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The Cauchy problem for a parallel null vector field

Given a Riemannian manifold (M, g), can we embed (M, g) as a Cauchy
hypersurface into a Lorentzian manifold (M, g) of the form M c R x M and

| g=-Pdftg. | ()

such that (ﬂ,g) admits a parallel null vector field V, i.e., with
VV=0 and gV,V)=0 ?

Here g; = family of Riemannian metrics on M with go = g, 4 = A(t, x) “lapse fct”.

> Without requiring V being null finding g with V parallel is trivial: The metric
g = —dt? + gon R x M has a parallel time-like vector field ;.

> If Vis null and parallel, g has to satisfy the constraint equation
VU = uw,

with u = g(U, U) and W the Weingarten operator [Helga’s talk].

» For a Riemannian manifold (M, g) satisfying the constraints, find a (globally
hyperbolic) Lorentzian manifold of the form (x) with parallel null vector field.



Motivation 1: Special Lorentzian holonomy (more details in Helga’s talk)

Let (M, g) be a semi-Riemannian manifold, and
Hol(M. g) = {P} € O(ToM. g,) 1 ¥(0) = ¥(1) = p)

its holonomy group with Lie algebra hol(M, g).

» (M, g) has “special holonomy” < hol & so(p, g) but the manifold is
indecomposable, i.e., does not (locally) decompose as a product.

» Riemannian special holonomy: U(p) SU(p), Sp(q), Sp(q)-Sp(1), G2,
Spin(7) [Berger, Bryant, ...] + isotropy groups of symmetric spaces.

» Lorentzian special holonomy: 7 irreducible subalgebras of so(1,n+1)! =

aeR
veR, .

A € s0(n)

a vl o0
ol c stab(null line) = (R® so(n)) < R" = 0 A -v
0 07 -a

There is a classification of Lorentzian special holonomy algebras:
> indecomposable subalgebras of so(1, n 4 1) [Berard-Bergery & lkemakhen '93]
> Prio(n)(bol) is a Riemannian holonomy algebra [L "03] ~> Berger's list
> Construction of local metrics for all possible holonomy algebras [ ... Galaev '05]



Construction of Lorentzian manifolds with special holonomy

v

Let (M, g, 1) be a Riemannian manifold with closed 1-form p. Then
g=padv+g,

is a Lorentzian metric on M x R with parallel null vector field 9, .

Most constructions for prescribed holonomy are based on the local form of a
Lorentzian manifold with parallel null vector field

g = 2du(dv + fdu + f dx') + h; dx'dx’,

with f, f and h; functions of x',...x"2, u. Then 4, is null and parallel.

Need ‘global’ constructions for globally hyperbolic manifolds with complete
Cauchy hypersurfaces and with special holonomy [Baum-Mdiller '08]

A Lorentzian manifold (M, g) is globally hyperbolic if it admits a Cauchy
hypersurface M, i.e., a spacelike hypersurface that is met by every maximal
timelike curve exactly once. They are of the form M =R x Mwith

g =-A2dt? + g;.

[Geroch °70, ..., Bernal-Sanchez '03]



Motivation 2: Parallel spinors on Lorentzian manifolds

Let (M, ) be a Lorentzian spin manifold with spinor bundle S — M. and
Y e F(§) a parallel spinor, with induced causal and parallel Dirac current V.

> 5(V,, V) = —1: (M, ) locally is a product —dt? + h with h Riemannian,
Ric" = 0 and with a parallel spinor
~» special holonomy Riemannian manifolds: SU(p), Sp(q), G2, Spin(7).
> 2(Vy.V,) = 0: TMis filtered RV, < V- ¢ TM
No induced product structure and not Ricci-flat but Ric® = f (V})?.

» Constraints: Each spacelike hypersurface (M, g) admits a spinor field ¢ with
Ve =1W(X) ¢, ¥YXeTM, Uy~ =iu,e, (1)
in which U, is defined by g(U,, X) = —i(X - ¢, ¢), u, = /g(U,, U,) = ligl*.
> A spinor with (1) is called generalised imaginary Killing spinor (GIKS).
> U, = prrpV, satisfies the constraint VxU, = u,W(X).

Solve the Cauchy problem for Lorentzian manifolds with parallel null vector field V
and extend GIKS on (M, g) to parallel spinor on (M, g) by parallel transport.



Motivation 3: (Generalised) Killing spinors on Riemannian manifolds

(M, g) Riemannian mfd., ¢ a Killing spinor with Killing number 4, i.e.

Vxp=aX-p, AeRUIR.

> Killing spinor = (M, g) Einstein with scal = 4n(n —1)A2.

> {Killing spinors} ~ {parallel spinors on the cone (R* x M, & = 24%2dr® + r2g)}

> Parallel spinors are fixed under spin rep of Hol ~» use holonomy
classification in order to classify mfd’'s with Killing spinors.

> 1€ R [Bar’93] : Riemannian cones are flat or irreducible [Gallot '79],
Berger’s list = (M, g) = S", (3-)Sasaski, 6-dim nearly Kahler, nearly
parallel G,

» 1€iR: (M,g) = H" or (M =R x F,g = ds® + e***h) and (F,h) admits a
parallel spinor [Baum '89]. This can be obtained using the time-like cone and
a generalisation of Gallot’s result [Alekseevski, Cortés, Galaev, L '08].

Use same approach — with the cone replaced by the solution to a more general

Cauchy problem — and the classification of Lorentzian holonomy, to locally
classify Riemannian manifolds with generalised imaginary Killing spinor.



Example: Cauchy problem for Ric(g) = 0

Letg = —22dt? + g on T x Mand T = 19, be the timelike unit normal.
> W := ~VTl|7 the Weingarten operator, W = — L&, where dot = ;.

Fundamental curvature equations, R = curvature tensor of g:

v

Rlfm = R4+WAW GauB
R Dl = d"W Codazzi
R(T..~ Ty = 3(W+V2())+W? Mainardi

v

Ricci-tensor of g, Ric = Ric(g):

Ric(T,T) = 1(i(W)+ A(Q))+ tr(W?)
Ric(T,)lrs = d(&W) + divWw )
Riclraurm = =1 (W + V2(1)) + Ric +tr(W)W - 2W?

v

Scalar curvature:

scal = scal + (tr(Wy))? = BIIWII? - 2 (tr(W) + A()) @)

Set (2) and (3) to zero and replace tr(W) in (2) by (3).

v



Constraint and evolution equations for Ric(g) = 0

scal tr(W2) — tr(W)2
(W) = —div(W)

v

Ric=0 { } (constraints) and
dtr

W= /l( Ric +tr(W)W — 2W2) - V2(1) (evolution equations)

v

Constraints are preserved under evolution equations.

v

The evolution equations are of the form:
g = F(g, & 0ig, 0ig, 0i02),

with initial data gl;—o = g, gli—o = —24W.

v

If 2 and initial data are real analytic: apply Cauchy-Kowalevski to get unique
solution:
» for Lorentzian metrics [Darmois '27, Lichnerowicz '39], this can be generalised to
the smooth setting: Choquet-Bruhat (50’s, second part of the talk).
> Riemannian: solution for analytic data [Koiso '81], but in general no solution for
smooth, non-analytic [counterexamples by Bryant ’10, also Ammann, Moroianu
& Moroianu '13] .



Constraint and evolution equations for a parallel vector field

On M = R x M we can write a vector field V € (T M) as
V=uT+U with U € [(T*) and u € C*(R x M).
Visnullforg = -2dt? + g, = u=—g(T,V) = +g(U, V).

UxV = du(X)T - uW(X)+ VxU for X e TM
N——"
= VxU-W(X,U)T

VxV=0 e [VWW-uW=0 & du-W=0]

constraint equations  (t = 0)

VoV = uT+uV,T+ VU
S~—— S~
=Vl =3, U] - AW(U) + da(U)T

VoV=0 e |U+uVa+1ig(U)=0 & u+diU)=0

evolution equations



Second order evolution equations for a parallel null vector field

» I VV =0, thenfor X,Y € TMitis

R(0,X,Y,V) = R(8:,X,V,8) =0  ~> evolution for g via Codazzi-Mainardi
V5, VsV =0 ~ evolution for for U = prry(V)
Vx Vloxm =0 ~» constraint for U (initial condition for g)
VaVlosm =0~ initial condition for U

» We can show that this is in fact equivalent to VV = 0 and leads to equivalent
2nd order evolution equations in Cauchy-Kowalevski form:

(8 0.0) = 7 (2.8 0,208, 00¢, U, U, ..., :d,u),

however the first component of F is not necessarily symmetric!

» Observation:
In the analytic case, (*) can be replaced by R(X, V, V, Y) = 0 for all
X,YeTM.



Evolution equations for a parallel null vector field [Baum, Lischewski, L *14]

Let (M, g) be a Riemannian mfd, W a symmetric endomorphisms field, U a
vector field, u function on M, all real analytic, with constraints

ViU = -uW,’, g(U,U)=? > 0.

Then for any analytic fct. A = A(t, x) the Lorentzian metric g = —A2dt? + g; has
parallel null vector field V = %(% - U =

g = SUN(AVikéan — g Vid) + 3kl + 18 + 24V V0 + 2R UKU Ry
U = = U (g/[kVi]/l - ﬂV[igk]/) - U (gki - %gk:‘ = AViVid - Vk/lVi/l)
+ ugV A + L8 VF A+ 20V4
i = U (2uV'2+ 28uV'2) + 20KV - uviavka
gi(0) = g &(0) = -2aW;

with initial conditions {  U(0) U, U(0) UVid+ AUFWy .
u0) = u  000) = UV



Theorem 1 (Baum, Lischewski, L '14)

If (M, g, U) are real analytic satisfying the constraint equations, A real analytic,
then (M, g) can be embedded as Cauchy hypersurface into a Lorentzian
manifold (M c R x M,g = —A2dt? + g;) with parallel null vector field. For given
initial conditions as above, g is unique and (M, g) is globally hyperbolic.

> Apply Cauchy-Kowalevski to the evolution equations in coordinate
neighbourhoods in M. By uniqueness these patch together to a unique
global solution on M defining the Lorentzian metric g on McCRxM.

> Every p € M then admits a neighbourhood U, in M such that MN U is a
Cauchy hypersurface in U

» Then M = U, contains M as a Cauchy hypersurface.

Example [Baum & Miller ’08]

A =1, W Codazzi tensor, i.e. V[,-Wl]k = 0. Solution to the above system:
gi(t) = g—2tW;+ FWW5

' Al (U, mit A, inverse of (6 — tW/)

<
—~
=
=
I

u(t) = u




Application to parallel null spinors

Corollary 1

Let (M, g, ¢) be an analytic Riemannian spin manifold with an analytic GIKS .
— On the Lorentzian manifold in Theorem 1 there exists a parallel null spinor.

Proof: Take the Lorentzian manifold obtained as solution with parallel null vector
field. Translate the initial GIKS ¢ parallel along t-lines ~» spinor ¢ with %,w =0.

&:=(T"M&5)e(NT'"M&5) — M,
[ A=Wy
Bi=R(.)

v

v

] er(&)

v

A — (A A
Check that (B] satisfies a PDE V,, (B] =Q (B] with Q linear on &.

» A = B = 0 along initial hypersurface and hence for all t.



Smooth case: the Cauchy problem for Ric(g) = 0

> In the smooth setting we relax the condition on the explicit form of g: Given a
Riemannian manifold (M, g) and symmetric endomorphism W satisfying the
constraints

R = tr(W?) —tr(W)?,  dtr(W) = —div(W),
find a Lorentzian manifold (M, g) with Ric(g) = 0 and such that (M, g)

injects into (m, g) with Weingarten operator W.

> A system of PDEs for vector valued functions u : R™" — RN of x° = t and

A%(x*, U) Bou = Z Al(x*, u) diu+ B(x*, u), (4)
i=1
is a 1% order quasilinear symmetric hyperbolic system of PDEs if

> the A¥(x, u) are symmetric N x N matrices, and
» A%(x*, u) is positive definite with a uniform positive lower bound.

Such systems have a unique smooth solution for given initial conditions.



Hyperbolic reduction [Friedrich-Rendall]:

> In coordinates the Ricci tensor looks like

- 1, = .
Ric(g),, = 58 $0,058,, + 0(.T) +LOTs
=g%0,0,g,5 +LOTs
where ', =T7.,.
> Not fixing time coordinate and the form of the metric ~ full diffeomorphism
invariance
¢ € Diff (M) = Ric(¢'g) = ¢"Ric(g) = 0.
> Hyperbolic reduction to break the diffeomorphism invariance:
Fix background metric
g=-dt? +¢
on R x M with 1 € C*(R x M), define C =V - ¥ and
Ell = g;lvgaﬁcvaﬁ’
and replace Ric(g) = 0 by the equation

Ric(g), := Ric(8) + V(uEy) = 0.



Einstein equation as quasilinear symmetric hyperbolic system

> Locally, lii\c(g)w is of the form
ﬁi\c(g)#V = Ric(g)ll’/ + v(I—l EV) = _% 6 6ﬁg;1v + LOTS

- RIC( ) = 0is a 1! order quasilinear symmetric hyperbolic system of PDEs,

A°(x*, G)doG ZA X, G)a,G + B(t,x, G), (5)
i=1
for functions G = [8g ] of x° = tand x = (x')i—1..n, i.€., and hence has a
g

unique smooth solution for given smooth initial conditions.

» Then Ric(g) = 0 implies that E satisfies a wave equation

AE,=V'V,E, = -2V'R,,-VV,E,=R.."E, = RE,.  (6)
———
:ﬁ,scal = —VHVOE,,

Hence E =0 if E|y = 0 and VE| = 0.



Initial conditions

> original initial data: g;lm = gj, dogjlm = —2AWy;,
> choice: Zoolm = —A%Im, Zoilm = 0, i€, 8, Ipt = G-

> determine initial data for d;g,, and d;g,; such that E[,( = 0:
31Zoolm = —2Folm — tr(W), 8:Zoilm = —Film + 32" (20kgi - digu)

where F, =g, g"T) .

> With E|» = 0 we have V;E,|, = 0. The constraints give
0 = Ric(2)oilm = 2VoEilm. 0= Ric(Z)oo = VoEolu.

and hence VE|y = 0.

v

With E| = 0, VE| = 0 and wave equation (6), we get E = 0.

We obtain a local solutions to Ric(g) = Ric(g) = 0 that patch together to a
globally hyperbolic solution.



The smooth case: parallel vector field [Lischewski & L, in prep.]

Given a smooth Riemannian manifold (M, g) with U and W satisfying the

constraints
VU = uw, u= 4/g(U,U),

can we find a Lorentzian manifold (M g) with parallel, null vector field V such
that pry (V) = U and W is the Weingarten operator of M c M?

> Let V be a parallel vector field on (M,g) and u = V' = g(V,.) € Q'(M).
Then
> V] (6('()}110@)) =0fork =0,1,... hence there is a bilinear form Q with
Ric(z) = Q, V_iQ=0, VyQ=0. (7)
» Vu = 0 and in particular (d + 62)u = 0. Recall that d + 62 = c o V, where c is
the Clifford multiplication on forms

c:TMeY 3 Xowr X Aw-X_JweQ*
» Given a initial manifold (M, g) and a function 2 € C*(R x M), fix a

background metric § = —A2df? + g on R x M that defines Ric(g) as for the
Einstein equations.



» Consider the PDE system

Ric(@ = Q:pf1Q=0
v:Q = 0 (8)
(d+6®u = 0

for a metric g, a one-form y, and a symmetric BLF Q. Note that
» Ric(g) does not contain derivatives of Q, i.e., 15t eq. in (8) is like Einstein
equation with energy-momentum tensor Q.
» d+6=coV:A* - A*is of Dirac type.

> (8) reduces to a 1% order quasilinear symmetric hyperbolic system of the

A2 0 0)(8G Al 0 0)(aG) (B
0 AY Of|ldou|=|0 AL 0 ||diu|+]|Bz|
0 0o 1)laQ 0o o ai1)laQ) \Bs

for G = (g,0:g,0:2), u and Q, with A1°/2 symmetric positive definite, A{'/2
symmetric, that has a unique solution for given initial data along M.
> W := (VV,E) s a solution to a wave eq. PV = 0, for normally hyperbolic .

> Again, the initial data are determined by

gm=g wMm=240-U..), deraxrm=—-2aW,

and the requirement that VVlM =0and E|yp = 0.



Cauchy problems for Lorentzian manifolds and special holonomy

Part 2



Recall from part 1:

Given a Riemannian manifold (M, g), with a vector field U and a symmetric
endomorphism field W satisfying the constraint equation

VU = uw, with u = /g(U, U),

and a function 2 € C*(R x M), we wanted to construct a Lorentzian manifold
(M, g) which
» contains (M, g = g|m) as Cauchy hypersurface, with Weingarten operator
W,
> admits a parallel null vector field V such that pry (V) = U,
> possibly of the form
g =-2%d® + g,

for a family of Riemannian metrics.



Theorem 2 (Lischewski-L, in progr.)

Let (M, g) be a smooth Riemannian manifold with a vector field U and a
symmetric endomorphism field W satisfying the constraint equation VU = uW
and a function 1 € C*(R x M).

Then there is M c R x M with a Lorentzian metric

g=-Pd +g with Ay = A, g = g,

such that (M, g) admits a parallel null vector field V with pry,,(V) = U, and such
that (M, 2) is globally hyperbolic with M as Cauchy hypersurface with
Weingarten operator W.

Moreover, let § = —A2dt? + g be the background metric on R x M defined by the
initial data A and g. Then g is the unique metric satisfying the additional
conditions

> glm = —8lm,

» trz(C) = 0, where C(X, Y) = VxY — VxY is the difference tensor between
the Levi-Civita connections of g and g.




Proof, step 1: the quasilinear symmetric hyperbolic system

Fix the background metric § = A2dt? + g on R x M. For a Lorentzian metric g
define the difference difference tensor C between the Levi-Civita connections of g
and g, the 1-form E and the modified Ricci tensor by

E =g(trg(C),.),  Ric(2)ap = Ric(8)ap + V(uEp)-

Consider the PDE system

Ric(g) = Qopr’y, V,Q=0, (d+&)u=0 9)

for a metric g, a one-form u, and a symmetric BLF Q.

quasilinear symmetric hyperbolic system of the form

A2 0 0)(6G Al 0 0 )(aiG) (B
0 A Offdou|=]|0 A 0 ||du|+]|Be|
0 o 1)l6Q o o ai1)laQ) B

for G = (2,0,2), u and Q, with A, = A7, (¥*, G, 11, Q) and A, symmetric
positive definite, A; , symmetric.



Proof, step 2: the wave equation

For g, Q and u = V" be a solution of the system (9) we define the quantities

¢ = (VV.E,-VyE.VE(V)).
Vo= divE(Q- Jtrg(Q)g).

Then show that ® and W satisfy the following PDEs
AD = Li(D, VO, W), VWU = L,(d, VD), (10)

where A = 52 is defined by the Bochner Laplacian on the appropriate bundle
and L, and L, are linear.

Again, in local coordinates the system (10) is a equivalent to a 15! order linear
symmetric hyperbolic system for ®, ¢ and V¥, and hence has a unique solution
for given initial values.

If we can show that ®, V& and W vanish along M, then they vanish for all t.



Proof, step 3: Initial conditions

—
=

the original initial conditions:
Zm=8m  O8lramxTm =24W,  plp = ug(40; - U,.)

initial conditions for Q:

(i

=

UlQly = dir(W) = —div(W)
Q = Ric—W2+tr(W)W = R(N,...N) + W(., N)W(.,N) - W(N, N)W

where N = :—JU and the second equation holds for U+ x U+ along M.

(i

=

initial data for d;g,, and d;g,;:

Oi8olm = —2/”2 (Folm = Apmtr(W)),
OZilm = llfw( Film + 3¢"(20kg1 - dig) + 9i(log An))

a,(i”l'-‘ v

where F, = gwg g

The initial conditions (ii) and (iii) imply that &, V& and W from the previous slide
vanish along M.



Proof, step 4: the global metric and its form

From local to global:

> For each p € M there is a globally hyperbolic neighbourhood U, and
solutions g, V, Qwith E=0and VV = 0.

> On overlaps, these solutions coincide and thus give rise to a globally
hyperbolic solution on M = UpepU), containing M as Cauchy hypersurface.
The form of the metric as g = —?dt2 +gp
Consider the vector field F = dt(v )Vt i.e., with dt(F) =
> The leafs of F* are given as M; = {t} x M C MCcCRx M.

> The flow ¢ of F satisfies ¢s(M;) = M;,;s because
2 (H5(p))) = Ml (F) = 1. and hence t(9s(p)) = s + t(p).
> Then the metric *g for ®(t,p) = ¢;(p) € M satisfies
®5(8, X) = 5(F., dd(X)) = 0 VX € TM,

with 22 = &*g(d,,0;) = g(F.F) = sy



Extension of the spinor

Extend generalised imaginary Killing spinor (GIKS) along (M, g) to parallel spinor
on (M, g) by parallel transport along the flow of V =

Corollary 2 (Lischewski '15)

Let (M, g, ¢) be a smooth Riemannian mfd with smooth GIKS ¢ and

1€ C=(R x M). Then the above Lorentzian manifold M c R x M with Lorentzian
metric g admits a a parallel spinor ¢ such that ¢|p = ¢.

The corollary was obtained independently by Lischewski by studying the system
Ric(g) = (V)2 D% =0, df(V,) =0

for a spinor ¢, a metric g and a function f. The wave operator in step 2 of the
proof is made of multiple copies of D and Vz.



Riemannian manifolds satisfying the constraints

Let (M, g) be a Riemannian manifold with a vector field U such that V;;Uy =0
and u? := g(U, U) # 0.

» dU’ = 0 and U* is integrable.

> Locally, U = grad(f), and the leaves of U* are the level sets of f.

» ForZ = U‘—ZU we have LU’ = dU’(Z,.) = 0. Hence, the flow ¢ of Z is a

difffomorphism between the leaves of U+ and there is a diffeomorphism
ST xU>(s,x) > ¢s(x) eW M, Ianinterval,
> The diffeomorphism @ satisfies d®|s )(ds) = Zls(x) and

©'g(0s.05) = g(Z.2) = (‘U)

g
g(0s. X) = g(Z.dd(X)) = for X € U*




Riemannian manifolds satisfying the constraints, ctd.

If Z is complete, its flow is defined on R. On the universal cover Mof M ,
U = grad(f) globally, and hence there is a diffeomorphism

P:RXU(s,x) — ¢s(x)eM
level sLts of f = integral mfds of U+.
Theorem 3
(M, g, U) satisfies the constraint V;Uy = 0 < it is locally isometric to
(I XF,g= Lds® + hs), hs family of Riemannian metrics on F .

This isometry maps U to u?0s. Moreover: If the vector field u1—2 U is complete, then
M is globally isometric to R x F.

Conversely, if ¥ is compact and u € C*(F x R) bounded, then for any family of
Riemannian metrics hg

(M=RxF,g= %ds®+hj)

is complete.




Lorentzian holonomy reductions and the screen bundle

Let (M, g) be a Lorentzian mfd. of dim (n + 2) with parallel null vector field V.

o 0 vl 0 -
> hol,(M,g) C stab(V,) = so(n)<xR"=4f 0 A -v Aesoin)

0 0" o0

> Screen bundle over M:
S=VHR-V,  B(XLIYD) =8X.Y),  V[Y]=[VxY|.

is a vector bundle with positive def. metric and compatible connection V°.

> Hol(VS) = prso(n)bol(ﬂ, g) is a Riemannian holonomy algebra, i.e., equal to
(a product of) so(k), u(k), sp(1) @ sp(k), su(k), sp(k), a2 or spin(7), or the
isotropy of a Riemannian symmetric space.

» Fixing a time-like unit vf T € I'(M) gives a canonical identification of S with a
tangent subbundle
VEnT =ScTM



If (M., g, V) arises as solution to the Cauchy problem for V from (M, g, U)
we identify S|y with U+ ¢ TM and get

s _ ol
VX(T|M = VXO',

o el (SIm) =T(UY), X e TMand V* = pr. o V¢ the induced connection.

Locally (M, g) = (Z x F, - ds® + hs) and we can interpret o € [(U*) as
family {os}ser

We have the following vector bundles of the same rank

(TF, V") (UL, vH) (S,V®)
l l _l
F c M c M

Lorentzian holonomy reductions from so(1, n + 1) to g < R” with g c so(n)
are given by a parallel null vector field V and a parallel sections of
®*bS - Msuchas a complex structure, a stable 3-form, etc.



The relation to Lorentzian holonomy reductions

Theorem 4

Let (M, g, U) be a Riemannian mfd. satisfying the constraints and (M, g, V) the
Lorenzian mfd. arising as solution of the Cauchy problem. Then there is a 1-1
correspondence between

ns € T(®* 0 TF) :
{ 7 € M(®2°S) : }g{ ner(®PU): }(_) Yo = 0 0

VSﬁ =0 Vin=0 . X .
ns = ihiong (i)

Hence, hol(V®) = prso(n)bol(/V(, g) lies in the stabiliser of a tensor on S if and only
if on F there is an induced s-dependent family of hs-parallel tensors ng with (ii).

Proof of (x, «): Extend 5 € [(®*° U+ — M) to # € I'(®**S — M) by parallel
transport along the flow of V. Then A := V55 € ['(T* ® ®*°S) satisfies V°A = 0,
which is a linear symmetric hyperbolic system for A with initial condition A|, = 0.
Hence, not only V{# = 0 but also V3# = 0 for X € TM.



Flows of special Riemannian structures

Let hg be a family of Riemannian metrics admitting a family ns of parallel tensors
defining a holonomy reduction. What about condition (ii) 77s = %hi “1s?

> hg is family of Kahler metrics: there is a complex structure ns = Js and
Kahler form wg with

Js = %hg - Js, ws = %hﬁ * Ws,

so (ii) is automatically satisfied for Js.
> h, is family of Ricci-flat Kahler metrics with div" (hs) = 0.

> hs = h! + hZ is a family of product metrics <= 3 V"s-parallel
decomposable p-forms u, = vol". Volume forms evolve as fis = %hﬁ - Us-

> hg is a family of holonomy g, metrics defined by a family of stable 3-forms ¢s.
Problem: Given a family hs of holonomy g, metrics, does there exist a family
of stable 3-forms ¢ defining hs such that ¢s = %hﬁ - s holds?

Sym*(RY@®R” 3 (S,X)— S-¢+ X_I(x¢) € AR’

If g = S - ¢+ X_I(*¢), then the associated metric satisfies h = 25 ...



Consequence of Theorem 4

If (M, g) is a Lorentzian manifold obtained from the Cauchy problem. Then
hol(V®) c g if and only if the associated family of Riemannian metrics hs on F is
given as follows:

g hg is family of
so(p)®so(q) <  product metrics
u(n/2) <=  Kahler metrics
su(n/2) <= Ricci-flat Kahler metrics with div™ (hg) = 0
sp(n/4) < hyper-Kahler metrics
02 / spin(7) <  of g2 / spin(7)-metrics (with (ii)?)



Classification of Riemannian manifolds with GIKSs

Theorem 5

Let (M, g) be a Riemannian spin manifold admitting an GIKS ¢. Then

1. (M, g) is locally isometric to

(M.g) = (I xF1 X ... X Fi.g = 5ds? +hl + .. +ht) (11)

for Riemannian manifolds (%, hL) of dimension n;, u = |\¢ll?. Each h. is one
of the following families of special holonomy Riemannian metrics:

» i, is Ricci-flat Kahler and divhs (i) = 0,

> hyper-Kéhler, Gz (?), Spin(7) (?) or a flat metric.

. If (M, g) is simply connected and the vector field J_SU“ is complete, the
isometry (11) is global with I = R.

. Conversely, every Riemannian manifold (M, g) of the form (11) with

I €{S',R}, where u is any positive function and (¥;,h.) are families of
special holonomy metrics (subject to the above flow equations ...) is spin
and admits an GIKS.
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