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Introduction

It is quite well understood which graphs can be embedded in the plane. For
example, Kuratowski’s theorem from 1930 says that a graph can be embedded
in the plane if and only if it does not contain a graph from as a minon}
In the first part of this thesis we prove a 3-dimensional analogue of Kuratowski’s

Figure 1: The graphs K5 (on the left) and K33 (on the right).

theorem. This answers questions of Lovéasz, Pardon and Wagner. The author
regards this as the main result of this thesis and refers the reader to
for a detailed introduction.

In addition to that first part, this thesis has two more parts. These consist
of seven chapters that each are self contained.

End boundaries of infinite graphs have proven to be an important tool in
Infinite Graph Theory. Here we prove a conjecture of Andreae from 1981 that
implies that end-degrees of infinite directed graphs exist.

For undirected 1-ended graphs, we construct tree-decompositions that dis-
play the end and respect the symmetries of the graph. This can be applied to
prove a conjecture of Halin from 2000 and solves a recent problem of Boutin
and Imrich.

Furthermore, we characterise the classes of infinite graphs with bounded
colouring number in terms of forbidden obstructions.

In a nutshell, matroids are common generalisations of graphs and vector
spaces. The connection between matchings in bipartite graphs, Menger’s the-
orem about vertex-disjoint paths and base packing and covering is transparent
from Edmonds’ theorem about the intersection of matroids. In 1990 Nash-
Williams proposed a possible extension of Edmonds’ theorem to infinite ma-

n the context of planar graphs, the minor relation is just the subgraph relation combined
with planar duality.



troids. We show that like Edmonds’ theorem, this conjecture is equivalent to
other natural problems such as base packing or matroid union. Furthermore it
implies the Erdos-Menger-Conjecture, which had been open for 50 years until
it was proved by Aharoni and Berger in 2009. Our new perspectives allow us to
prove Nash-Williams’ conjecture in various special cases.

A lot of matroid theory focuses on matroids representable over vector spaces.
We develop a compactness method that allows us to lift many of the foundational
theorems about such representable matroids to the infinite setting. A related
construction answers a question of Bruhn, Diestel, Kriesell, Pendavingh and
Wollan.

This thesis is based on the twelve papers [25], [26], [27], [28], [29], [19],
[72],[59], [18],[6],[14], [15]. Five of these are already published or are accepted
in journals: one in Combinatorica, one in Discrete Mathematics and three in
Journal of Combinatorial Theory.

The papers of the first part are single authored. The other parts are based
on joint work with various subsets of Elad Aigner-Horev, Nathan Bowler, Jan-
Oliver Frohlich, Julian Pott, Péter Komjath, Florian Lehner, Rognvaldur Moller
and Christian Reiher. T am grateful to all these coauthors for fruitful coopera-
tion, in particular to Nathan Bowler.
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Embedding simply
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3-space



Chapter 1

A Kuratowski-type
characterisation

1.1 Abstract

We characterise the embeddability of simply connected locally 3-connected 2-
dimensional simplicial complexes in 3-space in a way analogous to Kuratowski’s
characterisation of graph planarity, by excluded minors. This answers questions
of Lovész, Pardon and Wagner.

1.2 Introduction

In 1930, Kuratowski proved that a graph can be embedded in the plane if and
only if it has none of the two non-planar graphs K5 or K33 as a minoxﬂ The
main result of the first part of this thesis may be regarded as a 3-dimensional
analogue of this theorem.

Kuratowski’s theorem gives a way how embeddings in the plane could be un-
derstood through the minor relation. A far reaching extension of Kuratowski’s
theorem is the Robertson-Seymour theorem [82]. Any minor closed class of
graphs is characterised by the list of minor-minimal graphs not in the class.
This theorem says that this list always must be finite. The methods developed
to prove this theorem are nowadays used in many results in the area of structural
graph theory [35] — and beyond; recently Geelen, Gerards and Whittle extended
the Robertson-Seymour theorem to representable matroids by proving Rota’s
conjecture [42]. Very roughly, the Robertson-Seymour structure theorem estab-
lishes a correspondence between minor closed classes of graphs and classes of
graphs almost embeddable in 2-dimensional surfaces.

LA minor of a graph is obtained by deleting or contracting edges.



In his survey on the Graph Minor project of Robertson and Seymour [66], in
2006 Lovasz asked whether there is a meaningful analogue of the minor relation
in three dimensions. Clearly, every graph can be embedded in 3—spaceﬂ

One approach towards this question is to restrict the embeddings in question,
and just consider so called linkless embeddings of graphs, see [§1] for a survey.
Instead of restricting embeddings, one could also put some additional structure
on the graphs in question. Indeed, Wagner asked how an analogue of the minor
relation could be defined on general simplicial complexes [95].

Unlike in higher dimensions, a 2-dimensional simplicial complex has a topo-
logical embedding in 3-space if and only if it has a piece-wise linear embedding
if and only if it has a differential embedding [11], 54, 71, [76]. In [67], Ma-
tousek, Sedgewick, Tancer and Wagner proved that the embedding problem for
2-dimensional simplicial complexes in 3-space is decidable. In August 2017, de
Mesmay, Rieck, Sedgwick and Tancer complemented this result by showing that
this problem is NP-hard [33].

This might suggest that if we would like to get a structural characterisation
of embeddability, we should work inside a subclass of 2-dimensional simplicial
complexes. And in fact such questions have been asked: in 2011 at the internet
forum ‘MathsOverflow’ Pardorﬁ asked whether there are necessary and sufficient
conditions for when contractible 2-dimensional simplicial complexes embed in
3-space. The link graph at a vertex v of a simplicial complex is the incidence
graph between edges and faces incident with v. He notes that if embeddable
the link graph at any vertex must be planar. This leads to obstructions for
embeddability such as the cone over the complete graph Kj, see -
But there are different obstructions of a more global character, see
All their link graphs are planar — yet they are not embeddable.

Figure 1.1: The cone over K5. Similarly as the graph K5 does not embed in
2-space, the cone over K5 does not embed in 3-space.

Addressing these questions, we introduce an analogue of the minor relation

2Indeed, embed the vertices in general position and embed the edges as straight lines.
3John Pardon confirmed in private communication that he asked that question as the user
‘John Pardon’.
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Figure 1.2: The octahedron obstruction, depicted on the right, is obtained from
the octahedron with its eight triangular faces by adding 3 more faces of size 4
orthogonal to the three axis. If we add just one of these 4-faces to the octahe-
dron, the resulting 2-complex is embeddable as illustrated on the left. A second
4-face could be added on the outside of that depicted embedding. However, it
can be shown that the octahedron with all three 4-faces is not embeddable.

for 2-complexes and we use it to prove a 3-dimensional analogue of Kuratowski’s
theorem characterising when simply connected 2-dimensional simplicial com-
plexes (topologically) embed in 3-space.

More precisely, a space minor of a 2-complex is obtained by successively
deleting faces, contracting edges that are not loopsﬂ and contractions of faces of
size two, that is, identify the two edges of that face along the face, see[Figure 1.3}
and for details. Additionally we need two rather simple operations,
which we call ‘splitting vertices” and ‘forgetting the incidences’ at an edge.

"5 Fh

Figure 1.3: The complex on the right is a space minor of the complex on the left.
If we delete the faces labelled a and b in the complex on the left and contract
the edge e and contract the face f, we obtain the complex on the right.

It is quite easy to see that space minors preserve embeddability in 3-space
and that this relation is well-founded. The operations of face deletion and face
contraction correspond to the minor operations in the dual matroids of simplicial

4 Loops are edges that have only a single endvertex. While contraction of edges that are
not loops clearly preserves embeddability in 3-space, for loops this is not always the case.
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complexes in the sense of
The main result of the first chapter is the following.

Theorem 1.2.1. Let C be a simply connected locally 3-connected 2-dimensional
simplicial complex. The following are equivalent.

e (' embeds in 3-space;

e C has no space minor from the finite list Z.

The finite list Z is defined explicitly in [Subsection 1.7.3| below. The mem-
bers of Z are grouped in six natural classes. Here a (2-dimensional) simplicial
complex is locally 3-connected if all its link graphs are connected and do not
contain separators of size one or two. In we extend to
simplicial complexes that need not be locally 3-connected. For general simpli-
cial complexes, not necessarily simply connected ones, the proof implies that a
locally 3-connected simplicial complex has an embedding into some 3-manifold
if and only if it does not have a minor from L.

We are able to extend from simply connected simplicial com-

plexes to those whose first homology group is trivial.

Theorem 1.2.2. Let C be a locally 3-connected 2-dimensional simplicial com-
plex such that the first homology group H1(C,F)) is trivial for some prime p.
The following are equivalent.

e C embeds in 3-space;
e C is simply connected and has no space minor from the finite list Z.

In general there are infinitely many obstructions to embeddability in 3-space.
Indeed, the following infinite family of obstructions appears in

Example 1.2.3. Given a natural number ¢ > 2, the g-folded cross cap consists
of a single vertex, a single edge that is a loop and a single face traversing the
edge g-times in the same direction. It can be shown that g-folded cross caps
cannot be embedded in 3-space.

A more sophisticated infinite family is constructed in

This part is subdivided into five chapters, which are self-contained except in
those few cases, where we point it out explicitly. In what follows we summarise
roughly the content of the other four chapters. The results of give
combinatorial characterisations when simplicial complexes embed in 3-space,
which are used in the proofs of [Theorem 1.2.1| and [Theorem 1.2.2]

As mentioned above, the main result of is an extension of

to simply connected simplicial complexes. In we prove an
extension of that theorem that goes beyond the simply connected case.

ter 3|is purely graph-theoretic and its results are used as a tool in

12



Like Kuratowski’s theorem, Whitney’s theorem is a characterisation of pla-
narity of graphs. In we prove a 3-dimensional analogue of that theo-

rem.

This chapter is organised as follows. Most of this chapter is concerned with
the proof of which implies [Theorem 1.2.1] In [Section 1.3] we
introduce ‘planar rotation systems’ and state a theorem of that relates
embeddability of simply connected simplicial complexes to existence of planar
rotation systems. In we define the operation of ‘vertex sums’ and
use it to study rotation systems. In we relate the existence of
planar rotation systems to a property called ‘local planarity’. In we
characterise local planarity in terms of finitely many obstructions. In[Section 1.7]
we introduce space minors and prove [Iheorem 1.2.1] and [Theorem 1.2.2|

For graph&ﬂ we follow the notation of [35]. Beyond that a 2-complex is a
graph (V, E) together with a set F' of closed trailsﬂ called its faces. In this
part we follow the convention that each vertex or edge of a simplicial complex
or a 2-complex is incident with a face. The definition of link graphs naturally
extends from simplicial complexes to 2-complexes with the following addition:
we add two vertices in the link graph L(v) for each loop incident with v. We
add one edge to L(v) for each traversal of a face at v.

1.3 Rotation systems

Rotation systems of 2-complexes play a central role in our proof of
In this section we introduce them and prove some basic properties
of them.

A rotation system of a graph G is a family (o,|v € V(G)) of cyclic orienta-
tion{] o, of the edges incident the vertex v [T0]. The orientations o, are called
rotators. Any rotation system of a graph G induces an embedding of GG in an
oriented (2-dimensional) surface S. To be precise, we obtain S from G by gluing
faces onto (the geometric realisation of) G along closed walks of G as follows.
Each directed edge of G is in one of these walks. Here the direction @ is directly
before the direction b in a face f if the endvertex v of @ is equal to the starting
vertex of b and b is just after a in the rotator at v. The rotation system is planar
if that surface S is the 2-sphere.

A rotation system of a (directecﬁ) 2-complex C'is a family (o.|e € E(C)) of
cyclic orientations o, of the faces incident with the edge e. A rotation system of
a 2-complex C' induces a rotation system at each of its link graph by restricting

5In this thesis graphs are allowed to have loops and parallel edges.

S A trail is sequence (e;|i < n) of distinct edges such that the endvertex of e; is the starting
vertex of e;41 for all i < m. A trail is closed if the starting vertex of e; is equal to the
endvertex of e,.

7A cyclic orientation is a bijection to an oriented cycle.

8A directed 2-complex is a 2-complex together with a choice of direction at each of its edges
and a choice of orientation at each of its faces. All 2-complexes considered in this part are
directed. In order to simplify notation we will not always say that explicitly.

13



to the edges that are vertices of the link graph L(v); here we take o(e) if e is
directed towards v and the reverse of o(e) otherwise.

A rotation system of a 2-complex is planar if all induced rotation systems
of link graphs are planar. In we prove the following, which we use in
the proof of

Theorem 1.3.1. A simply connected simplicial complex has an embedding in
S* if and only if it has a planar rotation system.

Given a 2-complex C| its link graph L(v) is loop-planar if it has a planar
rotation system such that for every loop ¢ incident with v the rotators at the
two vertices e; and ey associated to ¢ are reverse — when we apply the following
bijection between the edges incident with e; and es. If f is an edge incident
with e; whose face of C consists only of the loop ¢, then f is an edge between
e1 and ey and the bijection is identical at that edge. If f is incident with more
edges than /¢, it can by assumption traverse ¢ only once. So there are precisely
two edges for that traversal, one incident with ey, the other with e;. These two
edges are in bijection.

A 2-complex C'is locally planar if all its link graphs are loop-planar. Clearly,
a 2-complex that has a planar rotation system is locally planar. However, the
converse is not true.

Let C = (V,E, F) be a 2-complex and let 2 be a non-loop edge of C, the
2-complex obtained from C by contracting x (denoted by C/x) is obtained from
C' by identifying the two endvertices of x, deleting = from all faces and then
deleting z, formally: C/x = (V,E)/z,{f — z|f € F}).

Let C be a 2-complex and x be a non-loop edge of C', and ¥ = (o.|e € E(C))
be a rotation system of C'. The induced rotation system of C/x is ¥, = (o.|e €
E(C) — z). This is well-defined as the incidence relation between edges of C/x
and faces is the same as in C. Planarity of rotation systems is preserved under
contractions:

Lemma 1.3.2. If ¥ is planar, then ¥, is planar. Conversely, if ¥, is planar,
there is a planar rotation system of C inducing Eﬂ

Hence the class of 2-complexes that have planar rotation systems is closed
under contractions. As noted above it contains the class of locally planar 2-
complexes, which is clearly not closed under contractions. However, if we close
the later class under contractions, then they do agree —in the locally 3-connected
case.

Lemma 1.3.3. A locally 3-connected 2-complex has a planar rotation system if
and only if all contractions are locally planar. E

We remark that by below the class of locally 3-connected 2-
complexes is closed under contractions.

9This lemma, is proved in [Section 1.4

10Lemma 1.3.3| will follow from [Lemma 1.5.1| below.
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1.4 Vertex sums

In this short section we prove some elementary facts about an operation called
‘vertex sum’ which is used in the proof of

Let H; and Hy be two graphs with a common vertex v and a bijection ¢
between the edges incident with v in H; and Hy. The vertex sum of Hy and Hy
over v given ¢ is the graph obtained from the disjoint union of H; and Hs by
deleting v in both H; and adding an edge between any pair (v1,vs2) of vertices
v € V(Hl) and vy € V(H3) such that v;v and vev are mapped to one another

by ¢, see [Figure 1.4

DO ~B=)

Figure 1.4: The vertex sum of the two graphs on the left is the graph on the
right.

Let C be a 2-complex with a non-loop edge e with endvertices v and w.

Observation 1.4.1. The link graph of C/e at e is the vertex sum of the link
graphs L(v) and L(w) over the common vertez e. O

Lemma 1.4.2. Let G be a gmph that is a vertex sum of two graphs Hy and Hy
over the common vertexv. Let (ot |z € V(H;)) be a planar rotation system of H;
for i =1,2 such that o) is the inverse of 02. Then (ol|xz € V(H;) —v,i = 1,2)
s a planar rotation system of G.

Proof sketch. This is a consequence of the topological fact that the connected
sum of two spheres is the sphere. O

Lemma 1.4.3. Let G be a graph that is a vertex sum of two graphs Hi and
Hy over the common vertex v. Assume that G has a planar rotation system 3.
Then there are planar rotation systems of Hy and Hs that agree with 3 at the
vertices in V(G) NV (H;) and that are reverse at v.

Proof sketch. This is a consequence of the topological fact that the quotient of a
sphere by a closed disc is isomorphic to the sphere (as H; = G/(E(H;+1))). O

Proof of[Lemma 1.3.2 This is a consequence of[Lemma 1.4.2)and [Cemma 1.4.3]
0

15



Lemma 1.4.4. Let G be a graph that is a vertex sum of two graphs Hy and Hy
over the common vertex v. Let k > 2. If Hy and Hy are k-connected', then so
is G.

Proof. Suppose for a contradiction that there is a set of less than k vertices of
G such that G\ X is disconnected. Let Y be the set of edges incident with v
(suppressing the bijection between the edges incident with v in Hy and Hs in
our notation). As H;j is k-connected, the set Y contains at least k edges. If
k > 2, then since no H; has parallel edges, no two edges in Y share a vertex.
Thus in this case the set Y contains k edges that are vertex disjoint. If k = 2,
this is also true as Y considered as a subgraph of G is a bipartite graph with at
least two vertices on either side each having degree at least one.

Hence by the pigeonhole principle, there is an edge e in Y such that no
endvertex of e is in X. Let C' be the component of G \ X that contains e. Let
C’ be a different component of G \ X. Let ¢ be such that H; contains a vertex
w of C.

In H; this vertex w and an endvertex of e are separated by X +v. As H;
is k-connected, we deduce that all vertices of X are in H;. Then the connected
graph H;;1 is a subset of C'. Hence the vertex w and an endvertex of e are
separated by X in H;. This is a contradiction to the assumption that H; is
k-connected. O

In our proof we use the following simple fact.

Lemma 1.4.5. Let G be a graph with a minor H. Let v and w be vertices of
G contracted to the same vertex of H. Then there is a minor G’ of G such that
v and w are contracted to different vertices of G' and their branch vertices are
joined by an edge e and H = G'/e. O

1.5 Constructing planar rotation systems

The aim of this section is to prove the following lemma, which is used in the
proof of This lemma roughly says that a 2-complex has a planar
rotation system if and only if certain contractions are locally planar. A chord
of a cycle o is an edge not in o joining two distinct vertices in o but not parallel
to an edge of 0. A cycle that has no chord is chordless.

Lemma 1.5.1. Let C be a locally 3-connected 2-complex. Assume that the
following 2-complezxes are locally planar: C, for every mnon-loop edge e the con-
traction C/e, and for every non-loop chordless cycle o of C and some e € o the
contraction C/(o — e).

Then C has a planar rotation system.

Given k > 2, a graph with at least k + 1 vertices is k-connected if the removal of less
than k vertices does not make it disconnected. Moreover it is not allowed to have loops and
if kK > 2, then it is not allowed to have parallel edges.

16



First we show the following.

Lemma 1.5.2. Let C be a 2-complex with an edge e with endvertices v and
w. Assume that the link graphs L(v) and L(w) at v and w are 3-connected and
that the link graph L(e) of C/e at e is planar. Then for any two planar rotation
systems of L(v) and L(w) the rotators at e are reverse of one another or agree.

Proof. Let ¥ = (o]x € (L(v) U L(w)) — €) be a planar rotation system of L(e).
By there is a rotator 7, at e such that (o;|x € L(v) — e) together
with 7. is a planar rotation system of L(v) and (oz|x € L(w) — e) together with
the inverse of 7 is a planar rotation system of L(w).

Since L(v) and L(w) are 3-connected, their planar rotation system are unique
up to reversing and hence the lemma follows. O

Let C be a locally 3-connected 2-complex such that C' and for every non-
loop e all contractions C/e are locally planar. We pick a planar rotation system
(c¥le € V(L(v))) at each link graph L(v) of C. By|[Lemma 1.5.2] for every edge
e of C with endvertices v and w the rotators o) and o are reverse or agree.
We colour the edge e green if they are reverse and we colour it red otherwise.

A pre-rotation system is such a choice of rotation systems such that all edges
are coloured green. The following is an immediate consequence of the definitions.

Lemma 1.5.3. C has a pre-rotation system if and only if C' has a planar
rotation system. [

Lemma 1.5.4. Let o be a cycle of C' and e an edge on o. Assume that the link
graph L{o,e] of C/(o — e) at e is loop-planar. Then the number of red edges of
0 1S even.

Proof. Since Lo, €] is loop-planar, by [Lemma 1.4.3| there are planar rotation

systems of all link graphs of vertices of C on o such that for every edge = € o
with endvertices v and w the rotators o) and oy are reverse. Hence there are
assignments of planar rotation systems to the link graphs at vertices of o such
the number of red edges on o is zero.

Since all link graphs are 3-connected, the planar rotation systems are unique
up to reversing. Reversing a rotation system flips the colours of all incident
edges. Hence for any assignment of planar rotation systems the number of red
edges of o must be even. O

Proof of|[Lemma 1.5.1] By [Lemma 1.5.3] it suffices to construct a pre-rotation
system, that is, to construct suitable rotation systems at each link graph of C.

We may assume that C' is connected. We pick a spanning tree T' of C' with
root r. At the link graph at r we pick an arbitrary planar rotation system. Now
we define a rotation system (o%le € V(L(v))) at some vertex v assuming that
for the unique neighbour w of v nearer to the root in 7" we have already defined
a rotation system (o¥|e € V(L(w))). Let e be the edge between v and w that

is in 7. By [Lemma 1.5.2] there is a planar rotation system (o¥|e € V(L(v)))

of the link graph L(v) such that the rotators ¥ and o are reverse. As C is
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connected, this defines a planar rotation system at every vertex of C. It remains
to show that every edge e of C is green with respect to that assignment. This
is true by construction if e is in T

Lemma 1.5.5. Every edge e of C that is not in T' and is not a loop is green.

Proof. Let o, be the fundamental cycle of e with respect to T. We prove by
induction on the number of edges of o, that e is green. The base case is that
0 is chordless. Then by assumption the link graph L[o,e] of C/(o —e) at e
is loop-planar. So the number of red edges on o, is even by As
shown above all edges of o, except for possibly e are green. So e must be green.

Thus we may assume that o, has chords. By shortcutting along chords we
obtain a chordless cycle o), containing e such that each edge x of o/ not in o,
is a chord of o.. Thus each such edge z is not in 7" and not a loop. Since no
chord z can be parallel to e, the corresponding fundamental cycles o, have each
strictly less edges than o.. Hence by induction all the edges = are green. Thus
all edges of o], except for possibly e are green. Similarly as in the base case we

can now apply to deduce that e is green. O
Sublemma 1.5.6. Every loop ¢ of C is green.

Proof. Let v be the vertex incident with ¢. As the link graph L(v) is 3-connected
and loop-planar each of its (two) planar rotation systems must witness that L(v)
is loop-planar. Hence the rotation system we picked at L(v) witnesses that L(v)
is loop planar. Thus £ is green. O

As all edges of C' are green with respect to X, the family X is a pre-rotation

system of C. Hence C has a planar rotation system by O

1.6 Marked graphs

In this section we prove [Lemma 1.6.9] and [Lemma 1.6.16[ which are used in
the proof of More precisely, these lemmas characterise when a
2-complex is locally planar in terms of finitely many obstructions.

A marked graph is a graph G together with two of its vertices v and w and
three pairs ((a;, b;)|i = 1,2,3) of its edges, where the a; are incident with v and
the b; are incident with w. We stress that we allow a; = b;.

Given a 2-complex C, a link graph L(z) of C, a loop £ of C incident with x
and three distinct faces f1, fa, f3 of C traversing ¢, the marked graph associated
with (z,4, f1, fa, f3) is the graph L(x) together with the two vertices v and w
of L(z) corresponding to ¢. The traversal of each face f; of ¢ corresponds to
edges a; and b; incident with v and w, respectively. As f; is a closed trail in
C, each vertex of L(z) is incident with at most one edge corresponding to f;.
Hence a; and b; are defined unambiguously. Note that if f; consists only of
{, then a; = b;. This completes the definition of the associated marked graph
(G,v,w, ((a;,b;)]i =1,2,3)).
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A marked graph (G, v, w, ((a;,b;)|i = 1,2,3)) is planar if there is a planar
rotation system (o|x € V(QG)) of G such that o, restricted to (a1, az,as) is the
inverse permutation of o, restricted to (b1, ba, b3) — when concatenated with the
bijective map b; — a;. The next lemma characterises loop-planarity.

Lemma 1.6.1. A 3-connected link graph L(x) is loop-planar if and only if it is
a planar graph and all its associated marked graphs are planar marked graphs.

Proof. Clearly, if L(x) is loop-planar, then all its link graphs and all their as-
sociated marked graphs are planar. Conversely assume that a link graph L(x)
and all its associated marked graphs are planar. Then L(v) has a planar ro-
tation system Y. As L(x) is 3-connected, this rotation system is unique up to
reversing. Hence any planar rotation system witnessing that some associated
marked graph is planar is equal to ¥ or its inverse. By reversing that rotation
system if necessary, we may assume that it is equal to 3. Hence ¥ is a planar
rotation system that witnesses that L(z) is loop-planar. O

Corollary 1.6.2. A locally 3-connected 2-complex C' is locally planar if and
only if all its link graphs and all their associated marked graphs are planar.

Proof. By definition, a 2-complex is locally planar if all its link graphs are loop-
planar. O

A marked graph (G, v, w, ((a;,b;)|i = 1,2,3)) is 3-connected if G is 3-connected.
We abbreviate A = {a1,az,a3} and B = {b1, bs, b3}.

A marked minor of a marked graph (G, v, w, ((as, b;)|i = 1,2, 3)) is obtained
by doing a series of the following operations:

e contracting or deleting an edge not in AU B;

e replacing an edge a; € A\ B and an edge b; € B\ A that are in parallel
by a single new edge which is in that parallel class. In the reduced graph,
this new edge is a; and b;.

e the above with ‘serial’ in place of ‘parallel’.
e apply the bijective map (v, A) — (w, B).

Lemma 1.6.3. Let f{ = (G,v,w, ((a;,b;)|i = 1,2,3)) be a marked graph such
that G is planar. Let H be a 3-connected marked minor of G. Then G is planar
if and only if H is planar.

Before we can prove this, we need to recall some facts about rotation systems
of graphs. Given a graph G with a rotation system ¥ = (o,lv € V(G)) and
an edge e. The rotation system induced by ¥ on G — e is (o, — e|v € V(QG)).
Here o, — e is obtained from the cyclic ordering o, by deleting the edge e. The
rotation system induced by ¥ on G/e is (o,|v € V(G/e) — e) together with o,
defined as follows. Let v and w be the two endvertices of e. Then o, is obtained
from the cyclic ordering o, by replacing the interval e by the interval o, — e (in
such a way that the predecessor of e in o, is followed by the successor of e in

19



0w ). Summing up, ¥ induces a rotation system at every minor of G. Since the
class of plane graph@ is closed under taking minors, rotation systems induced
by planar rotation systems are planar.

Proof of[Lemma 1.6.9 Let ¥ be a planar rotation system of G. Let X' be the
rotation system of the graph H of H induced by X. As mentioned above, ¥’ is
planar.

Moreover, X witnesses that G is a planar marked graph if and only if b
witnesses that Hisa planar marked graph. Hence if G is planar, so is H. Now
assume that H is planar. Since H is 3-connected, it must be that ¥’ witnesses
that the marked graph H is planar. Hence the marked graph G is planar. O

Our aim is to characterise when 3-connected marked graphs are planar. By
it suffices to study that question for marked-minor minimal 3-
connected marked graphs; we call such marked graphs 3-minimal.

It is reasonable to expect — and indeed true, see below — that there are only
finitely many 3-minimal marked graphs. In the following we shall compute them
explicitly.

Let G = (G,v,w, ((a;,b;)]i = 1,2,3)) be a marked graph. We denote by V4
the set of endvertices of edges in A different from v. We denote by Vg the set
of endvertices of edges in B different from w.

Lemma 1.6.4. Let G = (G, v, w, ((a;,b;)|i = 1,2,3)) be 3-minimal. Unless G
is K4, every edge in E(G )\(AUB ) has its endvertzces either both in V4 or both
m VB-

Proof. By assumption G is a 3-connected graph with at least five vertices such
that any proper marked minor of G is not 3-connected. Let e be an edge of
G that is not in A U B. By Bixby’s Lemma [(5, Lemma 8.7.3] either G —
e is 3—connecte(1§| after suppressing serial edges or G/e is 3-connected after
suppressing parallel edges.

Sublemma 1.6.5. There is no 3-connected graph H obtained from G — e by
suppressing serial edges.

Proof. Suppose for a contradiction that there is such a graph H. As G is 3-
connected, every class of serial edges of G—e has size at most two. By minimality
of G, there is no marked minor of G with graph H. Hence one of these series
classes has to contain two edges in A or two edges in B. By symmetry, we may
assume that e has an endvertex x that is incident with two edges e; and ey in
A. As (G is 3-connected these two incident edges of A can only share the vertex

12A plane graph is a graph together with an embedding in the plane.

13The notion of ‘3-connectedness’ used in [75, Lemma 8.7.3] is slightly more general than
the notion used here. Indeed, the additional 3-connected graphs there are subgraphs of K3
or subgraphs of Uy 3 — the graph with two vertices and three edges in parallel. It is straight-
forward to check that these graphs do not come up here as they cannot be obtained from a
3-connected graph with at least 5 vertices by a single operation of deletion or contraction (and
simplification as above).
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v. Thus x = v. This is a contradiction to the assumption that e; and es are in
series as v is incident with the three edges of A. O

By and Bixby’s Lemma, we may assume that the graph H
obtained from G/e by suppressing parallel edges is 3-connected. By minimality
of G, there is no marked minor of G with graph H. Hence GG/e has a nontrivial
parallel class. And it must contain two edges e; and ey that are both in A or
both in B. By symmetry we may assume that e; and ey are in A. Since G is
3-connected, the edges e, e; and es form a triangle in G. The common vertex
of e; and eg is v. Thus both endvertices of e are in V4. O

A consequence of [Lemma 1.6.4]is that every 3-minimal marked graph has at
most most 12 edges. However, we can say more:

Corollary 1.6.6. Let G = (G, v,w, ((a;,b;)|i = 1,2,3)) be 3-minimal. Then G
has at most five vertices.

Proof. Let G4 be the induced subgraph with vertex set V4 +v. Let G be the
induced subgraph with vertex set Vg + w. Note that G = G4 UGpg. If G4 and
G p have at least three vertices in common, then G has at most five vertices as
G4 and G both have at most four vertices. Hence we may assume that G4
and G have at most two vertices in common. As G is 3-connected, the set of
common vertices cannot be a separator of G. Hence G4 C G or Gg C G 4.
Hence G has at most four vertices in this case. O

An unlabelled marked graph is a graph G together with vertices v and w and
edge sets A and B of size three such that all edges of A are incident with v and
all edges in B are incident with w. The underlying unlabelled marked graph of
a marked graph (G,v,w, ((a;,b;)|i = 1,2,3)) is G together with v, w and the
sets A = {a1,az2,a3} and B = {b1,b2,b3}. Informally, an unlabelled marked
graph is a marked graph without the bijection between the sets A and B. For a
planar 3-connected unlabelled marked graph, there are three bijections between
A and B for which the associated marked graph is planar as a marked graph.
For the other three bijections it is not planar.

Figure 1.5: The four unlabelled marked graphs in X. The edges in A are
depicted dotted, the ones in B are bold.

Marked graphs G = (G,v,w, ((a;,b;)|i = 1,2,3)) associated to link graphs
always have the property that the vertices v and w are distinct. 3-minimal
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marked graphs need not have this property. Of particular interest to us is the
class X depicted in indeed, they describe the 3-connected marked
graphs with the property that v # w that are marked minor minimal with G
planar, as shown in the following. We shall refer to the four members of X

in the linear ordering given by accessing [Figure 1.5 from left to right (and say
things like ‘the first member of X7).

Lemma 1.6.7. Let G = (G, v,w, ((ai, bi)li = 1,2,3)) be a 3-connected marked
graph with v # w and G planar. Then G has a marked minor that has an
underlying unlabelled marked graph in X.

Proof. By |Corollary 1.6.6 G has a marked minor minimal 3-connected marked

minor H = (H,v,w, ((as,b;)]i = 1,2,3)), where H has at most five vertices.

Sublemma 1.6.8. The only 3-connected planar graphs with at most five vertices
are Ky, the 4-wheel and Ky .

Proof. Since K, is the only 3-connected graph with less than five vertices, it
suffices to consider the case where the graph K in question has five vertices. As
five is an odd number and K has minimum degree 3, K has a vertex v of degree
4. Hence K — v is 2-connected. Hence it has to contain a 4-cycle. Thus K has
the 4-wheel as a subgraph. Thus K is the 4-wheel, K. or K5. As K is planar,
it cannot be Ks. O

By |Sublemma 1.6.8, H is K4, the 4-wheel or K . In the following we treat
these cases separately. As above we let A = {a1,a2,a3} and B = {by,bs, b3}.

Case 1: H = K,. If the vertices v and w of H are distinct, then the
underlying unlabelled marked graph of H is the first member of X and the
lemma is true in this case. Suppose for a contradiction that v = w. Then each
edge incident with v is in A and B. Let H’ be the marked graph obtained from
H by replacing each edge incident with v by two edges in parallel, one in A, one
in B. It is clear that H’ is a marked minor of G. By applying to
the graph of H', we deduce that G has K5 as a minor. This is a contradiction
to the assumption that G is planar.

Case 2A: H is the 4-wheel and v # w.

Subcase 2A1: v or w is the center of the 4-wheel. By applying the bijective
map (v, A) — (w, B) if necessary, we may assume that w is the center. Our
aim is to show that the underlying unlabelled marked graph of H is the second
member of X. As v has degree three, A is as desired. By the two
edges on the rim not in A must have both their endvertices in Vg. Hence B
is as desired. Thus the underlying unlabelled marked graph of H is the second
member of X.

Subcase 2A2: v and w are adjacent vertices on the rim. We shall show
that this case is not possible. Suppose for a contradiction that it is possible.

We denote by e the edge on the rim not incident with v or w. One end-
vertex has distance two from v, the other has distance two from w. Hence the
endvertices of e cannot both be in V4 or both be in Vz. This is a contradiction

to Lemma T.6.41
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Subcase 2A3: v and w are opposite vertices on the rim. We shall show
that this case is not possible. Suppose for a contradiction that it is possible.

There is an edge incident with the center not incident with v or w. Deleting
that edge and suppressing the vertex of degree two gives a marked graph whose
graph is K4. Hence H is not minimal in that case, a contradiction. This
completes Case 2A.

Case 2B: H is the 4-wheel and v = w. By every edge not in
AU B must have both endvertices in V4 or Vg. Hence v can only be the center
of the 4-wheel. By the minimality of H and by each edge of the
rim has both its endvertices in V4 or in Vg. At most two edges of the rim can
have all their endvertices in V4 and in that case these edges are adjacent on the
rim. The same is true for Vg.

We denote the vertices of the rim by (v;|i € Z4), where v;v;41 is an edge.
By symmetry, we may assume that v is the unique vertex of the rim not in Vy.
Then vs must be the unique vertex of the rim not in Vg. It follows that the
edges vvy and vvy are in A and B. Let H' be the marked graph obtained from
H by replacing each of vvy and vvs by two edges in parallel, one in A, one in
B. 1t is clear that H' is a marked minor of G. Let H” be the marked graph
obtained from H’ by applying The underlying unlabelled marked
graph of H” is the third member of X.

Case 3: H is K .

We shall show that the underlying unlabelled marked graph of H is the forth
graph of X. H has three vertices of degree four, which lie one a common 3-cycle.
Removing any edge of that 3-cycle gives a graph isomorphic to the 4-wheel.
Hence by minimality of H, it must be that this 3-cycle is a subset of A U B.
In particular, v and w are distinct vertices on that 3-cycle. Up to symmetry,
there is only one choice for v and w. By applying the map (v, 4) — (w, B) if
necessary, we may assume that A contains at least two edges of that 3-cycle.

We denote the two vertices of H of degree three by u; and us. We denote
the vertex of degree four different from v and w by x. By exchanging the roles
of u; and uy if necessary, we may assume that A = {vw, vz, vu, }.

Recall that wx € B. The endvertex us of the edge vus is not in V4 and this
edge cannot be in B. Hence by both its endvertices must be in
Vp. Hence vw € B and wuy € B. Summing up B = {wz, vw, wuz}. Thus in
this case the underlying unlabelled graph of H is the forth graph of X. O

By Y we denote the class of marked graphs that are not planar as marked
graphs and whose underlying unlabelled marked graphs are isomorphic to a
member of X — perhaps after applying the bijective map (v, A) — (w, B). We
consider two marked graphs the same if they have the have the same graph and
the same bijection between the sets A and B (although the elements in A might
have different labels). Hence for each X € X, there are precisely three marked
graphs in )Y with underlying unlabelled marked graph X, one for each of the
three bijections between A and B that are not compatible with any rotation
system of the graph of X (which is 3-connected). Thus ) has twelve elements.

Summing up we have proved the following.
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Lemma 1.6.9. A locally 3-connected 2-complex is locally planar if and only if
all its link graphs are planar and all their associated marked graphs do not have
a marked minor from ).

Proof. Since no marked graph in ) is planar, it is immediate that if a 2-complex
is locally planar, then all its link graphs are planar and all their associated
marked graphs do not have a marked minor from ).

For the other implication it suffices to show that any 3-connected link graph
L(z) that is planar but not loop-planar has an associated marked graph that
has a marked minor in ). By [Lemma 1.6.1l L(z) has an associated marked
graph G that is not planar. By [Lemma 1.6.7, G has a marked minor H whose
underlying unlabelled marked graph is in X. By |Lemma 1.6.3L H is not planar.
Hence H is in V. O

has already the following consequence, which characterises em-
beddability in 3-space by finitely many obstructionsE

Corollary 1.6.10. Let C' be a simply connected locally 3-connected 2-complex.
Let C' be a contraction of C' to a single vertex v. Then C has an embedding
into S® if and only if no marked graph associated to the link graph at v has a
marked minor in the finite set ).

Proof. By[Theorem 1.3.1] C is embeddable if and only if it has a planar rotation
system. By [Lemma 1.3.3] C' has a planar rotation system if and only if C’ is
locally planar. Hence [Corollary 1.6.10|follows from O

In the following we will deduce from a more technical analogue.
A strict marked graph is a marked graph (G,v,w, ((a;,b;)|i = 1,2, 3)) together
with a bijective map between the edges incident with v and the edges incident
with w that maps a; to b;. A strict marked minor is obtained by deleting or
contracting edges not incident with v or w or deleting an edge not in AU B
incident with v and the edge it is bijected to. We also allow to apply the bijective
map (v, A) — (w, B).

Remark 1.6.11. We call this relation the ‘strict marked minor relation’ as it
is more restrictive than the ‘marked minor relation’.

The proof of the next lemma is technical. We invite the reader to skip it
when first reading this chapter.

Lemma 1.6.12. There is a finite set )’ of strict marked graphs such that a
strict marked graph has a strict marked minor in Y’ if and only if its marked
graph has a marked minor in ).

14 As turns out,|Corollary 1.6.10|is too weak to be used directly in our proof of[Theorem 1.2.1]

Indeed, in our proof it will not always be possible to contract C' onto a single vertex but we
need to choose the edges we contract carefully (using the additional information provided in

Lemma 1.5.1)).
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Proof. The underlyer of a strict marked graph Y is the the underlying unlabelled
marked graph of the strict marked graph Y. We define )’ and reveal the precise
definition in steps during the proof. Now we reveal that by )’ we denote the
class of strict marked graphs with underlyer in X3 — perhaps after applying
the bijective map (v, A) — (w, B). The set X3, however, is revealed later. We
abbreviate ‘strict marked minor’ by 3-minor. We define 0-minors like ‘marked
minors’ but on the larger class of strict marked graphs where we additionally
allow that edges incident with v or w have no image under ¢. (This is necessary
for this class to be closed under 0-minors). Let Xp = X.

Let Y be a strict marked graph. In this language, it suffices to show that Y
has a O-minor with underlyer in &} if and only if Y has a 3-minor with underlyer
in X3. We will show this in three steps. In the n-th step we define n-minors and
a set &, of unlabelled marked graphs and prove that ¥ has an (n — 1)-minor
with underlyer in &), _; if and only if Y has an n-minor with underlyer in &,.

Starting with the first step, we define 1-minors like ‘O-minors’ where we do
not allow to contract edges incident with v or w. We define X; and reveal it
during the proof of the following fact.

Sublemma 1.6.13. Y has a 0-minor with underlyer in Xy if and only sz has
a 1-minor with underlyer in X;.

Proof. Assume that Y has a O-minor YO with underlyer in &Aj. So there is a
I-minor ¥; of ¥ so that we obtain Yy from Y; by contracting edges incident
with v or w. We reveal that X is a superset of Xp. Hence we may assume that
there is an edge of Y; that is not in Y. By symmetry, we may assume that it
is incident with v. We denote that edge by e,, see

U U w
Figure 1.6: The situtation of the proof of |Sublemma 1.6.13l

We may assume that Vi is minimal, that is, it has no proper 1-minor that
has a O-minor 1somorph1c to Y. Applymg this to Y7 — ey, yields that there
must be an edge e/ incident with v in YO that in Y1 is not incident with v but
the other endverteX of e,. In particular, the edge €] is not in A. Let u be the
common vertex of e, and e.

Next we show that u is only incident with e, and €] in Y;. By going through
the four unlabbeled marked graphs in Xy = X', we check that there is at most
one edge incident with v but not in A. Hence u can only be incident with edges
not in % — e!. Moreover the connected component of Y7 \ Yy containing u
can only contain v and vertices not incident with any edge of Y. Thus by the
minimality of Y7, this connected component only contains the edge e,. So u is
only incident with e, and e .
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Since u has degree 2, Y /el has a 0-minor isomorphic to Yo. By the min-
imality of Y7, it must be that ¥; /e, is not 1-minor of it. Hence ¢, has to be
incident with w.

Suppose for a contradiction that there is an edge e, and an edge e,, defined
as e, with ‘w’ in place of ‘v’. Then as each member of X' has at most one edge
between v and w, it must be that e/ = e/,. This is a contradiction as e/ is
incident with w but not with v in ¥; and for el, it is the other way round.

Summing up, we have shown that Y; is either equal to Yy or otherwise Yy
has an edge e between v and w and Y; is obtained by subdividing that edge.
This edge e cannot be in AN B.

Now we reveal that we define X; from X by adding two more unlabelled
marked graphs as follows, see The first we get from the second

Figure 1.7: The six unlabelled marked graphs in X;. The edges in A are depicted
dotted, the ones in B are bold.

member by subdividing the edge between v and w and let the subdivision edge
incident with v remain in A. The second we get from the third member by
subdividing the edge between v and w.

From this construction it follows that if ¥ has a O-minor Y, with underlyer
in Xy, then the 1-minor Vi of Y defined above has an underlyer in X;. Hence Y
has a 1-minor with underlyer in X; if and only if it has a O-minor with underlyer
in Xo. O

Starting with the second step, we define 2-minors like ‘1-minors’ where we
only allow to delete edges incident with v and w in the pairs given by the
bijection ¢ — and if they are not in A U B. We obtain &5 from &} by adding
the following unlabelled marked graphs. For each member of X} such that all
edges incident with v or w are in A U B we add no new member. There is one
member in X € &} that has an edge incident with w not in A U B but every
edge incident with v is in A. We add new members obtained from X by adding
one more edge incident to v and one other vertex of X. All other members
of X’ € Xy have the property that they have exactly one edge incident with v
not in A U B and exactly one edge incident with w not in A U B. We add new
members to X5 obtained from such an X’ by adding two more non-loop edges,
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one incident with v, the other incident with w[™| This completes the definition
of XQ.

Sublemma 1.6.14. Y has a 1-minor with underlyer in X1 if and only szf has
a 2-minor with underlyer in Xs.

Proof. By construction, if Y has a 2-minor with underlyer in X5, then it has a
1-minor with underlyer in A;. Now conversely assume that Y has a l-minor V;
with underlyer in X;. We define Y, like ‘Y7’ except that we only delete edges
incident with v or w if also their image under ¢ is deleted. It remains to show
that the underlyer of Ys is in Xs, that is, the graph Y5 has no loops. This is
true as the graph Y7 has no loops and the additional edges of Y5 are incident
with v or w. So they cannot be loops as no edge of Y incident with v or w is
contracted by the definition of 1-minor. O

Starting with the third step, we note that 3-minors are like ‘2-minors’ where
we do not allow to replace parallel or serial pairs of edges in A U B as in the
second and third operation of marked minor. Each member of X5 has at most
one edge in AN B. We obtain X3 from &5 by adding two new member for each
X € X, that has an edge e in AN B. The first one we obtain by replacing
the edge e by two edges in parallel, one in A\ B and the other in B\ A. The
second member we construct the same with ‘parallel’ replaced by ‘serial’. The
following is immediate.

Sublemma 1.6.15. Y has a 2-minor with underlyer in Xo if and only szf has
a 3-minor with underlyer in Xs. O

By [Sublemma 1.6.13} [Sublemma 1.6.14] and [Sublemma 1.6.15] any strict
marked graph has a strict marked minor with underlyer in X35 if and only if its
marked graph has a marked minor with underlyer in AXj;. This completes the
proof. O

The set )’ is defined explicitly in the proof of [Lemma 1.6.12] We fix the set
YV’ as defined in that proof. The following is analogue to [Lemma 1.6.9|for strict
marked minors.

Lemma 1.6.16. A locally 3-connected 2-complex is locally planar if and only
if all its link graphs are planar and all their associated strict marked graphs do
not have a strict marked minor from ).

Proof. This is a direct consequence of [Lemma 1.6.9| and |[Lemma 1.6.12] O

15There are some technical conditions we could further force these newly added edges to
satisfy. For example, there are ways in which we could add two edges to the forth member
of X such that the resulting unlabbeled marked graph has another member of X as a strict
marked minor. This would give rise to a slightly stronger version of and thus
of To simplify the presentation we do not do it here.
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1.7 Space minors

In this sections we introduce ‘space minors’ and prove [Theorem 1.2.1] and [The]
orem 1.2.2)

1.7.1 Motivation

Our approach towards Lovész question mentioned in the Introduction is based
on the following two lines of thought.

The first line is as follows. Suppose that a 2-complex C' can be embedded in
S* then we can define a dual graph G of the embedding as follows. Its vertices
are the components of S \C and its edges are the faces of C; each edge is
incident with the two components of S*\C' touched by its face. It would be nice
if the minor operations on the dual graph would correspond to minor operations
on C.

The operation of contraction of edges of G corresponds to deletion of faces.
But which operation corresponds to deletion of edges of G? If the face of C
corresponding to the edge of G is incident with at most two edges of C, then
this is the operation of contraction of faces (that is identify the two incident
edges along the face). For faces of size three, however, it is less clear how such
an operation could be defined.

The second line of thought is that we would like to define the minor operation
such that we can prove an analogue of Kuratowski’s theorem — at least in the
simply connected case.

above is already a characterisation of embeddability in 3-
space by finitely many obstructions. However, the reduction operations are
not directly operations on 2-complexes (some are just defined on their link

complexes). But does|Corollary 1.6.10imply such a Kuratowski theorem? Thus

our aim is to define three operations on 2-complexes that correspond to
1. contraction of edges that are not loopq %}
2. deletion of edges in link graphs;
3. contraction of edges in link graphs.

So we make our first operation to be just the first one: contraction of edges
that are not loops. A natural choice for the second operation is deletion of faces.
This very often corresponds to deletion of edges in the link graph. In some cases
however it may happen that a face corresponds to more than one edge in a link
graph. This is a technicality we will consider later. Also note that contraction of
edges and deletion of faces are "dual”; that is, given a 2-complex C' embedded
in 3-space and the dual complex D (this is the dual graph G defined above
with a face attached for every edge e of C' to the edges of G incident with e),
contracting an edge in C results in deleting a face in D, and vice versa. This

16Contractions of loops do not preserve embeddability in general (as S3 /ST 2 S3).
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is analogous to the fact that deleting an edge in a plane graph corresponds to
contracting that edge in the plane dual.

For the third operation we have some freedom. One operation that corre-
sponds to 3 is the inverse operation of contracting an edge. However this would
not be compatible with the first line of thought and we are indeed able to make
such a compatible choice as follows.

If an edge of the link graph corresponds to a face of C that is incident with
only two edges of C, then contracting that face corresponds to contracting the
corresponding edge in the link graph. It is not clear, however, how that definition
could be extended to faces of size three (in particular if all edges incident with
that face are loops; which we have to deal with as we allow contractions of edges
of C).

Our solution is the following. Essentially, we are able to show that in order to
construct a bounded obstruction in any non-embeddable 2-dimensional simpli-
cial complex (which is the crucial step in a proof of a Kuratowski type theorem)
that is nice enough, we only need to contract faces incident with two edges but
not those of size three! Here ‘nice enough’ means simply connected and lo-
cally 3-connected. Both these conditions can be interpreted as face maximality
conditions on the complex, see ‘Essentially’ here means that
additionally we have to allow for the following two (rather simple) operations.

If the link graph at a vertex v of a 2-complex C' is disconnected, the 2-
complex obtained from C by splitting the vertex v is obtained by replacing v
by one new vertex for each connected component K of the link graph that is
incident with the edges and faces in K.

Given an edge e in a 2-complex C, the 2-complex obtained from C by for-
getting the incidences at e is obtained from C' by replacing e by parallel edges
such that each new edge is incident with precisely one face.

1.7.2 Basic properties

A space minor of a 2-complex is obtained by successively performing one of the
five operations.

1. contracting an edge that is not a loop;

2. deleting a face (and all edges or vertices only incident with that face);
3. contracting a face of size on@ or two if its two edges are not loops;
4. splitting a vertex;

5. forgetting the incidences of an edge.

Remark 1.7.1. A little care is needed with contractions of faces. This can
create faces traversing edges multiple times. In this chapter, however, we do
not contract faces consisting of two loops and we only perform these operations

17 Although we do not need it in our proofs, it seems natural to allow contractions of faces
of size one.
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on 2-complexes whose faces have size at most three. Hence it could only happen
that after contraction some face traverses an edge twice but in opposite direction.
Since faces have size at most three, these traversals are adjacent. In this case
we omit the two opposite traversals of the edge from the face. We delete faces
incident with no edge. This ensures that the class of 2-complexes with faces of
size at most three is closed under face contractions.

A 2-complex is 3-bounded if all its faces are incident with at most three
edges. The closure of the class of simplicial complexes by space minors is the
class of 3-bounded 2-complexes.

It is easy to see that the space minor operations preserve embeddability in
S* (or in any other 3-dimensional manifold) and the first three commute when
defined [

Lemma 1.7.2. The space minor relation is well-founded.

Proof. The face degree of an edge e is the number of faces incident with e. We
consider the sum S of all face degrees ranging over all edges. None of the five
above operations increases S. And 1, 2 and 3 always strictly decrease S. Hence
we can apply 1, 2 or 3 only a bounded number of times.

Since no operation increases the sizes of the faces, the total number of vertices
and edges incident with faces is bounded. Operation 4 increases the number of
vertices and preserves the number of edges. For operation 5 it is the other way
round. Hence we can also only applyiE 4 and 5 a bounded number of times. [

Lemma 1.7.3. If a 2-complex C has a planar rotation system, then all its space
minors do.

Proof. By existence of planar rotation systems is preserved by

contracting edges that are not loops. Clearly the operations 2, 4 and 5 preserve
planar rotation systems as well. Since contracting a face of size two corresponds
to locally in the link graph contracting the corresponding edges, contracting
faces of size two preserves planar rotation systems as noted after
The operation that corresponds to contracting a face of size one is explained in

It clearly preserves embeddings in the plane. Thus contracting a
face of size one also preserves planar rotation systems. O

1.7.3 Generalised Cones

In this subsection we define the list Z of obstructions appearing in
and prove basic properties of the related constructions.

Given a graph G without loops and a partition P of its vertex set into
connected sets, the generalised cone over G with respect to P is the following
(3-bounded) 2-complex C. Let H be the graph obtained from G by contracting

18In order for the contraction of a face to be defined we need the face to have at most two
edges. This may force contractions of edges to happen before the contraction of the face.

19We exclude applications of 4 to a vertex whose link graph is connected and applications
of 5 to edges incident with a single face.
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Figure 1.8: The operation that in the link graph corresponds to contracting a
face f only incident with a single edge ¢. The edge ¢ must be a loop. Hence in
the link graph we have two vertices for £ which are joined by the edge f. On
the left we depicted that configuration. Contracting f in the complex yields the
configuration on the right. Formally, we delete f and both its endvertices and
add for each face x of size at least two traversing £ an edge as follows. Before the
contraction, the link graph contains two edges corresponding to the traversal of
x of £. These edges have precisely two distinct endvertices that are not vertices
corresponding to £. We add an edge between these two vertices.

each class of P to a single vertex and then removing loops (but keeping parallel
edges). The vertices of C are the vertices of H together with one extra vertex,
which we call the top (of the cone). The edges of C' are the edges of H together
with one edge for each vertex v of GG joining the top with the vertex of H that
corresponds to the partition class containing v. We have one face for every edge
of G. If the two endvertices of that edge in GG are in the same partition class, this
face is only incident with the two edges of C' corresponding to these vertices. If
the vertices are in different partition classes, then the face is additionally incident
with the edge of H joining these two partition classes — that corresponds to the
edge of G of the face.

The generalised cone construction has as a special case the cone construc-
tion; indeed we can just pick P to consist only of singletons. However, this
construction has more flexibility, for example if G is connected and simple and
P just consists of a single class, the construction gives a 2-complex with only
two vertices such that G is the link graph at both vertices.

Lemma 1.7.4. Let C' be a 3-bounded 2-complex with a vertex v. If C' has no
loop, then C has a space minor that is a generalised cone whose link graph at
the top is L(v).

Proof. We obtain C from C by deleting all faces not incident with v. We obtain
Cs from C; by forgetting all incidences at the edges not incident with v. We
obtain C3 from Cy by splitting all vertices different from v. It remains to prove
the following.

Sublemma 1.7.5. C5 is a generalised cone over L(v) with top v.
Proof. Let w be a vertex of C3 different from v. Since every face of C'3 has size
two or three and is incident with v, there is an edge e with endvertices v and w.

Let P[w] be the set of those vertices e’ of L(v) such that there is a path from e
to e’ all of whose edges are faces of size two in C3. By construction, every edge
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in Plw] is incident with w. Any edge in the link graph L(w) of C3 with only
one endvertex in Plw] must be a face of C3 of size three. As C' and thus C3 has
no loop, the other endvertex of that edge of L(w) has degree one. As L(w) is
connected, P[w] is equal to the set of edges between v and w.

It is straightforward to check that Cj is (isomorphic to) the generalised cone
over L(v) with respect to the partition (Plw]lw € V(C3) — v). O

O

Lemma 1.7.6. Let C be a generalised cone and H be a minor of the link graph
at the top that has no loops. Then C has a space minor that is a generalised
cone over H.

Proof. We denote the top of the cone by v. Let f be a face of C. Clearly C' — f
is a generalised cone such that the link graph at the top is L(v) — f. Hence it
suffices to show that C has a space minor that is a generalised cone over L/,
where we obtain L’ from L(v)/f by deleting all its loops.

If f is a face of size three, it is incident with an edge e not incident with
v. Note that C/e is a generalised cone with link graph L(v) at the top — with
some faces of size one whose loops are attached at the vertex e. These faces
are those in parallel with f in L(v). Hence by contracting such an edge e and
by afterwards deleting all faces of size one if existed, we may assume that f is
incident with only two edges.

We denote by C’ the 2-complex obtained from C' by contracting the face f.
Since all faces corresponding to loops of L(v)/f have the same edges as f in C,
they collapse when contracting f in C. Thus C’ is a generalised cone and its
link graph at the top is L. O

In the following we introduce ‘looped generalised cones’ and prove for them
analogues of [Lemma 1.7.4] and [Lemma 1.7.6]

A looped generalised cone is obtained from a generalised cone by attaching a
loop at the top of the cone, adding some faces of size one only containing that
loop and adding the incidence with the loop to some existing faces of size two.
This is well-defined as all faces of a generalised cone are incident with the top.

The following is proved analogously to [Lemma 1.7.4F"]

Lemma 1.7.7. Let C be a 3-bounded 2-complex and let v be a vertex. If C has
precisely one loop e and that loop is incident with v, then C' has a space minor
that is a looped generalised cone whose link graph at the top is L(v). O

We prove the following analogue of for looped generalised cones.
20The statement analogue to [Sublemma 1.7.5|is that ‘Cs is a looped generalised cone over

L(v) with top v’. By the proof of that sublemma it follows that C3/e is a generalised cone.
Using the definition of looped generalised cone, it follows that C3 is a looped generalised cone
with the desired property.
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Lemma 1.7.8. Let C be a looped generalised cone and let H be a strict marked
minor of some strict marked graph associated to the link graph at the top that
has no loops. Then C has a space minor that is a looped generalised cone such
that H is a strict marked graph associated to the link graph at the top.

Proof. Let G be a strict marked graph associated to the link graph at the top
of C that has H as a strict marked minor. That is, we obtain H from G by
contracting a set X; of edges not incident with v or w, deleting a set X5 of
edges not incident with v or w, and deleting a set X3 of pairs of edges, where
any two edges in a pair are in the bijection of G.

We obtain G’ from G by contracting the edges in X; and deleting the edges
in X,. As in the proof of one shows that C has a space minor C’
whose link graph at the top is G’. Any two edges in a pair in X3 correspond to
the same face; such faces correspond to no further edges as C' has only one loop.
We obtain the final cone C” by deleting the set of faces corresponding to pairs
in X3. It is straightforward to check that C” has the desired properties. O

Let Z; be the set of generalised cones over the graphs K5 or K3 3. Let 25
be the set of looped generalised cones such that some member of ) is a strict
marked graph associated to the link graph at the top. Let Z be the union of
Zl and Zg.

1.7.4 A Kuratowski theorem
In this subsection we prove First we prove the following.

Theorem 1.7.9. Let C be a simply connected locally 3-connected 2-dimensional
simplicial complex. Then C has a planar rotation system if and only if C has
no space minor from the finite list Z.

Proof. If C' has a planar rotation system, it cannot have a space minor in Z.
Indeed, every complex Z in Z has a link graph that is not loop planar. Hence no
Z in Z has a planar rotation system by Since by the
class of 2-complexes with planar rotation systems is closed under space minors,
C' cannot have a space minor in Z.

Now conversely assume that the simplicial complex C has no space minor in
Z. Suppose for a contradiction that C' has no planar rotation system. Then by
there is a 3-bounded space minor C’ that is not locally planar,
where C is either C, or for some (non-loop) edge e the contraction C'/e or there
is a (non-loop) chordless cycle o of C' and some e € o such that C' = C/(o —e).
We distinguish two cases.

Case 1: C or C/e are not locally planar. Since C' has no parallel edges
or loops by assumption, in the first two cases C’ has no loop. Hence C’ has a
vertex v such that the link graph L(v) at v is not planar. By c’
has a space minor that is a generalised cone such that the link graph at the top
is L(v). By Kuratowski’s theorem, L(v) has a minor isomorphic to K5 or Kj 3.

So by [Lemma 1.7.6| C’ has a space minor that is a generalised cone over K5 or
K3 3. So C has a space minor in Z;, which is the desired contradiction.
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Case 2: Not Case 1. So ¢’ = C/(o —e). Let v be the vertex of C’
corresponding to o — e. Since we are not in Case 1, all link graphs at vertices of
C' are loop planar. In particular, it must be the link graph at v that is not loop
planar.

Sublemma 1.7.10. If the link graph L(v) is not planar, there is an edge €' €
0 — e such that the link graph at €' in C/e’ is not planar.

Proof. We prove the contrapositive. So assume that for every edge ¢/ € 0o — e
the link graph at e’ of C/e’ is planar. Since C is locally 3-connected, the planar
rotation systems of the link graphs L(w) at the vertices w of o are unique up to
reversing. By these rotation systems are reverse or agree at any
rotator of a vertex in o — e.

Note that L(v) is the vertex sum of the link graphs L(w) along the set
o — e of gluing vertices. Thus by reversing some of these rotation systems if

necessary, we can apply [Lemma 1.4.2|to build a planar rotation system of L(v).
In particular, L(v) is planar. O

By [Sublemma 1.7.10| and since we are not in Case 1, the link graph L(v) is
planar but not loop planar.
Since C has no loops and parallel edges and o is chordless, in this case C’

can only have the loop e. Thus by [Lemma 1.7.7| C’ has a space minor that is a
looped generalised cone such that the link graph at the top is L(v).

Since C' is locally 3-connected by assumption and by the link
graph L(v) is 3-connected, bythere is a marked graph G associated
to L(v) that is not planar. Let G’ be a strict marked graph associated to L(v)
with marked graph G. By G’ has a strict marked minor Y in )'.
So by C’ has a space minor that is a looped generalised cone such
that Y is a strict marked graph associated to the top. So C' has a space minor
in Z9, which is the desired contradiction. O

Proof of|[Theorem 1.2.1. By [Theorem 1.3.1]a simply connected simplicial com-
plex is embeddable in S if and only if it has a planar rotation system. So

‘Theorem 1.2.1|is implied by [I'heorem 1.7.9 O

Proof of [Theorem 1.2.2. By a theorem of a simplicial complex with
H,(C,F,) = 0 is embeddable if and only if it is simply connected and it has a

planar rotation system. So is implied by O

1.8 Concluding remarks

The proof of yields that quite a few properties are equivalent.

This is summarised in the following.

Theorem 1.8.1. Let C be a simply connected locally 3-connected 2-dimensional
simplicial complex. The following are equivalent.

1. C has an embedding in the 3-sphere;
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2. C has an embedding in some 3-manifold;
3. C has a planar rotation system;

4. all contractions of C' are locally planar;
5

. no contraction has a link graph that has Ks or K33z as a minor or a
marked minor of the 12 marked graphs in the list Y defined in[Section 1.6}

6. C has no space minor from the finite list Z defined in|Subsection 1.7.5.

Proof. The equivalence between 1, 2 and 3 is proved in The equiv-
alence between 3 and 4 is proved in The equivalence between 1
and 5 is [Corollary 1.6.10] Finally, the equivalence between 1 and 6 is
fcem 12,71 O

is a structural characterisation of which locally 3-connected

2-dimensional simplicial complex C' whose first homology group is trivial embed
in 3-space. Does this have algorithmic consequences? The methods of this
chapter give an algorithm that check in linea@ time whether it has a planar
rotation system. But how easy is it to check whether C' is simply connected?
For simplicial complexes in general this is not decidable; indeed for every finite
presentation of a group one can build a 2-dimensional simplicial complex that
has that fundamental group. However, for simplicial complexes that embed in
some 3-manifold, that is, that have a planar rotation system, this problem is
known as the sphere recognition problem. Recently it was shown that sphere
recognition lies in NP [58, [83] and co-NP assuming the generalised Riemann
hypothesis [56, [[02]. It is an open question whether there is a polynomial time
algorithm.
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Chapter 2

Rotation systems

2.1 Abstract

We prove that 2-dimensional simplicial complexes whose first homology group is
trivial have topological embeddings in 3-space if and only if there are embeddings
of their link graphs in the plane that are compatible at the edges and they are
simply connected.

2.2 Introduction

Here we give combinatorial characterisations for when certain simplicial com-
plexes embed in 3-space. This completes the proof of a 3-dimensional analogue
of Kuratowski’s characterisation of planarity for graphs, started in

A (2-dimensional) simplicial complex has a topological embedding in 3-space
if and only if it has a piece-wise linear embedding if and only if it has a differential
embedding [1T], 54} 76]E| Perelman proved that every compact simply connected
3-dimensional manifold is isomorphic to the 3-sphere S* [78, [79, B0]. In this
chapter we use Perelman’s theorem to prove a combinatorial characterisation
of which simply connected simplicial complexes can be topologically embedded
into S* as follows.

The link graph at a vertex v of a simplicial complex is the graph whose
vertices are the edges incident with v and whose edges are the faces incident with
v and the incidence relation is as in C, see[Figure 2.1] Roughly, a planar rotation
system of a simplicial complex C' consists of cyclic orientations o(e) of the faces
incident with each edge e of C' such that there are embeddings in the plane of
the link graphs such that at vertices e the cyclic orientations of the incident
edges agree with the cyclic orientations o(e). It is easy to see that if a simplicial
complex C has a topological embedding into some 3-dimensional manifold, then

!However this is not equivalent to having a linear embedding, see [20], and [68] for further
references.
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Figure 2.1: The link graph at the vertex v is indicated in grey. The edge e
projects down to a vertex in the link graph. The faces incident with e project
down to edges.

it has a planar rotation system. Conversely, for simply connected simplicial
complexes the existence of planar rotation systems is enough to characterise
embeddability into S*:

Theorem 2.2.1. Let C be a simply connected simplicial complexr. Then C has
a topological embedding into S% if and only if C has a planar rotation system.

The main result of this chapter is the following extension of

Theorem 2.2.2. Let C be a simplicial complex such that the first homology
group Hy(C,Fy) is trivial for some prime p. Then C has a topological embedding
into S* if and only if C is simply connected and it has a planar rotation system.

This implies characterisations of topological embeddability into S* for the
classes of simplicial complexes with abelian fundamental group and simplicial
complexes in general, see for details.

This chapter is organised as follows. After reviewing some elementary def-
initions in [Section 2.3| in [Section 2.4] we introduce rotation systems, related
concepts and prove basic properties of them. In Sections and we prove

The proof of [Theorem 2.2.2] in [Section 2.7] makes use of [Theo]
e 2.2.71 Further extensions are derived in [Section 2.8

2.3 Basic definitions

In this short section we recall some elementary definitions that are important
for this chapter.

A closed trail in a graph is a cyclically ordered sequence (e,|n € Zj) of
distinct edges e, such that the starting vertex of e, is equal to the endvertex
of e,—1. An (abstract) (2-dimensional) complezr is a graplﬂ G together with
a family of closed trails in G, called the faces of the complex. We denote
complexes C by triples C = (V, E, F'), where V is the set of vertices, E the set
of edges and F' the set of faces. We assume furthermore that every vertex of a

2In this part graphs are allowed to have parallel edges and loops.
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complex is incident with an edge and every edge is incident with a face. The
1-skeleton of a complex C = (V, E, F) is the graph (V, E). A directed complex
is a complex together with a choice of direction at each of its edges and a choice
of orientation at each of its faces. For an edge e, we denote the direction chosen
at e by €. For a face f, we denote the orientation chosen at f by f

Examples of complexes are (abstract) (2-dimensional) simplicial complexes.
In this part all simplicial complexes are directed — although we will not always
say it explicitly. A (topological) embedding of a simplicial complex C' into a
topological space X is an injective continuous map from (the geometric reali-
sation of) C into X. In our notation we suppress the embedding map and for
example write ‘S \C” for the topological space obtained from S* by removing
all points in the image of the embedding of C.

In this part, a surface is a compact 2-dimensional manifold (without bound-
ary)El Given an embedding of a graph in an oriented surface, the rotation
system at a vertex v is the cyclic orientatiorﬁ of the edges incident with v given
by ‘walking around’ v in the surface in a small circle in the direction of the
orientation. Conversely, a choice of rotation system at each vertex of a graph
G defines an embedding of G in an oriented surface as explained in

A cell complex is a graph G together with a set of directed walks such that
each direction of an edge of G is in precisely one of these directed walk es. These
directed walks are called the cells. The geometric realisation of a cell complex
is obtained from (the geometric realisation of) its graph by gluing discs so that
the cells are the boundaries of these discs. The geometric realisation is always
an oriented surface. Note that cell complexes need not be complexes as cells
are allowed to contain both directions of an edge. The rotation system of a cell
complex C' is the rotation system of the graph of C in the embedding in the
oriented surface given by C.

2.4 Rotation systems

In this section we introduce rotation systems of complexes and some related
concepts.

The link graph of a simplicial complex C at a vertex v is the graph whose
vertices are the edges incident with v. The edges are the faces inciden‘ﬂ with
v. The two endvertices of a face f are those vertices corresponding to the two
edges of C incident with f and v. We denote the link graph at v by L(v).

A rotation system of a directed complex C' consists of for each edge e of C
a cyclic orientatiorﬁ o(e) of the faces incident with e.

Important examples of rotation systems are those induced by topological
embeddings of complexes C' into S® (or more generally in some 3-manifold);
here for an edge e of C, the cyclic orientation o(e) of the faces incident with e

3We allow surfaces to be disconnected.

4A cyclic orientation is a choice of one of the two orientations of a cyclic ordering.
5A face is incident with a vertex if there is an edge incident with both of them.
S1f the edge e is only incident with a single face, then o(e) is empty.
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is the ordering in which we see the faces when walking around some midpoint
of e in a circle of small radiud’]— in the direction of the orientation of S>. It can
be shown that o(e) is independent of the chosen circle if small enough and of
the chosen midpoint.

Such rotation systems have an additional property: let £ = (o(e)le € E(C))
be a rotation system of a simplicial complex C' induced by a topological em-
bedding of C' in the 3-sphere. Consider a ball of small radius around a vertex
v. We may assume that each edge of C' intersects the boundary of that ball in
at most one point and that each face intersects it in an interval or not at all.
The intersection of the boundary of the ball and C' is a graph: the link graph at
v. Hence link graphs of complexes with induced rotation systems must always
be planar. And even more: the cyclic orientations o(e) at the edges of C' form
— when projected down to a link graph to rotators at the vertices of the link

graph — a rotation system at the link graph, see

Figure 2.2: On the left we depicted a cyclic orientation o(e) at an edge e. On
the right we depicted the link graph L at an endvertex of e. The edge € is a
vertex of L and o(e) is a rotator at L.

Next we shall define ‘planar rotation systems’ which roughly are rotation
systems satisfying such an additional property. The cyclic orientation o(e) at
the edge e of a rotation system defines a rotation system r(e,v,X) at each
vertex e of a link graph L(v): if the directed edge € is directed towards v we
take r(e, v, X) to be o(e). Otherwise we take the inverse of o(e). As explained in
this defines an embedding of the link graph into an oriented surface.
The link complex for (C,X) at the vertex v is the cell complex obtained from
the link graph L(v) by adding the faces of the above embedding of L(v) into the
oriented surface. By definition, the geometric realisation of the link complex is
always a surface. To shortcut notation, we will not distinguish between the link
complex and its geometric realisation and just say things like: ‘the link complex
is a sphere’. A planar rotation system of a directed simplicial C' is a rotation
system such that for each vertex v all link graphs are a disjoint union of spheres.
The paragraph before shows the following.

"Formally this means that the circle intersects each face in a single point and that it can be
contracted onto the chosen midpoint of e in such a way that the image of one such contraction
map intersects each face in an interval.
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Observation 2.4.1. Rotation systems induced by topological embeddings of lo-
cally connecte(ﬁ simplicial complexes in 3-manifolds are planar. ]

Next we will define the local surfaces of a topological embedding of a simplicial
complex C into S*. The local surface at a connected component of S*\C' is
the following. Pour concrete into this connected component. The surface of the
concrete is a 2-dimensional manifold. The local surface is the simplicial complex
drawn at the surface by the vertices, edges and faces of C. Note that if an edge
e of GG is incident with more than two faces that are on the surface, then the
surface will contain at least two clones of the edge e, see

Figure 2.3: On the left we depicted the torus with an additional face attached
on a genus reducing curve in the inside. On the right we depicted the local
surface of its inside component. It is a sphere and contains two copies of the
newly added face (and its incident edges).

Now we will define local surfaces for a pair (C,%) consisting of a complex
C and one of its rotation systems . below says that under fairly
general circumstances the local surfaces of a topological embedding are the local
surfaces of the rotation system induced by that topological embedding. The set
of faces of a local surface will be an equivalence class of the set of orientations
of faces of C. The local-surface-equivalence relation is the symmetric transitive
closure of the following relation. An orientation f of a face f is locally related
via an edge e of C' to an orientation ¢ of a face g if f is just before g in o(e) and
e is traversed positively by f and negatively by ¢ and in o(e) the faces f and g
are adjacent. Here we follow the convention that if the edge e is only incident
with a single face, then the two orientations of that face are related via e. Given
an equivalence class of the local-surface-equivalence relation, the local surface at
that equivalence class is the following complex whose set of faces is (in bijection
with) the set of orientations in that equivalence class. We obtain the complex
from the disjoint union of the faces of these orientations by gluing together two
of these faces fi and f; along two of their edges if these edges are copies of the
same edge e of C' and f; and f; are related via e. Of course, we glue these
two edges in a way that endvertices are identified only with copies of the same

8 [Observation 2.4.1]is also true without the assumption of ‘local connectedness’. In that

case however the link complex is disconnected. Hence it is no longer directly given by the
drawing of the link graph on a ball of small radius as above.
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vertex of C. Hence each edge of a local surface is incident with precisely two
faces. Hence its geometric realisation is always a is a surface. Similarly as for
link complexes, we shall just say things like ‘the local surface is a sphere’.

Observation 2.4.2. Local surfaces of planar rotation systems are always con-
nected. O

A (2-dimensional) orientation of a complex C such that each edge is in
precisely two faces is a choice of orientation of each face of C' such that each
edge is traversed in opposite directions by the chosen orientation of the two
incident faces. Note that a complex whose geometric realisation is a surface has
an orientation if and only its geometric realisation is orientable.

Observation 2.4.3. The set of orientations in a local-surface-equivalence class
defines an orientation of its local surface.
In particular, local surfaces are cell complexes. [

We will not use the following lemma in our proof of However,

we think that it gives a better intuitive understanding of local surfaces. We say
that a simplicial complex C'is locally connected if all link graphs are connected.

Lemma 2.4.4. Let C be a connected and locally connected complex embedded
into S* and let ¥ be the induced planar rotation system. Then the local surfaces
of the topological embedding are equal to the local surfaces for (C,X). O

There is the following relation between vertices of local surfaces and faces of
link complexes.

Lemma 2.4.5. Let X be a rotation system of a simplicial complex C. There is
a bijection ¢ between the set of vertices of local surfaces for (C,X) and the set of
faces of link complexes for (C,X), which maps each vertex v’ of a local surface
cloned from the vertex v of C to a face f of the link complex at v such that the
rotation system at v’ is an orientation of f.

Proof. The set of faces of the link complex at v is in bijection with the set of
v-equivalence classes; here the v-equivalence relation on the set of orientations of
faces of C incident with v is the symmetric transitive closure of the relation ‘lo-
cally related’. Since we work in a subset of the orientations, every v-equivalence
class is contained in a local-surface-equivalence class. On the other hand the set
of all clones of a vertex v of C' contained in a local surface S is in bijection with
the set of v-equivalence classes contained in the local-surface-equivalence class
of S. This defines a bijection ¢ between the set of vertices of local surfaces for
(C, %) and the set of faces of link complexes for (C, ).

It is straightforward to check that ¢ has all the properties claimed in the
lemma. O

Corollary 2.4.6. Given a local surface of a simplicial complex C' and one of
its vertices v' cloned from a vertex v of C, there is a homeomorphism from a
neighbourhood around v’ in the local surface to the cone with top v’ over the
face boundary of (v") that fizes v’ and the edges and faces incident with v' in a
neighbourhood around v'. O
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The definitions of link graphs and link complexes can be generalised from
simplicial complexes to complexes as follows. The link graph of a complex C
at a vertex v is the graph whose vertices are the edges incident with v. For
any traversal of a face of the vertex v, we add an edge between the two vertices
that when considered as edges of C are in the face just before and just after
that traversal of v. We stress that we allow parallel edges and loops. Given a
complex C, any rotation system X of C' defines rotation systems at each link
graph of C. Hence the definition of link complex extends.

2.5 Constructing piece-wise linear embeddings

In this section we prove below, which is used in the proof of
Mheorem 2.2.71

Throughout this section we fix a connected and locally connected simplicial
complex C' with a rotation system Y. An associated topological space T'(C, X)
is defined as follows. For each local surface S of (C, %) we take an embedding
into S*. Bach local surface is oriented and we denote by S the topological space
obtained from S* by deleting all points on the outside of S. We obtain T(C,X)
from the simplicial complex C' by gluing onto each local surface .S the topological
space S along S.

We remark that associated topological spaces may depend on the chosen
embeddings of the local surfaces S into S®. However, if all local surfaces are
spheres, then any two associated topological spaces are isomorphic and in this
case we shall talk about ‘the’ associated topological space.

Clearly, associated topological spaces T'(C, X)) are compact and connected as
C is connected.

Lemma 2.5.1. The rotation system % is planar if and only if the associated
topological space T(C,X) is a 3-dimensional manifold.

Proof. |Observation 2.4.1| implies that if T(C,X) is a 3-dimensional manifold,
then X is planar. Conversely, now assume that ¥ is a planar rotation system.
We have to show that there is a neighbourhood around any point = of T(C, )
that is isomorphic to the closed 3-dimensional ball Bs.

If z is a point not in C| this is clear. If x is an interior point of a face f,
we obtain a neighbourhood of z by gluing together neighbourhoods of copies
of x in the local surfaces that contain an orientation of f. Each orientation of
f is contained in local surfaces exactly once. Hence we glue together the two
orientations of f and clearly x has a neighbourhood isomorphic to Bs.

Next we assume that x is an interior point of an edge e. Some open neigh-
bourhood of x is isomorphic to the topological space obtained from gluing to-
gether for each copy of e in a local surface, a neighbourhood around a copy z’
of = on those edges. A neighbourhood around z’ has the shape of a piece of a
cake, see

First we consider the case that x has several copies. As o(e) is a cyclic
orientation, these pieces of a cake are glued together in a cyclic way along faces.
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z'y)

Figure 2.4: A piece of a cake. This space is obtained by taking the product
of a triangle with the unit interval. The edge e is mapped to the set of points
corresponding to some vertex of the triangle.

Since each cyclic orientation of a face appears exactly once in local surfaces, we
identify in each gluing step the two cyclic orientations of a face. Informally, the
overall gluing will be a ‘cake’ with x as an interior point. Hence a neighbourhood
of z is isomorphic to Bs. If there is only one copy of z’, then the copy of e
containing 2’ is incident with the two orientations of a single face. Then we
obtain a neighbourhood of = by identifying these two orientations. Hence there
is a neighbourhood of x isomorphic to Bs.

It remains to consider the case where x is a vertex of C. We obtain a
neighbourhood of x by gluing together neighbourhoods of copies of x in local
surfaces. We shall show that we have one such copy for every face of the link
complex for (C,X) and a neighbourhood of z in such a copy is given by the cone
over that face with x being the top of the cone, see We shall show

Figure 2.5: In this example the link complex of z is a tetrahedron. The three
faces visible in our drawing are highlighted in red, gold and grey. On the left
we see how the four cones over the faces of the link complex are pasted together
to form the cone over the link complex depicted on the right.

that the glued together neighbourhood is the cone over the link complex with
x at the top. Since ¥ is planar and C is locally connected, the link complex
is isomorphic to the 2-sphere. Since the cone over the 2-sphere is a 3-ball, the
neighbourhood of = has the desired type.

Now we examine this plan in detail. By [Lemma 2.4.5| and [Corollary 2.4.6]
the copies are mapped by the bijection ¢ to the faces of the link complex at x
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and a neighbourhood around such a copy z’ is isomorphic to the cone with top
x’ over the face ¢(z’). We glue these cones over the faces ¢(z') on their faces
that are obtained from edges of ¢(z’) by adding the top «’.

The glued together complex is isomorphic to the cone over the complex S
obtained by gluing together the faces 1(z’) along edges, where we always glue
the edge the way round so that copies of the same vertex of the local incidence
graph are identified. Hence the vertex-edge-incidence relation and the edge-
face-incidence relation of S are the same as for the link complex at z. The
same is true for the cyclic orderings of edges on faces. So S is equal to the link
complex at x.

Hence a neighbourhood of x is isomorphic to a cone with top z over the link
complex at x. Since X is a planar rotation system, the link complex is a disjoint
union of spheres. As C is locally connected, it is a sphere. Thus its cone is
isomorphic to Bs. U

Lemma 2.5.2. If C is simply connected, then so is any associated topological
space T(C, Y).

Proof. This is a consequence of Van Kampen’s Theorem [55, Theorem 1.20].
Indeed, we obtain T from T(C,¥) by deleting all interior points of the sets S
for local surfaces S that are not in a small open neighbourhood of C'. This can
be done in such a way that T" has a deformation retract to C, and thus is simply
connected. Now we recursively glue the spaces S back onto T. In each step we
glue a single space S. Call the space obtained after n gluings T,.

The fundamental group of S is a quotient of the fundamental group of the
intersection of T}, and S. And the fundamental group of T}, is trivial by induc-
tion. So we can apply Van Kampen’s Theorem to deduce that the gluing space
T,+1 has trivial fundamental group. Hence the final gluing space T(C,X) has
trivial fundamental group. So it is simply connected. O

The converse of [Lemma 2.5.2|is true if all local surfaces for (C, X)) are spheres.

Lemma 2.5.3. If all local surfaces for (C,X) are spheres and the associated
topological space T(C,X) is simply connected, then so is C.

Proof. Let ¢ an image of S! in C. Since T(C,%) is simply connected, there is
a homotopy from ¢ to a point of C in T(C,¥). We can change the homotopy
so that it avoids an interior point of each local surface of the embedding. Since
each local surface is a sphere, for each local surface without the chosen point
there is a continuous projection to its boundary. Since these projections are
continuous, the concatenation of them with the homotopy is continuous. Since
this concatenation is constant on C this defines a homotopy of ¢ inside C. Hence
C' is simply connected. O

We conclude this section with the following special case of

Theorem 2.5.4. A locally connected simplicial complex C has a planar rotation
system X if and only if T(C,X) is a 3-manifold. And if C is simply connected,
then T(C,X) must be the 3-sphere.

44



Proof. By treating different connected components separately, we may assume
that C is connected. The first part follows from The second part
follows fromand Perelman’s theorem [78, [80, [79] that any compact
simply connected 3-manifold is isomorphic to the 3-sphere. O

Remark 2.5.5. We used Perelman’s theorem in the proof of
On the other hand it together with Moise’s theorem [71] that every compact 3-

dimensional manifold has a triangulation implies Perelman’s theorem: let M be
a simply connected 3-dimensional compact manifold. Let T be a triangulation
of M. And let C be the simplicial complex obtained from T by deleting the 3-
dimensional cells. Let X be the rotation system given by the embedding of C' into
T. Tt is clear from that construction that 7" is equal to the triangulation given by
the embedding of C into T'(C,X). Hence we can apply to deduce
that C is simply connected. Hence by the topological space
T(C,%), into which C embeds, is isomorphic to the 3-sphere. Since T(C,X) is
isomorphic to M, we deduce that M is isomorphic to the 3-sphere.

2.6 Cut vertices

In this section we deduce [Theorem 2.2.1| from [Theorem 2.5.4] proved in the last
section. Given a prime p, a simplicial complex C is p-nullhomologous if every
directed cycle of C is generated over I, by the boundaries of faces of C'. Note
that a simplicial complex C'is p-nullhomologous if and only if the first homology
group H;(C,F,) is trivial. Clearly, every simply connected simplicial complex
is p-nullhomologous.

A vertex v in a connected complex C is a cut vertex if the 1-skeleton of C
without v is a disconnected grapkﬂ A vertex v in an arbitrary, not necessar-
ily connected, complex C' is a cut vertexr if it is a cut vertex in a connected
component of C.

Lemma 2.6.1. Fvery p-nullhomologous simplicial complex without a cut vertex
18 locally connected.

Proof. We construct for any vertex v of an arbitrary simplicial complex C' such
that the link graph L(v) at v is not connected and v is not a cut vertex a cycle
containing v that is not generated by the face boundaries of C.

Let e and g be two vertices in different components of L(v). These are edges
of C' and let w and u be their endvertices different from v. Since v is not a cut
vertex, there is a path in C' between u and w that avoids v. This path together
with the edges e and g is a cycle o in C' that contains v.

Our aim is to show that o is not generated by the boundaries of faces of
C'. Suppose for a contradiction that o is generated. Let F' be a family of faces

9We define this in terms of the 1-skeleton instead of directly in terms of C for a technical
reason: The object obtained from a simplicial complex by deleting a vertex may have edges not
incident with faces. So it would not be a 2-dimensional simplicial complex in the terminology
of this part.
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whose boundaries sum up to o. Let F,, be the subfamily of faces of F' that are
incident with v. Each face in F, is an edge of L(v) and each vertex of L(v)
is incident with an even number (counted with multiplicities) of these edges
except for e and g that are incident with an odd number of these faces. Let X
be the connected component of the graph L(v) restricted to the edge set F), that
contains the vertex e. We obtain X’ from X by adding k — 1 parallel edges to
each edge that appears k times in F,. Since X’ has an even number of vertices
of odd degree also g must be in X. This is a contradiction to the assumption
that e and g are in different components of L(v). Hence o is not generated by
the boundaries of faces of C'. This completes the proof. O

Given a connected complex C with a cut vertex v and a connected component
K of the 1-skeleton of C' with v deleted, the complex attached at v centered at
K has vertex set K + v and its edges and faces are those of C' all of whose
incident vertices are in K + v.

Lemma 2.6.2. A connected simplicial complex C' with a cut vertex v has a
piece-wise linear embedding into S* if and only if all complezes attached at v
have a piece-wise linear embedding into S°.

Proof. If C has an embedding into S, then clearly all complexes attached at v
have an embedding. Conversely suppose that all complexes attached at v have
an embedding into S*. Pick one of these complexes arbitrarily, call it X and
fix an embedding of it into S®. In that embedding pick for each component of
C remove v except that for X a closed ball contained in S® that intersects X
precisely in v such that all these closed balls intersect pairwise only at v. Each
complex attached at v, has a piece-wise linear embedding into the 3-dimensional
unit ball as they have embeddings into S® such that some open set is disjoint from
the complex. Now we attach these embeddings into the balls of the embedding
of X inside the reserved balls by identifying the copies of v. This defines an
embedding of C. O

Recall that in order to prove it suffices to show that any

simply connected simplicial complex C' has a piece-wise linear embedding into
S? if and only if C has a planar rotation system.

Proof of[Theorem 2.2.1] Clearly if a simplicial complex is embeddable into S?,
then it has a planar rotation system. For the other implication, let C' be a
simply connected simplicial complex and ¥ be a planar rotation system. We
prove the theorem by induction on the number of cut vertices of C. If C' has
no cut vertex, it is locally connected by [Lemma 2.6.1} Thus it has a piece-wise
linear embedding into S* by [Theorem 2.5.4l

Hence we may assume that C has a cut vertex v. As C' is simply connected,
every complex attached at v is simply connected. Hence by the induction hy-
pothesis each of these complexes has a piece-wise linear embedding into S®.

Thus C has a piece-wise linear embedding into S* by [Lemma 2.6.2 O
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2.7 Local surfaces of planar rotation systems

The aim of this section is to prove A shorter proof is sketched
in using algebraic topology. As a first step in that direction, we
first prove the following.

Theorem 2.7.1. Let C be a locally connected p-nullhomologous simplicial com-
plex that has a planar rotation system. Then all local surfaces of the planar
rotation system are spheres.

Before we can prove we need some preparation. The complex
dual to a simplicial C' with a rotation system X has as its set of vertices the
set of local surfaces of X. Its set of edges is the set of faces of C', and an edge
is incident with a vertex if the corresponding face is in the corresponding local
surface. The faces of the dual are the edges of C'. Their cyclic ordering is as
given by Y. In particular, the edge-face-incidence-relation of the dual is the
same as that of C' but with the roles of edges and faces interchanged.

Moreover, an orientation f of a face f of C corresponds to the direction
of f when considered as an edge of the dual complex D that points towards
the vertex of D whose local-surface-equivalence class contains f. Hence the
direction of the dual complex C' induces a direction of the complex D. By
Yo = (oc(f)|f € E(D)) we denote the following rotation system for D: for
oc(f) we take the orientation ]? of f in the directed complex C.

In this part we follow the convention that for edges of C' we use the letter
e (with possibly some subscripts) while for faces of C' we use the letter f. In
return, we use the letter f for the edges of a dual complex of C' and e for its
faces.

Lemma 2.7.2. Let C' be a connected and locally connected simplicial complez.
Then for any rotation system, the dual complex D is connected.

Proof. Two edges of C are C-related if there is a face of C incident with both
of them. And they are C-equivalent if they are in the transitive closure of
the symmetric relation ‘C-related’. Clearly, any two C-equivalent edges of C'
are in the same connected component. If C' however is locally connected, also
the converse is true: any two edges in the same connected component are C-
equivalent. Indeed, take a path containing these two edges. Any two edges
incident with a common vertex are C-equivalent as C'is locally connected. Hence
any two edges on the path are C-equivalent.

We define D-equivalent like ‘C-equivalent’ with ‘D’ in place of ‘C’. Now let
f and f’ be two edges of D. Let e and e’ be edges of C incident with f and
f', respectively. Since C' is connected and locally connected the edges e and €’
are C-equivalent. As C' and D have the same edge/face incidence relation, the
edges f and f’ of D are D-equivalent. So any two edges of D are D-equivalent.
Hence D is connected. O

First, we prove the following, which is reminiscent of euler’s formula.
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Lemma 2.7.3. Let C be a locally connected p-nullhomologous simplicial com-
plex with a planar rotation system and D the dual complex. Then

VO = E[+|F| = [V(D)] =0
Moreover, we have equality if and only if D is p-nullhomologous.

Proof. Let Zc be the dimension over IF,, of the cycle space of C. Similarly we
define Zp. Let r be the rank of the edge-face-incidence matrix over IF,. Note
that » < Zp and that r = Z¢ as H1(C,F,) = 0. So Zp — Z¢ > 0. Hence it
suffices to prove the following.

Sublemma 2.7.4.
V(O —|E|+|F| - |V(D)|=Zp - Zc

Proof. Let ko be the number of connected components of C' and kp be the
number of connected components of D. Recall that the space orthogonal to the
cycle space (over FF,) in a graph G has dimension |V(G)| minus the number
of connected components of G. Hence Z¢ = |E| — |V(C)| + k¢ and Zp =
|F| — |V(D)| + kp. Subtracting the first equation from the second yields:

V(O =Bl +|F| = V(D) + (kp — ko) = Zp — Zc

Since the dual complex of the disjoint union of two simplicial complexes (with
planar rotation systems) is the disjoint union of their dual complexes, ko < kp.

By kc = kp. Plugging this into the equation before, proves the
sublemma. O

This completes the proof of the inequality. We have equality if and only if
r = Zp. So the ‘Moreover’-part follows. O

Our next goal is to prove the following, which is also reminiscent of euler’s
formula but here the inequality goes the other way round.

Lemma 2.7.5. Let C be a locally connected simplicial complex with a planar
rotation system % and D the dual complex. Then:

V(O = E[+[F|-[V(D)| <0
with equality if and only if all link complexes for (D,X¢) are spheres.

Before we can prove this, we need some preparation. By a we denote the
sum of the faces of link complexes for (C,X). By o' we denote the sum over
the faces of link complexes for (D, X ). Before proving that a is equal to a’ we
prove that it is useful by showing the following.

Claim 2.7.6. is true if a = a’ and all link complezxes for (D, YX¢)

are connected.
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Proof. Given a face f of C, we denote the number of edges incident with f by
deg(f). Our first aim is to prove that

21V (C)| =2|E| - deg(f) (2.1)
fer

To prove this equation, we apply Euler’s formula [35] in the link complexes
for (C,3). Then we take the sum of all these equations over all v € V/(C). Since
Y is a planar rotation system, all link complexes are a disjoint union of spheres.
Since C' is locally connected, all link complexes are connected and hence are
spheres. So they have euler characteristic two. Thus we get the term 2|V (C)|
on the left hand side. By definition, a is the sum of the faces of link complexes
for (C,%).

The term 2|E| is the sum over all vertices of link complexes for (C,X).
Indeed, each edge of C' between the two vertices v and w of C is a vertex of
precisely the two link complexes for v and w.

The term ) ;. - deg(f) is the sum over all edges of link complexes for (C, X).
Indeed, each face f of C' is in precisely those link complexes for vertices on the
boundary of f. This completes the proof of .

Secondly, we prove the following inequality using a similar argument. Given
an edge e of C, we denote the number of faces incident with e by deg(e).

2V(D)| > 2|F| = > deg(e) (2.2)
ecE

To prove this, we apply Euler’s formula in link complexes for (D, ¥¢), and
take the sum over all v € V(D). Here we have ‘>’ instead of ‘=" as we just
know by assumption that the link complexes are connected but they may not
be a sphere. So we have 2|V (D)| on the left and a’ is the sum over the faces of
link complexes for (D, ¥¢).

The term 2|F| is the sum over all vertices of link complexes for (D, X¢).
Indeed, each edge of D between the two different vertices v and w of D is a
vertex of precisely the two link complexes for v and w. A loop gives rise to two
vertices in the link graph at the vertex it is attached to.

The term } . 5, deg(e) is the sum over all edges of link complexes for (D, X¢).
Indeed, each face e of D is in the link complex at v with multiplicity equal to
the number of times it traverses v. This completes the proof of .

By assumption, a = a’. The sums >, pdeg(f) and . pdeg(e) both
count the number of nonzero entries of A, so they are equal. Subtracting
from , rearranging and dividing by 2 yields:

VO = E[+|F| = [V(D)] <0
with equality if and only if all link complexes for (D, X¢) are spheres. O

Hence our next aim is to prove that a is equal to a’. First we need some
preparation.
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Two cell complexes C and D are (abstract) surface duals if the set of vertices
of C is (in bijection with) the set of faces of D, the set of edges of C is the set
of edges of D and the set of faces of C' is the set of vertices of D. And these
three bijections preserve incidences.

Lemma 2.7.7. Let C be a simplicial complex and ¥ be a rotation system and
let D be the dual. The surface dual of a local surface S for (C,X) is equal to
the link complex for (D,¥¢) at the vertex £ of D that corresponds to S.

Proof. Tt is immediate from the definitions that the vertices of the link complex
L at ¢ are the faces of S. The edges of S are triples (e, f,g’)7 where e is an edge
of C' and f and ¢ are orientations of faces of C' that are related via e and are in
the local-surface-equivalence class for S. Hence in D, these are triples (e, f, J)
such that f and ¢ are directions of edges that point towards ¢ and f and g are
adjacent in the cyclic ordering of the face e. This are precisely the edges of
the link graph L(¢). Hence the link graph L(¢) is the dual grap}m of the cell
complex S.

Now we will use the Edmonds-Hefter-Ringel rotation principle, see [70, The-
orem 3.2.4], to deduce that the link complex L at £ is the surface dual of S.
We denote the unique cell complex that is a surface dual of S by S*. Above
we have shown that L and S* have the same 1-skeleton. Moreover, the rotation
systems at the vertices of the link complex L are given by the cyclic orientations
in the local-surface-equivalence class for S. By |[Observation 2.4.3| these local-
surface-equivalence classes define an orientation of S. So L and S* have the
same rotation systems. Hence by the Edmonds-Hefter-Ringel rotation principle
L and S* have to be isomorphic. So L is a surface dual of S. O

Proof of[Lemma 2.7.5 Let C be a locally connected simplicial complex and 3
be a rotation system and let D be the dual. Let ¥ be as defined above. By

[Observation 2.4.2|and [Lemma 2.7.7|every link complex for (D, ¥¢) is connected.
By it suffices to show that the sum over all faces of link complexes
of C with respect to X is equal to the sum over all faces of link complexes
for D with respect to ¥o. By the second sum is equal to the
sum over all vertices of local surfaces for (C,X¥). This completes the proof by

\Lemma 2.4.5 O
Proof of [Theorem 2.7.1 Let C be a p-nullhomologous locally connected simpli-

cial complex that has a planar rotation system Y. Let D be the dual complex.
Then by [Lemma 2.7.5| and [Lemma 2.7.3] C' and D satisfy Euler’s formula, that
is:

V(O = E[+|F| = V(D) =0

10 The dual graph of a cell complex C is the graph G whose set of vertices is (in bijection
with) the set of faces of C' and whose set of edges is the set of edges of C. And the incidence
relation between the vertices and edges of G is the same as the incidence relation between the
faces and edges of C.
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Hence by[Lemma 2.7.5|all link complexes for (D, ¥¢) are spheres. By|Lemma 2.7.7]

these are dual to the local surfaces for (C, 3). Hence all local surfaces for (C, X)
are spheres. O

The following theorem gives three equivalent characterisations of the class
of locally connected simply connected simplicial complexes embeddable in S8

Theorem 2.7.8. Let C be a locally connected simplicial complex embedded into
S3. The following are equivalent.

1. C is simply connected;
2. C 1is p-nullhomologous for some prime p;

3. all local surfaces of the planar rotation system induced by the topological
embedding are spheres.

Proof. Clearly, 1 implies 2. To see that 2 implies 3, we assume that C is p-
nullhomologous. Let ¥ be the planar rotation system induced by the topological
embedding of C into S*. By all local surfaces for (C,X) are
spheres.

It remains to prove that 3 implies 1. So assume that C' has an embedding
into S® such that all local surfaces of the planar rotation system induced by
the topological embedding are spheres. By treating different connected com-
ponents separately, we may assume that C is connected. By all
local surfaces of the topological embedding are spheres. Thus 3 implies 1 by
Lemma 2.5.3

O

Remark 2.7.9. Our proof actually proves the strengthening of [I'heorem 2.7.8
with ‘embedded into S* replaced by ‘embedded into a simply connected 3-

dimensional compact manifold.” However this strengthening is equivalent to

by Perelman’s theorem.

Recall that in order to prove it suffices to show that every
p-nullhomologous simplicial complex C' has a piece-wise linear embedding into
S? if and only if it is simply connected and C has a planar rotation system.

Proof of [Theorem 2.2.2. Using an induction argument on the number of cut
vertices as in the proof of we may assume that C is locally
connected. If C' has a piece-wise linear embedding into S, then it has a pla-
nar rotation system and it is simply connected by The other
direction follows from [Theorem 2.2.11 O

Remark 2.7.10. One step in proving was showing that if a
simplicial complex whose first homology group is trivial embeds in S*, then it
must be simply connected. In this section we have given a proof that only uses
elementary topology. We use these methods again in
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However there is a shorter proof of this fact, which we shall sketch in the
following. Let C be a simplicial complex embedded in S* such that one local
surface of the embedding is not a sphere. Our aim is to show that the first
homology group of C' cannot be trivial.

We will rely on the fact that the first homology group of X = 83\81 is
not trivial. It suffices to show that the homology group of X is a quotient of
the homology group of C. Since here by Hurewicz’s theorem, the homology
group is the abelisation of the fundamental group, it suffices to show that the
fundamental group 7 (X) of X is a quotient of the fundamental group 71 (C).

We let C; be a small open neighbourhood of C' in the embedding of C' in
S%. Since C) has a deformation retract onto C, it has the same fundamental
group. We obtain Cy from C; by attaching the interiors of all local surfaces
of the embedding except for one — which is not a sphere. This can be done by
attaching finitely many 3-balls. Similar as in the proof of one
can use Van Kampen’s theorem to show that the fundamental group of Cs is
a quotient of the fundamental group of Cj. By adding finitely many spheres if
necessary and arguing as above one may assume that remaining local surface is
a torus. Hence C5 has the same fundamental group as X. This completes the
sketch.

2.8 Embedding general simplicial complexes

There are three classes of simplicial complexes that naturally include the simply
connected simplicial complexes: the p-nullhomologous ones that are included in
those with abelian fundamental group that in turn are included in general simpli-
cial complexes. characterises embeddability of p-nullhomologous
complexes. In this section we prove embedding results for the later two classes.
The bigger the class gets, the stronger assumptions we will require in order to
guarantee topological embeddings into S°.

A curve system of a surface S of genus g is a choice of at most g genus
reducing curves in S that are disjoint. An eztension of a rotation system X is
a choice of curve system at every local surface of 3. An extension of a rotation
system of a complex C'is simply connected if the topological space obtained from
C by gluing{ﬂ a disc at each curve of the extension is simply connected. The
definition of a p-nullhomologous extension is the same with ‘p-nullhomologous’
in place of ‘simply connected’.

Theorem 2.8.1. Let C be a connected and locally connected simplicial complex
with a rotation system X. The following are equivalent.

1. % is induced by a topological embedding of C into S°.

2. ¥ 1s a planar rotation system that has a simply connected extension.

11We stress that the curves need not go through edges of C. ‘Gluing’ here is on the level of
topological spaces not of complexes.
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8. We can subdivide edges of C, do baricentric subdivision of faces and add
new faces such that the resulting simplicial complex is simply connected
and has a topological embedding into S® whose induced planar rotation
system X' ‘induces’ X.

Here we define that ‘X’ induces ¥’ in the obvious way as follows. Let C be
a simplicial complex obtained from a simplicial complex C’ by deleting faces.
A rotation system ¥ = (o(e)le € E(C)) of C is induced by a rotation system
Y = (d'(e)|e € E(C)) of C" if o(e) is the restriction of o’(e) to the faces incident
with e. If C is obtained from contracting edges of C’ instead, a rotation system 3
of C'is induced by a rotation system ¥’ of C’ if ¥ is the restriction of ¥’ to those
edges that are in C. If C’ is obtained from C' by a baricentric subdivision of a
face f we take the same definition of ‘induced’, where we make the identification
between the face f of C' and all faces of C’ obtained by subdividing f. Now in
the situation of we say that ¥’ induces ¥ if there is a chain of
planar rotation systems each inducing the next one starting with ¥’ and ending
with X.

Before we can prove[Theorem 2.8.1] we need some preparation. The following
is a consequence of the Loop Theorem [77, [54].

Lemma 2.8.2. Let X be an orientable surface of genus g > 1 embedded topo-
logically into R3, then there is a genus reducing circlﬂ v of X and a disc D
with boundary v and all interior points of D are contained in the interior of X.

Corollary 2.8.3. Let X be an orientable surface of genus g > 1 embedded
topologically into R, then there are genus reducing circles i,..., 74 of X and
closed discs D; with boundary ~; such that the D; are disjoint and the interior
points of the discs D; are contained in the interior of X.

Proof. We prove this by induction on g. In the induction step we cut of the

current surface along D. Then we the apply to that new surface.
O

Proof of|[Theorem 2.8.1] 1 is immediately implied by 3.
Next assume that ¥ is induced by a topological embedding of C' into S.

Then ¥ is clearly a planar rotation system. It has a simply connected extension
by Hence 1 implies 2.

Next assume that ¥ is a planar rotation system that has a simply connected
extension. We can clearly subdivide edges and do baricentric subdivision and
change the curves of the curve system of the simply connected extension such
that in the resulting simplicial complex C” all the curves of the simply connected
extension closed are walks in the 1-skeleton of C’. We define a planar rotation
system Y’ of C’ that induces X as follows. If we subdivide an edge, we assign
to both copies the cyclic orientation of the original edge. If we do a baricentric
subdivision, we assign to all new edges the unique cyclic orientation of size two.
Tterating this during the construction of C’ defines ¥’ = (¢/(e)|e € E(C')), which

12A circle is a topological space homeomorphic to St.
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clearly is a planar rotation system that induces ¥. By construction ¥’ has a
simply connected extension such that all its curves are walks in the 1-skeleton
of C" .

Informally, we obtain C” from C’ by attaching a disc at the boundary of
each curve of the simply connected extension. Formally, we obtain C” from C’
by first adding a face for each curve « in the simply connected extension whose
boundary is the closed walk +. Then we do a baricentric subdivision to all these
newly added faces. This ensures that C” is a simplicial complex. Since C' is
locally connected, also C” is locally connected. Since the geometric realisation
of C" is equal to the geometric realisation of C, which is simply connected, the
simplicial complex C” is simply connected.

Each newly added face f corresponds to a traversal of a curve 7 of some
edge e of C’. This traversal is a unique edge of the local surface S to whose
curve system -y belongs. For later reference we denote that copy of e in S by ey.

We define a rotation system X" = (0”(e)le € E(C)) of C" as follows. All
edges of C” that are not edges of C’ are incident with precisely two faces. We
take the unique cyclic ordering of size two there.

Next we define o”(e) at edges e of C’ that are incident with newly added
faces. If e is only incident with a single face of C’, then e is only in a single
local surface and it only has one copy in that local surface. Since the curves at
that local surface are disjoint. We could have only added a single face incident
with e. We take for o”(e) the unique cyclic orientation of size two at e.

So from now assume that e is incident with at least two faces of C’. In
order to define o’ (e), we start with ¢’(e) and define in the following for each
newly added face in between which two cyclic orientations of faces adjacent in
o’(e) we put it. We shall ensure that between any two orientations we put at
most one new face. Recall that two cyclic orientations fl and fg of faces f1 and
f2, respectively, are adjacent in o’(e) if and only if there is a clone €’ of e in
a local surface S for (C’,Y’) containing fl and f; such that e’ is incident with
fiand f5 in S. Let f be a face newly added to C” at e. Let ~s be the curve
from which f is build and let Sy be the local surface that has v in its curve
system. Let ey be the copy of e in Sy that corresponds to f as defined above.
when we consider f has a face obtained from the disc glued at v;. We add f
to o’(e) in between the two cyclic orientations that are incident with ef in Sy.
This completes the definition of X”. Since the copies e are distinct for different
faces f, the rotation system X’ is well-defined. By construction X" induces X.
We prove the following.

Sublemma 2.8.4. ¥ is a planar rotation system of C".

Proof. Let v be a vertex of C”. If v is not a vertex of C’, then the link graph
at v is a cycle. Hence the link complex at v is clearly a sphere. Hence we may
assume that v is a vertex of C”.

Our strategy to show that the link complex S” at v for (C”,%") is a sphere
will be to show that it is obtained from the link complex S’ for (C’,%') by
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adding edges in such a way that each newly added edge traverses a face of S’
and two newly added edges traverse different face of S’.

So let f be a newly added face incident with v of C’. Let z and y be the
two edges of f incident with v. We make use of the notations ¢, S¢, ¢ and yy
defined above. Let vy be the unique vertex of Sy traversed by 7 in between x5
and yy. Bythere is a unique face zy of S” mapped by the map ¢ of
that lemma to vy. And z and y are vertices in the boundary of z;. The edges
on the boundary of z; incident with = and y are the cyclic orientations of the
faces that are incident with z; and y; in Sy. Hence in S” the edge f traverses
the face zy.

It remains to show that the faces zy of S’ are distinct for different newly
added faces f of C”. For that it suffices by to show that the
vertices v are distinct. This is true as curves for S traverse a vertex of Sy at
most once and different curves for Sy are disjoint.

O

Since X" is a planar rotation system of the locally connected simplicial com-
plex C” and C” is simply connected, X" is induced by a topological embedding
of C” into S* by [Theorem 2.5.4] Hence 2 implies 3. O

A natural weakening of the property that C' is simply connected is that the

fundamental group of C is abelian. Note that this is equivalent to the condition
that every chain that is p-nullhomologous is simply connected.

Theorem 2.8.5. Let C be a connected and locally connected simplicial complex
with abelian fundamental group. Then C has a topological embedding into S*
if and only if it has a planar rotation system X that has a p-nullhomologous
extension.

In order to prove [Theorem 2.8.5 we prove the following.

Lemma 2.8.6. A p-nullhomologous extension of a planar rotation system of
a simplicial complex C with abelian fundamental group is a simply connected
extension.

Proof. Let C’ be the topological space obtained from C by gluing discs along the
curves of the p-nullhomologous extension. The fundamental group 7’ of C’ is a
quotient of the fundamental group 7 of C, see for example [55, Proposition 1.26].
Since 7 is abelian by assumption, also 7’ is abelian. That is, it is equal to its
abelisation, which is trivial by assumption. Hence C’ is simply connected. [

Proof of [Theorem 2.8.3, If C has a topological embedding into S*, then by
it has a planar rotation system that has a p-nullhomologous exten-
sion. If C' has a planar rotation system that has a p-nullhomologous extension,

then that extension is simply connected by [Cemma 2.8.6] Hence C has a topo-
logical embedding into S* by the other implication of [Theorem 2.8.1L O
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Chapter 3

Constraint minors

3.1 Abstract

We characterise the following property by six obstructions: given a graphic
matroid M and a set X of its elements, when is M the cycle matroid of a graph
G such that X is a connected edge set in G7

3.2 Introduction

For a purely graph-theoretic introduction read
Tutte [92] proved that a matroid can be represented by a graph if and only

if it has no minor isomorphic to Us 4, the fano-plane, the dual fano-plane or the
dual matroids of the two nonplanar graphs K5 or K3 3. The topic of this chapter
is the following related reconstruction question: given a graphic matroid M and
a set X of its elements, when is M the cycle matroid of a graph G such that X
is a connected edge set in G7 Our motivation for studying that question is that
in it arises when characterising embeddability in 3-space of certain
2-complexes by excluded minors.

A constraint matroid is a pair (M, X), where M is a matroid and X is a set
of elements of M. A constraint matroid (M, X) is realisable if M is the cycle
matroid of a graph G such that X is a connected edge set in G. The class of
constraint matroids (M, X) that are realisable is closed under contracting arbi-
trary elements and deleting elements not in X. A constraint matroid obtained
by these operations from (M, X) is a constraint minor of (M, X). In this chap-
ter we characterise the class of the realisable (graphic) constraint matroids by
excluded constraint minors.

Theorem 3.2.1. A graphic constraint matroid is realisable if and only if it does
not have one of the six constraint minors depicted in [Figure 3.1|, [Figure 3.2 or

wqure 3.5,
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All these six obstructions are 3-connected and graphic. So we just depict

their unique graphs. can be restated in purely graph theoretic
terms, see below.

Figure 3.1: The constraint K. The edges in X are depicted grey.

Figure 3.2: The constraint wheel. The edges in X are depicted grey.

NV NVN VN

Figure 3.3: The four constraint prisms. The edges in X are depicted grey.

3.3 A graph theoretic perspective

Although is about matroids, most of this chapter is about the
following equivalent graph theoretic version.

A constraint graph is a pair (G, X), where G is a graph and X is an edge set
of G. A constraint graph is constraint connected if X is a connected edge set in
G. The class of constraint graphs (G, X) that are constraint connected is closed
under contracting arbitrary edges and deleting edges not in X. A constraint
graph obtained by these operations from (G, X) is a constraint minor of (G, X).
It is straightforward to show that a 2—c0nnectedE| constraint graph (G, X) is
constraint connected if and only if it has no constraint minor isomorphic to the
4-cycle whose constraint consists of two opposite edges. The analogue question
for connected graphs is not much more interesting.

However, it turns out that the question gets nontrivial if we restrict our
attention to 3-connected graphs.

LA constraint graph (G, X) is k-connected if G is k-connected.
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Theorem 3.3.1. A 3-connected constraint graph (G, X)) is constraint connected
if and only if it does not have one of the six (3-connected) constraint minors
depicted in|Figure 3. 1|, [Figure 3.2 or|Figure 3.3,

It is straightforward to deduce [Theorem 3.3.1] from [Theorem 3.2.1] above.
However the converse is also true as follows.

Proof that[Theorem 3.3.1] implies [Theorem 3.2.11 Let (M, X) be a constraint
matroid. If M is 3-connected, then it is the cycle matroid of a unique graph
G by a theorem of Whitney [99]. In this case for (M, X) is a
restatement of [Theorem 3.3.1] for (G, X).

Now let (M, X) be a constraint matroid that has no constraint minor de-
picted in [Figure 3.1} [Figure 3.2 or [Figure 3.3| It remains to show that (M, X)
is realisable. Since a constraint matroid is realisable if and only if each of its
2-connected components is, we may assume that M is 2-connected.

Now we prove by induction that (M, X) is realisable. The base case is that
M is 3-connected.

If M is not 3-connected, its Tutte-decomposition [93] has a non-trivial 2-
separation (A, B). Let M; and M3 be the two matroids obtained by decompos-
ing M along the 2-separation (A, B). In particular, M; and Ms both contain a
virtual element e and the 2—sunE| of My and M, along e is M. Note that the M;
can be obtained from M by contracting elements and replacing a parallel class
by the virtual element e. For i = 1,2, let (M;, X;) be the constraint matroid,
where X; is X N E(M;) plus possibly e if M, contains a circuit o such that
0o—e C X. It is straightforward to check that the (M;, X;) are constraint mi-
nors of M. Hence by induction, they are realisable. Let G; be a graph realising
(M;, X;).

Let G be the 2-sum of the graphs GG; and G2 along the virtual element e.
By construction M is the cycle matroid of G. If the virtual element e is in X;
or Xy, it is straightforward to see that (G, X) is constraint connected. So M is
realisable. So we may assume that e is in no X;. If one of the X; is empty, then
(G, X) is constraint connected. So we may assume that both X; are nonempty.

Then not only (M7, X1) but also (M7, X;+e) is a constraint minor of (M, X).
So by induction there is a graph G} realising (M7, X7 + e). In G an element
of the set X is incident with an endvertex of e. Similarly, there is a graph G}
realising (Ms, Xo + ¢€), and there is an element of the set X5 is incident with an
endvertex of e. Let G’ be the 2-sum of the graphs G and G}. By ﬂippingﬂ the
2-separator given by the endvertices of e in G’ if necessary, we ensure that X is
connected in G'. Put another way, (G', X) is constraint connected witnessing
that (M, X) is realisable. O

Hence the rest of this chapter is dedicated to the proof of

which is purely graph-theoretic. Before jumping into the proof, let us fix a
few lines of notation. In this chapter all graphs are simple. In particular, if we

2See [75] for a definition.
3By a theorem of Whitney, graphs represented by a 2-connected matroid are unique up to
flipping 2-separators [99].
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contract an edge, we afterwards delete all but one edge from every parallel class.
In the context of a constraint graph (G, X), we first delete edges in a parallel
classes that are not in X (so that constraint minors on simple graphs preserve
constraint connectedness). Throughout this chapter we follow the convention
that the empty set is a connected edge set in G. Beyond that we follow the
notation of [35]. Let’s get started with the proof.

3.4 Deleting and contracting edges outside the
constraint

In this section we prove below, which is used in the proof of
Mheorem 3.3.71

Given a constraint graph (G, X), an edge e not in X is essential if neither
(G/e, X) nor (G\e, X) has a 3-connected constraint minor (G, X’) such that X’
is disconnected. Informally, below gives a structural description
of the constraint graphs (G, X)) in which every edge not in X is essential.

Before we can prove we need some preparation. Our first aim
is to prove the following.

Lemma 3.4.1. Let (G, X) be a 3-connected constraint graph that is not con-
straint connected. Assume that every edge not in X is essential. Then G[X]
has precisely two connected components or (G, X) is the weird prism (defined

in |Example 3.4.2).

First we consider some particular examples that will come up in the proof

of Lemma 3.4.11

Example 3.4.2. The weird prism is the pair (P, X), where P is the prism
and X consists of the three edges in the complement of the two triangles, see

Contracting any particular edge in X, gives the constraint wheel.

Figure 3.4: The weird prism. The edges in X are depicted grey.

Example 3.4.3. The constraint Wagner graph is the pair (W, X), where W is
the Wagner graph and X is the set of edges in the complement of one of its six-

cycles, see If we contract a single edge of X, we get the constraint
wheel. If we contract any two opposite edges on the six cycle, then we get a

constraint Ky.

99



Figure 3.5: The constraint Wagner graph. The edges in X are depicted grey.

Example 3.4.4. The Wagner prism is the pair (W', X'), where W’ is the prism
and X’ contains one edge not in the two triangles of the prism. The two other
edges in X’ are the only two edges of the prism in the triangles that are vertex-
disjoint to that edges, see There are two opposite edges on the six
cycle formed by the edges not in X’ whose contraction gives the constraint Kjy.

Figure 3.6: The Wagner prism. The edges in X are depicted grey.

Lemma 3.4.5. Let (G, X) be a 8-connected constraint graph such that G[X] has
at least 3-connected components. Assume that G is not the constraint Wagner
graph, not the weird prism and not the Wagner prism. Then there is a 3-
connected constraint minor (G', X') of (G,X) such that X' is disconnected in
G’ and such that E(G')\ X' is a proper subset of E(G) \ X.

Proof that implies [Lemma 3.7.1 By[Example 3.4.3] the constraint
Wagner graph has an edge not in X that is not essential. Thus (G, X) is not the

constraint Wagner graph. Similarly, (G, X) is not the Wagner prism by
ple 3.4.41 Hence by |Lemma 3.4.5] G[X] has precisely two connected components

or is the weird prism. O

Proof of[Lemma 3.4.5 Let e be an arbitrary edge not in X. If the simple graph
G’ = G/e is 3-connected, then (G', X N E(G')) is the desired constraint minor.

Otherwise by Bixby’s Lemma [75] the graph G\ e is 3-connected after suppressing
edges of degree 2; note that G cannot be K, as the disconnected set X contains
at least three edges. Let G’ be the graph obtained from G\ e by contracting all
but one edge from every serial class.

By construction, any vertex of degree 2 of G \ e must be an endvertex of
e. Hence every nontrivial serial class has size two and there are at most two of
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them. If a serial class contains an edge in X and an edge not in X, we contract
the edge of X in the construction of G’. This construction ensures that we never
contract all edges of a path in G that connects two components of G[X]. We let
X' = XNE(G"). Hence the components of G'[X’] come from those components
of G[X] such that not all their edges got contracted.

Thus G'[X'] is disconnected unless G[X] has precisely three components
and two of these components just consist of a single edge. Furthermore both
endvertices of e have degree 3 and each of them is incident with one of these
components consisting of a single edge. In this case we say that the edge e
H-shaped.

Since the edge e was arbitrary, we find the desired constraint graph (G’, X”)
unless every edge of G not in X is H-shaped. Since G is connected, every
component of G[X] is incident with an edge not in X. Hence G[X] has precisely
three components and they all consist of single edges. Furthermore every vertex
of G is incident with one edge in X and two edges not in X. Thus G has precisely
six vertices. The edges not in X form a vertex-disjoint union of cycles. So as G
is a simple graph, they either form two vertex-disjoint triangles or a 6-cycle. In
the first case it is straightforward to check that (G, X) is the weird prism. In
the second case it is straightforward to check that (G, X) is isomorphic to the
constraint Wagner graph or the Wagner prism. 0

This completes the proof of Our next step is to prove the

following.

Lemma 3.4.6. Let G be a 3-connected graph and let X be an edge set of G
such that G[X] has precisely two components. Let e € E(G) \ X be essential.
Then one of the following holds.

1. e joins the two components of G| X|; or

2. there is a component C of G[X| that consists only of a single edge and e
has an endvertex v of degree three that is incident with that edge and the
third edge incident with v joins the two components of G[X]; or

3. there is a component C' of G[X] that consists of precisely two edges, which
form a triangle together with e. The two endvertices of e have degree 3
and are each incident with an edge that joins the two components of G[X].

Proof. We assume that e does not join the two components of G[X], in particular
G is not K. If the simple graph G’ = G/e is 3-connected, then (G', X N E(G"))
is a 3-connected constraint minor such that X N E(G’) is disconnected. Since e
is essential this is impossible. Hence by Bixby’s Lemma [75] the graph G \ e is
3-connected after suppressing edges of degree 2. Let G’ be the graph obtained
from G \ e by contracting all but one edge from every serial class.

By construction, any vertex of degree 2 of G \ e must be an endvertex of
e. Hence every nontrivial serial class has size two and there are at most two of
them. If a serial class contains an edge in X and an edge not in X, we contract
the edge of X in the construction of G’. This construction ensures that we never
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contract all edges of a path in G that connects two components of G[X]. We let
X' = XNE(G"). Hence the components of G'[X’] come from those components
of G[X] such that not all their edges got contracted. Since G’ is 3-connected
and e is essential, the graph G’'[X’] is connected.

Hence there must be a component C' of G[X] such that all its edges got
contracted. Hence C has at most two edges. We split into two cases.

Case 1: C has only a single edge f. Then e has an endvertex v of degree
3 that is incident with f. In this case we shall show that we have outcome
2; that is, the third edge ¢ incident with v joins the two components of G[X].
Indeed, we construct G” like G’ but instead of f we contract g. Since G is
isomorphic to G, it is 3-connected. As e is essential, it must be that G”[ X’ + f]
is connected. Since the component of G[X] different from C' does not contain a
vertex incident with e, the edge g joins the two components of G[X].

Case 2: C has two edges f; and f;. Then e has two endvertices v; and
vg of degree three such that v; is incident with f;. Since G is a simple graph
and C' is connected, the three edges e, f; and fy form a triangle. Similar as in
Case 1 we prove for each i that the third edge incident with v; joins the two
components of G[X]. So we have outcome 3 in this case. O

The following lemma deals with outcome 2 of

Lemma 3.4.7. Let G be a 3-connected graph and X a disconnected edge set of
G. Assume that every edge not in X is essential. Assume that a component C
of G[X] consists only of a single edge and that there is an edge vw such that v
is a vertex of C and w is not in G[X]. Then (G, X) is the constraint wheel.

Proof. The constraint graph (G, X) is not the weird prism; indeed the weird
prisms has no edge vw as required in the assumptions. Hence by
G[X] has only one connected component C’ aside from C. The endvertex w of
e that is not in C' is not incident with any edge of X. Since G is 3-connected, w
is incident with at least two edges fi and f» aside from e. By the
endvertex of each f; different from w must be in C' or C’. Since C has only one
vertex aside from v, one of the f; must have an endvertex in C’. By symmetry,
we may assume that this is true for f;. Since f; has an endvertex that is in
neither C nor C’, we can apply to deduce that C’ also consists of

a single edge.
Sublemma 3.4.8. The vertex set of G is (CUC") 4+ w.

Proof. By[Lemma 3.4.6] each vertex of CUC" that has a neighbour outside that
set has degree three and at most one neighbour outside that set. Let W be the
set of vertices of C'U C’ that have a neighbour outside the set (C U C’) + w.
Since w has at least three neighbours in C'U C’, the set W contains at most
one vertex. The set W together with w separates G if there are vertices not in
(CUC’) +w. Since G is 3-connected, this is not true. Hence (C'UC’) 4+ w is
the vertex set of G. O
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Since w is adjacent to at least three vertices in CUC’, at least three vertices
of C'UC" have precisely two neighbours in CUC"’. Hence the graph G[CUC"] is
a 4-cycle. Since G is 3-connected, each of its vertices has degree at least three.
Hence by 3-connectivity every vertex of C'UC" is adjacent to w. Thus G is the
constraint wheel. O

Given an edge set Z, by V(Z) we denote the set of endvertices of edges in
Z. Summing up, we have the following.

Lemma 3.4.9. Let (G,X) be a 3-connected constraint graph such that X is
disconnected. Assume that every edge not in X is essential and that (G, X) is
neither the constraint wheel nor the weird prism. Then G[X] has precisely two
connected components C1 and Co. All edges not in X have both their endvertices

in V(X).

Proof. By assumption and by [Lemma 3.4.1, G[X] has precisely two connected
components, C; and Cs. By [Lemma 3.4.6| and [Lemma 3.4.7] every edge not in
X has both its endvertices in V(X).

O

3.5 Contracting edges in the constraint

In this section we prove
First we need some preparation. Given a bond d in a graph G, then G — d

has two connected components which we call the sides of d. If we want to
specify them, we call them the left side and the right side.

Given a graph G and a bond d of G, we say that G is 3-connected along d if
G is 2-connected and there does not exist a separator consisting of two vertices
from either side of d.

For the rest of this section we fix a graph @ and a bond d of @ so that @ is
3-connected along d. We denote the set of edges on the left side of d by L, and
the set of edges on the right side of d by R. We assume throughout that L and
R are nonempty. A special contraction minor of (Q,d) is a pair (Q',d’), where
Q' is obtained from @ by contracting edges not in d, and d' = dN E(Q’). Note
that d’ and d need not be equal as contractions might force us to delete edges
in parallel classes. Since any parallel class containing one edge of d is a subset
of d, the set d’ is independent of the choice of the deleted edges.

Example 3.5.1. The following pairs (Q,d) will be of particular interest in
this chapter. For any two bonds of K4 with both sides nonempty, there is
an isomorphism of K, that induces a bijection between these two bonds. The
special K4 is the pair consisting of the graph K, and a bond of size 4. The
special prism is the pair consisting of the prism and a bond whose complement

consists of the two triangles of the prism, see

Our aim in this section is to prove the following.
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<

(a) the special K4 (b) the special prism

Figure 3.7: The edges in the bond d are coloured grey.

Lemma 3.5.2. Let Q) be a graph 3-connected along a bond d such that the two
sides of d contain edges. Then (Q,d) has a special contraction minor that is the
special K4 or the special prism.

Proof that[Lemma 3.5.3 implies [Theorem 3.3.1, Let (G,X) be a 3-connected
constraint graph such that X is disconnected. Our aim is to show that (G, X)

has the constraint K, the constraint wheel or a constraint prism as a constraint
minor. By picking (G, X) minimal, we may assume that every edge not in X is
essential. By We may assume that (G, X) is not the weird prism.
We may also assume that it is not the constraint wheel. Thus by
G[X] has precisely two connected components C; and Cs. And all edges not
in X have both their endvertices in V(X). We take @ = G and d to be the
bond consisting of those edges with one endvertex in C; and the other in Cs.
Note that each C; contains at least one edge. Since @ is 3-connected, (Q,d) is
3-connected along d.

By (@, d) has a special contraction minor (Q’,d’) that is the
special K4 or the special prism. Put another way, we can contract edges not
in d such that G is K4 or the prism. Let X' = X N E(Q’). We recall that if
contractions force us to delete edges from a parallel class we first delete edges
not in X. Hence since X spans the two sides of d in G, also X' spans the
two sides of d’ in @'. Thus if (Q',d’) is a special Ky, then (G, X) has the
constraint K4 as a constraint minor. Otherwise (Q’,d’) is the special prism. Tt
is straightforward to check that in this case (G, X) has a constraint prism as a
constraint minor. O

The rest of this section is dedicated to the proof of A pair

(Q, d) is irreducible if @Q is 3-connected along d but there does not exist a prope
special contraction minor (@Q’,d’) such that both sides of d’ contain edges and
Q' is 3-connected along d’. The first step in the proof of will be
to show that the set of irreducible (Q,d) is bounded. Later we examine this
bounded set.

Given an edge set Z of @, by Q[Z] we denote the subgraph of @) whose
vertices are those with at least one endvertex in Z and whose edges are those
in Z.

4

non-identical
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Lemma 3.5.3. If the graph Q[L] is not 2-connected and has at least two edges,
then (Q,d) is not irreducible.

Proof. We consider the block-cutvertex-tree of Q[L] and take a leaf block b.
Recall that b is a 2-connected subgraph of Q[L] or a single edge attached at a
cutvertex v € b to the rest of Q[L]. We obtain @; from @ by contracting all
edges of Q[L] not in b. Since by assumption there is an edge in Q[L] that is not
in b, Q1 is a nontrivial contraction of Q.

Next we consider the block-cutvertex-tree of Q[R]. Note that unlike that
for Q[L] this may consist of just a single node. We obtain @2 from @7 by
successively contracting leaf blocks b" attached at a cutvertex v’ onto v’ if there
is no edge between b — v and b’ — v’.

In a slight abuse of notation we denote the contraction vertex of Q2 contain-
ing v by v. Similarly after contracting a leaf part on the right side, we denote
the contraction vertex containing v’ by v’. We let da = d N E(Q2). We denote
the edges on the left of dy by Lo and the edges on the right of dy by Rs.

Our aim is to show that )2 is 3-connected along d;. By construction Lo is
nonempty.

Sublemma 3.5.4. The edge set Ry is nonempty.

Proof. In the construction of ) we only contract a leaf block &’ on the right
side attached with cutvertex v’ if there is no edge between b — v and b — v'.
In particular by contraction we never identify two vertices of Q[R] that have
neighbours in b — v.

If there was only a single vertex z in Q[R] that has a neighbour in b — v,
then Q — v — z would be disconnected, contrary to our assumption that @ is
3-connected along d. Hence there are at least two vertices in Q[R] that have
neighbours in b — v. Thus as explained above, the connected graph Q2[Rs]
contains at least two vertices. Hence Ry contains an edge. 0

Sublemma 3.5.5. The graph Qs is 2-connected.

Proof. Let x be an arbitrary vertex of Q2. We distinguish two cases.

Case 1: z =w.

By [Sublemma 3.5.4] the connected graph @s[R2] has a neighbour in the
connected set b — v. Hence Q2 — x is connected.

Case 2: z # v. If x is not a contraction vertex, then ()2 — = is connected
as @ — x is connected. So x is a vertex of Q3[Rz]. Let K be a component of the
graph Q2[Rz] — x. Let K’ be the component of Q[R] — x containing K. Since
Q@ — z is connected, there is an edge from K’ to Q[L]. Hence there is an edge
from K to b in Q2. Hence every component of the graph Qs[R2] — x sends an
edge to the connected set b. Hence Q2 — x is connected. O

Sublemma 3.5.6. For any two vertices x € Q2[La) and y € Q2[Rs] the graph
Q2 — x — y is connected.
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Proof. We distinguish two cases.

Case 1: z =w.

Let K be a component of the graph Q2[Rs] — y. Since K did not get con-
tracted, it has a neighbour in b — v. Thus every component of Q3[Rs] — y has a
neighbour in the connected set b — v. Hence ()2 — z — y is connected.

Case 2: = #v.

Let K be a component of the graph Q3[R2] — y. Let K’ be the component
of Q[R] — y containing K. Since Q — x — y is connected, there is an edge from
K’ to Q[L] — . Hence there is an edge from K to b — z in Q2. Hence every
component of the graph Q2[Rs] — y sends an edge to the connected set b — x.
Hence Q3 — x — y is connected. O

By [Sublemma 3.5.5| and [Sublemma 3.5.6] @2 is 3-connected along ds. By
construction @5 is obtained from @) by contracting at least one edge. By

lemma 3.5.4] the edge sets Lo and Ry are nonempty. Hence (Q2,ds) witnesses
that (@, d) is not irreducible.

O

Lemma 3.5.7. If the graph Q[L] is 2-connected but not a triangle and the graph
Q[R] is 2-connected or consists of a single edge, then (Q,d) is not irreducible.

In the proof of we shall use the following lemma. An edge e in
a 2-connected graph G is contractible if G/e is 2-connected.

Lemma 3.5.8. If G is a 2-connected graph that is not a triangle, then it has
four contractible edges, two of which do not share an endvertex.

Proof. If G is 3-connected or a cycle of length at least 4, every edge is con-
tractible and the lemma is true in this case. Hence the Tutte-decomposition
[93] of G has at least two leaf parts. The torsos of these parts are cycles or
3-connected. Let v be a vertex in a leaf part that is not in the separator. Then
any edge incident with v is contractible. Since there are at least two leaf parts,
we can pick vertices v in one of each. Each such vertex is incident with at least
two edges and no edge is incident with both these vertices. So there are at
least four contractible edges, and there are two of them that do not share an
endvertex. O

Proof of[Lemma 3.5.7 Suppose for a contradiction that (Q,d) is irreducible.
Let vw be a contractible edge of Q[L] (which exists by [Lemma 3.5.8]).

Sublemma 3.5.9. Q/vw is 2-connected.

Proof. As @ is 2-connected and @Q/vw is a contraction, it suffices to show that
@Q—v—w is connected. Since vw is a contractible edge of Q[L], the set Q[L]—v—w
is connected. So either @ — v — w is connected or else the connected set Q[R]
can only have v or w as neighbours in Q[L].

Hence we may assume that we have the second outcome. Our aim is to
derive a contradiction in that case. More precisely, we show that (Q,d) is not
irreducible. We obtain Q from Q by contracting a spanning tree of Q[L] —v —w
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and an edge from that set to one of v or w. Note that Q is isomorphic to the
graph obtained from @ by deleting Q[L] — v — w. In our notation we suppress
this bijection and just say things like ‘v and w are vertices of Q.

Our aim is to show that Q is 3-connected along d. Suppose not for a contra-
diction. Then there is a separating set S witnessing that. Let a and b be two
vertices in different components of Q — S. Let P be a path in @ — S joining a
and b. If P contains a vertex of Q[L] — v — w, we can shortcut it by the edge
vw. Hence we may assume that P contains no vertex of Q[L] — v —w. So P
is a path in Q — S. This is a contradiction to the assumption that a and b
are separated by S. Hence Q is 3-connected along d. As both sides of d in Q
contain edges, (Q, d) witnesses that (Q, d) is not irreducible. This is the desired
contradiction. O

We abbreviate Q' = Q/vw. Let d' = dN E(Q’). Let L' be the left side of d'.
The right side of d’ is R.

Sublemma 3.5.10. If Q' is not 3-connected along d’', there is a vertex z of
Q[R] such that Q[L] —v — w can only have z as a neighbour in Q[R).

Proof. By [Sublemma 3.5.9| there are vertices y of Q'[L’] and z of Q'[R] such

that Q" — y — z is disconnected. Since @ is 3-connected along d and Q' is a
contraction of @, it must be that y or z is a contraction vertex. Hence y is
the vertex vw. Hence ) — v — w — z is disconnected. Since vw is contractible,
Q[L]—v—w is connected. By assumption Q[R]— z is connected. So Q[L] —v—w
has no neighbour in Q[R] — 2. O

By [Lemma 3.5.8, Q[L] has three contractible edges ajas, b1b2 and ¢co such

that a1, ag, by and by are distinct vertices. Applying [Sublemma 3.5.10| to ajas
and by by yields that there are at most two vertices of Q[R] that have neighbours
in Q[L]. There have to be two such vertices as @ is 2-connected. Call these
vertices z; and zo. [Sublemma 3.5.10| gives the further information that one of
them, say z1, can only be incident to a; or as and z; can only be to by or bs.
Now we apply [Sublemma 3.5.10| to cijce. Since cicg is distinct from ajas and
b1 b2, there have to be vertices on these edges not in cyco. By symmetry, we may
assume that a; and by are not in ¢yco. Applying [Sublemma 3.5.10|to ¢;1co yields
that there is a single z; such that a; and b; can only have z; as a neighbour in
Q[R]. By symmetry, we may assume that z; is equal to z;. Hence zo can only
have the neighbour by in Q[L]. Hence Q) — z1 — by is disconnected. This is a
contradiction to the assumption that @ is 3-connected along d. Thus (Q,d) is
not irreducible. O

Lemma 3.5.11. If both graphs Q[L] and Q[R] consist of a single edge, then
(Q,d) is the special K.

Proof. Since every vertex is in L or R, the graph @ has precisely four vertices.
Since no two vertices from different sides of d separate, () must contain all four
edges joining the endvertices of these edges. Hence @) is a the special Ky. O
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Lemma 3.5.12. If both graphs Q[L] and Q[R] are triangles, then (Q,d) is the
special prism or has a (proper) special K4 as a special contraction minor.

Proof. f @Q has only three edges between Q[L] and Q[R], then as @ is 3-
connected along d, these edges must form a matching. So (@, d) is the special
prism.

Thus we may assume that ) has at least four edges between Q[L] and Q[R].
So Q[L] and Q[R] each contain a vertex that has at least two neighbours on
the other side. Call these vertices £ and r. Since ¢ and r do not separate,
there is an edge ¢'r' between Q[L] and Q[R] that is not incident with ¢ and r.
By symmetry, we may assume that ¢ and ¢ are in Q[L], and r and r’ are in
Q[R]. As r has two neighbours in Q[L], we can contract a single edge of Q[L]
different from #¢' such that r is adjacent to the two remaining vertices of Q[L].
Similarly, we contract an edge of Q[R] different from 7’ such that the vertex of
¢ is adjacent to the two remaining vertices of Q[R]. The resulting contraction
is a special Kj. O

Lemma 3.5.13. If Q[L] is a single edge and Q[R)] is a triangle, then (Q,d) has
a special K4 as a (proper) special contraction minor.

Proof. We denote the edge in Q[L] by vw. Since @ is 2-connected, each of v and
w has a neighbour in Q[R]. If one of them has only a single neighbour in Q[R],
then that neighbour together with the other endvertex of vw is 2-separator.
This is impossible as @ is 3-connected along d.

Hence v and w have each at least two neighbours in Q[R]. So there is a
vertex = in Q[R] adjacent to v and w. Contracting the edge not incident with
x to a single vertex, yields a special K, as a special contraction minor. O

Proof of[Lemma 3.5.4 By taking (Q,d) contraction-minimal, we may assume
that it is irreducible. We will show that (@, d) is a special prism or a special Kj.

If both graphs Q[L] and Q[R] are 2-connected, then by (and the

same lemma applied with the roles of ‘I’ and ‘R’ interchanged) both of them

are triangles. In this case, by (Q,d) is a special prism.
Otherwise one of Q[L] or Q[R] is not 2-connected. By (and

the same lemma applied with the roles of ‘L’ and ‘R’ interchanged) it consists
of a single edge. Hence we may assume that one of the two graphs Q[L] and
Q[R] must be a single edge. By combining [Lemma 3.5.3| with [Lemma 3.5.7} we
deduce that the other graph must be a single edge or a triangle. It cannot be

a triangle by [Lemma 3.5.13] Hence (@, d) is a special K4 by [Lemma 3.5.11|in

this case. O

Proof of|Theorem 3.3.1 We have just finished the proof of And

just after the statement of that lemma we showed that it implies
O
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3.6 Concluding remarks

There are various ways how might be extended. First, can we

replace ‘constraint connectedness’ by the property that the set X has at most &
connected components for some natural number k7 More precisely, a constraint
graph (G, X)) has at most k islands if G[X| has at most k connected components.
Clearly, the class of constraint graph with at most k islands is closed under
taking constraint minors.

Conjecture 3.6.1. Let k > 1. The class of 3-connected constraint graphs with
at most k islands is characterised by a finite list of excluded constraint minors.

Can you explicitly compute the list of excluded minors in [Conjecture 3.6.1J

Another extension is as follows. A double-constraint matroid (M, X,Y’) con-
sists of a matroid M and two sets X and Y of its elements. It is realisable if M
is the cycle matroid of a graph G such that both X and Y are connected in G.
Can you extend from constraint matroids to double-constraint
matroids? Put another way: is a double-constraint matroid realisable if and
only if it does not have one of finitely many excluded double-constraint minors?
Although for 3-connected matroids, the answer to this question follows from

Theorem 3.2.1] for matroids that are not 3-connected new obstructions arise,

Figure 3.8: The constraint X is depicted in grey, the constraint Y is dashed.
Although the matroid represented by this graph is realisable for each of X or
Y, it is not realisable for both of them at the same time.
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Chapter 4

Dual matroids

4.1 Abstract

We introduce dual matroids of 2-dimensional simplicial complexes. Under cer-
tain necessary conditions, duals matroids are used to characterise embeddability
in 3-space in a way analogous to Whitney’s planarity criterion.

We further use dual matroids to extend a 3-dimensional analogue of Ku-
ratowski’s theorem to the class of 2-dimensional simplicial complexes obtained
from simply connected ones by identifying vertices or edges.

4.2 Introduction

A well-known characterisation of planarity of graphs is Whitney’s theorem from
1932. It states that a graph can be embedded in the plane if and only if its dual
matroid is graphic (that is, it is the cycle matroid of a graph) [98].

In this chapter we define dual matroids of (2-dimensional) simplicial com-
plexes. We prove under certain necessary assumptions an analogue of Whitney’s
characterisation for embedding simplicial complexes in 3-space. More precisely,
under these assumptions a simplicial complex can be embedded in 3-space if
and only if its dual matroid is graphic.

Our definition of dual matroid is inspired by the following fact.

Theorem 4.2.1. Let C be a directed 2-dimensional simplicial complex embedded
into S®. Then the edge/face incidence matrixz of C represents over the integer a
matroid M which is equal to the cycle matroid of the dual graph of the embedding.

Indeed, we deﬁneﬂ the dual matroid of a simplicial complex C to be the
matroid represented by the edge/face incidence matrix of C' over the finite field
Fs.

ISee for a definition.

2The choice of F3 is a bit arbitrary. Indeed any other field Fp with p a prime different from
2 works.
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Although the cone over K5 does not embed in 3—spaceE|, its dual matroid just
consists of a bunch of loops, and thus is graphic. In order to exclude examples
like the cone over K5 we restrict our attention to simplicial complexes C' whose
dual matroid captures the local structure at all vertices of C. We call such dual
matroids local, see for a precise definition. Examples of simplicial
complex whose dual matroid is local are those where every edge is incident with
precisely three faces and the dual matroid has no loops. Another example is the
3-dimensional grid whose faces are the 4-cycles.

Furthermore matroids (of graphs and also of simplicial complexes) do not
depend on the orderings of edges on cycles. Hence it can be shown that dual
matroids cannot distinguish triangulations of homology sphereﬂ from triangu-
lations of the 3-sphere. While the later ones are always embeddable, this is
not true for triangulations of homology spheres in general. Thus we restrict
our attention to simply connected simplicial complexes. Under these neces-
sary restrictions we obtain the following 3-dimensional analogue of Whitney’s
theorem.

Theorem 4.2.2. Let C' be a simply connected 2-dimensional simplicial complex
whose dual matroid M is local.
Then C' is embeddable in 3-space if and only if M is graphic.

Tutte’s characterisation of graphic matroids [92] yields the following conse-
quence.

Corollary 4.2.3. Let C be a simply connected simplicial complexr whose dual
matroid M is local.

Then C' is embeddable in 3-space if and only if M has no minor isomorphic
to U2, the fano plane, the dual of the fano plane or the duals of either M(Kjs)
or M(K373). ]

We further apply dual matroids to study embeddings in 3-space of — not
necessarily simply connected — simplicial complexes with locally small separators
as follows.

Given a 2-dimensional simplicial complex C, the link graph, denoted by L(v),
at a vertex v of C' is the graph whose vertices are the edges incident with v and
whose edges are the faces incident with v and their incidence relation is as in C.
If the link graph at v is not connected, we can split v into one vertex for each
connected component. There is a similar splitting operation at edges of C'. It
can be shown that no matter in which order one does all these splittings, one
always ends up with the same simplicial complex, the split complex of C'.

It can be shown that if a simplicial complex embeds topologically into S?,
then so does its split complexes. However, the converse is not true. For an ex-
ample see Here we give a characterisation of when certain simplicial
complexes embed, where one of the conditions is that the split complex embeds.

3See for example [Chapter 1

4These are compact connected 3-manifolds whose homology groups are trivial. Unlike in
the 2-dimensional case, this does not imply that the fundamental group is trivial.
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Figure 4.1: The 4 x 2 x 1-grid whose faces are the 4-cycles. It can be shown
that the complex obtained by identifying the two edges coloured red cannot be
embedded in 3-space.

Theorem 4.2.4. Let C' be a globally 3-connected simplicial complex and C be
its split complex. Then C embeds into S* if and only if C' embeds into S* and
the dual matroid of C is the cycle matroid of a graph G and for any vertex or
edge of C' the set of faces incident with it is a connected edge set of G.

Here a simplicial complex C' is globally 5’—connectedE| if its dual matroid is
3-connected. For an extension of to simplicial complexes that
are not globally 3-connected, see below.

The condition that a given set of elements of the dual matroid is connected
(in some graph representing that matroid) can be characterised by a finite list
of obstructions as follows. Given a matroid M and a set X of its elements,
a constraint minor of (M, X) is obtained by contracting arbitrary elements or
deleting elements not in X. In|Chapter 3| we prove for any 3-connected graphic
matroid M (that is a 3-connected graph) with an edge set X that X is connected
in M if and only if (M, X)) has no constraint minor from the finite list depicted
in [Figure 4.2

DDA A A H A

Figure 4.2: The six obstructions characterising connectedness of X. In these
graphs we depicted the edge set X in grey.

In we introduced space minors of simplicial complexes and proved
that a simply connected locally 3-connected simplicial complex C embeds in
3-space if and only if it does not have a space minor from a finite list £ of
obstructions. Using we can further extend this characterisation
from simply connected simplicial complexes to those whose split complex is
simply connected.

5In [Section 4.7| we give an equivalent definition directly in terms of C.
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Theorem 4.2.5. Let C be a globally 3-connected simplicial complex such that
the split complex is simply connected and locally 3-connectecE|. Then C' embeds
into S if and only if its split complez has no space minor from L and the dual

matroid has no constraint minor from the list of [Figure 7.9

If we do not require global 3-connectivity in there are in-
finitely many obstructions to embeddability, see We remark that
can be extended from simply connected simplicial complexes to
those whose split complex is simply connected.

The chapter is structured as follows. In we prove [['heorem 4.2.1}]
which is used in the proof of[Theorem 4.2.2]and [Theorem 4.2.4] In[Section 4.4 we

prove [Theorem 4.2.2] In[Section 2.5 we prove|[Theorem 4.2.4|and [Theorem 4.2.5]
Finally in[Section 4.6 we construct infinitely many obstructions to embeddability
in 3-space (inside the class of simplicial complexes with a simply connected and
locally 3-connected split complex).

For graph we follow the notations of [35] and for matroids [75]. Beyond that
we rely on some definitions of

4.3 Dual matroids

In this section we prove and the fact that a simplicial complex
and its split complexes have the same dual matroid, which are used in the proofs
of [Iheorem 4.2.2 and [I’heorem 4.2.41

A directed simplicial complex is a simplicial complex C' together with an
assignment of a direction to each edge of C' and together with an assignment of
a cyclic orientation to each face of C. A signed incidence vector of an edge e of
C' has one entry for every face f; this entry is zero if e is not incident with f, it
is plus one if f traverses e positively and minus one otherwise.

The matrix given by all signed incidence vectors is called the (signed) edge/face
incidence matriz. The dual matroid of a simplicial complex is the matroid rep-
resented by the edge/face incidence matrix of C' over the finite field Fs.

Although in this part we work with directed simplicial complexes, dual ma-
troids do not depend on the chosen directions. Indeed, changing a direction of
an edge or of a face of C' changes the linear representation of the dual matroid
but not the matroid itself.

A matrix A is a regular representation (or representation over the integers)
of a matroid M if all its entries are integers and the columns are indexed with
the elements of M. Furthermore for every circuit o of M there is a {0, —1,+1}-
valued VectOIE] v, in the span over Z of the rows of A whose support is 0. And
the vectors v, span over Z all row vectors of A.

6In we discuss how this result can be extended to simplicial complexes whose
split complexes are not local 3-connected.

7A wector is an element of a vector space k°, where k is a field and S is a set. In a slight
abuse of notation, in this chapter we also call elements of modules of the form Z5 vectors.
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4.3.1 Proof of [Theorem 4.2.1]

Let C be a directed simplicial complex embedded into S*, the dual digraph
of the embedding is the following. Its vertex set is the set of components of
s? \C. It has one edge for every face of C. This face touches one or two
components of S \C. If it touches two components, the edge for that face
joins the vertices for these two components. The edge is directed from the
vertex whose complement touches the chosen orientation of the face to the other
component. If the face touches just one component, its edge is a loop attached
at the vertex corresponding to that component.

Let (o(e)le € E(C)) be the planar rotation system of C' induced by the
topological embedding of C. It is not hard to check that o(e) is a closed traiﬂ
in the dual graph. The dual complex of the embedding is the directed simplicial
complex obtained from the dual digraph by adding for each edge of C the cyclic
orderings of the cyclic orientations o(e) as faces and we choose their orientations
to be o(e).

Observation 4.3.1. Let C be a connected and locally connecteﬁﬂ simplicial
complex embedded in S® with induced planar rotation system . Then the dual
complex of the embedding is equal to the dual complex of (C,%).

Proof. By the local surfaces for (C, ) agree with the local surfaces
of the embedding'’l Hence these two complexes have the vertex set. As they
also have the same incidence relations between edges and vertices and edges and
faces, they must coincide. O

By [Observation 4.3.1] and the definition of ‘generated over the integers’ and
by in order to prove T it suffices to show that the
dual complex for (C,Y) is nullhomologoud' "}

First we prove this in the special case when C' is nullhomologous and locally
connected.

Lemma 4.3.2. Let C be a nullhomologous locally connected simplicial complex
together with a planar rotation system X such that local surfaces for (C,X) are
spheresE Then the dual complex D of (C,X) is nullhomologous.

Proof. By [Lemma 2.7.5| [Lemma 2.7.7 and [Lemma 2.7.3| the complexes C' and
D satisfy euler’s formula, that is:

V(O = E[+|F[ = [V(D)] =0

8 A trail is sequence (e;|i < n) of distinct edges such that the endvertex of e; is the starting
vertex of e;41 for all @ < n. A trail is closed if the starting vertex of e; is equal to the
endvertex of e.

9A simplicial complex C' is locally connected if all its link graphs are connected.

10T ,0cal surfaces of embeddings are defined in

1A simplicial complex C is nullhomologous if the face boundaries of C' generate all cycles
over the integers. This is equivalent to the condition that the face boundaries of C' generate
all cycles over the field IF, for every prime p.

12This last property follows from the first two if we additionally assume that ¥ is induced

by a topological embedding in S® by [Theorem 2.7.1
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Hence we deduce that D nullhomologous by applying the ‘Moreover’-part of
for every prime p. O

Next we shall extend to simplicial complexes that are only
locally connected.

Lemma 4.3.3. Let C be a locally connected simplicial complex together with
a planar rotation system X that is induced by a topological embedding ¢ in S8,
Then the dual complex D of (C,X) is nullhomologous.

Proof. By[Theorem 2.8.1|there is a simplicial complex C’ that is obtained from

C by subdividing edges, baricentric subdivisions of faces and adding faces along
closed trails. And C’ is nullhomotopic and has an embedding ¢/ into S* that
induced™| 1. Let D’ be the dual of //. By D’ is nullhomologous.

We shall deduce that D is nullhomologous by showing that reversing each of
the operations in the construction of C’ from C preserves being nullhomologous
in the dual. We call such an operation preserving.

Sublemma 4.3.4. Subdividing an edge is preserving.

Proof. Subdividing an edge in the primal corresponds to adding a copy of a face
in the dual. Clearly, the deletion of the copy preserves being nullhomologous
for the dual. O

Sublemma 4.3.5. A baricentric subdivision of a face is preserving.

Proof. Tt suffices to show that the subdivision by a single edge is preserving.
Subdividing a face by an edge in the primal corresponds to replacing an edge in
the dual by two edges in parallel and adding a face containing precisely these
two edges. Reversing this operation preserves being nullhomologous. O

Sublemma 4.3.6. Adding a face is preserving.

Proof. Adding a face in the primal corresponds to coaddinﬂ an edge in the
dual. Contracting that edge preserves being nullhomologous. O

By [Sublemma 4.3.4], [Sublemma 4.3.5| and [Sublemma 4.3.6] the fact that D’
is nullhomologous implies that D is nullhomologous. O

It remains to prove for simplicial complexes C' that are not

locally connected. First we need some preparation.

Given a simplicial complex C, its wvertical split complex is obtained from C
by replacing each vertex v by one vertex for each connected component of L(v),
where the edges and faces incident with that vertex are those in its connected
component. We refer to these new vertices as the clones of v.

13This means that we obtain ¢ from ¢/ by deleting the newly added faces, contracting the
newly added subdivision edges and undoing the baricentric subdivisions.

14A complex A is obtained from a complex A’ by coadding an edge e if A’ is obtained from
A by contracting the edge e.
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Observation 4.3.7. The vertical split complex of any simplicial complex is
locally connected. O

Observation 4.3.8. A simplicial complex and its vertical split complex have
the same dual matroid.

Proof. A simplicial complex and its vertical split complex have the same edge/face
incidence matrix. O

Given an embedding ¢ of a simplicial complex C' into S3, we will define what
an induced embedding of the vertical split complex is.

For that we need some preparation. Let v be a vertex of C' whose link graph
is not connected. By changing ¢ a little bit locally (but not its induced planar
rotation system) if necessary, we may assume that there is a 2-ball B of small
radius around v such that firstly v is the only vertex of C' contained in the inside
of B. And secondly its boundary 0B intersects each edge incident with v in a
point and each face incident with v in a line. In other words, the intersection of
C with the boundary is the link graph at v. As the link graph is disconnected,
there is a circle (homeomorphic image of Sl) 7 in the boundary such that the
two components of B\ v both contain vertices of the link graph, see

I

A

Figure 4.3: The link graph at v embedded into 0B.

The simplicial complex C, is obtained from C by replacing the vertex v by
two vertices, one for each connected component of B \ 7 that is incident with
the edges and faces whose vertices and edges, respectively, are in that connected
component.

The embedding ¢ z'nduce the following embedding ¢, of C, into S3. We
pick a disc contained in B with boundary  that intersects C' only in v. We
replace v by its two clones — both with tiny distance from v and one above that
disc and the other below. We only need to change faces and edges incident with
v in a tiny neighbourhood around v. Faces and edges above and below do not
interfere.

15 The construction of 1o depends on the choice of B. Still we use the term ‘induced’ in
this context since in this chapter we consider topological embeddings equivalent if they have
the same planar rotation system.
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It is easy to see that ¢ and ¢ have the same planar rotation system and that
C and C,, have the same vertical split complex.

A topological embedding of the vertical split complex of C' into S® is (verti-
cally) induced by ¢ if it is obtained by applying the above procedure iteratively
until C, is equal to the vertical split complex of C. It is clear that if ¢ is a
topological embedding of a simplicial complex C into S*, then its vertical split
complex has a topological embedding into S* that is induced by .

Observation 4.3.9. Let v be an embedding of a simplicial complex into S* and
let o' be an induced embedding of v of the vertical split complex. Then ¢ and i/
have the same dual complex.

Proof. In both embeddings, the incidence relation between the local surfaces and
the faces is the same. Hence both dual complexes have the same vertex/edge
incidence relation. They also have the same sets of faces as ¢ and ¢/ have the
same rotation system. O

A set S of vertices in a simplicial complex C'is a vertex separator if C' can be
obtained from two disjoint simplicial complexes that each have at least one face
by gluing them together at the vertex set S. As the empty set might also be a
vertex separator, any simplicial complex with no vertex separator is connected.

Lemma 4.3.10. Let C be a simplicial complex without a vertex separator. As-
sume that C' has an embedding ¢ into S*. Then the dual complex D of v is
nullhomologous.

Proof. Let C” be the vertical split complex of C. By [Observation 4.3.7 C’
is locally connected. By assumption C' has no vertex separator. Thus C’ is
connected. Let ¢/ be the embedding of C’ induced by . Let ¥’ be the planar
rotation system induced by ¢'.

By [Lemma 4.3.3] the dual D’ for (C”,%’) is nullhomologous. By
tion 4.3.1} D’ is the dual complex of ./. By [Observation 4.3.9, D’ is equal to D.
So D is nullhomologous. O

Lemma 4.3.11. Let C be a simplicial complex embedded into S* that is obtained
from two simplicial complexes Cv and Cs by gluing them together at a set of
vertices. Assume that Co has no separating vertex set. Let G; be the dual
graph of the embedding restricted to C; for i =1,2. Then the dual graph of the
embedding of C is equal to a graph obtained by gluing together G1 and G4 at a
single verter.

Proof. We denote the embedding of C' into S* by ¢ and the restricted embedding
of C1 by ¢1. Suppose for a contradiction that + maps interior points of faces of
C5 to interior points of different local surfaces of ¢;. Let ¢ be a local surface
of ¢; to which an interior point of a face of Cs is mapped by ¢. Let C% be the
subcomplex of Cs that contains all faces whose interior points are mapped to
interior points of £. Its edges and vertices are those of Cs that are incident with
these faces. Note that if one interior point of a face is mapped to ¢, then all
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are. Hence the subcomplex C4 that contains all other faces and their incident
vertices and edges contains a face. The subcomplexes C4 and C% of Cs can only
intersect in points of C;. Hence they only can intersect in vertices. Thus C}
and CY witness that Cs has a separating vertex set contrary to our assumption.

Thus there is a single local surface of ¢1 to which all interior points of faces
of C5 are mapped by ¢. Hence the dual graph of ¢ is equal to the graph obtained
by gluing together G; and G at that vertex. O

Proof of [Theorem .2.1. By applying recursively, we may assume
that C has no separating vertex set. Recall that the dual graph of the embedding

is the 1-skeleton of the dual complex of the embedding. By the
edge/face incidence matrix is a representation over the integers of the cycle
matroid of the dual graph of the embedding. O

4.3.2 Split complexes

A naive way to define splittings of edges might be to consider the incidences at
one of their endvertices and split according to that. We shall show that when
using this notion of splitting, split complexes will not have all nice properties
we want them to have, see A more refined definition takes into
account the incidences at both endvertices, defined as follows.

Given a simplicial complex C' and an edge e with two endvertices v and w,
two faces incident with e are v-related if - when considered as edges of e, they
have endvertices in the same connected component of the link graph L(v) — e
with the vertex e removed. Analogously, we define w-related. Two faces f; and
fo incident with e are in the same connected component at e if there is a chain
of faces incident with e from f; to fo such that adjacent faces in the chain are v-
related or w-related. Note that ‘being in the same connected component at e’ is
the equivalence relation generated from the union of ‘v-related’ and ‘w’-related.

The simplicial complex obtained from C by splitting the edge e is obtained
from C by replacing the edge e by one copy ex for every connected component
X at e. The faces incident with ex are those in X.

We refer to the edges ex as the clones of e. If we apply several splittings,
we extend the notion of cloning iteratively so that each edge of the resulting
simplicial complex is cloned from a unique edge of C.

If we split an edge in a nontrivial way, then the resulting simplicial complex
has the same number of faces but at least one edge more. As in a simplicial
complex every edge is incident with a face, we can only split edges a bounded
number of times. A simplicial complex obtained from C' by splitting edges such
that for every edge there is only one component at e is called an edge split
complex of C. As explained above, every simplicial complex has an edge split
complex.

Since splitting edges, does not change the 2-blocks of the link graphs, split-
tings of edges commute. In particular, edge split complexes are unique. In the
following we will talk about ‘the edge split complex’.
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The split complex of a simplicial complex C' is the vertical split complex of
its edge split complex. Clearly, splitting a vertex does not change the edge split
complex.

Example 4.3.12. A simplicial complex, its vertical split complex and its edge
split complex have the same split complex. Locally 2—connecteﬂ simplicial
complexes are equal to their split complex.

Lemma 4.3.13. A simplicial complex and its edge split complex have the same
dual matroid.

Proof. We shall show that a simplicial complex C' and a simplicial complex C’
have the same dual matroid, where we obtain C’ from C by splitting an edge
e. Once this is shown, the lemma follows inductively as an edge split complex
is obtained by a sequence of edge splittings.

Clearly, C and C’ have the same set of faces. Hence their dual matroids
have the same ground sets.

The vectors indexed by clones of the edge e of the edge/face incidence matrix
A’ of C" sum up to the vector indexed by e of the edge/face incidence matrix
A of C. Hence the vectors indexed by edges of A’ generate the vectors indexed
by edges of A. So it remains to show that any vector indexed by a clone ¢’ of e
of A’ is generated by the vectors indexed by edges of A.

Let v be an endvertex of e. Let K be the connected component of the link
graph L(v) of C' at v that contains e. Let Y be the union of the components Y’
of K — e such that faces incident with e’ — when considered as edges of L(v) —
have an endvertex in Y’. The sum over all vectors indexed by edges y € V(Y) of
A is the vector indexed by €’ of A’. Since ¢’ was an arbitrary clone, the vectors
indexed by edges of A generate the vectors indexed by edges of A’

We have shown that splitting a single edge preserves the dual matroid. Since
the edge split complex is obtained by splitting edges, it must have the same dual
matroid as the original complex. O

Corollary 4.3.14. A simplicial complex and its split complex have the same
dual matroid.

Proof. A simplicial complex and its vertical split complex have the same in-
cidence relations between edges and faces. Hence this is a consequence of
Lemma 4.3.13] O

4.4 A Whitney type theorem
In this section we prove

In general the dual matroid of a simplicial complex C' does not contain
enough information to decide whether C is embeddable in 3-space. For exam-
ple, the dual matroid of the cone over K5 consists of a bunch of loops. So it

16 A simplicial complex is locally 2-connected if its link graphs are connected and have no
cutvertices.
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cannot distinguish this non-embeddable simplicial complex from other embed-
dable ones. The following fact gives an explanation of this phenomenon (in the
notation of that fact: from the graph G we can in general not reconstruct the
matroid M|v]). Given a vertex v of a simplicial complex, we denote the dual
matroid of the link graph at v by M]v].

Fact 4.4.1. Let C be a simplicial complex embedded in S*. Then the dual
matroid M restricted to the faces incident with v is represented by a graph G.
Moreover, G can be obtained from some graph representing M[v] by identifying
vertices.

Proof. By M is the cycle matroid of the dual graph of the em-
bedding of C. So G is the restriction of that graph to the faces incident with
.

By G’ be denote the ‘local dual graph’ of C' at v. This is defined as the
‘dual graph’ but with ‘S*’ replaced by ‘a small neighbourhood U around v’ in
the embedding. Clearly, G’ represents M[v]. We obtain the vertices of G from
those of G’ by identifying those vertices for components of U \ C' that lie in the
same component of S* \C'. The ‘Moreover’-part follows. O

To exclude the phenomenon described in we restrict our attention
to simplicial complexes C' whose dual matroid captures the local structure at
all vertices of C, defined as follows. Given a simplicial complex C' with dual
matroid M, we say that M is local if for every vertex v the matroid M[v] is
equal to M restricted to the faces incident with v.

Furthermore matroids (of graphs and also of simplicial complexes) do not
depend on the orderings of edges on cycles. Hence it can be shown that dual
matroids cannot distinguish triangulations of homology sphereﬂ from triangu-
lations of the 3-sphere. While the later ones are always embeddable, this is not
true for triangulations of homology spheres. Thus we restrict our attention to
simply connected simplicial complexes.

If we exclude these two phenomenons, stated in the Intro-
duction, characterises when a simplicial complex is embeddable just in terms of
its dual matroid.

Remark 4.4.2. The assumptions of can be interpreted as some
face maximality assumption. By this is true for being simply
connected. For locality, let C' be any embeddable simplicial complex embed-
dable. By [Fact 4.4.1] we can add faces until for every vertex v the matroid M [v]
is equal to M restricted to the faces incident with v. This preserves being simply
connected.

Now we prepare for the proof of

17These are compact connected 3-manifolds whose homology groups are trivial. Unlike in
the 2-dimensional case, this does not imply that the fundamental group is trivial.
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Lemma 4.4.3. Let H be a graph whose cycle matroid is the dual matroid M
of a simplicial complex C. There is a directed graph H with underlying graph
H such that for all edges e of C' the signed vectors are B—flowﬂ.

Proof. First we consider the case when H is 2-connected. We start with an
arbitrarily directed graph H with underlying graph H some of whose directions
of the edges we might reverse later on in the argument. Since H is 2-connected,
the set of edges incident with a vertex is a bond of H, which is called the atomic
bond of v. By elementary properties of representations, there is a vector b, with
all entries —1, 4+1 or 0 that has the same support|E| as the atomic bond at v.

Given an edge e of H and one of its endvertices v, we say that e is effectively
directed towards v with respect to a vector b with entries in Z if € is directed
towards v and b(e) is positive or € is directed away from v and b(e) is negative.
First we shall prove that we can modify the directions of the edges of H such
that all edges e of H are directed such that for some endvertex v they are
effectively directed towards v with respect to the at b,,.

Let T be a spanning tree of H. Since T' does not contain any cycle, we can
pick the b, such that if vw is an edge of T, then b,(vw) = —b,(vw). Hence
an edge vw of T is effectively directed towards v with respect to b, if and only
if it is effectively directed towards w with respect to b,,. So by reversing the
direction of an edge if necessary@ we may assume that every edge vw of T
is effectively directed towards v with respect to b, and also effectively directed
towards w with respect to by,.

Next let xy be an edge not in T'. By reversing the direction of zy if necessary
we may assume that zy is effectively directed towards x with respect to b,. Our
aim is to show that xy is effectively directed towards y with respect to b,. Let
C' be the fundamental circuit of xy with respect to T'. By elementary properties
of representations, there is a vector vo with support C' that is orthogonal over
F3 to all the vectors b, for vertices z on C'. At all vertices z of C' except possibly
y, the two edges on C incident with z are effectively directed towards z with
respect to the vector b,. Hence for ve to be orthogonal, precisely one of these
edges must be effectively directed towards z with respect to vo. Using this
property inductively along C, we deduce that of the two edges on C' incident
with y also precisely one is effectively directed towards y with respect to ve.
Since b, is orthogonal to vc and the edge incident with y that is on 7" and C
is effectively directed towards y with respect to b,, also zy must be effectively
directed towards y with respect to b,,.

Hence our final directed graph H has the property that all edges e of H
are effectively directed towards any of their endvertices v with respect to b,.
Since signed vectors of edges e of C' are orthogonal at to b,, it follows that it
accumulates 0 (mod 3) at all vertices v. So the signed vectors of C' are 3-flows

18 A 8-flow in a directed graph Hisan assignment of integers to the edges of H that satisfies
Kirchhoff’s first law modulo three at every vertex of H.

19The support of a vector is the set of coordinates with nonzero values.

20To be very formal, we delete the edge from the graph and glue it back the other way
round. Note that we do not change the director.
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for H. This completes the proof if H is 2-connected. If H is not 2-connected, we
do the same construction independently in every 2-connected component and
the result follows. O

First we prove under the additional assumption that C is

locally 2-connected:

Lemma 4.4.4. Let C be a simply connected locally 2-connected simplicial com-
plex whose dual matroid is local.
Then C' is embeddable in 3-space if and only if M is graphic.

Proof. Assume that C is embeddable and let D by its dual complex. Then
by M is equal to the cycle matroid of the 1-skeleton of D. In
particular M is graphic.

Now conversely assume that C' is a simply connected simplicial complex such
for every vertex v the matroid Mv] is equal to dual matroid M restricted to
the faces incident with v; and that there is a graph G whose cycle matroid is M.
We pick an arbitrary direction at each edge of C' and an arbitrary orientation
at each face of C'. Our aim is to construct a planar rotation system ¥ of C' and

apply [LTheorem 2.2.1| to deduce that C' is _?mbeddable.
By |Lemma 4.4.3| there is a direction G of G such that the signed incidence

vector v, for each edge e of C is a 3-flow in G. As the link graph L(v) at each
vertex v is 2-connected, none of its vertices e is a cutvertex. Hence the edges
incident with e in L(v) form a bond. So they form a circuit in the dual matroid
Mv]. Thus by assumption the support of v, is a circuit in the matroid M.
By the construction of é, the signed vector v, is a directed cycl in G. This
directed cycle defines a cyclic orientation o(e). In terms of C this is a cyclic
orientation of the oriented faces incident with the directed edge €. Put another
way X = (o(e)|e € E(C)) is a rotation system.

Our aim is to prove that X is planar. So let v be a vertex of C' and let 3, be
the rotation system of the link graph L(v) induced by . This rotation system
of L(v) defines an embedding of L(v) in a 2-dimensional oriented surface S, in
the sense of [70]@ It remains to show the following.

Sublemma 4.4.5. S, is a sphere.

Proof. As the graph L = L(v) is connected, S, is connected. Thus it suffices to
show that it has Euler genus two, that is:

Vi —Ep+ Fr =2 (41)

Here we abbreviate: |V (L)| =V, |E(L)| = Er and Fr, denotes the faces of the
embedding of L(v) in S,,.

We denote the dual graph of the embedding of L in S, by H. Our aim is to
show that H is equal to the restriction R of G to the faces incident with v. We

21 A vector v whose entries are in {0,+1, —1} is a directed cycle if its support is a cycle and
it satisfies Kirchhoff’s first law at every vertex, see [35].
22This is explained in more detail in [Chapter 2
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obtain S’ from R by gluing on each directed cycle v, the face o(e). Similarly as
in we use the Edmonds-Hefter-Ringel rotation principle [70, Theorem
3.2.4] to deduce that L is the surface dual of R with respect to the embedding
into S’. In particular S’ = S and R is equal to H.

Having shown that R is the surface dual of L, we conclude our proof of
as follows. We denote the dimension of the cycle space of L by
d. We have Vi, — E, = —d+ 1 and F;, = Vi (where Vg is the number of
vertices of Vg). Hence in order to prove it suffices to show that
d = Vi — 1. This follows from the assumption that the cycle matroid of R is the
dual of the cycle matroid of L. Indeed, the cycle matroid of L is 2-connected
by assumption. O

O
Proof of[Theorem {.2.3 As in the proof of Lemma 4.4.4] by [Theorem 4.2.1] it

suffices to show that any simply connected simplicial complex C' whose dual
matroid M is graphic and local can be embedded in 3-space.

We prove this in two steps. First we prove it for locally connected simplicial
complexes. We prove this by induction. The base case is when C is locally
2-connected and this is dealt with in [Lemma 4.4.4l So now we assume that C
has a vertex v such that the link graph L(v) has a cut Verteﬂ and that we
proved the statement for every simplicial complex as above such that it has a
fewer number of cutvertices — summed over all link graphs. Let e be an edge of
C' that is a cutvertex in L(v).

Sublemma 4.4.6. The simplicial complex C' is obtained from a simplicial com-
plex C' by identifying two vertex-disjoint edges e; and es onto e.

Proof. In the link graph L(v), let f; and f5 be two edges incident with e that
are in different 2-blocks of L(v). Hence L(v) has a 1-separation (X7, X2) with
cutvertex e such that f; is in the side X; for i =1, 2.

Let w be the endvertex of e in C' different from v. Our aim is to construct a
1-separation (Y7,Y3) with cutvertex e of L(w) such that X; and Y; agree when
restricted to the edges incident with e for ¢ = 1, 2. For that we have to show that
if two such edges are in different X; then they do not lie in the same 2-block
of L(w). That is, in the matroid Mw] they do not lie in a common circuit
consisting of edges incident with e. By the assumption, this property is true in
Mw] if and only if it is true in M if and only if it is true in M[v], which it is
not true as (X7, Xs) is a 1-separation.

We obtain C’ from C by replacing v by two new vertices v; and vy and w
by two new vertices w; and wy. A face or edge incident with v is in v; if and
only if it is in X;. Similarly, a face or edge incident with w is incident with w;
if and only if it is in Y;. Thus every edge or face incident with v is incident
with precisely one of v; and vy except for the edge e for which we introduce two

23 A vertex v of a graph is a cut vertez if the component of the graph containing v with v
removed is disconnected.
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copies, which we denote by e; and ey. The same is holds with ‘w’ in place of ‘v’.
Clearly, the edge e; joins v; and w;. Hence C' has the desired properties. O

Sublemma 4.4.7. The edges e1 and ey lie in different connected components

of C'.

Proof. The simplicial complex C/e is simply connected and obtained from C’/{e;, e2}

by identifying the vertices e; and ey onto e. Since C/e is not locally connected

at e we can apply to deduce that e has to be a cutvertex of C/e.
Since the link graph L(e) of C/e is a disjoint union of the connected link

graphs L(e;) and L(ez) of C’'/{e1,e2}, two faces incident with the same edge

e; in C' cannot be cut off by e in C/e. Hence the only way e can cut C/e is

that e; and ey are cut off from one another. Put another way, e; and es lie in

different connected components of C’. O

For ¢ = 1,2, let C; be the component of C’ containing e; and M; the dual
matroid of C;. We may assume that C is connected. Hence C’ is the disjoint
union of the C;. By |Sublemma 4.4.7|and [Lemma 4.3.13] the dual matroid M of
S is the disjoint union of the matroids M;. So we can apply the induction hy-
pothesis to each simplicial complex C;. So all C; are embeddable. Analogously
to one proves that C is embeddable in 3—spac@

Finally, we prove the statement for arbitrary simplicial complexes. Again,
we prove it by induction. This time the locally connected case is the base case.
So now we assume that C' has a vertex v such that the link graph L(v) is
disconnected; and that we proved the statement for every simplicial complex
as above such that the number of components of link graphs minus the total
number of link graphs is smaller. As C is simply connected, by
the vertex v is a cutvertex of C'. That is, C' is obtained from gluing together two
simplicial complexes C’ and C” at the vertex v. Since splitting vertices preserves
dual matroids, the dual matroid of C' is the disjoint union of the dual matroid

of C" and the dual matroid of C”’. Thus the simplicial complexes C’ and C” are
embeddable in S* by induction. Hence by [Lemma 2.6.2| C' is embeddable. O
Remark 4.4.8. The proof of works also if we change the defi-
nition of dual matroid in that we replace ‘F3’ by ‘I, with p prime and p > 2’.

By [Theorem 4.2.1] if C is embeddable, the signed incidence vectors of the edges
of C generate the same matroid over any field F, with p prime. So if C is
embeddable all these definitions of dual matroids coincide.

The special role of p = 2 is visible in where we have to
exclude the matroid Us 4, which is representable over any field IF,, with p prime
and p > 2 but not over F.

24 An alternative is the following: it is easy to see that a simplicial complex S is embeddable
if and only if S/e is embeddable for some nonloop e. So the C;/e; are embeddable. Then by

Lemma 2.6.2| C'/e is embeddable. So C' is embeddable.
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4.5 Constructing embeddings from embeddings
of split complexes

In this section we prove We subdivide this proof in four subsec-

tions.

4.5.1 Constructing embeddings from vertical split com-
plexes

Lemma 4.5.1. Let C be a simplicial complex obtained from a simplicial complex
C' by identifying two vertices v and w. Let i/ be a topological embedding of C’
into S®. Assume that there is a local surface of ¢/ that contains both v and w.
Then there is a topological embedding of C into S* that has the same dual graph
as .

Proof. We join v and w by a copy of the unit interval I inside the local surface
of ¢/ that contains them both. We may assume that there is an open cylinder
around I that does not intersect C’. We obtain a topological embedding ¢ of C
from ¢/ by moving v along I to w. We do this in such a way that we change the
edges and faces incident with v only inside the small cylinder. It is clear that ¢/
and ¢ have the same dual graph. O

Lemma 4.5.2. Let x be a vertex or edge of a simplicial complex C embedded
into S®. The set of faces incident with x is a connected edge set of the dual
graph of the embedding.

Proof. If x is an edge, then the set of faces incident with x is a closed trail,
and hence connected. Hence it remains to consider the case that z is a vertex.
Let H, be the dual graph of the link graph at x with respect to the embedding
in the 2-sphere given by the embedding of C. The restriction R, of the dual
graph of the embedding of C' to the faces incident with x is obtained from
H, by identifying vertices. Since H, is connected, also R, is connected. This
completes the proof. O

Given a simplicial complex C' and a topological embedding ¢ of its vertical
split complex into S?, we say that ¢ satisfies the vertical dual graph connectivity
constraints if for any vertex x of C, the set of faces incident with x is a connected
edge set of the dual graph of ¢.

Theorem 4.5.3. Let C be a simplicial complex. Then C' embeds into S* if and
only if its vertical split complex C' has an embedding into S® that satisfies the
vertical dual graph connectivity constraints.

Proof. First assume that C’Ahas a_topological embedding ¢ in S3. Let ¢/ be the
embedding induced by ¢ of C'. By |Observation 4.3.9] ¢ and ¢/ have the same dual

graph. Hence by [Lemma 4.5.2] /" satisfies the vertical dual graph connectivity

constraints.
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Now conversely assume that ¢/ is an embedding into S* of C' that satisfies
the vertical dual graph connectivity constraints. Let G be the dual graph of
(/. We shall recursively construct a sequence (C,,) of simplicial complexes by
identifying vertices that belong to the same vertex of C' that all have the vertical
split complex C' and topological embeddings ¢, of C,, into S* that all have the
same dual graph G.

If C,, = C, we stop and are done. So there is a vertex v of C such that
), has at least two vertices cloned from v. The set of faces incident with v is
a connected edge set of G. So there are two distinct vertices vy and vy of C,
cloned from v whose incident faces share a vertex when considered as edge sets
of GG. Hence there is a local surface of ¢,, that contains v; and v,. We obtain
Chr41 from C), by identifying v; and vy. The existence of a suitable embedding
tnt1 follows from

Since this recursion cannot continue forever, we must eventually have that
C,, = C. Then , is the desired embedding of C' and we are done. O

4.5.2 Constructing embeddings from edge split complexes

Our next step is to prove the following lemma analogously to one of the im-
plications of Given a simplicial complex C' and a topological
embedding ¢ into S° of any of its split complex C into S3, we say that ¢ satisfies
the dual graph connectivity constraints (with respect to C') if for any vertex or
edge z of C, the set of faces incident with x is a connected edge set of the dual
graph of «.

Lemma 4.5.4. Let C be a locally connected simplicial complex. Assume that
the split complex of C' has an embedding o' into S® that satisfies the dual graph
connectivity constraints. Then C has an embedding in S® that has the same dual
graph as i’

Working with a strip instead of a unit interval, one shows the following

analoguously to

Lemma 4.5.5. Let C be a simplicial complex obtained from a simplicial complex
C" by identifying two edges e and €' with disjoint sets of endvertices. Let i/ be
a topological embedding of C' into S®. Assume that there is a local surface of V!
that contains both e and €. Then there is a topological embedding of C into S*
that has the same dual graph as . O

Proof of[Lemma 7.5.4) Since the split complex is independent of the ordering in
which we do splittings, the split complex C’ of C' is obtained by a sequence of the
following operations: first we split an edge. Then we split the two endvertices of
that edge. After that the complex is again locally connected. So we eventually
derive at the split complex.

We make an inductive argument similary as in the proof of
Thus it suffices to show that if a complex embeds and satisfies the dual graph
connectivity constraints at the clones of some edge, we can reverse the splitting
at that edge within the embedding.
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After such a splitting operation the original edge is split into a set of vertex-
disjoint edges. By the dual graph connectivity constraints, there are two of
these edges in a common local surface of the embedding. So we can apply
to identify them. Arguing inductively, we can identify them all
recursively. This shows why one such splitting can be reversed. Hence we can

argue inductively as in the proof of to complete the proof. [

4.5.3 Embeddings induce embeddings of split complexes
The goal of this subsection is to prove the following.

Lemma 4.5.6. Let C be a locally connected simplicial complex with an embed-
ding v in S®. Then its split complex has an embedding into S® that satisfies the
dual graph connectivity constraints and has the same dual graph as ¢.

Before we can prove this, we need some preparation. We start with the
following lemma very similar to We define ‘detemined’ and reveal
the definition in the proof of the next lemma.

Lemma 4.5.7. Let C be a simplicial complex obtained from a simplicial complex
C" by identifying two edges e and €' that only share the vertex v. Let i/ be a
topological embedding of C' into S*. Assume that the embedding of L(v) in the
plane induced by ' has a regz'or@ that contains both e and e¢'. Then there is
a topological embedding of C into S* that has the same dual graph as /. The
cyclic orientation at the new edge is determined.

Proof. We image that the link graph at v is embedded in a small ball around
v. Then the region R containing e and ¢’ is included in a unique local surface
of /. We call that local surface £. We obtain C from C’ by adding a face f at
the edges e, €/ and one new edge. The embedding ¢ induces an embedding of C
as follows. We embed C’ as prescribed by ¢/ and embed f in £. It remains to
specify the faces just before or just after f at e and e’. The face f’ just before
f at e corresponds to some edge of L(v) that has the region R on its left, when
directed towards e. Similarly, the face f” just after f at e’ corresponds to some
edge of L(v) that has the region R on its right, when directed towards e¢’. This
embedding of C' induces some embedding of C' by first contracting the third
edge of f, the one not equal to e or ¢’ and then contracting the face f, that is,
we identify e and ¢’ along f. Clearly this embedding has the same dual graph
as /.

It remains to show that the cyclic orientation of the incident faces induced by
the embedding at the new edge is determined. For that we reveal the definition
of determined. It means that the cyclic ordering at the new edge is obtained
by concatenating the cyclic orientations of e and e’ induced by ¢ so that f’ is
followed by f”. O

For the rest of this subsection we fix a topological embedding ¢ of a locally
connected simplicial complex C into S*. Our aim is to explain how ¢ gives rise

25Component of S? without L(v)
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to an embedding of any split complex of C'. First we need some preparation.
Let ¥ = (o(e)le € E(C)) be the combinatorial embedding induced by ¢.

Let e be an edge of C and I a subinterval of o(e). Let C be the simplicial
complex obtained from C' by replacing e by two edges, one that is incident with
the faces in I and the other that is incident with the faces incident with e but
not in I. We call C the simplicial complex obtained from C by opening the
edge e along I. We refer to the two new edges as the opening clones of e. If
we apply several openings, we extend the notion of opening cloning iteratively
so that each edge of the resulting simplicial complex is opening cloned from a
unique edge of C.

Let C’ be a simplicial complex obtained from a simplicial complex C by
splitting edges. Given a rotation system X of C', we obtain the induced rotation
system of C’ by restricting for each e’ of C’ cloned from an edge e of C' the cyclic
ordering o(e) to the faces incident with e’. We define also an induced rotation
system if C” is obtained from C' by opening edges. This is as above with ‘clone’
replaced by ‘opening clone’.

Let C be a simplicial complex obtained from C by opening an edge and let
¥ be the rotation system induced by X.

Lemma 4.5.8. The simplicial complex C has a topological embedding T into s®
whose induced planar rotation system is %.

The dual graph of U is obtained from the dual graph G of v by identifying the
two endvertices of I when considered as a trail in G.

In particular, if I is a closed trail in G, then G is the dual graph of z.
Proof of[Lemma 4.5.8 We can modify the embedding of C' such that there is

an open cylinder around e that does not intersect any edge except for e or any
face not incident with e. And all faces in I intersect that cylinder only in the left
half of the cylinder and the others only in the right half. Now we replace e by
two copies - one in the left half, the other in the right half. It is straightforward
to check that the dual graph of the embedding has the desired property. O

We fix an edge e of C with endvertices v and w.

Lemma 4.5.9. There is an embedding /' of C in' S that has the same dual graph
as L such that there is some connected component X at e that is a subinterval of
the cyclic orientation o'(e), where &' = (o’ (e)|e € E(C)) is the induced rotation
system of .

Example 4.5.10. The following example demonstrates that in[Lemma 4.5.9) we
cannot always pick ¢/ = ¢. In the embedding in 3-space indicated in
no component at the edge e is a subinterval of the cyclic orientation of the faces
incident with e induced by the embedding.

Before we can prove |Lemma 4.5.9) we need some preparation.

88



Figure 4.4: This complex is obtained by gluing together two discs, each with
four faces, at the edge e.

Given a cyclic orientation ¢ and a subset X, we say that two elements ¥,
and yo of o separate X for o if they are both not in X and the two interval@
y10y2 and yaoy; both contain elements of X.

Lemma 4.5.11. Let o be a cyclic orientation and (P;|i € [n]) be a partition of
the elements of o such that no two elements of the same P; separate some other
P;. Then there is some Py that is a subinterval of o.

Proof. We pick an arbitrary element a of P;. We may assume that a partition
class P, exists. For any P; not containing a, we define its first element to first
element of P; after a in o, and its last element to first element of P; before a in
o. The closure of P; consists of those elements of o between its first and last
element (including the first and the last one). We denote the closure of P; by
P.

By assumption any two such closures P; and ?j are either disjoint or con-
tained in one another, that is, P, C ﬁj or vice versa. Let P, be such that its
closure is inclusion-wise minimal. Then Py is equal to its closure and hence a
subinterval of o. O

Given e € o, we denote the element just before e by e — 1 and the element
just after e by e + 1. Given a cyclic orientation o and four of its elements x1,
X9, x3, x4 such that (zixex324) is a cyclic subordering of o, the exchange of
o with respect to x1,x2,x3, x4 is the following cyclic orientation on the same
elements as 0. We concatenate the two cyclic orientations obtained from o by
deleting x10x3 — 1 — x3 and x30x; such that the immediate successor of x4 is

T; see formally, it is
x30x4(xo0w3 — 3)(T10209 — T1 — T2) (24 + 1)oT3

Let (P;|i € I) be a partition of the elements of o, the fluctuation of o with
respect to (P;|i € I) is the number of adjacent elements of ¢ in different P;.
Given a partition P = (F;|i € I) of o, an exchange is P-improving if x5 and
x4 are in the same P; but none of the following four pairs is in the same P;:
(1‘4,.734 + 1), (332,])2 - 1), (331,331 + 1), (333,.%3 — 1).

26By y10y2 we denote the subinterval of o starting at y1 and ending with ys.
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Tyq 2

T3

Figure 4.5: The cyclic orientation o is depicted as a cycle. The four segments
between the element x; are labelled with the elements of Z,4. This describes the
ordering in which these segments are travered by the exchanged cyclic orienta-
tion.

Lemma 4.5.12. A cyclic orientation ¢’ obtained from o by an exchange that
is P-improving has strictly smaller fluctuation.

Proof. The adjacent elements of o and o’ are the same except for four pairs
involving 1, zo, T3, 4. For o these pairs are those mentioned in the definition of
“P-improving’. All these four pairs contribute to the fluctuation by the definition
of P-improving. For ¢’ the pair (x4, z3) does not contribute to the fluctuation.

O

One way to partition o(e) is to put two elements of o(e) in the same class if —
when considered as edges of L(v) — they have endvertices in the same component
of L(v) — e. An exchange is v-improving for o(e) if it is P-improving for that
particular partition.

For the next lemma we fix the following notation. Let X be the set of edges
between e and a connected component of L(v) — e. Let Y be the set of edges
between e and a connected component of L(w) — e. Assume that no connected
component at e includes both X and Y.

Lemma 4.5.13. Assume that two elements of Y separate X in the cyclic ori-
entation o(e). Then there is an embedding ' of C' in S* that has the same dual
graph as v such that o'(e) is obtained from o(e) by a v-improving exchange,
where ¥/ = (d'(e)|e € E(C)) is the induced rotation system of '.

Proof. We abbreviate o(e) by 0. We denote the connected component at e
including Y by ¢(Y).

Sublemma 4.5.14. There are edges f1 and f3 of c(Y) that separate X such
that the region of L(w) just after f1 is equal to the region just before fs. And
fi+1 and f3 —1 are not in c(Y).

Proof. Let fi and fi be two elements of Y that separate X. We fix two elements
x1 and x5 of X such that 2 is in fiof} and 25 is in fio f{. By choosing f{ and
14 as near to x1 as possible, we ensure that the region just after fi is equal to
the region just before f5. We denote this region by R. Let Y’ be the set of edges
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between e and a connected component of L(w) — e that is included in ¢(Y"). The
set of all such Y” is denoted by ). By replacing Y by any Y’ € Y if necessary,
we may assume that no set Y’ € ) contains elements both before and after x;
on fiof4; indeed, by any such replacement fjo f4 strictly decreases.

Sublemma 4.5.15. The interval fiox1 contains some f1 € c¢(Y) such that the
region just after f1 is R and f1 + 1 is not in c(Y).

Proof. We recursively define a sequence f7* of elements of f{oxy. They are
strictly increasing and contained in ¢(Y). We start with fi = f;. Assume that
we already constructed f*. If fI* + 1 is not in ¢(Y') we stop and let f; = f].
Otherwise f7' +1isin ¢(Y). Let Y’ € Y so that ff'+1€Y’.

We prove inductively during this construction that any set Y € ) that
contains an element of (f* + 1)oz; contains no element of fo f7.

By the induction hypothesis, Y is a subset of (f* +1)ox;. Let f"! be the
maximal element of Y’ in (fJ* + 1)ox;. By construction fI'™! € ¢(Y) and f7"!
is strictly larger than fi*. The region R is just before fi* 4+ 1, the first element
of Y’. Thus the region after f{"*', the last element of Y’, must also be R. The
induction step follows from the planarity of L(w) as there is a component of
L(w) — e that is adjacent to the set Y, and the induction hypothesis.

This process has to stop as f{ox; is finite and the f]* are strictly increasing.
Thus we eventually find an f;. O

Similarly as [Sublemma 4.5.15| one shows that the interval ziof} contains
some f3 € ¢(Y) such that the region just before f3 is R and f3 — 1 is not in
c(Y). So f1 and f3 have the desired properties. O

We obtain C; from C' by opening the edge e at the subinterval fiof3 of o.
By ¢1 we denote the embedding of C; induced by ¢. By the choice of f; and f3,
the local surface just after f; is equal to the local surface just before f3. Hence
by the embeddings ¢; and ¢ have the same dual graph.

By [Sublemma 4.5.14] the link graph at w of Cy has two connected compo-
nents. We obtain C5 from C; by splitting the vertex w. By i3 we denote the
embedding of Cy induced by 1. As splitting vertices does not change the dual
graph by |[Observation 4.3.9} the embeddings 2 and ¢; have the same dual graph.
Summing up, to and ¢ have the same dual graph.

We denote the copy of e incident with f; by e’ and the other copy by e”.
Since ¢’ and e” are both incident with edges of X, the component of L(v) — e
adjacent to the edges of X has in the link graph of Cs the two vertices e’ and
e’ in the neighbourhood. Thus the vertices ¢’ and ¢’ share a face in the link
graph at v of Cs.

By 13 induces an embedding +/ of C'in S that has the same
dual graph as 1. Let X' = (0’(e)|le € E(C)) is the induced rotation system of
/. We denote the element of X in fi0f3 nearest to fi by fo. Similarly, by f4
we denote the element of X in f3of; nearest to fi. As o/(e) is determined by
Lemma 4.5.7] it is obtained by concatenating the cyclic orientations at ¢’ and e’
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so that fy is followed by f2. That is, o’(e) is obtained from o(e) by exchanging
with respect to f1, fo, f3, fa-

It remains to check that this exchange is v-improving. Both f> and f, are
in X. On the other hand f; and f3 are in ¢(Y") but f; +1 and f3 — 1 are not in
¢(Y). In particular, they are in different P;. Whilst fo and f4 are in X, the two
elements fo —1 and f;+ 1 are not in X. Thus this exchange is v-improving. [

Proof of[Lemma 4.5.11 By (Rg|k € K) we denote the partition of the faces

incident with e into the connected components at e. If no two elements of the
same R, separate some other R;, then by there is some R, that
is a subinterval of o(e). In this case we can just pick /' = ¢ and are done.

We define the partition (P;|i € I) of the faces incident with e as follows. Two
faces incident with e are in the same partition if — when considered as edges
of L(v) — they have endvertices in the same component of L(v) — e. We define
the partition (Q;|j € J) the same with ‘w’ in place of ‘v’. If some P; contains
two elements separating some @; for the cyclic orientation at e, we can apply
to construct a new embedding of C. We do this until there are
no longer such pairs (P;,Q;). This has to stop after finitely many steps as by
the fluctuation — which is a non-negative constant only defined in
terms of (P;|i € I) — of the cyclic orientation at e strictly decreases in each step.
So there is an embedding ¢/ of C' in S* such that no P; contains two elements
separating some @; for the cyclic orientation ¢’(e) and such that ¢/ has the
same dual graph as ¢; here we denote by ¥/ = (¢/(e)|e € E(C)) is the induced
rotation system of +/. Hence by applying it suffices to prove the
following.

Sublemma 4.5.16. For ¢'(e), either there is some P; containing two elements
separating some Q); or no two elements of the same R, separate some other Ry.

Proof. We assume that there is some R, that contains two elements r; and 79
that separate some other Rp. The set Ry is a disjoint union of sets P;. Either
r1 and ro separate one of these P; or by the definition of connected component
at e, there is some @); included in R that contains elements of different F;, one
included in r10’(e)ry and the other in roo’(€)r;. Summing up there is some P;
or ); included in Ry that is separated by r; and r».

First we consider the case that there is a set P;. So two elements of that set
P; separate R,. By an argument as above we conclude that there is some P,,
or O, included in R, that is separated by two elements of P;.

Since the sets P, are defined from components of L(v) — e and ¥’ induces
an embedding of L(v) in the plane, these components cannot attach at e in a
‘crossing way’, that no two elements of some P; can separate some other P,,.
Thus there has to be such a set Q,,.

Summing up, if there is a set P; separated by r; and ry, then it contains
two elements separating some @,,. Analogously one shows that otherwise the
set ; separated by r; and rp contains two elements separating some P,. But
then two elements of P, separate ();. This completes the proof. O
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By the construction of +/, no two elements of the same R, separate some other

Ry, for o’(e). Then by [Lemma 4.5.11| there is some R, that is a subinterval of

o’(e), as desired. O

Let C’ be a simplicial complex obtained from the locally connected simplicial
complex C' by splitting the edge e.

Lemma 4.5.17. There is a topological embedding ' of C' whose induced planar
rotation system is the rotation system induced by 3.
Moreover v and i/ have the same dual graph.

Proof. We denote the dual graph of ¢ by G. We prove this lemma by induction on
the number of connected components at e. If there is only one such component,
then C’ = C and the lemma is trivially true. So we may assume that there are at
least two components. By changing the embedding if necessary, by [Lemma 4.5.9]
we may assume that there is a component J at e that is a subinterval of o(e).
As J is a subinterval of the closed trail o(e) of G, it is a trail in G. Next we
show that it is a closed one:

Sublemma 4.5.18. The interval J is a closed trail in G.

Proof. We are to show that the local surface of the embedding just before the
first face f1 of J is the same as the local surface just after the last edge fo of J.
For that it suffices to show that in the embedding of the link graph L(v) of v
induced by ¥, the region just before the edge f; is the same as the region just
after the edge fo. This follows from the fact that J is the set of edges out of a
set of connected components of L(v) — e. Indeed, the first and last edge out of
every component are always in the same region. O

We obtain C' from C by opening the edge e along J. By [Lemma 4.5.8] C

has a topological embedding 7 into S* whose induced planar rotation system is
induced by 3. By [Sublemma 4.5.18 and [Lemma 4.5.8] the dual graph of 7 is G.

We observe that C’ is obtained from C' by splitting the clone of e that
corresponds to the subinterval o(e) \ J. Thus the lemma follows by applying
induction on C' and 7. O

Proof of[Lemma 7.5.6 The split complex of C' is obtained from C by a sequence
of edge splittings and vertex splittings. By changing the order of the splittings
if necessary, we may assume that the complex is always locally connected before
we perform an edge splitting. Hence we can apply [Lemma 4.5.17] and [Theo-|
rem 4.5.3| recursively to construct an embedding of the split complex. Since
in each splitting step the dual graph is preserved, it satisfies the dual graph

connectivity constraints by applied to the dual graph of . O

4.5.4 Proof of [Theorem 4.2.4

We summarise the results of the earlier subsections in the following.
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Theorem 4.5.19. Let C be a simplicial complex and C be its split complex.
Then C embeds into S* if and only if C has an embedding into S* that satisfies
the dual graph connectivity constraints.

Proof. Assume that C' embeds into S*. Then by [Theorem 4.5.3|its vertical split

complex embeds into S* and satisfies the vertical graph connectivity constraints.
Since the vertical split complex is locally connected, we can apply
to get the desired embedding of the split complex. Note that this embedding
has the same dual graph as the vertical split complex. Hence it also satisfies
the connectivity constraints for the vertices.

Now conversely assume that the split complex has an embedding ./ that
satisfies the dual graph connectivity constraints. By the vertical
split complex has an embedding in S®. As this embedding has the same dual
graph as //, it satisfies the vertical dual graph connectivity constraints. So we

can apply This completes the proof. O
Now we show how [Theorem 4.5.19| implies [Theorem 4.2.4]

Proof of [Theorem 4.2.4) Let C be a globally 3-connected simplicial complex
and let C' be its split complex. If C' embeds into S*, then C has an embedding
into S* whose dual graph G satisfies the dual graph connectivity constraints by
|Theorem 4.5.19l By |Cor011ary 4.3.1_4L the two simplicial complexes C and C
have the same dual matroid. So by [Theorem 4.2.1] the cycle matroid of G is the
dual matroid of C. This completes the proof of the ‘only if’-implication.
Conversely assume that a split complex C of a simplicial complex C' has an
embedding 7 into S* and the dual matroid M of C'is the cycle matroid of a graph
G and the set of faces incident with any vertex or edge of C is a connected edge
set of G. By M is the dual matroid of C. Let G be the dual
graph of the embedding i of C. By the cycle matroid of G’ is
equal to M. Since M is 3-connected by assumption, by a theorem of Whitney
[99], the graphs G and G’ are identical. Hence G’ satisfies the connectivity
constraints. So we can apply the ‘if’-implication of to deduce
the ‘if’-implication of O

Proof of|[Theorem 4.2.5 By[Chapter 1] it suffices to show that a simplicial com-
plex C' whose split complex is embeddable has an embedding if and only if its
dual matroid has no constraint minor in the list of Since the split
complex is embeddable, its dual matroid is the cycle matroid of a graph G.
By the dual matroid of C' is the cycle matroid of G. By
C is embeddable if and only if G satisfies the graph connectivity
constraints. The later is true if and only if there is no vertex or edge such that
the set X of incident faces is disconnected in G. By the main result of
X is disconnected in G if and only if (G, X) has a constraint minor in the

lst of [Figure 4.7 .
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4.6 Infinitely many obstructions to embeddabil-
ity into 3-space

In this section we construct an infinite sequence (A, |n € N) of minimal obstruc-
tions to embeddability. More precisely, A,, will have the property that its split
complex is simply connected and embeddable, its dual matroid M, is the cycle
matroid of a graph but no such graph will satisfy the connectivity constraints.
However, if we remove a constraint or contract or delete an element from the
dual matroid, then there is such a graph.

The dual matroid M, of A,, will be the disjoint union of a cycle C,, of length
n and a loop ¢, see [Figure 4.6

Figure 4.6: The matroid Mg. For each of the eight vertices on the cycle, there
is a connectivity constraint forbidding that the loop is attached at that vertex.

The connectivity constraints are as follows. Fix a cyclic orientation {e;|i €
Z;} of the edges on C,,. We have a connectivity constraint for every ¢ € [n],
namely that X[i,n] = C,, —e; — e;+1 + £ is a connected set.

Fact 4.6.1. There is no graph whose cycle matroid is M, that meets all the
connectivity constraints X[i, n).

Proof. By C,, we denote the graph that is a cycle of length n whose edges have
the cyclic ordering {e;|i € Z;}. It is straightforward to see that C,, is the unique
graph whose cycle matroid is C,, that meets all the connectivity constraints
X[i,n] —e.

Now suppose for a contradiction that there is a graph G whose cycle matroid
is M,, that meets all the connectivity constraints X[i,n]. Then G is obtained
from C,, by attaching a loop. Since each X[i,n] contains e, we have to attach
the loop at some vertex of C,,. The connectivity constraint X[i,n], however,
forbids us to attach the loop at the vertex incident with e; and e; ;. Hence G
does not exist. O

A careful analysis of this proof yields the following simple facts.

Fact 4.6.2. 1. There is a graph whose cycle matroid is M, that meets all
the connectivity constraints X[i,n] but one.

2. for every element e, there is a graph whose cycle matroid is M, — e that
meets all the connectivity constraints X[i,n] — e;
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3. for every element e, there is a graph whose cycle matroid is My /e that
meets all the connectivity constraints X[i,n] — e.

O

Hence it remains to construct A,, such that its dual matroids is M,, and so
that the nontrivial connectivity constraints are the X[¢,n]. We remark that we
allow the faces of A, to be arbitrary closed walks. (One obtains a simplicial
complexes from A,, by applying baricentric subdivisions to the faces.)

We start the construction of A,, with a cycle C' of length n. We attach n
faces, which we call ey, ...,e,. For each e;, and each vertex vy of C except for
the i-th vertex v;, we attach n — 1 edges and let e; traverse them in between the
two edges incident with vy. We denote the endvertices of the new edges not on

C by x(i, k, j) where (k,j < mn;k,j #1), see

Figure 4.7: In grey, we indicate the cycle C' with the new edges. In black we
sketched the traversal of the face e; after addition of the new edges.

Next we disjointly add a copy of the original cycle C' and only attach a
single face to it which we denote by ¢. Call the resulting Walk—comple)@ Al
We finally obtain 4,, from A/, by identifying for each i € [n] the i — th vertex
v; on the new copy of C with all vertices x (', 4,4) with i’ # q.

By construction, the split complex of A,, is A/,. Hence by
above, the dual matroid of A,, is M,,. By construction, the nontrivial connectiv-
ity constraints are the X[i, n]. Clearly, the split complex A/, is simply connected
and embeddable.

This completes the construction of the A,. By [Fact 4.6.1] and [Fact 4.6.2]
they have the desired properties.

4.7 Appendix I

First we give a definition of ‘globally 3-connected’ directly in terms of the simpli-
cial complex without referring to its dual matroid. Given a simplicial complex
C, its edge/face incidence matrix A and a subset L of the faces of C, we de-
note by r(L) the rank over F3 of the submatrix of A induced by the vectors

27 A walk-complez is a graph together with a family of closed walks, which we call its faces.
Every simplicial complex is a walk-complex. Conversely, from every walk complex we can
build a simplicial complex by attaching at each face a cone over that walk.
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whose faces are in L. A 2-separation of a simplicial complex C' is a partition
of its set F' of faces into two sets L and R both of size at least two such that
r(L)+r(R) < r(F)+ 1. It is straightforward it check that a simplicial complex
is globally 3-connected if and only if it has no 2-separation.

When defining ‘edge split complexes’, we mentioned a related more naive
definition. Here we give this definition. In [Example 4.7.1] and [Example 4.7.2|
we show that this notion lacks two important features of edge split complexes.
Splitting an edge e at an endvertex v is defined like ‘splitting e’ but with ‘in
the same connected component at e’ replaced by ‘v-related’. A lazy edge split
complex is defined as ‘edge split complex’ but with ‘for every edge there is only
one component at e’ replaced by ‘it is locally 2-connected’. lazy split complex is
defined like ‘split complex’ with ‘lazy edge split complex’ in place of ‘edge split
complex’.

Example 4.7.1. In this example we construct a simplicial complex C' that has
two distinct lazy edge split complexes. We will construct C' such that it has
two vertices v and w; these vertices are joined by five edges e, e;, es, eg and
e4. The edge e is a cut vertex in the link graphs at v and w. And splitting e at
one endvertex will make the link graph at the other endvertex 2-connected, see

o 4.8

€1 €2 €1 €2

®

€4 €s €4 €3
Link graph at v Link graph at w

Figure 4.8: If we split one of these link graphs at e, the other becomes a six-cycle.

Next we construct C' with the above properties. We obtained C from four
triangular faces f1, fo, f3 and f; glued together at a single edge e. Let v and w
be the two endvertices of that edge. Let e;[v] be the edge of f; incident with v
different from e. Let e;[w] be the edge of f; incident with w different from e. Let
v; be the vertex incident with f; that is not incident with e. We add the edges
er between vy and viy; for any k € Zy. We add the four faces: ej[v]ejes|v],
es[v]eseq[v], exw]eses[w] and e4qwleser [w]. This completes the construction of

Example 4.7.2. In this example we show that with ‘split
complex’ replaced by ‘lasy split complex’ is false. Let H be a planar graph with

vertices v and w such that the graph H' obtained from H by identifying the
vertices v and w is not planar. Let C be the cone over H. We obtain C’ from C
by identifying the two edges corresponding to v and w. Whilst the link at the
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top of C'is H, the complex C’ has the link H’ and is hence not embeddable. By
choosing v and w far apart in H, one ensures that C’ is a simplicial complex.

The lazy split complex of C’ is unique and equal to C. Unlike C’, the sim-
plicial complex C' is embeddable. The dual graph of every embedding consists
of a single vertex, and so trivially satisfies the graph connectivity constraints.
This completes the example.

Concerning it is straightforward to modify the example to
make the dual graph of the embedding 3-connected.

4.8 Appendix II: Matrices representing matroids
over the integers

Matroids representable over the integers are well-studied [75]. In this appendix,
we study something very related but slightly different, namely matrices that
represent matroids over the integers. Our aim in this appendix is to prove
below, which is a characterisation of certain matrices representing
matroids over the integers.

A matrix A is a representation of a matroid M over a field k if all its entries
are in k and the columns are indexed with the elements of M. Furthermore for
every circuit o of M there is a vector v, in the span over k of the rows of A
whose support is 0. And the vectors v, span over k all row vectors of A.

The following is well-known.

Lemma 4.8.1. Let A be a matrix representing a matroid M over some field k.
Let I an element set that is independent in M. Then the matriz obtained from
A by deleting all columns belonging to elements of I represents the matroid M /I
over k. O

A matrix A is a regular representation (or representation over the integers)
of a matroid M if all its entries are integers and the columns are indexed with
the elements of M. Furthermore for every circuit o of M there is a {0, —1,+1}-
valued vector@ v, in the span over Z of the rows of A whose support is 0. And
the vectors v, span over Z all row vectors of A. The following is well-known.

Lemma 4.8.2. Assume that a matric A regularly represents a matroid M.
Then for every cocircuit d of M, there is a {0,—1,+1}-valued vector wq whose
support is equal to d that is orthogona@ over 7 to all row vectors of A. These
vectors wy generate over Z all vectors that are orthogonal over Z to every row
vector. O

The following is well-known.

Lemma 4.8.3. Let M be a matroid reqularly represented by a matriz A. Let
v be a sum of row vectors of A with integer coefficients. If the support of v is
nonempty, then it includes a circuit of M. O

28 A wector is an element of a vector space k°, where k is a field and S is a set. In a slight
abuse of notation, in this chapter we also call elements of modules of the form Z5 vectors.
29Two vectors a and b in k° are orthogonal if > ses a(s) - b(s) is identically zero over k.
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Example 4.8.4. A matrix is unimodular if it is {0, —1,+1}-valued and the
determinant of every quadratic submatrix is {0, —1, +1}—valueﬂ Every uni-
modular matrix is a regular representation of some matroid, see for example
[00]. For example, the vertex/edge incidence matrix of a graph G is a regular
representation of the graphic matroid of G.

There also exist regular representations that are not totally unimodular:

Example 4.8.5.

—
I
—_

0 -1

This matrix is a regular representation of the matroid consisting of two elements
in parallel but it is not totally unimodular.

A matroid is regular if it can be regularly represented by some matrix.
The class of regular matroids has many equivalent characterisations [75]. For
example, a matroid has a regular representation (in fact a totally unimodular
one) if and only if it has a representation over every field. In this chapter, we
need the following related fact, which focuses on the matrices instead of the
matroids:

Theorem 4.8.6. Let A be a matriz whose entries are —1, +1 or 0. Then A
reqularly represents a matroid if and only if there is a single matroid M such
that A represents M over any field.

Whilst the ’only if’-implication is immediate, the other implication is less
obvious. To prove it we rely on the following.

Lemma 4.8.7. Let (v;|i € I) be a family of integer valued vectors of Z°, where
S is a finite set. Assume that the family (v;|i € I) considered as vectors of the
vector space Q° spans the whole of Q° over Q. Additionally, assume that for
every prime number p, the same assumption is true with the finite field T,  in
place of ‘Q°. Then the family (v;]i € I) spans over Z all integer valued vectors
in 7.

Proof that[Lemma /.8.7 implies[Theorem 4.8.6 Assume that A is an integer

valued matrix that represents the matroid M over Q and over all finite fields
IF,, for every prime number p, when we interpreﬁ the entries of A as elements
of the appropriate field. Our aim is to show that A regularly represents the
matroid M.

Let b be a base of M. Let A’ be the matrix obtained from A by deleting
all columns belonging to elements of b. We denote by M’ the matroid M/b, in

which every element is a loop. By [Lemma 4.8.1} A’ represents the matroid M’
over Q and over all finite fields F,,. Let (v;|¢ € I) be the family of row vectors of

30Here we evaluate the determinate over Z
31Here in F), we interpret the integer m as its remainder after division by p.
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A’. Since every element of M’ is a loop, we can apply [Lemma 4.8.7|and deduce
that the family (v;|i € I) spans over Z all integer valued vectors in Z¥ | where

E’ is the set of elements of M’.

Let v be any integer valued vector that is generated by the rows of A over
Q. We show that v is also generated by the rows of A with integer coefficients.
By the above, there is a vector w generated from the row vectors of A over Z
that agrees with v in all coordinates of E’. Hence v — w is generated by the
row vectors over Q. So if v —w is nonzero, its support must contain a circuit of
M by Since the support of v — w is contained in the base b, the
support does not contains a circuit of M. Hence v must be equal to w. Thus v
is in the span of the row vectors with coefficients in Z.

Now let o be a circuit of M. Since A is a regular representation of M over Q,
there is a vector v, with entries in Q generated by the row vectors of A over Q
whose support is 0. We multiplying all entries with a suitable rational number
if necessary, we may assume that additionally all entries of v, are integers and
that the greatest common divisor of the entries is one. By the above v, is in
the span of the row vectors with coefficients in Z.

Next we show that all entries of v, are zero, plus one, or minus one. Suppose
for a contradiction that there is some prime number p that divides some entry of
Vo. If we interpret the entries of v, as elements of I, then v, is also in the span
of the row vectors with coefficients in F,,. Indeed, the coefficients are just the
integer coeflicients we have in the representation over Z interpreted as elements
of F,,. Since the greatest common divisor of the entries of v, is one, v, when
interpreted over IF,, is nonzero but its support is properly contained in o. Since
in M the circuit o does not include another circuit, we get a contraction to the
assumption that A represents M over F,. Thus all entries of v, are zero, plus
one, or minus one.

It remains to show that the set of vectors v, where o is a fundamental circuit
of b generates every row vector x of A. Since for every element not in b, there
is a unique v, which takes the value plus one or minus one at that element and
zero at every other elements not in b, there is a vector &’ generated over Z by the
v, that agrees with  when restricted to E’. As above we deduce that ' = z,
and hence x is generated by the v, over Z. Thus A regularly represents M. [

In order to prove we rely on the following well-known lemma.

Lemma 4.8.8. Let m and n be integer and let d be their greatest common
divisor. Then there are integers o and B such that «-m — 3 -n =d. ]

Proof of[Lemma 4.8.7 Let s € S be arbitrary. By es; we denote the vector

which in coordinate s has the entry one and otherwise the entry zero. Since
the family (v;|i € T) spans e, over Q, there is some positive natural number ~
so that the family (v;]i € I) spans ~s - es over Z. Let 5 be the least possible
value for v5. Our aim is to show that all 5 are equal to one. Suppose not for
a contradiction. Then there is some prime number p that divides some d,. Let
§ be the index so that in the factorisation of ¢z the prime number p has the
highest multiplicity, say k.
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Sublemma 4.8.9. There is some nonzero integer € such that p has the multi-
plicity at most k — 1 in the factorisation of € and such that € - e5 is spanned by
the family (v;|i € I) over Z.

Let us first see how we finish the proof assuming [Sublemma 4.8.9, By

there are o and 8 such that a - § — § - € is equal to the greatest

common divisor D of d5 and €. Hence by D - e;5 is generated by
the family (v;]i € T) over Z. Since p has the multiplicity at most k£ — 1 in the

factorisation of D, the number D is strictly smaller than Jz. This contradicts
the choice of 5. Hence all §, are equal to one. It remains so show that the
following.

Proof of [Sublemma 4.8.9 Since the family (v;|i € I) spans ez over F,, there is
an integer valued vector w such that the family (v;|i € I) spans es + p - w over
Z. For a subset T of S we denote by wr the vector which takes the value w(s)
in coordinate s if s € T and zero otherwise. We denote the multiplicity of p in
the factorisation of an integer n by f#,(n).

We shall show inductively for every subset T  of S that there is some nonzero
natural number ep with #,(er) < k — 1 such that er - (es + p - wr) is spanned
by the family (v;]i € T) over Z. We start the induction with T'= 5 and er = 1
and so wr = w. Assume that we already proved the induction hypothesis for
a nonempty subset T of S. Let ¢t € T be arbitrary. We denote the greatest
common divisor of ep - p-w(t) and 0; by d;. We let ep_y = ep - (%' We have

tp(er—t) = tp(er) + 8, (0¢) — 8p(de) < Hp(er) +8p(0r) — min{ty(er) + 1, 8,(3:)} =

= maz{p(d:), §p(er) — 1}
Hence by the choice of ¢ and by induction #,(er—_;) < k — 1. Furthermore:

er - p-w(t)

d ~0rer = €p—y¢ - (g +p-wr_y)
t

ft'eT'(eg—Fp'wT)—
dy

Note that all fractions in the above equation are integers. This completes the
induction step. Hence the vector ey - ez is spanned by the family (v;|i € I) over
Z, which completes the proof. O

O
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Chapter 5

A refined Kuratowski-type
characterisation

5.1 Abstract

Building on earlier chapters, we prove an analogue of Kuratowski’s characteri-
sation of graph planarity for three dimensions.

More precisely, a simply connected 2-dimensional simplicial complex embeds
in 3-space if and only if it has no obstruction from an explicit list of obstructions.
This list of obstructions is finite except for one infinite family.

5.2 Introduction

We assume that the reader is familiar with [Chapter I} In that chapter we prove
that a locally 3-connected simply connected 2-dimensional simplicial complex
has a topological embedding into 3-space if and only if it has no space minor
from a finite explicit list Z of obstructions. The purpose of this chapter is
to extend that theorem beyond locally 3-connected (2-dimensional) simplicial
complexes to simply connected simplicial complexes in general.

The first question one might ask in this direction is whether the assumption
of local 3-connectedness could simply be dropped from the result of
Unfortunately this is not true. One new obstruction can be constructed from
the Mo6bius-strip as follows.

Consider the central cycle of the Mébius-strip, see Now attach a
disc at that central cycle. In a few lines we explain why this topological space
X cannot be embedded in 3-space. Any triangulation of X gives an obstruction
to embeddability. It can be shown that such triangulations have no space minor
in the finite list Z.

Why can X not be embedded in 3-space? To answer this, consider a small
torus around the central cycle. The disc and the Mobius-strip each intersect
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Figure 5.1: The Mobius-strip. The central cycle is depicted in grey.

that torus in a circle. These circles however have a different homotopy class
in the torus. Since any two circles in the torus of a different homotopy class
intersecﬂ the space X cannot be embedded in 3-space without intersections of
the disc and the Mobius-strip. Obstructions of this type we call torus crossing
obstructions. A precise definition is given in

A refined question might now be whether the result of extends
to simply connected simplicial complex if we add the list 7 of torus crossing
obstructions to the list Z of obstructions. The answer to this question is ‘almost
yes’. Indeed, we just need to add to the space minor operation the two simple
operations of stretching defined in[Section 5.4]and [Section 5.5 These operations
are illustrated in [Figure 5.2 and [Figure 5.3|

% - v

Figure 5.2: If we strech the highlighted edge in the simplicial complex on the
left, we obtain the one on the right. The newly added faces are depicted in grey.

It is not hard to show that stretching preserves embeddability, see[Lemma 5.4.1|
and below. The main result of this chapter is the following.

Theorem 5.2.1. Let C' be a simply connected simplicial complex. The following
are equivalent.

e C has a topological embedding in 3-space;

e C has no stretching that has a space minor in Z U T.

LA simple way to see this is to note that the torus with a circle removed is an annulus.
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4

Figure 5.3: If we strech the highlighted pair of edges in the simplicial complex
on the left, we obtain the one on the right. The newly added faces are depicted
in grey.

We deduce from the results of in two steps as fol-

lows. The notion of ‘almost local 3-connectedness and stretched out’ is slightly
more general and more technical than ‘local 3-connectedness’, see
for a definition. First we extend the results of to almost locally
3-connected and stretched out simply connected simplicial complexes, see
lorem 5.3.4] below.

By lemmas of it suffices to prove for simply con-
nected simplicial complexes that are locally connected. We conclude the proof
by showing that any such simplicial complex can be stretched to an almost
locally 3-connected and stretched out one. More precisely:

Theorem 5.2.2. For any locally connected simplicial complex C, there is a
stretching C' of C that is locally almost 3-connected and stretched out such that
C embeds in 3-space if and only if C' embeds in 3-space.

Moreover C' is simply connected if and only if C" is simply connected.

The chapter is organised as follows. In we prove
In [Section 5.4 and [Section 5.5 we prove We conclude the chapter

with the proof of [[’heorem 5.2.1]
For graph theoretic definitions we refer the reader to [35].

5.3 A Kuratowski theorem for locally almost 3-
connected simply connected simplicial com-
plexes

In this section we prove which is used in the proof of the main
theorem. First we define the list 7 of torus crossing obstructions.

Given a simplicial complex C, a mega face F = (f;|li € Z,) is a cyclic
orientation of faces f; of C' together with for every i € Z,, an edge e; of C that
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is only incident with f; and f; 1 such that the e; and f; are locally distinct, that
is, e; # e;41 and f; # fi+1 for all i € Z,,. We remark that since in a simplicial
complex any two faces can share at most one edge, the edges e; are implicitly
given by the faces f;. A boundary component of a mega face F' is a connected
component of the 1-skeleton of C restricted to the faces f; after we delete the
edges e;. Given a cycle o that is a boundary component of a mega face F', we
say that F' is locally monotone at o if for every edge e of o and each face f;
containing e, the next face of F' after f; that contains an edge of o contains the
unique edge of o that has an endvertex in common with e and e;41. Under these
assumptions for each edge e of o the number of indices ¢ such that e is incident
with f; is the same. This number is called the winding number of F at o.

A torus crossing obstruction is a simplicial complex C with a cycle o (called
the base cycle) whose faces can be partitioned into two mega faces that both
have o has a boundary component and are locally monotone at o but with
different winding numbers. We denote the set of torus crossing obstructions by

T.

Remark 5.3.1. The set of torus crossing obstructions is infinite. Indeed, it
contains at least one member for every pair of distinct winding numbers. So it
is not possible to reduce it to a finite set. However one can further reduce torus
crossing obstruction as follows. First, by working with the class of 3-bounded
2-complexes as defined in instead of simplicial complexes, one may
assume that the cycle o is a loop. Secondly, one may introduce the further
operation of gluing two faces along an edge if that edges is only incident with
these two faces. This way one can glue the two mega faces into single faces.
Thirdly, one can enlarge the holes of the mega faces to make them into one big
hole (after contracting edges afterwards one may assume that this single hole
is bounded by a loop). After all these steps we only have one torus crossing
obstruction left for any pair of distinct winding numbers. This obstruction
consists of three vertex-disjoint loops and two faces, each incident with two
loops. The loop contained by both faces is the base cycle o. Here the faces
may have winding number greater than one. The faces have winding number
precisely one at the other loops.

By B,, we denote the graph consisting of m edges in parallel. Given a
simplicial complex C and a cycle o of C' and m > 2, we say that o is a B,,-cycle
if all link graphs at the vertices of o are obtained from subdivisions of B,, by
adding paths at some vertices and the edges of o are branching verticesﬂ in the
link graphs.

Lemma 5.3.2. Let C be a simplicial complex. Assume that C has a By, -cycle
o such that for some edge e of o the link graph L of the contraction C/(o — e)
at the vertex o — e s not loop planar. Then a torus crossing obstruction can be
obtained from C by deleting faces.

2A branching vertex of By, with m > 3 is one of the two vertices that has degree at least
three in By,. By adding paths to some vertices of By, the degrees of the vertices may change.
This addition of paths, however, is not taken into account in the definition of branching
vertices. If m = 2, then By, is a cycle and any vertex is a branching vertex.
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Proof. Our aim is to define a torus crossing obstruction with base cycle o. For
that we define a set of possible mega faces as follows.

The complex C/(o — e) has only one loop and that is e. We denote the two
vertices of L corresponding to e by ¢; and ¢5. Since o is a B,,-cycle, the link
graph L is (isomorphic to) a subdivision of B,, with branching vertices ¢; and
{5 — plus attached paths. We shall define mega faces such that every edge of B,,
incident with ¢; is a face of precisely one of these mega faces. We define these
mega faces recursively. So let f be an edge of B,, incident with ¢; that is not
already assigned to a mega face. Let P be the paths of B, between ¢; and ¢
that contains f. The edges on that path after f are its consecutives in its mega
face. The last edge of that path is incident with /5 and hence it also corresponds
to an edge incident with ¢;. If that face is equal to f we stop. Otherwise we

continue with that face as we did with f, see

Figure 5.4: The construction of a mega face in a subdivision of Bs. The bijection
between the edges incident with ¢, and /5 is indicated by numbers. In grey we
marked a set of the edges whose faces form a mega face.

Eventually, we will come back to the face f. This completes the definition
of the mega face containing f. This defines a mega face as all interior vertices
of these paths have degree two. It is clear from this definition that the mega
faces partition the edges of B,,,. Since o is a By,-cycle, these mega-faces are also
mega-faces of C' and the cycle o is a boundary component of each of them. It
is straightforward to check that these mega-faces are monotone at o.

It suffices to show that two of these mega faces have distinct winding number
at 0. Suppose not for a contradiction. Then all mega faces have the same
winding number.

We enumerate the mega faces and let K be their total number. The winding
number of a mega face is equal to the number of its traversals of the edge e,
that is, its number of faces that — when considered as edges of B, — are incident
with ¢;. So by our assumption, there is a constant W such that all our mega
faces contain precisely W faces incident with e. We enumerate these faces in a
subordering of the mega face. More precisely, by f[k, w] we denote the k-th face
incident with e on the w-th mega face, where k and w are in the cyclic groups
Zy and Zyy, respectively.

We will derive a contradiction by constructing a rotation system of the link
graph L that is loop planar. Note that it suffices to show how to embed B,, in
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the plane. The paths can clearly be added afterwards. We embed B,, in the
plane such that the rotation system at ¢ is f[1,1], f[2,1], ..., f[K,1], f[1,2],
f12,2], ..., fIK,2], f[1,3], ---\..., fIK, W], f1,1].

Then the rotation system at /5 is obtained from the that of ¢; by replacing
each face f[k,w] by f[k,w + 1] and then reversing. Since this shift operation
keeps this particular cyclic ordering invariant, the rotation systems at ¢; and {5
are reverse. So this defines a loop planar embedding of B,,. Hence L has a loop
planar rotation system. This is the desired contradiction to our assumption.
Hence two mega faces must have a different winding number. So C' contains a
torus crossing obstruction. O

Next we define ‘stretched out’. This is a technical condition, which used only

once in the argument, namely in the proof of below. A simplicial
complex is stretched out if

1. every edge incident with only two faces has an endvertex that is incident
with precisely four faces;

2. if the link graph at a vertex v is obtained from a subdivision of a 3-
connected graph or B,, by attaching paths, then no such path is attached
at a subdivision vertex.

A path in a simplicial complex C' is a B,,-path if

1. the link graphs at all interior vertices of P are subdivisions of graphs of
the form By, for some k > 3 plus possibly some attached paths;

2. the link graphs at the two endvertices of P are subdivisions of 3-connected
graphs plus possibly some attached paths.

Lemma 5.3.3. Let C be a stretched out simplicial compleaﬂ with a B,,-path P.
Then the complex C' obtained from C by contracting all edges of the path P has
at most one loop which is incident with more than one face.

Proof. Let v and w be the endvertices of the path P. Since C' is a simplicial
complex, there is at most one edge between v and w. Our aim is to show that
any other loop of C’ is only incident with a single face.

So let e be a loop of C’ such that in C the edge e has an endvertex u different
from v and w. As e is a loop in C’, both endvertices of e in C' are on P. Thus
the vertex u is an interior vertex of P. So the link graph L(u) at u is obtained
from a subdivision of B, with m > 3 by attaching paths. Since C is stretched
out, these paths can only be attached at the two vertices of B,, at degree at
least three. As e is not on P, in the link graph L(u) it is a vertex of degree at
most two. Since in the simplicial complex C' every vertex of P is incident with
more than four faces, and e has both endvertices on P, no endvertex of e can be
incident with four faces. Since C is stretched out, the edge e cannot be incident
with two faces. Thus e has degree one in L(u). That is, e is incident with only
a single face in C. O

31In this chapter we follow the convention that every edge of a simplicial complex is incident
with some face.
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A graph is almost 3-connected if it is obtained from a 3-connected graph or
B,, by subdividing edges and by attaching paths at some of the vertices. Note
that since we allow m to be equal to two, all cycles are almost 3-connected. A
simplicial complex is locally almost 3-connected if all its link graphs are almost
3-connected.

Theorem 5.3.4. Let C be a simplicial complex that is locally almost 3-connected
and stretched out. The following are equivalent.

e C has a planar rotation system;

e C has no space minor in ZUT.

As a preparation for the proof of [Theorem 5.3.4) we prove the following
analogue of

Lemma 5.3.5. Let C' be a simplicial complex that is locally almost 3-connected.
Then C has a planar rotation system unless

1. C is not locally planar;
2. there is a By,-path P such that C/P is not locally planar at the vertex P;

3. the contraction C/(o — €) is not locally planar, where o is a cycle and e
is an edge of o and either o is chordless and not a loop or else o is a
By, -cycle.

Proof. For simplicity, we first give a proof, where we strengthen the assumption
of ‘locally almost 3-connectedness’ to ‘ all of whose link graphs are subdivisions
of either 3-connected graphs or graphs of the form B,,,’. We stress that we allow
that m = 2, which allows the link graphs to be cycles of arbitrary length.

We obtain H from the 1-skeleton of C by deleting all edges of C' that are
incident with precisely two faces. In order to show that C' has a planar rotation
system it suffices to construct for each connected component H' of H a rotation
system of C that is planar at all vertices of H’'. Indeed, since the rotators at
vertices of degree two are unique, we can combine these rotation systems for
the different components of H to a planar rotation system of C. We call such a
rotation system planar at H'. So now let H' be a connected component of H.

First assume that H’ just consists of a single vertex. Either C has a rotation
system that is planar at H' or the link graph of C' at the single vertex of H’ is
not loop planar. That is, we have the first outcome of the lemma.

Next assume that all link graphs at vertices of H' are subdivisions of B,,.
Since we may assume that H' contains at least two vertices, m is at least three
and each vertex of H' is incident with precisely two edges (which are the branch-
ing vertices in its link graph). So the connected graph H’ is a cycle o. In fact,
it is a B,,-cycle. Similarly as one proves that there is a rotation
system planar at H’ unless there is an edge e of o such that C'/(o — e) is not
loop planar at o — e. That is, we have the third outcome of the lemma.
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Thus we may assume that H’ contains a vertex whose link graph is a sub-
division of a 3-connected graph. Let W be the set of vertices of H' whose link
graphs are subdivisions of a graph B,,,. We shall prove by induction on the size
of W that there is a rotation system planar at H'. Since this induction involves
contractions of edges and the class of simplicial complexes is not closed under
contractions, we work inside the slightly larger class of 3-bounded 2-complexes,
see The base case is proved as (There is a slight shift
of language. Instead of ‘C'/e is not loop planar at ¢’ we say in the more general
context of this proof that ‘e is a B,,-path without interior vertices satisfying
2.

Now assume that we constructed for all H' with smaller sets W rotation
systems that are planar at H’. By the base case, W contains a vertex w, which
has degree two in H’. Let x be an edge of H' incident with w. Clearly the
3-bounded 2-complex C/x has one vertex less whose link graph is of the form
B,, in the component H'/x. Similarly as one proves that C/x
has a rotation system planar at H’/z if and only if C' has a rotation system
planar at H’ EI So we can apply the induction hypothesis. That is, there is a
rotation system planar at H' or there is some vertex v of H'/z such that one of
C/x, C/(P+x) or C/(0— e+ z) is not planar at v (with P, o0 and e as in the
statement of .

If C is not locally planar, or P is a B,,-path in C' satisfying 2 of[Lemma 5.3.5|
or o is a cycle in C satisfying 3, we are done. Hence we may assume that w
is contracted onto v in H'/x and that the vertex w has not degree one in the
contraction set =, P + x or o — e + z, respectively, since the link graph at w
is of the form B,, and so whether we contract x or not would then not affect
whether 1, 2 or 3 is satisfied. So w is incident with an edge aside from z in the
contraction set. Since x is a serial edge of H’, it cannot be in parallel to any
edge of P or 0. Hence P+ x is a B,-path or o+ x is a cycle, respectively. So we
have outcome 2 or 3. This completes the induction step. Hence by induction
there is a rotation system planar at H'.

Having finished the proof under the stronger assumption that all link graphs
are subdivisions of either 3-connected graphs or graphs of the form B,,, we
now explain how this proof can be modified to give a proof under the weaker
assumption that all link graphs are almost 3-connected. That is, they are of the
above form with some paths attached to some of the vertices.

The proof is the same except that we make the following more general def-
inition of the graph H. Given a face f incident with an edge e, we say that f
is proper at e if in both link graphs containing e the unique edge corresponding
to f is not contained in any attached path. We obtain H from the 1-skeleton
of C' by deleting all edges e that are incident with less than three faces proper
at e. U

Proof of|[Theorem 5.5.4) By [Lemma 5.3.2| we may assume that C has no B,,-
cycle o such that for some edge e of o the contraction C/(o — €) is not loop

4Lemma 1.3.2| proves this statement if C = H’. The proof of the more general statement

needed here can be proved precisely the same way as
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planar at the vertex o — e.

Next we treat the case that C' has a B;,-path P such that the link graph
L(P) of C/P at P is not loop planar. Let e be a loop of C'//P such that there
is a single face f incident with e. Then e is incident with the vertex P. Since
L(P) is a connected graph the face f can only be incident with a single loop
of C'/P. In particular, there are only two edges of L(P) corresponding to f
and their endvertices corresponding to the loop e have degree one. Let L’ be
the graph obtained from L(P) by deleting all such faces. As L(P) is not loop
planar, also L’ is not loop planar. Moreover, L’ is the link graph in the complex
C’ obtained from C/P by deleting all faces f such that there is a loop of C'/P
that is only incident with f. By C’ has at most one loop. Hence
by [Lemma 1.7.4|or [Lemma 1.7.7]C’ has a space minor that is a generalised cone
or a looped generalised cone that is not loop planar at its top, respectively. In
the first case we deduce by that C” has a space minor in Z;. In
the second case we deduce similarly as in the last paragraph of the proof of
that C’ has a space minor in Zj.

Having treated the above cases the rest of the proof of is
analogue to the proof of except that we refer to
instead of [Cemma 1.5.11 O

5.4 Streching local 1-separators

Given a simplicial complex C' with a vertex v and an edge e incident with v that
is a cutvertex of the link graph L(v), the simplicial complex C; obtained from

C by stretching e at v is defined as follows, see
Let A,, be the simplicial complex obtained by gluing n triangles together at

a single edge, see

N
N

Figure 5.5: The simplicial complex A4 with the gluing edge labelled e.

Informally, we obtain Cy from C by replacing the edge e by A,,, where n is
the number of components of L(v) —e. More precisely, the simplicial complex
C1 is defined as follows. We denote the gluing edge of A,, by é. We label the
vertices of A,, not incident with € by the components of L(v)—e. The vertex set
of C is the vertex set of C' together with these new vertices for the components
of L(v) — e. In our notation we suppress a bijection between the endvertices
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of e in C and the endvertices of € in A,, and will treat them as identical. The
edge set of C is that of C' with e replaced by the edges of A,,. The incidences
between vertices and edges are as in C or A,, except that an edge x of C' — e
incident with v is now instead incident with the vertex of A,, corresponding to
the component containing x.

The faces of C'; are the faces of C together with the faces of A,,. Let w be
the endvertex of e different from v. The incidences between edges and faces are
as in C' or A,, except that a face f that is incident with e in C now is incident
an edge of A,; more precisely, it is the edge wz, where x is the component of
L(v) — e such that in L(v) the edge f joins v with a vertex of . This completes
the definition of stretching e at v.

Note that the link graph at w of C is obtained from the link graph at w in
C1 by contracting all edges incident with the vertex e.

For the rest of this section, we fix a simplicial complex C with a vertex v
and an edge e incident with v that is a cutvertex of the link graph L(v). Let Cy
be obtained from C by stretching e at v.

Lemma 5.4.1. C embeds in 3-space if and only if C; embeds in 3-space.
Proof sketch. This follows from combining the following two simple facts.

1. Let C be a simplicial complex and e be an edge of C' that is not a loop.
Then C' is embeddable in 3-space if and only if C/e is;

2. let C be a simplicial complex with a face f just consisting of the two edges
e1 and es. If C' is embeddable in 3-space, then so is the contractiorﬂ C/f.
Conversely, if C/f is embeddable in 3-space such that the faces incident
with e; form an interval in the cyclic orientation of the edge of C/f that
corresponds to f, then also C' is embeddable in 3-space.

Indeed, we obtain C from C’ by first contracting all edges incident with the
new endvertex of € and then contracting all faces of A,,.
O

Lemma 5.4.2. C is simply connected if and only if Cy is simply connected.

Proof sketch. Tt is easy to derive this lemma from the fact that C can be ob-
tained from C; by contracting edges that are not loops and contracting faces of

size two in the sense of O

A graph is almost 2-connected if it is obtained from a 2-connected graph by
attaching paths at some of the vertices. A simplicial complex is locally almost
2-connected if all its link graphs are almost 2-connected.

Lemma 5.4.3. To any locally connected simplicial complex C we can apply
stretchings at edges such that the resulting simplicial complex is locally almost
2-connected.

5The contraction C/f is obtained from C by identifying the two edges e; and ez along f,

ee The new edge is labelled f.
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Proof. We prove this by induction on the number of vertices of C' whose link
graph is not almost 2-connected. We may assume that there is a vertex v whose
link graph is not almost 2-connected. We consider the block-cutvertex tree of
the link graph L(v) and successively stretch C' at all edges that are cutvertices
of L(v). If e is such an edge an w is the endvertex of e different from w, it is
straightforward to check that if L(w) is almost 2-connected, the same is true
after the stretching. Thus the resulting simplicial complex has one vertex less
whose link graph is not almost 2-connected. Hence we can apply induction. [

The lemmas of this section cumulate in the following.

Theorem 5.4.4. For any locally connected simplicial complex C, there is a
stretching Cy of C' that is locally almost 2-connected such that C' embeds in
3-space if and only if C1 embeds in 3-space.

Moreover C' is simply connected if and only if Cy is simply connected.

Proof. We construct C; as in [Lemma 5.4.3] By [Lemma 5.4.1] C' embeds in
3-space if and only if C; embeds in 3-space. By C is simply

connected if and only if C is simply connected. O

5.5 Streching local 2-separators

This section is analogue to[Section 5.4 but in parts slightly more complicated. A
2-sepamt07ﬁ in a (multi-) graph L is a pair of vertices (a,b) such that L—a—b
has at least two propeIE] components or else only one proper component and
at least two edges between the vertices a and b. In the later case we call the
2-separator artificial.

Given a simplicial complex C' with a vertex v and 2-separator (a,b) of the
link graph L(v), the simplicial complex Cy obtained from C by stretching {a, b}
at v is defined as follows, see

Let A} be the simplicial complex obtained by gluing n copies of As together
at a path of length 2 whose endvertices have degree two in Ay (this is uniquely
defined up to isomorphism), see

Informally, we obtain Cy from C by replacing the edges a and b by Al
where n is the number of proper components of L(v) —a — b. More precisely,
the simplicial complex C5 is defined as follows. We denote the gluing edges
of A} by @ and b. We label the vertices of A} incident with neither @ nor b
by the proper components of L(v) —a — b. The vertex set of Cs is that of C
together with these new vertices for the proper components of L(v) —a —b. In
our notation we suppress a bijection between the endvertices of a in C' and the
endvertices of @ in A} and will treat them as identical. Similarly, we suppress
a bijection between the endvertices of b and b. Both these bijections agree at
the common endvertex v of a and b.

6To be very precise, if the graph only consists of the two vertices a and b and has at least
three edges in parallel, then (a,b) is also a 2-separator. However all 2-separators we consider
in this chapter will be within graphs of at least three vertices.

7A component K of L(v) —a — b is proper if it has both a and b as a neighbour.
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Figure 5.6: The simplicial complex A;{ with the gluing edges labelled @ and b.

The edge set of Cy is that of C' with a and b replaced by the edges of Af.
The incidences between vertices and edges are as in C or A" except that an edge
x of C incident with v is incident with the vertex for the (proper) component
of L(v) — a — b that contains x.

The faces of Co are the faces of C together with the faces of A}, The
incidences between edges and faces are as in C' or A} except that a face f that
is incident with precisely one of @ or b in C now is incident with an edge of A};
more precisely, if f is incident with a, then in Cs it is incident with the edge
we, where w, is the endvertex of a different from v and x is the component
of L(v) — a — b such that in L(v) the edge f joins a with a vertex of x. If f is
incident with b this is defined the same with ‘b’ in place of ‘a’. This completes
the definition of stretching a 2-separator at a vertex.

Let w, be the endvertex of a different from v. The link graph at w, of C
is obtained from the link graph at w, in Cy by contracting all edges incident
with the vertex a. Note that w, cannot be incident with b as C' is a simplicial
complex.

For the rest of this section, we fix a simplicial complex C' with a vertex
v and edges a and b incident with v such that L(v) — a — b has at least two
proper components. Let Cy be obtained from C' by stretching {a,b} at v. The
following two lemmas are proved analogously to|[Lemma 5.4.1]and [Lemma 5.4.2]
respectively.

Lemma 5.5.1. C embeds in 3-space if and only if Cy embeds in 3-space. [
Lemma 5.5.2. C' is simply connected if and only if Cy is simply connected. [
Observation 5.5.3. If C is locally almost 2-connected, then so is C'. O

Lemma 5.5.4. To any locally almost 2-connected simplicial complex C' we can
apply stretching at pairs of edges such that the resulting simplicial complex is
locally almost 3-connected.

Remark 5.5.5. The proof idea of this lemma is quite simple. If a simplicial
complex C' has a link graph that is not of the desired type, then we find a suitable
2-separation of that link graph. Then we stretch C' along that 2-separator. In
order to finish the argument, it suffices to define a way in which this new graph
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is smaller than C' and apply induction. Our definition of such a parameter is
quite technical; the first part of our proof defines it.

Proof of[Lemma 5.5.44 We shall prove this by induction. First we need some
definitions in order to define the parameter we would like to apply induction on.
We denote by <., the lexicographical ordering on the set of finite sequences
of natural numbers that are at least three. An example of such a sequence is
an (abbreviated) degree sequence of a graph G: a sequence of the numbers of
vertex degrees of G that are at least three. Here we allow multiplicities. We
denote the degree sequence of a (labelled) graph G by v(G). In this proof the
ordering of the sequence will not matter: in a slight abuse of grammar, we shall
be talking about ‘the’ degree sequence of an unlabelled graph. We denote by <
the lexicographical ordering on the multi—setﬂ of finite sets of finite decreasing
sequences. That is: given two such finite multi-set X and Y. If the <;.,-largest
element of X is strictly smaller than the <;.,-largest element of Y, then X <Y.
Otherwise we compare the second largest elements and so forth.

An example of such a multi-set is the multi-set of degree sequences of link
graphs of a simplicial complex C' (ordered by <;..). We denote that parameter
by B(C). Now let C' be a locally almost 2-connected simplicial complex and
assume by induction that we already proved the lemma for all locally almost
2-connected simplicial complexes C’ with 8(C") < G(C). If all link graphs of
C' are almost 3-connected, we are done. Hence we may assume that there is a
vertex v of C' whose link graph L(v) is not of that form. Let L; be the (unique)
2-connected graph obtained from L(v) by deleting paths attached at vertices.
Let Ly be the graph obtained from L, by suppressing subdivision vertices. By
assumption Lo is neither 3-connected, nor a cycle nor a graph B,. We apply
the Tutte decomposition to La. It has a 2-separator {a,b} (we stress that (a,b)
is allowed to be an artificial 2-separator). Then {a,b} is also a 2-separator of
L(v).

Let C’ be the simplicial complex obtained from C by stretching the pair
{a,b}. By [Observation 5.5.3| C’ is locally almost 2-connected. Our aim is to
show that 8(C") < B(C) in order to apply induction on 3.

We denote the endvertex of a different from v by w,; and the endvertex of b
different from v by wj. Note that w, # wp as C is a simplicial complex. Let S
be the multi-set consisting of the degree sequences of the multi-set of link graphs
L(v), L(w,) and L(wp) of C. Let S” be the multi-set consisting of the degree
sequences of the multi-set of link graphs L'(w,), L'(wy), L(D) at the vertices,
wq, wp and U, respectively — together with the link graphs L/(K) for a proper
component K of L(v) —a —b.

It suffices to show the following.

Sublemma 5.5.6. 5(S") < B(S).

Proof. Since the link graph L(w,) is obtained from the link graph L'(w,) by
contracting all edges incident with the vertex a, and this can only increase the

8 A multi-set is the same as a set except that elements are allowed to be contained with a
multiplicity greater than one.
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abbreviated degree sequence, we have that v(L'(w,)) < v(L(w,)); and the same
inequation with ‘b’ in place of ‘a’.

Hence it remains to show that the degree sequences v(L'(K)) and (L' (9))
are all strictly less than ~v(L(v)).

First we show that y(L’(7)) is strictly less than v(L(v)). Each of the degrees
of a and b in L'(7) are at most their degree in L(v). Furthermore since Lo is not
a graph of the form B,,, L(v) contains a vertex of degree at least three different
from a and b. Thus (L' (9)) is strictly less than v(L(v)).

For any proper component K of L(v) —a — b, the graph L'(K) is obtainmﬂ
from K by adding a path of length two between the vertices a and b. So y(L'(K))
is at most y(L(v)).

Since Lo is not a graph of the form B,,, each proper component of Ly —a—b
contains a vertex of degree at least three. Thus if (a,b) is not artificial, then
each v(L'(K)) is strictly less than v(L(v)).

If (a,b) is artificial, it remains to show that the unique proper component
K has v(L/'(K;)) strictly less than y(L(v)). This is clear as a and b have a
strictly smaller degree in L'(K) than in L(v). O

O

Lemma 5.5.7. Let C be locally almost 3-connected simplicial complex. Then
there is a stretching of C' that has additionally the property that it is stretched
out.

Proof. Assume there is a vertex v of C such that the link graph L(v) is obtained
from a subdivision of a 3-connected graph or of a graph B,,, by attaching paths
at some subdivision vertex w. Then we stretch the two edges of C' that are
neighbours of u in the subdivision. This reduces the total number of such
vertices w and clearly preserves being locally almost 3-connected. Hence we
may assume that C' has no such vertex u.

Assume that C has an edge e only incident with two faces and that both
endvertices of that face are incident with more than four faces. Then we pick an
endvertex v of e arbitrarily and stretch at v the two edges incident with v that
share faces with e. This reduces the total number of such edges e and preserves
all the above properties of C. Hence there is a stretching of C' that is locally
almost 3-connected and stretched out. O

The lemmas of this section cumulate in the following.

Theorem 5.5.8. For any locally almost 2-connected simplicial complex C, there
s a stretching Cy of C' that is locally almost 3-connected and stretched out such
that C embeds in 3-space if and only if Cy embeds in 3-space.

Moreover C' is simply connected if and only if Cy is simply connected.

Proof. We construct C¥ as in[Lemma 5.5.4] Applying [Lemma 5.5.7|to C% yields

a simplicial complex C5 that is locally almost 3-connected and stretched out.

9Here we suppress a bijection between the vertex sets of these two graphs.
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By C embeds in 3-space if and only if Cy embeds in 3-space. By
Lemma 5.5.2] C is simply connected if and only if C5 is simply connected. [

Proof of [Theorem 5.2.2. Combine [Theorem 5.4.4] and [Theorem 5.5.8 O

Proof of|[Theorem 5.2.1. By [Lemma 2.6.1] and [Lemma 2.6.2| it suffices to prove

for simply connected simplicial complexes that are locally con-
nected. So it follows by combining [Theorem 5.3.4} [Theorem 5.2.2] and [Theo-]

fem 2271 O
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Part 11

Infinite graphs
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Chapter 6

Edge-disjoint double rays in
infinite graphs: a Halin
type result

6.1 Abstract

We show that any graph that contains k£ edge-disjoint double rays for any k € N
contains also infinitely many edge-disjoint double rays. This was conjectured
by Andreae in 1981.

6.2 Introduction

We say a graph G has arbitrarily many vertex-disjoint H if for every k € N there
is a family of k vertex-disjoint subgraphs of G each of which is isomorphic to H.
Halin’s Theorem says that every graph that has arbitrarily many vertex-disjoint
rays, also has infinitely many vertex-disjoint rays [43]. In 1970 he extended this
result to vertex-disjoint double rays [46]. Jung proved a strengthening of Halin’s
Theorem where the initial vertices of the rays are constrained to a certain vertex
set [61].

We look at the same questions with ‘edge-disjoint’ replacing ‘vertex-disjoint’.
Consider first the statement corresponding to Halin’s Theorem. It suffices to
prove this statement in locally finite graphs, as each graph with arbitrarily many
edge-disjoint rays contains a locally finite union of tails of these rays. But the
statement for locally finite graphs follows from Halin’s original Theorem applied
to the line-graph.

This reduction to locally finite graphs does not work for Jung’s Theorem or
for Halin’s statement about double rays. Andreae proved an analog of Jung’s
Theorem for edge-disjoint rays in 1981, and conjectured that a Halin-type The-
orem would be true for edge-disjoint double rays [7]. Our aim in the current
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chapter is to prove this conjecture.

More precisely, we say a graph G has arbitrarily many edge-disjoint H if for
every k € N there is a family of k£ edge-disjoint subgraphs of G each of which is
isomorphic to H, and our main result is the following.

Theorem 6.2.1. Any graph that has arbitrarily many edge-disjoint double rays
has infinitely many edge-disjoint double rays.

Even for locally finite graphs this theorem does not follow from Halin’s anal-
ogous result for vertex-disjoint double rays applied to the line graph. For ex-
ample a double ray in the line graph may correspond, in the original graph, to
a configuration as in Figure 6.1

Figure 6.1: A graph that does not include a double ray but whose line graph
does.

A related notion is that of ubiquity. A graph H is ubiquitous with respect to
a graph relation < if nH < @ for all n € N implies g H < G, where nH denotes
the disjoint union of n copies of H. For example, Halin’s Theorem says that rays
are ubiquitous with respect to the subgraph relation. It is known that not every
graph is ubiquitous with respect to the minor relation [§], nor is every locally
finite graph ubiquitous with respect to the subgraph relation [65] [I01], or even
the topological minor relation [8] [9]. However, Andreae has conjectured that
every locally finite graph is ubiquitous with respect to the minor relation [g].
For more details see [9]. In Section (the outlook) we introduce a notion
closely related to ubiquity.

The proof is organised as follows. In Section [6.4] we explain how to deal
with the cases that the graph has infinitely many ends, or an end with infinite
vertex-degree. In Section [6.5| we consider the ‘two ended’ case: That in which
there are two ends w and w’ both of finite vertex-degree, and arbitrarily many
edge-disjoint double rays from w to w’.

The only remaining case is the ‘one ended’ case: That in which there is a
single end w of finite vertex-degree and arbitrarily many edge-disjoint double
rays from w to w. One central idea in the proof of this case is to consider 2-
rays instead of double rays. Here a 2-ray is a pair of vertex-disjoint rays. For
example, from each double ray one obtains a 2-ray by removing a finite path.
The remainder of the proof is subdivided into two parts: In Subsection [6.6.3|
we show that if there are arbitrarily many edge-disjoint 2-rays into w, then
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there are infinitely many such 2-rays. In Subsection [6.6.2] we show that if there
are infinitely many edge-disjoint 2-rays into w, then there are infinitely many
edge-disjoint double rays from w to w.

We finish by discussing the outlook and mentioning some open problems.

6.3 Preliminaries

All our basic notation for graphs is taken from [35]. In particular, two rays in a
graph are equivalent if no finite set separates them. The equivalence classes of
this relation are called the ends of G. We say that a ray in an end w converges
to w. A double ray converges to all the ends of which it includes a ray.

6.3.1 The structure of a thin end

It follows from Halin’s Theorem that if there are arbitrarily many vertex-disjoint
rays in an end of G, then there are infinitely many such rays. This fact motivated
the central definition of the vertez-degree of an end w: the maximal cardinality
of a set of vertex-disjoint rays in w.

An end is thin if its vertex-degree is finite, and otherwise it is thick. A pair
(A, B) of edge-disjoint subgraphs of G is a separation of G if AU B = G. The
number of vertices of AN B is called the order of the separation.

Definition 6.3.1. Let G be a locally finite graph and w a thin end of G. A
countable infinite sequence ((A;, B;));en of separations of G captures w if for all
ieN

o A,’ ﬂBH—l = @,

A;11 N B; is connected,

UieN Ai=G,

the order of (A;, B;) is the vertex-degree of w, and

e cach B; contains a ray from w.

Lemma 6.3.2. Let G be a locally finite graph with a thin end w. Then there is
a sequence that captures w.

Proof. Without loss of generality G is connected, and so is countable. Let
v1, V2, ... be an enumeration of the vertices of G. Let k be the vertex-degree
of w. Let R = {Ry,..., Ri} be a set of vertex-disjoint rays in w and let S be the
set of their start vertices. We pick a sequence ((4;, B;))ien of separations and
a sequence (T;) of connected subgraphs recursively as follows. We pick (A;, B;)
such that S is included in A;, such that there is a ray from w included in B;, and
such that B; does not meet (J,;_, Tj or {v; | j <i}: subject to this we minimise
the size of the set X; of vertices in A; N B;. Because of this minimization B; is
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connected and X; is finite. We take T; to be a finite connected subgraph of B;
including X;. Note that any ray that meets all of the B; must be in w.

By Menger’s Theorem [35] we get for each ¢ € N a set P; of vertex-disjoint
paths from X; to X, of size | X;|. From these, for each i we get a set of | X;|
vertex-disjoint rays in w. Thus the size of X; is at most k. On the other hand
it is at least k as each ray R; meets each set X;.

Assume for contradiction that there is a vertex v € A; N B;11. Let R be a
ray from v to w inside B;;1. Then R must meet X;, contradicting the definition
of B;+1. Thus A; N B;41 is empty.

Observe that | JP; UT; is a connected subgraph of A; 1 N B; containing all
vertices of X; and X;;1. For any vertex v € A; 1 N B; there is a v—X,; 11 path
P in B;. P meets B;;1; only in X;1. So P is included in A;y; N B;. Thus
A;+1 N B; is connected. The remaining conditions are clear. O

Remark 6.3.3. Every infinite subsequence of a sequence capturing w also cap-
tures w. O

The following is obvious:

Remark 6.3.4. Let G be a graph and v,w € V(G) If G contains arbitrarily
many edge-disjoint v—w paths, then it contains infinitely many edge-disjoint
v—w paths. O

We will need the following special case of the theorem of Andreae mentioned
in the Introduction.

Theorem 6.3.5 (Andreae [7]). Let G be a graph and v € V(G). If there are
arbitrarily many edge-disjoint rays all starting at v, then there are infinitely
many edge-disjoint rays all starting at v.

6.4 Known cases

Many special cases of Theorem [6.2.1] are already known or easy to prove. For
example Halin showed the following.

Theorem 6.4.1 (Halin). Let G be a graph and w an end of G. If w contains
arbitrarily many vertex-disjoint rays, then G has a half-grid as a minor.

Corollary 6.4.2. Any graph with an end of infinite vertex-degree has infinitely
many edge-disjoint double rays. O

Another simple case is the case where the graph has infinitely many ends.

Lemma 6.4.3. A tree with infinitely many ends contains infinitely many edge-
disjoint double rays.

Proof. Tt suffices to show that every tree T' with infinitely many ends contains a
double ray such that removing its edges leaves a component containing infinitely
many ends, since then one can pick those double rays recursively.
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There is a vertex v € V(T') such that T — v has at least 3 components
C4,C5, C3 that each have at least one end, as T' contains more than 2 ends. Let
e; be the edge vw; with w; € C; for i € {1,2,3}. The graph T\ {e1, e2, €3} has
precisely 4 components (C,Cy, C3 and the one containing v), one of which, D
say, has infinitely many ends. By symmetry we may assume that D is neither
Cq nor Cy. There is a double ray R all whose edges are contained in Cy U Cs U
{e1,e2}. Removing the edges of R leaves the component D, which has infinitely
many ends. O

Corollary 6.4.4. Any connected graph with infinitely many ends has infinitely
many edge-disjoint double rays. O

6.5 The ‘two ended’ case

Using the results of Section it is enough to show that any graph with only
finitely many ends, each of which is thin, has infinitely many edge-disjoint double
rays as soon as it has arbitrarily many edge-disjoint double rays. Any double
ray in such a graph has to join a pair of ends (not necessarily distinct), and there
are only finitely many such pairs. So if there are arbitrarily many edge-disjoint
double rays, then there is a pair of ends such that there are arbitrarily many
edge-disjoint double rays joining those two ends. In this section we deal with
the case where these two ends are different, and in Section [6.6] we deal with the
case that they are the same. We start with two preparatory lemmas.

Lemma 6.5.1. Let G be a graph with a thin end w, and let R C w be an
infinite set. Then there is an infinite subset of R such that any two of its
members intersect in infinitely many vertices.

Proof. We define an auxilliary graph H with V(H) = R and an edge between
two rays if and only if they intersect in infinitely many vertices. By Ramsey’s
Theorem either H contains an infinite clique or an infinite independent set of
vertices. Let us show that there cannot be an infinite independent set in H. Let
k be the vertex-degree of w: we shall show that H does not have an independent
set of size k + 1. Suppose for a contradiction that X C R is a set of k + 1 rays
that is independent in H. Since any two rays in X meet in only finitely many
vertices, each ray in X contains a tail that is disjoint to all the other rays in X.
The set of these k + 1 vertex-disjoint tails witnesses that w has vertex-degree at
least k + 1, a contradiction. Thus there is an infinite clique K C H, which is
the desired infinite subset. O

Lemma 6.5.2. Let G be a graph consisting of the union of a set R of infinitely
many edge-disjoint rays of which any pair intersect in infinitely many vertices.
Let X C V(G) be an infinite set of vertices, then there are infinitely many
edge-disjoint rays in G all starting in different vertices of X.

Proof. If there are infinitely many rays in R each of which contains a different
vertex from X, then suitable tails of these rays give the desired rays. Otherwise
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there is a ray R € R meeting X infinitely often. In this case, we choose the
desired rays recursively such that each contains a tail from some ray in R — R.
Having chosen finitely many such rays, we can always pick another: we start at
some point in X on R which is beyond all the (finitely many) edges on R used
so far. We follow R until we reach a vertex of some ray R’ in R — R whose tail
has not been used yet, then we follow R’. O

Lemma 6.5.3. Let G be a graph with only finitely many ends, all of which are
thin. Let wy,ws be distinct ends of G. If G contains arbitrarily many edge-
disjoint double rays each of which converges to both w1 and wa, then G contains
infinitely many edge-disjoint double rays each of which converges to both wi and
wa.

Proof. For each pair of ends, there is a finite set separating them. The finite
union of these finite sets is a finite set S C V(@) separating any two ends of G.
For i = 1,2 let C; be the component of G — S containing w;.

There are arbitrarily many edge-disjoint double rays from w; to ws that
have a common last vertex vy in S before staying in C; and also a common last
vertex vy in S before staying in C5. Note that v; may be equal to vy. There are
arbitrarily many edge-disjoint rays in Cy4v; all starting in v1. By Theorem[6.3.5]
there is a countable infinite set Ry = {R! | i € N} of edge-disjoint rays each
included in C7 + v; and starting in v;. By replacing Ry with an infinite subset
of itself, if necessary, we may assume by Lemma that any two members of
R4 intersect in infinitely many vertices. Similarly, there is a countable infinite
set Ry = {R} | i € N} of edge-disjoint rays each included in Cy + v and starting
in vy such that any two members of Rs intersect in infinitely many vertices.

Let us subdivide all edges in |JR1 and call the set of subdivision vertices
Xi. Similarly, we subdivide all edges in |JR2 and call the set of subdivision
vertices Xo. Below we shall find double rays in the subdivided graph, which
immediately give rise to the desired double rays in G.

Suppose for a contradiction that there is a finite set F' of edges separating
Xy from X5. Then v; has to be on the same side of that separation as X;
as there are infinitely many v;—X; edges. So F' separates vy from vy, which
contradicts the fact that there are arbitrarily many edge-disjoint double rays
containing both v; and vs. By Remark there is a set P of infinitely many
edge-disjoint X;—X5 paths. As all vertices in X; and X5 have degree 2, and by
taking an infinite subset if necessary, we may assume that each end-vertex of a
path in P lies on no other path in P.

By Lemma there is an infinite set Y7 of start-vertices of paths in P
together with an infinite set R} of edge-disjoint rays with distinct start-vertices
whose set of start-vertices is precisely Y;. Moreover, we can ensure that each
ray in R is included in [JR. Let Y5 be the set of end-vertices in X5 of those
paths in P that start in Y;. Applying Lemma [6.5.2] again, we obtain an infinite
set Zy C Ys together with an infinite set RY of edge-disjoint rays included in
|JR2 with distinct start-vertices whose set of start-vertices is precisely Zs.

For each path P in P ending in Z,, there is a double ray in the union of
P and the two rays from R} and R} that P meets in its end-vertices. By
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construction, all these infinitely many double rays are edge-disjoint. Each of
those double rays converges to both w; and ws, since each w; is the only end

Remark 6.5.4. Instead of subdividing edges we also could have worked in the
line graph of G. Indeed, there are infinitely many vertex-disjoint paths in the
line graph from |JR4 to [JRs.

6.6 The ‘one ended’ case

We are now going to look at graphs G that contain a thin end w such that
there are arbitrarily many edge-disjoint double rays converging only to the end
w. The aim of this section is to prove the following lemma, and to deduce

Theorem [6.2.11

Lemma 6.6.1. Let G be a countable graph and let w be a thin end of G. Assume
there are arbitrarily many edge-disjoint double rays all of whose rays converge
to w. Then G has infinitely many edge-disjoint double rays.

We promise that the assumption of countability will not cause problems
later.

6.6.1 Reduction to the locally finite case

A key notion for this section is that of a 2-ray. A 2-ray is a pair of vertex-disjoint
rays. For example, from each double ray one obtains a 2-ray by removing a finite
path.

In order to deduce that G has infinitely many edge-disjoint double rays,
we will only need that G has arbitrarily many edge-disjoint 2-rays. In this
subsection, we illustrate one advantage of 2-rays, namely that we may reduce
to the case where G is locally finite.

Lemma 6.6.2. Let G be a countable graph with a thin end w. Assume there is
a countable infinite set R of rays all of which converge to w.

Then there is a locally finite subgraph H of G with a single end which is thin
such that the graph H includes a tail of any R € R.

Proof. Let (R; | ¢ € N) be an enumeration of R. Let (v; | ¢ € N) be an enumer-
ation of the vertices of G. Let U; be the unique component of G\ {vy,...,v;}
including a tail of each ray in w.

For i € N, we pick a tail R] of R; in U;. Let Hy = |J;cy R;. Making use
of Hy, we shall construct the desired subgraph H. Before that, we shall collect
some properties of H;.

As every vertex of G lies in only finitely many of the U, the graph H; is
locally finite. Each ray in H; converges to w in G since H; \ U; is finite for
every i € N. Let ¥ be the set of ends of Hy. Since w is thin, ¥ has to be finite:
U = {wi,...,ws}. For each i < n, we pick a ray S; C H; converging to w;.
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Now we are in a position to construct H. For any ¢ > 1, the rays S; and 5;
are joined by an infinite set P; of vertex-disjoint paths in G. We obtain H from
H, by adding all paths in the sets P;. Since H; is locally finite, H is locally
finite.

It remains to show that every ray R in H is equivalent to S;. If R contains
infinitely many edges from the P;, then there is a single P; which R meets
infinitely, and thus R is equivalent to S7. Thus we may assume that a tail of R
is a ray in Hy. So it converges to some w; € ¥. Since S; and S; are equivalent,
R and S; are equivalent, which completes the proof. O

Corollary 6.6.3. Let G be a countable graph with a thin end w and arbitrarily
many edge-disjoint 2-rays of which all the constituent rays converge to w. Then
there is a locally finite subgraph H of G with a single end, which is thin, such
that H has arbitrarily many edge-disjoint 2-rays.

Proof. By Lemma there is a locally finite graph H C G with a single end
such that a tail of each of the constituent rays of the arbitrarily many 2-rays is
included in H. O

6.6.2 Double rays versus 2-rays

A connected subgraph of a graph G including a vertex set S C V(G) is a
connector of S in G.

Lemma 6.6.4. Let G be a connected graph and S a finite set of vertices of G.
Let ‘H be a set of edge-disjoint subgraphs H of G such that each connected
component of H meets S. Then there is a finite connector T of S, such that at
most 2|S| — 2 graphs from H contain edges of T

Proof. By replacing H with the set of connected components of graphs in H, if
necessary, we may assume that each member of H is connected. We construct
graphs T; recursively for 0 < i < |S| such that each T} is finite and has at most
|S| — ¢ components, at most 2¢ graphs from H contain edges of T;, and each
component of T; meets S. Let Ty = (S5, () be the graph with vertex set S and
no edges. Assume that T; has been defined.

If T; is connected let T;11 = T;. For a component C of T;, let C’ be the
graph obtained from C' by adding all graphs from H that meet C.

As @ is connected, there is a path P (possibly trivial) in G joining two of
these subgraphs C] and C% say. And by taking the length of P minimal, we
may assume that P does not contain any edge from any H € H. Then we can
extend P to a C1—C5 path @ by adding edges from at most two subgraphs from
‘H — one included in C] and the other in C}. We obtain T;41 from T; by adding
Q.

T = T|s|—1 has at most one component and thus is connected. And at most
2|S| — 2 many graphs from H contain edges of T. Thus T is as desired. O

Let d,d be 2-rays. d is a tail of d' if each ray of d is a tail of a ray of d'.
A set D’ is a tailor of a set D of 2-rays if each element of D’ is a tail of some
element of D but no 2-ray in D includes more than one 2-ray in D’.
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Lemma 6.6.5. Let G be a locally finite graph with a single end w, which is
thin. Assume that G contains an infinite set D = {dy,da, ...} of edge-disjoint
2-rays.

Then G contains an infinite tailor D' of D and a sequence ((A;, B;))ien
capturing w (see such that there is a family of vertex-disjoint
connectors T; of A; N By contained in A;11 N By, each of which is edge-disjoint
from each member of D’.

Proof. Let k be the vertex-degree of w. By Lemma there is a sequence
((AL, B}))ien capturing w. By replacing each 2-ray in D with a tail of itself if
necessary, we may assume that for all (r,s) € D and i € N either both r and
s meet A} or none meets A,. By Lemma there is a finite connector T; of
AN B} in the connected graph B; which meets in an edge at most 2k — 2 of the
2-rays of D that have a vertex in AZ.

Thus, there are at most 2k — 2 2-rays in D that meet all but finitely many
of the T in an edge. By throwing away these finitely many 2-rays in D we
may assume that each 2-ray in D is edge-disjoint from infinitely many of the
T!. So we can recursively build a sequence Ny, No, ... of infinite sets of natural
numbers such that N; O N;yq, the first 7 elements of N; are all contained in
Nit1, and d; only meets finitely many of the 77 with j € N; in an edge. Then
N = (V;en Ni is infinite and has the property that each d; only meets finitely
many of the T} with j € N in an edge. Thus there is an infinite tailor D" of D
such that no 2-ray from D" meets any T} for j € N in an edge.

We recursively define a sequence nj,ng,... of natural numbers by taking
n; € N sufficiently large that Bj,, does not meet 7;,  for any j < i . Taking
(As, By) = (A, , B,,) and T; = T}, gives the desired sequences. O

Lemma 6.6.6. If a locally finite graph G with a single end w which is thin
contains infinitely many edge-disjoint 2-rays, then G contains infinitely many
edge-disjoint double rays.

Proof. Applying Lemma[6.6.5 we get an infinite set D of edge-disjoint 2-rays, a
sequence ((A;, B;))ien capturing w, and connectors T; of A; N B; for each i € N
such that the T; are vertex-disjoint from each other and edge-disjoint from all
members of D.

We shall construct the desired set of infinitely many edge-disjoint double
rays as a nested union of sets D;. We construct the D; recursively. Assume
that a set D; of i edge-disjoint double rays has been defined such that each of
its members is included in the union of a single 2-ray from D and one connector
T;. Let diy1 € D be a 2-ray distinct from the finitely many 2-rays used so far.
Let C;11 be one of the infinitely many connectors that is different from all the
finitely many connectors used so far and that meets both rays of d;11. Clearly,
di+1 U Ci41 includes a double ray R; 1. Let D11 = D; U{R;1+1}. The union
Uien Ds is an infinite set of edge-disjoint double rays as desired. O
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6.6.3 Shapes and allowed shapes

Let G be a graph and (A, B) a separation of G. A shape for (A, B) is a word
VIT1V2Ty . . . Ty—1V, With v; € AN B and x; € {l,r} such that no vertex appears
twice. We call the v; the wvertices of the shape. Every ray R induces a shape
o = or(A, B) on every separation (A, B) of finite order in the following way:
Let <g be the natural order on V(R) induced by the ray, where v <p w if
w lies in the unique infinite component of R — v. The vertices of ¢ are those
vertices of R that lie in A N B and they appear in ¢ in the order given by <g.
For v;,v; 41 the path v; Rv;11 has edges only in A or only in B but not in both.
In the first case we put [ between v; and v;4; and in the second case we put r
between v; and v;41.

Let (A1, B1), (A2, Bs) be separations with A; N By = ) and thus also A; C
As and By C Bj. Let o; be a nonempty shape for (A;, B;). The word 7 =
V1T1V2 . .. Tp_1Vn 1S an allowed shape linking o1 to oo with vertices vy ... v, if
the following holds.

e v is a vertex of 7 if and only if it is a vertex of oy or o9,

e if v appears before w in o;, then v appears before w in T,

e o1 is the initial vertex of o1 and v,, is the terminal vertex of o,
o z; € {l,m,r},

e the subword viw appears in 7 if and only if it appears in o7,

e the subword vrw appears in 7 if and only if it appears in o3,

o v; #wv; for i #j.

Each ray R defines a word 7 = 7gr[(41, B1), (Ag, B2)] = v121v2 ... Tp_10,
with vertices v; and z; € {l,m,r} as follows. The vertices of T are those vertices
of R that lie in A7 N By or Ay N By and they appear in 7 in the order given by
<p. For v;,v;11 the path v; Rv;;1 has edges either only in Ay, only in As N By,
or only in Bs. In the first case we set z; = [ and 7 contains the subword v;lv;11.
In the second case we set x; = m and 7 contains the subword v;muv;;1. In the
third case we set x; = r and 7 contains the subword v;rv; 1.

For a ray R to induce an allowed shape 7g[(A41, B1), (A2, B2)] we need at
least that R starts in As. However, each ray in w has a tail such that whenever
it meets an A; it also starts in that A;. Let us call such rays lefty. A 2-ray is
lefty if both its rays are.

Remark 6.6.7. Let (A1, B;), and (A, By) be two separations of finite order
with A7 C As, and By C Bj. For every lefty ray R meeting A;, the word
Tr[(A1, B1), (Ag, B2)] is an allowed shape linking or(A;, B1) and ogr(As, Ba).

O
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From now on let us fix a locally finite graph G with a thin end w of vertex-
degree k. And let ((A4;, B;))ien be a sequence capturing w such that each mem-
ber has order k.

A 2-shape for a separation (A, B) is a pair of shapes for (A4, B). Every 2-
ray induces a 2-shape coordinatewise in the obvious way. Similarly, an allowed
2-shape is a pair of allowed shapes.

Clearly, there is a global constant ¢; € N depending only on k such that
there are at most ¢; distinct 2-shapes for each separation (A;, B;). Similarly,
there is a global constant co € N depending only on k& such that for all ¢,j € N
there are at most co distinct allowed 2-shapes linking a 2-shape for (A;, B;) with
a 2-shape for (4;, B;).

For most of the remainder of this subsection we assume that for every i € N
there is a set D, consisting of at least ¢ - ¢o - i edge-disjoint 2-rays in G. Our
aim will be to show that in these circumstances there must be infinitely many
edge-disjoint 2-rays.

By taking a tailor if necessary, we may assume that every 2-ray in each D;
is lefty.

Lemma 6.6.8. There is an infinite set J C N and, for each i € N, a tailor
D} of D; of cardinality ca - i such that for alli € N and j € J all 2-rays in D;
induce the same 2-shape o[i, j] on (Aj, Bj).

Proof. We recursively build infinite sets J; C N and tailors D} of D; such that
for all £ < i and j € J; all 2-rays in D) induce the same 2-shape on (A;, B;).
For all ¢ > 1, we shall ensure that .J; is an infinite subset of J;_; and that the
1 — 1 smallest members of J; and J;_; are the same. We shall take J to be the
intersection of all the J;.

Let Jyo = N and let D{ be the empty set. Now, for some i > 1, assume that
sets Jj, and Dj, have been defined for all k < i. By replacing 2-rays in D; by
their tails, if necessary, we may assume that each 2-ray in D; avoids A;, where
¢ is the (i — 1)st smallest value of J;_;. As D; contains c; - ¢o - i many 2-rays,
for each j € J;_; there is a set S; C D; of size at least cy - ¢ such that each
2-ray in S; induces the same 2-shape on (A4;, B;). As there are only finitely
many possible choices for S;, there is an infinite subset J; of J;_; on which §;
is constant. For D) we pick this value of Sj. Since each d € D] induces the
empty 2-shape on each (Ag, By) with k& < ¢ we may assume that the first i — 1
elements of J;_1 are also included in J;.

It is immediate that the set J = (1),cy Ji and the D] have the desired prop-
erty. O

Lemma 6.6.9. There are two strictly increasing sequences (n;)ien and (j;)ien
with n; € N and j; € J for alli € N such that o[n;, j;| = olniv1,ji| and on;, j;]
18 not empty.

Proof. Let H be the graph on N with an edge vw € E(H) if and only if there
are infinitely many elements j € J such that o[v, j| = o[w, j].

As there are at most ¢; distinct 2-shapes for any separator (A;, B;), there
is no independent set of size ¢; + 1 in H and thus no infinite one. Thus, by
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Ramsey’s theorem, there is an infinite clique in H. We may assume without
loss of generality that H itself is a clique by moving to a subsequence of the D;
if necessary. With this assumption we simply pick n; = i.

Now we pick the j; recursively. Assume that j; has been chosen. As i and
i + 1 are adjacent in H, there are infinitely many indicies ¢ € N such that
oli,£] = oli + 1,¢]. In particular, there is such an £ > j; such that o[i + 1,] is
not empty. We pick j; 11 to be one of those 4.

Clearly, (j;)ien is an increasing sequence and o[i, j;] = o[i + 1, j;] as well as
oli, 7;] is non-empty for all ¢ € N, which completes the proof. O

By moving to a subsequence of (D)

¢) and ((Aj, Bj)), if necessary, we may
assume by Lemma and Lemma that for all i, j € N all d € D} induce
the same 2-shape o[i, j] on (A;, B;), and that o[, 3] = o[i + 1,4], and that o[i, ]

is non-empty.

Lemma 6.6.10. For all i € N there is D] C D, such that |D}| = i, and all
d € D} induce the same allowed 2-shape T[i] that links o[i,i] and o[i, i+ 1].

Proof. Note that it is in this proof that we need all the 2-rays in D! to be lefty
as they need to induce an allowed 2-shape that links o[i, ] and o[i, i+ 1] as soon
as they contain a vertex from A;. As |D}| > i-co and as there are at most ¢y
many distinct allowed 2-shapes that link o[i, ] and o[i, i 4 1] there is D} C Dj
with |D}'| = ¢ such that all d € D/ induce the same allowed 2-shape. O

representation of df Let Sf = sf NAjr1NBj, and let S; = szi Sf Similarly,
let T/ =t/ N A;11 N By, and let T; = U, 77

Clearly, S; and 7; are vertex-disjoint and any two graphs in | J;c{S;, 7i} are
edge-disjoint. We shall find a ray R; in each of the §; and a ray R] in each of
the 7;. The infinitely many pairs (R;, R}) will then be edge-disjoint 2-rays, as
desired.

We enumerate the elements of D}’ as follows: d{, d%, R dg Let (sj tj) be a

Lemma 6.6.11. FEach vertex v of S; has degree at most 2. If v has degree 1 it
18 contained in A; N B;.

Proof. Clearly, each vertex v of S; that does not lie in any separator A; N B;
has degree 2, as it is contained in precisely one Sg , and all the leaves of Sg lie
in A;NB; and Ajy1 N Bj4 as dg is lefty. Indeed, in Sg it is an inner vertex of
a path and thus has degree 2 in there. If v lies in A; N B; it has degree at most
2, as it is only a vertex of S7 for one value of j, namely j = i.

Hence, we may assume that v € A;NB; for some j > ¢. Thus, o[j, j] contains
v and [ : o[j,j] : r contains precisely one of the four following subwords:

l, lvr, rvl, ror

(Here we use the notation p : ¢ to denote the concatenation of the word p with
the word ¢.) In the first case 7[j — 1] contains mwvm as a subword and 7[j] has
no m adjacent to v. Then S? ™' contains precisely 2 edges adjacent to v and S7
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has no such edge. The fourth case is the first one with [ and r and j and j — 1
interchanged.

In the second and third cases, each of 7[j — 1] and 7[j] has precisely one m
adjacent to v. So both S/~ and S/ contain precisely 1 edge adjacent to v.

As v appears only as a vertex of S¢ for £ = j or £ = j — 1, the degree of v in

Lemma 6.6.12. There are an odd number of vertices in S; of degree 1.

Proof. By Lemma [6.6.11] we have that each vertex of degree 1 lies in A; N B;.
Let v be a vertex in A; N B;. Then, o[i, ] contains v and ! : o[i,4] : r contains
precisely one of the four following subwords:

l, lvr, rul, ror

In the first and fourth case v has even degree. It has degree 1 otherwise. As
l:oli,i] : r starts with [ and ends with r, the word lvr appear precisely once
more than the word rvl. Indeed, between two occurrences of [vr there must
be one of rvl and vice versa. Thus, there are an odd number of vertices with
degree 1 in S;. O

Lemma 6.6.13. S; includes a ray.

Proof. By Lemmal6.6.11] every vertex of S; has degree at most 2 and thus every
component of S; has at most two vertices of degree 1. By Lemma[6.6.12] S; has
a component C' that contains an odd number of vertices with degree 1. Thus
C has precisely one vertex of degree 1 and all its other vertices have degree 2,
thus C is a ray. O

Corollary 6.6.14. G contains infinitely many edge-disjoint 2-rays.

Proof. By symmetry, Lemma [6.6.13] is also true with 7; in place of S;. Thus
S; UT; includes a 2-ray X;. The X; are edge-disjoint by construction. O

Recall that Lemma states that a countable graph with a thin end w
and arbitrarily many edge-disjoint double rays all whose subrays converge to w,
also has infinitely many edge-disjoint double rays. We are now in a position to
prove this lemma.

Proof of Lemma|6.6.1 By Lemma it suffices to show that G contains a
subgraph H with a single end which is thin such that H has infinitely many
edge-disjoint 2-rays. By Corollary G has a subgraph H with a single
end which is thin such that H has arbitrarily many edge-disjoint 2-rays. But
then by the argument above H contains infinitely many edge-disjoint 2-rays, as
required. O

With these tools at hand, the remaining proof of Theorem |6.2.1]is easy. Let
us collect the results proved so far to show that each graph with arbitrarily many
edge-disjoint double rays also has infinitely many edge-disjoint double rays.
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Proof of Theorem[6.2.1] Let G be a graph that has a set D; of i edge-disjoint
double rays for each ¢ € N. Clearly, G has infinitely many edge-disjoint double
rays if its subgraph J;cy D does, and thus we may assume without loss of
generality that G = (J,cy Di. In particular, G is countable.

By Corollary we may assume that each connected component of G
includes only finitely many ends. As each component includes a double ray
we may assume that G has only finitely many components. Thus, there is one
component containing arbitrarily many edge-disjoint double rays, and thus we
may assume that G is connected.

By Corollary we may assume that all ends of G are thin. Thus, as
mentioned at the start of Section there is a pair of ends (w,w’) of G (not
necessarily distinct) such that G contains arbitrarily many edge-disjoint double
rays each of which converges precisely to w and w’. This completes the proof as,
by Lemma G has infinitely many edge-disjoint double rays if w and w’ are
distinet and by Lemma [6.6.1] G has infinitely many edge-disjoint double rays if
w=uw. O

6.7 Outlook and open problems

We will say that a graph H is edge-ubiquitous if every graph having arbitrarily
many edge-disjoint H also has infinitely many edge-disjoint H.

Thus Theorem[6.2.1|can be stated as follows: the double ray is edge-ubiquitous.
Andreae’s Theorem implies that the ray is edge-ubiquitous. And clearly, every
finite graph is edge-ubiquitous.

We could ask which other graphs are edge-ubiquitous. It follows from our
result that the 2-ray is edge-ubiquitous. Let G be a graph in which there are
arbitrarily many edge-disjoint 2-rays. Let v * G be the graph obtained from G
by adding a vertex v adjacent to all vertices of G. Then v x G has arbitrarily
many edge-disjoint double rays, and thus infinitely many edge-disjoint double
rays. Each of these double rays uses v at most once and thus includes a 2-ray
of G.

The vertex-disjoint union of k rays is called a k-ray. The k-ray is edge-
ubiquitous. This can be proved with an argument similar to that for Theo-
rem Let G be a graph with arbitrarily many edge-disjoint k-rays. The
same argument as in Corollaries [6.4.4] and [6.4.2] shows that we may assume that
G has only finitely many ends, each of which is thin. By removing a finite set of
vertices if necessary we may assume that each component of G has at most one
end, which is thin. Now we can find numbers k¢ indexed by the components
C of G and summing to k such that each component C' has arbitrarily many
edge-disjoint kc-rays. Hence, we may assume that G has only a single end,
which is thin. By Lemma [6.6.2] we may assume that G is locally finite.

In this case, we use an argument as in Subsection It is necessary
to use k-shapes instead of 2-shapes but other than that we can use the same
combinatorial principle. If C; and Cy are finite sets, a (Cy, Cy)-shaping is a pair
(c1, c2) where ¢; is a partial colouring of N with colours from Cy which is defined
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at all but finitely many numbers and ¢, is a colouring of N(®) with colours from
C5 (in our argument above, C would be the set of all k-shapes and Cy would
be the set of all allowed k-shapes for all pairs of k-shapes).

Lemma 6.7.1. Let Dy, Do, ... be a sequence of sets of (C1,Cs)-shapings where
D; has size i. Then there are strictly increasing sequences i1, 142, . .. and j1, jo, . - -
and subsets S,, C D; with |S,| > n such that

e for anyn € N all the values of ¢1(jy) for the shapings (c1,¢2) € Sp—1US,
are equal (in particular, they are all defined).

e for anyn € N, all the values of ca(jn, Jn+1) for the shapings (c1,c2) € Sy
are equal.

Lemma [6.7.1| can be proved by the same method with which we constructed
the sets D! from the sets D;. The advantage of Lemma [6.7.1]is that it can not
only be applied to 2-rays but also to more complicated graphs like k-rays.

A talon is a tree with a single vertex of degree 3 where all the other vertices
have degree 2. An argument as in Subsection [6.6.2] can be used to deduce that
talons are edge-ubiquitous from the fact that 3-rays are. However, we do not
know whether the graph in Figure [6.2]is edge-ubiquitous.

Figure 6.2: A graph obtained from 2 disjoint double rays, joined by a single
edge. Is this graph edge-ubiquitous?

We finish with the following open problem.

Question 6.7.2. Is the directed analogue of Theorem true? More pre-
cisely: Is it true that if a directed graph has arbitrarily many edge-disjoint di-
rected double rays, then it has infinitely many edge-disjoint directed double rays?

It should be noted that if true the directed analogue would be a common
generalization of Theorem and the fact that double rays are ubiquitous
with respect to the subgraph relation.
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Chapter 7

The colouring number of
infinite graphs

7.1 Abstract

We show that, given an infinite cardinal u, a graph has colouring number at
most p if and only if it contains neither of two types of subgraph. We also
show that every graph with infinite colouring number has a well-ordering of its
vertices that simultaneously witnesses its colouring number and its cardinality.

7.2 Introduction

Our point of departure is a recent article by Péter Komjath [62] one of whose
results addresses infinite graphs with infinite colouring number. Recall

Definition 7.2.1. The colouring number col(G) of a graph G = (V, E) is the
smallest cardinal x such that there exists a well-ordering <* of V' with

INw)N{w|w <* v} < Kk forallv eV,
where N (v) is the set of neighbours of v. We call such well-orderings good.

This notion was introduced by Erdés and Hajnal in [40].

What Komjath proved in [62] is that if the colouring number of a graph G is
bigger than some infinite cardinal u, then G contains either a K, i.e., u mutually
adjacent vertices, or G contains for each positive integer k£ an induced copy of the
complete bipartite graph Ky ;. This condition is not a characterisation: there
are graphs, such as K, .,, which have small colouring number but nevertheless
include an induced Ky j for each k.

Since having colouring number < p is closed not only under taking induced
subgraphs but even under taking subgraphs, it seems easier to look first for a
characterisation in terms of forbidden subgraphs. When playing with the ideas
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appearing in Komjath’s proof, we realized that they can be used to give just
such a transparent characterization of “having colouring number < p” in terms
of forbidden subgraphs. For some explicit graphs called p-obstructions, to be
introduced in Definition [7.3.] below, we shall prove

Theorem 7.2.2. Let G be a graph and let p denote some infinite cardinal. Then
the statement col(G) > p is equivalent to G containing some p-obstruction as a
subgraph.

The proof we describe has an interesting consequence:

Theorem 7.2.3. Fvery graph G whose colouring number is infinite possesses
a good well-ordering of length |V (G)].

It is not hard to re-obtain the result of Komjath mentioned above from our
characterisation by inspecting whether the p-obstructions satisfy it. In
fact, one can easily obtain the following strengthening:

Theorem 7.2.4. If G is a graph with col(G) > u, where i denotes some infinite
cardinal, then G contains either a K, or, for each positive integer k, an induced

K .

We will also give an example in Section 2 demonstrating that the conclusion
cannot be improved further to the presence of an induced K., ,,. Which complete
bipartite graphs exactly one gets by this approach depends on which properties
the relevant cardinals have in the partition calculus.

For standard set-theoretical background we refer to Kunen’s textbook [64].

7.3 Obstructions

Throughout this section, we fix an infinite cardinal p. There are two kinds of
p-obstructions relevant for the condition col(G) > p in Theorem They
are introduced next.

Definition 7.3.1. (1) A p-obstruction of type I is a bipartite graph H with
bipartition (A, B) such that for some cardinal A > u we have

o A=\, |B] = A%,
e cvery vertex of B has at least p neighbours in A, and

e every vertex of A has AT neighbours in B.

(2) Let k£ > p be regular, and let G be a graph with V(G) = k. Define T¢
to be the set of those a € x with the following properties:

o ci(a) = ci(p)

e The order type of N(a)Na is p.
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e The supremum of N(a)Na is a.

If T¢; is stationary in k, then G is a p-obstruction of type II. We also call graphs
isomorphic to such graphs p-obstructions of type II.

Now we can directly proceed to the easier direction of Theorem

Proposition 7.3.2. If a graph G has a p-obstruction of either type as a sub-
graph, then col(G) > p.

Proof. Suppose first that G contains a p-obstruction of type I, say with bi-
partition (A, B) as in Definition above, and |A| = A > p. Assume for a
contradiction that there is a good well-ordering of G. Thus every b € B has
a neighbour in A above it in that well-ordering. For a € A, we denote by X,
the set of those neighbours of a that are below a in the well-ordering. Hence
B = Jaeca Xa- Since all the X, have size less than u, we deduce that [B| < A,
which is the desired contradiction.

In the second case, we may without loss of generality assume that G itself is
an obstruction of type II. Again we suppose for a contradiction that there is a
good well-ordering <* of V(G). Notice that each o € T has a neighbour 8 < «
such that a <* 8. Let f: Tz — & be a function sending each « to some such
5. By Fodor’s Lemma, there must be some § < x such that

T ={aeTal|f(a) =5}

is stationary. Now every element of T is a neighbour of 3, and 5 comes after
T in the ordering <*, which in view of |T| = k > p contradicts our assumption
that this ordering is good. O

We say that a graph is p-unobstructed if it contains no p-obstruction of
either type. To complete the proof of Theorem [7.2.2 we still need to show that
every p-unobstructed graph G satisfies col(G) < u. This will be the objective
of Sections 3 and 4.

In the remainder of this section, we prove two results asserting that in order
to find an obstruction in a given graph G it suffices to find something weaker.

Definition 7.3.3. A pu-barricade is bipartite graph with bipartition (A, B) such
that

o [Al <|B|,
e and every vertex of B has at least p neighbours in A.

Lemma 7.3.4. If G has a p-barricade as a subgraph, then it also has a -
obstruction of type I as a subgraph.

Proof. Let H with bipartition (A, B) be a barricade which is a subgraph of G,
chosen so that A = |A| is minimal. By deleting some vertices of B if necessary,
we may assume that B has cardinality AT. Let A’ be the set of a € A for which
Np(a) is of size AT, and let B’ be the set of elements of B with no neighbour in
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A\ A’. By the definition of A’, there are at most A edges ab with a € A\ A’ and
b€ B. So B\ B’ is of size at most \. It follows that B’ has cardinality A*. In
particular, the subgraph H' of H on (A’, B’) is a barricade, so by minimality of
|A| we have |A’| = \. Since by construction every vertex of A’ has A* neighbours
in B and hence in B’, the subgraph H’ is a p-obstruction of type I. O

Definition 7.3.5. Let x > p be regular. A graph G with set of vertices « is
said to be a p-ladder if there is a stationary set T such that each o € T has
at least p neighbours in a. Also, every graph isomorphic to such a graph is
regarded as a p-ladder.

Lemma 7.3.6. Every graph containing a p-ladder is p-obstructed.

Proof. 1t suffices to prove that every p-ladder is p-obstructed. So let G with
V(G) = k be as described in the previous definition. For each oo € T we let
the sequence (a; |4 < p) enumerate the p smallest neighbours of « in increasing
order and denote the limit point of this sequence by f(«). Clearly we have
f(@) < aand cf(f(e)) = cf(p) for all o € T..

Let us first suppose that the set
T'={aeT|fla) <a}
is stationary in k. Then for some vy < & the set
B={aeT|f(a) =1}

is stationary and as |y| < k = |B| the pair (v, B) is a p-barricade in G. Due to
Lemma [7:34] it follows that G contains a p-obstruction of type I.

So it remains to consider the case that
T"={aeT|fla) =a}

is stationary in . In that case we have N(a) Na = {a;|i < p} for all a € T".
So Tg is a superset of T” and thus stationary, meaning that G is a y-obstruction
of type II. U

7.4 The regular case

In this and the next section we shall prove the harder part of Theorem in
such a way that Theorem is also immediate. To this end we shall show

Theorem 7.4.1. Let G denote an infinite graph of order k and let u be an
infinite cardinal. Then at least one of the following three cases occurs:

o G has a subgraph H with |V (H)| < |V(G)| and col(H) > p.
e (G is u-obstructed.

e G has a good well-ordering of length r exemplifying col(G) < u .
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Suppose for a moment that we know this. To deduce Theorem we
consider any graph with col(G) > p. Let G* be subgraph of G with col(G*) > u
and subject to this with |V (G*)| as small as possible. Then G* is still infinite and
when we apply Theorem [7.4.1]to G* the first and third outcome are impossible,
so the second one most occur. Thus G* and hence G contains a p-obstruction, as
desired. To obtain Theoremwe apply Theoremto G with p = col(G).

The proof of Theorem itself is divided into two cases according to
whether x is regular or singular. The former case will be treated immediately
and the latter case is deferred to the next section.

Proof of Theorem[7.4.1] when  is regqular. Let V(G) = k and consider the set

T = {a < k| Some S > « has at least u neighbours in a}.

First Case: T is not stationary in k.

Let (d; |7 < k) be a strictly increasing continuous sequence of ordinals with
limit x such that é; & T holds for all i < k. If for some i < x the restriction
G; of G to the half-open interval [d;,d;+1) has colouring number > pu, then the
first alternative holds. Otherwise we may fix for each i < k a well-ordering <;
of V(G;) that exemplifies col(G;) < u. The concatenation <* of all these well-
orderings has length &, so it suffices to verify that it demonstrates col(G) < p.

To this end, we consider any vertex x of G. Let i < k be the ordinal with
x € G;. The neighbours of = preceding it in the sense of <* are either in d; or
they belong to G; and precede z under <;. Since z > §; and &; & T, there are
less than g neighbours of x in §;. Also, by our choice of <;, there are less than
w such neighbours in G;.

Second Case: T is stationary in k.

Let us fix for each o« € T an ordinal 8, > « with [N(Ba) Na| > pu. A
standard argument shows that the set

E={<k|IfaeTn/, then B, <0}

is club in k. Thus T'N E is unbounded in k. Let the sequence (1;|i < k)
enumerate the members of this set in increasing order. Then for each i < x the
ordinal § = 3,, is at least 7; and smaller than 7;41, because the latter ordinal
belongs to E. In particular, each of the equations n; = &; and & = §; is only
possible if ¢ = j. Thus it makes sense to define

a ifa#n,& forali<k,
Vo =1 & if a=mn; for some i < K,

n;  if a =¢; for some i < k.

The map 7 sending each o < k to v, is a permutation of k. If a belongs to the
stationary set T'N FE, then v, = §; for some i < x and therefore v, has at least
1 neighbours in 7; and all of these are of the form vg with § < a. So 7 gives
an isomomorphism between G and a p-ladder, and in the light of Lemma [7.3.6]
we are done. O
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7.5 The singular case

Next we consider the case that & is a singular cardinal. The form of our argument
will be recognisable to anyone who is familiar with Shelah’s singular compactness
theorem (see for instance [87]). We will not, however, assume such familiarity.

We will refer to sets of size at least p as big and sets of size less than p as
small

We will often consider C-increasing families (X;);<~ of sets for which each
Nx,(v) is small. In such cases we would like to conclude that also Ny, __ x,(v)
is small. We can do this as long as v and p have different cofinalities. So we fix
the notation w for the rest of the argument to mean the least infinite cardinal
whose cofinality is not equal to cf(u). Thus w is either w or w;.

Definition 7.5.1. A set X of vertices of a graph G is robust if for any v €
V(G) \ X the neighbourhood Nx (v) is small.

Remark 7.5.2. Let (X;);<w be a C-increasing family of robust sets. Then
Ui <o Xi is also robust.

Lemma 7.5.3. Let G be a p-unobstructed graph and let X be an uncountable
set of vertices of G. Then there is a robust set Y of vertices of G which includes
X and is of the same cardinality.

Proof. Let X\ be the cardinality of X.

We build a C-increasing family (X;);<w of sets recursively by letting Xy =
X, taking X;11 = X; U{v € V(G) : Nx,(v) is big} and X; = (J;., X; for [ a
limit ordinal. We take Y = J,__ Xi. Since by construction Y is robust and
includes X, it remains to prove that |Y| = A.

To do this, we prove by induction on ¢ that each X, is of size A\. The cases
where 7 is 0 or a limit are clear, so suppose ¢ = j+1. By the induction hypothesis,
| X;| = A. If | X4 | were greater than A then the induced bipartite subgraph on
(X;,X,;41) would be a barricade, which is impossible by Thus
| X +1] = A, as required.

O

Remark 7.5.4. also holds when X is countably infinite, but the
proof is more involved and so we have omitted it (unlike in the above proof, we
need that there are no type II obstructions).

Proof of Theorem [74.1] when k is singular. If G is p-obstructed then we are
done, so we suppose that it isn’t.

Let (vi)i<x be an enumeration of the set of vertices. Let (k;)i<cf(x) be a
continuous cofinal sequence for x, where kg > cf(x) is uncountable. We begin
by building a family (X j)i<ct(x),j<w Of robust sets of vertices of G, with X ; of
size k;, together with a family of enumerations ((mﬁj)k<ni)i<cf(ﬁ)7j<w of these
sets. These enumerations will be chosen arbitrarily. We choose the sets in such
a way that they satisfy the following conditions:

1. Xi’,j’ g Xi,j for i/ S 7 and j/ S ]
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2. v, € X for k < k;

3. xf,j € X, 41 for k < k; (this ensures that for any limit ordinal [ all

elements of X; ; also appear in some X; ;1 with i < 1).

We do this by nested recursion on 4 and j. When we come to choose Xj ;,
we have already chosen all X/ ; with j° < j or both 5/ = j and i’ < i. The
three conditions above specify some collection of k;-many vertices which must
appear in X; ;. We can extend this collection to a robust set of the same size
(which we take as X ;) by

Now for i < cf(k) let X; = ;. Xi;, which is robust by
We claim that for any limit ordinal [ we have X; = Ui<lXi‘ at each X
with ¢ < [ is a subset of X is clear by condition 1 above. On the other hand,
for any x € X; there must be some j < @w with z € Xj;, say x = x{“] But
then as k < k; it follows from the continuity of the ; that there is some i < [
with £ < k;. Thus by condition 3 above we have x € X; ;11 C X;, so that
z €U X

Fach vertex must lie in some set X; by condition 2 above, and it follows
from what we have just shown that the least such ¢ can never be a limit. That
is, Xy together with all the sets X;y1 \ X; gives a partition of the vertex set.
If the induced subgraph of G on any of these sets has colouring number > p
then the first alternative of [Theorem 7.4.11 holds. Otherwise all of these induced
subgraphs have good well-orderings. Since each X; is robust, the well-ordering
obtained by concatenating all of these well-orderings is also good, so that the

third alternative of [Theorem 7.4.1] holds. O

7.6 A necessary condition

In this section we derive [Iheorem 7.2.4l from [Theorem 7.2.20 For that we shall

rely on the following.

Theorem 7.6.1 (Dushnik, Erdés, and Miller, [39]). For each infinite cardinal
A we have A — (A\,w). This means that if the edges of a complete graph on A
vertices are coloured red and green, then there is either a red clique of size A, or
a green clique of size w.

By restricting ones attention to the red graph, one realises that this means
that every infinite graph G either contains a clique of size |V (G)| or an infinite
independent set. When used in this formulation, we refer to the above as DEM.

Proof of|[Theorem 7.2.4) By|Theorem 7.2.2it remains to show that every graph
with an obstruction of type I or II has a K, subgraph or an induced Kj_,.
First we check this for obstructions (A, B) of type I. By DEM, we may
assume that the neighbourhood N (b) of every b € B contains an independent
set Y}, of size k. Let f be the function mapping b to Y;. There must be a finite
subset Y of A such that |f~1(Y)| = |B|. By DEM, we may assume that f~1(Y)
contains an infinite independent set B’. Then G[B’ UY] is isomorphic to K.
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Hence it remains to show that every obstruction G of type II has a K,
subgraph or an induced K} .. For every o € Tz, we may assume by DEM that
N(a) N« contains an independent set Y, of size k. For each ¢ with 1 < i <k,
let f;: T — k be the function mapping « to the ¢-th smallest element of Y.
By Fodor’s Lemma, there is some stationary T C T at which f; is constant,
and some stationary 7" C T” at which f5 is constant. Proceeding like this, we
find some stationary S C Tg at which all the f; are constant. Let X be the
set of these k constants. By DEM, we may assume that S contains an infinite
independent set I. Then G[X U I] is isomorphic to Ky . O

In the following example, we show that if we replace ‘Kj .’ by ‘K,  in

Theorem 7.2.4] then it becomes false.

Example 7.6.2. Let A be the set of finite 0-1-sequences, and let B be the set

of infinite 0-1-sequences. We define a bipartite graph G with vertex set AU B

by adding for each a € A and b € B the edge ab if a is an initial segment of b.

Since G is bipartite, it cannot contain a K. It cannot contain a K, ., either

since any two vertices in B have only finitely many neighbours in common.
On the other hand, col(G) > Ny since G is an Nyp-barricade.

Remark 7.6.3. The proof of actually shows something slightly
stronger: in order to have col(G) < p it is enough to forbid K, and a K, ,+-

subgraph where the k vertices on the left are independent. If 4 = w, then DEM
implies it is enough to forbid K, and an induced Kj, ,+. On the other hand if
k = 2“ and p = wy, it may happen that the bipartite graph contains neither a
K,, nor an induced K}, by Sierpiski’s theorem, which says that

2¢ /5 (w1)3 -
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Chapter 8

On tree-decompositions of
one-ended graphs

8.1 Abstract

We prove that one-ended graphs whose end is undominated and has finite vertex
degree have tree-decompositions that display the end and that are invariant
under the group of automorphisms.

This can be applied to prove a conjecture of Halin from 2000 and solves a
recent problem of Boutin and Imrich. Furthermore, it implies for every transitive
one-ended graph that its end must have infinite vertex degree.

8.2 Introduction

In [38], Dunwoody and Kron constructed tree-decompositions invariant under
the group of automorphisms that are non-trivial for graphs with at least two
ends. In the same paper, they applied them to obtain a combinatorial proof
of generalization of Stalling’s theorem of groups with at least two ends. This
tree-decomposition method has multifarious applications, as demonstrated by
Hamann in [52] and Hamann and Hundertmark in [53]. For graphs with only
a single end, however, these tree-decompositions may be trivial. Hence such a
structural understanding of this class of graphs remains elusive.

For many one-ended graphs, such as the 2-dimensional grid, such tree-
decompositions cannot exist. Indeed, it is necessary for existence that the end
has finite verter degree; that is, there is no infinite set of pairwise vertex-disjoint
rays belonging to that end. Already in 1965 Halin [45] knew that one-ended
graphs whose end has finite vertex degree have tree-decompositions display-
ing the end (a precise definition can be found towards the end of Section .
Nevertheless, for these tree-decompositions to be of any use for applications as
above, one needs them to have the additional property that they are invariant
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under the group of automorphisms. Unfortunately such tree-decomposition do
not exist for all graphs in question, see Example below, but in the ex-
ample there is a vertex dominating the end. In this chapter we construct such
tree-decompositions if the end is not dominated.

Theorem 8.2.1. Fvery one-ended graph whose end is undominated and has
finite vertex degree has a tree-decomposition that displays its end and that is
invariant under the group of automorphisms.

This better structural understanding leads to applications similar to those for
graphs with more than one end. Indeed, below we deduce from Theorem [8.2.1
a conjecture of Halin from 2000, and answer a recent question of Boutin and
Imrich. A further application was pointed out by Hamann.

For graphs like the one in Figure the tree-decompositions of Theo-
rem|[8.2.T|can be constructed using the methods of Dunwoody and Krén. Namely,
if the graphs in question contain ‘highly connected tangles’ aside from the end.
In general such tangles need not exist, for an example see Figure It is the
essence of Theorem to provide a construction that is invariant under the
group of automorphisms that decomposes graphs as those in Firgure [8:2]in a
tree-like way.

SRR

Figure 8.1: Complete graphs glued together at separators of size two along a
ray. The method of Dunwoody and Kron gives a tree-decomposition of this
graph along an end whose separators have size two.

Applications. In [5I] Halin showed that one-ended graphs with vertex
degree equal to one cannot have countably infinite automorphism group. Not
completely satisfied with his result, he conjectured that this extends to one-
ended graphs with finite vertex degree. Theorem implies this conjecture.

Theorem 8.2.2. Given a graph with one end which has finite vertex degree, its
automorphism group is either finite or has at least 280 many elements.

Theorem [8.2.2| can be further applied to answer a question posed by Boutin
and Imrich, who asked in [I3] whether there is a graph with linear growth
and countably infinite automorphism group. Theorem [8.2.2| implies a negative
answer to this question as well as strengthenings of further results of Boutin
and Imrich, see Section [B.5] for details.
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Figure 8.2: The product of the canopy tree with K;. This graph has a tree
decomposition whose decomposition tree is the canopy tree.

Finally, Matthias Hamamﬂ pointed out the following consequence of Theo-
rem 82,11

Theorem 8.2.3. Ends of transitive one-ended graphs must have infinite vertex
degree.

We actually prove a stronger version of Theorem with ‘quasi—transitiveﬂ
in place of ‘transitive’.

The rest of this chapter is structured as follows: in Section [8.3| we set up
all necessary notations and definitions. As explained in [31], there is a close
relation between tree-decompositions and nested sets of separations. In this
chapter we work mainly with nested sets of separations. In Section |8.4] we prove
Theorem [8.2.1) and Section [8.5] is devoted to the proof of Theorem [8.2.2 and
its implications on the work of Boutin and Imrich. Finally, in Section we
prove Theorem [8.2.3

Many of the lemmas we apply in this work were first proved by Halin. Since
in some cases we need slight variants of the original results and also since Halin’s
original papers might not be easily accessible, proofs of some of these results
are included in appendices.

8.3 Preliminarlies

Throughout this chapter V(G) and E(G) denote the sets of vertices and edges
of a graph G, respectively. We refer to [35] for all graph theoretic notions which
are not explicitly defined.

Ipersonal communication
2Here a graph is quasi-transitive, if there are only finitely many orbits of vertices under
the automorphism group.
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8.3.1 Separations, rays and ends

A separator in a graph G is a subset S C V(G) such that G— .S is not connected.
We say that a separator S separates vertices u and v if u and v are in different
components of G — S. Given two vertices u and v, a separator S separates u
and v minimally if it separates u and v and the components of G — S containing
u and v both have the whole of S in their neighbourhood. The following lemma
can be found in Halin’s 1965 paper [48, Statement 2.4], and also in his later
paper [49, Corollary 1] and then with a different proof.

Lemma 8.3.1. Given vertices u and v and k € N, there are only finitely many
distinct separators of size at most k separating u and v minimally.

A separation is a pair (A, B) of subsets of V(G) such that AU B = V(G)
and there is no edge connecting A\ B to B\ A. This immediately implies that
if u and v are adjacent vertices in G then w and v are both contained in either
A or B. The sets A and B are called the sides of the separation (4, B). A
separation (A, B) is said to be proper if both A\ B to B\ A are non-empty
and then AN B is a separator. A separation (A, B) is tight if every vertex in
AN B has neighbours in both A\ B and B\ A. The order of a separation is
the number of vertices in AN B. Throughout this chapter we will only consider
separations of finite order. The following is well-known.

Lemma 8.3.2. (See [30, Lemma 2.1]) Given any two separations (A, B) and
(C,D) of G then the sum of the orders of the separations (AN C,C U D) and
(BN D,AUC) is equal to the sum of the orders of the separations (A, B) and
(C, D). In particular if the orders of (A, B) and (C, D) are both equal to k the
the sum of the orders of (ANC,CUD) and (BND,AUC) is equal to 2k. O

The separations (A, B) and (C, D) are strongly nested if A C C and D C B.
They are nested if they are strongly nested after possibly exchanging ‘(A, B)’
by {(B, A)’ or {(C, D)’ by ‘(D,C)’. That is, (A, B) and (C, D) are nested if one
of the following holds:

e ACCand D C B,
e ACDand C C B,
e BC(Cand D C A,
e BC Dand C CA.

We say a set S of separations is nested, if any two separations in it are nested.

A ray in a graph G is a one-sided infinite path vg, vy, ... in G. The sub-rays
of a ray are called its tails. Given a finite separator S of G, there is for every
ray v a unique component of G — S that contains all but finitely many vertices
of v. We say that v lies in that component of G — S. Given a separation
(A, B) of finite order one can similarly say that v lies in one of the sides of the
separation. Two rays are in the same end if they lie in the same component of
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G — S for every finite separator of G. Clearly, this is an equivalence relation. An
equivalence class is called a (vertez) endﬂ An alternative way to define ends is
to say that two rays R; and Ry are in the same end if there are infinitely many
pairwise disjoint Ry — Rs paths. (Given subsets X and Y of the vertex set, an
X — Y path is a path that has its initial vertex in X and terminal vertex in Y
and every other vertex is neither in X nor Y. In the case where X = {z} then
we speak of x — Y paths instead of X — Y paths and if Y = {y} we speak of
x —y paths.) An end w lies in a component C of G — S if every ray that belongs
to w lies in C. Clearly, every end lies in a unique component of G — S for every
finite separator S and if (A4, B) is a separation of finite order then an end either
lies in A or B.

A vertex v € V(G) dominates an end w of G, if there is no separation (A, B)
of finite order such that v € A\ B and w lies in B. Equivalently, v dominates w
if for every ray R in w there are infinitely many paths connecting v to R such
that any two of them only intersect in v.

The vertex degree of an end w is equal to a natural number k if the maximal
cardinality of a family of pairwise disjoint rays belonging to the end is k. If no
such number k exists then we say that the vertex-degree of the end is infinite.
Halin [45] (see also [34, Theorem 8.2.5]) proved that if the vertex-degree of an
end is infinite then there is an infinite family of pairwise disjoint rays belonging
to the end. Ends with finite vertex degree are sometimes called thin and those
with infinite vertex degree are called thick.

The following lemma is well-known. A proof can be found in Appendix A.

Lemma 8.3.3. (Cf. [51], Section 3]) Let G be a connected graph and w an end
of G having a finite vertex degree. Then there are only finitely many vertices in
G that dominate the end w.

In this chapter we are focusing on 1-ended graphs where the end w has vertex
degree k. In the following definition we pick out a class of separations that are
relevant in this case.

Definition 8.3.4. Let G be an arbitrary graph. If w is an end of G that has
vertex degree k then say that a separation (4, B) is w-relevant if it has the
following properties

e the order of (A4, B) is exactly k,
e A\ B is connected,

e every vertex in A N B has a neighbour in A\ B,

w lives in B, and

there is no separation (C, D) of order < k such that A C C' and w lives in
D.
3A notion related to ‘vertex ends’ are ‘topological ends’. In this chapter we are mostly

interested in graphs where no vertex dominates a vertex end. In this context the two notions
of end agree.
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Define S, as the set of all w-relevant separations.

The following characterization of w-relevant separations is uses a Menger
type result. A proof based on [44] and [45] is contained in Appendix A.

Lemma 8.3.5. Let G be an arbitrary graph. Suppose w is an end of G with
vertex degree k.

1. If (A, B) is an w-relevant separation then there is a family of k pairwise
disjoint rays in w such that each of them has its initial vertex in AN B.

2. Conwversely, if (A, B) is a separation of order k such that A\ B is connected,
every vertex in AN B has a neighbour in A\ B, the end w lies in B and
there is a family of k disjoint rays in w such that each of these rays has
its initial vertex in AN B then the separation (A, B) is w-relevant.

In particular, for (4, B) € S, the component of G — (AN B) in which w lives
has the whole of AN B in its neighbourhood and hence every separation in S, is
tight. Note that the set A\ B completely determines the w-relevant separation
(A, B).

The relation

(A,B)<(C,D):<—= ACCand B2 D

defines a partial order on the set of all separations, so in particular on the set
S.,. Since (C, D) is a tight separation, the condition A C C implies that D C B.
This is shown in [31 (7) on p. 17] and the argument goes as follows: Suppose
that D  Bandx € D\B. Thenz € A C Csoz € (CND)\B. Because (C, D)
is a tight separation,  has a neighbour y € D\ C. But z € A\ B and hence
y must also be in A. But y ¢ C, contradicting the assumption that A C C.
Hence D C B and (A,B) < (C,D) < ACC.

The next result follow from results of Halin in [45]. These results are in
turn proved by using Menger’s Theorem. For the convenience of the reader a
detailed proof is provided in Appendix A.

Theorem 8.3.6. Let G be a connected 1-ended graph such that the end w is un-
dominated and has finite vertex degree k. Then there is a sequence {(An, Bpn)}n>0
of w-relevant separations, such that the sequence of sets By, is strictly decreasing
and for every finite set of vertices F' there is a number n such that F C A, \ By,.

We will not use the following in our proof.
Remark 8.3.7. Theorem is also true if we leave out the assumption that
G is one-ended (and replace ‘the end w’ by ‘there exists an end w that’).
8.3.2 Automorphism groups

An automorphism of a graph G = (V, E) is a bijective function v : V. — V
that preserves adjacency and whose inverse also preserves adjacency. Clearly
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an automorphism v also induces a bijection E — F which by abuse of nota-
tion we will also call 4. The automorphism group of G, i.e. the group of all
automorphisms of G, will be denoted by Aut(G).

Let T' be a subgroup of Aut(G). For a set D C V(G) we define the setwise
stabiliser of D as the subgroup I'1py = {7y € I' | ¥(D) = D} and the pointwise
stabiliser of D is defined as I'(py = {y € I" | 7(d) = d for all d € D}. The setwise
stabiliser is the subgroup of all elements in I" that leave the set D invariant and
the pointwise stabiliser is the subgroup of all those elements in I' that fix every
vertex in D. If D C V(G) is invariant under I' then we use I'? to denote the
permutation group on D induced by I, i.e. I'P is the group of all permutation
o of D such that there is some element v € I' such that the restriction of v to
D is equal to 0. Note that I'(p) is a normal subgroup of I'py and the index
['(py in T'ypy is equal to the number of elements in (F{D})D.

The full automorphism group of a graph has a special property relating to
separations. Suppose v is an automorphism of a graph G and that ~ leaves both
sides of a separation (A, B) invariant and fixes every vertex in the separator
AN B. Then the full automorphism group contains automorphisms o4 and
op such that o4 like v on A fixes every vertex in B and wice versa for op.
Informally one can describe this property by saying that the pointwise stabiliser
(in the full automorphism group) of a set D of vertices acts indpendently on
the components of G — D. We will refer to this property as the independence
property.

There is a natural topology on Aut(G), called the permutation topology:
endow the vertex set with the discrete topology and consider the topology of
pointwise convergence on Aut(G). Clearly, the permutation topology also makes
sense for any group of permutations of a set. The following lemma is a special
case of a result in [24] (2.6) on p. 28]. In particular it tells us that the limit of a
sequence of automorphisms again is an automorphism. This fact will be central
to the proof of Theorem [8.2.2

Lemma 8.3.8. The automorphism group of a graph is closed in the set of all
permutations of the vertex set endowed with the topology of pointwise conver-
gence.

The next result is also a special case of a result from Cameron’s book refered
to above. This time we look at [24] (2.2) on p. 28].

Lemma 8.3.9. The automorphism group of a countable graph is finite, count-
ably infinite or has at least 280 elements.

8.4 Invariant nested sets

In this section we will prove Theorem [8.4.8] The following two facts about
sequences of nested separations will be useful at several points in the proof.

Lemma 8.4.1. Let G be a connected graph. Assume that (A;, Bi)ien s a
sequence of proper separations of order at most some fized natural number k.
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Assume also that A; C A;_1, every A; \ B; is connected, and every vertez in
A; N B; has a neighbour in A; \ B;. Define X as the set of vertices contained in
infinitely many A;. Then

1. X C B; for all but finitely many i,
2. there is a unique end p which lies in every A;, and
3. x € X if and only if x dominates p.

Proof. First observe that X = [,y A; because the sequence A; is decreasing.
Let X’ be the set of vertices in X with a neighbour outside of X. For every
x € X' we can find a neighbour y of z and iy € N such that y ¢ A; for every
i > 1. Since the edge zy must be contained in either A; or B; we conclude that
x € B; and thus z € A; N B; for i > 1.

Hence there is i; € N such that X’ C A; N B; for every i > i;. The order of
each separation is at most k, so X’ contains at most k vertices. Now for 7 > 4,
every path from X\ B; to A; \ (X U B;) must pass through X’ and thus through
B;. Since A; \ B; is connected this means that one of the two sets must be
empty, i.e., either X \ B; = 0 or X \ B; = A; \ B;. Assume that the latter is the
case. Then A; contains at most k vertices which are not contained in X and the
same is clearly true for every A; for j > i. This contradicts the fact that the
sequence A; was assumed to be infinite and strictly decreasing. We conclude
that X C B; for ¢ > i;. Note that this implies that X = X’ because if i > i
then X C A; N B; and every vertex in A; N B; has an neighbour in 4; \ B;.

To see that there is an end p which lies in every A; we construct a ray which
has a tail in each A;. For this purpose pick for ¢ > i1 a vertex v; € A; \ X and
paths P; connecting v; to v;+1 in A;\ X. This is possible because A;\ X contains
A; \ B; and is connected (A; \ B; is connected and every vertex in B; N A; has
a neighbour in A; \ B;). No vertex lies on infinitely many paths P; because no
vertex is contained in infinitely many sets A; \ X. Hence the union of the paths
P; is an infinite, locally finite graph and thus contains a ray. This ray belongs
to an end p which lies in every Aj;.

Finally we need to show that every vertex in X dominates the end p. With-
out loss of generality we can assume that X C B; for all i. So, let R be a ray
in g and x € X. We will inductively construct infinitely many paths from z to
R which only intersect in . Assume that we already constructed some finite
number of such paths. Since all of them have finite length, there is an index ¢
such that A;\ B; doesn’t contain any vertex in their union. The ray R has a tail
contained in A; \ B; and since z € A; N B; we know that = has a neighbour in
A; \ B;. Finally A; \ B; is connected, so we can find a path connecting z to the
tail of R which intersects the previously constructed paths only in x. Proceeding
inductively we obtain infinitely many paths connecting x to R which pairwise
only intersect in  completing the proof of the Lemma. O

We would now like to construct a subset of the set S, of w-relevant separa-
tions that is both nested and invariant under all automorphisms and from that

148



set we construct a tree. The following two lemmas give us important properties
of nestedness when we restrict to w-relevant separations.

Lemma 8.4.2. Two separations (A, B), (C, D) in S, are nested if and only if
they are either comparable with respect to <, or A C D.

Proof. First assume that the two separations are nested. It is impossible that
B C C and D C A since the end w lies in B and D, but not in C' and A.
Hence, if the two separations are not comparable, then we know that A C D
and C C B.

For the converse implication first consider the case that A C D. We want to
show that C' C B. Assume for a contradiction that there is a vertex = in C'\ B.
This vertex must be contained in A C D and hence in the separator C'N D. By
the definition of S,, the vertex 2 must have a neighbour y in C'\ D. Then y ¢ A
and z ¢ B, contradicting the fact that the edge xy must lie in either A or B,
as (A, B) is a separation.

Finally, note that any two separations in S, that are comparable with respect
to < are obviously nested. O

Lemma 8.4.3. (Analogies with [38, Lemma 4.2]) For each (A, B) € S, there
are only finitely many (C, D) € S, not nested with (4, B).

Proof. The first step is to show that if (C, D) is not nested with (A, B) then
(C, D) separates some vertices v and w in A N B. Then we show that we may
assume that the separation is minimal. Since A N B is finite there are only
finitely many possibilities for the pair v,w and we can apply Lemma [8:3.1] to
deduce the result.

First suppose for a contradiction that (C'\ D)N(ANB) is empty. Since C'\ D
is connected, it must be a subset of A\ B or B\ A. As every vertex in C N D
has a neighbour in C'\ D it follows that C C A in the first case, whilst C C B
in the second. In both cases (A, B) and (C, D) are nested by Lemma
contrary to our assumption. Hence there exists a vertex v € (C'\ D) N (AN B).
Note that by letting the separations (A4, B) and (C, D) switch roles we see that
(A\ B)N(C N D) is also non-empty.

Since the separation (C, D) is in S, there is by Lemma a family of k
disjoint rays that all have their initial vertices in C' N D. Because w lives in
D, all vertices in these rays, except their initial vertices, are contained in the
component of D\ C that contains w. Pick a vertex v’ from (A\ B)N(CND). This
vertex v’ is the initial vertex of one of the rays mentioned above. Since w lives
in B this rays must contain a vertex w from AN B and as mentioned above w is
contained in the component of D\ C that contains w. Now we have shown that
(C, D) separates the two vertices v and w. This separation is minimal because v
isin C'\ D and C\ D is connected and has C'N D as it neighbourhood, and w is
contained in the component of G — (C'N D) that contains w and that component
has the whole of C' N D as its neighbourhood. O

Let G be a one-ended graph whose end w is undominated and has finite vertex
degree k. Recall that by Lemma there are no infinite decreasing chains in
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S.,—such a chain would define an end p # w, contradicting the assumption that
G has only one end. In particular, S, has minimal elements. Assign recursively
an ordinal «(A, B) to each (A4,B) € S, by the following method: if (A, B)
is minimal (with respect to < in S,) then set a(A4, B) = 0; otherwise define
a(A, B) as the smallest ordinal § such that «(C, D) < g for all separations
(C,D) € S, such that (C,D) < (A4, B). For v € V(G), let S,,(v) be the set of
those separations (A, B) in S, with v € AN B. Now set

a(v) = sup{a(4, B) | (4, B) € Su(v)}.

If it so happens that S, (v) is empty then a(v) = 0. For a vertex set S, we let
a(S) be the supremum over all a(v) with v € S. Note that the functions (A, B)
and «(v) are both invariant under the action of the automorphism group of G.

Example 8.4.4. Below is a construction of a graph where « takes ordinal values
that are not natural numbers. However, it is not difficult to show that for a
locally finite connected graph the a-values are always natural numbers.

We construct a graph G at which « takes values that are not natural num-
bers. Let P, = vf,..., v, be a path of length n. We obtain G by taking a ray
and identifying its starting vertex r with the vertices v’ for each n > 0. This
graph has only one end p and its vertex degree is 1. For 0 < k < n — 1 the
separation ({vf,..., R}, VG \ {v§,...,vf_1}) is p-relevant and its a-value is
k. Hence any separation (A4, B) with r (and all the attached paths) in A has
a-value at least the ordinal w.

Lemma 8.4.5. Let G be a graph with only one end w. Assume that w is
undominated and has vertexr degree k. Let (C,D) be in S,,. Then for all but
finitely many vertices v in C, we have a(v) < a(C, D).

Proof. By Lemma there are only finitely many separations in S, that are
not nested with (C, D). Let C’ the set of those vertices in C'\ D that are not
in any separator of these finitely many separations. It suffices to show that if
v € C" and (4, B) in 8,(v) then (A, B) < «(C, D). Note that the result is
trivially true if S,,(v) is empty. By the choice of v, the separations (A4, B) and
(C, D) are nested. Since v is in (C'\ D) N (AN B), it is not true that A C D or
B C D. Since the end w does not lie in the sides A and C, it does not lie in the
side AU C of the separation (AU C, BN D). Hence it lies in the side BN D. In
particular BN (D \ C) is nonempty. Thus it is not true that B C C. Looking
at the definition of nestedness we see that A C C. Hence (4, B) < (C, D) and
thus a(A4, B) < a(C, D) and the result follows. O

Lemma 8.4.6. Let G be a graph with only one end w. Assume that w is
undominated and has vertex degree k. For every separation (C,D) in S,, there
is a separation (A, B) € S, such that C C A and o(C) < a(A4, B).

Proof. Let {(Ay, Bn)}n>0 be a sequence of w-relevant separations as described
in Theorem Find a separation (A, B) in this sequence such that CND C
A\ B. Suppose for a contradiction that C'\ D contains a vertex x from AN B.
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There is a ray R that has x as a starting vertex and every other vertex is
contained in B\ A. Because C'N D contains no vertex from B we see that this
ray would be contained in C\ D, contradicting the assumption that the end
w lies in D. Hence, C'\ D does not intersect A N B and then, since C'\ D is
connected, we conclude that C C A. Thus a(C, D) < a(A, B).

By the previous Lemma there are at most finitely many vertices v in C such
that a(v) > «(C, D). Suppose for a contradiction that v is such a vertex and
there is no value of n such that a(v) < a(4,, By,). Then we can find a sequence
{(Cn,Dp)}n>0 of separations in S, (v) such that «(Cq,D1) < a(Cq,D3) <

and for every m there is a number r, such a(A,,B,) < a(C,,., By,.).
By Lemma [8.4.3] we may assume that for all values of n and m the sepa-
rations (Cy,, Dy,) and (C,, By,) are nested. Say that a pair of separations
{(Cn, Dp), (Cp, D)} is blue if the separations are comparable with respect
to < and red otherwise. By Ramsey’s Theorem, see e.g. [24] (1.9) on p. 16],
there is an infinite set of separations such that all pairs from that set have the
same colour. If all pairs from that set were blue then we could find an infinite
increasing or a decreasing chain. By Lemma 2) there cannot be an infinite
descending chain of separations and if there was an infinite increasing chain in
S.,(v) then, by Lemma[8.4.1(3) with the roles of the A;’s and the B;’s reversed,
v would be a dominating vertex for the end w, contrary to assumptions. Hence
all pairs from that infinite set must be red and we can conclude that there is an
infinite set of separations in the family {(Cy,, Dy)}n>0 such that no two of them
are comparable with respect to ordering. We may assume that if n and m are
distinct then (Cy,, D,,) and (Cyy,, Dyy,) are not comparable and then C), \ D,, and
C \ Dy, are disjoint. Start by choosing n such that v € A, \ B, and then choose
m such that none of the vertices in A,, N B, is in Cy, \ D,. There must be some
vertex u that belongs both to B,, and C, \ Dy,,. The set (Cy, \ Dy,) U{v} is con-
nected and thus it contains a v—u path P. But v € A,,\ B, and u € B, \ A, and
the path P contains no vertices from A, NB,,. We have reached a contradiction.
Hence our original assumption must be wrong. O

Let X be a connected set of vertices which cannot be separated from the end
w by a separation of order less than k. A separation (A4, B) € S, is called X-
nice, if for every v € AN B we have a(v) > a(X) and there is some ¢ € Aut(G)
such that p(X) C A (then we must have p(X) C A\ B). Let N(X) be the set
of all X-nice separations in S,, which are minimal with respect to <, i.e. N'(X)
contains all X-nice separations (4, B) € S, such that A is minimal with respect
to inclusion.

Lemma 8.4.7. Let G be a graph with only one end w. Assume that w is
undominated and has vertex degree k.

Suppose (X,Y) € S,,. Then N'(X) is non-empty. For each automorphism ¢
of G there is a unique element (A, B) in N(X) such that (X) C A. If (A, B)
and (C, D) are not equal and in N(X), then A C D and C C B. Furthermore,
any two elements of N(X) can be mapped onto each other by an automorphism.

Proof. The existence of an X-nice separation follows from Lemma [8:4.6] Mini-
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mal such separations exist because by Lemma [8.4.1| an infinite descending chain
would imply that G had another end p # w.

Let (A, B) and (C, D) be elements of N'(X). Suppose p(X) C A and ¢(X) C
C, where p,9 € Aut(G). Note that p(X) is disjoint from C' N D because
a(p(X)) = a(X), which is strictly less than «(v) for any v € C'N D. Hence it
is a subset of either C'\ D or D\ C. We next prove that if (A, B) and (C, D)
are not equal, then A C D and C C B.

First we consider the case that ¢(X) is a subset of C'\ D. Our aim is to
show that (A, B) and (C, D) are equal. This also implies that (A, B) is the
unique element in M(X) such that ¢(X) C A. Our strategy will be to construct
a X-nice separation that is < to both of them and by minimality of (A, B)
and (C, D) we will conclude that it must be equal to both of them. Note that
¢(X) is included in (C'\ D) N (A\ B). Let A’ be the connected component
of (C'\ D)N (A\ B) that contains the connected set p(X) together with the
separator of (AN C,B U D). Let B’ be the union of B U D with the other
components of (C'\ D)N (A\ B).

Next we show that the separation (A’, B) is in A(X). Since the end w lies
in BN D, this vertex set is infinite. Because (A, B) is in S,,, the separation
(AU C,BnN D) has order at least k. Hence by Lemma the separation
(AN C,BU D) has order at most k. The property that X cannot be separated
from w by fewer than k vertices implies that the separation (A’, B') has order
precisely k. Also, every vertex of the separator of (A’, B’) has a neighbour in
A"\ B and in B’ \ A’. Clearly w lies in B’ and there is no separation (C’,D")
of order less than k such that A’ C €’ and w lies in D" as (X,Y) € S,,. Hence
(A’,B’) is in S, and thus it is in N(X) as A’ C A. Since A’ C A, it must be
that A" = A by the minimality of (A, B). Similarly, A’ = C. Thus A = C and
so (A, B) = (C, D). This completes the case when ¢(X) is a subset of C'\ D.

So we may assume that ¢(X) C D\ C, and by symmetry that ¢(X) C B\ A.
Consider the separations (AN D,BUC) and (BN C, AU D). They must have
order at least k because ¢(X) C AND, w € BUC and ¥(X) C BNC,w € AUD.
So they must have order precisely k£ by Lemma Let A’ be the component
of G—(BUC) that contains ¢(X) together with the separator of (AND, BUC).
Let B’ be the union of BUC with the other components. Similar as in the last
case we show that (A’, B') is in AN(X). By the minimality of (A4, B) it must be
that A C D. The above argument with the separation (B N C, AU D) in place
of (AN D,BUQC) yields that C' C B. This completes the proof that if (A, B)
and (C, D) are not equal and in N(X), then (A, B) and (C, D) are nested.

By the above there is for each ¢ € Aut(G) a unique separation (A,, B,) €
N (X) such that p(X) C A,. If we apply ¢! to this separation we must obtain
the unique separation (A, B) € N(X) such that X C A. Hence any separation
of N(X) can be mapped by an automorphism to every other separation in

N(X). O

Theorem 8.4.8. Let G be a connected graph with only one end w, which is
undominated and has finite vertex degree k. Then there is a nested set S of
w-relevant separations of G that is Aut(G)-invariant. And there is a 1-ended
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tree T and a bijection between the edge set of T and S such that the natural
action of Aut(G) on S induces an action on T by automorphisms.

Proof. Pick some w-relevant separation (Ao, By). Define a sequence (4,,, By)
of separations as follows. For n € Ny pick (4,, B,) € N(A,_1) such that
An—1 € A,, which is possible by Lemma Observe that the sequence of
separations (4, B,,) has the same properties as the sequence in Theorem [8.3.6]
Now let
S = {(@(An), ¢(Ba) | n € Nog, 0 € Aut(G)}.

Note that (A, By) is not an element in S.

First we prove that S is nested. Let (p(A4,),¢(By)) and (¢(A,), ¥(B,y,)) be
two different elements of S (here ¢ and 1 are automorphisms of G). If m =n
then they are nested by Lemma since they both are elements of N'(A,,_1).
Hence assume without loss of generality that n < m. If ¢(A,,) = ¥(A;,) then
w(4,) C p(An) = ¥(A,,) which implies that the two separations are nested.
Otherwise by Lemma we have ¢(A,) C ¢(A;) C ¥(Bp), also showing
nestedness, by Lemma [3.4.2

Next we construct a directed graph 7. We define Ty as follows. Its vertex
set is S. We add a directed edge from (p(A4,), o(By)) to (¥(Ant1), ¥ (Bnt1))
if p(A,,) is a subset of ¥(A4,,4+1). By each vertex has outdegree at
most one. And by the construction of S it has outdegree at least one.

The next step is to show that the graph is connected. Let (C, D) = ¢(A,, By)
be a vertex in Ty. Find an m such that C' C A,,, \ B,,. Suppose for a contradic-
tion that (¢(An), ©(Bm)) # (Am, Bm). Both (p(4n), ¢(By)) and (A, Bn)
are in N(X). By Lemma [B.4.7 ¢(A,,) C B,,. Thus ¢(A,) is empty. This is a
contradiction to the assumption that (A,,, B;,) is a proper separation. Now we
see that

(Am, Bm) = (0(Am), ©(Bm)), (¢(Am-1), ¢(Bm-1)); - - -, (¢(An), ¢(Br)) = (C, D)

is a path in T from (A, Bp,) to (C, D). Thus every vertex in T is in the same
connected component as some vertex (A, By,) and since they all belong to the
same component we deduce that T is connected. Hence the corresponding
undirected graph T is a tree.

The map that sends (p(A,,), ¢(B,)) to the edge with endvertices (¢(A,), v(Bn))
and (V(An+41),¥(Bny1)) is clearly a bijection. If the ray (A;, B1), (A2, B2), ...
is removed from T then what remains of T is clearly rayless and thus the tree
T is one-ended.

The statement about the action of Aut(G) on T follows easily since the
properties used to define T are invariant under Aut(G). O

A tree-decomposition of a graph G consists of a tree T" and a family (P )¢cv (1)
of subsets of V(G), one for each vertex of T such that

(Tl) V(G) = UteV(T) Py,
(T2) for every edge e € E(G) there is t € V(T') such that both endpoints of e

lie in P, and
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(T3) P;, NP, C P, whenever t5 lies on the unique path connecting ¢; and t3
inT.

The tree T is called decomposition tree, the sets P; are called the parts of the
tree-decomposition.

We associate to an edge e = st of the decomposition tree a separation of G
as follows. Removing e from T yields two components T and T;. Let X, =
Uuen P, and X; = UueTt P,. If X\ X; and X;\ X; are non-empty (this will be
the case for all tree-decompositions considered in this chapter), then (X, X;) is
a proper separation of G. Clearly, the set of all separations associated to edges
of a decomposition tree is nested.

The separators A N B of the separations associated to edges of a decom-
position tree are called adhesion sets. The supremum of the sizes of adhesion
sets is called the adhesion of the tree-decomposition. The tree-decompositions
constructed in this chapter all have finite adhesion.

Given a graph G with only one end w and a tree-decomposition (T, P; |t €
V(T)) of G of finite adhesion, then (T, P, | t € V(T)) displays w if firstly the
decomposition tree T' has only one end; call it p. And secondly for any edge st
of T with u in T}, the associated separation (X, X;) has the property that w
lies in X;.

A tree-decomposition is Aut(G)-invariant if the set S of separations associ-
ated to it is closed by the natural action of Aut(G) on S. The following implies
Theorem [R.2.T]

Theorem 8.4.9. Let G be a connected graph with only one end w, which is
undominated and has finite vertex degree k. Then G has a tree-decomposition
(T,P; |t € V(T)) of adhesion k that displays w and is Aut(G)-invariant.

Proof. We follow the notation of the proof of Theorem [8.4.8

Given a vertex t of T, the inward neighbourhood of t, denoted by N, (t),
is the set of vertices u of T such that there is a directed edge from u to ¢ in
T, . Recall that the vertices of T are (in bijection with) separations; we refer
to the separation associated to the vertex t by (A, By). Given a vertex ¢, we
let Pt = At \ Uu€N+(t) (Au \ Bu)

It is straightforward that (T, P, | t € V(T')) is a tree-decomposition of adhe-
sion k (whose set of associated separations is SU {(B,A) | (4,B) € §}). It is
not hard to see that (T, P, |t € V(T)) displays w and is Aut(G)-invariant. [

Example 8.4.10. In this example we construct a one-ended graph G whose end
is dominated and has vertex degree 1, but the graph G has no tree-decomposition
of finite adhesion that is invariant under the group of automorphisms and whose
decomposition tree is one-ended. We obtain G from the canopy tree by adding a
new vertex adjacent to all the leaves of the canopy tree. Then we add infinitely
many vertices of degree one only incident to that new vertex, see Figure 8.3

Suppose for a contradiction that G has a tree-decomposition (T, P; | t €
V(T)) of finite adhesion that is invariant under the group of automorphisms
and such that T is one-ended.
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Figure 8.3: A graph with no Aut(G)-invariant tree-decomposition of finite ad-
hesion.

There cannot be a single part P, that contains a ray of the canopy tree. To
see that first note that there cannot be two such parts by the assumption of
finite adhesion. Hence any such part would contain all vertices of the canopy
tree from a certain level onwards. This is not possible by finite adhesion.

Having shown that there cannot be a single part P; that contains a ray of
the canopy tree, it must be that every part P, with ¢ near enough to the end of
T contains a vertex of the canopy tree.

Our aim is to show that any vertex u of degree 1 is in all parts. Suppose
not for a contradiction. Then since T is one-ended, there is a vertex ¢ of T' such
that ¢ separates in T all vertices s with u € Py from the end of T. We pick ¢
high enough in 7" such that there is a vertex v of the canopy tree in P;. If P,
contained all vertices of the orbit of v, then P; together with all parts P, where
s has some fixed bounded distance from ¢t in T, would contain a ray. This is
impossible; the proof is similar as that that P, cannot contain a ray. Hence there
is a vertex v’ in the orbit of v that is not in P;. Take an automorphism of G
that fixes u and moves v to v’. As the tree-decomposition is Aut(G)-invariant,
T has a vertex s such that u,v’ € P; but v ¢ P,. Since T is Aut(G)-invariant
and one-ended, t does not separate s from the end of T'. This is a contradiction
as u € Ps.

Hence u must be in all parts. As u was arbitrary, every vertex of degree one
must be in every part. So the tree-decomposition does not have finite adhesion.
This is the desired contradiction. Hence such a tree-decomposition does not
exist.
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8.5 A dichotomy result for automorphism groups

Before we turn to a proof of Theorem [8.2.2] we state a few helpful auxiliary
results. The following lemma can be seen as a consequence of [51], Lemma 7],
but for completeness a direct proof is provided in Appendix B.

Lemma 8.5.1. If T is a one-ended tree and R is a ray in T, then every auto-
morphism of T fizes some tail of R pointwise.

The next result is Lemma 3 in [51]. For completeness a proof is included in
Appendix C.

Lemma 8.5.2. The pointwise (and hence also the setwise) stabiliser of a finite
set of vertices in the automorphism group of a rayless graph is either finite or
contains at least 280 many elements.

The next result is an extension of Lemma to one-ended graphs where
the end has finite vertex degree.

Lemma 8.5.3. Let G be a graph with only one end w. Assume that w has
finite vertex degree k. Let X be a finite set of vertices in G that contains all
the vertices that dominate the end. If the graph G — X is connected then the
pointwise stabiliser of X in Aut(G) is either finite or contains at least 2%° many
elements.

Proof. Denote by I' the pointwise stabiliser of X in Aut(G). If I' is finite, then
there is nothing to show, hence assume that I" is infinite.

Consider a nested Aut(G—X)-invariant set of w-relevant separations of G—X
as in Theorem [84.8|and a tree T built from this set in the way described. Clearly
I" gives rise to a subgroup of Aut(G — X)) whence this nested set is I'-invariant.
Adding X to both sides of every separation in S gives rise to a new I' invariant
set S of nested separations such that each separation has order k + |X|. The
tree we get from S is the same as T. From now on we will work with S.

Every element v € T" induces an automorphism of 7. Note that this canonical
action of I' on T is in general not faithful, i.e. it is possible that different elements
of I' induce the same automorphism of 7.

Let Rbe aray in T and let (e, )nen be the family of edges of R (in the order in
which they appear on R). Let (A4,, B,) be the separation of G corresponding to
en. Denote by I, the stabiliser of e,, in I'. By Lemma[8.5.1] every automorphism
of T' (and hence also every v € T') fixes some tail of R, so I';, is non-trivial for
large enough n. Furthermore, I';, is a subgroup of I',,, whenever n < m.

We claim that for all but finitely many n, we have at least one non-trivial
in the pointwise stabiliser of B,,. To see this, let v1,..., Y+ x)+1 be a set of
(k+|X|)!+ 1 different non-trivial automorphisms in I'. Choose n large enough
such that they all are contained in I',, and act differently on A,,. By a simple
pigeon hole argument, at least two of them, ; and v say, have the same action
on A, N B,,. Then v; oyy 1is an automorphism which fixes A4, N B,, pointwise,
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and fixes A, setwise but not pointwise. Now, using the independence property
from Section [8.3.2] we can define an automorphism

ovy Yx) ifze A, \ B,
T ifx € B,

with the desired properties.

Note that the subgroup leaving A, invariant in the pointwise stabiliser of
B,, in I induces the same permutation group on the rayless graph induced by
A, in G as does the subgroup leaving A,, invariant in the pointwise stabiliser of
A, NB,. Hence, if there is n € N such that the pointwise stabiliser of B,, in I is
infinite, then this stabiliser contains at least 280 many elements by Lemmam

So (by passing to a tail of R) we may assume that the pointwise stabiliser
of B, is a finite but non-trivial subgroup of I for every n € N.

Next we claim that for every n there is a non-trivial automorphism in the
pointwise stabiliser of A,,. If not, then T',, is finite and we choose o € T'\T',,. For
an edge e of T', denote by T, the component of T'— e which does not contain the
end of T'. Clearly o(T,) = T, for every edge e. In particular, if e = e,, is the
last edge of R which is not fixed by o, then clearly o(T,) C T'—7T,. Furthermore
n <m,so A, C A, and B, C B,,. Hence o(4,) C 0(4,) C By, € B,. Now
let v be a nontrivial automorphism in the pointwise stabiliser of B,,. Then
o 1 oyo0 is easily seen to be a nontrivial element of the pointwise stabiliser of
A,: for a € A, we have

1

o tovyoo(a)=0""oc(a)=a

since o(a) € B, is fixed by ~.

Now define an infinite sequence (v )ren of elements of T' as follows. Pick a
nontrivial 7 in the pointwise stabiliser of A;. Assume that -; has been defined
for i < k, then let nj be such that +; acts non-trivially on A,,, for all 7 < k and
pick a nontrivial element 7, in the pointwise stabiliser of A,,. For an infinite
0-1-sequence (r;);>1, define

Y i1 71
1/’1'—% O%—1 971>

in other words, ¥, is the composition of all v; with j < n and r; = 1. Finally
define ¥ to be the limit of the 1, in the topology of pointwise convergence. This
limit exists, because for j > i the restriction v; and 1; to A,,, coincide, and the
A, exhaust V(G). By Lemma @ is contained in Aut(G) and is also in
I' C Aut(G) because every v; stabilises X pointwise.

Finally assume that we have two different 0-1-sequences (r;);>1 and (r});>1
and let (;);>1 and (¢});>1 be the corresponding sequences of automorphisms.
If [ is the first index such that r; # r] then the restrictions of ¢; and %] (and
hence also of ¢; and v} for i > I) to A, differ. Hence different 0-1-sequences
give different elements of I' and T' contains at least 2% many elements. O

Theorem Let G be a graph with one end which has finite vertex degree.
Then Aut(G) is either finite or has at least 2%° many elements.
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Proof. Let X be the set of vertices which dominate w. This set is possibly
empty and by Lemma|8.3.3|it is finite. Every automorphism stabilises X setwise.
Therefore the pointwise stabiliser of X is a normal subgroup of Aut(G) with
finite index. So it suffices to show that the conclusion of Theorem holds
for the stabiliser " of X.

For every component C of G — X let I'¢ be the pointwise stabiliser of X in
Aut(C U X). Then T'¢ is either finite or contains at least 2% many elements
by Lemma and Lemma If [T¢| = 2% for some component C' then
we need do no more. So assume that all the groups I'c are finite. The same
argument as used towards the end of the proof of Lemma (see Appendix
C) now shows that either T is finite or has at least cardinality 2%°. O

As a corollary we can answer a question posed by Boutin and Imrich in [I3].
In order to state this question, we first need some notation. For a vertex v in
a graph G we define B, (n), the ball of radius n centered at v, as the set of all
vertices in G in distance at most n from v. We also define S, (n), the sphere of
radius n centered at v, as the set of all vertices in G in distance exactly n from
v. A connected locally finite graph is said to have linear growth if there is a
constant ¢ such that |B,(n)| < cn for all n = 1,2,.... It is an easy exercise to
show that the property of having linear growth does not depend on the choice
of the vertex v.

In relation to their work on the distinguishing cost of graphs Boutin and
Imrich [I3] ask whether there exist one-ended locally finite graphs that has
linear growth and countably infinite automorphism group.

If G is a locally finite graph with linear growth and v is a vertex in G then
there is a constant k such that |S,(n)| = k for infinitely many values of n.
(This is observed by Boutin and Imrich in their paper [I3, Fact 2 in the proof
of Proposition 13].) From this we deduce that the vertex-degree of an end of
G is at most equal to k, since each ray in G must pass through all but finitely
many of the spheres S,(n). Using Theorem one can now give a negative
answer to the above question.

Theorem 8.5.4. If G is a connected locally finite graph with one end and linear
growth, then the automorphism group of G is either finite or contains exvactly
2% many elements.

Proof. Since G is locally finite and connected, the graph G is countable. Hence
the automorphism group cannot contain more than 2% many elements. Fur-
thermore linear growth implies that all ends must have finite vertex degree,
hence we can apply Theorem [8.2.2 O

In particular a connected graph with linear growth and a countably infi-
nite autormorphism group cannot have one end. Thus one can strengthen [I3]
Theorem 22] and get:

Theorem 8.5.5. (Cf. [13, Theorem 22]) Ewery locally finite connected graph
with linear growth and countably infinite automorphism group has 2 ends.
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Furthermore one can in [I3, Theorem 18] remove the assumption that the
graph is 2-ended, since it is implied by the other assumptions.

8.6 Ends of quasi-transitive graphs

Finally, another application was pointed out to the authors by Matthias Hamann.
Recall that a graph is called transitive, if all vertices lie in the same orbit under
the automorphism group, and quasi-transitive (or almost-transitive), if there
are only finitely many orbits on the vertices.

The groundwork for the study of automorphisms of infinite graphs was laid
in the 1973 paper of Halin [47]. Among the results there is a classification
of automorphisms of a connected infinite graph, see [47, Sections 5, 6 and 7.
Type 1 automorphisms, to use Halin’s terminology, leave a finite set of vertices
invariant. An automorphism is said to be of type 2 if it is not of type 1. Type
2 automorphism are of two kinds, the first kind fixes precisely one end which
is then thick (i.e. has infinite vertex degree) and the second kind fixes precisely
two ends which are then both thin (i.e. have finite vertex degrees). In Halin’s
paper these results are stated with the additional assumption that the graph is
locally finite but the classification remains true without this assumption.

It is a well known fact that a connected, transitive graph has either 1, 2,
or infinitely many ends (follows for locally finite graphs from Halin’s paper [43]
Satz 2] and for the general case see [36, Corollary 4]). It is a consequence of
a result of Jung [60] that if such a graph has more than one end then there is
a type 2 automorphism that fixes precisely two ends and thus the graph has
at least two thin ends. In particular, in the two-ended case both of the ends
must be thin. Contrary to this, we deduce from Theorem that the end
of a one-ended transitive graph is always thick. This even holds in the more
general case of quasi-transitive graphs. This was proved for locally finite graphs
by Thomassen [88, Proposition 5.6]. A variant of this result for metric ends was
proved by Kron and Moller in [63, Theorem 4.6].

Theorem 8.6.1. If G is a one-ended, quasi-transitive graph, then the unique
end is thick.

For the proof we need the following auxiliary result.
Proposition 8.6.2. There is no one-ended quasi-transitive tree.

Proof. Assume that T' is a quasi-transitive tree and that R is a ray in T'. Then
there is an edge-orbit under Aut(T") containing infinitely many edges of R.
Contract all edges not in this orbit to obtain a tree 7" whose automorphism
group acts transitively on edges. Clearly, every end of T” corresponds to an end
of T' (there may be more ends of T" which we contracted). But edge transitive
trees must be either regular, or bi-regular. Hence T’, and thus also T, has at
least 2 ends. O

Proof of Theorem|[8.6.1. Assume for a contradiction that G is a quasi-transitive,
one-ended graph whose end is thin.
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If the end w is dominated, then remove all vertices which dominate it and
only keep the component C in which w lies. The resulting graph is still quasi-
transitive since C' must be stabilised setwise by every automorphism. Further-
more, the degree of w does not increase by deleting parts of the graph. Hence
we can without loss of generality assume that the end of the counterexample G
is undominated.

Now apply Theorem to G. This gives a nested set S of separations
which is invariant under automorphisms—in particular, there are only finitely
many orbits of S under the action of Aut(G). Theorem further tells us
that there is a bijection between S and the edges of a one-ended tree 7" such that
the action of Aut(G) on S induces an action on 7' by automorphisms. Hence T
is a quasi-transitive one-ended tree, which contradicts Proposition [8.6.2 O

8.7 Appendix A

We say that a vertex v dominates a ray L if there are infinitely many v— L paths,
any two only having v as a common vertex. It follows from the definition of an
end that if a vertex domintes one ray belonging to an end then it dominates
every ray belonging to that end and dominates the end.

Proof of Lemma[8.3.3 Assume that the set X of dominating vertices is infi-
nite. By the above we can assume that there is a ray R and infinitely many
vertices x1, xa,... that dominate R in G. We show that G must then contain
a subdivision of the complete graph on x1,z9,.... Start by taking vertices vy
and vo on R; such that there are disjoint z; — vy and x5 — vo paths. Then
we find vertices wy and wsy furher along the ray R; such that there are disjoint
x1 — wy and x3 — w3 paths and still further along we find vertices us and ug
such that there are disjoint x5 — us and x3 — uz paths. Adding the relevant
segments of R we find x1 — x2, 1 — 3 and x5 — x3 paths having at most their
endvertices in common. The subgraph of G consisting of these three paths is
thus a subdivision of the complete graph on three vertices. Using induction we
can find an increasing sequence of subgraphs H,, of G that contains the vertices
Z1,%2,...,%, and also paths P;; linking x; and x; such that any two such paths
have at most their end vertices in common. The subgraph H,, is a subdivision
of the complete graph on n-vertices. The subgraph H = (J;2, H; is a subdivi-
sion of the complete graph on (countably) infinite set of vertices and contains
an infinite family of pairwise disjoint rays that all belong to the end w. This
contradicts our assumptions and we conclude that 7" must be finite. O

A ray decompositiowﬁ of adhesion m of a graph G consists of subgraphs
G1,Gs, ... such that:

1. G= U;.il Gi;

4Halin used the German term ‘schwach m-fach kettenférmig’.
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2. if Tpy1 = (Ul Gi) NGypi then |Tppi| = mand T € G\ (UPZ] Gi)
form=1,2,..;
3. for each value of n = 1,2, ... there are m pairwise disjoint paths in G, 1

that have their initial vertices in T},4; and teminal vertices in T}, 49;
4. none of the subgraphs G; contains a ray.

The following Menger-type result is used by Halin in his proof of [45] Satz 2].
In the proof we also use ideas from another one of Halin’s papers [44], Proof of
Satz 3].

Theorem 8.7.1. Let G be a locally finite connected graph with the property that
G contains a family of m pairwise disjoint rays but there is no such family of
m + 1 pairwise disjoint rays. Then there is in G a family of pairwise disjoint
separators T1,Ts, ... such that each contains precisely m vertices and a ray in
G must for some ng intersects all the sets T,, for n > ng.

Proof. Fix a reference vertex vy in G. Let E; denote the set of vertices in
distance precisely j from vg. Define also B; as the set of vertices in distance at
most i from vg. For numbers 4 and j such that i + 1 < j we construct a new
graph H;; such that we start with the subgraph of G induces by Bj, then we
remove B; but add a new vertex a that has as its neighbourhood the set 0B;
(for a set C of vertices dC denotes the set of vertices that are not in C but are
adjacent to some vertex in C') and we also add a new vertex b that has every
vertex in O(G \ B;) as its neighbour. Since G is assumed to be locally finite the
graph H;; is finite. (By abuse of notation we do not distinguish the additional
vertices a and b in different graphs H;;.)

Suppose that, for a fixed value of i, there are always for j big enough at
least % distinct a — b paths in H;; such that any two of them interesect only
in the vertices a and b. Then one can use the same argument as in the proof
of Ko6nig’s Infinity Lemma to show that then G contains a family of k pairwise
disjoint rays. Because G does not contain a family of m + 1 pairwise disjoint
rays there are for each ¢ a number j; such that for every j > j; there are at most
m disjoint @ — b paths in H;;,. Since a and b are not adjacent in H;;, then the
Menger Theorem says that minimum number of a vertices in an a — b separator
is equal to the maximal number of a — b paths such that any two of the paths
have no inner vertices in common. Whence there is in H;;, \ {a,b} a set T and
a — b separator with precisely m vertices. This set is also an separator in G
and every ray in G that has its initial vertex in B; must intersect 7. From this
information we can easily construct our sequence of separators 71,75, .. ..

We can also clearly assume that if 4; is the smallest number such that T} is
in B;, then T, N B;, = () for all k& > j. O

Corollary 8.7.2. Let G be a connected locally finite graph. Suppose w is an
end of G and w has finite vertex degree m. Then there is a sequence T1,T5, . ..
of separators each containing precisely m vertices such that if C; denotes the
component of G — T; that w belongs to then C1 2 Co D ... and ﬂfil C; =0.
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Proof. We use exactly the same argument as above except that when we con-
struct the H;; we only put in edges from b to those vertices in E; that are in
the boundary of the component of G\ B; that w lies in. O

Proof of Lemma[8.3.5 The first part of the Lemma about the existence of a
family of k pairwise disjoint rays in w with their initial vertices in AN B follows
directly from the above.

For the second part, the only thing we need to show is that there cannot
exist a separation (C, D) of order < k such that A C C and w lies in D. Such
a separation cannot exist because the k pairwise disjoint rays that have their
initial vertices in ANB and belong to w would all have to pass through CND. [O

Theorem 8.7.3. ([45, Satz 2]) Let G be a graph with the property that it con-
tains a family of m pairwise disjoint rays but no family of m+1 pairwise disjoint
rays. Let X denote the set of vertices in G that dominate some ray. Then the
set X is finite and the graph G — X has a ray decomposition of adhesion m.

Proof. Let Ry,..., R, denote a family of pairwise disjoint rays. Set R = Ry U
< URy,.

Any ray in G must intersect the set R in infinitely many vertices and thus
intersects one of the rays Ry,..., R,, in infinitely many vertices. From this we
conclude that every ray in G is in the same end as one of the rays Ry,..., Ry,.
Thus a vertex that dominates some ray in G must dominate one of the rays
Ry,...,Rn.

In Lemma we have already shown that the set of vertices dominating
an end of finite vertex degree is finite. Note also that if a vertex in R is in
infinitely many distinct sets of the type dC where C is a component of G\ R
then  would be a dominating vertex of some ray R;. Thus there can only be
finitely many vertices in R with this property.

We will now show that G — X has a ray decomposition of adhesion m. To
simplify the notation we will in the rest of the proof assume that X is empty.

Assume now that there is a component C of G — R such that 9C is infinite.
Take a spanning tree of C' and then adjoin the vertices in dC to this tree using
edges in G. Now we have a tree with infinitely many leafs. It is now apparent
that either the tree contains a ray that does not intersect R or there is a vertex in
C that dominates a ray in G. Both possibilities are contrary to our assumptions
and we can conclude that C is finite for every component C of G \ R.

For every set S in R of such that S = 9C' for some component C in G\ R we
find a locally finite connected subgraph Cg of C'U S containing S. The graph
G’ that is the union of R and all the subgraphs Cg is a locally finite graph. The
original graph G has a ray decomposition of adhesion m if and only if G’ has a
ray decomposition of adhesion m.

At this point we apply Theorem [8.7.1] From Theorem [8.7.1] we have the se-
quence T3, T5, . .. of separators. We choose T3 such that all the rays Ry,..., R,
intersect Tb. We start by defining G; for ¢ > 2 as the union of T; and all
those components of G — T; that contain the tail of some ray R;. Finally, set
G1 =G\ (G2 \ T»). Note that none of the subgraphs G; can contain a ray and
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our family of rays provides a family of m pairwise disjoint T; — T;41 paths. Now
we have shown that G has a ray decomposition of adhesion m. O

Finally, we are now ready to show how Halin’s result above implies Theo-
rem [8:3.0] that concerns w-relevant separations.

Proof of Theorem[8.3.6. We continue with the notation in the proof of Theo-
rem [B7.3] Recall that there are infinitely many pairwise disjoint paths con-
necting a ray R; to a ray R;. Thus we may assume that the initial vertices of
the rays Ri,... Ry all belong to the same component of G — Ty. We set A,
as the union of the component of G — T}, 11 that contains these initial vertices
with Ty, 1. Then set B,, = (G \ 4,,) UT,4+1. Now it is trivial to check that the
sequence (A, B,,) of separations satisfies the conditions. O

8.8 Appendix B

Proof of Lemma[8.5.1} Let o be an automorphism of 7. In cite [89, Proposi-
tion 3.2] Tits proved that there are three types of automorphisms of a tree:
(i) those that fix some vertex, (ii) those that fix no vertex but leave an edge
invariant and (iii) those that leave some double-ray ...,,v_1,v0,v1,v2,... in-
variant and act as non-trivial translations on that double-ray. (Similar results
were proved independently by Halin in [47].) Since T is one-ended it contains
no double-ray and thus (iii) is impossible. Suppose now that o fixes no vertex
in T but leaves the edge e invariant. The end of T lives in one of the compo-
nents of T'— e and o swaps the two components of T — e. This is impossible,
because T has only one end and this end must belong to one of the components
of T — e. Hence ¢ must fix some vertex v. There is a unique ray R’ in T with
v as an initial vertex and this ray is fixed pointwise by o. The two rays R and
R’ intersect in a ray that is a tail of R and this tail of R is fixed pointwise by
. O

8.9 Appendix C

In this Appendix we prove Lemma[8:5.2] which is a slightly sharpened version of
Lemma 3 from Halin’s paper [51]. The change is that ‘uncountable’ in Halin’s
results is replaced by ‘at least 280 elements’.

First there is an auxilliary result that corresponds to Lemma 2 in [51].

Lemma 8.9.1. Let G be a connected graph and T' = Aut(G). Suppose D is a
subset of the vertex set of G. Let {C;}icr denote the family of components of
G — D. Define G; as the subgraph spanned by C; U9C;. Set T'y = Aut(G;)ac,)-
Suppose that T; is either finite or has at least 280 elements for all i. Then ['(p)
is either finite or has at least 280 elements.

Proof. If one of the groups ~; has at least 280 elements then there is nothing
more to do. So, we assume that all these groups are finite.
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Now there are two situations where it is possible that I'(p) is infinite. The
first is when infinitely many of the groups I'; are non-trivial. For any family
{oi}ier such that o; € T'; we can find an automorphism o € I'e\¢,) € T'(py
such that the restriction to C; equals ¢; for all ¢. If infinitely many of the groups
I'c, are nontrivial, then there are at least 2% such families {o;};c;r and 'p)
must have at least 280 elements.

We say that two components C; and C; are equivalent if 0C; = 90C; and
there is an isomorphism ¢;; from the subgraph G; to the subgraph G; fixing
every vertex in 0C; = 9C;. Clearly there is an automorpism o;; of G that
fixes every vertex that is neither in C; nor C; such that o;;(v) = ¢;;(v) for
v € C; and 045(v) = gpi_jl(v) for v € Cj. If there are infinitely many disjoint
ordered pairs of equivalent components we can for any subset of these pairs
find an automorphism o € I'(p) such that if (Cy, C}) is in our subset then the
restriction of o to C; U Cj is equal to the restriction of o;;. There are at least
2% guch sets and thus ['(p) has at least 2% elements.

If neither of the two cases above occurs then I'(py is clearly finite. O

Proof of Lemma[8.5.4 Following Schmidt [84] (see also Halin’s paper [50, Sec-
tion 3]) we define, using induction, for each ordinal A a class of graphs A(\).
The class A(0) is the class of finite graphs. Suppose A > 0 and A(u) has already
been defined for all © < A. A graph G is in the class A()) if and only if it
contains a finite set F' of vertices such that each component of G — F is in A(u)
for some p < A. It is shown in the papers referred to above that if G belongs to
A(N) for some ordinal A then G is rayless and, conversely, every rayless graph
belongs to A(A) for some ordinal A. For a rayless graph G we define o(G) as
the smallest ordinal A such that G is in A(X).

The Lemma is proved by induction over o(G). If o(G) = 0 then the graph
G is finite and the automorphism group is also finite.

Assume that the result is true for all rayless graphs H such that o(H) < o(G).
Find a finite set F' of vertices such that each of the components of G — F" has a
smaller order than G. Denote the family of components of G — F with {C;}cr.
Denote with G; the subgraph induced by C; U 9C;. By induction hypothesis
the pointwise stabiliser of 9C; in Aut(G;) is either finite or has at least 2Ro
elements. Lemma above implies that Aut(G)p) is either finite or has at
least 280 elements. O
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Infinite matroids
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Chapter 9

Matroid intersection, base
packing and base covering
for infinite matroids

9.1 Abstract

As part of the recent developments in infinite matroid theory, there have been
a number of conjectures about how standard theorems of finite matroid theory
might extend to the infinite setting. These include base packing, base covering,
and matroid intersection and union. We show that several of these conjectures
are equivalent, so that each gives a perspective on the same central problem of
infinite matroid theory. For finite matroids, these equivalences give new and
simpler proofs for the finite theorems corresponding to these conjectures.

This new point of view also allows us to extend, and simplify the proofs of,
some cases where these conjectures were known to be true.

9.2 Introduction

The well-known finite matroid intersection theorem of Edmonds states that for
any two finite matroids M and N the size of a biggest common independent
set is equal to the minimum of the rank sum rp;(En) + ry(En), where the
minimum is taken over all partitions E = FE;;UEy. The same statement for
infinite matroids is true, but for a silly reason [32], which suggests that more
care is needed in extending this statement to the infinite case.

Nash-Williams [4] proposed the following for finitary matroids.

Conjecture 9.2.1 (The Matroid Intersection Conjecture). Any two matroids
M and N on a common ground set E have a common independent set I admit-
ting a partition I = Jyr U Jy such that Clp(Jar) U Cly(Jy) = E.
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For finite matroids this is easily seen to be equivalent to the intersection
theorem, which is why we refer to [Conjecture 9.2.1] as the Matroid Intersection
Conjecture. If for a pair of matroids M and N on a common ground set there
are sets I, Jyy and Jx as in Conjecture 0.2.1] we say that M and N have the
Intersection property, and that I, Jy;s and Jy witness this.

In [6], it was shown that this conjecture implies the celebrated Aharoni-
Berger-Theorem [2], also known as the Erdés-Menger-Conjecture. Call a ma-
troid finitary if all its circuits are finite and co-finitary if its dual is finitary.
The conjecture is true in the cases where M is finitary and N is co-finitary [6]E|
Aharoni and Ziv [4] proved the conjecture for one matroid finitary and the other
a countable direct sum of finite rank matroids.

In this chapter we will demonstrate that the Matroid Intersection Conjecture
is a natural formulation by showing that it is equivalent to several other new
conjectures in unexpectedly different parts of infinite matroid theory.

Suppose we have a family of matroids (My|k € K) on the same ground set
E. A packing for this family consists of a spanning set Sy for each M}, such that
the Sy are all disjoint. Note that not all families of matroids have a packing.
More precisely, the well-known finite base packing theorem states that if E is
finite then the family has a packing if and only if for every subset Y C E the
following holds.

Sy (V) < Y]

keK

The Aharoni-Thomassen graphs [3, B5] show that this theorem does not extend
verbatim to finitary matroids. However, the base packing theorem extends to fi-
nite families of co-finitary matroids [5]. This implies the topological tree packing
theorems of Diestel and Tutte. Independently from our main result, we close the
gap in between by showing that the base packing theorem extends to arbitrary
families of co-finitary matroids (for example, topological cycle matroids).

Similar to packings are coverings: a covering for the family (My|k € K)
consists of an independent set I for each Mj such that the I cover E. And
analogously to the base packing theorem, there is a base covering theorem char-
acterising the finite families of finite matroids admitting a covering.

We are now in a position to state our main conjecture, which we will show
is equivalent to the intersection conjecture. Roughly, the finite base packing
theorem says that a family has a packing if it is very dense. Similarly, the finite
base covering theorem says roughly that a family has a covering if it is very
sparse. Although not every family of matroids has a packing and not every
family has a covering, we could ask: is it always possible to divide the ground
set into a “dense” part, which has a packing, and a “sparse” part, which has a
covering?

Definition 9.2.2. We say that a family of matroids (My|k € K) on a common
ground set F, has the Packing/Covering property if E admits a partition F =
PUC such that (M| p|k € K) has a packing and (M.C|k € K) has a covering.

n fact in [6] the conjecture was proved for a slightly larger class.
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Conjecture 9.2.3. Any family of matroids on a common ground set has the
Packing/Covering property.

Here My | p is the restriction of My to P and M},.C is the contraction of My
onto C. Note that if (My]p|k € K) has a packing, then (My.P|k € K) has a
packing, so we get a stronger statement by taking the restriction here. Similarly,
we get a stronger statement by contracting to get the family which should have
a covering than we would get by restricting.

For finite matroids, we show that this new conjecture is true and implies
the base packing and base covering theorems. So the finite version of
unifies the base packing and the base covering theorem into one
theorem.

For infinite matroids, we show that [Conjecture 9.2.3| and the intersection
conjecture are equivalent, and that both are equivalent to [Conjecture 9.2.3| for
pairs of matroids. In fact, for pairs of matroids, we show that (M, N) has
the Packing/Covering property if and only if M and N* have the Intersection
property. As the Packing/Covering property is preserved under duality for pairs
of matroids, this shows the less obvious fact that the Intersection property is
also preserved under duality:

Corollary 9.2.4. If M and N are matroids on the same ground set then M
and N have the intersection property if and only if M* and N* do.

[Conjecture 9.2.3|also suggests a base packing conjecture and a base covering
conjecture which we show are equivalent to the intersection conjecture but not
to the above mentioned rank formula formulation of base packing for infinite
matroids.

The various results about when intersection is true transfer via these equiva-
lences to give results showing that these new conjectures also hold in the corre-
sponding special cases. For example, while the rank-formulation of the covering
theorem is not true for all families of co-finitary matroids, the new covering con-
jecture is true in that case. This yields a base covering theorem for the algebraic
cycle matroid of any locally finite graph and the topological cycle matroid of
any graph. Similarly, we immediately obtain in this way that the new packing
and covering conjectures are true for finite families of finitary matroids. Thus
we get packing and covering theorems for the finite cycle matroid of any graph.

For finite matroids, the proofs of the equivalences of these conjectures sim-
plify the proofs of the corresponding finite theorems.

We show that [Conjecture 9.2.3| might be seen as the infinite analogue of the
rank formula of the matroid union theorem. It should be noted that there are
two matroids whose union is not a matroid [5], so there is no infinite analogue
of the finite matroid union theorem as a whole.

This new point of view also allows us to give a simplified account of the
special cases of the intersection conjecture and even to extend the results a
little bit. Our result includes the following;:

Theorem 9.2.5. Any family of matroids (My|k € K) on the same ground set
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E for which there are only countably many sets appearing as circuits of matroids
in the family has the Packing/Covering property.

This chapter is organised as follows: In Section 2, we recall some basic
matroid theory and introduce a key idea, that of exchange chains. After this, in
Section 3, we restate our main conjecture and look at its relation to the infinite
matroid intersection conjecture. In Section 4, we prove a special case of our
main conjecture. In the next two sections, we consider base coverings and base
packings of infinite matroids. In the final section, Section 7, we give an overview
over the various equivalences we have proved.

9.3 Preliminaries

9.3.1 Basic matroid theory

Throughout, notation and terminology for graphs are that of [35], for matroids
that of [75] 22], and for topology that of [I0]. M always denotes a matroid
and E(M), Z(M), B(M), C(M) and S(M) denote its ground set and its sets of
independent sets, bases, circuits and spanning sets, respectively.
Recall that the set Z(M) is required to satisfy the followingindependence
azioms [22]:

(I1) 0 e Z(M).
(I2) Z(M) is closed under taking subsets.

(I3) Whenever I,I' € Z(M) with I’ maximal and I not maximal, there exists
an x € I’\ I such that I + 2z € Z(M).

(IM) Whenever I C X C F and I € Z(M), the set {I' e Z(M) |I CI' C X}
has a maximal element.

The axiom (IM) for the dual M* of M is equivalent to the following:
(IM*) Whenever Y C S C E and S € S(M), theset {S' € S(M)|Y C S5 C S}

has a minimal element.

As the dual of any matroid is also a matroid, every matroid satisfies this. We
need the following facts about circuits, the first of which is commonly referred
to as the infinite circuit elimination axiom [22]:

(C3) Whenever X C C € C(M) and {C, | z € X} C C(M) satisfies z € Cy <
x =y for all z,y € X, then for every z € C'\ (Uzex Cm) there exists a
C’ € C(M) such that z € ¢’ C (CUU,ex Ca) \ X.

(C4) Every dependent set contains a circuit.

A matroid is called finitary if every circuit is finite.

Lemma 9.3.1. A set S is M-spanning iff it meets every M -cocircuit.
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Proof. We prove the dual version where I := E(M) \ S.
A set I is M*-independent iff it does not contain an M *-circuit. (9.1

Clearly, if I contains a circuit, then it is not independent. Conversely, if I is
not independent, then by (C4) it also contains a circuit. O

Let 2% denote the power set of X. If M = (E,T) is a matroid, then for
every X C E there are matroids M|y := (X,Z N2%) (called the restriction
of M to X), M\X := M[p\ x (which we say is obtained from M by deleting
X)El, M.X := (M*[x)* (which we say is obtained by contracting onto X) and
M/X = M.(E'\ X) (which we say is obtained by contracting X). For e € E,
we will also denote M/{e} by M/e and M\{e} by M\e.

Given a base B of X (that is, a maximal independent subset of X), the
independent sets of M/X can be characterised as those subsets I of E\ X for
which B U I is independent in M.

Lemma 9.3.2. Let M be a matroid with ground set E = CUXUD and let o be
a circuit of M' = M /C\D. Then there is an M-circuit o with o’ Co C o' UC.

Proof. Let s be any M-base of C. Then s U o’ is M-dependent since o’ is M’'-
dependent. On the other hand, s U o — e is M-independent whenever e € o
since o’ — e is M’-independent. Putting this together yields that s U o’ contains
an M-circuit o, and this circuit must not avoid any e € o, as desired. O

For a family (M |k € K) of matroids, where M}, has ground set Ej, the direct
sum @, x My is the matroid with ground set | J,, . ;o £r x {k}, with independent
sets the sets of the form (J, ¢ Ix X {k} where for each k the set [}, is independent
in My,. Contraction and deletion commute with direct sums, in the sense that for
afamily (X}, C Exlk € K) we have @, o o (Mr/Xk) = (PBrex Mr)/(Uper Xk ¥
{k}) and @y (Mi\Xk) = (Brex Mi)\(Upex Xk x {k})

Lemma 9.3.3. Let M be a matroid and X C E(M). If S1 C X spans M|y
and S2 C E\ X spans M/X, then S1 U Sy spans M.

Proof. Let B be a maximal independent subset of S;. Then B spans S; and
Sy spans X, so B spans X. Thus B is a base of X. Now let e € M \ X \ S5.
Since e € Clyz/x (S2) there is a set I C £\ X such that I is M/X-independent
but I 4 e is not. Then B U [ is M-independent but B U I + e is not, so that
e € Clp(S1 + S2), as witnessed by the set B 4+ I. Any other element of E is
either in S; or is in X C Cl;(S7), and so is in the span of S U Ss. O

Lemma 9.3.4 ([23], Lemma 5). Let M be a matroid with a circuit C and a
co-circuit D, then |C N D| # 1.

2We use the notation M|y rather than the conventional notation M|X to avoid confusion
with our notation (Mg|k € K) for families of matroids.
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A particular class of matroids we shall employ is the uniform matroids U, g
on a ground set F, in which the bases are the subsets of F of size n. In fact, the
matroids we will use are those of the form U 5, in which the bases are all those
sets obtained by removing a single element from E. Such a matroid is said to
consist of a single circuit, because C(Uy ) = {E}. A subset is independent iff
it isn’t the whole of E. Note that for a subset X of E, UJ ply is free (every
subset is independent) unless X is the whole of E, and U 5. X = U} y unless
X is empty.

9.3.2 Exchange chains

Below, we will need a modification of the concept of exchange chains introduced
in [B]. The only modification is that we need not only exchange chains for
families with two members but more generally exchange chains for arbitrary
families, which we define as follows: Let (Mg|k € K) be a family of matroids
and let By € Z(My). A (Bilk € K)-exchange chain (from yo to yn) is a tuple
(Y0, ko; y1, k15 - - - ;Yn) where By, + y; includes an My, -circuit containing y; and
Yi+1- A (Bglk € K)-exchange chain from yg to y, is called shortest if there is
no (Bylk € K)-exchange chain (y{, k(; y1, k15 - -+ Yim) With Y5 = Yo, Yh = Un
and m < n. A typical exchange chain is shown in

Iy € Z(M;) Li+yo—y1+ya—
Cs
Y1 Y3
AN
C2 y2 04 y4
Iy € I(M>) L+yi—y2+ys—a
(a) Before the exchange (b) After the exchange

Figure 9.1: An (I3, I3)-exchange chain of length 4.

Lemma 9.3.5. Let (Mylk € K) be a family of matroids and let By, € T(My,).
If (yo, ko; y1, k15 - - -5 yn) is a shortest (Bglk € K)-exchange chain from yo to yn,
then B), € Z(My,) for every k, where

By, := By U{uilkr = k} \ {yuqa [k = k}
Moreover, Clyg, By, = Clyg, By..
Proof (Sketch). The proof that the Bj, are independent is done by induction on

n and is that of Lemma 4.5 in [5]. To see the second assertion, first note that
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{wilki = k} C Clas, By and thus Bj, € Clyy, Bi. Thus it suffices to show that
By, C Clyy, By, For this, note that the reverse tuple (Yn, kn—1;Yn—1, kn—2;- - -3 Yo)
is a Bj-exchange chain giving back the original By, so we can apply the preced-
ing argument again. O

Lemma 9.3.6. Let M be a matroid and I, B € Z(M) with B maximal and B\ I
finite. Then |I\ B| <|B\I|.

Lemma 9.3.7. Let (Mylk € K) be a family of matroids, let By, € Z(My) and
let C be a circuit for some My, such that C\ By, only contains one element,
e. If there is a (Bg|k € K)-exchange chain from xqg to e, then for every c € C,
there is a (By|k € K)-exchange chain from xq to c.

Proof. Let (yo = xo, ko;y1,k1;--.;yn = €) be an exchange chain from z( to e.
Then (yo = o, ko; Y1, k1;- - ;Yn = €, ko; ¢) is the desired exchange chain. O

9.4 The Packing/Covering conjecture

The matroid union theorem is a basic result in the theory of finite matroids.
It gives a way to produce a new matroid M = \/, _, M}, from a finite family
(Mg|k € K) of finite matroids on the same ground set E. We take a subset I of
E to be M-independent iff it is a union (J,x Ix with each Iy independent in
the corresponding matroid Mj. The fact that this gives a matroid is interesting,
but a great deal of the power of the theorem comes from the fact that it gives
an explicit formula for the ranks of sets in this matroid:

ru(X) = nggcémk(m +C| (9.2)

Here the minimisation is over those pairs (P, C) of subsets of X which partition
X.

For infinite matroids, or infinite families of matroids, this theorem is no
longer true [B], in that M is no longer a matroid. However, it turns out, as we
shall now show, that we may conjecture a natural extension of the rank formula
to infinite families of infinite matroids.

First, we state the formula in a way which does not rely on the assumption
that M is a matroid:

max
IkGI(Mk)

U %

= min > g (P)+[C] (9.3)
keK

keK

Note that this is really only the special case of with X = E. However,
it is easy to deduce the more general version by applying to the family
(M x|k € K).

Note also that no value ||{J,cx Ix| appearing on the left is bigger than
any value ), 7, (P) + |C| appearing on the right. To see this, note that
|Urex e N P)| <D ek T (P) and Jyc(Ix N C) € C. So the formula is
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equivalent to the statement that we can find (Iy|k € K) and P and C with
PUC = E so that
U 7

keK

= ru, (P)+]C]. (9.4)

keK

For this, what we need is to have equality in the two inequalities above, so we
get

U np)

keK

=Y ry(P)and | J(InC)=C. (9:5)

keK keK

The equation on the left can be broken down a bit further: it states that each
I, N P is spanning (and so a base) in the appropriate matroid M| p, and that
all these sets are disjoint. This is the familiar notion of a packing:

Definition 9.4.1. Let (My|k € K) be a family of matroids on the same ground
set E. A packing for this family consists of a spanning set S}, for each M}, such
that the Sy are all disjoint.

So the I, N P form a packing for the family (M [p|k € K). In fact, in this
case, each Iy N P is a base in the corresponding matroid. In
we do not require the Sy to be bases, but of course if we have a packing we can
take a base for each Sy and so obtain a packing employing only bases.

Dually, the right hand equation in corresponds to the presence of a
covering of C:

Definition 9.4.2. Let (My|k € K) be a family of matroids on the same ground
set E. A covering for this family consists of an independent set I for each M
such that the I cover F.

It is immediate that the sets I NC form a covering for the family (M [~k €
K). In fact we get the stronger statement that they form a covering for the
family (My.Clk € K) where we contract instead of restricting, since for each k
we have that I, N P is an Mj-base for P, and we also have that I, which is the
union of Iy N C with I N P, is M-independent.

Putting all of this together, we get the following self-dual notion:

Definition 9.4.3. Let (My|k € K) be a family of matroids on the same ground
set E. We say this family has the Packing/Covering property iff there is a
partition of E into two parts P (called the packing side) and C (called the
covering side) such that (My[p|k € K) has a packing, and (M;.C|k € K) has
a covering.

We have established above that this property follows from the rank for-
mula for union, but the argument can easily be reversed to show that in fact
Packing/Covering is equivalent to the rank formula, where that formula makes
sense. However, Packing/Covering also makes sense for infinite matroids, where
the rank formula is no longer useful. We are therefore led to the following
conjecture:
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[Conjecture 9.2.3l Every family of matroids on the same ground set has the
Packing/Covering property.

Because of this link to the rank formula, we immediately get a special case
of this conjecture:

Theorem 9.4.4. FEvery finite family of finite matroids on the same ground set
has the Packing/Covering property.

Packing/Covering for pairs of matroids is closely related to another property
which is conjectured to hold for all pairs of matroids.

Definition 9.4.5. A pair (M, N) of matroids on the same ground set E has the
Intersection property iff there is a subset J of F, independent in both matroids,
and a partition of J into two parts J™ and JV such that

Cly(J"YuCly(JY)=E.

[Conjecture 9.2.1l Fvery pair of matroids on the same ground set has the
Intersection property.

We begin by demonstrating a link between Packing/Covering for pairs of
matroids and Intersection.

Proposition 9.4.6. Let M and N be matroids on the same ground set E. Then
M and N have the Intersection property iff (M, N*) has the Packing/Covering

property.

Proof. Suppose first of all that (M, N*) has the Packing/Covering property,
with packing side P decomposed as SMUSN" and covering side C' decomposed
as IMUIN". Let J™ be an M-base of S™, and JV an N-base of C'\ IV .
J = JM U JV is independent in M since JV C I™ is independent in M.C and
JM is independent in M| p. Similarly .J is independent in N since J™ C P\ SN’
is independent in N.P and J¥ is independent in N|,. But also

Cly (JMY U Cly (JY) = Cly (SMYUCly(C\ IV ) D PUC=E.

Now suppose instead that M and N have the Intersection property, as wit-
nessed by J = JMUJN. Let JM C P C Cly (JM) and JY C C C Cly(JV) be
a partition of E (this is possible since Cly (JM)UCly(JV) = E). We shall show
first of all that M [p and N*[p have a packing, with the spanning sets given by
SM = JM and SN" = P\ JM. JM is spanning in M| p since P C Cly (JM),
so it is enough to check that P\ J is spanning in N*|p, or equivalently that
JM is independent in N.P. But this is true since JV is an N-base of C' and
JM U JN is N-independent.

Similarly, J¥ is independent in M.C, and since C C Cly (JV) JV is spanning
in N[ and so C'\ JV is independent in N*.C. Thus the sets I = JV and
IN" =\ JYN form a covering for (M.C, N*.C). O

174



Corollary 9.4.7. If M and N are matroids on the same ground set then (M, N)
has the Packing/Covering property iff (M*, N*) does. O

This corollary is not too hard to see directly. However, the following similar
corollary is less trivial.

[Corollary 9.2.41 If M and N are matroids on the same ground set then M
and N have the Intersection property iff M™* and N* do. O

[Proposition 9.4.6| shows that [Conjecture 9.2.1] follows from [Conjecture 9.2.3]
but so far we would only be able to use it to deduce that any pair of matroids
has the Packing/Covering property from [Conjecture 9.2.1} However, this turns
out to be enough to give the whole of |[Conjecture 9.2.3]

Proposition 9.4.8. Let (Mylk € K) be a family of matroids on the same
ground set E, and let M = @, My, on the ground set E x K. Let N be the
matroid on the same ground set given by € Ui - Then the My have the
Packing/Covering property iff M and N do.

eckE

Proof. First of all, suppose that the M} have the Packing/Covering property
and let P, C, Sj, and I, be as in [Definition 9.4.3] We can partition E x K into
P'=PxKand ' =Cx K. Let S™ =, ¢ Sk x {k}, and let SV = P"\ SM.
SM is spanning in M | p, by definition, and since the sets S}, are disjoint, there
is for each e € P at most one k € K with (e,k) ¢ SY. Thus SV is spanning
in N[p,. Similarly, let IM = Urex I x {k} and let IV = '\ 1M, M s
independent in M.C" by definition, and since the sets I, cover C' there is for
each e € E at least one k € K with (e,k) ¢ IV. Thus IV is independent in
N.C".

Now suppose instead that M and N have the Packing/Covering property,
with packing side P decomposed as SMUSYN and covering side C' decomposed
as IMUIN. First we modify these sets a little so that the packing and covering
sides are given by P x K and C' x K for some sets P and C. To this end,
we let P = {e € E|(Vk € K)(e,k) € P}, and C = {e € E|(Fk € K)(e,k) €
C}, so that P and C form a partition of E. Let ¥ = sV n (P x K) and
" = 1Vu ((C x K)\ C). We shall show that (SM,gN) is a packing for
(M5, 4 Nl5, ) and (IM,T") is a covering for (M.(C x K), N.(C x K)).

For any e € C, the restriction of the corresponding copy of Uik to PN
({e} x K) is free, and so since the intersection of SV with this set is spanning
there, it must contain the whole of PN ({e} x K). So since SM C P is disjoint
from SV, it can’t contain any (e, k) with e € C. That is, SM C PxK. It
also spans P x K in M, since it spans the larger set P. For each e € P,
VN (e} x K) = S¥ N ({e} x K) N-spans {e} x K. Thus §" N-spans P x K,
SO (SM,SN) is a packing for (M5, x» Nlpy i )-

To show that (IMjN) is a covering for (M.(C' x K), N.(C x K)), it suffices
to show that T is N.(C x K )-independent. For each e € C, the set CN({e} x K)
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is nonempty, so the contraction of the corresponding copy of Uy i to this set
consists of a single circuit, so there is some point in this set but not in V. Then
that same point is also not in TN, andso T N ({e} x K) is independent in the
corresponding copy of UY k., so TV is indeed N. (C x P)-independent.

Now that we have shown that P x K, C x K, (SM,SN) and (IMjN) also
witness that M and N have the Packing/Covering property, we show how we
can construct a packing and a covering for (My|5lk € K) and (My.Clk € K)
respectively.

For each k € K let I, = {e € E|(e,k) € IM}. Since, as we saw above, M
meets each of the sets {e} x K with e € C, the union of the I} is C. Since
also each Ij is independent in My.C, they form a covering for (My.Clk € K).
Similarly, let Sy = {e € E|(e,k) € SM}. Since the intersection of 5 with
{e} x K is spanning in the corresponding copy of Uy, for any e € P, it follows
that for such e it misses at most one point of this set, so that there can be at

most one point in SM N ({e} x K), so the Sy are disjoint. Thus they form a
packing of (M |5k € K). O

Corollary 9.4.9. The following are equivalent:

(a) Any two matroids have the Intersection property (Conjecture 9.2.1)).

(a) Any two matroids in which the second is a direct sum of copies of Uy o
have the Intersection property.

(a) Any pair of matroids has the Packing/Covering property.

(a) Any pair of matroids in which the second is a direct sum of copies of Uy 2
has the Packing/Covering property.

(a) Any family of matroids has the Packing/Covering property (Conjecture 9.2.3).

Proof. We shall prove the following equivalences.

(b) =—(d)

|

(@) =—=(c) =—=(¢)

The equivalences of (a) with (c¢) and (b) with (d) both follow from
tion 9.4.6] (c) evidently implies (d), but we can also get (c) from (d) by applying
Proposition 9.4.8] Similarly, (e) evidently implies (c) and we can get (e) from
(c) by applying [Proposition 9.4.8| O

9.5 A special case of the Packing/Covering con-
jecture

In [4], Aharoni and Ziv prove a special case of the intersection conjecture. Here
we employ a simplified form of their argument to prove a special case of the
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Packing/Covering conjecture. Our simplification also yields a slight strength-
ening of their theorem.
Key to the argument is the notion of a wave.

Definition 9.5.1. Let (Mj|k € K) be a family of matroids all on the ground set
E. A wave for this family is a subset P of E together with a packing (Si|k € K)
of (My]plk € K). In a slight abuse of notation, we shall sometimes refer to the
wave just as P or say that elements of P are in the wave. A wave is a hindrance
if the Sy don’t completely cover P. The family is unhindered if there is no
hindrance, and loose if the only wave is the empty wave.

Remark 9.5.2. Those familiar with Aharoni and Ziv’s notion of wave should
observe that if (P, (S1,S52)) is a wave as above and we let F' be an Ms-base
of Sy then F' is not only Ms-independent but also M7.P-independent, since
S; C P\ F is M;|p-spanning. Now since P C Clyy, (F'), we get that F is also
M. Clyy, (F)-independent. Thus F' is a wave in the sense of Aharoni and Ziv
for the matroids M7 and M. There is a similar correspondence of the other
notions defined above.

Similarly, they say that the pair (M;, My) is matchable iff there is a set which
is Mi-spanning and Ms-independent. Those interested in translating between
the two contexts should note that there is a covering for (M7, M) iff (M7, Ms)
is matchable.

We define a partial order on waves by (P, (Sklk € K)) < (P, (S} |k € K))
iff P C P’ and for each k € K we have S, C S},. We say a wave is mazimal iff
it is maximal with respect to this partial order.

Lemma 9.5.3. For any wave P there is a maximal wave Py > P.

Proof. This follows from Zorn’s Lemma since for any chain ((P;, (Si|k € K))|i €
I) the union (;¢; Bs, (Ui Silk € K)) is a wave. O

Lemma 9.5.4. Let (My|k € K) be a family of matroids on the same ground
set E, and let (P,(Sglk € K)) and (P',(S,|k € K)) be two waves. Then
(PUP,(S,U(S,\ P)|k € K)) is a wave.

Proof. Clearly, the Si U (S}, \ P) are disjoint and clys, Sy includes S;, N P and

hence clpg, (Sk U (S}, \ P)) includes P U P’, as desired. O
Corollary 9.5.5. If Ppax is a maximal wave then anything in any wave P is
i Prax.

Proof. We apply [Lemma 9.5.4] to the pair (Pyax, P). O

Lemma 9.5.6. For any e € E and k € K, any maximal wave P satisfies
e € Clyy, P whenever there is any wave P’ with e € Clyy, P'.

In particular, if e is not contained in any wave, there are at least two k such
that, for every wave P, we have e ¢ Clyy, P'.
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Proof. Let (P, (Si|k € K)) be a maximal wave. By [Corollary 9.5.5] for any wave
(P',(S,lk € K)) we have S}, C Clpy, Sk. Thus e € Clyy, P’ = Clyy, Sj, implies
e € Clyy, P, as desired.

For the second assertion, assume toward contradiction that there is at most
one kg such that, for every wave P', e ¢ Cly, P'. Then e € Clyy, P for all
k # ko. But then the following is a wave and contains e:

X := (P +e,(Sk|k € K)) where S, = Sy, + € and Sy = Sy, for other values of
k. This is a contradiction. O

Lemma 9.5.7. Let (P, (Sklk € K)) be a wave for a family (Mplk € K) of
matroids. Let (P, (S,|k € K)) be a wave for the family (My/Plk € K). Then
(PUP,(SpUSL|k € K)) is a wave for the family (My|k € K). If either P or
P’ is a hindrance then so is P U P'.

Remark 9.5.8. In fact, though we will not need this, a similar statement can
be shown for an ordinal indexed family of waves P?, with P? a wave for the
family (My/U, .5 P7|k € K).

Proof. For each k, the set S}, is spanning in My [p_p//P and Sy is spanning in
My pup/ [P, so by each set Sy U S}, spans P U P’, and they are
clearly disjoint. If the Sy don’t cover some point of P then the Sy U .S}, also
don’t cover that point, and the argument in the case where P’ is a hindrance is
similar. O

Corollary 9.5.9. For any mazimal wave Py, the family (My/Prax|k € K)
is loose.

We are now in a position to present another Conjecture equivalent to the
Packing/Covering Conjecture. It is for this new form that we shall present our
partial proof.

Conjecture 9.5.10. Any unhindered family of matroids has a covering.

Proposition 9.5.11. [Conjecture 9.5.10 and|Conjecture 9.2.5 are equivalent.

Proof. First of all, suppose that [Conjecture 9.2.3| holds, and that we have an
unhindered family (M|k € K) of matroids. Using|Conjecture 9.2.3] we get P,
C, S; and I, as in Then (P, (Sk|k € K)) is a wave, and since
it can’t be a hindrance the sets Sy cover P. They must also all be independent,
since otherwise we could remove a point from one of them to obtain a hindrance.
So the sets Sy U Iy, give a covering for (Mylk € K).

Now suppose instead that [Conjecture 9.5.10| holds, and let (My|k € K) be
any family of matroids on the ground set E. Then let (P, (Sk|k € K)) be a
maximal wave. By (M}, /Plk € K) is loose, and so in particular
this family is unhindered. So it has a covering (I} |k € K). Taking covering side
C = E\ P, this means that the M}, have the Packing/Covering property. O

Lemma 9.5.12. Suppose that we have an unhindered family (Mylk € K) of
matroids on a ground set E. Let e € E and ko € K such that for every wave P
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we have e ¢ Clay,, P. Then the family (My|k € K) on the ground set E — e is
also unhindered, where My, = My, /e but M; = My \e for other values of k.

Proof. Suppose not, for a contradiction, and let (P, (Sk|k € K)) be a hindrance
for (M]|k € K). Without loss of generality, we assume that the Sy are bases
of P. Let Sj be given by Eko = Sk, + e and Sk, = Si for other values of k.
Note that Si, is independent because otherwise, by the My, /e-independence
of Sk,, we must have e € Clar, (Sk,) (in fact, {e} must be an Mjy,-circuit),
so that P C Clag, (Sk,), and thus (P, (Sg|k € K)) is a wave for the M}, with
e € Clag,, P. Let P’ be the set of z € P such that there is no (Sxlk € K)-
exchange chain from x to e.

Let 29 € P\ Uyex Sk- If ©g € P, then we will show that (P, (P’ N Sklk €
K)) is a wave containing xg. This contradicts the assumption that (M |k € K)
is unhindered. We must show for every k that every z € P\ P' NSy is Mj-
spanned by P’ N S}. Since e ¢ P’ we cannot have z = e. Let C be the unique
circuit contained in z + S;. If x € P’, then C C P’ by SO
x € Clpy, (PN Sk), as desired.

If x9 ¢ P’, there is a shortest (Si|k € K)-exchange chain

(Yo = w0, kos y1, k13- .3 yn =€)

from g to e. Let §;€ = S U{ylki = k} \ {yir1]ki = k}. By |[Lemma 9.3.5 ?;C

is My-independent and Clyy, Sy, = Clyy, ka/ for all kK € K. Thus each ?;C M-

spans P but avoids e, in other words: (P, (§;c|k € K)) is an (My|k € K)-wave.
But also e € CleO P since e € S}, a contradiction. O

We will now discuss those partial versions of [Conjecture 9.5.10| which we can
prove. We would like to produce a covering of the ground set by independent sets
- and that means that we don’t want any of the sets in the covering to include
any circuits for the corresponding matroid. First of all, we show that we can at
least avoid some circuits. In fact, we’ll prove a slightly stronger theorem here,
showing that we can specify a countable family of sets, which are to be avoided
whenever they are dependent. In all our applications, the dependent sets we
care about will be circuits.

Theorem 9.5.13. Let (My|k € K) be an unhindered family of matroids on the
same ground set E. Suppose that we have a sequence of subsets o, of E. Then
there is a family (Ix|k € K) whose union is E and such that for no k € K and
n € N do we have both o, C I}, and o, dependent in M.

Proof. If some wave includes the whole ground set, then as the family is un-
hindered, this wave would yield the desired covering. Unfortunately, we may
not assume this. Instead, we recursively build a family (Jx|k € K) of dis-
joint sets such that some wave (P, (Sx|k € K)) for the My /Ji\ U, /i includes
enough of E \ |J, Ji that any family (Ix|k € K) whose union is £ and with
1IN (P U UkGK Jk) = S U Jp, will work.

We construct Ji, as the nested union of some (J'|n € NU {0}) with the
following properties. Abbreviate M := My /Ji\ U, JJ-
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a) Jp is independent in Mj,.
) For different k, the sets J;' are disjoint.
a) (M]'|k € K) is unhindered.
a) Either the set 0, \U,cx Ji is included in some (M;!|k € K)-wave or there
are distinct [, " such that there is some e € 0, N J}* and some €’ € 0,,NJ}.

Put J := 0 for all k. These satisfy ((a))-((a)), and ((a)) is vacuous since

there is no term oy (we are following the convention that 0 is not a natural
number). Assume that we have already constructed J;! satisfying @—(@

If ((a)) with 0,41 in place of o, is already satisfied by the (J7'[k € K) we
can simply take J'"! := J2 for all k.

Otherwise, if we let P4, be a maximal wave, there is some e € 0,41 \
Uker Ji not in P, and so not in any (M]'|k € K)-wave. By [Lemma 9.5.6,
there are at least two k € K such that e ¢ Clyp P’ for every wave P’. In
particular, e is not a loop ({e} is independent) in M} for those two k. Let [ be

one of these two values of k. Now let J;"™' := J" +e and J'™ := Jp for k # 1.
Then the F satisfy and . By and the choice of e,
we also have .

If the J,?H already satisfy , then we are done. Else, to obtain ij
repeat the induction step so far and find ¢’ € onq1 \ Upeg J,?H not in any

(M]'|k € K)-wave. Here M} is M}*/e if k = | and M]"\e otherwise. Further we
find, I # [ such that {€’} is independent in M;} and e’ ¢ Clyy, P’ for every wave
P'. Now let J+ = J™ + ¢ and Jt" = J*! for k # I'. Then the J;'
satisfy and ((a)) and now also ((a)). By and the choice of
e’, we also have ((a)]).

We now define a new family of matroids by M, := M;.C/Jk\Ul;,é,C J;, and
we construct an (M |k € K)-wave (P,(Skglk € K)). We once more do this
by taking the union of a recursively constructed nested family. Explicitly, we
take Sy = U,y Sy and P = |, oy P, where for each n the wave W" =
(P™,(Splk € K)) is a maximal wave for (M}]'|k € K) and the S}’ are nested.
We can find such waves using for each n we have that W™ is also
a wave for (M g+1|k‘ € K) since in our construction we never contract or delete
anything which is in a wave.

Now let (Ix|k € K) be chosen so that | J I, = E and for each ky € K we have
Ity N(PUUgek Jk) = Sko U Jk,- Suppose for a contradiction that for some pair
(ko,n) we have o, C I, and o, is dependent in My,. Then by , either the
set 0n \ Uk Ji is included in some (M}'|k € K)-wave or there are distinct 7,1’
such that there is some e € 0, N J;* and some €’ € o, N J}}. In the second case,
clearly o, ¢ I, .

In the first case, we will find a hindrance for (M} |k € K), which contradicts

. It suffices to show that S} is dependent in M}? , since then we can obtain a
hindrance by removing a point from Sj! in W". Let 0 = 0, \Upcx Ji = on\JJ, -
Note that o is dependent in My, since o, is dependent in My but Jy: is not
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by ((a)). By assumption, o C P™, and so since also o C o, C I, we have
o C Iy, N P" =57, so that S} is M -dependent as required.
0 0 0 D

Note that, in particular, if we have a countable family of matroids each with
only countably many circuits then applies in order to prove
[Conjecture 9.2.3| in that special case. Requiring only countably many circuits
might seem quite restrictive, but there are many cases where it holds:

Proposition 9.5.14. A matroid of any of the following types on a countable
ground set has only countably many circuits:

(a) A finitary matroid.
(a) A matroid whose dual has finite rank.
(a) A direct sum of matroids each with only countably many circuits.

Proof. follows from the fact that the countable ground set has only count-
ably many finite subsets. For , since every base B has finite complement,
there are only countably many bases. As every circuit is a fundamental circuit
for some base, there can only be countably many circuits, as desired. For ,
there can only be countably many nontrivial summands in the direct sum since
the ground set is countable, and the result follows. O

In particular, applies to any countable family of matroids
each of which is a direct sum of matroids that are finitary or whose duals have
finite rank. This includes the main result of Aharoni and Ziv in [4], if the ground
set E is countable, by |Proposition 9.4.6}

If we have a family of sets (I;|k € K) which does not form a covering, because
some elements aren’t independent, how might we tweak it to make them more
independent? Suppose that the reason why I is dependent is that it contains
a circuit o of My, but that o also includes a cocircuit for another matroid My,
from our family. Then we could move some point from I into I to remove
this dependence without making Iy, any more dependentﬂ We are therefore
not so worried about circuits including cocircuits in this way as we are about
other sorts of circuits. Therefore we now consider cases where most circuits do
include such cocircuits:

Definition 9.5.15. Let (Mglk € K) be a family of matroids on the same
ground set E. For each k € K we let W be the set of all Mj-circuits that
do not contain an Mj/-cocircuit with k' # k. Call the family (My|k € K) of
matroids at most countably weird if | J W}, is at most countable.

Note that if E is countable then (My|k € K) is at most countably weird if
and only if | JW® is countable where W is the subset of W}, consisting only
of the infinite circuits in W.

3We may assume that the I}, are disjoint. Then any new circuits in I}, would have to meet

the cocircuit in just one point, which is impossible by
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Theorem 9.5.16. Any unhindered and at most countably weird family (My|k €
K) of matroids has a covering.

Proof. Apply to (Mg|k € K) where the o, enumerate |J W}
where the W), are defined as in [Definition 9.5.15[

So far (Ix|k € K) is not necessarily a covering since each I, might still contain
circuits. But by the choice of the family of circuits each circuit contained in I
contains an Mjy/-cocircuit with k' # k.

In the following, we tweak (Ix|k € K) to obtain a covering (Li|k € K).
First extend I into a minimal Mj-spanning set By by (IM)*. We obtain Ly,
from By, by removing all elements in I, N|J, 21, Bi- We can suppose without loss
of generality (Ix|k € K) was a partition of E, and so the family (Li|k € K)
covers E. It remains to show that Lj is independent. For this, assume for
a contradiction that Lj contains an Mj-circuit C. By the choice of By, the
circuit C' is contained in I. In particular, C' contains an M;-cocircuit X for
some [ # k. By construction B; meets X and thus C. As C C I, the circuit C' is
not contained in Ly, a contradiction. So (Lg|k € K) is the desired covering. O

Theorem 9.5.17. Any at most countably weird family (My|k € K) of matroids
has the Packing/Covering property.

Proof. For each k € K, let Wi, be the set of all My-circuits that do not contain
an M -cocircuit with k' # k. Let (P, (Sklk € K)) be a maximal wave. We
may assume that each Si is a base of P. It suffices to show that the family
(My/P|k € K) has a covering.

By it suffices to show that the family (M;,/P|k € K) is at
most countably weird . Let W}, be the set of M, /P-circuits that do not include
some My / P-cocircuit for some k' # k. By for each o € Wy, there
is an Mj-circuit o0 included in o U S, with o C o.

Next we show that if 6 includes some My -cocircuit b, then b C o. In partic-
ular o includes some My / P-cocircuit. Indeed, otherwise N P is nonempty and
includes some My [ p-cocircuit. This cocircuit would be included in Sj, which
is impossible since Sy spans P, and is disjoint from Si. Thus if 6 is in Wy, then
o0is in Wy.

For each o € |JWj, we pick some k € K such that o € Wy, and let
t(0) = 6. Then ¢ : YWy — |JWj is an injection since if 1(0) = t(q), then
o=1(0)\ P =1(¢)\q¢q=gq Thus (My/P|k € K) is at most countably weird

and so (My/P|k € K) has a covering by [Theorem 9.5.16] which completes the
proof. O

However, there are still some important open questions here.

Definition 9.5.18 ([6]). The finitarisation of a matroid M is the matroid M /™
whose circuits are precisely the finite circuits of M E| A matroid is called nearly
finitary if every base misses at most finitely many elements of some base of the
finitarisation.

41t is easy to check that M7/ is indeed a matroid [6].
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From |[Proposition 9.4.6| and the corresponding case of Matroid Intersection
[6] we obtain the following:

Corollary 9.5.19. Any pair of nearly finitary matroids has the Packing/Covering
property.

By [Proposition 9.4.8|[Corollary 9.5.19|implies that any finite family of nearly
finitary matroids has the Packing/Covering property. Since every countable
set has only countably many finite subsets, any family of finitary matroids
supported on a countable ground set is at most countably weird, and thus
has the Packing/Covering property by [Theorem 9.5.17} On the other hand any
family of two cofinitary matroids has the Packing/Covering by [Corollary 9.5.19|
since the pairwise Packing/Covering Property is self-dual. By |[Proposition 9.4.8]
this implies that any family of cofinitary matroids has the Packing/Covering
property. We sum up these results in the following table.

Type of family cofinitary | finitary | nearly finitary
finite v v v
countable ground set | v/ v ?
arbitrary v ? ?

In particular, we do not know the answer to the following open questions.

Open Question 9.5.20. Must every family of nearly finitary matroids on a
countable common ground set have the Packing/Covering property?

Open Question 9.5.21. Must every family of finitary matroids have the Pack-
ing/Covering property?

9.6 Base covering

The well-known base covering theorem reads as follows.

Theorem 9.6.1. Any family of finite matroids (Mg|k € K) on a finite common
ground set E has a covering if and only if for every finite set X C E the following

holds.
> (X) > |X|
keK

Taking the family to contain only one matroid, consisting of one infinite
circuit, we see that this theorem does not extend verbatim to infinite matroids.
However, extends verbatim to finite families of finitary matroids
by compactness [5] | The requirement that the family is finite is necessary as
(Ux = U r|k € N) satisfies the rank formula but does not have a covering.

In the following, we conjecture an extension of the finite base covering theo-
rem to arbitrary infinite matroids. Our approach is to replace the rank formula

5The argument in [5] is only made in the case where all M} are the same but it easily
extends to finite families of arbitrary finitary matroids.
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by a condition that for finite sets X is implied by the rank formula but is still
meaningful for infinite sets. A first attempt might be the following:

Any packing for the family (M| x|k € K) is already a covering. (9.6)

Indeed, for finite X, if (M| x|k € K) has a packing and there is an element
of X not covered by the spanning sets of this packing, then this violates the
rank formula. However, there are infinite matroids that violate and still

have a covering, see |Figure 9.2

Figure 9.2: Above is a base packing which isn’t a base covering. Below that is
a base covering for the same matroids, namely the finite cycle matroid for the
graph, taken twice.

We propose to use instead the following weakening of .
If (Mg x|k € K) has a packing, then it also has a covering. (9.7

To see that (9.7) does not imply the rank formula for some finite X, consider
the family (M, M), where M is the finite cycle matroid of the graph

[ ] [ ]
~

This graph has an edge not contained in any cycle (so that (M, M) does not
have a packing) but enough parallel edges to make the rank formula false.
Using (9.7]), we obtain the following:

Conjecture 9.6.2 (Covering Conjecture). A family of matroids (My|k € K)
on the same ground set E has a covering if and only if is true for every
XCFE.
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Proposition 9.6.3. |Conjecture 9.2.5 and|Conjecture 9.6.4 are equivalent.

Proof. For the “only if” direction, note that [Conjecture 9.6.2] implies
which by [Proposition 9.5.11] implies [Conjecture 9.2.4}

For the “if” direction, note that by assumption we have a partition E = PUC
such that there exist disjoint M} [ p-spanning sets S; and Mj.C-independent
sets I, whose union is C. By (9.7), (My[p|k € K) has a covering with sets By,
where By, € Z(My|p). As Iy U By € Z(My,), the sets I, U By form the desired
covering. O

As Packing/Covering is true for finite matroids, [Proposition 9.6.3| implies
the non-trivial direction of [Theorem 9.6.1} By [Theorem 9.5.17 we obtain the

following applications.

Corollary 9.6.4. Any at most countably weird family of matroids (My|k € K)
has a covering if and only if is true for every X C F.

Let us now specialise to graphs. A good introduction to the algebraic and
the topological cycle matroids of infinite graphs is [2I]. We rely on the fact that
the algebraic cycle matroid of any locally finite graph and the topological cycle
matroid of any graph are co-finitary.

Definition 9.6.5. The bases of the topological cycle matroid are called topolog-
ical trees and the bases of the algebraic cycle matroid are called algebraic trees.
Using this we define topological tree-packing, topological tree-covering, algebraic
tree-packing, algebraic tree-covering.

Corollary 9.6.6 (Base covering for the topological cycle matroids). A family
of multigraphs (Gglk € K) on a common ground set E has a topological tree-
covering if and only if the following is true for every X C F.

If (Gi[X]|k € K) has a topological tree-packing, then it also has

a topological tree-covering. (9-8)

Corollary 9.6.7 (Base covering for the algebraic cycle matroids of locally finite
graphs). A family of locally finite multigraphs (Gilk € K) on a common ground
set E has an algebraic tree-covering if and only if the following is true for every
X CFE.

If (G| X]|k € K) has an algebraic tree-packing, then it also has

an algebraic tree-covering. (9-9)

9.7 Base packing

The well-known base packing theorem reads as follows.

Theorem 9.7.1. Any family of finite matroids (Mg|k € K) on a finite common
ground set E has a packing if and only if for every finite set Y C E the following

holds.
> ey (V) <Y
keK
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Aigner-Horey, Carmesin and Fréhlich [5] extended this theorem to families
consisting of finitely many copies of the same co-finitary matroid. We extend
this to arbitrary co-finitary families.

Theorem 9.7.2. Any family of co-finitary matroids (My|k € K) on a common
ground set E has a packing if and only if for every finite set Y C E the following

holds.
Sty (V) < 1Y
keK

Proof by a compactness argument. We will think of partitions of the ground set
FE as functions from E to K - such a function f corresponds to a partition
(S,{|k € K), given by S,’: = {e € E|f(e) = k}. Endow K with the co-finite
topology where a set is closed iff it is finite or the whole of K. Then endow
KF with the product topology, which is compact since the topology on K is
compact.

By a set S is spanning for a matroid M iff it meets every
cocircuit of that matroid. So we would like a function f contained in each of
the sets Cp p = {f\SIJCc N B # ()}, where B is a cocircuit for the matroid Mj.
We will prove the existence of such a function by a compactness argument: we
need to show that each C}, p is closed in the topology given above and that any
finite intersection of them is nonempty.

To show that Cy p is closed, we rewrite it as (J,.g{f|f(e) = k}. Each of
the sets {f|f(e) = k} is closed since their complements are basic open sets, and
the union is finite since M}, is co-finitary.

Now let (k;]1 <14 < n) and (B;|1 < i < n) be finite families with each B; a
cocircuit in My,. We need to show that (), ,.,, Ck, B, is nonempty. Let X =
Uy <i<n, Bi- Since the rank formula holds for each subset of X, we have by the
finite version of the base packing Theorem a packing (Si|k € K) of (M. X|k €
K). Now any f such that f(e) = k for e € Sy will be in (,.,~,, Cr,.B; by
since each B; is an Mj,.X-cocircuit. This completes the proof.

O

does not extend verbatim to arbitrary infinite matroids. In-

deed, for every integer k there exists a finitary matroid M on a ground set
E with no three disjoint bases yet satisfying |Y| > krasy (YY) for every finite
Y C FE [335].

In the following we conjecture an extension of the finite base packing theorem
to arbitrary infinite matroids. This extension uses the following condition, which
for finite sets Y is implied by the rank formula of the base packing theorem but
is still meaningful for infinite sets:

If (M.Y |k € K) has a covering, then it also has a packing. (9.10)

Indeed, if (M;.Y|k € K) has a covering and there is an element of ¥ con-
tained in several of the corresponding independent sets, then this violates the
rank formula.
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Using our new condition, we obtain the following:

Conjecture 9.7.3 (Packing Conjecture). A family of matroids (Mylk € K)
on the same ground set E has a packing if and only if is true for every
Y CE.

Proposition 9.7.4. [Conjecture 9.2.5 and|Conjecture 9.7.5 are equivalent.

Proof. Since by|Lemma 9.3.1{condition ((9.10) for a pair of matroids is equivalent
to (9.7) for the duals of those matroids and a pair of matroids have a packing

if and only if their duals have a covering, [Conjecture 9.7.3| implies that any
pair of matroids satisfying has a covering, and in particular that any
unhindered pair of matroids has a covering. As in the proof of , this
implies that any pair of matroids has the Packing/Covering property, which
implies [Conjecture 9.2.3| by [Corollary 9.4.9]

The converse is proved as in the proof of [Proposition 9.6.3| O

As Packing/Covering is true for finite matroids, |Proposition 9.7.4] implies
the non-trivial direction of [Theorem 9.7.1l By [Theorem 9.5.17] we obtain the
following applications.

Corollary 9.7.5. Any at most countably weird family of matroids on ground
set E has a packing if and only if 1s true for every Y C E.

Now let us specialise to graphs. The question if there is a packing theorem for
the finite cycle matroid of an infinite graph was raised by Nash-Williams in 1967
[73] , who suggested that a countable graph G has k edge-disjoint spanning trees
if and if k-7rpr v (Y) < |Y] for every finite edge set Y. Here M is the finite cycle
matroid of G. However, Aharoni and Thomassen constructed a counterexample
in 1989 [3]. Our approach gives the following two packing theorems for finite
cycle matroids of infinite graphs. We rely on the fact that the finite cycle
matroid of any graph is finitary.

Corollary 9.7.6 (Base packing theorem for the finite cycle matroid). Any
family of countable multigraphs (Gilk € K) with a common edge set E has a
tree-packing if and only if is true for every Y C E.

If (MY |k € K) has a tree-covering, then it also has a tree-

packing. (9-11)

Corollary 9.7.7 (Base packing theorem for the finite cycle matroid). Any finite
family of multigraphs (Gi|k € K) with common edge set E has a tree-packing if

and only if is true for every Y C E.

A similar result was obtained by Aharoni and Ziv [4]. However, their argu-
ment is different and they have the additional assumption that the ground set
is countable.

Note that the covering conjecture for arbitrary finitary families is still open
and equivalent to [Open Question 9.5.21]
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9.8 Overview

We have shown that a great many natural conjectures are equivalent, which we
will review in this section. We are indebted to a reviewer for pointing out the
importance of the fact that many of the equivalences we have proved specialise
to smaller classes than the class of all matroids. We therefore consider the
following conjectures, each of which could be made relative to a class M of
matroids.

The Intersection conjecture: Any two matroids in M on the same ground
set have the Intersection property

The pairwise Packing/Covering conjecture: Any pair of matroids from
M on the same ground set has the Packing/Covering property

The Packing/Covering conjecture: Any family of matroids from M on the
same ground set has the Packing/Covering property

The Packing conjecture: A family of matroids (M) € M|k € K) on the
same ground set E has a packing if and only if the following condition is
true for every Y C E:

If (M.Y |k € K) has a covering, then it also has a packing.

The Covering conjecture: A family of matroids (My € M|k € K) on the
same ground set E has a covering if and only if the following condition is
true for every Y C E:

If (Mg [y |k € K) has a packing, then it also has a covering.

Most crudely, if M is a class of matroids containing all matroids Uy ;- and
closed under duality, minors and direct sums then all of the above conjectures are
equivalent to each other, with proofs exactly as in this chapter. However, par-
ticular equivalences only depend on weaker conditions on the class M. For the
equivalence of the Intersection conjecture with the pairwise Packing/Covering
conjecture, both relative to M, we just need that M is closed under dual-
ity. For the equivalence of the pairwise Packing/Covering conjecture with the
Packing/Covering conjecture, we just need that M contains all the matroids
U7 i and is closed under direct sums. This equivalence also holds for classes of
matroids of bounded size:

Lemma 9.8.1. Let M be the class of all matroids on ground sets of cardinal-
ity less than k for some regulaﬁ cardinal k. Then the pairwise Packing/Covering
conjecture for M, is equivalent to the Packing/Covering conjecture for M.

SRecall that an infinite cardinal & is regular if and only if no set of cardinality & can be
expressed as a union of fewer than k sets, all of cardinality less than k.
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Proof (assuming the axiom of choice). It is clear that the pairwise Packing/Covering
conjecture follows from the Packing/Covering conjecture. For the converse, sup-
pose the pairwise Packing/Covering conjecture holds, and let (Mg|k € K) be
a family of matroids on the same ground set F of cardinality less than . For
each e € E, let K, be the set of k € K for which {e} is independent in M},. Let
E' = {e € E|#(K.) < r}, and let K’ = |J,cp Ke. Then K’ has cardinality
less than k, so by [Proposition 9.4.8| the family (M| g |k € K') has the Pack-
ing/Covering property: call the packing side P and the covering side C, and let
the packing and the covering be (Ix|k € K') and (Si|k € K').

Let ¢/ = E\ P, and for any k € K \ K’ let Sy = (), which is spanning
in Mi[E’ by the definition of K’. Using some well-ordering of F \ E’, we can
choose recursively for each e € E'\ E’ an element k(e) of K, such that all of the
k(e) are distinct. For each k € K \ K’, we now set I, = {e € E\ E'|k(e) = k},
which is either empty or has size 1 and is independent in My. Then the S
form a packing of P and the Ij form a covering of C’, so (Mg|k € K) has the
Packing/Covering property. O

For the equivalence of the Packing/Covering conjecture with the Covering
conjecture, both relative to M, we just need that M is closed under contraction.
For the equivalence of the Packing/Covering conjecture with the Packing con-
jecture, both relative to M, we just need that M is closed under deletion. To
see this, it is not enough to use the argument in the proof of [Proposition 9.7.4]
for that argument goes via the pairwise Packing/Covering conjecture. Instead,
an argument dual to that for the Covering conjecture must be used, relying on
the existence of maximal cowaves, where a cowave is a pair (C, (Ix|k € K)) with
the Iy, forming a covering of (M}.C|k € K). The existence of maximal cowaves

can be demonstrated by an argument dual to that for
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Chapter 10

On the intersection of
infinite matroids

10.1 Abstract

We show that the infinite matroid intersection conjecture of Nash-Williams im-
plies the infinite Menger theorem proved by Aharoni and Berger in 2009.

We prove that this conjecture is true whenever one matroid is nearly finitary
and the second is the dual of a nearly finitary matroid, where the nearly finitary
matroids form a superclass of the finitary matroids.

In particular, this proves the infinite matroid intersection conjecture for
finite-cycle matroids of 2-connected, locally finite graphs with only a finite num-
ber of vertex-disjoint rays.

10.2 Introduction

The infinite Menger theorenﬂ was conjectured by Erdés in the 1960s and proved
recently by Aharoni and Berger [2]. Tt states that for any two sets of vertices S
and T in a connected graph, there is a set of vertex-disjoint S-T-paths whose
maximality is witnessed by an S-T-separator picking exactly one vertex form
each of these paths.

The complexity of the only known proof of this theorem and the fact that
the finite Menger theorem has a short matroidal proof, make it natural to ask
whether a matroidal proof of the infinite Menger theorem exists. In this chapter,
we propose a way to approach this problem by proving that a conjecture of
Nash-Williams regarding infinite matroids implies the infinite Menger theorem.

Building on earlier work of Higgs and Oxley, recently, Bruhn, Diestel, Kriesell,
Pendavingh and Wollan [22] found axioms for infinite matroids in terms of inde-
pendent sets, bases, circuits, closure and (relative) rank. These axioms allow for

Isee [Theorem 10.4.1| below.
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duality of infinite matroids as known from finite matroid theory, which settled
an old problem of Rado. With these new axioms it is now possible to study
which theorems of finite matroid theory have infinite analogues.

Here, we shall look at Edmonds’ matroid intersection theorem, which is a
classical result in finite matroid theory [74]. It asserts that the maximum size
of a common independent set of two matroids My and M> on a common ground
set E is given by

)Iglci%rle(X)—l—rkMz(E\X), (10.1)

where rkjys, denotes the rank function of the matroid M.

In this chapter, we consider the following conjecture of Nash-Williams, which
first appeared in @E and serves as an infinite analogue to the finite matroid
intersection theore

Conjecture 10.2.1. [The infinite matroid intersection conjecture]
Any two matroids My and My on a common ground set E have a common inde-
pendent set I admitting a partition I = J1UJy such that clag, (J1)Uclar, (J2) = E.

Here, clp/(X) denotes the closure of a set X in a matroid M; it consists of X
and the elements spanned by X in M (see [74]).

10.2.1 Our results

Aharoni and Ziv [4] proved that [Conjecture 10.2.1implies the infinite analogues
of Knig’s and Hall’s theorems. We strengthen this by showing that this conjec-
ture implies the celebrated infinite Menger theorem (in the undirected version as

stated in[Theorem 10.4.1| below), which is known to imply the infinite analogues
of Knig’s and Hall’s theorems [35].

Theorem 10.2.2. The infinite matroid intersection conjecture for finitary ma-
troids implies the infinite Menger theorem.

We are able to prove new instances of|Conjecture 10.2.1}*l see{Theorem 10.2.5|
below. Before we can state this theorem, we need to introduce the class of ‘nearly
finitary matroids’. For any matroid M, taking as circuits only the finite circuits
of M defines a (finitary) matroid with the same ground set as M. This matroid
is called the finitarization of M and denoted by M.

It is not hard to show that every basis B of M extends to a basis Bfi® of
M"" | and conversely every basis Bi* of Mfi" contains a basis B of M. Whether
or not B\ B is finite will in general depend on the choices for B and Bfi®,
but given a choice for one of the two, it will no longer depend on the choice for
the second one.

2Historical note: in [4], Nash-Williams’s Conjecture is only made for finitary matroids,
those all of whose circuits are finite.

3An alternative notion of infinite matroid intersection was recently proposed by Chris-
tian [32].

4The methods of this chapter are refined in [I8], which was submitted to the arxiv half a
year after this chapter.
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We call a matroid M nearly finitary if every base of its finitarization contains
a base of M such that their difference is finite.

Next, let us look at some examples of nearly finitary matroids. There are
three natural extensions to the notion of a finite graphic matroid in an infinite
context [22]; each with ground set E(G). The most studied one is the finite-
cycle matroid, denoted Mpc(G), whose circuits are the finite cycles of G. This
is a finitary matroid, and hence is also nearly finitary.

The second extension is the algebraic-cycle matroid, denoted M4(G), whose
circuits are the finite cycles and double rays of G [22] IZHEI

Proposition 10.2.3. M4(G) is a nearly finitary matroid if and only if G has
only a finite number of vertex-disjoint rays.

The third extension is the topological-cycle matroid, denoted MC(G)EI, whose
circuits are the topological cycles of G (Thus M (G) = Mpc(G) for any finitely
separable graph G; see [Subsection 10.7.2| or [2] for definitions).

Proposition 10.2.4. Suppose that G is 2-connected and locally finite. Then,
Mc(G) is a nearly finitary matroid if and only if G has only a finite number of
vertex-disjoint rays.

Here we prove the following.

Theorem 10.2.5. [Conjecture 10.2.1] holds for My and Ms whenever My is
nearly finitary and My is the dual of a nearly finitary matroid.

Aharoni and Ziv [4] proved that the infinite matroid intersection conjecture
is true whenever one matroid is finitary and the other is a countable direct sum
of finite-rank matroids. Note that does not imply this result
of ] nor is it implied by it.

[Proposition 10.2.4] and [Theorem 10.2.5| can be used to prove the following.

Corollary 10.2.6. Suppose that G and H are 2-connected, locally finite graphs
with only a finite number of vertex-disjoint rays. Then their finite-cycle matroids
Mpc(G) and Mpc(H) satisfy the intersection conjecture.

Similar results are true for the algebraic-cycle matroid, the topological-cycle
matroid, and their duals.

10.2.2 An overview of the proof of [TTheorem 10.2.5|

In finite matroid theory, an exceptionally short proof of the matroid intersec-
tion theorem employing the well-known finite matroid union theorem [74l[85] is

5M 4 (G) is not necessarily a matroid for any G; see [57].
6 Mc(G) is a matroid for any G; see [21].
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known. The latter theorem assertsﬂ that for two finite matroids M; = (Ey,Z;)
and My = (Fs,7Z;) the set system

I(Ml \Y MQ) = {Il Ul | L el Ire IQ} (102)

forms the set of independent sets of their union matroid My V Ms. Throughout,
M* denotes the dual of a matroid M. We prove that this strategy of proof
extends to infinite matroids.

Theorem 10.2.7. If My and My are matroids on a common ground set E and
My V M5 is a matroid, then |Conjecture 10.2.1| holds for My and Ms.

Thus in order to prove [Conjecture 10.2.1} it would be enough to prove that
the union of any two matroids is a matroid. Unfortunately, this is not trueﬂ
We provide examples in However, we can prove that the union of
two nearly finitary matroids is a matroid.

Theorem 10.2.8. If My and My are nearly finitary matroids, then My V My
s a nearly finitary matroid.

Hence [Theorem 10.2.5 follows from combining [Theorem 10.2.8] and [Theo]
Lem T0.2.7

This chapter is organized as follows. Additional notation, terminology, and
basic lemmas are given in[Section 10.3] In[Section 10.4]we prove[Theorem 10.2.2]
In we prove [Theorem 10.2.8] 1In [Section 10.6] we prove
[fem 10.2.7 and in we prove Propositions [10.2.3] and [10.2.4] and
Corollary 10.2.6] In [Section 10.8] we construct matroids whose union is not a

matroid.

10.3 Preliminaries

Notation and terminology for graphs are that of [35], and for matroids that
of [22] [74].

Throughout, G always denotes a graph where V(G) and E(G) denote its
vertex and edge sets, respectively. We write M to denote a matroid and write
E(M), Z(M), B(M), and C(M) to denote its ground set, independent sets,
bases, and circuits, respectively.

It will be convenient to have a similar notation for set systems. That is, for
a set system Z over some ground set F, an element of Z is called independent, a
maximal element of Z is called a base of Z, and a minimal element of P(E)\Z
is called circuit of Z. A set system is finitary if an infinite set belongs to the

7Often the matroid union theorem is complemented by a formula for the rank function
of the union. This, however, is implied by the fact that the union is a matroid (as follows

from [Theorem 10.2.7] below and results of [I8]). This rank formula and its relation to

[fure 10.2.1}is studied in [I8].

This is not that surprsing as the methods of this chapter are much more elementary than
those developed by Aharoni and Berger in [2].
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system provided each of its finite subsets does; with this terminology, M is
finitary provided that Z(M) is finitary.

We review the definition of a matroid as this is given in [22]. A set system Z is
the set of independent sets of a matroid if it satisfies the following independence
axioms:

(I1) e .
(I2) [Z] =Z, that is, Z is closed under taking subsets.

(I3) Whenever I,I’ € T with I’ maximal and I not maximal, there exists an
x € I'\ I such that I + x € Z.

(IM) Whenever ] C X C Fand I € Z, theset {I' e Z|I CI' C X} has a
maximal element.

In [22], an equivalent axiom system to the independence axioms is provided
and is called the circuit axioms system; this axiom system characterises a ma-
troid in terms of its circuits. Of these circuit axioms, we shall make frequent use
of the so called (infinite) circuit elimination axiom phrased here for a matroid
M:

(C) Whenever X C C € C(M) and {C, | z € X} C C(M) satisfies z € Cy &
x =y for all z,y € X, then for every z € C'\ (UmeX Cx) there exists a
C’ € C(M) such that z € C' C (CUU,cx Cx) \ X.

The following is a well-known fact for finite matroids (see, e.g., [74]), which
generalizes easily to infinite matroids.

Lemma 10.3.1. [22, Lemma 3.11]
Let M be a matroid. Then, |CNC*| # 1, whenever C' € C(M) and C* € C(M™).

10.4 From infinite matroid intersection to the
infinite Menger theorem

In this section, we prove [Theorem 10.2.2} asserting that the infinite matroid

intersection conjecture implies the infinite Menger theorem.

Given a graph G and S,T C V(G), a set X C V(G) is called an S-T
separator if G — X contains no S—T path. The infinite Menger theorem reads
as follows.

Theorem 10.4.1 (Aharoni and Berger [2]). Let G be a connected graph. Then
for any S, T C V(QG) there is a set L of vertex-disjoint S-T paths and an S-T
separator X C Upc, V(P) satisfying | X NV(P)| =1 for each P € L.

Infinite matroid union cannot be used in order to obtain the infinite Menger
Theorem directly via [Theorem 10.2.7] and [Theorem 10.2.2} Indeed, in [Sec]
tion 10.8 we construct a finitary matroid M and a co-finitary matroid N such
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that their union is not a matroid. Consequently, one cannot apply
to the finitary matroids M and N* in order to obtain
for them. However, it is easy to see that [Conjecture 10.2.1]is true
for these particular M and N*.

Next, we prove [I'heorem 10.2.2

Proof of[Theorem 10.2.3. Let G be a connected graph and let S,T C V(G) be
as in [Theorem 10.4.1 We may assume that G[S] and G[T] are both connected.
Indeed, an S—T separator with G[S] and G[T] connected gives rise to an S—
T separator when these are not necessarily connected. Abbreviate E(S) :=
E(G[S]) and E(T) := E(G[T]), let M be the finite-cycle matroid Mz (G), and
put Mg := M/E(S)— E(T) and My := M/E(T)— E(S); all three matroids are
clearly finitary.

Assuming that the infinite matroid intersection conjecture holds for Mg and
M, there exists a set I € Z(Mg)NZ(My) which admits a partition I = JgUJp
satisfying

CIMS(JS) U CIMT(JT) =F,

where E = E(Mg) = E(Mr). We regard I as a subset of E(G).

For the components of G[I] we observe two useful properties. As [ is disjoint
from FE(S) and E(T), the edges of a cycle in a component of G[I] form a circuit in
both, Mg and Mp, contradicting the independence of I in either. Consequently,

the components of G[I] are trees. (10.3)

Next, an S—patfﬂ or a T-path in a component of G[I] gives rise to a circuit of
Mg or My in I, respectively. Hence,

[V(C)NS| <1and|V(C)NT| <1 for each component C of G[I].  (10.4)

Let C denote the components of G[I] meeting both of S and T. Then by
and each member of C contains a unique S—1 path and we denote
the set of all these paths by L. Clearly, the paths in £ are vertex-disjoint.

In what follows, we find a set X comprised of one vertex from each P € L to
serve as the required S—T separator. To that end, we show that one may alter
the partition I = Jg U Jr to yield a partition

I = Kg U K7 satistying clyrg (Kg) U cly, (Kr) = E and (Y.1-4), (10.5)
where (Y.1-4) are as follows.
(Y.1) Each component C' of G[I] contains a vertex of S UT.
(Y.1) Each component C' of G[I] meeting S but not T satisfies E(C) C Kg.
(Y.1) Each component C' of G[I] meeting T but not S satisfies E(C) C K.

9 A non-trivial path meeting G[S] exactly in its end vertices.
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(Y.1) Each component C' of G[I] meeting both, S and T, contains at most one
vertex which at the same time

(a) lies in S or is incident with an edge of Kg, and

(a) lies in T or is incident with an edge of K.

Postponing the proof of , we first show how to deduce the existence of
the required ST separator from (10.5). Define a pair of sets of vertices (Vg, Vr)
of V(@) by letting Vs consist of those vertices contained in S or incident with
an edge of Kg and defining V7 in a similar manner. Then Vg NV may serve as
the required S—T separator. To see this, we verify below that (Vg, V) satisfies
all of the terms (Z.1-4) stated next.

(Z.1) Vs UVpr = V(G);

(Z.1) for every edge e of G either e C Vg or e C Vr;
(Z.1) every vertex in Vg N Vr lies on a path from £; and

(Z.1) every member of £ meets Vs N Vp at most once.

To see (ZI(Z.1)]), suppose v is a vertex not in SUT. As G is connected, such
a vertex is incident with some edge e ¢ E(T)U E(S). The edge e is spanned by
Kr or Kg; say Kr. Thus, K1 + e contains a circle containing e or G[Kr + €]
has a T-path containing e. In either case v is incident with an edge of K1 and
thus in Vi, as desired.

To see (Z[(Z.1)), let e € clar, (K1) \Kr; so that Kp+e has a circle containing
e or G[Kr + ¢] has T-path containing e; in either case both end vertices of e are
in Vr, as desired. The treatment of the case e € clpr, (Kg) is similar.

To see (Z, let v € Vg N Vp; such is in S or is incident with an edge of
Kg, and in T or is incident with an edge in Kp. Let C be the component of
G[I] containing v. By (Y.1-4), C € C, i.e. it meets both, S and T and therefore
contains an S—T path P € L. Recall that every edge of C' is either in Kg or K
and consider the last vertex w of a maximal initial segment of P in C — K.
Then w satisfies (Y, as well as (Y, implying v = w; so that v lies on a
path from L.

To see (Z, we restate (Y in terms of Vg and Vr: each component
of C contains at most one vertex of Vg N V. This clearly also holds for the path
from £ which is contained in C.

It remains to prove . To this end, we show that any component C
of G[I] contains a vertex of S UT. Suppose not. Let e be the first edge on
a V(C)-S path @ which exists by the connectedness of G. Then e ¢ I but
without loss of generality we may assume that e € clp(Js). So in G[I] + e
there must be a cycle or an S-path. The latter implies that C' contains a vertex
of S and the former means that @ was not internally disjoint to V(C), yielding
contradictions in both cases.

We define the sets Kg and K as follows. Let C be a component of G[I].

1. If C meets S but not 7', then include its edges into Kg.
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2. If C meets T but not S, then include its edges into K.

3. Otherwise (C meets both of S and T') there is a path P from £ in C.
Denote by v the last vertex of a maximal initial segment of P in C' — Jr.
As C is a tree, each component C’ of C' — v is a tree and there is a
unique edge e between ve and C’. For every such component C; include
the edges of C' + ¢ in Kg if e € Js and in K7 otherwise, i.e. if e € Jr.

Note that, by choice of vo, either ve is the last vertex of P or the next edge of
P belongs to Jr. This ensures that Kg and Ky satisfy (Y](Y.1)). Moreover,
they form a partition of I which satisfies (Y{(Y.1){(Y.1)) by construction. It
remains to show that clys, (Kg) Ucly, (K7) = E.

As Ks U Ky = I, it suffices to show that any e € F \ I is spanned by Kg
in Mg or by Kt in My. Suppose e € cly,(Js), i.e. Jg + e contains a circuit
of Mg. Hence, G|Jg] either contains an e-path R or two disjoint e—S paths
R; and Ry. We show that E(R) C Kg or E(R) C Kr in the former case and
E(R1) UE(R2) C Kg in the latter.

The path R is contained in some component C' of G[I]. Suppose C € C and
ve is an inner vertex of R. By assumption, the edges preceding and succeeding
ve on R are both in Jg and hence the edges of both components of C'—v¢c which
are met by R plus their edges to ve got included into Kg, showing E(R) C K.
Otherwise C ¢ C or C € C but ve is no inner vertex of R. In both cases the
whole set E(R) got included into Kg or K.

We apply the same argument to Ry and Ry except for one difference. If
C ¢ C or C € C but ve is no inner vertex of R;, then E(R;) got included into
Kg as R; meets S.

Although the definitions of Kg and K are not symmetrical, a similar argu-
ment shows e € cly (Kg) Uclp. (Kr) if e is spanned by Jr in My. O

Note that the above proof requires only that [Conjecture 10.2.1| holds for
finite-cycle matroids.

10.5 Union

In this section, we prove The main difficulty in proving this
theorem is the need to verify that given two nearly finitary matroids M; and
My, that the set system Z(M; V Ms) satisfies the axioms (IM) and (I3).

To verify the (IM) axiom for the union of two nearly finitary matroids we
shall require the following theorem, proved below in [Subsection 10.5.2]

Proposition 10.5.1. If My and My are finitary matroids, then My vV Ms is a
finitary matroid.

To verify (IM) for the union of finitary matroids we use a compactness
argument (see [Subsection 10.5.2)). More specifically, we will show that Z(M; V
My) is a finitary set system whenever M; and My are finitary matroids. It is
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then an easy consequence of Zorn’s lemma that all finitary set systems satisfy
(IM).

The verification of axiom (I3) is dealt in a joint manner for both matroid
families. In the next section we prove the following.

Proposition 10.5.2. The set system Z(My V Mz) satisfies (13) for any two
matroids My and Ms.

Indeed, for finitary matroids, [Proposition 10.5.2] is fairly simple to prove.
We, however, require this proposition to hold for nearly finitary matroids as
well. Consequently, we prove this proposition in its full generality, i.e., for any
pair of matroids. In fact, it is interesting to note that the union of infinitely
many matroids satisfies (I3); though the axiom (IM) might be violated as seen
in |[Observation 10.5.10)).

At this point it is insightful to note a certain difference between the union
of finite matroids to that of finitary matroids in a more precise manner. By the
finite matroid union theorem if M admits two disjoint bases, then the union of
these bases forms a base of M V M. For finitary matroids the same assertion is
false.

Claim 10.5.3. There exists an infinite finitary matroid M with two disjoint
bases whose union is not a base of the matroid MV M as it is properly contained
in the union of some other two bases.

Proof. Consider the infinite one-sided ladder with every edge doubled, say H,
and recall that the bases of Mp(H) are the ordinary spanning trees of H. In
(B1, Bz) and (Bs, B4) are both pairs of disjoint bases of Mp(H).
However, BsU B, properly covers By UB> as it additionally contains the leftmost
edge of H O

Clearly, a direct sum of infinitely many copies of H gives rise to an infinite
sequence of unions of disjoint bases, each properly containing the previous one.
In fact, one can construct a (single) matroid formed as the union of two nearly
finitary matroids that admits an infinite properly nested sequence of unions of
disjoint bases.

[} [ [}
\ 1 \
\ ] ]
] 1 ]
1 1 1
] ] ]
] ) ]
] \ ]

Figure 10.1: The disjoint bases B; and Bs on the left are properly covered by
the bases B3 and By on the right.
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10.5.1 Exchange chains and the verification of axiom (I3)

In this section, we prove [Proposition 10.5.2l Throughout this section M; and
My are matroids. It will be useful to show that the following variant of (I3) is
satisfied.

Proposition 10.5.4. The set T = Z(M; V M) satisfies the following.

(18°) For allI, B € T where B is mazimal and all x € I\ B there exists y € B\ I
such that (I +y) —x € T.

Observe that unlike in (I3), the set I in (I3’) may be maximal.
We begin by showing that |[Proposition 10.5.4] implies [Proposition 10.5.2

Proof of |[Proposition 10.5.2 from [Proposition 10.5.4) Let I € Z be non-maximal
and B € 7 be maximal. As I is non-maximal there is an € FE \ I such that
I+ 2 €Z We may assume x ¢ B or the assertion follows by (I2). By (I13’),
applied to I + 2, B, and z € (I + z) \ B there is y € B\ ({ + z) such that
I+yel O

We proceed to prove [Proposition 10.5.4l The following notation and termi-
nology will be convenient. A circuit of M which contains a given set X C E(M)
is called an X -circuit.

By a representation of a set I € Z(M;V Ms), we mean a pair (I, Is) where
I € I(Ml) and I, € I(MQ) such that I = I U I5.

For sets I; € Z(M;) and I> € Z(Ms), and elements x € Iy Uy and y €
E(My) U E(Ms) (possibly in I; U L), atuple Y = (yo = y,...,yn, = x) with
y; # yiy1 for all ¢ is called an even (Iy,Is,y,x)-exchange chaiﬂ (or even
(I1, I, y, x)-chain) of length n if the following terms are satisfied.

(X1) For an even i, there exists a {y;, y;i+1 }-circuit C; C I1 + y; of M.
(X1) For an odd i, there exists a {y;, yit+1 }-circuit C; C Iy + y; of Ms.

If n > 1, then (X1) and (X2) imply that yo ¢ I; and that, starting with
y1 € I1 \ Lo, the elements y; alternate between I \ Iy and I5 \ Iy; the single
exception being y,, which can lie in Iy N I.

By an odd exchange chain (or odd chain) we mean an even chain with the
words ‘even’ and ‘odd’ interchanged in the definition. Consequently, we say
exchange chain (or chain) to refer to either of these notions. Furthermore,
a subchain of a chain is also a chain; that is, given an (11, I3, Yo, yn)-chain
(Yo, - -, Yn), the tuple (yg,...,y) is an (11, I, yx, yi)-chain for 0 < k <1 < n.

Lemma 10.5.5. If there exists an (I1, I2,y, x)-chain, then (I+y)—x € Z(MyV
M) where I := I UIy. Moreover, if x € Iy N Iy, then I +y € T(M; V Ms).

Remark. In the proof of[Lemma 10.5.5|chains are used in order to alter the sets
I; and I5; the change is in a single element. Nevertheless, to accomplish this
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Li+y—y1+y2—ys3

I, € T(M>) L+yi—y2+ys—a

(a) the initial representation (b) the obtained representation

Figure 10.2: An even exchange chain of length 4.

change, exchange chain of arbitrary length may be required; for instance, a chain
of length four is needed to handle the configuration depicted in
Next, we prove

Proof of [Lemma 10.5.5 The proof is by induction on the length of the chain.
The statement is trivial for chains of length 0. Assume n > 1 and that Y =

(Yo, ---,Yn) is a shortest ([, Is,y,x)-chain. Without loss of generality, let ¥
be an even chain. If Y’ := (y1,...,y,) is an (odd) (I1, Iz, y1, z)-chain where
I := (I + yo) — y1, then (({; U Lz) +y1) — x € Z(M; V Ms) by the induction
hypothesis and the assertion follows, since (1] Uly) +y; = (I3 Uls) +yo. If also
x € I1 N I, then either z € I{ NI or y; = = and hence n = 1. In the former
case I +y € Z(M; V M) follows from the induction hypothesis and in the latter
case I +y=I1UIl, € Z(My V M) as z € Is.

Since I has not changed, (X2) still holds for Y, so to verify that Y’ is an
(I1, Iz, y1, x)-chain, it remains to show I] € Z(M7) and to check (X1). To this
end, let C; be a {y;, y;+1}-circuit of My in I + y; for all even i. Such exist by
(X1) for Y. Notice that any circuit of Mj in I; + yo has to contain yg since
I, € Z(My). On the other hand, two distinct circuits in I + yo would give rise
to a circuit contained in I; by the circuit elimination axiom applied to these
two circuits, eliminating yo. Hence Cj is the unique circuit of M7 in I; 4+ yo and
y1 € Cg ensures I = (I1 +yg) — y1 € T(My).

To see (X1), we show that there is a {y;, yi+1 }-circuit C! of My in I] + y;
for every even i > 2. Indeed, if C; C I] + y;, then set C} := Cj; else, C;
contains an element of I; \ I} = {y1}. Furthermore, y; 1 € C; \ Co; otherwise
(Y0, Yit1s - - - Yn) is a shorter (I1, I, y, z)-chain for, contradicting the choice of
Y. Applying the circuit elimination axiom to Cy and C;, eliminating y; and
fixing y;+1, yields a circuit C! C (Co U C;) — y1 of M; containing y;+;1. Finally,
as I{ is independent and C} \ I{ C {y;} it follows that y; € C/. O

10Some authors call them augmenting paths
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We shall require the following. For I) € Z(M), I € Z(M>), and = € I; U I,
let
A(I1, I, x) := {a | there exists an (I1, I, a, x)-chain}.

This has the property that

for every y ¢ A, either Iy +y € Z(M7) or the unique circuit C,

of My in I; + y is disjoint from A. (10.6)

To see this, suppose Iy +y ¢ Z(My). Then there is a unique circuit Cy of
My in I +y. If C,N A = 0, then the assertion holds so we may assume
that Cy N A contains an element, a say. Hence there is an ([1, I, a, )-chain
(Yo =a,y1,--+,Yn-1,Yn = x). As a € I this chain must be odd or have length
0, that is, a = z. Clearly, (y,a,y1,...,Yn—1,2) is an even (I, Is,y, x)-chain,
contradicting the assumption that y ¢ A.

Next, we prove |Proposition 10.5.4]

Proof of [Proposition 10.5.] Let B € Z(M; V M) maximal, I € Z(M; V Ms),
and z € I\ B. Recall that we seek ay € B\ I such that (I4+y)—x € Z(M1V Ms).
Let (I1,1I2) and (B, B2) be representations of I and B, respectively. We may
assume I; € B(M;|I) and Iy € B(M|I). We may further assume that for all
y € B\ the sets I} +y and I +y are dependent in M; and M, respectively, for
otherwise it holds that I +y € Z(M; V M) so that the assertion follows. Hence,
for every y € (BUI) \ I there is a circuit C, C I; + y of My; such contains y
and is unique since otherwise the circuit elimination axiom applied to these two
circuits eliminating y yields a circuit contained in I;, a contradiction.

If A := A(I, I, ) intersects B\I, then the assertion follows from [Lemma 10.5.5

Else, AN(B\I) =0, in which case we derive a contradiction to the maximality

of B. To this end, set (Figure 10.3|)
Bi = (Bl\bl)Ull where bl = BlﬁA and ’il = IlﬁA

Bé = (BQ \bg) U s where by =By NA and ix:=I,NA

Since A contains x but is disjoint from B\ T, it holds that (b;Uby)+xz C i1 Uiy
and thus B+ x C B} U Bj. It remains to verify the independence of B} and B}
in M; and Ms, respectively.

Without loss of generality it is sufficient to show Bj € Z(M;). For the
remainder of the proof ‘independent’ and ‘circuit’ refer to the matroid Mj.
Suppose for a contradiction that the set B is dependent, that is, it contains
a circuit C. Since 41 and Bj \ by are independent, neither of these contain C'.
Hence there is an element a € CNi; € A. But C\I; C By \ A and therefore no
Cy with y € C'\ I contains a by . Thus, applying the circuit elimination
axiom on C eliminating all y € C'\ I; via C, fixing a, yields a circuit in Iy, a
contradiction. O

Since in the proof of [Proposition 10.5.4] the maximality of B is only used in
order to avoid the case that B+« € Z(M; V Ms), one may prove the following
slightly stronger statement.
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Figure 10.3: The independent sets I, at the top, and I5, at the bottom, the
bases Bj, on the right, and Bs, on the left, and their intersection with A.

Corollary 10.5.6. For all I,J € Z(My V M) and x € I\ J, if J+x ¢
Z(MyV Ms), then there exists y € J\ I such that (I +vy) —x € T(M; V My).

Next, the proof of |Proposition 10.5.4] shows that for any maximal represen-
tation (Iy, Iz) of I there is y € B\ I such that exchanging finitely many elements
of I} and I gives a representation of (I +y) — x.

For subsequent arguments, it will be useful to note the following corollary.
Above we used chains whose last element is fixed. One may clearly use chains
whose first element is fixed. If so, then one arrives at the following.

Corollary 10.5.7. For all I,J € Z(M1V Ms) andy € J\I, if [ +y ¢
I(M;V Ms), then there exists x € I\ J such that (I +y) —x € Z(M;y V My).

10.5.2 Finitary matroid union

In this section, we prove [Proposition 10.5.1] In view of [Proposition 10.5.2] it
remains to show that Z(M;V M) satisfies (IM) whenever M7 and Ms are finitary
matroids.

The verification of (IM) for countable finitary matroids can be done using
Konig’s infinity lemma. Here, in order to capture matroids on any infinite
ground set, we employ a topological approach. See [I0] for the required topo-
logical background needed here.

We recall the definition of the product topology on P(E). The usual base of
this topology is formed by the system of all sets

C(A,B)={XCE|ACX,BNnX =0},
where A, B C F are finite and disjoint. Note that these sets are closed as well.

Throughout this section, P(F) is endowed with the product topology and closed
is used in the topological sense only.
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We show that [Proposition 10.5.1| can easily be deduced from [Proposition 10.5.8]
and [Lemma 10.5.9} presented next.

Proposition 10.5.8. Let Z = [Z] C P(E). The following are equivalent.

10.5.81. T is finitary;
[T0.58.1. T is compact, in the subspace topology of P(E).

A standard compactness argument can be used in order to prove 10.5.8]1.)
Here, we employ a slightly less standard argument to prove 10.5.8]1.] as
well. Note that as P(E) is a compact Hausdorff space, assertion [10.5.8][10.5.8/1]
is equivalent to the assumption that Z is closed in P(FE), which we use quite
often in the following proofs.

Proof of [Proposition 10.5.8. To deduce[10.5.810.5.8[1] from[10.5.810.5.8[1] we
show that Z is closed. Let X ¢ Z. Since T is finitary, X has a finite subset
Y ¢ Z and no superset of Y is in Z as Z = [Z]. Therefore, C(Y,) is an open
set containing X and avoiding Z and hence 7 is closed.

For the converse direction, assume that Z is compact and let X be a set such
that all finite subsets of X are in Z. We show X € 7 using the finite intersection
propertyﬂ of P(E). Consider the family K of pairs (A, B) where A C X and
B C E\ X are both finite. The set C(A, B) NZ is closed for every (A, B) € K,
as C(A, B) and 7 are closed. If £ is a finite subfamily of I, then

U 4¢ ) (€@ B)NI).

(A,B)eL (A,B)eL

As P(FE) is compact, the finite intersection property yields

(1 CAB)|nI= () (C(AB)NI)#0.

(A,B)eKk (A,B)ek
However, (4 pyex C(A, B) = {X}. Consequently, X € Z, as desired. O
Lemma 10.5.9. IfZ and J are closed in P(E), then so is TV J.

Proof. Equipping P(E)x P(E) with the product topology, yields that Cartesian
products of closed sets in P(FE) are closed in P(F) x P(E). In particular, Z x J
is closed in P(E) x P(E). In order to prove that Z V J is closed, we note that
TV J is exactly the image of Z x J under the union map

f:P(E)x P(E) = P(E), f(A,B)=AUB.

It remains to check that f maps closed sets to closed sets; which is equivalent
to showing that f maps compact sets to compact sets as P(E) is a compact

1 The finite intersection property ensures that an intersection over a family C of closed sets
is non-empty if every intersection of finitely many members of C is.
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Hausdorff space. As continuous images of compact spaces are compact, it suffices
to prove that f is continuous, that is, to check that the pre-images of subbase
sets C({a},0) and C(0,{b}) are open as can be seen here:

F7H(C{a},0) = (C({a},0) x P(E)) U (P(E) x C({a},0))
F7HC@,{b})) = C(0,{b}) x C(0,{b}).

Next, we prove |[Proposition 10.5.1|

Proof of|Proposition 10.5.1. By |[Proposition 10.5.2|it remains to show that the
union Z(M,) V Z(My) satisfies (IM). As all finitary set systems satisfy (IM), by
Zorn’s lemma, it is sufficient to show that Z(M; V My) is finitary. By
[sition 10.5.8] Z(M;) and Z(M,) are both compact and thus closed in P(E),
yielding, by [Lemma 10.5.9} that Z(M;) vV I(M>) is closed in P(E), and thus
compact. As Z(My) V Z(Msy) = [Z(My) V Z(Mz)], [Proposition 10.5.8| asserts
that Z(My) V Z(M>) is finitary, as desired. O

We conclude this section with the following observation.

Observation 10.5.10. A countable union of finitary matroids need not be a
matroid.

Proof. We show that for any integer k£ > 1, the set system

1:= \/ Uk,R
neN

is not a matroid, where here Uy r denotes the k-uniform matroid with ground
set R.

Since a countable union of finite sets is countable, we have that the members
of 7 are the countable subsets of R. Consequently, the system Z violates the
(IM) axiom for I = ) and X = R. O

Above, we used the fact that the members of Z are countable and that the
ground set is uncountable. One can have the following more subtle example,
showing that a countable union of finite matroids need not be a matroid.

Let A ={aj,az,...} and B = {by, bs,...} be disjoint countable sets, and for
n €N, set B, := {a1,...,a,} U{by}. Then \/ Ui g, is an infinite union of
finite matroids and fails to satisfy (IM) for I = A and X = AU B = E(M).

10.5.3 Nearly finitary matroid union

In this section, we prove
For a matroid M, let Zf" (M) denote the set of subsets of E(M) containing

no finite circuit of M, or equivalently, the set of subsets of E(M) which have all
their finite subsets in Z(M). We call Mf» = (E(M),Z%(M)) the finitarization
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of M. With this notation, a matroid M is nearly finitary if it has the property
that

for each J € Z(M™™) there exists an I € Z(M) such that |J \ I| < co. (10.7)

For a set system Z (not necessarily the independent sets of a matroid) we
call a maximal member of Z a base and a minimal member subject to not being
in Z a circuit. With these conventions, the notions of finitarization and nearly
finitary carry over to set systems.

Let Z = [Z]. The finitarization Z%* of Z has the following properties.
1. T C I with equality if and only if Z is finitary.
2. I is finitary and its circuits are exactly the finite circuits of Z.
3. (Z|X)f» = 7| X in particular Z|X is nearly finitary if Z is.

The first two statements are obvious. To see the third, assume that Z is nearly
finitary and that J € Zf"|X C Zf». By definition there is I € Z such that
J\ I is finite. As J C X we also have that J \ (I N X) is finite and clearly
INX eIlX.

Proposition 10.5.11. The pair M = (E,I%(M)) is a finitary matroid,
whenever M is a matroid.

Proof. By construction, the set system Zi% = T(Mf) satisfies the axioms (I1)
and (I2) and is finitary, implying that it also satisfies (IM).

It remains to show that Z"" satisfies (I3). By definition, a set X C E(M)
is not in Z'™ if and only if it contains a finite circuit of M.

Let B, I € I where B is maximal and I is not, and let y € E(M) \ I such
that I +y € I, If I + 2 € " for any x € B\ I, then we are done.

Assuming the contrary, then y ¢ B and for any = € B\ I there exists a finite
circuit C; of M in I 4+ x containing . By maximality of B, there exists a finite
circuit C' of M in B + y containing y. By the circuit elimination axiom (in M)
applied to the circuits C' and {Cy}zex where X := C N (B \ I), there exists a
circuit

D C (cu U cgg)\xguy

reX

of M containing y € C'\ U,y Cz. The circuit D is finite, since the circuits C
and {C,} are; this contradicts I +y € Zfn. O

Proposition 10.5.12. For arbitrary matroids My and Mo it holds that

I(M{™ v M3*) = Z(M™ v M5™)™ = T(My v Mp)™.
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Proof. By [Proposition 10.5.11} the matroids Mf» and ME™ are finitary and
therefore M1V M3™ is a finitary as well, by [Proposition 10.5.1l This establishes
the first equality.

The second equality follows from the definition of finitarization provided we
show that the finite members of Z(Mfi" v M{") and Z(M; vV My) are the same.

Since Z(M;) C Z(M™) and Z(Ms) C Z(ME™) it holds that Z(Minv Min) DO
Z(M; V Ms). On the other hand, a finite set I € Z(Mfn v M{") can be written
as [ = I Ul with I; € Z(Mf") and I, € Z(M{") finite. As I; and I, are finite,
I e Z(My) and I, € Z(Ms), implying that I € Z(M;y V Ms). O

With the above notation a matroid M is nearly finitary if each base of
M contains a base of M such that their difference is finite. The following is
probably the most natural manner to construct nearly finitary matroids (that
are not finitary) from finitary matroids.

For a matroid M and an integer k > 0, set M[k] := (E(M),Z[k]), where

Tlk] := {I € Z(M) | 3J € Z(M) such that I C J and |J\ I| = k}.
Proposition 10.5.13. If rk(M) > k, then Mk] is a matroid.

Proof. The axiom (I1) holds as rk(M) > k; the axiom (12) holds as it does in M.
For (I3) let I', I € Z(M[k]) such that I’ is maximal and I is not. There is a set
F' C E(M)\I of size k such that, in M, the set I’UF” is not only independent
but, by maximality of I’, also a base. Similarly, there is a set FF C E(M) \ I of
size k such that TUF € Z(M).

We claim that I U F' is non-maximal in Z(M) for any such F'. Suppose not
and I U F' is maximal for some F' as above. By assumption, I is contained in
some larger set of Z(M|[k]). Hence there is a set F* C E(M) \ I of size k + 1
such that 7 U F'* is independent in M. Clearly (IUF)\ (IUF*)=F\ F* is

finite, so [Lemma 10.5.14] implies that
|[FF\F|=|JUF)\IUF)|<|TUF)\(IUF")|=|F\F*|.

In particular, k + 1 = |[F*| < |F| = k, a contradiction.

Hence we can pick F' such that FF' N F’ is maximal and, as I U F' is non-
maximal in Z(M), apply (I3) in M to obtain a z € (I’ UF’)\ (I U F) such that
(IUF)+ 2 € Z(M). This means I +x € Z(MIk]). And z € I'\ I follows, as
x ¢ F' by our choice of F.

To show (IM), let I C X C E(M) with I € Z(MIk]) be given. By (IM) for
M, there is a B € Z(M) which is maximal subject to I € B C X. We may
assume that F' := B\ I has at most k elements; for otherwise there is a superset
I' C B of I such that |[B\I'| = k and it suffices to find a maximal set containing
I' € Z(M][k]) instead of I.

We claim that for any F'* C X \ I of size k + 1 the set I U F'T is not in
Z(M]Ik]). For a contradiction, suppose it is. Then in M|X, the set B =IUF is
a base and I U F'T is independent and as (I U F)\ (/U F*) C F\ F7' is finite,

[emma 10.5.14) implies
|[FI\F|=|IUFH)\{IUF)|<|IUF)\(IUFT)|=|F\F*|.
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This means k + 1 = |F*| < |F| =k, a contradiction. So by successively adding
single elements of X \ I to I as long as the obtained set is still in Z(M|[k]) we
arrive at the wanted maximal element after at most k steps. O

We conclude this section with a proof of To this end, we

shall require following two lemmas.

Lemma 10.5.14. Let M be a matroid and I, B € Z(M) with B mazximal and
B\ I finite. Then, |I\ B| < |B\I|.

Proof. The proof is by induction on |B\ I|. For [B\ I| = 0 we have B C I and
hence B = I by maximality of B. Now suppose thereisy € B\ [. f I+y€Z
then by induction

I\B|=|I+y)\ Bl <|B\(I+y)|=[B\I|-1

and hence |I\ B| < |B\ I|. Otherwise there exists a unique circuit C' of M
in I +y. Clearly C' cannot be contained in B and therefore has an element
x €I\ B. Then (I +y) — « is independent, so by induction

I\B|-1=|(({+y) —2)\B| < [B\({+y)—=z)|=|B\I| -1,
and hence |I'\ B| < |B\I|. O

Lemma 10.5.15. Let T C P(E) be a nearly finitary set system satisfying (I1),
(12), and the following variant of (13):

(*) For all 1,J € T and ally € I\ J with J+vy ¢ T there exists x € J\ I
such that (J+y) —z €T.

Then T satisfies (IM).

Proof. Let I C X C E with I € Z. As 71" satisfies (IM) there is a set Bi® ¢ 7fin
which is maximal subject to I C Bfi® C X and being in Z%™. As T is nearly
finitary, there is J € Z such that Bfi" \ J is finite and we may assume that
J C X. Then, I\ J C Bfi"\ J is finite so that we may choose a J minimizing
[T\ J|. If there is a y € I\ J, then by (*) we have J +y € T or there is an
x € J\ I such that (J +y) —z € Z. Both outcomes give a set containing more
elements of I and hence contradicting the choice of J.

It remains to show that J can be extended to a maximal set B of Z in X.
For any superset J' € Z of J, we have J’ € I and B\ J’ is finite as it is a
subset of Bi*\ J. As 7" is a matroid, implies

7\ B < B ] < B .

Hence, |J'\ J| < 2|Bfi*\ J| < co. Thus, we can greedily add elements of X to
J to obtain the wanted set B after finitely many steps. O

Next, we prove
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Proof of|[Theorem 10.2.8. By |Proposition 10.5.4] in order to prove that M; V
Ms is a matroid, it is sufficient to prove that Z(M; V M) satisfies (IM). By
[Corollary 10.5.7| and [Lemma 10.5.15| it remains to show that Z(M; V M) is
nearly finitary.

So let J € T(M; vV My)f». By [Proposition 10.5.12] we may assume that
J = J1 U Jy with J; € Z(Mi") and J, € Z(M§™). By assumption there are
I € Z(M;y) and I € Z(Ms) such that Jy \ I; and Jy \ Iz are finite. Then I =
LUI; € Z(M;V M) and the assertion follows as J\ (I3 Uly) C (J1\I1)U(J2\I2)
is finite. U

10.6 From infinite matroid union to infinite ma-
troid intersection

In this section, we prove
Proof of [Theorem 10.2.7. Our starting point is the well-known proof from finite

matroid theory that matroid union implies a solution to the matroid intersection
problem. With that said, let By U By € B(M; V M3) where By € B(M;) and
B} € B(M3), and let By = E\ B; € B(Ms). Then, put I = By N By and note
that I € Z(M;) N Z(Ms). We show that I admits the required partition.

For an element = ¢ B;, i = 1,2, we write C;(x) to denote the fundamental
circuit of = into B; in M;. For an element x ¢ Bj, we write C5(z) to denote
the fundamental circuit of x into B3 in Mj. Put X = B1NB;, Y = By \ I, and

Z = B3\ X, see|Figure 10.4

By

blue is spanned by I in M,
red is spanned by I in M;

\_ red )

Figure 10.4: The sets X, Y, and Z and their colorings.

Observe that
cay, N Ucp,(I)=E=TUXUY UZ (10.8)

To see ([10.8]), note first that
X C elag, (I). (10.9)
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Clearly, no member of X is spanned by I in M;. Assume then that x € X is
not spanned by I in Mj so that there exists a y € Co(z)NY. Then, z € C5(y),
by Consequently, By UBj C By U (Bs +y—x) € Z(M; vV M3);
contradiction to the maximality of B; U B3, implying .

By a similar argument, it holds that

Y C el (I). (10.10)

To see that
chlMl(I)UclM2(I), (10.11)

assume, towards contradiction, that some z € Z is not spanned by I neither in
M; nor in My so that there exist an € C1(2) N X and a y € C2(z) NY. Then
B; —x+z and By —y+ 2z are bases and thus ByUB; C (B1—x+2)U(B3 —z+y);
contradiction to the maximality of By U B3. Assertion is proved.

The problem of finding a suitable partition I = J; U Js can be phrased
as a (directed) graph coloring problem. By (10.8), each 2 € E \ I satisfies
Ci(x) —x C I or Cy(x) —x C I. Define G = (V, E) to be the directed graph
whose vertex set is V' = E \ I and whose edge set is given by

E={(z,y) : Ci(z) N C2(y) NI # 0}. (10.12)

Recall that a source is a vertex with no incoming edges and a sink is a vertex
with no outgoing edges. As Cy(z) does not exist for any z € X and Cy(y) does
not exist for any y € Y, it follows that

the members of X are sinks and those of Y are sources in G. (10.13)

A 2-coloring of the vertices of G, by say blue and red, is called divisive if it
satisfies the following:

(D.1) I spans all the blue elements in M;
(D.1) I spans all the red elements in My; and

(D.1) Jy N Jy =0 where J; := (I Ci(x))NT and J3 := (U Cy(x))NI.

x blue z red

Clearly, if G has a divisive coloring, then I admits the required partition.

We show then that G admits a divisive coloring. Color with blue all the
sources. These are the vertices that can only be spanned by I in M;. Color
with red all the sinks, that is, all the vertices that can only be spanned by [
in Ms. This defines a partial coloring of G in which all members of X are red
and those of Y are blue. Such a partial coloring can clearly be extended into a
divisive coloring of G provided that

G has no (y,x)-path with y blue and x red. (10.14)

Indeed, given (10.14)) and (10.13)), color all vertices reachable by a path from
a blue vertex with the color blue, color all vertices from which a red vertex is
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reachable by a path with red, and color all remaining vertices with, say, blue.
The resulting coloring is divisive.

It remains to prove . We show that the existence of a path as in
contradicts the following property:
Suppose that M and N are matroids and BU B’ is maximal in Z(M V N). Let

y ¢ BUB’ and let x € BN B'. Then, (by|[Lemma 10.5.5

there exists no (B, B',y, x)-chain; (10.15)

(in fact, the contradiction in the proofs of ((10.9)),(10.10)), and (10.11)) arose

from simple instances of such forbidden chains).

Assume, towards contradiction, that P is a (y, x)-path with y blue and x red;
the intermediate vertices of such a path are not colored since they are not a sink
nor a source. In what follows we use P to construct a (B, B;,yo,ygm)—chain
(Y0, Y1, - - -, Y21p|) such that yo € Y, ypp| € X, all odd indexed members of the
chain are in V(P) N Z, and all even indexed elements of the chain other than
Yo and yo p| are in . Existence of such a chain would contradict .

Definition of yo. As y is pre-colored blue then either y € Y or Cy(y) NY # 0.
In the former case set yo = y and in the latter choose yo € Ca(y) NY.

Definition of yzp|- In a similar manner, = is pre-colored red since either
x € X or C1(x)NX # 0. In the former case, set y,p| = « and in the latter case
choose yop| € C1(z) N X.

The remainder of the chain. Enumerate V(P)NZ = {y1,y3,...,¥2/p|-1}
where the enumeration is with respect to the order of the vertices defined by
P. Next, for an edge (y2i—1,¥2i41) € E(P), let y2; € C1(y2i—1) N C2(y2i41) N 1;
such exists by the assumption that (y2;—1,y2i+1) € E. As y2i+1 € C5(y2i)
for all relevant ¢, by [Lemma 10.3.1] the sequence (yo,yl,yg,...,ymp‘) is a
(B1, B3, Y0, Y2 p|)-chain in Z(M; V My).

This completes our proof of O

Note that in the above proof, we do not use the assumption that M; V M35
is a matroid; in fact, we only need that Z(M; V MJ) has a maximal element.

10.7 The graphic nearly finitary matroids

In this section we prove Propositions [10.2.3] and [10.2.4] yielding a characteriza-
tion of the graphic nearly finitary matroids.

For a connected graph G, a maximal set of edges containing no finite cycles
is called an ordinary spanning tree. A maximal set of edges containing no finite
cycles nor any double ray is called an algebraic spanning tree. These are the
bases of Mp(G) and M4 (G), respectively. We postpone the discussion about
M¢c(G) to[Subsection 10.7.2}
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To prove Propositions[10.2.9] and [10.2.4] we require the following theorem of
Halin [34, Theorem 8.2.5].

Theorem 10.7.1 (Halin 1965). If an infinite graph G contains k disjoint rays
for every k € N, then G contains infinitely many disjoint rays.

10.7.1 The nearly finitary algebraic-cycle matroids

The purpose of this subsection is to prove [Proposition 10.2.3]

Proof of|Proposition 10.2.5. Suppose that G has k disjoint rays for every integer
k; so that G has a set R of infinitely many disjoint rays by We
show that M4(G) is not nearly finitary.

The edge set of [JR = Jper R is independent in M4 (G)" as it induces
no finite cycle of G. Therefore there is a base of M (G)™ containing it; such
induces an ordinary spanning tree, say T', of G. We show that

T — F contains a double ray for any finite edge set F' C E(T). (10.16)

This implies that E(T') \ I is infinite for every independent set I of M4(G) and
hence M4(G) is not nearly finitary. To see (10.16]), note that T — F has |F|+ 1
components for any finite edge set F' C E(T) as T is a tree and successively
removing edges always splits one component into two. So one of these compo-
nents contains infinitely many disjoint rays from R and consequently a double
ray.

Suppose next, that G has at most k£ disjoint rays for some integer k and let
T be an ordinary spanning tree of G, that is, E(T) is maximal in M (G)i".
To prove that M4(G) is nearly finitary, we need to find a finite set F C E(T)
such that E(T) \ F is independent in M4(G), i.e. it induces no double ray of
G. Let R be a maximal set of disjoint rays in T'; such exists by assumption and
|R| < k. As T is a tree and the rays of R are vertex-disjoint, it is easy to see
that T contains a set F' of |R| — 1 edges such that T'— F' has |R| components
which each contain one ray of R. By maximality of R no component of T — F
contains two disjoint rays, or equivalently, a double ray. O

10.7.2 The nearly finitary topological-cycle matroids

In this section we prove [Proposition 10.2.4]that characterizes the nearly finitary
topological-cycle matroids. Prior to that, we first define these matroids. To
that end we shall require some additional notation and terminology on which
more details can be found in [2]].

An end of G is an equivalence class of rays, where two rays are equivalent if
they cannot be separated by a finite edge set. In particular, two rays meeting
infinitely often are equivalent. Let the degree of an end w be the size of a maximal
set of vertex-disjoint rays belonging to w, which is well-defined [35]. We say that
a double ray belongs to an end if the two rays which arise from the removal of
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one edge from the double ray belong to that end; this does not depend on the
choice of the edge. Such a double ray is an example of a topological cycle{E

For a graph G the topological-cycle matroid of G, namely M¢(G), has E(G)
as its ground set and its set of circuits consists of the finite and topological
cycles. In fact, every infinite circuit of M (G) induces at least one double ray;
provided that G is locally finite [35].

A graph G has only finitely many disjoint rays if and only if G has only
finitely many ends, each with finite degree. Also, note that

every end of a 2-connected locally finite graph has degree at least 2. (10.17)

Indeed, applying Menger’s theorem inductively, it is easy to construct in any
k-connected graph for any end w a set of k disjoint rays of w.
Now we are in a position to start the proof of [Proposition 10.2.4}

Proof of |Proposition 10.2.4). If G has only a finite number of vertex-disjoint
rays then M4(G) is nearly finitary by [Proposition 10.2.3l Since M4(G)fi* =
Mc(G) ™ and T(M4(G)) € I(Mc(G)), we can conclude that Mq(G) is nearly
finitary as well.

Now, suppose that G contains k vertex-disjoint rays for every k € N. If G
has an end w of infinite degree, then there is an infinite set R of vertex-disjoint
rays belonging to w. As any double ray containing two rays of R forms a circuit
of Mo (G), the argument from the proof of [Proposition 10.2.3|shows that M (G)
is not nearly finitary.

Assume then that G has no end of infinite degree. There are infinitely
many disjoint rays, by Hence, there is a countable set of ends
Q= {wi,ws,...}

We inductively construct a set R of infinitely many vertex-disjoint double
rays, one belonging to each end of 2. Suppose that for any integer n > 0 we
have constructed a set R,, of n disjoint double rays, one belonging to each of the
ends wy,...,wy,. Different ends can be separated by finitely many vertices so
there is a finite set .S of vertices such that | JR,, has no vertex in the component
C of G — S which contains wy, 1. Since w,y1 has degree 2 by , there
are two disjoint rays from w1 in C' an thus also a double ray D belonging to
Wny1. Set Rpq1:= Ry, U{D} and R := |, cn R

As |UR contains no finite cycle of G, it can be extended to an ordinary
spanning tree of G. Removing finitely many edges from this tree clearly leaves
an element of R intact. Hence, the edge set of the resulting graph still contains
a circuit of Mo (G). Thus, M¢(G) is not nearly finitary in this case as well. [

In the following we shall propose a possible extension of to
matroids. We call a matroid M k-nearly finitary if every base of its finitarization
contains a base of M such that their difference has size at most k. Note that

12Formally, the topological cycles of G are those subgraphs of G' which are homeomorphic
images of S! in the Freudenthal compactification |G| of G. However, the given example is the
only type of topological cycle which shall be needed for the proof.
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saying ‘at most k’ is not equivalent to saying ‘equal to k’, consider for example
the algebraic-cycle matroid of the infinite ladder. We conjecture the following.

Conjecture 10.7.2. Fvery nearly finitary matroid is k-nearly finitary for some
k.

We remark that Propositions [10.2.3] and [10.2.4] above are special cases of
this conjecture. In the proof of Proposition [10.2.4] we used In
fact it is not difficult to show that Proposition [10.2.4] and [Theorem 10.7.1] are
equivalent. In particular, [Conjecture 10.7.2] implies [Theorem 10.7.1}

10.7.3 Graphic matroids and the intersection conjecture

By [Theorem 10.2.5| the intersection conjecture is true for M (G) and Mpc(H)

for any two graphs G and H since the first is co-finitary and the second is
finitary. Using also [Proposition 10.2.4] we obtain the following.

Corollary 10.7.3. Suppose that G and H are 2-connected, locally finite graphs
with only a finite number of vertex-disjoint rays. Then, Mc(G) and Mo (H)
satisfy the intersection conjecture. O

Using [Proposition 10.2.3|instead of [Proposition 10.2.4] we obtain the follow-
ing.

Corollary 10.7.4. Suppose that G and H are graphs with only a finite num-
ber of vertex-disjoint rays. Then, Ms(G) and Ma(H) satisfy the intersection
conjecture if both are matroids. O

With a little more work, the same is also true for Mpc(G), see
ary 10.2.6

Proof of [Corollary 10.2.6. First we show that (((Mc(G)™)*)i)* = Mc(G) if
G is locally finite. Indeed, then M (G) = Mpc(G), Mpc(G)* is the matroids
whose circuits are the finite and infinite bonds of G, and its finitarization has
as its circuits the finite bonds of G. And the dual of this matroid is Mc(G), see
[22] for example.

Having showed that (((Mc(G)5)*)i")* = Mo (Q) if G is locally finite, we
next show that if Mc(G) is nearly finitary, then so is Mpc(G)*. For this let
B be a base of Mpc(G)* and B’ be a base of (Mpc(G)*) ™. Then B'\ B =
(E\ B)\ (E\ B'). Now E\ B is a base of Mrc(G) = Mc(G)™ and by the
above E\ B’ is a base of M¢(G). Since M¢(G) is nearly finitary, B’\ B is finite,
yielding that Mpc(G)* is nearly finitary.

As Mpco(G)* is nearly finitary and Mpc(H) is finitary, Mpo(H) and Mpe(G)
satisfy the intersection conjecture by O

A similar argument shows that if G and H are are 2-connected, locally finite
graphs with only a finite number of vertex-disjoint rays, then one can also prove
that Mpc(G)* and Mpe(H)* satisfy the intersection conjecture. Similar results
are true for Mc(G)* or M 4(G)* in place of Mpc(G)*.
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10.8 Union of arbitrary infinite matroids

In this section, we show that there exists infinite matroids M and N whose
union is not a matroid.

In we treat the relatively simpler case in which M is finitary

and N is co-finitary and both have uncountable ground sets. Second, then, in
“laim 10.8.2] we refine the argument as to have M both finitary and co-finitary
and N co-finitary and both on countable ground sets.

Claim 10.8.1. There exists a finitary matroid M and a co-finitary matroid N
such that Z(M V N) is not a matroid.

Proof. Set E = E(M) = E(N) = N x R. Next, put M := @, .y My, where
M, := Uy (nyxr- The matroid M is finitary as it is a direct sum of 1-uniform
matroids. For r € R, let N, be the circuit matroid on N x {r}; set N :=

@, cr Nr. As N is a direct sum of circuits, it is co-finitary. (see[Figure 10.5)).

M,

- M - M - My
i (1,0) (2,0) (3,0) (4,0) —cf

Figure 10.5: M =@, .y Mn and N = @, . N»-

neN

We show that Z(M Vv N) violates the axiom (IM) for I = §) and X = E;
so that Z(M V N) has no maximal elements. It is sufficient to show that a set
J C E belongs to Z(M Vv N) if and only if it contains at most countably many
circuits of N. For if so, then for any J € Z(M V N) and any circuit C = N x {r}
of N with C' ¢ J (such a circuit exists) we have JUC € Z(M V N).

The point to observe here is that every independent set of M is countable,
(since every such set meets at most one element of M,, for each n € N), and that
every independent set of N misses uncountably many elements of F (as any such
set must miss at least one element of N, for each r € R).

Suppose J C E contains uncountably many circuits of N. Since each inde-
pendent set of N misses uncountably many elements of E, every set D = J\ Jy
is uncountable whenever Jy € Z(.J). On the other hand, since each independent
set of M is countable, we have that D ¢ Z(M). Consequently, J ¢ Z(M Vv N),
as required.

We may assume then that J C E contains only countably many circuits of
N, namely, {C,,,C,,,...}. Now the set Jyy = {(4,7;) : ¢ € N} is independent in
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M; consequently, J \ Jys is independent in N; completing the proof. O
We proceed with matroids on countable ground sets.

Claim 10.8.2. There exist a matroid M that is both finitary and co-finitray, and
a co-finitary matroid N whose common ground is countable such that Z(M V N)
is not a matroid.

Proof. For the common ground set we take F = (N x N) U L where L =
{¢1,0s,...} is countable and disjoint to N x N. The matroids N and M are
defined as follows. For r € N, let N, be the circuit matroid on N x {r}. Set
N to be the matroid on E obtained by adding the elements of L to the ma-
troid EBTeN N, as loops. Next, for n € N, let M,, be the 1-uniform matroid on
({n} x {1,2,...,n}) U {l,}. Let M be the matroid obtained by adding to the
matroid P, .y My, all the members of £\ E(D,,cy Mn) as loops

We show that Z(M V N) violates the axiom (IM) for ] = NxNand X = FE.
It is sufficient to show that

(a) I € Z(M V N); and that

(b) every set J satisfying I C J C F is in Z(M V N) if and only if it misses
infinitely many elements of L.

To see that I € Z(M V N), note that the set Ip; = {(n,n) | n € N} is
independent in M and meets each circuit N x {r} of N. In particular, the set
Iy := (NxN)\ I, is independent in N, and therefore I = I UIy € Z(MV N).

Let then J be a set satisfying I C J C FE, and suppose, first, that J €
Z(M Vv N). We show that J misses infinitely many elements of L.

There are sets Jy; € Z(M) and Jy € Z(N) such that J = Jy U Jy. As
Jn misses at least one element from each of the disjoint circuits of N in I, the
set D := I\ Jy is infinite. Moreover, we have that D C Jy, since I C J. In
particular, there is an infinite subset L' C L such that D + [ contains a circuit
of M for every ¢ € L’. Indeed, for every e € D is contained in some M,,_; let
then L' = {¢,. : e € D} and note that L' N J = (. This shows that Jy; and L’
are disjoint and thus J and L’ are disjoint as well, and the assertion follows.

Suppose, second, that there exists a sequence i; < is < ... such that J
is disjoint from L' = {¢;. : r € N}. We show that the superset F \ L’
of Jis in Z(M V N). To this end, set D := {(iy,r) | » € N}. Then, D
meets every circuit N x {r} of N in I, so that the set Jy := N x N\ D is
independent in N. On the other hand, D contains a single element from each
M, with n € L'. Consequently, Jy := (L\ L')U D € Z(M) and therefore
E\L':JMUJNGI(M\/N). O

While the union of two finitary matroids is a matroid, by [Proposition 10.5.1}
the same is not true for two co-finitary matroids.

Corollary 10.8.3. The union of two co-finitary matroids is not necessarily a
matroid.
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Since two matroids M and N* satisfy [Conjecture 10.2.1] by [Theorem 10.2.7|
if the union of M and N is a matroid, it seems worth investigating where the
boundaries of this approach are. In particular, we have the following question.
Is the class of nearly finitary matroids the largest class containing the fintary
matroids that is closed under taking (finite) unions in the following sense?

Question 10.8.4. Is there for every non-nearly finitary matroid M a finitary
matroid N such that the union of M and N is not a matroid?

In [5] we prove that this conjecture is true for any matroid M such that the
finitarization of M has an independent set I containing only countably many
M-circuits such that I has no finite subset meeting all of these circuits.
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Chapter 11

An excluded minors method
for infinite matroids

11.1 Abstract

The notion of thin sums matroids was invented to extend the notion of repre-
sentability to non-finitary matroids. A matroid is tame if every circuit-cocircuit
intersection is finite. We prove that a tame matroid is a thin sums matroid over
a finite field k if and only if all its finite minors are representable over k.

11.2 Introduction

Given a family of vectors in a vector space over some field k, there is a ma-
troid structure on that family whose independent sets are given by the linearly
independent subsets of the family. Matroids arising in this way are called rep-
resentable matroids over k. A classical theorem of Tutte [91] states that a finite
matroid is binary (that is, representable over Fy) if and only if it does not have
Us 4 as a minor. In the same spirit, a key aim of finite matroid theory has
been to determine such ‘forbidden minor’ characterisations for the classes of
matroids representable over other finite fields. For example Bixby and Seymour
[12] B6] characterized the finite ternary matroids (those representable over Fs)
by forbidden minors, and more recently there is a forbidden minors character-
isation for the finite matroids representable over F4, due to Geelen, Gerards
and Kapoor [4I]. In 1971 Rota conjectured that for any finite field the class
of finite matroids representable over that field is characterised by finitely many
forbidden minors. A proof of this conjecture has been announced by Geelen,
Gerards and Whittle. An outline of the proof has already appeared in [42]. In
this chapter we develop a method which makes it possible to extend the above
excluded minor characterisations from finite to infinite matroids.

It is clear that any representable matroid is finitary, that is, all its circuits
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are finite, and so many interesting examples of infinite matroids are not repre-
sentable. However, since the construction of many standard examples, including
the algebraic cycle matroids of infinite graphs, is suggestively similar to that of
representable matroids, the notion of thin sums matroids was introduced in [21]:
it is a generalisation of representability which captures these infinite examples.
We will work with thin sums matroids rather than with representable matroids.

In [I] it was shown that the class of tame thin sums matroids over a fixed
field is closed under duality, where a matroid is tame if any circuit-cocircuit
intersection is finite. On the other hand, there are thin sums matroids whose
dual is not a thin sums matroid [I5] - such counterexamples cannot be tame. A
simple consequence of this closure under duality is that the class of tame thin
sums matroids over a fixed field is closed under taking minors, and so we may
consider the forbidden minors for this class.

Minor closed classes may have infinite ‘minimal’ forbidden minors. For ex-
ample the class of finitary matroids has the infinite circuit U7y as a forbidden
minor. Similarly, the class of tame thin sums matroids over R has U, p(r) as a
forbidden minor. However, our main result states that the class of tame thin
sums matroids over a fixed finite field has only finite minimal forbidden minors.

Theorem 11.2.1. Let M be a tame matroid and k be a finite field. Then
M is a thin sums matroid over k if and only if every finite minor of M is
k-representable.

The proof is by a compactness argument. All previous compactness proofs
in infinite matroid theory known to the authors use only that either all finite
restrictions or all finite contractions have a certain property to conclude that
the matroid itself has the desired property. For our purposes, arguments of this
kind must fail because there is a tame matroid all of whose finite restrictions
and finite contractions are binary but which is not a thin sums matroid over Fy
- in fact, it has a Us 4-minor. We shall briefly sketch how to construct such a
matroid. Start with Us 4, and add infinitely many elements parallel to one of
its elements. This ensures that every finite contraction is binary. If we also add
infinitely many elements which are parallel in the dual to some other element
then we guarantee in addition that all finite restrictions are binary, but the
matroid itself has a Us 4 minor.

Theorem implies that each of the excluded minor characterisations for
finite representable matroids mentioned in the first paragraph extends to tame
matroids. Thus, for example, a tame matroid is a thin sums matroid over Fy if
and only if it has no U 4 minor. Any future excluded minor characterisations
for finite matroids representable over a fixed finite field will also immediately
extend to tame matroids by this theorem.

Our approach makes it possible to lift many other standard theorems about
finite matroids representable over a finite field to theorems about tame thin
sums matroids over the same field. For example, the same method shows that
a tame matroid is regular (that is, a thin sums matroid over every field) if and
only if all its finite minors are, and that regularity is equivalent to signability for
tame matroids (see Section 3 for a definition). Our method applies to excluded
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minor characterisations of properties other than representability. In [16] the
same method is employed to show that the tame matroids all of whose finite
minors are graphic are precisely those matroids that arise from some graph-like
space, in the sense that the circuits are given by topological circles and the
cocircuits by topological bonds.

The proof of Theorem [11.2.1] will appear in Section 4, but first we must
introduce some basic preliminary results for those without a background in
infinite matroid theory. In Section 3 we treat the binary case separately. This
is simpler but many ideas can alredy be seen there. In Section 5 we apply these
methods to related representations such as regular ones.

11.3 Preliminaries

11.3.1 Basics

Throughout, notation and terminology for graphs are those of [35], and for
matroids those of [75, 22]. And M always denotes a matroid and E(M) (or just
E), Z(M) and C(M) denote its ground set and its sets of independent sets and
circuits, respectively.

A set system Z C P(FE) is the set of independent sets of a matroid if and
only if it satisfies the following independence axioms [22].

(I1) 0 e Z(M).
(I2) Z(M) is closed under taking subsets.

(I3) Whenever I,I' € Z(M) with I’ maximal and I not maximal, there exists
an x € I'\ I such that I + x € Z(M).

(IM) Whenever I C X C F and I € Z(M), the set {I' e Z(M) | I CI' C X}
has a maximal element.

A set system C C P(F) is the set of circuits of a matroid if and only if it
satisfies the following circuit azioms [22].

(C1) 0 ¢c.
(C2) No element of C is a subset of another.

(C3) (Circuit elimination) Whenever X C o € C(M) and {0, |z € X} CC(M)
satisfies © € o, < x =y for all z,y € X, then for every z € 0\ (Uxex om)
there exists a o’ € C(M) such that z € o' € (0UU,cx 0x) \ X.

(CM) Z satisfies (IM), where Z is the set of those subsets of E not including an
element of C.

We will rely on the following straightforward lemmas, which may be proved
for infinite matroids in essentially the same way as for finite matroids. Fix some
matroid M.
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Lemma 11.3.1. Let M be a matroid and s be a base. Let o. and by a funda-
mental circuit and a fundamental cocircuit with respect to s, then

1. 0. Nby is empty or o, Nby = {e, f} and
2. f€oeiff e€by.

Proof. To see the first note that o, C s+ e and by C (E\ s)+ f. So 0. Nby C
{e, f}. Asa circuit and a cocircuit can never meet in only one edge, the assertion
follows.

To see the second, first let f € o.. Then f € 0.Nby, so by (1) o.Nbs = {e, f}
and so e € by. The converse implication is the dual statement of the above
implication. O

Lemma 11.3.2. For any circuit o containing two edges e and f, there is a
cocircuit b such that oNb = {e, f}.

Proof. As o—e is independent, there is a base including o—e. By|Lemma 11.3.1]

the fundamental cocircuit of f of this base intersects o in e and f, as desired. [

Lemma 11.3.3. Let M be a matroid with ground set E = CUXUD and let o
be a circuit of M' = M/C\D. Then there is an M -circuit o with o' C o C o'UC.

Proof. Let s be any M-base of C. Then s U o’ is M-dependent since o’ is M’'-
dependent. On the other hand, s U o’ — e is M-independent whenever e € o'
since o' — e is M'-independent. Putting this together yields that s U o’ contains
an M-circuit o, and this circuit must not avoid any e € ¢, as desired. O

Corollary 11.3.4. Let M’ be a minor of M. Further let o' be an M’-circuit
and b’ be an M’-cocircuit. Then there is an M-circuit o C o' U(E(M)\ E(M"))
and an M-cocircuit b C b U (E(M)\ E(M'")) such that oNb=0"NV.

A scrawl is a union of circuits. For any matroid M, M can be recovered
from its set of scrawls since the circuits are precisely the minimal nonempty
scrawls.

Lemma 11.3.5. Let M be a matroid, and let w C E. The following are equiv-
alent:

1. w is a scrawl of M.
2. w never meets a cocircuit of M just once.

Corollary 11.3.6. Let M be a matroid with ground set E = CUXUD, and let
w' C X. Then w' is a scrawl of M' = M/C\D if and only if there is a scrawl
w of M with w' Cw Cw' UC.
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11.3.2 Thin sums matroids

Throughout the whole chapter, we will follow the convention that if we write
that a sum equals zero then this implicitly includes the statement that this sum
is well-defined, that is, that only finitely many summands are nonzero.

Definition 11.3.7. Let A be a set, and k a field. Let f = (fe|le € E) be a
family of functions from A to k, and let A = (A¢|e € E) be a family of elements
of k. We say that A is a thin dependence of f if and only if for each a € A we

have
D Aefela) =0,

eckE

We say that a subset I of E is thinly independent for f if and only if the
only thin dependence of f which is 0 everywhere outside I is (Ole € E). The
thin sums system My of f is the set of such thinly independent sets. This isn’t
always the set of independent sets of a matroid [22], but when it is we say that
this matroid is the thin sums matroid of f, and that it is thinly represented by
f over k.

This definition is deceptively similar to the definition of the representable
matroid corresponding to f considered as a family of vectors in the k-vector
space k. The difference is in the more liberal definition of dependence: it is
possible for A to be a thin dependence even if there are infinitely many e € F
with A, # 0, provided that for each a € A there are only finitely many e € F
such that both \e # 0 and fe(a) # 0.

Indeed, the notion of thin sums matroid was introduced as a generalisation
of the notion of representable matroid: every representable matroid is finitary,
but this restriction does not apply to thin sums matroids.

There are many natural examples of thinly representable matroids: for exam-
ple, finite, topological and algebraic cycle matroids of graphs are always thinly
representable over every field [I]. A finitary matroid is thinly representable over
k if and only if it is representable in the usual sense [I].

The following connection between scrawls and thin dependences will turn
out to be useful.

Lemma 11.3.8 ([1l). Let My be a thinly representable matroid, and let ¢ be a
linear dependence for f. Then the support of ¢ is a scrawl.

Let k be a field and let k* denote the set of nonzero elements of k. A k-
painting for the matroid M is a choice of a function ¢,: 0 — k* for each circuit
o of M and a function dy: b — k* for each cocircuit b of M such that for any
circuit o and cocircuit b we have

> cole)dy(e) =0. (11.1)

econb

A matroid is k-paintable if it has a k-painting.
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Lemma 11.3.9 ([Il). Let M be a tame matroid. Then M is a thin sums matroid
over the field k if and only if M is k-paintable.

By symmetry of the definition, it is clear that a matroid is k-paintable if
and only if its dual is. Each k-painting ((¢,lo € C(M)), (dp|b € C(M™*))) of M
induces at least one k-painting ((c,|o € C(N)), (d;|b € C(N*))) for each minor
N = M/C\D in the following way: By for each circuit o of N we
can pick a circuit o of M such that o C 6 C oU C'. Similarly, for each cocircuit
b of N we can pick a cocircuit b of M such that b Cb C bU D. Let ¢, = ¢/,
and dj = dg[,. Then ((c|o € C(N)), (dj|b € C(N*))) is a k-painting of N.

In particular, if a matroid is k-paintable then all its finite minors are.

11.4 Binary matroids

Theorem 11.4.1. Let M be a tame matroid. Then the following are equivalent:
1. M is a binary thin sums matroid.

For any circuit o and cocircuit b of M, |oNb| is even.

For any circuit o and cocircuit b of M, loNb| # 3

M has no minor isomorphic to Us 4.

If 01, 09 are circuits then 01/\oy is empty or includes a circuit.

If 01, 09 are circuits them 01/N\os is a disjoint union of circuits.

AN N A I

If (0;]i € I) is a finite family of circuits then N;cro; is empty or includes
a circuit.

8. If (0;]i € I) is a finite family of circuits then N;cro; is a disjoint union of
circuits.

9. For any base s of M, and any circuit o of M, 0 = A.g,\s0c, where o is
the fundamental circuit of e with respect to s.

Proof. We shall prove the following implications:
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Those implications indicated by dotted arrows are clear. We shall prove the
remaining implications.
(2) implies (1): We need to find a suitable thin sums system. Let A be the

set of cocircuits of M, and let F ER F4 be the map sending e to the function
which sends b € A to 1 if e € b and 0 otherwise.

We are to show that the thin sums matroid My, defined by f is M. Since the
characteristic function of any M-circuit is a thin dependence for f with support
equal to that circuit by (2), any M-dependent set is also M;s(f)-dependent.

It remains to show that the support of every non-zero thin dependence is
M-dependent. By the support of every non-zero thin dependence
includes a circuit, as desired.

(2) implies (8): Let (o0;]¢ € I) be a finite family of circuits. By Zorn’s
Lemma, we can choose a maximal family (o;|j € J) of disjoint circuits such
that UjeJ 0j C ANjero;, and let w = Ajero; \UjeJ 0j. Let b be any cocircuit of
M, so that |bN o;| is even for each ¢ € I. Then |[bN Ajcro;| is also even, and
in particular finite. Since the o; are disjoint, there can only be finitely many of
them that meet b N Ajero;, and since for each such j we have that [b N o;| is
even, it follows that |b N w| is even. In particular, b N w doesn’t have just one
element. Since b was arbitrary, by w is a scrawl of M and so if
it is nonempty it includes a circuit. But in that case, we could add that circuit
to the family (o;|j € J), contradicting the maximality of that family. Thus w
is empty, and Aer0; = e 05 isa disjoint union of circuits.

(5) implies (3): Suppose, for a contradiction, that (5) holds but (3) fails, and
choose a circuit o and a cocircuit b with oNb = {x,y, z} of size 3. Pick a base
s of (E'\ b) + z including o0 — y — z, which exists by (IM). As b is a cocircuit,
b — x avoids some M-base, thus (E \ b) 4+ « is spanning and thus s is spanning,
as well. Let o, and o, be the fundamental circuits of y and z with respect to s.

It suffices to show that o,Ao, C 0 — z. Indeed, since y, z € 0,0, (5) then
yields a circuit properly included in o, which is impossible. By
we can’t have o, Nb = {y} so we must have € o,. Similarly, z € 0., and so
x ¢ oyNo,. So it is sufficient to show that o, and o, agree outside o, in other
words: o, C 0, Uo and o, C o, Uo.

To see this, first note that by uniqueness of the fundamental circuit of y it
suffices to show that y is spanned by (0, — 2) U (0 — y — 2z). As z is spanned
by (0, — z), 0 — y is spanned by (0, — z) U (0 —y — z). Since o is a circuit, y
is also spanned by (0, — z) U (0 — y — 2), as desired. A similar argument yields
0. C oy Uo, completing the proof.

(3) implies (4): Since any subset of the ground set of Us 4 of size 3 is both
a circuit and a cocircuit, it is easy to find a circuit and cocircuit in U 4 whose
intersection has size 3. So we simply apply

(4) implies (2): Suppose for a contradiction that (4) holds but (2) does not.
Then let o be a circuit and b a cocircuit such that o Nb| = k is odd. By
contracting o\ b and deleting b\ 0, we obtain a minor M’ of M in which oNb is
both a circuit and a cocircuit. Let s be a minimal spanning set containing oMb,
which exists by (IM*). Then in the minor M" of M’ obtained by contracting
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s\ (oNb), (oNb) is spanning, and is still both a circuit and a cocircuit. By a
similar removal, we can find a minor M"” of M" in which oNb is a circuit and a
cocircuit and is both spanning and cospanning. Let x € oNb. Then oNb— x is
both a base and a cobase of M"’, and it is finite (it has size k —1). AsonNb—x
is a base and a cobase, the complement of oMb — z is also a base and a cobase.
Thus the ground set of M" is also finite (it has size 2k — 2). Applying the finite
version of the theorem, then, M" contains a Us 4 minor, which is also a minor
of M, giving the desired contradiction.
(9) implies (2): first we will show that the following implies (2):

For any base s of M, any circuit o meets every fundamental ()
cocircuit of s in an even number of edges.

To see that @ implies (2), it suffices to show that every cocircuit b is funda-
mental cocircuit of some base s. Let e € b. Then as b is a cocircuit, E \ (b — ¢€)
is spanning. Thus by (IM) there is a base s of F \ (b — e), which clearly has b
as fundamental cocircuit.

So it remains to see that (9) implies @ By (9), 0 = Aceo\s0e. Let by be
some fundamental cocircuit of s for some f € s. By 0e Nby is
empty or o, Nby = {e, f}. So it suffices to show that every f is in only finitely
many o., which follows from the fact that o = A ¢, s0¢ is well defined at f.
This completes the proof.

(2) implies (9): we have to show for every edge f that it is contained in only
finitely many o, and that f € 0 <= f € Accp\s0e(f). If f ¢ s, this is easy, so
let f € s. By[Lemma 11.3.1] f € o iff € € by. As M is tame |o N by| is finite, so
there are only finitely many such e. By (2), o Nby| is even. If f ¢ o, all such
e are not contained in s, so f & A.co\s0e. If f € 0, all such e but f are not
contained in s, so f € A.go\s0.. This completes the proof. O

We remark that we might also put the duals of the statements in the list onto
the list. It might be worth noting that (7) becomes false if we also allow I to be
infinite. To see this, consider the finite cycle matroid of the graph obtained from
a ray by adding a vertex that is adjacent to every vertex on the ray. Indeed,
the symmetric difference of all 3-cycles is a ray starting at this new vertex. This
set is not empty, and nor does it include a circuit, so the infinite version of (7)
fails.

More generally, the finite cycles of a locally finite graph generate the cycle
space, which may contain infinite cycles [35].

We offer the following related open questions. Let (10) be the statement like
(9) but for only one base of M. For finite matroids, (10) is equivalent to (9). Is
the same true for tame matroids?

The following simple question also remains open:

In we assumed that M is tame. Without this assumption,
the theorem is no longer true. For example, in [I7] there is an example of a wild
matroid satisfying (2-6) and (10), but not (1) or (7-9). However, this matroid
is not a binary thin sums matroid. In fact, we still do not know the answer to
the following:
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Open Question 11.4.2. Is every binary thin sums matroid tame?

In a binary tame matroid, it is easy to see that any set meeting every cocircuit
not in an odd number of edges is a disjoint union of circuits provided that the set
is either countable or does not meet any cocircuit infinitely. A well-known result
of Nash-Williams says that the above is also true if the matroid is the finite cycle
matroid of some graph. Does this extend to all binary tame matroids?

Open Question 11.4.3. Let M be a binary tame matroid and let X be a set
that meets no cocircuit in an odd number of edges. Must X be a disjoint union
of circuits?

11.5 Excluded minors of representable matroids

In this section, we will prove the main result, Theorem [I1.2.1] The proof will be
by a compactness argument, but because we wish to prove the result for tame
matroids rather than just finitary ones, we will need to go beyond the usual
compactness arguments for finitary matroids in two ways. First, we need the
characterisation in Lemma since the definition of thin sums matroids is
not suited to compactness arguments. Second, we need the following lemma,
which allows us to move to a finite minor whilst preserving a finite amount of
complexity in a tame matroid.

Lemma 11.5.1. Let M be a tame matroid, O a finite set of circuits of M and
B a finite set of cocircuits of M. Then there exists a finite minor N of M and
functions f: O — C(N) and g: B — C(N*) such that for any o € O and b € B
we have f(o)Ng(b) =o0Nhb.

Proof. We pick an element e, € o for each 0o € O and an element e, € b for each
be B. Let F =J,coUpeponbdU{e,|oc O} U{ey|b € B}. Since M is tame,
F' is finite. Next, for each 0 € O and each e € 0N F — e, we pick a cocircuit
boe with 0N by = {e,, e} (this is possible by . Let B’ be the
set of all cocircuits picked in this way or contained in B. Note that B’ is finite.
Similarly, we pick for each b € B and each element e, (which by construction is
in FNb) a circuit oy with o, Nb = {ep, e} for each e € FNb — ep, and we
collect all of these, together with all circuits contained in O, in a finite set O’.

Let F' = FU(UO' NUB') = FUU,cor Upepr 0N b. Note that I is also
finite. Let C = O’ \ F’, and let D = E\ (C' U F’). Thus E = CUF'UD. Let
N Dbe the finite minor of M with ground set F’ that is given by M/C\D. For
each o € O, 0\ F' C C and so oN F’ is a scrawl of N by Let

f(0) be a circuit of N with e, € f(0) C oNF’. Then for each e € 0N F — ¢,
we know that F' N b, is a scrawl of N*, again by so it can’t
meet f(0) in just one point. But e, € f(0) N F'Nb, . C {e,, e} so we must have
flo)NF' ' Nb, e ={eo, e} and we conclude that e € f(0). Since e was arbitrary,
this implies that o N F' C f(o).

Similarly, for each b € B, we find a cocircuit g(b) of N such that g(b) C F'Nb
but bN F C g(b). Thus for o € O and b € B we have f(0) N g(b) = oNb, as
required. O
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By Lemma [11.3.9] [Theorem 11.2.1]is equivalent to the following result.

Theorem 11.5.2. Let M be a tame matroid and k be a finite field. Then M
1s k-paintable if and only if all of its finite minors are k-paintable.

Proof. The ‘only if’ part was established in Section [11.3] For the ‘if’ part,
we begin by defining the topological space whose compactness we will use. We
would like an element of this space to correspond to a choice of functions ¢,: 0 —
k* and dy: b — k* for each 0 € C(M) and b € C(M™), so we take

H=| |J {o}xo|I| [J {b}xb

oeC(M) be C(M*)

and take the underlying set of our space to be X = (k*) - the compact topology
on X that we will use is given by the product of |H| copies of the discrete
topology on k*.

For each circuit o and cocircuit b of M, the set

Z c(o,e)c(b,e) = O}

econb

Cop = {c € (k)H

is closed because oNb is finite. We shall now show that any finite intersection of
such sets is nonempty. That is, we shall show that ﬂ(o’b)e x Cop # 0 for every
finite subset K of C(M) x C(M*).

Let O be the set of circuits appearing as first components of elements of K,
and let B be the set of cocircuits appearing as second components of elements
of K. By there are a finite minor N of M and functions f: O —
C(N)and g: B — C(N*) such that for any o € O and b € B we have f(0)Ng(b) =
oNb.

Since N is finite, it is k-paintable. So we can find functions cy(,: f(0) — k*
and dy@y: g(b) — k* forallo € O and b € B such that ), cr0)(€)dgw)(e) =
0 for each such o and b. Let ¢ € (k*)H be chosen so that, for each o € O, b € B
and e € 0N b we have c(o,e) = cf(o)(e) and c(b,e) = c44)(e). These choices
ensure that ¢ € ﬂ(o’b)eK Cop-

Since (k*)H is compact, and any finite intersection of the C, ; is nonempty,
we have that (0, ,yec(aryxc(ar+) Coub 15 nonempty. As any element in the inter-
section gives a k-painting, this completes the proof. O

We note that this gives a uniform way to extend excluded minor characteri-
sations of representability from finite to infinite matroids. For example, we may
immediately extend the result of [12] [86] as follows:

Corollary 11.5.3. A tame matroid M is a thin sums matroid over GF(3) if
and only if it has no minor isomorphic to Us 5, Us 5, Fr or F7.
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11.6 Other applications of the method

11.6.1 Regular matroids
A key definition to prove [Theorem 11.5.2] was that of a k-painting. The corre-

sponding notion for regular matroids is as follows.

A signing for a matroid M is a choice of a function ¢,: 0 — {1, —1} for each
circuit o of M and a function dp: b — {1, —1} for each cocircuit b of M such
that for any circuit o and cocircuit b we have

> cole)dy(e) =0,

econb
where the sum is evaluated over Z. A matroid is signable if it has a signing.

Lemma 11.6.1. [[75, Proposition 13.4.5],[97]] Let M be a finite matroid. Then
M is reqular if and only if M is signable.

Using similar ideas to those in the proof of we obtain the

following.

Theorem 11.6.2. Let M be a tame matroid. Then the following are equivalent.
1. M is a thin sums matroid over every field.
2. M is signable
3. Fvery finite minor of M is regular.

Proof. (2) implies that M is k-paintable for every field k, and so implies (1).
(1) implies that every finite minor of M is representable over every field, and so
is regular, which gives (3). (3) implies that every finite minor of M is signable,
by We may then deduce (2) by a compactness argument like
that in the proof of [Theorem 11.5.2] O

Motivated by this theorem, we call a tame matroid regular if any of these
equivalent conditions hold.

11.6.2 Partial fields

is a special case of a more general result extending characteri-
sations of simultaneous representations over multiple fields using partial fields
to tame infinite matroids. For some background on partial fields, see [94].

A partial field consists of a pair (R, S), where R is a ring and S is a subgroup
of the group of units of R under multiplication, such that —1 € S. In this
context, an (R, S)-painting for a matroid M is a choice of a function ¢,: 0 — S
for each circuit o of M and a function d: b — S for each cocircuit b of M such
that for any circuit o and cocircuit b we have

D cole)dy(e) =0. (11.2)

econb
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For example, for any field k a matroid M is k-paintable if and only if it is
(k, k*)-paintable, and M is signable if and only if it is (Z, {—1, 1})-paintable.
It is clear that the class of (R, S)-paintable matroids is closed under duality
and under taking minors. In particular, any finite minor of an (R, S)-paintable
matroid is (R, S)-paintable. The converse follows from an almost identical com-

pactness argument to that used for [Theorem 11.5.2] giving:

Theorem 11.6.3. Let (R, S) be a partial field with S finite. A tame matroid
is (R, S)-paintable if and only if all its finite minors are.

It follows from the results of [94] Section 2.7] that a finite matroid is (R, S)-
paintable if and only if it is (R, S)-representable. For finite matroids it is
known that simultaneous representability over sets of fields corresponds to rep-
resentability over partial fields, and we are now in a position to lift many such
results to all tame matroids. For example, we can lift [I00, Theorem 1.2] as
follows:

Corollary 11.6.4. A tame matroid M is a thin sums matroid over both F3 and
Fy if and only if it is (C,{C|i < 6})-paintable for ¢ a primitive sizth root of
unaty.

11.6.3 Ternary matroids

For finite matroids, a useful property of Fs-representable matroids is the unique-
ness of the representations. In this section, we shall prove the corresponding
property for tame ternary matroids.

Let M be a k-paintable matroid for some field k. We say that two k-paintings
((colo € C(M)), (dp]b € C(M™*))) and ((éo]o € C(M)), (dp|b € C(M™))) are equiv-
alent if and only if there are constants x(0) for every o € C(M), constants x(b)
for every b € C(M™), constants z(e) for every edge e and a field automorphism
o such that the following are true:

1. ¢,(e) = @(x(0)z(e)cy(€)) for any e € 0 € C(M).

2. dy(e) = ¢ (%) for any e € b € C(M™).

Two signings of the same matroid M are equivalent if and only if they induce
equivalent Fs-paintings of M.

Via for any tame matroid any thin sums representation over
k corresponds to a k-painting. For finite matroids, the notions of equivalence
for representations and paintings coincide: it is straightforward to check that
two representations are equivalent iff the corresponding paintings are. As for
finite matroids, we obtain the following.

Theorem 11.6.5. Any two F3-paintings of the same matroid M are equivalent.

Proof. M, being Fs-paintable, must be tame. Without loss of generality we may
also assume that M is connected and has more than one edge. Thus any edges
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e and f of M lie on a common circuiﬂ We nominate a particular edge g1, and
for each other edge g we nominate a circuit o(g) containing both g; and g. We
also nominate for each circuit o of M an edge e(0) € o and for each cocircuit b
of M an edge e(b) € b.

We denote the two Fs-paintings ((¢,|o € C(M)), (dp|b € C(M*))) and ((¢,]o €
C(M)), (dy|b € C(M*))). We shall construct witnesses to the equivalence as in
the definition above. Since every automorphism of F3 is trivial, we shall take ¢
to be the identity.

We now set z(g) = Lo (9@ (91) g1 oach g € E, z(0) = ——Selel)__ g6,

Co(g)(91)Co(g)(9) z(e(0))co(e(0))
each circuit o of M and z(b) = % for each cocircuit b of M.

In order to prove that these values satisfy (1) at a particular circuit o and
g € o, let O ={0,0(g),0(e(0))} and F = {g,¢1,€e(0)} and use the construction
from the proof of [Lemma 11.5.1] to obtain a finite minor M’ = M/C\D such
that for every o € O there is an M'-circuit o’ C o such that o' N F' = oN F and
for every b € B there is an M’-cocircuit ¥’ C b such that ¥ N F =bN F.

Let ((clo € C(M')),(dj|b € C(M"™)) be the Fs-painting of M’ induced by
((colo € C(M)), (dp|b € C(M*)), and ((&|o € C(M")),(dy|b € C(M'™)) that
induced by ((&,|o € C(M)), (dy|b € C(M*))).

By uniqueness of representation for finite matroids, we can find constants
x'(0") for every o' € C(M'), constants z’(b") for every v/ € C(M'*) and constants
2'(g) for every g € X such that

3. 2,(g9) =2'(0")2'(9)c, (g) for any g € o' € C(M").
4. dj(g) = % for any g € v/ € C(M"™).

Lemma 11.6.6. For each o € O there is A\, € k* such that
5. Colp =AoChilp

Proof. As part of the construction of M’, we picked a canonical element e, of o'.
Let A = C"(((;"O) . For any other e € o' NF, there is by construction a cocircuit b, .

of M with 0N bo,e = {€o,€}. Then by the dual of [Corollary 11.3.6] b, N E(M’)
is a coscrawl of M’, and so there is a cocircuit b’ of M’ with e, € b C b,,
and so e, € o' NV C {e,,e}. Since o' and b’ can’t meet in only one element,
e € b'. Since the painting of M’ is induced from that of M, there is a cocircuit
b of M such that dy(e) = dj,(e) for all e € E(M') and ¥ C b C b’ U D, and so
oNb = {e,, e}. Using the identities in the definition of painting, we deduce that

colea)dples) + cole)dy(e) =0 and  (e,)dsy (eo) + cy (e)dy (e) = 0

and so J \ z
60(6) _ 700(60) 5(60) — co/(e/O) b’(eo) _ )‘C/o’ (6)
dy(e) dy (e)
which gives the desired result, since e € o' N F was arbitrary. O

ITn Section 3 of [23], it is shown that the relation ‘e is in a common circuit with f’ is indeed
an equivalence relation for infinite matroids.

229



Similarly, we can find constants X, for each o € O such that
6. éOrF = S\Oéi)/ rF

Now we must simply unwind all the algebraic relationships to obtain the
desired result.

Zo(9)(9)Co()(91)  Cotey (9)Coiqy (91)  a'(0(9))a'(9)  2'(9)

#(g) = - - -

Co(g)(91)Co(9)(9) gy (91)Cg) (9) @' (0(9))2"(91)  2'(gn)

where the first equation follows from the definitions, the second from (5) and
(6) and the third from (3). Similarly, we get:

And finally:

x(O)fE(g)Co(g) = )\72 ;(;’(6(0))

Now the last term is just é,(g) by first applying (5) and then (3). This
completes the proof of the above assignment satisfies (1). The proof that it also
satisfies (2) is similar.

O

As every tame regular matroid is a thin sums matroid over F3, it also has a
unique representation. In particular the finite cycle matroid, the algebraic cycle
matroid and the topological cycle matroid of a given graph (and their duals)
have a unique signing.

In what follows, we will describe this signing of the finite cycle matroid of
a given graph G — the other cases are similar. First direct the edges of G in
an arbitrary way. To define the functions c,, let o be some cycle of G. Pick a
cyclic order of o. For e € o, let ¢,(e) =1 if e is directed according to the cyclic
order of 0 and —1 otherwise.

Next, let b be some cocircuit. By minimality of the cocircuit, it is contained
in a single component of G and its removal separates this component into two
components, say C1(b) and Cy(b). Note that every edge in b has precisely one
endvertex in each of these components. For e € b, let dy(e) = 1 if e points to a
vertex in C7 and —1 otherwise.

It remains to check that ) ., co(e)dy(e) = 0 for all circuits o and cocircuits
b. As every circuit is finite, the above sum is finite. Since the directions we gave
to the edges of G do not influence the values of the products c,(e)dp(e), we
may assume without loss of generality that in the bond b all edges are directed
from Cy(b) to Ca(b). So we get a summand of +1 for each edge along which o
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traverses b from C1(b) to Co(b) and a summand of —1 for each edge along which
o traverses b from Cs(b) to C1(b). Since o must traverse b the same number of
times in each direction, the sum evaluates to 0.

Let us look at how to modify the above construction to make it work for
the algebraic cycle matroid and the topological cycle matroid instead. Finite
circuits in the algebraic cycle matroid may be dealt with as before. To define ¢,
for a double ray o, we pick an orientation of o and let ¢,(e) be 1 if e is directed
in agreement with this orientation and —1 otherwise. The above argument still
applies: using the tameness of the algebraic cycle matroid, we obtain that a
double ray can cross a skew cut only finitely many times, and both tails of the
double ray must lie on the same side (as one side is rayless), so the double ray
must cross the skew cut the same number of times in each direction.

Using the fact that topological circles are homeomorphic to the unit circle,
we get a cyclic order on each circuit of the topological cycle matroid and the
above construction again gives us a signing.

231



Chapter 12

Matroids with an infinite
circult-cocircuit intersection

12.1 Abstract

We construct some matroids that have a circuit and a cocircuit with infinite
intersection.

This answers a question of Bruhn, Diestel, Kriesell, Pendavingh and Wollan.
It further shows that the axiom system for matroids proposed by Dress in 1986
does not axiomatize all infinite matroids.

We show that one of the matroids we define is a thin sums matroid whose
dual is not a thin sums matroid, answering a natural open problem in the theory
of thin sums matroids.

12.2 Introduction

In [22], Bruhn, Diestel, Kriesell, Pendavingh and Wollan introduced axioms
for infinite matroids in terms of independent sets, bases, circuits, closure and
(relative) rank. These axioms allow for duality of infinite matroids as known
from finite matroid theory, which settled an old problem of Rado. Unlike the
infinite matroids known previously, such matroids can have infinite circuits or
infinite cocircuits. Many infinite matroids are finitary, that is, every circuit
is finite, or cofinitary, that is, every cocircuit is finite, but nontrivial matroids
with both infinite circuits and infinite cocircuits have been known for some time
[22, 57).

However in all the known examples, all intersections of circuit with cocircuit
are finite. Moreover, this finiteness seems to be a natural requirement in many
theorems [I], T4]. This phenomenon prompted the authors of [22] to ask the
following.
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Question 12.2.1 ([22]). Is the intersection of a circuit with a cocircuit in an
infinite matroid always finite?

Dress [37] even thought that the very aim to have infinite matroids with
duality, as in Rado’s problem, would make it necessary that circuit-cocircuit
intersection were finite. He therefore proposed axioms for infinite matroids
which had the finiteness of circuit-cocircuit intersections built into the definition
of a matroid, in order to facilitate duality.

And indeed, it was later shown by Wagowski [96] that the axioms proposed
by Dress capture all infinite matroids as axiomatised in [22] if and only if [Ques]
has a positive answer. We prove that the assertion of[Question 12.2.1]
is false and consequently that the axiom system for matroids proposed by Dress
does not capture all matroids.

We call a matroid tame if the intersection of any circuit with any cocircuit
is finite, and otherwise wild.

Theorem 12.2.2. There exists a wild matroid.

To construct such matroids M, we use some recent result from an investi-
gation of matroid union [6]. We later became aware that Matthews and Oxley
had constructed some matroids similar to ours by means of a more involved
construction in [69], though they did not have the distinction between tame and
wild matroids in mind.

We hope that the wild matroids we construct here may be sufficiently badly
behaved to serve as generic counterexamples also for other open problems. To
illustrate this potential, we shall show that we do obtain a counterexample to
a natural open question about thin sums matroids, a generalisation of repre-
sentable matroids.

If we have a family of vectors in a vector space, we get a matroid structure
on that family whose independent sets are given by the linearly independent
subsets of the family. Matroids arising in this way are called representable ma-
troids. Although many interesting finite matroids (eg. all graphic matroids) are
representable, it is clear that any representable matroid is finitary and so many
interesting examples of infinite matroids are not of this type. However, since the
construction of many of these examples, including the algebraic cycle matroids
of infinite graphs, is suggestively similar to that of representable matroids, the
notion of thin sums matroids was introduced in [2I]: it is a generalisation of
representability which captures these infinite examples.

Since thin sums matroids need not be finitary, and the duals of many thin
sums matroids are again thin sums matroids, it is natural to ask whether the
class of thin sums matroids itself is closed under duality. It is shown in [I]
that the class of tame thin sums matroids is closed under duality, so that any
counterexample must be wild. We show below that one of the wild matroids we
have constructed does give a counterexample.

Theorem 12.2.3. There exists a thin sums matroid whose dual is not a thin
sums matroid.
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The chapter is organised as follows. In Section 2, we recall some basic
matroid theory. After this, in Section 3, we give the first example of a wild
matroid. In Section 4, we give a second example, which is obtained by taking
the union of a matroid with itself. In Section 5, we show that the class of thin
sums matroids is not closed under duality by constructing a suitable wild thin
sums matroid whose dual is not a thin sums matroid.

12.3 Preliminaries

Throughout, notation and terminology for graphs are that of [35], for matroids
that of [75] 22]. A set system Z is the set of independent sets of a matroid
if it satisfies the following independence axioms [22].

(I1) 0 eT.
(I2) T is closed under taking subsets.

(I3) Whenever I,I’ € T with I’ maximal and I not maximal, there exists an
x € I'\ I such that I +x € 7.

(IM) Whenever ] C X C EFand I € Z, theset {I' e Z|I CI' C X} has a
maximal element.

M always denotes a matroid and E(M), Z(M), B(M), C(M) and S(M) de-
note its ground set and its sets of independent sets, bases, circuits and spanning
sets, respectively. A matroid is called finitary if every circuit is finite.

In our constructions, we will make use of algebraic cycle matroid M4 (G) of
a graph G. The circuits of M4(G) are the edge sets of finite cycles of G and the
edge sets of double ray&ﬂ If G is locally finite, then M 4(G) is cofinitary, that is,
its dual is finitary [6]. If G is not locally finite, then this is no longer true [22].
Higgs [57] characterized those graphs G that have an algebraic cycle matroid,
that is, whose finite circuits and double rays from the circuits of a matroid: G
has an algebraic cycle matroid if and only if G does not contain a subdivision

of the Bean-graph, see

12.4 First construction: the matroid M™

In this example, we will need the following construction from [6], where it is
also shown that this construction gives a matroid:

Definition 12.4.1. (Truncation) Let M be a matroid, in which @) isn’t a base.
Then the matroid M ~, on the same groundset, is that whose bases are those
obtained by removing a point from a base of M. That is, B(M~) = {B —¢|B €
B(M),e € B}. Dually, if M is a matroid whose ground set F isn’t a base, we
define M T by B(M*) ={B+e|B e B(M),e € E\ B}.

LA double ray is a two sided infinite path
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Figure 12.1: The Bean-graph

Thus (MT)* = (M*)~.

We shall show that the matroids constructed in this way are very often wild.

Since M~ is obtained from M by making the bases of M into dependent
sets, we may expect that C(M~) = C(M) U B(M): that is, the set of circuits of
M~ contains exactly the circuits and the bases of M. This is essentially true,
but there is one complication: an M-circuit might include an M-base, which
would prevent it being an M ~-circuit. Let O be a circuit of M ~. If O is M-
independent, it is clear that O must be an M-base. Conversely, any M-base is
a circuit of M~. If O is M-dependent, then since all proper subsets of O are
M ~-independent and so M-independent, O must be an M-circuit. Conversely,
an M-circuit not including an M-base is an M ~-circuit.

On the other hand, none of the circuits of M is a circuit of M*: for any
circuit O of M, pick any e € O and extend O — e to a base B of M. Then
O C B+e, 500 € I(MT). In fact, a circuit of MT is a set minimal with
the property that at least two elements must be removed before it becomes M-
independent. To see this note that the independent sets of M ' are those sets
from which an M-independent set can be obtained by removing at most one
element.

Now we are in a position to construct a wild matroid: let M be the algebraic
cycle matroid of the graph in Then the dashed edges form a circuit
in M, and the bold edges form a circuit in (M+)* = (M*)~ (they form a base
in M* since their complement forms a base in M). The intersection, consisting
of the dotted bold edges, is evidently infinite.

For the remainder of this section, we will generalize this example to construct
a large class of wild matroids. To do so, we first have a closer look at the circuits
of M. It is clear that if M is the finite cycle matroid of a graph G, then we get
as circuits of M ™ any subgraphs which are subdivisions of those in

More generally, we can make precise a sense in which every circuit of M is
obtained by sticking together two circuits.
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Figure 12.2: A circuit and a cocircuit with infinite intersection

O O OC

Figure 12.3: Shapes of circuits in M+, with M a finite cycle matroid

Lemma 12.4.2. Let O be a circuit of M, and I C E(M)\ O. Then OUI is
M -independent iff T is M /O-independent.

Proof. If: Extend I to a base B of M/O. Pick any e € O. Then B’ = BUO —e¢
is a basis of M and OUI C B’ +e.

Ouly if: Pick B a base of M and e € E'\ B such that OUTI C BUe. Since
O is dependent, we must have e € O, and so I C B\ O. Finally, B\ O is a base
of M/O, since BNO = O — e is a base of O. O

Lemma 12.4.3. Let Oq be a circuit of M, and Oy a circuit of M/Oy. Then
01U Oy is a circuit of M™T. Every circuit of M arises in this way.

Proof. O1U Oy is M*-dependent by Lemma Next, we shall show that
any set O1 U Oy — e obtained by removing a single element from O; U Os is
M -independent, and so that O UOs is a minimal dependent set (a circuit) in
M™. The case e € Oy is immediate by Lemma If e € O1, then we pick
any €’ € Oy. Now extend Oz — €’ to a base B of M/O;. Then B"= BUO; — e
is a base of M and O UQ3 —e C B’ +¢’.

Finally, we need to show that any circuit O of M arises in this way. O must
be M-dependent, and so we can find a circuit O; C O of M. Let O2 = O\ Oq:
O, is a circuit of M/O; by Lemma [12.4.2} O

Corollary 12.4.4. Any union of two distinct circuits of M is dependent in
M.

It follows from Lemma that the subgraphs of the types illustrated in
Figure 12.3|give all of the circuits of MT for M a finite cycle matroid. Similarly,
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subdivisions of the graphs in [Figure 12.3| and [Figure 12.4] give circuits in the
algebraic cycle matroid of a graph.

(R)

Figure 12.4: Shapes of circuits in M+, with M an algebraic cycle matroid

Now that we have a good understanding of the circuits of matroids con-
structed this way, we can find many matroids M such that M™ is wild.

Theorem 12.4.5. Let M be a matroid with a base B and a circuit O such that
O\ B is infinite. Then M is wild.

Proof. Let e € O\ B, and let O’ be the fundamental circuit of e with respect
to B. As O'\ O is dependent in M /O, there is an M/O-circuit O” included in
O'. By[Lemma 12.4.3] O U O” is an M*-circuit.

Since F\ B is an M*-base, it is a circuit of (M*)~ = (M T)*. Now (OUO")N
(E\B) includes O \ B and so it is infinite.

O
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12.5 Second construction: matroid union

The union of two matroids My = (E1,Z1) and My = (E2,Z5) is the pair (E; U
E5, 7, V I,), where

I1VIy = {Il U Iy | L ely, I GIQ}

The finitarization M7 of a matroid M is the matroid whose circuits are
precisely the finite circuits of M. In [6] it is shown that Mf™ is always a
matroid. Note that every base of M7/ contains some base of M and conversely
every base of M is contained in some base of M/™. A matroid M is called
nearly finitary if for every base of M, it suffices to add finitely many elements
to that base to obtain some base of M/, It is easy to show that M is nearly
finitary if and only if for every base of M7 it suffices to delete finitely many
elements from that base to obtain some base of M.

The main tool for this example is the following theorem.

Theorem 12.5.1 ([6]). The union of two nearly finitary matroids is a matroid,
and in fact nearly finitary.

Note that there are two matroids whose union is not a matroid [5].

One can also define M using matroid union: M*™ = M Vv Ui,g)- Here
Uy g(um) is the matroid with groundset E(M ), whose bases are the 1-element
subsets of E(M). In this section, we will obtain a wild matroid as union of some
non-wild matroid M with itself.

Let us start constructing M. We obtain the graph H from the infinite one-
sided ladder L by doubling every edge, see

41 U us

/
Uy

!
T T T2 ) o o

dq

Figure 12.5: The graph H

As in the figure, we fix the following notation for the edges of H: In L, call
the edges on the upper side of the ladder uj, us, ..., the edges on the lower side
di,ds, ... and the rungs 1,73, .... For every edge e of L, call its clone ¢’

Let Ma(H) be the algebraic cycle matroid of H. Note that M4 (H) is a
matroid by the results mentioned in the Preliminaries. Now we define M as the

union of M4 (H) with itself. To show that M is a matroid, by [Theorem 12.5.1

it suffices to show the following.
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Lemma 12.5.2. M4 (H) is nearly finitary.

Proof. First note that the finitarization of M4 (H) is the finite cycle matroid
Mp(H), whose circuits are the finite cycles of H. To see that M4 (H) is nearly
finitary, it suffices to show that each base B of Mp(H) contains at most one
double ray. It is easy to see that a double ray R of H contains precisely one
rung r; or ;. From this rung onwards, R contains precisely one of u; or u; for
J > ¢ and one of d; or d;- for 7 > i. Let R and S be two distinct double rays
with unique rung edges er and eg. Wlog assume that the index of eg is less or
equal than the index of eg. Then already R+ eg contains a finite circuit, which
consists of eg, eg and all edges of R with smaller index than that of eg. So each
base B of Mp(H) contains at most one double ray, proving the assumption. O

Having proved that M VvV M is a matroid, we next prove that it is wild.
Theorem 12.5.3. The matroid M V M is wild.

To prove this, we will construct a circuit C' and a cocircuit D with infinite
intersection. Let us start with C, which we define as the set of all horizontal

edges in together with the rung r.
Lemma 12.5.4. C := {u;,u},d;, d;

3

li=1,2,...} +r is a circuit of M.

Proof. First, we show that C' is dependent. To this end, it suffices to show that
C—r1={uw,ul,d;,d;|i =1,2,...} is a basis of M. As Iy = {u;,d;[i =1,2,...}
and Iy = {u},d}|i = 1,2,...} are both independent in M4(H), their union
C — rq is independent in M. All other representations C' — ry = Iy U Iy with
I, I, € Z(Ma(H)) are the upper one up to exchanging parallel edges since from
u; and u} precisely one is I; and the other is in I5. Similarly, the same is true
for d; and d}. So C — r; is a base and C' is dependent, as desired.

It remains to show that C' — e is independent for every e € C. The case
e = r1, was already consider above. By symmetry, we may else assume that
e = u;. Then C —wu; = I U Iy where Iy = {u;,d;|i = 1,2,...} —u; + 1 and
Iy = {u,d}li =1,2,...} and I and I, are both independent in M4 (H), proving
the assumption. O

Next we turn to D, drawn bold in
Lemma 12.5.5. D :={u;,r;|i = 1,2,...} is a cocircuit of M.

Proof. To this end, we show that £\ D is a hyperplane, that is, £\ D is non-
spanning and E \ D together with any edge is spanning in M. To see that
E\ D is non-spanning, we properly cover it by the following two bases By and
By of Ma(H), see Formally, By := {d;|i = 1,2,...} U{r}|i odd} U
{u}]i odd}, By :={d|li =1,2,...} U{rl|i even} U {u}|i even} + ry.

To see that E\ D together with any edge is spanning in M, we even show
that E'\ D together with any edge is a base of M. This is done in two steps:
first we show that F'\ D together with any edge e is independent in M and then
that F\ D together with any two edges is dependent in M. Concerning the first
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us

1

Figure 12.6: The two bases By and Bs properly cover E \ D

assertion, we distinguish between the cases e = u,, for some n and e = r,, for
some n. In both cases we assume that n is odd. If n is even, then the argument
is similar. In both cases we will cover E'\ D+ e with two bases of M 4(H ), which
arise from a slight modification of B; and Bs, see Figures and

Uy Us Uus

uh B
’ o
LA T AT [ n <.
di

uy up uz Uy,

u BY
T\ ol |7 ..
dy

Figure 12.8: The two bases BY and BY cover E\ D + u,,

In the first case the bases are
B} := By \ {r}]i <n and odd} U {r}|i < n and even},
B := By U{r;|i <n and odd} \ {r}|i < n and even} —r; + 1,
In the second case, the bases arise from Bj and B} as follows:

" /! /
Bl =Bl +u,—r

n—1»

" / /
Bl =B\ +r,_1—"n
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Having shown that E \ D + e is independent for every e € D, it remains to
show for any two ej,es € D that E\ D + e; + ez cannot be covered by two
bases of M4(H). In fact we prove the slightly stronger fact that E\ D +e; + e
cannot be covered by two bases of Mp(H ), that is by two spanning trees 77 and
T2 of H.

Let H,, be the subgraph of H consisting of those 2n vertices that have the
least distance to r1. Choose n large enough so that e;,es € H,. An induction
argument shows that F \ D has 4n — 3 edges in H, since E'\ D has 1 edge in
H; and E\ D has 4 edges is H,, \ H,—1. On the other hand, T; UT5 can have at
most 2(2n — 1) edges in H,, since H,, has 2n vertices. This shows that T} and
T5 cannot cover E \ D + e + ea because they cannot cover H,, \ D + e1 + es.
So for any e € D the set E'\ D + e is a base of M, proving the assumption. [

As |C'N D| = oo, this completes the proof of [Theorem 12.5.3]

In the previous section, we were able to generalise our example and give a
necessary condition under which M7 is wild. Here, we do not see a way to do
this, because the description of C' and D made heavy use of the structure of M.

It would be nice to have a large class of matroids M, as in the previous section,
such that M Vv M is wild.

Open Question 12.5.6. For which matroids M is M vV M wild?

12.6 A thin sums matroid whose dual isn’t a
thin sums matroid

The constructions introduced so far give us examples of matroids which are
wild, and so badly behaved. We therefore believe they will be a fruitful source
of counterexamples in matroid theory. In this section, we shall illustrate this by
giving a counterexample for a very natural question.

First we recall the notion of a thin sums matroid.

Definition 12.6.1. Let A be a set, and k a field. Let f = (fe|le € E) be a
family of functions from A to k, and let A = (A¢|e € E) be a family of elements
of k. We say that A is a thin dependence of f iff for each a € A we have

ZAefe(a) =0,

eck

where the equation is taken implicitly to include the claim that the sum on
the left is well defined, that is, that there are only finitely many e € E with
Aof.(a) # 0.

We say that a subset I of F is thinly independent for f iff the only thin
dependence of f which is 0 everywhere outside I is (Ole € E). The thin sums
system My of f is the set of such thinly independent sets. This isn’t always the
set of independent sets of a matroid [22], but when it is we call it the thin sums
matroid of f.
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This definition is deceptively similar to the definition of the representable
matroid corresponding to f considered as a family of vectors in the k-vector
space k. The difference is in the more liberal definition of dependence: it is
possible for A to be a thin dependence even if there are infinitely many e € E
with A, # 0, provided that for each a € A there are only finitely many e € F
such that both A, # 0 and f.(a) # 0.

Indeed, the notion of thin sums matroid was introduced as a generalisation
of the notion of representable matroid: every representable matroid is finitary,
but this restriction does not apply to thin sums matroids. Thus, although it
is clear that the class of representable matroids isn’t closed under duality, the
question of whether the class of thin sums matroids is closed under duality
remained open. It is shown in [I] that the class of tame thin sums matroids is
closed under duality, so that any counterexample must be wild. We show below
that one of the wild matroids we have constructed does give a counterexample.

There are many natural examples of thin sums matroids: for example, the
algebraic cycle matroid of any graph not including a subdivision of the Bean
graph is a thin sums matroid, as follows:

Definition 12.6.2. Let GG be a graph with vertex set V and edge set F, and
k a field. We can pick a direction for each edge e, calling one of its ends its
source s(e) and the other its target t(e). Then the family f¢ = (f%le € E) of
functions from V' to k is given by fe = X¢(e) — Xs(e), Where for any vertex v the
function y, takes the value 1 at v and 0 elsewhere.

Theorem 12.6.3. Let G be a graph not including any subdivision of the Bean
graph. Then Myc is the algebraic cycle matroid of G.

This theorem, which motivated the defintion of M}, is proved in [IJ.

For the rest of this section, M will denote the algebraic cycle matroid for the
graph G in in which we have assigned directions to all the edges
and labelled them for future reference. We showed in the Section [12.4] that M+
is wild. We shall devote the rest of this Section to showing that in fact it
gives an example of a thin sums matroid whose dual isn’t a thin sums matroid.

Po D1 D2 D3

l To (5] ) T3 o o

q0 7 42 ds3

Figure 12.9: The graph G

As usual, we denote the vertex set of G by V and the edge set by E. We
call the unique vertex lying on the loop at the left .
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Theorem 12.6.4. M™ is a thin sums matroid over the field Q.

Proof. We begin by specifying the family (f.|e € E) of functions from V to Q
for which M+ = M;. We take f. to be f& as in [Definition 12.6.2[if e is one of
the p; or q;, to be Y, if e =1, and to be f& +i -y, if e = ;.

First, we have to show that every circuit of M is dependent in M. There
are a variety of possible circuit types: in fact, types (b), (¢), (e) and (f) from
Figures and can arise. We shall only consider type (f): the proofs for
the other types are very similar. shows the two ways a circuit of
type (f) can arise.

n

Figure 12.10: The two ways of obtaining a circuit of type (f)

The first includes the edge I, together with r,, for some n and all those p;
and ¢; with ¢ > n. We seek a thin dependence A such that A is nonzero on
precisely these edges.

We shall take ., = 1. We can satisfy the equations  .p Acfe(v) with
v # * by taking A\,, = A, = 1 for all i > n. The equation D .y Acfe(¥) =0
reduces to A, + nA,, = 0, which we can satisfy by taking A\, = —n. It is
immediate that this gives a thin dependence of f.

The second way a circuit of type (f) can arise includes the edges 7, 7, and
Ty, together with those p; and ¢; with either [ <i < m or n <i. We seek a thin
dependence X such that A is nonzero on precisely these edges.

The equations ) . p Aefe(v) with v # x may be satisfied by taking A, =
A = Ay = =, for 1 <i<mand \,, = Ay, = A, for ¢ > n. The equation
Y eci Aefe(x) = 0 reduces to [\, +mA,, +nA., =0, which since A, = -\,
reduces further to (m — )\, = n\. . We can satisfy this equation by taking
Ar,, =n and A, = m —[. Taking the remaining A\, to be given as above then
gives a thin dependence of f. Note that A # 0 since m # [ and thus A, # 0.

Next, we need to show that every dependent set of M} is also dependent in
M, completing the proof. Let D be such a dependent set, as witnessed by a
nonzero thin dependence A of f which is 0 outside D. Let D' = {e|\. # 0},
the support of X. Using the equations ) . Ac fe(v) with v # *, we may deduce
that the degree of D’ at each vertex (except possibly ) is either 0 or at least
2. Therefore any edge (except possibly 1) contained in D’ is contained in some
circuit of M included in D’. Since {I} is already a circuit of M, we can even
drop the qualification ‘except possibly I .
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Since D’ is nonempty, it must include some circuit O of M. Suppose first of
all for a contradiction that D’ = O. The intersection of D’ with the set {l} U
{rili € No} is nonempty, so by the equation ) . Acfe(*) = 0 this intersection
must have at least 2 elements. The only way this can happen with D’ a circuit
is if there are m < n such that D’ consists of r,,, r,, and the p; and ¢; with
m < i < n. We now deduce, since A is a thin dependence, that \,, = Ay, =
Ary = —Ap, for m < i < n. In particular, the equation »  _p Acfe(¥) = 0
reduces to (m—n)A\,., =0, which is the desired contradiction as by assumption
Ar,, # 0 and m < n. Thus D’ # O, and we can pick some e € D\ O. As above,
D’ includes some M-circuit O’ containing e. Then the union O U O’ C D is
M -dependent by Corollary O

Theorem 12.6.5. (M™)* is not a thin sums matroid over any field.

Proof. Suppose for a contradiction that it is a thin sums matroid My, with f a
family of functions A — k. For each circuit O of (M™)*, we can find a nonzero
thin dependence A of f which is nonzero only on O - it must be nonzero on the
whole of O by minimality of O.

The circuits of (MT)* = (M*)~ are precisely the circuits and the bases of
M*, the dual of the algebraic cycle matroid of G, since no circuit in M* includes
a base. This dual M*, called the skew cuts matroid of GG, is known to have as
its circuits those cuts of G which are minimal subject to the condition that one
side contains no rays [21].

Thus since {rg, g} is a skew cut, we can find a thin dependence \° which
is nonzero precisely at rg and ¢g. Similarly, for each ¢ > 0 we can find a thin
dependence A’ which is nonzero precisely at ¢;_1, r; and g;. Since the set of
bold edges in is also a circuit of (M™)*, there is a thin dependence
A which is nonzero on precisely those edges.

To obtain a contradiction, we will show that {r;|¢ € N} is dependent in Mj.
The idea behind the following calculations is to consider {r;|i € N} as the limit
of the My-circuits {r;|0 < i < n}U{g,} and then to use the properties of thin
sum representations to show that the “limit” {r;|i € N} inherits the dependence.

Now define the sequences (u;|i € N) and (v;|i € N) inductively by vy = 1,
vi = —(Ab /XL vicy for i > 0 and p; = — (AL /AL ). Pick any a € A. Then

we have 0 =Y 5 A2 fe(a) = A), fry(a) + A) fqo(a), and rearranging gives
VOfQO (a) = NOfro (a’) :
Similarly, 0 = S0 A fola) = N fur (@) + XL fru(@) + Ab f,(a), and
rearranging gives
Vifq'i (a) = Vi_lf‘h'fl (a) + ,uifn' (a) :

So by induction on ¢ we get the formula

vify(a) =S ife(a).
=0
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The formula ) 5 Acfe(a) = 0 implicitly includes the statement that the
sum is well defined, so only finitely many summands can be nonzero. In partic-
ular, there can only be finitely many 4 for which f,, (a) # 0. It then follows by
the formula above that there are only finitely many 4 such that f,,(a) is nonzero,
since if f,,(a) # 0, then as p; # 0 we have v; f,(a) # vi—1fq,_,(a). Soas v; #0
and v;_; # 0, one of fy,(a) or f4,_,(a) is not equal to zero. Therefore all but
finitely many f,,(a) are zero since all but finitely many f,,(a) are zero. So the
following sum is well defined and evaluates to zero.

Z /J'ifm‘ (a‘) =0.
=0

Therefore, if we define a family (\,|e € E) by A, = p; and A, = 0 for other
values of e, then we have
> Nefela) =0.

eck

Since a € A was arbitrary, this implies that A\’ is a thin dependence of f.
Note that X' # 0 since A, # 0. Thus the set {r;|i € N} is dependent in
My = (M*)~. But it is also an (M*)~basis, since adding [ gives a basis of M™.
This is the desired contradiction. O
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