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This talk is based on the articles

AAG Liftings of Nichols algebras of diagonal type I.
Cartan type A
Int. Math. Res. Notices (2016),
with Nicolas Andruskiewitsch and Ivan Angiono;

AG Liftings of Nichols algebras of diagonal type II.
All liftings are cocycle deformations
Selecta Math. (2019),

with lvan Angiono.

Also,

» Pointed Hopf algebras: a guided tour to the liftings
Rev. Colombiana Matem.,
with Ivdn Angiono.



Main result

» We classify, up to isomorphism, all finite-dimensional pointed
Hopf algebras with abelian group of group-like elements.

» We show that these are all cocycle deformations of an
associated graded Hopf algebra.
The classification depends on a triple (g,I, A), where
> q=(g;) € k??is a matrix.
» [ is an abelian group.
» A= (\),eg is a family of scalars.

We provide an algorithm to construct a Hopf algebra uq(A), for
each triple (q,T, A).



Hopf algebras

Examples, revisited and deformed

Let ¢ be an Nth root of 1. Set
By = k[x]/x", Con = (g) ~ Z/mNZ.

Consider Cp,n acting on By via g - x = (x.
The (generalized) Taft algebra

Tm,N = k<X,g|gX = ng,gmN =1Lx" = O>
~ BN ><I]1§Cm/\/.



Hopf algebras

Examples, revisited and deformed

Let ¢ be an Nth root of 1. Set
By = k[x]/x", Crn = (g) = Z/mNZ.

Consider Cp,n acting on By via g - x = (x.
The (generalized) Taft algebra

Tm,N = k(x,g|gx = ng’gmN = 17XN = O>
~ By#H Con-

For each \ € k, a deformation of T,y is given by

Tn(\) = kix, glgx = Cxg, g™ = 1,xN = \(1 - g")).



Invariants

the coradical

Let (A, m, A) be a Hopf algebra.
> A nonzero element x € A is group-like if

A(x) = x® x.

The set G(A) = {x € A: x group-like} is a group via m.
» The coradical of Ais Ag .= >, C.

simple
subcoalg.

Notice: x € G(A) = Cy :=k{x} C Ais a simple subcoalgebra.

Definition. A Hopf algebra is called pointed if

Ao = kG(A).



The lifting method

in two slides

Let A be a Hopf algebra s.t. H = Ay C A is a Hopf subalgebra
(vg. pointed).

There is a Hopf algebra filtration Ag C A; C --- C A so that
grA = Ao D Al/AO @Az/Al PD...
=V

is a graded Hopf algebra.
> grA~R#H, R € ﬂyD.
»> (V,c) is a braided vector space.

» k(V) <R is the Nichols algebra B(V) of (V,¢).



The lifting method

in two slides

Let A be a finite-dimensional pointed Hopf algebra; Ag = kI.
Program

1. Find all V € LYD s.t. dim B(V) < <.

2. Find a presentation of such B(V); for each V.

3. Check "Ag =kl = gr A =B(V)#kI.

4. Find all deformations (aka liftings) of B(V)#kr .
Theorem Assume Ag = kI, abelian.

> 1 gr A= B #kl.

> 2 q=(q;) € k> is a matrix, from a list H.

> 398, = T(V)/(G,), for a minimal set of relations Gj.

> 4 A= uy(N), for some A = (),), € k9.

I.Angiono, J. Reine Angew. Math. 2013.
|.Heckenberger, Adv. Math. 2009.
I.Angiono, JEMS 2013.

1
2
3
4|.Angiono, AGI., Selecta M. 2018.



» Any q = (qjj)1<ij<o defines a braided vector space of diagonal
type (V,c1), by setting V =k{x,...,xp} and

A ®x)=qjx@xi, i,j=1,...,6.
» ‘B, is the Nichols algebra associated to (V/, c9).

» dim‘B,; < co if and only if g € H.

Classification problem
» For each q = (qj;) € X and I' (compatible), find all
deformations of By#kl .
That is, all A with gr A =B#kI.



Example 1.
> q=(0). V=1
> B, =k[x]/x" (i.e. G = {xV}).
> [ =2Z/mNZ.
Set u(\) = k[x]#kr/(xN — A1 — gN)).
> If gr A= B,#kl, then there is A such that A >~ u(\).



Example 1.
> q=(¢) ¢"=1
> B, =k[x]/x" (i.e. G = {xV}).
> [ =2Z/mNZ.
Set u(\) = k[x]#kr/(xN — A1 — gN)).
> If gr A= B,#kl, then there is A such that A >~ u(\).

Example 2.
> q= (C q1>, with 3 =1, ¢ =1 qugo =g %
2 q
> [ =7/247.
> B, =k(xi,x2)/(Gy) (and dim = 72), where G is
Xf’, X%27 [x2, [x2, x1]], [x1, [x1, X2]]4-

> If gr A= B #kl, then A ~77.



Example 1.
> q=(¢) ¢"=1
> B, =k[x]/x" (i.e. G = {xV}).
> [ =2Z/mNZ.
Set u(\) = k[x]#kl/(xN — \(1 — gN)).
> If gr A= B,#kl, then there is A such that A >~ u(\).

Example 2.
> q= (C q1>, with G =1,¢2=1 qp=q"
2 q
> [ =7/247.
> B, =k(xi,x2)/(Gq), where Gy is
Xf’, X%27 [x2, [x2, x1]], [x1, [x1, X2]]4-

> If gr A =B #kl, then A~ uy(A).



Example 1.
> q=(¢). "=1
> B, = kix]/x" (ie. G = {(x"}).
> I =7/mNZ.
Set u(A) = k[x]#kl /(xVN — A(1 — gM)).
> If gr A= B,#kl, then there is A such that A ~ u(\).

Example 2.
¢ —Q> L 12
> q= , with (=1, =1
q (C q ¢ q
> [ =7/24Z.
> By = k(xi,x2)/(Gq), where G is
X7, X7, [x2, [x2, x1]], [x1, [xt, %]

> If gr A = B#kT, then A =~ ug(A) = k(x1, x0) #kI/(Gy(A)).



Coeyele-deformationsCleft objects

Warning: rather technical

Let (B, A) be a Hopf algebra.

» An algebra E is a (right) comodule algebra if it is a comodule
with coaction p € Alg(E, E ® B).

Example E = B, p = A.

» A (right) cleft object is a right comodule algebra E provided
with a c.i. comodule isomorphism ~: B — E (the section).

5S':hauenburg, Comm. Algebra (1996)



Coeyele-deformationsCleft objects

Warning: rather technical

Let (B, A) be a Hopf algebra.

» An algebra E is a (right) comodule algebra if it is a comodule
with coaction p € Alg(E, E ® B).

Example E = B, p = A.

» A (right) cleft object is a right comodule algebra E provided
with a c.i. comodule isomorphism ~: B — E (the section).

Let® (E, p) € Cleft(B).

» There exists a Hopf algebra A = L(E, B) such that E
becomes a bicleft (L, B)-object.
> Ais a cocycle deformation of B.

» A= B as coalgebras and my = o * mg x o~ L.

5S':hauenburg, Comm. Algebra (1996)



Given B = B #kl, find all E € Cleft(B) such that

grL(E,B) ~ B.

» Check if gr A~ B implies A~ L(E, B), some E € Cleft(B).



Given (I, q), we define a set of deformation parameters
AN=A(T,q) C k%,

For each A € A, we construct
> a PBW deformation® £(X) of B4 in RepT;
> a Hopf algebra ug(A);
in such a way that
> A(X) = E(A)#KT is a right B #kl-cleft object.
> ug(A) =~ L(A(X), By#krD).
> grug(A) o~ B#kr.

6 Heckenberger, Vendramin (2017).



Fix g = (gij)1<ij<o € H and I compatible so that
> thereare g1,...,8 €T and x1,...,X0 €T such that

xi(g) = qji, ihj=1,...,0.
Let V =k{x1,...,xp} and G := G C T(V) be such that

Bg = T(V)/(9),

» hence there are (g/)reg €T, (Xr)reg € T,

The set of deformation parameters is

A= {Xx=(\)reg|\r = 0if x, # €} C kY.



The algorithm

Setting:
» q such that dim ‘B, < oo;
> V.G such that B, = T(V)/(G);
» [ compatible with q (V > x; ~ (gi, xi) ~ (&, Xr)),
> A= (\)reg € kY.
Preparation:
» Stratify G = Go LI Gy LU - - - LI Gy so that for each r € Gy,

AF)=FR1+1®F in By = T(V)/ (U5 G).

We proceed step-wise t € I, :={0,1,...,/¢}.
> Set H; = Bq#kl.



Input
» A (braided) Hopf algebra B; := B, and G; C B; with

A(r)=r®l+1®r, r € Gg.

» A l-algebra & with an algebra map p: & — & ® By,
» hence an algebra A; = E:#kl and a section ~;: B, — &;.

» A H. algebra u; with an algebra map §: A; — u; ® A;.

7Gijnther. Comm. Alg. (1999).



Input
» A (braided) Hopf algebra B; := B, and G; C B; with

A(r)=r®l+1®r, r € Gg.

» A l-algebra & with an algebra map p: & — & ® By,
» hence an algebra A; = E:#kl and a section ~;: B, — &;.
» A H. algebra u; with an algebra map 6: A; — u; @ A;.
LemmalAG,”] &ii1 = &E:/{(7:(r) — A\r 1 r € G+) # 0 and

| 4 .At+1 = 5t+1#kr € CIeft(’Ht+1) (W “/H—l)'

7Gijnther. Comm. Alg. (1999).



Input
» A (braided) Hopf algebra B; := B, and G; C B; with

A(r)=r®l+1®r, r € Gg.

» A l-algebra & with an algebra map p: & — & ® By,
» hence an algebra A; = E:#kl and a section ~;: B, — &;.

» A H. algebra u; with an algebra map §: A; — u; ® A;.
LemmalAG,”] &ii1 = &E:/{(7:(r) — A\r 1 r € G+) # 0 and

> A1 = Er1#kl € Cleft(Het1) (~ Yer1)-
Proposition[AAG] If 111 = u:/(F — A(1 — gr)), then
> uryy ~ L(Ai1, Her1)  and » grugrs ~ B #kr.
where 7 € ug, r € Gy, is determined by

F@1=0(7e(r)) — g ®e(r).

7Gijnther. Comm. Alg. (1999).




Let By =&y = T(V), SO Upg = T(V)#kr and Yo = idT(V)-
Theorem.[AAG] Fix X in A and set

g(A) ={~ t(f) Arir € Gty C T(V),
G(A) = M(1—gr):r€ Gt C T(V)#KI.

Assume E(A) = T(V)/(G(A)) # 0. Then
> A(X) = E(X)#KT is a right cleft object for H = B #krl .
» L(A) = L(A(N),H) is a lifting of V.
> L(A) = ug(N) = T(V)HET/(GN).
» uy(A) is a cocycle deformation of By #kl.



Let By =&y = T(V), SO Upg = T(V)#kr and Yo = idT(V)-
Theorem.[AAG] Fix X in A and set

GgA) ={~ t(f) Arir€Geth C T(V),
G(A) = M(1—gr):r€ Gt C T(V)#KI.
Assume E(A )'— T(V)/{(G(A)) #0. Then

> A(X) = E(X)#KT is a right cleft object for H = B #krl .
> L(A) = ( (A),H) is a lifting of V.

> L(A) = ug(A) = T(V)#KM/(GN)).
» uy(A) is a cocycle deformation of By #kl.

Theorem.[AG] E(A) # 0 iff X € A.
> If gr A= B #kl, then IX € A1 A~ uy(A).



Classification

Theorem.[AAG,AG]| Let A be a finite-dimensional pointed Hopf
algebra with abelian group of group-likes.
Then there is XA € A such that A ~ uy().

» isoclasses are parametrized by equivalence classes in A/ ~.

> A is a cocycle deformation of gr A.

8Andruskiewitsch, Angiono; Math. Zeitschrift, to appear
gAndruskiewitsch, Angiono, Pevtsova, Witherspoon; arXiv:2004.07149



Classification

Theorem.[AAG,AG]| Let A be a finite-dimensional pointed Hopf
algebra with abelian group of group-likes.
Then there is XA € A such that A ~ uy().

» isoclasses are parametrized by equivalence classes in A/ ~.

> A is a cocycle deformation of gr A.

Consequences.
» Case Ag is basic®.

» Cohomology ring of A is finitely generated®.

8 _— . . .
Andruskiewitsch, Angiono; Math. Zeitschrift, to appear
gAndruskiewitsch, Angiono, Pevtsova, Witherspoon; arXiv:2004.07149



Examples

Some pointed Hopf algebras of type bt(2, a)

Pick ¢,q,q1, o €k with (3 =1, ¢ =1, qugp =g .

¢ ql)
> q= , =V =k{x, x}.

| <q2 q b, e
» Pick I' (eg. Z/247).

We have that B, = T(V)/(G), where G = {r;,rn, 3,13} is

Xf? X2127 [X2’ [X2v Xl]]? (<>)
[X17 [X17 X2]]4a (&)

and Go = {({)}, G1 = {(d)} is an stratification.



Examples

Some pointed Hopf algebras of type bt(2, a)

Pick ¢,q,q1, o €k with (3 =1, ¢ =1, qugp =g .

¢ ql)
> q= , =V =k{x, x}.

| <q2 q b, e
» Pick I' (eg. Z/247).

We have that B, = T(V)/(G), where G = {r;,rn, 3,13} is

Xf? X2127 [X2’ [X2v Xl]]? (<>)
[X17 [X17 X2]]4a (&)

and Go = {({)}, G1 = {(d)} is an stratification.

>Fix Ae A= {(Ar17)\l’2))‘r37)\r4) S k4 . )\,’ =0 if Xr; 7£ 6}
= {()\fj?)\rg)o’ >\r4) c k4 . >\ri - k}
= {(M1, M2, A3)} ~ K.



Examples

Some pointed Hopf algebras of type bt(2, a)

> Fix A = (A1, A2, A3) € k3,

Step 0:
(recall that yo = id(yy, F=r, ...)

> B; = T(V) modulo (), i.e.
xi, X3, X221
» & = T(V) modulo
X — A1, X3 = A, X221 (<)

» u; = T(V)#kl modulo

X13—)\1(1—g13)a X212—A2(1 _g212)7 X221 (<>)



Examples

Some pointed Hopf algebras of type bt(2, a)

Step 1 (and final):
(=2 7=, ..)

> By =By = T(V)/{(0),r), r=xf1, (#).
We look for r' = ~1(r),so p(r')=r@1+g @1
We compute

p(N=r@1+1@r+cr? p(x3x%) — cA2x3x% @ 1.

Hence r' = r — cA? x3x%,.

> S =E= 51/((0/), r— )\3>. (*/)
Now we compute §(r’) to find 7. We get

() —gor =rel.
So F=r— cA\?x3x%,.
>y =u=1u/(({),F— As(1 - gi)). (&)

We are done.



Examples

Some pointed Hopf algebras of type br(2, a)

Pick ¢, g € k with (3 =1, ¢ =1.

> q= (g _Z), = V = k{x1,%}.

> Set [ =7/24Z.

> B, =T(V)/(G), where G is

X7, X2, X221, X1
Each A = (A1, A2, A\3) € k3 defines a Hopf algebra
ug(A) = T(V)#KM/(GN)),
where G(A) is
X =M(1 gf) X% = a1l —- g212), x201 = 0,

Xt12 = A3(1 — gi1p) + AT X5 x5

> If A satisfies gr A >~ B#kl, then A ~ ug(X).



Examples

Build your own!

Ready
> All (q,IN) with (|I'|,210) = 1. ~P[AS].
» Cartan: A, By, Go. ~P[AAG,AG,GJ].
» Standard: Gp. <P[J].
» Modular br(2, a) ~[GP].
» UFO: ufo(7), ufo(8). <pP[H,GP].
Missing
» Other Cartan’s and Standard type.
» Super and modular type.
» Other UFO's: ufo(1),...,ufo(12).
Plus

» It also works for non-diagonal braidings!
» non-abelian groups, non-pointed Hopf algebras, ...



Non-diagonal case
Copointed Hopf algebras over S4

> Set G =S4, H=k® =k{d;: t € G},
» O = {(ij) : (ij) transposition in G}.
Then V = k{x(;|(ij) € O} is a braided vector space with

c(X(ip) ® X(ki)) = =X(ij) (ki) (if) © X(if)-
Moreover, dim B (V) = 242,
> Ve ﬂyD via:

Ot - X(ij) = Or,(i)X(if)»

X(ij) F* Z sgn(t)dr @ Xe-1(jj)e-
teG

» Thus B(V)#kC is a graded Hopf algebra.



Non-diagonal case

Copointed Hopf algebras over S4

> Set G =S4, H=k® =k{6; : t € G},
» O = {(ij) : (i) transposition in G}.
Then V = k{x(;|(ij) € O} is a braided vector space with

c(X(ip) ® X(kiy) = =X(ip)(ki)(if) © X(if)-
Moreover, dim B(V) = 242,
> Ve ﬂyD via:

Ot - X(ij) = Or,(i)X(if)»

X(ij) Z sgn(t)dr @ Xe-1(jj)e-
teG

» Thus B(V)#kC is a graded Hopf algebra. Deformations?



Non-diagonal case

Copointed Hopf algebras over S4. Nichols algebras.

> Let V =k{x( (i) € OF; c(x(i) @ x(k1y) = =X(ij) (ki) (1) @ X(if)-
» 1093(V) = T(V)/(G), where G is

xGjy = 0
X(ij)X(kt) + Xkt X(ij) = 0
X(ij)X(iky + X)X (k) T X(ik)X(ij) = 05

all different (if), (kI), (ik) € O with (ij)(kl) = (kI)(ij).

1
OMiIinski, Schneider Contemp. Math. (2000); Andruskiewitsch, Grafia, Adv.) Math:5(2003).



Non-diagonal case

Copointed Hopf algebras over S;. Cleft objects.

> Let V = k{x (i) € O} c(xi) @ X)) = —X(ii) (k)i @ X(ij)-
> 11 £(A) = T(V)/(G(N)), where G(A) is

2 .
XGipy = A

X(ij)X(kty + Xy X(ijy = 05
X(ij)X(iiey + X)X (k) T X(ik)X(ij) = 0
are the PBW deformations of B(V) (in H-mod).

11
Heckenberger, Vendramin (2017); Gl, Vay, JPPA (2018).



Non-diagonal case
Copointed Hopf algebras over S;. Cleft objects.

> Let V = k{x (i) € O} c(xi) @ X)) = —X(ii) (k)i @ X(ij)-
> 11 £(A) = T(V)/(G(N)), where G(A) is

2 .
XGipy = A

X(i)X(kt) + Xk X(ipy = 0;
X X(ik) + X(ik)XGk) + X)Xy = 0-
are the PBW deformations of B(V) (in H-mod).
> AN) = E(A)#ES is B(V)#KS-cleft.
> If £(A) = L(A(X), B(V)#KkS), then gr L(A) ~ B(V)#kS.

11
Heckenberger, Vendramin (2017); Gl, Vay, JPPA (2018).



Non-diagonal case

Copointed Hopf algebras over S;. Deformations.

> Let V =k{x( (i) € O} c(xij) ® X)) = =X(ii) (ki) (i) © X(ij)-
> L(A) ~u(A) = T(V)#KS/(G(A)), where G(A) is

Xty = 2 (i) = Ae1(ie) O

teSy
X(ij)X(kt) Xkt X(ij) = 03

X(ij)X(ik) + X(ik)X(jk) T X(ik)X(ij) = 0

These are (all) the deformations of B(V)#kS+.



Non-diagonal case
Copointed Hopf algebras over S;. Deformations.

> Let V =k{x( (i) € O} c(xij) ® X)) = =X(ii) (ki) (i) © X(ij)-
> L(A) ~u(A) = T(V)#KS/(G(A)), where G(A) is
Xty = 2 (i) = Ae1(ie) O

teSy
X(ij)X(kt) Xkt X(ij) = 03

X (i) X + X)Xy + X X(i) = 0-
These are (all) the deformations of B(V)#kS+.
Theorem.[GV] Classification of f.d. copointed Hopf algebras / k5.

> All liftings are cocycle deformations.
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