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Nichols algebras can be defined in different contexts and in many
different ways.

e A simple definition exists for vector spaces with a braiding
(but the context is structurally weak).

e Another one for Yetter-Drinfeld modules.

e Another one for certain braided monoidal categories.

e The most powerful tools are available for categories of
Yetter-Drinfeld modules (in particular over finite abelian
groups).

e Problems with YD modules: there are many variations, and
sometimes it is necessary to deal with more general settings.

e For the structure theory of Nichols algebras, the additional
properties of the surrounding category are essential. It is
difficult to get deep results on Nichols algebras in very general

braided monoidal categories.
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Definition
Assumptions

Assumptions for the Course

For a good understanding of this course it is very helpful to know
what is

e a Hopf algebra,

e a braided monoidal category. .
0| gebras
am?ﬁuu{ Systems

AMS

Further reading:
[HS] Heckenberger, Schneider: Hopf Algebras and Root Systems,
Mathematical Surveys and Monographs 247, AMS, 2020.
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Braided Vector Spaces

A braided vector space is a pair (V, ¢), with

V' a vector space, and

c:V®V = V®V a (linear) isomorphism, called braiding, such
that

(c®id)(id® c)(c ®id) = (id ® ¢)(c ®id)(id ® c).

The map ¢ generalizes the flip map

T:VRV22VRV, v_w w®v.

In many contexts, the flip map is not a morphism of the category
and often alternatives are preferred.
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c(vi®vj) =qjvi®v forallijel,
where (v;)ics is a basis of V and (gjj);jes is a matrix of
non-zero scalars. (such c is always a braiding)

e triangular type (one variant): c(V; ® V) = V; ®@ V; for all
1<i,j<n where VCV,C..-CV,=Visaflag of
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Examples of Braided Vector Spaces

braided vector space (V/, c) of
e diagonal type:
c(vi®vj) =qjvi®v forallijel,
where (v;)ics is a basis of V and (gjj);jes is a matrix of
non-zero scalars. (such c is always a braiding)

e triangular type (one variant): c(V; ® V) = V; ®@ V; for all
1<i,j<n where VCV,C..-CV,=Visaflag of
subspaces with dim V; =/ for all /

e group type:

c(viov)=g(v)®vyforalliel, veV,
where (v;);es is a basis of V and (g;)ie/ is a family of
automorphisms of V. (being a braiding is a restriction on the
family (gi)ier)
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G group
M is a G-graded G-module if
e M is a left G-module,
* M =@, Mg for some subspaces Mg of M,
° Vg,he G: gMp = Mgpg-1.
Each such M is a braided vector space with braiding
cveow)=gw®vforallve Mg, ge G,we M
of group type.
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G group
M is a G-graded G-module if

e M is a left G-module,
* M =@, Mg for some subspaces Mg of M,
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Graded Modules over Groups

G group
M is a G-graded G-module if
e M is a left G-module,
* M =@, Mg for some subspaces Mg of M,
° Vg,he G: gMp = Mgpg-1.
Each such M is a braided vector space with braiding
cveow)=gw®vforallve Mg, ge G,we M
of group type.
For each group G, G-graded G-modules form a braided monoidal

category. (this is structurally much stronger than having many
braided vector spaces)
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Yetter-Drinfeld Modules

H Hopf algebra with bijective antipode S
M is a (left-left) Yetter-Drinfeld module over H if

e M is a left H-module,
e Mis aleft H-comoduleviad : M - HQ M, v — V(~1) @ Y(0),
e Yve M, heH: 5(hv) = h(l)V(_l)S(h(3)) & h(Q)V(O).

(for H a group algebra, this is the same as a graded module over

the group)
Each such M is a braided vector space with braiding

c(v@w) = v_yw® vq) forall v,w € M.

Yetter-Drinfeld modules over H form a braided monoidal category
(morphisms: H-module H-comodule maps; notation: #)D)
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Braided Hopf Algebras

The generalization of the concept of semidirect products of groups
to Hopf algebras requires to deal with a more general structure.
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Braided Hopf Algebras

The generalization of the concept of semidirect products of groups
to Hopf algebras requires to deal with a more general structure.

A braided Hopf algebra is a Hopf algebra in a braided monoidal
category C, i.e.
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w,n, A e, S are morphisms in C such that
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The generalization of the concept of semidirect products of groups
to Hopf algebras requires to deal with a more general structure.

A braided Hopf algebra is a Hopf algebra in a braided monoidal
category C, i.e. a tuple (H,pu,n,A,&,S), where H is an object and
w,n, A e, S are morphisms in C such that

e (H,u,n) is an algebra in C with multiplication w, unit 7,
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Braided Hopf Algebras

The generalization of the concept of semidirect products of groups
to Hopf algebras requires to deal with a more general structure.
A braided Hopf algebra is a Hopf algebra in a braided monoidal
category C, i.e. a tuple (H,pu,n,A,&,S), where H is an object and
w,n, A e, S are morphisms in C such that

e (H,u,n) is an algebra in C with multiplication w, unit 7,

e (H,A,¢) is a coalgebra in C with comultiplication A, counit ¢,
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Braided Hopf Algebras

The generalization of the concept of semidirect products of groups
to Hopf algebras requires to deal with a more general structure.

A braided Hopf algebra is a Hopf algebra in a braided monoidal
category C, i.e. a tuple (H,pu,n,A,&,S), where H is an object and
w,n, A e, S are morphisms in C such that

e (H,u,n) is an algebra in C with multiplication w, unit 7,

e (H,A,¢) is a coalgebra in C with comultiplication A, counit ¢,

e A:H— H® H is an algebra map, where H® H is an algebra
via pHgH = (0 ® p)(id @ cHp ®1d),
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Braided Hopf Algebras

The generalization of the concept of semidirect products of groups
to Hopf algebras requires to deal with a more general structure.

A braided Hopf algebra is a Hopf algebra in a braided monoidal
category C, i.e. a tuple (H,pu,n,A,&,S), where H is an object and
w,n, A e, S are morphisms in C such that

e (H,u,n) is an algebra in C with multiplication w, unit 7,

e (H,A,¢) is a coalgebra in C with comultiplication A, counit ¢,

e A:H— H® H is an algebra map, where H® H is an algebra
via pHgH = (0 ® p)(id @ cHp ®1d),

e S is an antipode of H.
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Braided Hopf Algebras and Bosonization

bosonization is the generalization of semidirect products of groups
to Hopf algebras, see [HS, Sect. 3.8,3.10]
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Braided Hopf Algebras and Bosonization

bosonization is the generalization of semidirect products of groups
to Hopf algebras, see [HS, Sect. 3.8,3.10]
H: Hopf algebra in a braided monoidal category C;
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Braided Hopf Algebras and Bosonization

bosonization is the generalization of semidirect products of groups
to Hopf algebras, see [HS, Sect. 3.8,3.10]

H: Hopf algebra in a braided monoidal category C;

if R is a braided Hopf algebra (Hopf in HYD(C)) then R ® H has
smash product algebra and smash coproduct coalgebra structure,
denoted R#H.
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Braided Hopf Algebras and Bosonization

bosonization is the generalization of semidirect products of groups
to Hopf algebras, see [HS, Sect. 3.8,3.10]

H: Hopf algebra in a braided monoidal category C;

if R is a braided Hopf algebra (Hopf in HYD(C)) then R ® H has
smash product algebra and smash coproduct coalgebra structure,
denoted R#H.

[HS, Thm.3.8.10] R#H is a Hopf algebra in C.

conversely:
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Braided Hopf Algebras and Bosonization

bosonization is the generalization of semidirect products of groups
to Hopf algebras, see [HS, Sect. 3.8,3.10]

H: Hopf algebra in a braided monoidal category C;

if R is a braided Hopf algebra (Hopf in HYD(C)) then R ® H has
smash product algebra and smash coproduct coalgebra structure,
denoted R#H.

[HS, Thm.3.8.10] R#H is a Hopf algebra in C.

conversely:

a Hopf algebra triple over H is (A, 7,7), where 7 : A — H,

~ : H — A are morphisms in C and 7y = idy.
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Braided Hopf Algebras
Bosonization

Braided Hopf Algebras Tanger Albehe

Braided Hopf Algebras and Bosonization

bosonization is the generalization of semidirect products of groups
to Hopf algebras, see [HS, Sect. 3.8,3.10]

H: Hopf algebra in a braided monoidal category C;

if R is a braided Hopf algebra (Hopf in HYD(C)) then R ® H has
smash product algebra and smash coproduct coalgebra structure,
denoted R#H.

[HS, Thm.3.8.10] R#H is a Hopf algebra in C.

conversely:

a Hopf algebra triple over H is (A, 7,7), where 7 : A — H,

~ : H — A are morphisms in C and 7y = idy.

[HS, Thm. 3.10.4] If Sy iso and equalizer (R,.: R — A) of

((ida ® m)A4,ida ® ny) exists (R = right H-coinvariants) then R
is a braided Hopf algebra (Hopf in 1YD(C)) and A 2 R#H.
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Hopf Algebras
Bosonization

Braided Hopf Algebras Ténsor e

Tensor Algebras as Braided Hopf Algebras

for simplicity: H a Hopf algebra, Sy bijective, C = ﬂyD
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Braided Hopf Algebras
Bosonization

Braided Hopf Algebras Taresr Al

Tensor Algebras as Braided Hopf Algebras

for simplicity: H a Hopf algebra, Sy bijective, C = ﬂyD
for any M € C, the tensor algebra T(M) = @2, M@ € Cis a
Hopf algebra in C with A(v) =1® v+ v®1 forall v e M,
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Braided Hopf Algebras

. Bosonization
Braided Hopf Algebras Tersar Al

Tensor Algebras as Braided Hopf Algebras

for simplicity: H a Hopf algebra, Sy bijective, C = ﬂyD
for any M € C, the tensor algebra T(M) = @2, M@ € Cis a
Hopf algebra in C with A(v) =1® v+ v®1 forall v e M,
if viw e V, vw = p(v ® w), then
A(vw) =A(v)A(w)
=1lv+veal)(leow+w®l)
=low+veaw+(lev)(wel)+w®l,

and (1@ v)(w®1)=cuym(ve w).
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Braided Hopf Algebras

. Bosonization
Braided Hopf Algebras Tersar Al

Tensor Algebras as Braided Hopf Algebras

for simplicity: H a Hopf algebra, Sy bijective, C = ﬂyD

for any M € C, the tensor algebra T(M) = @2, M@ € Cis a
Hopf algebra in C with A(v) =1® v+ v®1 forall v e M,

if viw eV, vw = p(v ® w), then

A(vw) =A(v)A(w)
=(lev+vel)(loaw+w®l)
=low+veaw+(leov)(wel)+w®l,

and (1@ v)(w®1)=cuym(ve w).

If cpmm # —id, the ideal (M®?) = D k>2 M®k of T(M) generated
by M®2 is not a coideal of T(M).
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Nichols Algebras
Examples
Tools

Nichols Algebras Frobenius algebras

Nichols Algebra of a Yetter-Drinfeld Module

again: H a Hopf algebra, Sy bijective, C = ﬂyD, M e ﬁyp
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Nichols Algebras
Examples
Tools

Nichols Algebras Frobenius algebras

Nichols Algebra of a Yetter-Drinfeld Module

again: H a Hopf algebra, Sy bijective, C = ﬂyD, M e ﬁyp
I(M): largest coideal of T(M) contained in (M®?) — is Hopf
ideal;

T(M)/I(M) is the Nichols algebra of M.
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Nichols Algebras
Examples
Tools

Nichols Algebras Frobenius algebras

Nichols Algebra of a Yetter-Drinfeld Module

again: H a Hopf algebra, Sy bijective, C = ﬂyD, M e ﬁyp
I(M): largest coideal of T(M) contained in (M®?) — is Hopf
ideal;

T(M)/I(M) is the Nichols algebra of M.

Notation: B(M).
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Nichols Algebras
Examples
Tools

Nichols Algebras Frobenius algebras

Nichols Algebra of a Yetter-Drinfeld Module

again: H a Hopf algebra, Sy bijective, C = ﬂyD, M e ﬁyp

I(M): largest coideal of T(M) contained in (M®?) — is Hopf
ideal;

T(M)/I(M) is the Nichols algebra of M.

Notation: B(M).

T(M) = @, T(M)(k) with T(M)(k) = M®k is No-graded
algebra and coalgebra.
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Nichols Algebras
Examples
Tools

Nichols Algebras Frobenius algebras

Nichols Algebra of a Yetter-Drinfeld Module

again: H a Hopf algebra, Sy bijective, C = ﬂyD, M e ﬁyp

I(M): largest coideal of T(M) contained in (M®?) — is Hopf
ideal;

T(M)/I(M) is the Nichols algebra of M.

Notation: B(M).

T(M) = @, T(M)(k) with T(M)(k) = M®k is No-graded
algebra and coalgebra.

I(M) = @,>,(I(M) N M®k), hence B(M) is No-graded:

B(M) = €P B(M)(k).

k>0
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Nichols Algebras
Examples
Tools

Nichols Algebras Frobenius algebras

Examples of Nichols Algebras

Only few (classes of ) examples can be written down by generators
and relations.
e diagonal type (characteristic 0): finite-dimensional Nichols
algebras are classified (by Dynkin diagram), defining relations
are known but technical
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Nichols Algebras
Examples
Tools

Nichols Algebras Frobenius algebras

Examples of Nichols Algebras

Only few (classes of ) examples can be written down by generators
and relations.
e diagonal type (characteristic 0): finite-dimensional Nichols
algebras are classified (by Dynkin diagram), defining relations
are known but technical
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Nichols Algebras
Examples
Tools

Nichols Algebras Frobenius algebras

Examples of Nichols Algebras

Only few (classes of ) examples can be written down by generators
and relations.

e diagonal type (characteristic 0): finite-dimensional Nichols
algebras are classified (by Dynkin diagram), defining relations
are known but technical (partially, relations with more than
two generators needed)
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Nichols Algebras
Examples
Tools

Nichols Algebras Frobenius algebras

Examples of Nichols Algebras

Only few (classes of ) examples can be written down by generators
and relations.

e diagonal type (characteristic 0): finite-dimensional Nichols
algebras are classified (by Dynkin diagram), defining relations
are known but technical (partially, relations with more than
two generators needed)
extensive literature (key: root system, Weyl groupoid)
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Nichols Algebras
Examples
Tools

Nichols Algebras Frobenius algebras

Examples of Nichols Algebras

Only few (classes of ) examples can be written down by generators
and relations.

e diagonal type (characteristic 0): finite-dimensional Nichols
algebras are classified (by Dynkin diagram), defining relations
are known but technical (partially, relations with more than
two generators needed)
extensive literature (key: root system, Weyl groupoid)

e triangular type: partially classified, for those the defining
relations are given
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Nichols Algebras
Examples
Tools

Nichols Algebras Frobenius algebras

Examples of Nichols Algebras

Only few (classes of ) examples can be written down by generators
and relations.

e diagonal type (characteristic 0): finite-dimensional Nichols
algebras are classified (by Dynkin diagram), defining relations
are known but technical (partially, relations with more than
two generators needed)
extensive literature (key: root system, Weyl groupoid)

e triangular type: partially classified, for those the defining
relations are given

e group type: only few additional classes and exceptional
examples of finite-dimensional Nichols algebras have been
found; defining relations for those exceptional examples are
known
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Nichols Algebras
Examples
Tools

Nichols Algebras Frobenius algebras

Diagonal type

dmV =2,¢=1G#1, gu=—C qu2gu = g =1
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Nichols Algebras
Examples
Tools

Nichols Algebras Frobenius algebras

Diagonal type

dmV =2,¢=1G#1, gu=—C qu2gu = g =1

18 2 18
Vi~ = 0, Vo = 07 Viip = 0,

vitiiz = 0, [viiz, V12]q§1q§2q21qzz =0,

with [x, ylqg = xy — qyx for all q,x,y and viki1p = [vi, v1k2]qﬁq12
for all kK > 0.
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Nichols Algebras
Examples
Tools

Nichols Algebras Frobenius algebras

Diagonal type

dmV =2,¢=1G#1, gu=—C qu2gu = g =1

®=0,v3 =0,v{ =0,
vitnire = 0, [vi12, viz]g2 g2 gy = 0
with [x, ylqg = xy — qyx for all q,x,y and viki1p = [vi, v1k2]qﬁq12
for all kK > 0.

basis of B(V): vy viaviirvit1oVi1112Vie, Where 0 < ny, ns < 2,
0<np,ng <3,0< n3,ng < 18.
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Nichols Algebras
Examples
Tools

Nichols Algebras Frobenius algebras

Diagonal type

dmV =2,¢=1G#1, gu=—C qu2gu = g =1

_0 V2—0 V112—

vitiiz = 0, [viiz, V12]q§1q§2q21qzz =0,

with [x, ylqg = xy — qyx for all q,x,y and viki1p = [vi, v1k2]qﬁq12
for all kK > 0.

basis of B(V): vy viaviirvit1oVi1112Vie, Where 0 < ny, ns < 2,
0<np,ng <3,0< n3,ng < 18.

dim B(V) = 2% . 3% = 11.664
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Nichols Algebras
Examples
Tools

Nichols Algebras Frobenius algebras

Diagonal type

dmV =2,¢=1G#1, gu=—C qu2gu = g =1

®=0,v3 =0,v{ =0,

vitiiz = 0, [viiz, V12]q§1q§2q21qzz =0,

with [x, ylqg = xy — qyx for all q,x,y and viki1p = [vi, v1k2]qﬁq12
for all kK > 0.

basis of B(V): vy viaviirvit1oVi1112Vie, Where 0 < ny, ns < 2,
0<np,ng <3,0< n3,ng < 18.

dim B(V) = 2% . 3% = 11.664

In general: there is a restricted PBW basis, parametrization either
by Lyndon words or by Lusztig type root vectors;
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Nichols Algebras
Examples
Tools

Nichols Algebras Frobenius algebras

Diagonal type

dmV =2,¢=1G#1, gu=—C qu2gu = g =1

®=0,v3 =0,v{ =0,

vitiiz = 0, [viiz, V12]q§1q§2q21qzz =0,

with [x, ylqg = xy — qyx for all q,x,y and viki1p = [vi, v1k2]qﬁq12
for all kK > 0.

basis of B(V): vy viaviirvit1oVi1112Vie, Where 0 < ny, ns < 2,
0<np,ng <3,0< n3,ng < 18.

dim B(V) = 2% . 3% = 11.664

In general: there is a restricted PBW basis, parametrization either
by Lyndon words or by Lusztig type root vectors;

in [HS, 15.2], (essentially unique) root vector sequences are defined
using right coideal subalgebras of B(V)

Istvdn Heckenberger Nichols Algebras



Nichols Algebras
Examples
Tools

Nichols Algebras Frobenius algebras

Jordan Plane

dmV =2, c(veaw)=g(w)®v forall v,w € V, where
g € Aut(V), g #id, (g —id)? = 0.

Istvdn Heckenberger Nichols Algebras



Nichols Algebras
Examples
Tools

Nichols Algebras Frobenius algebras

Jordan Plane

dmV =2, c(veaw)=g(w)®v forall v,w € V, where
g € Aut(V), g #id, (g —id)? = 0.

B(V) = k(x,y)/ 6o — yx — 53°)
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Nichols Algebras
Examples
Tools

Nichols Algebras Frobenius algebras

Jordan Plane

dmV =2, c(veaw)=g(w)®v forall v,w € V, where
g € Aut(V), g #id, (g —id)? = 0.

B(V) = k(x,y)/ 6o — yx — 53°)

vector space basis: x?y? a,b>0
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Nichols Algebras
Examples
Tools

Nichols Algebras Frobenius algebras

Jordan Plane

dmV =2, c(veaw)=g(w)®v forall v,w € V, where
g € Aut(V), g #id, (g —id)? = 0.

B(V) = k(x,y)/ 6o — yx — 53°)

vector space basis: x?y? a,b>0
GKdim(B(V)) = 2.
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Nichols Algebras
Examples
Tools

Nichols Algebras Frobenius algebras

Exceptional Group Type

braiding of non-abelian group type:
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Nichols Algebras
Examples
Tools

Nichols Algebras Frobenius algebras

Exceptional Group Type

braiding of non-abelian group type:
dim V = 4, basis vy, vo, v3, v4, c(v; ® vj) = gi(vj) ® v; for all i,j,
gi(vj) = —visj with

M~ W N RV
W N DR
=R DN WD
N W= MW
AR WND

(tetrahedral rack)
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Nichols Algebras
Examples
Tools

Nichols Algebras Frobenius algebras

Exceptional Group Type

braiding of non-abelian group type:
dim V = 4, basis vy, vo, v3, v4, c(v; ® vj) = gi(vj) ® v; for all i,j,
gi(vj) = —visj with

M~ W N RV
W N DR
=R DN WD
N W= MW
AR WND

(tetrahedral rack)

in characteristic # 2:

B(V) 2 k(v va, v3, va)/(VE, V3, V2, V2,

vivo + vov3 + v3vy, viv3 + v3va + vavy, Viva + vavo + vavy,
vava + vavs + vava, (vi + va + 13)°),
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Nichols Algebras
Examples
Tools

Nichols Algebras Frobenius algebras

Exceptional Group Type

braiding of non-abelian group type:
dim V = 4, basis vy, vo, v3, v4, c(v; ® vj) = gi(vj) ® v; for all i,j,
gi(vj) = —visj with

M~ W N RV
W N DR
=R DN WD
N W= MW
AR WND

(tetrahedral rack)

in characteristic # 2:

B(V) 2 k(v va, v3, va)/(VE, V3, V2, V2,

vivo + vov3 + v3vy, viv3 + v3va + vavy, Viva + vavo + vavy,
vava + vavs + vava, (vi + va + 13)°),

dim(B(V)) = 72.
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Nichols Algebras

Nichols Algebras Frobenius algebras

Functoriality

morphism f : (V,c) — (W, d) of braided vector spaces: linear
map f:V — W withd(f®f)=(f®f)c.
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Nichols
Examples
Tools
Nichols Algebras Frobenius algebras

Functoriality

morphism f : (V,c) — (W, d) of braided vector spaces: linear
map f:V — W withd(f®f)=(f®f)c.
any morphism induces a Hopf algebra morphism

B(f) : B(V) — B(W)
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Nichols Algebras
Examples
Tools

Nichols Algebras Frobenius algebras

Functoriality

morphism f : (V,c) — (W, d) of braided vector spaces: linear
map f:V — W withd(f®f)=(f®f)c.

any morphism induces a Hopf algebra morphism
B(f):B(V)— B(W)

non-abelian group type: look at appropriate subsets of the basis
(subracks), use results on Nichols algebras of other type (like
diagonal)
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Nichols Algebras
Examples
Tools

Nichols Algebras Frobenius algebras

Skew Derivations

mostly, defining relations of Nichols algebras are determined using
quantum differentials or quantum symmetrizer.
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Nichols Algebras
Examples
Tools

Nichols Algebras Frobenius algebras

Skew Derivations

mostly, defining relations of Nichols algebras are determined using
quantum differentials or quantum symmetrizer.
comultiplication A of B(V) is graded:

A= é EHB Aj i

n=0 =0

with A;j : B(V)(i +j) = B(V)(i) @ B(V)(j).
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Nichols Algebras

Nichols Algebras Frobenius algebras

Skew Derivations

mostly, defining relations of Nichols algebras are determined using
quantum differentials or quantum symmetrizer.
comultiplication A of B(V) is graded:

A= é EHB Aj i

n=0 =0

with A;; : B(V)(i +j) = B(V)(i) ® B(V)()).
each A;; is injective.
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Nichols Algebras
Examples
Tools

Nichols Algebras Frobenius algebras

Skew Derivations

mostly, defining relations of Nichols algebras are determined using
quantum differentials or quantum symmetrizer.
comultiplication A of B(V) is graded:

A= é EHB Aj i

n=0 =0

with A;; : B(V)(i +j) = B(V)(i) ® B(V)()).

each A;; is injective.

the maps A,_11 give rise to “quantum differentials” (group type:
skew derivations) by composing with id ® f, f € V*.

Istvdn Heckenberger Nichols Algebras



Nichols Algebras
Examples
Tools

Nichols Algebras Frobenius algebras

Quantum Symmetrizer

for all n > 1,

Arr: B(V)(n) = V&N,
Aln = (Al,l X idv@n—2) cee (An_371 X idv®2)(An_271 & idV)An—l,l,

is the quantum symmetrizer
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Nichols Algebras
Examples
Tools

Nichols Algebras Frobenius algebras

Quantum Symmetrizer

for all n > 1,
Ao s B(V)(n) — VO,
A = (A1 ®@idyen-2) - (Ap-31 ®@idye2)(Ap—21 ®idv)As_11,

is the quantum symmetrizer
it is injective and can be described in terms of reduced
decompositions of elements of the symmetric group.
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Nichols Algebras
Examples
Tools

Nichols Algebras Frobenius algebras

Coinvariants

if V=Ua®Win YD and 7: B(V) — B(U), v: B(U) — B(V)
the Hopf algebra maps induced by projection to and inclusion of U,
then the coinvariants B(V)®B(Y) of the Hopf algebra triple
(B(V),m,~) over B(U) are a Nichols algebra.
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Nichols Algebras
Examples
Tools

Nichols Algebras Frobenius algebras

Coinvariants

if V=Ua®Win YD and 7: B(V) — B(U), v: B(U) — B(V)
the Hopf algebra maps induced by projection to and inclusion of U,
then the coinvariants B(V)®B(Y) of the Hopf algebra triple
(B(V),m,~) over B(U) are a Nichols algebra.

this is used e.g. for triangular braidings
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Nichols Algebras

Nichols Algebras Frobenius algebras

Equivalences of Braided Monoidal Categories

a variation of the latter:
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Nichols Algebras
Examples
Tools

Nichols Algebras Frobenius algebras

Equivalences of Braided Monoidal Categories

a variation of the latter:
take coinvariants B( V) B(U), transfer it to B(“)#”yp and then

to another braided monoidal category B(U* yD using a braided
monoidal equivalence.
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Nichols Algebras
Examples
Tools

Nichols Algebras Frobenius algebras

Equivalences of Braided Monoidal Categories

a variation of the latter:
take coinvariants B( V) B(U), transfer it to B(“)#”yp and then

to another braided monoidal category B(U* yD using a braided
monoidal equivalence.
after bosonization with B(U*), get new Nichols algebra in HYD.
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Nichols Algebras
Examples
Tools

Nichols Algebras Frobenius algebras

Nichols vs Frobenius

for H Hopf algebra with S bijective, any finite-dimensional Hopf
algebra A (e.g. Nichols algebra) in ﬂyD is a Frobenius algebra
(i.e. A* is free A-module)
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Nichols Algebras
Examples
Tools

Nichols Algebras Frobenius algebras

Nichols vs Frobenius

for H Hopf algebra with S bijective, any finite-dimensional Hopf
algebra A (e.g. Nichols algebra) in ﬂyD is a Frobenius algebra
(i.e. A* is free A-module)

for finite-dimensional Nichols algebras (generally, No-graded Hopf
algebras) A, if A(N) # 0 and A(n) =0 for all n > N, then

A" = Af = fA

for any f € A* with f(A(N)) # 0, f(A(n)) =0 for all n # N.
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Nichols Algebras
Examples
Tools

Nichols Algebras Frobenius algebras

Nichols vs Frobenius

for H Hopf algebra with S bijective, any finite-dimensional Hopf
algebra A (e.g. Nichols algebra) in ﬂyD is a Frobenius algebra
(i.e. A* is free A-module)

for finite-dimensional Nichols algebras (generally, No-graded Hopf
algebras) A, if A(N) # 0 and A(n) =0 for all n > N, then

A" = Af = fA

for any f € A* with f(A(N)) # 0, f(A(n)) =0 for all n # N.
there is extensive literature on related topics
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