

ation system S C U, such that |S| > 3, there are corner-closed subsystems
Sl,SQ,Sg QS, such that Sl USQ USg =S.

Proof. Since |S| > 3, there are two distinct separations {A, B},{C, D} € S such
that A, B,C, D # (). Moreover, we may assume that, after possibly exchanging
C and D, we have neither C C A nor C C B and thus ANC # 0 and BNC # 0.
Additionally, after possibly exchanging A and B, we may assume B N D # ().

Now pick z € ANC,y € BNC and z € BN D. Let S} be the set of all
separations in S not separating x from y, let S, be the set of all separations in
S not separating x from z and let S5 consists of all separations not separating
y from z. By construction, these sets form corner-closed subsystems: a corner of
two separations not separating x from y, say, does not separate these two points
either.

Moreover, (A, B) is in neither S, nor S, and (C, D) is neither in S, nor S5,
thusgi ggforalllgiga

Finally, observe that, given any (E, F) € §, either E or F contains two of the
points z,y, z, so (B, F) € §; US, US;. Thus, S; US, US; = S, as claimed. [

Birkhoff’s theorem for distributive universes and decompositions in
distributive universes

To lift Theorem 5.1.12 to general distributive universes of separations, we will
represent separations as subsets of some ground set. For this we will once more,
as in Section 5.1.4, use the Birkhoff representation theorem for distributive
lattices:

Theorem 5.1.1 (Birkhoff representation theorem; cf. [16, §5.12]). Let L be a
finite distributive lattice. The map n: L — O(J (L)) defined by

n(a) ={z e J(L) : z<a} =lalgw
s an isomorphism of lattices.

If, in this theorem, the provided distributive lattice L is actually a universe
of separations, we obtain an order-reversing involution on O(J (L)) by concat-
enating n with the involution on the universe. For our version of the Birkhoff
theorem in distributive universes, we examine how this involution behaves with
respect to J(L).

Theorem 5.1.13 (Birkhoff representation of universes of separations).

For every involution poset® (P, <,’), the lattice O(P) becomes a distributive uni-
verse of separations (O(P),*) when equipped with the involution *: X — P~ X',
where X' = {2’ : z € X}.
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Let U be a finite distributive universe of separations and let P = J(ﬁ) Then
there exists an order-reversing involution’ on P, such that the map n: U— Oo(P)
defined by

n(a)={zxeP :x<a}=alp

is an isomorphism of universes of separations between U and (O(P),*).

Proof of Theorem 5.1.13. The first statement is immediate. For the second part
let us assume we are given a distributive universe U of separations and need to
construct an involution on P := J(U) so that U is isomorphic to O(P).

Theorem 5.1.1 tells us that the two are isomorphic as lattices, so it remains
to take care of the involution. Concatenating the isomorphism of lattices
n: U — O(J(U)) with the involution on U gives us an involution * on O(P)
which is order-reversing. Take note that * maps down-closed subsets of P to
down-closed subsets of P; it is not defined on the elements of P.

That * is order-reversing means that X C Y if, and only if, X* O Y* for
all down-closed subsets X,Y of P. Our aim is to define an order-reversing
involution " on P so that for all X € O(P) we have X* = P~ {2’ : z € X}.
We begin with the following claim, which is also a necessary condition for this
aim to be achievable:

For all X € O(P) we have that | X*| = |P| — |X|. M

We prove Eq. (f) by contradiction. So assume that X is an inclusion-wise
minimal down-closed subset of P for which Eq. (1) does not hold. (It clearly
holds for the empty set.) Take a maximal element x of X and consider the
down-closed set X — x. By choice of X, we have |(X — z)*| = |P| — |(X — 2)|.
From X* C (X — x)* it thus follows that | X*| < |P| — | X].

To see that this holds with equality, first observe that there is no down-closed
set Y with (X —2) CY C X and neither is there a down-closed set Y* with
(X —z)* 2Y* 2 X*. However, if (X —z)* ~ X* had more than one element,
then adding a minimal one among them to X™* would give such a set Y*. Hence,
X* must be exactly one element smaller than (X — x)*, giving equality and
contradicting the choice of X. This proves Eq. ().

Let us now define the involution ' on P. The following up- and down-closures
are all to be taken in P. For each z € P we define x’ to be the unique element
of ([z] — x)* ~ [z]*; this is well-defined by Eq. (). We will need to show that ’
is an involution, that ’ is order-reversing and that X* = P~ {2’ : z € X} for
every down-closed set X.

We have [z]* C P~ |2'], and hence (P ~ |2'])* C [z]. If we had proper
inclusion, i.e. (P~ |2'|)* C [z], then the down-closedness of (P ~ |z’ ])* would
imply that (P~ |z’ ])* C [2]—x and thus ([z] —z)* C P~ |2’], contradicting the
choice of ’. Thus, the inclusion holds with equality, and we have [z]* = P~ |2/].

We are now going to show, given some down-closed set X in which x is
maximal, that (X — z)* ~ X* = {2'}. Since [z] C X, we have that X* C [z]*
and thus X™* cannot contain x’. But (X — z)* does contain z’, as otherwise, by

3Recall that involution posets are the same as separation systems. However, to emphasize
that the involution on J(U) is different from the involution on U, despite J(U) being a subset
of U, we prefer the term ‘involution poset’ in this context.
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[z]* = P~ |2’], we have that (X — 2)* C [2]* and thus (X — «) D [z], which
is absurd.

This observation allows us to infer that ’ is indeed an involution on P: by
the fact that [x]* = ([z] — 2)* — 2’ is down-closed, we know that 2 is maximal
in ([z] —2)* and z” is the unique element of

((Tz] —2)" =)~ ([a] =)™ = 2]\ ([2] - 2),

so x' is x.

Let us show that we have X* = P~ {2z’ : z € X} for all X € O(P). We do
so by induction on the size of X; for the empty set the statement is immediate.
So suppose that the assertion holds for each proper down-closed subset of
some non-empty X € O(P) and let  be a maximal element of X. Then
(X —2)* = P~ {y : ye (X —x)}. By the earlier observation, the single
element in (X — x)* ~ X* is precisely ’, giving X* = P~ {y : y€ X} as
claimed.

Finally, we shall check that ' is order-reversing. For this let some x € P
be given. Since [z]* is a down-closed set which does not contain z’ we have
[2]* C P~ |2']. By applying * to both sides and using the above paragraph
we get that [z] D P~ {y' : y € P~ |2’']}. The right-hand side simplifies to
{y/ : y € |2']}. Since this set is down-closed and contains z” = z, the inclusion
is in fact an equality, i.e. [x] = {y : ¥’ € |2’|}. From this it follows that y < z
if and only if ¢/ > 2/. O

We are now ready to prove the central decomposition theorem, that every
sufficiently large separation system which is submodular inside a distributive host
universe of separations, can be either decomposed into three disjoint submodular
subsystems, or is isomorphic to a subsystem of a universe of bipartitions while
preserving existing corners (i.e. joins and meets). Such an isomorphism ¢: S5
between two subsystems S C U and ?’ C U’ of universes U and U’ , where

(7) Vu(8) = (7" V 5) whenever ¥ V5 € S, and conversely ¢(7) A 1(3) = (¥ A 5)
whenever 7AS € S, forall 7,5 € 5, is called a corner-faithful embedding.

Theorem 5.1.14. Let U be a distributive universe of separations and let S C 17,
|S| > 3, be a separation system which is submodular in U. Then there are
corner-closed subsystems S , S, , Sy - S which are submodular in U and such
that §; US, US; = §

Moreover, S , S, , S5 can be chosen disjointly unless S can be corner-faithfully
embedded into a universe of bipartitions.

Proof. The proof is by induction on |U].

By applying Theorem 5.1.13 we may assume, without loss of generality, that
U = (O(P),*) for some involution poset (P, <,’). For every p € P consider the
sets

—

Sy ::{X€§:p€X,p'¢X},
§p/ ::{X€§:p¢X,p'€X},
S, =8~ (S, US,).

Note that these are pairwise disjoint, closed under involution, corner-closed and
S = §p7p/ ng ng/ . If for any p these three sets form a non-trivial decomposition,
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we are done. Otherwise, either for every p € P we have S = §p,p/ or for some p
we have § = §p,

If for some p we have S = §p, then we can consider S as a subsystem of
U = OAP\{E’ p’}) under the corner-faithful embedding ¢: §p U, X — X—p.
Since |U’| < |U| we can then apply the induction hypothesis to get the desired
decomposition.

If S = §p’p, for every p € P, then this means that for every p we have
pe X & p e X forall X € §. In particular, for every X, we have
X* =X~ A =X~ A. This means that S is a submodular subsystem of
the bipartition universe B(P), and Theorem 5.1.12 gives the desired decomposi-
tion. O

Observe that in (O(P),*) wehave XAX* ={pe P : pe X,p ¢ X}. Hence,
by recursively applying the decomposition into §p , §p/ and §p7p/ as above we
never separate any X and Y where X A X* =Y A Y™

Conversely, given any X € O(P), the set of all Y € § with Y AY* = X A X*
is a corner-closed subsystem of S. By the last argument of the proof above,
these can be considered as subsystems of bipartition universes. We thus obtain
our second decomposition result, while also explicitly specifying the subsystems
that make up our decomposition:

Theorem 21. FEvery separation system S which is submodular in some dis-
tributive universe U of separations is a disjoint union of corner-closed subsystems
S Yo .,gn of S (which are thus also submodular in [7) each of which can be
corner-faithfully embedded into a universe of bipartitions.

Specifically, these subsystems are the equivalence classes of the relation ~ on
S where 5 ~ if and only if SAS =t AT in U.
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5.2 The Unravelling Problem

5.2.1 Introduction

Here is an intriguingly simple combinatorial problem — simple enough that you
can explain it to a first-year student of mathematics — but which is challenging
nonetheless:

Problem 22 (Unravelling problem). A finite set X’ of finite sets is woven if, for
all X,Y € X, at least one of X UY and X NY isin X. Let X be a non-empty
woven set. Does there exist an X € X for which X — X is again woven?

Given a set of subsets X which is woven, an unravelling of A shall be a
sequence X = X,, D --- 2 Xy = 0 of sets, all woven, such that |X; ~ X;_1| =1
for all 1 < ¢ < n. If the unravelling problem has a general positive answer, then
every woven set will have an unravelling.

The question of whether every woven set has an unravelling arose naturally
in our study of structurally submodular separation systems, which we will make
precise in Section 5.2.3.

In this section we analyse the unravelling problem. We prove affirmative
versions in two important cases, which come from the original context of sub-
modular separation systems. Our first main result is that unravellings exist for
sets X that consist, for some submodular function f on the subsets of V = J X,
precisely of the sets X C V with f(X) < k for some k. Our second main result
settles the unravelling problem for general finite posets, which we call woven if
they contain, for every two elements, either an infimum or a supremum of these
two elements.

We start in Section 5.2.2 with the additional definitions required for this
section and show that the unravelling problem has an equivalent formulation in
terms of distributive lattices. We also establish a kind of converse of unravelling,
showing that we can find, for every woven set X', some subset of | J X which we
can add to X and remain woven.

In Section 5.2.3 we relate the unravelling problem to abstract separation
systems, and explain how it naturally arises in that context. Throughout the rest
of this section, we will come back to the context of abstract separation systems,
to discuss how our results apply there.

In Section 5.2.4 we give a partial solution to the unravelling problem, by
showing that those woven sets, which arise as an Sj for a submodular order
function, can indeed be unravelled: let X be a collection of subsets of some
finite set V. If X has the form X = {X € 2V : f(X) < k} for some function
f:2¥ = Rand k € R, let us say that f induces X.

Theorem 5.2.1. If X C 2" is induced by a submodular function on 2V, then
X can be unravelled.

In Section 5.2.5 we introduce a possible generalization of the unravelling
problem from subsets of some power set to subsets of any lattice. We show
that the lattice analogue of the unravelling problem can be answered in the
negative for non-distributive lattices, constructing an explicit counterexample.
However, if we restrict this generalized formulation of the unravelling problem
to distributive lattices, it becomes equivalent to Problem 22.

209



We conclude in Section 5.2.6 with our second main result, a variant of the
unravelling problem for general partially ordered sets. Let us call a finite poset
P woven if there exists, for any p, ¢ € P, either a supremum or an infimum in P.
A sequence P = P, D --- D Py = () of subposets is an unravelling of P if P; is
woven and |P; \ P;_1| =1 for every 1 < ¢ < n. Our second main result is that
all woven posets have an unravelling:

Theorem 23. Fvery woven poset can be unravelled.

Wovenness in posets corresponds to the most general notion of submodularity
for separation systems, which is also discussed in [38].

5.2.2 Preliminaries

Given a poset P and a,b € P we say that a is an upper (lower) cover of b if a > b
(a < b) and there does not exist any ¢ € P such that a > ¢ > b (a < ¢ <b).
Using this, we can formulate a lattice-theoretical variation of the unravelling
problem. If L is a lattice, we say that P C L is woven in L if for any p,q € P
we have pVge PorpAgq e P.
We can now generalize Problem 22 as follows:

Problem 5.2.2. Let L be a finite lattice and P C L a non-empty woven subset.
Does there exist p € P for which P — p is again woven?

For distributive lattices, Problem 5.2.2 is equivalent to Problem 22 by Birk-
hoff’s representation Theorem 5.1.1 (see [16]), which says that every finite
distributive lattice is isomorphic to a sublattice of the subset lattice of some
finite set. For general lattices, however, we have a negative solution to Prob-
lem 5.2.2: in Section 5.2.5 we shall construct a (non-distributive) counterexample
for Problem 5.2.2.

Perhaps surprisingly, it is easy to establish a kind of converse to Problem 5.2.2:
given a lattice L and a woven poset P C L we can always find a p € L\ P which
one can add to P while keeping it woven.

Proposition 5.2.3. If L is a lattice and P C L a proper woven subset of L,
then there is a p € L ~ P such that P + p is again woven.

Proof. Let p be a maximal element of L . P. Then P’ := P + r is woven: for
each ¢ € P’ we have (pV q) € P’ by the maximality of p in L \ P. O

In terms of woven sets in the sense of Problem 22, this statement directly
implies the following:

Corollary 5.2.4. If V is a finite set and X C 2V woven, then there is an
X CV such that X ¢ X and such that X + X is again woven.

5.2.3 Abstract separation systems and submodularity

Our original motivation for considering the unravelling problem originates in
structural submodular separation systems: given a structural submodular separ-
ation system S inside a universe U of separations, it might be possible that we
find a separation § inside S which we can delete, together with its inverse, and
be left with a separation system AN {3, 5} that is again structurally submodular
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in U. Formally, given a structurally submodular separation system S inside a
universe U of separations, we are interested if the following property holds:

Property 5.2.5. There is an § € S such that § ~ {3, 5} is submodular in U.

If this were to hold for all structurally submodular separation systems,
then we could recursively apply this reduction step to unravel such a separation
system, i.e. we would obtain a sequence () = §1 - 5’2 - C §n =S of structurally
submodular separation systems such that, for every i < n, we have that §i+1 NCH
consists of just one separation §; together with its inverse. Such an unravelling
sequence would be of particular use for proving theorems about structurally
submodular separation systems via induction. For example, it is possible to
obtain a short proof of a tree-of-tangles theorem for structurally submodular
separation systems via this unravelling sequence [60, Section 4.1.8].

This question, whether Property 5.2.5 holds for every structurally submodular
separation system, is now closely related to Problem 5.2.2. In fact, if we could
unravel every structurally submodular separation system, we could answer
Problem 5.2.2 positively: if there exists a woven poset P inside a lattice L,
such that P — p is not woven, we could construct a structurally submodular
separation system inside a universe U of separations which can not be unravelled.
We use such a construction in Section 5.2.5 to turn our counterexample to
Problem 5.2.2 into an example of a structurally submodular separation system
inside a non-distributive lattice which cannot be unravelled.

Also, the converse of Problem 5.2.2 established in Proposition 5.2.3 directly
translates to a similar statement about structurally submodular separation
systems inside a universe of separations.

Corollary 5.2.6. If U is a universe of separations and S C U submodular in
U, then so is S +r for somer e U\ S.

Proof. Let 7 be a maximal element of U\S. By Proposition 5.2.3, the separation
system S’ := S + r is again submodular in U. O

5.2.4 Unravelling order-induced sets

In this section we show that for a subclass of the woven subsets of a lattice we
indeed have unravellings.

Recall that a subset P of a lattice L is order-induced submodular if there
exists a submodular function f : L — R{ and a real number k such that
P={peL: f(p) <k}. Here, f being submodular means that

flp)+ flg) = flpVa) + flpAag)

for any p,q € L. Note that every order-induced set P is woven, as the submodu-
larity of f implies that at least one of f(pVq), f(pAq) is at most max{f(p), f(q)}
and thus at least one of p VvV ¢ and p A g lies in P, whenever both p and ¢ lie in
P. However, there do exist woven sets which are not order-induced submodular,
for example given by the structurally submodular separation system constructed
in Section 5.1.3.

We will see in what follows that for order-induced submodular posets P it
is possible to find an unravelling, that is a sequence P = P, D --- D Py = of
posets which are woven in L, so that |P; \ P;,_1| =1 for every 1 < i < n.
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We say that P can be unravelled if there exists an unravelling for P. In
other words P can be unravelled if we are able to successively delete elements
from P until we reach the empty set and maintain the property of being woven
throughout.

We shall demonstrate that every order-induced submodular subset of a lattice
can be unravelled.

Theorem 5.2.7. Let L be a lattice with a submodular function f and consider
the subset P={pe L : f(p) <k} for some k. Then P can be unravelled.

For the remainder of this section let L be a lattice with a submodular order
function f and P C L. It is easy to see that we can perform the first step of an
unravelling sequence:

Lemma 5.2.8. If P={p € L : f(p) < k} and p € P maximizes f(p) in S,
then P — p is woven in L.

Proof. Given q,r € P — p, since P is woven in L at least one of ¢ Vr and ¢ A r
also lies in P. However, by the choice of p we have f(p) > f(q), f(r). Thus, if
one of f(qVr)and f(qgAr) equals f(p), the other also needs to lie in P. Thus,
P — p is indeed woven in L. O

Unfortunately we cannot rely solely on Lemma 5.2.8 to find an unravelling
of P, since after its first application and the deletion of some p the remaining
poset P — p may no longer be order-induced submodular. This can happen if
P — p contains an r such that f(r) = f(p).

To rectify this, and thereby allow the repeated application of Lemma 5.2.8,
we shall perturb the submodular function f on L to make it injective, whilst
maintaining its submodularity and the assertion that P={p e L : f(p) < k}
for a suitable k. This approach is similar to — and inspired by — the idea of
tie-breaker functions employed by Robertson and Seymour [68] to construct
certain tree-decompositions. For this we show the following:

Theorem 5.2.9. Let L be a lattice, then there is an injective submodular
function p: L — N. Moreover, we can choose p so that, for any p1,p2,q1,q2 € L,

we have that p(p1) + p(p2) = p(q1) + p(q2) if and only if {p1,p2} = {q1, g2}

Proof. Enumerate L as L = {p1,...,pn}. For ¢ € L let I(q) be the set of
all ¢ < n with p; < g. We define p: L — N by letting

p( _ 3n+1 Z 31

i€I(q)

To see that this function is submodular note that for ¢ and r in L we have
I(q)NI(r)=I(gAr)and I(q) UI(r) C I(qVr). Therefore, each i < n appears
in I(q) and I(r) at most as often as it does in I(¢ V r) and I(¢ A r). This
establishes the submodularity.

It remains to show that p(q) # p(r) for all ¢ # r. For this note that by
definition of p we have p(q) = p(r) if and only if I(q) = I(r). But if ¢ # r, then
either ¢ ¢ I(r) or r ¢ I(q).

To see the moreover part we note that p(p1) + p(p2) = p(q1) + p(g2) if and
only if I(p1) UI(p2) = I(q1) U I(g2) and I(p1) N I(p2) = I(g1) N I(gz). Since
I(p1),I(p2), I(q1),I(g2) correspond to the down-closures of p1, pa, g1, g2 in L, this
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implies that {p1,p2} = {q1,q2}: clearly, if p; = ¢1, then we need to have py = ¢o,
so suppose that {p1,p2} and {¢1, g2} are disjoint. Since p; € I(p;) we see that
p1 € I(g1) U I(gz2), so suppose without loss of generality that p; < ¢;. Since
q1 € I(q1) and ¢ ¢ I(p1) we thus conclude that g; € I(p3), thus ¢; < ps. Since
p2 € I(p2) this then implies ps < ¢o. Since go € I(g2) this is a contradiction as
g2 ¢ 1(p1) U I(p2). O

We immediately obtain the following corollary about universes of separations:

Corollary 5.2.10. Let U be a universe of separations. Then there is a submod-
ular order function v: U — N with v(r) # y(s) for all r # s.

Proof. Let p be the function obtained from Theorem 5.2.9 applied to U as a
lattice. We set y(s) = p(8) + p(5). It is easy to see that this is a submodular
order function. The moreover part of Theorem 5.2.9 guarantees that indeed
v(r) £ ~(s) for all r #s € U. O

We can now establish Theorem 5.2.7.

Proof of Theorem 5.2.7. Let L be a lattice with a submodular function f. Let
P={peL : f(p) <k} for some k € Rj. Let p be the submodular function
on L from Theorem 5.2.9. Let € be the minimal difference between two distinct
values of f, that is |f(p) — f(q)| = e or f(p) = f(q) for any two p,q € L. Since L
is finite, € > 0. Pick a positive constant ¢ € RT so that ¢ p(p) < e for all p € L.
We define a new function g: L — R} on L by setting

g9(p) = f(p) +c-pp).

Then g is submodular and, like p, has the property that g(p) # g(q) whenever
p # q. FEnumerate the elements of P as pi,...,p, in such a way that
g(p1) < g(p2) <---<g(pn). Then P, := {p1,...,pi} C P is woven in L for
each i < n: for i = n it equals P, and for ¢ < n we have that

Pi={peL: glp) <glpit1)}

which is woven in L since g is a submodular function on L. Thus an unravelling
for Pis givenby P=P, D --- D Py =0. O

Theorem 5.2.7 allows us to give a class of sets X C 2V for which we can
answer Problem 22 positively. We say that a function f :2Y — R is submodular
if f(X)+f(Y)> f(XUY)+f(XNY)forall X,Y € 2" and obtain the following
theorem as a corollary:

Theorem 5.2.1. If X C 2" is induced by a submodular function on 2V, then
X can be unravelled.

Proof. By adding a large constant to f(X) for every X C V we may sup-
pose that f(X) > 0 for all X C V. Applying Theorem 5.2.7 to the subset-
lattice 2% together with its subset X results in the desired unravelling sequence
D= CXC---CX,=2X. O

Moreover, Theorem 5.2.7 also allows us to show that separation systems
N
Sk inside a universe of separations with a submodular order function can be
unravelled.
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Corollary 5.2.11. Let U be a universe of separations with a submodular order
function f and S5 =3, for some k. Then S can be unravelled.

Proof. Perform the same argument as in the proof of Theorem 5.2.7, using the
function 7 from Corollary 5.2.10 instead of the function p from Theorem 5.2.9. [

5.2.5 A woven subset of a lattice which cannot be unrav-
elled

In this section we are going to construct a counterexample to Problem 5.2.2 for
non-distributive lattices. So, we construct a lattice L together with a woven
subset P of L so that P — p is not woven in L for any p € P.

This construction needs to be such that for every element p of P there are
elements g and r of P such that either p=¢qVrand gAr & P or p=qgAr and
qVr¢gP.

We will construct our lattice L by building its Hasse diagram. To be able to
prove that our construction results in a lattice we need to start with a graph of
high girth. Specifically we will use a 4-regular graph of high girth as a starting
point. Lazebnik and Ustimenko have constructed such graphs:

Lemma 5.2.12 ([61]). There exists a 4-regular graph G with girth at least 11.

For contradiction arguments we will try to find short closed walks in our
graph. The following simple lemma then tells us that these contradict the high
girth of G:

Lemma 5.2.13. If G is a graph, W = vivy...v,v1 a closed walk in G such
that there exists a j with v; # v; for all i # j and vj_1 # vj11, then W contains
a cycle. In particular, G contains a cycle of length at most n.

Proof. Since v; # v; for all i # j, the graph W — v; is connected. Thus, W — v;
contains a path between v;_; and v;41 which together with v; forms the desired
cycle. O

We are now ready to start the construction of our lattice L together with its
woven subset P.

Let G be a 4-regular graph of girth at least 11. The ground set of our lattice
L consists of a top element T, a bottom element 1, and 4 disjoint copies of
V(G) which we call V=, V,WW and WT.

We say that v € V- UV UW UW™ correspondstow e V- UVUWUW™T
if they are copies of the same vertex in V(G).

We now start with defining our partial order on L. We define, for v € V' and
w € W, that v < w if and only if there is an edge between v and w in G.

Now consider the bipartite graph G’ on V U W where v € V is adjacent to
w € W if and only if v < w. This bipartite graph is 4-regular graph and has
girth at least 12. Every regular bipartite graph has a 1-factor. Hence, G’ has a
colouring of E[G'] with two colours, red and blue say, such that every vertex in
G’ is adjacent to exactly two red and exactly two blue edges. We fix one such
colouring.

To define our partial order for v~ € V~ and v € V we define that v~ < v if
and only if there is a red edge between v and the vertex in W corresponding to
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v~ . Thus, every v~ in V'~ lies below exactly two points in V', we call these the
neighbours in V of v™.

Similarly, we let w < wT for w € W and w™ € W if and only if there is a
blue edge between w and the vertex in V corresponding to w™. We call the two
points in W which lie below w* € W the neighbours in W of w.

We finish our definition of < by taking the transitive closure and defining
1L <wandwv < T for every v € L. It is easy to see that this < is indeed a partial
order.

W+
G/

Figure 5.3: The Hasse diagram of L. The points in P are denoted by black dots,
the points outside of P are white.

We claim that (L, <) is a lattice, that P=V UW U{T, L} C L is a woven
subset of L and that P — p is not woven in L for any p € P. To show that L is
a lattice and that P is woven in L we have to show that there is, for every pair
x,y € L, a supremum and an infimum and that at least one of these two lies in
P if x,y € P. We do so via a series of lemmas which distinguish different cases
for x,y.

Let us first consider the case that either both z and y lie in V', or that they
both lie in W:

Lemma 5.2.14. If vi,vo € V, then there is a supremum and an infimum of
v1,ve in L. Moreover, if v Avy # L then vy V vy € W.
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Analogously, if wi,wy € W, then there is a supremum and an infimum of
wy,ws in L. Moreover, if wy V wg # T, then wi Awg € V.

Proof. Let us start by showing that there is a supremum of v; and wvs.

First consider the case that the neighbourhoods of v; and v, in G’ intersect,
that is, Ng/(v1) N Ng/(v2) # (0. In this case, there is only one point in the
intersection, since if there are wi,ws € Ng/(v1) N Ngr(ve), w1 # wa,, then
viw1vawov; would be a cycle of length 4 in G’, contradicting the fact that G’
has girth at least 12. We claim that the single point in the intersection, which
we call w, is the supremum of vy and wvs.

To see this consider any x € L such that v; < x,v2 < x. We need to show
that w < z. If x = T, then this is clear and z € WUV UV~ U {L} is not
possible, so suppose that x € W+. Let wy,ws be the neighbours in W of z, i.e.
wy,ws < . We show that w; = w or wy = w. So suppose that w # wy, ws.
Let v, € V be the point corresponding to x. Since v; < x we may suppose
without loss of generality that v1 < wi. Now if vy < ws, then wvywivswovow
contains a cycle of length at most 6 in G’ by Lemma 5.2.13, as v; # v9 and
w & {vy, w1, vs,ws,v2}. This contradicts the fact that G’ has girth at least 12.
Thus, v2 < w; and hence w; = w as Ngv(v1) N Ngr(ve) = {w}, contradicting
the assumption that w # w; and thus proving w < x.

Now suppose that Ng(v1) N Ngr(vg) = 0.

Then every candidate for a supremum of v; and vs is either T, or lies in W,
hence it is enough to show that there cannot be two elements w; ,wj € W+
both satisfying vy, ve < wf‘, w; . So suppose that there are two such points and
denote the neighbours of wfr and w; in W as wi1, wy2 and waq, wag respectively,
ie. wiy,wis < wf and w1, woy < w;

Since v; < w],w;, we may also suppose without loss of generality that
vy < wip,wor. Since Ng/(v1) N Ngr(v2) = 0, we thus have v < wig, wos and
wig, wag & {w11,we; }. Let us denote the corresponding points of wf' and w;’ in
V as Uyt and V- Since wf #* w; either wyo # weg or wyy # way, as otherwise
G’ would contain a cycle of length 4. In any case, we consider the closed walk
VIW11 0, + W12V W2V W21 V1 - Since Uyt #* V> WE have vy # Uyt O U1 #* Vit
and vy # Uyt OF Vg #* V- Furthermore, either wy; ¢ {wia, wa1,woe} and
woy & {wi1, Wi, waz} or wiz & {wi1, war, wa} and way & {wi1, w2, war} This
allows the application of Lemma 5.2.13 to our walk, yielding a cycle of length
at most 8, which contradicts the fact that G’ has girth at least 12. Thus, there
exists a supremum vy V vy in L.

One candidate for the infimum vy A vy is L. Every other candidate needs to
lie in V~. However, there can be at most one such candidate in V —, otherwise,
these candidates together with vy, v9 would correspond to a cycle of length 4 in
G’ contradicting the fact that G” has girth at least 12. Thus, there is indeed an
infimum v A vs.

Moreover, if v1 A vy # L, then there is a point w € W such that both, v;w
and vow are red edges in G’, hence Ng/(v1) N Ng:(ve) # 0, which shows the
moreover part of the claim.

The statement for wy,wy € W follows by a symmetric argument. O

We can now apply Lemma 5.2.14 to show the existence of suprema and infima
between v € V and w € W:
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Lemma 5.2.15. If v € V and w € W, then there is a supremum and an
infimum of v and w in L. Moreover, if v Aw # L, thenvVw=T orv < w.

Proof. If v < w, then the statement is obvious, so suppose that v € w.

By Lemma 5.2.14, every point w; € Ng/(v) has a supremum with w which is
either T or lies in W™T. Moreover, there can be at most one point w; € Ng(v)
such that the supremum w; V w is in W, since if there are two, w1, ws € Ng(v)
say, then, by Lemma 5.2.14, w; A w and wy A w € both lie in V and thus
wuiwvwevow is a cycle of length 6 in G’. Hence, v V w is well-defined.

A symmetric argument shows that also v A w is well-defined, so all that is
left to show is that vV w € WT and v Aw € V= cannot occur at the same time.

However, if this were the case, say wT™ =vVw e Wt andv™ =vAwe V™,
we can consider the corresponding vertex v,,+ of w™ in V and the corresponding
vertex w,- of v~ in W. By definition, there is a vertex w; € W such that
vwy € E(G') and both wyv,+ and wv,+ are blue edges. Similarly, there is a
vertex v1 € V such that vyw € E(G’) and both v w,- and vw,- are red edges.
Consider the closed walk vw;iv,+wviw,-v. We have v ¢ {v,+,v1} as v L w
and similarly w ¢ {wq,w,-}. Moreover, since every edge in G’ has precisely one
colour we have vyw,- # v,+w; and thus either w,- # w; or v # v,+. We can
thus apply Lemma 5.2.13 to our walk to show the existence of a cycle of length
at most 6 in G/, which is a contradiction. O

Finally it remains to consider suprema x V y and infima = A y where one of x
and y lies in V'~ or WT:

Lemma 5.2.16. Ifv™ € V™ and x € L, then there exists a supremum and an
infimum of v and x in L.

Similarly, if w™ € WT and x € L, then there exists a supremum and an
infimum of v and x in L.

Proof. If v~ and x are comparable, the statement is obvious, so suppose that
this is not the case. It is then immediate that v~ Az = L.

Let vy, v2 be the two points in V' such that v~ = v; A vy and let w,- be the
point in W corresponding to v~. We note that any [ € L satisfies v~ < [ if and
only if v1 <1 or vy < [. We distinguish multiple cases, depending on whether x
lies in W+, W,V or V.

IfreWt, thenzVo =T.

If x € W, then x V v; and z V vy exist by Lemma 5.2.15 and it is enough
to show that x V v; and x V vs are comparable. If they are incomparable, then
zVv, € WT and Ve € WT and moreover xV vy # xV vy and v; € 'V vg as
well as vo €  V vy. Let vg € V' be the point corresponding to x V vy, let vy € V
be the point corresponding to x V vs, let wg € W such that wsVa = a2V v
and let wy € W such that wy V& = x V vy. Note that both vy, vs,v3,v4 and
T, W,—, W3, wy consist of pairwise distinct points as v; € = and vy L x and
wy— & {x, w3, wy}, thus wzvswvswsvew,-viws needs to be a cycle of length 8
in G’ contradicting the fact that G’ has girth at least 12.

If x € V, then again x V v; and = V vy exist by Lemma 5.2.15, and if they
are incomparable we may suppose that xVv; € WTUW and s Vv, € WTUW
and moreover x V v # x V vs.

IfxVuv € Wand z Vo € W, then viw,-va(x V ve)z(x V v1)v; would be a
cycle of length 6 in G' as & V v; # x V va.
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Now suppose that zVv; € W and x V vy € WT. Let v, be the point in V
corresponding to x V v9 and let wy,wy € W such that wy Vws = &V vs. We may
suppose that wq, ws # z V vy and that vy < w; and x < wa. Note that v,, # =
as otherwise z V v, = wy. Now 2wav,,w1v2w,-v1 (2 V v1)x contains a cycle of
length at most 8 in G’ by Lemma 5.2.13, as s ¢ {v1, v, v, } and x V v # ws.

So we may suppose that x Vv, € W and 2 Vv, € W,

Let v,, be the point in V' corresponding to zVv; and let v,, be the point in V
corresponding to xVvy. Further, let wq, ws, ws, wy € W such that wy Vwy = xVuy
and w3 V wg = x V va. We may suppose that v; < wy, vo < wsz and x < wa, wy.
Note that « ¢ {v1,v2,vs,, Vs, } and that wy # we as otherwise wy < z V vy and
thus Vv, = 2 Vwy < xVwor. Thus, LWV, W1V Wey— VW3V, W4 contains a
cycle in G’ of length at most 10 by Lemma 5.2.13.

So the remaining case is x € V. Let us denote the vertex in W corresponding
to z as w, and let vz, vy € V such that vs A vy = x. Since every candidate for a
supremum of v~ and z lies above one of v1 V v3,v1 V v4,v2 V v3 and vy V vy, all
of which exist by Lemma 5.2.15, it is enough to show that all these points are
comparable, since then the smallest of them needs to be the supremum of v~
and z.

However, we know by the previous argument that v~ V vz exists, which needs
to be equal to vy V vz or vo V v3. Hence, vy V v3 and v V v3 are comparable.

Similarly, if we consider v~ V vy we see that v, Vv, and vy V v4 are comparable.

If we consider x V v1, we observe that vy V vs and vy V vg are comparable.

And finally, if we consider zVvo, we see that vy Vs and vy Vv, are comparable
as well and therefore there indeed exists a supremum of v~ and . O

We have now seen that L is indeed a lattice and that P is woven in L. This
allows us to state and prove the main result of this section:

Theorem 5.2.17. L is a lattice and P =V UW U{T, L} C L is woven in L
such that P — p is not woven in L for any p € P.

Proof. By the Lemmas 5.2.14 to 5.2.16 L is indeed a lattice. To see that P is
woven in L observe that by Lemma 5.2.14, Lemma 5.2.15 and the fact that T
and L are comparable with every element in P it follows that at most one of
x Vy and x Ay lie outside of P, for any z,y € P.

For any p € V there are wy,ws € W such that pw; and pwsy are both blue
edges in G’, thus both w; V wy and wy A wy lie outside of P — p. Similarly,
P — p is not woven in L for any p € W. Finally, if p = 1 we note that there are
v1,v2 € V such that vy V vy € W which implies that v; A v = L and shows
that P — L is not woven in L. Similarly, P — T is not woven in L. O

As before, this result about woven subsets of lattices allows us to directly
obtain a result about structurally submodular separation systems, as we can use
this lattice L to construct a universe U of separations together with a structurally
submodular separation system S - U which cannot be unravelled:

Theorem 5.2.18. There ezists a universe U of separations and a submodular
subsystem S C U such that S — {3, 5} is not submodular in U for any s € S.

Proof. Let L' be a copy of L with reversed partial order, i.e. the poset-dual of L.
In the disjoint union L U L' we now identify the copy of T in L (the top of L)
with the copy of L in L’ (the top of L’) and the copy of L in L with the copy of

218



T in L', to obtain U. It is easy to see that this forms a universe of separations
and that S = PU P/ (where P C L is as above and P’ C L’ is the image of P
in I') is a separation system which is submodular in U. Moreover, there is no
separation s € S such that § — {3, 5} is again submodular in U. O

Note that neither our lattice L nor the constructed universe U of separations
are distributive.

5.2.6 Woven posets

Instead of asking in Problem 5.2.2 for a woven subset P inside a lattice L, we
might as well directly ask for a partially ordered set P which is woven in itself.
More precisely let us say that a partially ordered set P is woven if we have, for
any two elements p, ¢ of P a supremum or an infimum ¢n P, i.e. there exists an
r € P such that p < r,q < r and r < s whenever s € P such that ¢ < s and
p < s, or there exists an r € P such that p > r,q > r and r > s whenever s € P
such that ¢ > s and p > s.

The Dedekind-MacNeille-completion [64] from lattice theory implies that we
can find, for each poset P, a lattice L in which P can be embedded in such a
way that existing joins and meets in P are preserved. Hence, if P is a finite
woven set there exists a lattice L in which P can be embedded so that the image
of Pin L is woven in L.

Using this notion of wovenness inside the poset itself, we can now weaken
the concept of unravelling, by considering a woven poset P instead of a woven
subset of a lattice. We will be able to show that, given a woven poset P, we can
always remove a point so that the remainder is again a woven poset.

Even though every woven poset can be embedded into a lattice, this still is
a proper weakening of the unravelling conjecture. The key difference here lies
in the different perspective we take on P — p, given a poset P and some p € P:
if we consider P as a woven poset and P — p is again woven, then there are
lattices L and L’ in which P and P — p, respectively, can be embedded so that
the images are woven as subset of these lattices. However, these two lattices are
different, and in general it is not possible to find one lattice in which both P and
P — p can be embedded so that their images are woven in that lattice. In this
sense, having an unravelling for the wovenness of a poset is a weaker property
than having an unravelling as a woven subset of a lattice.

To prove this weaker unravelling property for woven posets we will show that
every woven poset contains a point p with precisely one lower (or one upper)
cover, i.e. there exists precisely one ¢ such that p > ¢ (p < ¢) and there does not
exist any ¢ € P such that p > ¢ > ¢ (p < ¢ < ¢). Deleting such a point does not
destroy the wovenness, as shown by the following lemma:

Lemma 5.2.19. Let P be a woven poset and p € P a point with precisely one
lower (upper) cover p’, then P’ = P — p is a woven poset.

Proof. Let x,y € P’. We need to show that x,y have a supremum or an infimum
in P’. If they have a supremum s in P, then s # p: as p’ is the only lower cover
of p we have z,y < p’ as soon as x,y < p. Thus, s € P’ is also the supremum of
z and y in P’
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If z,y have an infimum z in P, then either z # p and z is also the infimum
in P’ or z = p, in which case p’ is the infimum of z and y in P’, as p’ is the only
lower cover of p.

The upper cover case is dual. O

Thus, what is left to show is that there always exists a point p € P with
precisely one upper or precisely one lower cover. To see this, we consider the
maximal elements of P, since any subset of them needs to have an infimum by
the following lemma:

Lemma 5.2.20. Let P be a woven poset and M its set of mazximal elements.
Then every non-empty subset M' C M has an infimum inf M’ in P.

Proof. We proceed by induction on |M’|. For the induction start |M’'| = 1
this is trivial. For the induction step consider |M’| > 2 and let m € M’ and
M" = M’ — m. By the inductive hypothesis M" has an infimum p. Since m is
maximal there can only be a supremum of m and p if m and p are comparable.
However, then there also exists an infimum of m and p in P. Thus, as P is
woven, in any case P needs to contain an infimum ¢ of m and p. This ¢ lies
below all of M’ and, conversely, every point which lies below all of M’ lies below
both p and m and hence below ¢q. Thus, ¢ is the infimum of M’ in P. O

Given a woven poset P, let M be the set of maximal elements of P. Given
some subset M’ C M we are interested in those points x € P where, for every
maximal element m € M, we have x < m precisely if m € M’. Let us denote as
d(M') the set of all these points in P.

Either each such set d(M") just consist of at most one point, or there is some
M’ such that d(M') has size more than one. In the latter case, the following
lemma guarantees that we find a point p € P with only one upper cover:

Lemma 5.2.21. Let P be a woven poset and M the set of maximal elements of
P. If M' C M s subset-minimal with the property that d(M') contains at least
two points, then there is an x € d(M') for which inf M’ is the only upper cover.

Proof. Observe that, if d(M) # 0, then inf M’ € d(M). Let x be a maximal
element of d(M') —inf M’. Since z is a candidate for inf M’, we have that inf M’
is an upper cover of x. If y is any point other than inf M’ such that = < y, then
y lies in d(M"") for some proper subset M" of M. Thus, by our assumption, y is
the only element of d(M") and therefore y = inf M”. However, inf M" < inf M"
and y # inf M', thus y is not an upper cover of x. O

It remains to consider the case where every d(M’) has size one. However,
in that case we can find an element with only one lower cover, as shown in the
following lemma:

Lemma 5.2.22. Let P be a woven poset. Then P has an element which has
precisely one lower or one upper cover.

Proof. Suppose the converse is true. Let M be the set of maximal elements of
P. Note that every element of P lies in d(M’) for exactly one set M’ C M. By
Lemma 5.2.21, given any M’ C M, there exists at most one element in d(M’).
Moreover, by Lemma 5.2.20 we know that inf M’ exists for every M’ C M.
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Now if |d(M")] = 1 for some M’ C M, then inf M' € d(M'): we know
that inf M’ is in d(M"") for some M"” C M and clearly M’ C M"” | however, if
d(M") = {v}, say, then clearly v < inf M’ which implies that M” C M’ and
thus M’ = M".

However, since every element of P lies in some d(M’) and inf M’ < inf M"
whenever M" C M’ this implies that inf M is the smallest element of P. However,
any upper cover of this smallest element inf M has precisely one lower cover,
which is a contradiction. O

Thus, if we consider woven posets instead of woven subsets of a fixed lattice
(as in Section 5.2.5) we can indeed unravel every such poset: given some woven
poset P, by Lemma 5.2.22, P contains an element p which has only one upper
or lower cover, and, by Lemma 5.2.19, P — p is again woven. Thus, we obtain
the following theorem:

Theorem 23. Fvery woven poset can be unravelled.

Again we can translate this result to abstract separation systems.

We say that a separation system s , on its own, not in the context of a
surrounding universe U of separations, is submodular if there exists, for any two
separations §,f €S a supremum or an infimum in 5 , i.e. — as for woven posets
— we require that there either is a smallest separation 7 such that 3,7 < 7 or
there is a largest separation 7 such that g,7 > 7. These submodular separation
systems are also considered in [38], where it was shown that one can find, for
each such system s , & universe U of separations in which we can embed S so
that the joins and meets in S are preserved.

We now obtain the following corollary for this type of separation system:

Theorem 5.2.23. Let S be a submodular separation system. Then there exists
an § € S such that S \ {3,5} is again submodular.

Proof. Observe that S considered as a poset is woven. Let M be the set of
maximal elements of S§. We note that § > I for all 3, € M. Therefore,
inf M > % for all f € M and thus inf M > sup M* = (inf M)*. Suppose
that there is a proper subset M’ of M such that |d(M’)| > 2 and let M’ be
chosen subset-minimal with that property. Let Z € d(M’) be as guaranteed by
Lemma 5.2.21.

We note that @ # (inf M’)* as otherwise < (inf M)* < inf M, contradicting
the fact that @ € d(M’). But this implies that S — 7 is a woven poset by
Lemma 5.2.19. However, T has only one lower cover in S and, since this cover
is not @, also exactly one lower cover in S -z Thus, again by Lemma 5.2.19,
also ((§ — ) — &) is a woven poset and thus S — z is a submodular separation
system.

Hence, we may suppose that |d(M’)| < 1 for all proper subsets M’ of M.
This implies that every element 5 € S is nested with inf M: if § € d(M), then
3 < inf M and if § € d(M") for a proper subset M’ of M, then § = inf M’ > inf M.
Now suppose that |[M| > 2. Then there is an ™ € M such that v # inf M.
We claim that S {m,m} is again submodular. To see this suppose that, for
some 7,7 € S, we have that Z Vi = i (the case T Ay = i is dual). Since T
and ¥y are nested with inf M this implies that z, 3 > inf M as ¥ < inf M would
imply that ZVYy =7 or T VY < inf M. Thus, T = inf M’ and 3 = inf M" for
subsets M', M" of M, say. Thus, inf(M’' U M"), which exists by Lemma 5.2.20,
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is also the infimum of Z and 7. Moreover, since 7 # inf M and v is a minimal
element of § and inf(M’ U M") > inf M we have that inf(M’ U M") # m and
thus there is a corner of # and 7 in S ~ {7, m}.

It remains the case that |[M| =1, say M = {m}. In this case however, we
have that 5 < 77 for every s € §. If § = {m,m} the statement is trivial, so
let € § —m be <-maximal such that § # m. Such an 3 exists as m is a
<-minimal element of §. Then 7 is the unique upper cover of 3. Thus, S —3is
a woven poset by Lemma 5.2.19. Moreover, i1z is the unique lower cover of § and,
since m # §, it is also the unique lower cover of § in § — 5. Thus, (§ —-3)-—§
is a woven poset by Lemma 5.2.19; and thus S — s is a submodular separation
system. O

The Dedekind-MacNeille completion of posets [16] allows us to embed every
woven poset into a lattice so that the poset is woven in this lattice. It is shown in
[38] that this technique can also be applied to submodular separation systems to
obtain a universe of separations in which the separation system is submodular.

In particular, if P is a woven poset and p € P such that P’ = P — p is
again woven, there are lattices L and L’ such that P is woven in L and P’ is
woven in L’. If we could arrange for these two lattices to be sublattices of one
another, L’ C L, in such a way that every element of P’ C L’ is mapped to
the corresponding element of P C L, then this would imply that P could be
unravelled as a woven subset of L in the sense of Problem 5.2.2.

The way in which we constructed P’, however, makes this almost impossible.
We choose p as an element with a unique upper, or a unique lower cover. Now
if p € P has a unique upper cover ¢, say, and is also the supremum of some
two points 7, s € P~ {p}, then the Dedekind-MacNeille completion L’ of P’
cannot be embedded in the way outlined above into the Dedekind-MacNeille
completion L of P: in I/, the images of r and s have the image of ¢ as supremum
and an embedding as a sublattice would need to preserve this property, but the
images of r and s in L have the image of p as their supremum. (However, L’ is
order-isomorphic to a subposet of L.)
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Appendix A

Summary

This dissertation is concerned with the theory of tangles in abstract separation
systems, which is part of the general field of structural graph theory. Tangles
are a novel, universal tool to describe clusters in various structures, such as
graphs, matroids or arbitrary data sets. They do so in an indirect way, built on
the concept of separations of the given structure. They describe a cluster by
deciding, for every possible way to ‘sensibly’ divide the structure into two parts,
on which of the two sides the cluster is suspected to be located. l.e., they orient
the separation given by the two parts towards the side containing the cluster.
Certain consistency axioms on these orientations of separations ensure that the
tangle indeed needs to point towards a cohesive region of the structure at hand.

The broad application of tangles to a variety of contexts was made possible
by the general framework of abstract separation systems, in which tangles can
be formulated in an abstract way. As such, results about tangles in this abstract
framework can then directly be applied in the various contexts mentioned above.
Consequently, also most parts of this thesis are formulated in the context of
these abstract separation systems.

The results of this thesis are spread across three chapters. First, in Chapter 3,
we are dealing with the task of finding concrete witnesses for the existence of
a cluster described by a tangle. We provide a partial solution to a question
by Diestel by showing that, given a tangle of a graph, we can always find a
weight function on the vertices of the graph so that the given tangle chooses, for
every separation of the graph, the side containing a higher total weight. We also
analyse variations and generalizations of this question and consider the general
question of how to witness the existence of a tangle via another structure in
contexts other than graphs.

Moreover, we also provide a quantitative characterization of another type of
highly connected structures in graphs, called agile sets, via specific minors.

In Chapter 4 we present results concerning the question of how to split up
a structure according to their tangles. One of the two types of classic results
about tangles, the tree-of-tangles theorem, states that, under certain conditions,
a structure, such as a graph, can be split up in a tree-like way according to its
tangles. We improve the two previously most general forms of this tree-of-tangles
theorem significantly in multiple ways.

For example, we identify the key property needed for the various tree-of-tangle
theorems to hold and thereby provide two simple, elementary lemmas which
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allow to obtain the most relevant previously known tree-of-tangles theorems
as corollaries. Moreover, the requirements of these lemmas are easy to check,
and they allow us to obtain tree-of-tangles theorems for contexts where such
theorems were previously not known. Additionally, we show that these lemmas
even allow applications in contexts not covered by the framework of abstract
separation systems, such as directed graphs, by also deducing a state-of-the-art
tree-of-tangles theorem for tangles in directed graphs from one of the two lemmas.

We also show that trees of tangles can be constructed canonical, that is
invariant under isomorphisms, in a more general context than previously known.
While previously, a canonical tree-of-tangles theorem was only proven in the
context of a submodular universe of separations, we prove such a theorem for
submodular separation systems, a setup in which previously only the existence of
a non-canonical tree-of-tangles theorem was known.

We additionally show the existence of tree-of-tangles theorems in infinite
contexts, by providing, in the infinite context, a lemma analogue to the two
simple lemmas mentioned above. This lemma can, as a side effect, be applied to
the separators of an infinite graph instead of the separations. We show that the
application to these separators gives us a canonical tree-like structure dividing
up the graph according to its tangles which is of particular interest since both, a
previously known non-canonical tree-of-tangles theorem for infinite graphs, and
a previously known canonical theorem, which provides a structure called a tree
of tree-decompositions, can be deduced from our theorem.

Moreover, our lemma about trees of tangles in infinite structures can also
be used to obtain a tree-of-tangles theorem for the edge-blocks of a graph: the
maximal subgraphs of an infinite graph which can not be separated by the
deletion of some fixed number of edges.

We close Chapter 4 with showing that the other type of classic result from
tangle theory, the tangle-tree-duality theorem, can in fact be used to prove a
tree-of-tangles theorem. Thus, these two different classic types of theorems from
tangle theory are not as independent as previously thought, since one of the two
types of results can be used to obtain a result of the other type.

Finally, in Chapter 5, we investigate abstract separation systems as an
object of its own interest. We not only provide examples of such systems which
show that some of the previously defined notions on these systems, namely the
notions of a submodular universe of separations and of a submodular separation
systems mentioned above, indeed describe different objects, we also analyse
their difference. This on the one hand leads to a decomposition theorem for
submodular separation systems inside distributive universes, on the other hand
we end up with a general question about certain families of finite sets, which we
call woven. Our unravelling problem, which we state at the end of Chapter 5, is a
simple to state problem about these woven sets. We analyse this problem, solve
it in certain cases and provide solutions for some variations of that problem.
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Appendix B

Deutsche Zusammenfassung

Diese Dissertation beschéftigt sich mit der Theorie von Tangles in abstrakten
Teilungssystemen, einem Teilgebiet der strukturellen Graphentheorie. Tangles
sind ein neues, universelles Werkzeug, um Cluster in verschiedenen Strukturen
wie Graphen, Matroiden oder beliebigen Datenmengen zu beschreiben. Sie
ermoglichen es, ein Cluster indirekt mit Hilfe des Konzepts der Teilungen einer
Struktur zu beschreiben, indem ein Tangle fiir jede mogliche Art und Weise,
die Struktur ,sinnvoll“ in zwei Teile zu zerteilen, entscheidet, in welchem der
beiden Teile das Cluster vermutet wird. Mit anderen Worten, das Tangle
yorientiert” die Teilung, die durch die zwei Teile gegeben ist, in Richtung der
Seite, die das Cluster enthélt. Bestimmte Konsistenz-Bedingungen an diese
Orientierungen von Teilungen stellen sicher, dass das Tangle auch wirklich auf
eine hoch-zusammenhingende Region der Struktur zeigt.

Das Konzept von Tangles kann abstrakt im Framework der abstrakten
Teilungssysteme formuliert werden. Dies ermdglicht eine vereinheitlichte An-
wendung von Tangles in einer Reihe von verschiedenen Bereichen, wie zum
Beispiel den oben erwdhnten. Dadurch kénnen Erkenntnisse iiber Tangles in
diesem abstrakten Framework direkt auf die verschiedenen Kontexte angewendet
werden. Aus diesem Grund sind auch die meisten Teile dieser Arbeit im Kontext
dieser abstrakten Teilungssysteme formuliert.

Die Ergebnisse dieser Arbeit werden in drei Kapiteln dargestellt. Zunéchst
beschéftigen wir uns in Kapitel 3 mit der Suche nach konkreten Strukturen, die
die Existenz eines indirekt durch Tangles beschriebene Clusters garantieren. So
préasentieren wir eine Teillosung zu einer Frage von Diestel, indem wir zeigen, dass
man fiir ein gegebenes Tangle in einem Graphen immer eine Gewichtsfunktion
auf den Ecken des Graphens finden kann, sodass das gegebene Tangle fiir jede
Teilung des Graphens die Seite auswihlt, die in Summe ein hoheres Gewicht
enthélt. Zudem beschéaftigen wir uns mit Variationen und Verallgemeinerungen
dieser Frage, namlich ganz generell damit, wie die Existenz eines Tangles auch
auflerhalb des spezifischen Kontextes von Graphen durch andere Strukturen
bezeugt werden kann.

Auflerdem charakterisieren wir lber spezifische Minoren quantitativ die
Existenz eines anderen Typen von hoch zusammenhéngenden Strukturen in
Graphen, sogenannten agilen Mengen.

In Kapitel 4 préasentieren wir mogliche Antworten auf die Frage, wie man
eine gegeben Struktur entlang ihrer Tangles aufsplitten kann. Einer der zwei
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klassischen Sétze iiber Tangles ist der sogenannte ,, Tree-of-Tangles-Satz“, der
besagt, dass man unter gewissen Bedingungen eine Struktur wie zum Beispiel
einen Graphen baumartig entsprechend der Tangles zerlegen kann. Wir beweisen
starkere und allgemeinere Versionen der beiden bisher allgemeinsten Formen
dieser Tree-of-Tangles-Satze.

So identifizieren wir zum Beispiel eine zentrale Eingenschaft, die fir die
Giiltigkeit solcher Tree-of-Tangles-Sétze notwendig ist, und verwenden diese,
um zwei einfache, elementare Lemmata zu beweisen, die es ermdglichen, die
relevantesten bisher bekannten Tree-of-Tangles-Sétze als Korollare zu folgern. Die
Voraussetzungen dieser Lemmata sind zudem leicht nachpriifbar und erlauben es,
Tree-of-Tangles-Sétze fiir bestimmte Typen von abstrakten Teilungssystemen zu
beweisen, fiir die solche Sétze bisher nicht bekannt waren. Sogar eine Anwendung
auflerhalb des Frameworks der abstrakten Teilungssysteme ist moglich: Wir
folgern einen Tree-of-Tangles-Satz fiir Tangles von gerichteten Graphen aus
einem der beiden Lemmata.

Zudem zeigen wir, dass die Konstruktion eines Tree-of-Tangles in einer
grofleren Allgemeinheit als bisher bekannt kanonisch, also invariant unter Iso-
morphismen durchgefiihrt werden kann. Bisher war so eine kanonische Konstruk-
tion nur fir submodulare Universen von Teilungen bekannt, wir zeigen, dass eine
solche kanonische Konstruktion auch in strukturell submodularen Teilungssyste-
men moglich ist. In diesen Systemen war bisher nur ein nicht-kanonischer
Tree-of-Tangles-Satz bekannt.

Zudem entwickeln wir eine Variante der oben angesprochenen Lemmata fiir
unendliche Strukturen, welche es uns ermoglicht, Tree-of-Tangles-Sétze auch fir
solche unendlichen Strukturen zu beweisen. Dieses Lemma kénnen wir zudem
auf die Trenner eines unendlichen Graphen anstelle seiner Teilungen anwenden,
was es uns ermoglicht zu zeigen, dass man diese Trenner verwenden kann, um
einen unendlichen Graphen kanonisch, baumartig, entsprechend seiner Tangles
zu zerlegen. Diese Zerlegung ist insbesondere deswegen interessant, weil wir
sie sowohl verwenden kénnen, um einen bekannten, nicht kanonischen Tree-of-
Tangles-Satz zu beweisen, als auch, um die Existenz eines kanonischen ,Baums
von Baumzerlegungen® — ein anderes bekanntes Resultat iiber die Zerlegung
unendlicher Graphen — zu folgern.

Zudem konnen wir unser Lemma tiber Trees-of-Tangles in unendlichen Struk-
turen verwenden, um einen unendlichen Graphen entsprechend seiner Kanten-
blicke zu zerlegen. Ein Kantenblock ist hierbei ein maximaler Teilgraph, der
nicht durch eine fixe Anzahl von Kanten getrennt werden kann.

Wir beenden Kapitel 4, indem wir zeigen, dass das andere klassische Resultat
der Tangletheorie, der sogenannte Tangle-Tree-Dualititssatz, dazu verwendet
werden kann, einen Tree-of-Tangles-Satz zu beweisen. Dies zeigt, dass die bisher
als unabhéngig geltenden zwei zentralen Sdulen der Tangletheorie — die Tree-of-
Tangles-Sétze auf der einen und die Tangle-Tree-Dualitatssidtze auf der anderen
Seite — nicht so unabhéngig voneinander sind wie man bisher dachte — schlieflich
kann man ein Resultat des einen Typs verwenden, um ein Resultat des anderen
Typs zu folgern.

Im letzten Kapitel, Kapitel 5, dieser Dissertation untersuchen wir abstrakte
Teilungssysteme als eigenstindige Struktur. Zum einen zeigen wir, dass einige
der existierenden verschiedenen Definitionen im Kontext dieser Systeme, ndmlich
zum Beispiel die oben erwahnten submodularen Universen von Teilungen und
submodularen Teilungssysteme, in der Tat unterschiedliche Objekte beschreiben,
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indem wir entsprechende Beispiele konstruieren. Nachdem wir festgestellt haben,
dass diese verschiedenen Definitionen in der Tat verschiedene Objekte beschreiben,
untersuchen wir im néchsten Schritt, wie grofl der Unterschied tatséchlich ist:
verhalten sich die strukturell submodularen Teilungssysteme in gewissem Sinne
yahnlich® wie die submodularen Universen? Diese Analyse fiihrt zum einen
zu einem Zerlegungssatz fiir strukturell submodulare Teilungssysteme in dis-
tributiven Universen, zum anderen zu einer allgemeinen Frage iiber bestimmte
Familien endlicher Mengen, die wir verwoben nennen. Unser Entwirrungsprob-
lem, mit dem wir uns am Ende von Kapitel 5 beschéftigen, ist eine einfach zu
formulierende Frage iiber diese verwobenen Mengen. Wir analysieren dieses
Problem und 16sen einige Varianten und Spezialfille.
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Appendix C

Publications related to this
thesis

The following (pre-)publications are related to this dissertation:

Chapter 3

Section 3.1 is based on [37]. Section 3.2 is based on parts of [25]. Section 3.3 is
based on parts of [24].

Chapter 4

Section 4.1 is based on [39]. Section 4.3 is based on [36]. Section 4.4 is based on
parts of [12]. Section 4.5 is based on [13]. Section 4.6 is based on parts of [11].

Chapter 5

Section 5.1 is based on parts of [38]. Section 5.2 is based on [10].
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Appendix D

Declaration of my
contributions

The research in this thesis is based on work I performed with various co-authors,
as can also be seen in Appendix C. In general, we performed the work in close
collaboration and thus share an equal amount of work on both the research and
the writing. I will now explain this in more detail, explaining which sections
were developed with which co-authors, emphasizing where we do not share an
equal amount of work as well as some highlights developed by me.

The results from Chapter 2 which are not taken from the existing literature
are my own work.

Chapter 3

Section 3.1 covers joint work with Jakob Kneip and Maximilian Teegen. After
having tried to find a decider for a tangle for over a year, Teegen came up with the
idea to formulate the question in terms of linear programming. This led us three,
in close cooperation, to an iterative and much more involved proof of Theorem 1
using Farkas’ Lemma. This proof was simplified a lot by my finding of Tuckers
Theorem in the literature and noticing that we can apply it. I also was the first
to construct a version of the example in Example 3.1.7 and Theorem 3.1.8. The
first two chapters of [37], on which the first two subsections of Section 3.1 are
based, were drafted by us three together in close cooperation and then finalized
by Jakob Kneip. The last subsection of Section 3.1 was drafted mostly by me,
and then finalized mostly by Maximilian Teegen.

The paper [25] on parts of which Section 3.2 is based is joint work with
Reinhard Diestel and Raphael Jacobs. Diestel set up the general questions
answered in that paper and also came up with the notion of the resilience of a
tangle and the question of whether tangles with higher resilience are more likely
to have a decider. The results of [25] included in Section 3.2 have then been
developed by me. Jacobs not only performed most of the writing of those results,
but also developed additional characterizations of tangles with a decider in terms
of local deciders and a duality of separations systems, which the interested reader
can find in [25].

Section 3.3 is based on [24], which is joint work with Reinhard Diestel, Joshua
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Erde, and Maximilian Teegen. Of the results of [24] presented in Section 3.3, I
share no contribution on the original idea of shifting tangles and the other results
presented prior to Theorem 6. However, both the proof of Theorem 6 as well as
the idea of considering the underlying edge-tangles presented in Section 3.3.2
were developed just by Teegen and myself in close cooperation.

Section 3.4 is based on joint work with Jakob Kneip and Maximilian Teegen.
We three started to look at Weiflauer’s Question 3.4.1 and developed the first
results in Section 3.4, already including the generalizations. However, we were
not able to come up with a quantitative characterization of graphs containing
large agile sets, until I, revisiting the problem, found the paper [32] which allowed
Maximilian Teegen and myself to prove Theorem 7. The first set of notes on
which Section 3.4 is based was then also written together, however the final
version as presented here is my own work.

Chapter 4

Section 4.1 is joint work again with Jakob Kneip and Maximilian Teegen. Teegen
and myself started to work together on the question of whether there exists a
theorem unifying both Theorem 1.1.3 and Theorem 1.1.2. We then developed
a first version of Lemma 10, still formulated in terms of profiles, and with a
more complex proof. That theorem already allowed us to establish Theorem 9.
However, after presenting that proof to Kneip, he observed that both the
statement and the proof of that theorem can be shortened to obtain Lemma 10
as presented in this thesis. The canonical version Lemma 11 was developed in
close cooperation just by Teegen and myself. We two also drafted most of [39] on
which Section 4.1 is based, whereas Kneip then wrote most of the final version.

The ideas in Section 4.2 were developed in joint work with Maximilian Teegen,
with us two sharing roughly an equal amount of work. In particular, I came up
with the idea to consider the relation of being weakly P-nested.

Based on some rough notes of that work, I wrote Section 4.2 myself.

Lemma 12 was developed by Jakob Kneip, Maximilian Teegen and myself
during the writing of [39].

Section 4.3 is joint work with Jakob Kneip. We share an equal amount of
work on both the research and the writing. For example, while he came up with
the question of whether a canonical version of Theorem 1.1.3 exists, I came up
with the main ideas leading to our proof of Theorem 4.3.1. The paper [36] on
which Section 4.3 is based, is in turn based on a corresponding section Jakob
Kneip wrote for his dissertation.

The paper [42] on which Section 4.4 is based is joint work with Jakob Kneip
and Maximilian Teegen. The results from [42] presented in Section 4.4 of this
thesis were developed by Teegen and myself in close cooperation. In particular,
I came up with both the definition of ‘thinly splinters’ and with the idea to
consider the separators of the separations, which led to Theorem 16. Also, most
of the drafting was performed by me, whereas the final version was written
mostly by Teegen and myself in close collaboration. Kneip proved a version of
our splinter lemma for profinite separation systems, which the interested reader
can find in [42].

Section 4.5 is joint work with Jan Kurkofka and Maximilian Teegen. Kurkofka
asked Teegen and myself, whether we know anything about a tree-of-tangles
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theorem for edge-blocks. In response to this, we applied Lemma 15 to develop
Theorem 17, and also wrote a first draft of the proof. The relation to tree-cut
decompositions was then observed by Kurkofka, who also wrote most of the final
version of [43] on which Section 4.5 is based. Finally, we three together showed
that Theorem 17 is equivalent to one important result from [17] by proving
Theorem 18 in close cooperation.

Section 4.6 is again joint work with Jakob Kneip and Maximilian Teegen.
The original question was set by Nathan Bowler and Joshua Erde, who asked
whether it is possible to obtain a tree of tangles from the general tangle-tree
duality Theorem 4.6.1. In response to this, Teegen and myself developed a first
such proof, which runs along the lines of the proof without using Lemma 4.6.10
presented in Section 4.6.3. Kneip then observed that Lemma 4.6.10 can not only
be used to simplify that proof, but also to obtain a condition on the degrees
of the resulting tangles, as shown in Section 4.6.4. He also wrote most of the
sections of [41] on which Sections 4.6.3 and 4.6.4 are based. The generalization
to trees of tangles distinguishing the profiles efficiently (Sections 4.6.5 and 4.6.6),
as well as to tangles of different orders (Section 4.6.7), was developed just by
Teegen and myself, including the writing of the corresponding sections of the
paper [41], on which the corresponding sections of this thesis are based.

Chapter 5

Section 5.1 is based on [38], which is joint work with Jakob Kneip and Maximilian
Teegen. However, the parts from that paper presented in this thesis are joint
work with Maximilian Teegen only, which we performed in close cooperation. In
particular, I came up with the idea of dependency digraphs, as well as the proof
of Theorem 5.1.7. We also wrote the corresponding sections of the paper [38],
on which Section 5.1 is based, together. The paper [38] includes an additional
section developed just by Kneip and Teegen about a version of the Dedekind-
MacNeille completion for separation systems which are submodular in the sense
of Section 5.2.6, which is not part of this thesis.

[40] on which Section 5.2 is based is also joint work with Jakob Kneip and
Maximilian Teegen. Our research started with Teegen and myself showing
Lemma 5.2.8. This then resulted in Kneip developing the other results in
Section 5.2.4 by showing that we may always assume our order-function to
have distinct values. He also wrote the corresponding section of [40] on which
Section 5.2.4 is based. The research that led to Sections 5.2.5 and 5.2.6 was
performed just by Teegen and myself, and the corresponding sections of [40], on
which these sections are based, were also written by us two together. The final
construction of Section 5.2.5 is mine, including the idea of considering a regular
graph with high girth.
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