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Optimization of Complex Systems – 6th Exercise Sheet.

Discussion of the solutions in the exercise on December 9, 2019.

Problem 1 (projection formula): Let ua, ub, p ∈ R and λ > 0. Solve the optimization problem

min
v∈[ua,ub]

(
pv +

λ

2
v2

)
by deriving a projection formula.

Problem 2 (discontinuous trace operator): Assume that Ω ⊂ RN is a bounded Lipschitz domain
with boundary Γ. Show that there exists no constant c > 0 that only depends on Ω such that

‖u‖L2(Γ) ≤ c ‖u‖L2(Ω)

for each u ∈ C(Ω).

Problem 3 (adjoint equation and necessary optimality conditions): Let Ω ⊂ RN be a bounded
Lipschitz domain with boundary Γ. Let functions aΩ, u ∈ L2(Ω), aΓ ∈ L2(Γ), β ∈ L∞(Ω), α ∈ L∞(Γ)
with α ≥ 0 almost everywhere be given. Let y and p be the weak solutions of the elliptic boundary
value problems

−∆y = βu in Ω,

∂y

∂n
+ αy = 0 on Γ,

and

−∆p = aΩ in Ω,

∂p

∂n
+ αp = aΓ on Γ,

respectively.

a) Show that∫
Ω
aΩydx+

∫
Γ
aΓyds =

∫
Ω
βpudx.

b) Assume now further that λ, λΩ, λΓ ≥ 0 and yΩ ∈ L2(Ω), yΓ ∈ L2(Γ). Consider the optimal control
problem

min J(y, u) :=
λΩ

2
‖y − yΩ‖2L2(Ω) +

λΓ

2
‖y − yΓ‖2L2(Γ) +

λ

2
‖u‖2L2(Ω)

subject to

−∆y = βu in Ω,

∂y

∂n
+ αy = 0 on Γ,

ua(x) ≤ u(x) ≤ ub(x) a. e. in Ω.



Show that with Uad :=
{
u ∈ L2(Ω) : ua(x) ≤ u(x) ≤ ub(x) a. e. in Ω

}
and for an optimal triple

(ū, ȳ, p), the optimality conditions are given by∫
Ω

(βp+ λū)(u− ū)dx ≥ 0 ∀u ∈ Uad,

where the adjoint state p is given by the weak solution of

−∆p = λΩ(ȳ − yΩ) in Ω,

∂p

∂n
+ αp = λΓ(ȳ − yΓ) on Γ.
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