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ABSTRACT. Motivated by recent work of Aguilera—Bagaria—Liicke in
[ABL24] and Aguilera-Bagaria—Goldberg-Liicke in [ABGL25], we an-
alyze various effects of set-theoretic forcing upon the classes of exacting
and ultraexacting cardinals. Using Magidor support products of Prikry
forcings, we prove that an 12-embedding yields a transitive, set-sized
model of ZFC with a proper class of exacting cardinals. We show that
under Woodin’s HOD Conjecture, no exacting cardinal can be a limit of
exacting cardinals. In contrast, we prove that models of ZF containing
large cardinals beyond choice have forcing extensions that are models
of ZFC in which a regular cardinal is a stationary limit of ultraexact-
ing cardinals. We also show that, assuming the HOD Conjecture, an
analogue of the classical Levy—Solovay theorem holds for exacting and
ultraexacting cardinals. Finally, we analyze the large cardinal properties
possessed by exacting cardinals in HOD. We prove that if A is exacting
and V) satisfies the HOD Hypothesis, then A has strong large cardi-
nal properties in HOD. Carrying forward forcing constructions from
[ABGL25], we start with a model of ZFC with an I2-embedding and
produce a model of ZF in which the successor of an exacting cardinal A
is extendible in all models of the form HOD, for x C A.

1. INTRODUCTION

Large cardinal axioms postulate the existence of uncountable cardinals
whose properties resemble those of the smallest infinity, the cardinality
RNy of the set of natural numbers. The combinatorial properties of these
cardinals are strong enough to imply the consistency of ZFC! and there-
fore the Godel’s Incompleteness Theorems show that their existence can
not be proven within this axiom system. Some of the earliest examples
of large cardinals are weakly inaccessible cardinals, discovered by Hausdorff
[Hau08] in his work on the classification of linear orders, and weakly com-
pact cardinals, isolated by Erdés and Tarski [ET61] through their investi-
gations of Ramsey-like theorems for uncountable cardinals. Besides their
numerous applications across various fields of mathematics (see, for exam-
ple, BCMR15, DLAT11, MS94, Sol70]), large cardinal axioms have played
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a pivotal role in modern set theory in their capacity of canonical candi-
dates for axioms extending the usual foundation of mathematics provided
by the axioms of ZFC. This thesis, vividly defended by Godel in the 30’s
(see [Mad11]), has been reinforced after a number of recent developments.
Indeed, it has been demonstrated that large cardinal axioms enable a neat hi-
erarchical classification of all mathematical theories extending ZFC through
so-called equiconsistency results (see, for example, [Koel4]).

In his work on the construction of canonical inner models for very large
cardinals [Woo010], Woodin proved that strong large cardinal assumptions
(extendible cardinals) yield a surprising dichotomy: the set-theoretic uni-
verse (V') is either very close to Godel’s class of Hereditarily Ordinal Defin-
able sets (HOD) or it is very far from this inner model. Subsequent work
of Goldberg in [Gol24] yields a dichotomy akin to Woodin’s assuming the
existence of weaker large cardinals (i.e., strongly compact cardinals).

The HOD dichotomy (see §2.1) raises various far-reaching questions — the
most pressing one being if it is a dichotomy at all. Indeed, it is widely open
whether a model of ZFC that contains sufficiently strong large cardinals (e.g.,
strongly compact cardinals) and is far from its HOD can be constructed
starting from assumptions that are not outright incompatible with ZFC.
Motivated by this, Woodin formulated the HOD Conjecture, stating® that
ZFC proves that the existence of an extendible cardinal implies that V
and HOD are closed to each other. Woodin showed that this conjecture
has deep connections to central open problems in contemporary set theory;
among others, the construction of canonical inner models for supercompact
cardinals and the consistency of large cardinals beyond choice [BKW19].

In [Woo10, Section 7], Woodin discusses extensions of ZFC whose consis-
tency would refute the HOD Conjecture. One of the axioms considered is the
existence of a non-trivial elementary embedding j : Va1 — V)41 with the
property that for every Yo-formula ¢(v) and every = € V1, the statement
¢(x) holds in V' if and only if the statement ¢(j(x)) holds in V. The results
of [Wo010] then show that this assumption implies that AT is a measurable
cardinal in HOD and its consistency with the axioms of ZFC follows from
the consistency of ZFC with Aziom I0.> In particular, the consistency of
ZFC with the existence of such an embedding at a cardinal A that is greater
than an extendible cardinal would disprove the HOD Conjecture. Results of
Woodin in [Woo10] show that the consistency of this constellation is derived
from the consistency of ZF with certain large cardinals beyond choice.

We now outline a line of research that arrives at the above axiom from
a very different angle (see also [ABL26]). In [BL23], Bagaria and the first
author investigate strong model-theoretic reflection principles with the aim

2The official formulation of the HOD Conjecture can be found in §2.1 below.
3Le., the existence of a non-trivial elementary embedding j : L(Vay1) — L(Vai1)
with crit(j) < A.
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of finding a natural principle whose validity is equivalent to large cardinal
axioms stronger than the category-theoretic postulate Vopénka’s Principle.

This work left open the question of the consistency of the strongest of
these principles. A continuation of this project with Aguilera in [ABL24]
settled this question through the isolation of the notion of exacting cardinals.
This property can be formulated as a direct weakening of rank-Berkeleyness,
introduced by Goldberg and Schlutzenberg in [GS24]. Here, a cardinal A is
defined to be rank-Berkeley if for all ordinals a < A < (, there is a non-trivial
elementary embedding j : Vo — V¢ such that a < crit(j) < A and X is the
first non-trivial fixed point of j. While the Kunen Inconsistency implies
that ZFC proves the non-existence of rank-Berkeley cardinals, the results
of [ABL24] show that a natural weakening of this property that still pos-
sesses many of the interesting combinatorial properties of rank-Berkeleyness
is compatible with ZFC:

Definition 1.1 ([ABL24]). A cardinal X is called ezacting if for all ordinals
a < A < (, there is an elementary submodel X of Vi with V) U{A} C X
and an elementary embedding j : X — V; with j [a =id,, j [ A # idy and
J(A) = A.

It can then be shown that the strongest reflection principles studied in
[BL23] hold at exacting cardinals. Moreover, the results of [ABL24] show
that Axiom I0 implies the existence of a set-sized model of ZFC with an
exacting cardinal. This result was later improved significantly in [ABGL25]
(see also Corollary 2.21(1) below), where it is shown that the existence of
such a model follows from the existence of an I2-embedding, i.e., an elemen-
tary embedding j : V. — M of V into an inner model M satisfying V) C M
holds, where X is the first non-trivial fixed point of j (see §2.2 for details).

It is shown in [ABL24] that the domains of elementary embeddings wit-
nessing the exactingness of a cardinal A are always missing elements of V1.
Therefore, a canonical way to strengthen the notion of exactingness is to de-
mand that these domains contain certain elements of V;1. The consistency
proofs of [ABL24, ABGL25] first produce the elementary submodels that
are to form the domains of the desired embeddings, and then obtain these
functions as branches through trees of partial embeddings. In particular,
these constructions cannot ensure that longer initial segments of these em-
beddings are contained in the domain models. These considerations lead to
the following definition:

Definition 1.2 ([ABL24]). A cardinal X is called ultraezacting if for all
ordinals @ < A < ¢, there is an elementary submodel X of V; with V) C X
and an elementary embedding j : X — V with j [ a = ida, j [ A # id),
jA) =Xand j |V, € X.

In [ABL24], this property is shown to be equivalent to what is, in a certain
respect, a maximal strengthening of the model-theoretic reflection principles
studied in [BL23]. Moreover, in [ABGL25], it is proven to be equivalent to



4 LUCKE AND POVEDA

the above-mentioned property formulated by Woodin in [Woo10]. Finally, it
is shown in [ABGL25] how results in [ABL24] and [Wo0024] can be combined
to conclude that the consistency of ZFC with the existence of an ultraex-
acting cardinal is equivalent to the consistency of ZFC with Axiom IO0.

Besides answering the questions raised by the results of [BL23], the analy-
sis of [ABL24] and [ABGL25] reveals that exacting and ultraexacting cardi-
nals possess various interesting structural properties. In particular, a short
argument shows that exacting cardinals are singular cardinals that are reg-
ular in HOD and it therefore follows that the HOD Conjecture predicts the
non-existence of such cardinals above an extendible cardinal. Conversely,
the consistency results of Woodin in [Woo10] discussed above show that the
consistency of ZFC with this constellation would follow from the consistency
of ZF with certain large cardinals beyond choice.

The goal of this paper is to further advance the systematic study of ex-
acting and ultraexacting cardinals. These investigations are guided by far-
reaching questions that connect these notions to central themes of set theory
and whose answers should be based on substantial new insights into these
topics. The first of these questions arises directly from the interplay between
exacting cardinals and the covering properties of HOD described above:

Question 1. Does ZFC prove the non-existence of exacting cardinals above
an extendible cardinal?

We approach this question by considering the consequences of the given
cardinal configuration and investigating whether the consistency of these
consequences can be derived from large cardinal assumptions that are widely
believed to be consistent. The first consequence we consider is the unprov-
ability of bounds on the number of exacting cardinals. Note that, since
the existence of an exacting cardinal above an ordinal o can be expressed
by a ¥3-formula with parameter « (see [ABL24, Section 3]) and extendible
cardinals are X3-correct (see [Kan03, Proposition 23.10]), it follows that the
existence of an exacting cardinal above an extendible cardinal implies the
existence of a model of ZFC with a proper class of exacting cardinals. In
contrast, the results of [ABL24] and [ABGL25] only produce models with a
single exacting cardinal.* The following result, proven in §3, now answers
the arising question about the consistency strength of this consequence:

Theorem 1.3. If there exists an 12-embedding, then there exists a transitive
set-sized model of the theory

ZFC + 7 There is a proper class of exacting cardinals”.

4Notably, it can be arranged that the construction in the proof of [ABGL25, Theorem
5.4] (see Corollary 2.21(1) below) produces a model of the form HODg, where & is a strictly
increasing w-sequence of cardinals that is Prikry-generic over HOD and whose supremum
is an exacting cardinal. The analysis of [ABL24] then shows that this supremum is the
only exacting cardinal in this model.
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By the results of [ABL24], an exacting cardinal must have countable cofi-
nality; however, this does not preclude the possibility that an exacting car-
dinal might be an w-limit of exacting cardinals. In the model constructed
in the proof of Theorem 1.3, none of the exacting cardinals obtained were
limits of exacting cardinals, so it is natural to ask whether this is merely an
artifact of the argument or a genuine limitation:

Question 2. Does ZFC prove that a limit of exacting cardinals is not an
exacting cardinal?

The next observation, proven in §3.2, shows that, at least under the Weak
HOD Congjecture®, the above question has an affirmative answer, thus es-
tablishing the optimality of the method employed in the proof of Theorem
1.3. In addition, in order to motivate further work, it gives an example how
the validity of this conjecture would also rule out the existence of stronger
limits of exacting cardinals.

Theorem 1.4. If the Weak HOD Congjecture is true, then ZFC proves the
following statements:

(1) A limit of exacting cardinals is not an exacting cardinal.
(2) For every cardinal r of uncountable cofinality, there is a closed un-
bounded subset of k that does not contain an exacting cardinal.

These results raise the question of whether the given statements can be
proven without relying on some version of the HOD Conjecture. Our results
will show that, in canonical scenarios in which the HOD Conjecture is false,
these statements cannot be derived from the axioms of ZFC. Below, we state
a simplified version of the result deriving the strongest conclusion from the
strongest assumption. The definitions of the used assumptions can be found
in §2.4 and §2.5. The proof of this theorem can be found in §3.2.

Theorem 1.5. If ZF is consistent with the existence of a cardinal that is
both supercompact and totally Reinhardt, then ZFC is consistent with the
existence of a reqular cardinal that is a stationary limit of ultraexacting
cardinals.

In their classical paper [L.S67], Levy and Solovay demonstrated that small
forcings do not create new measurable cardinals. More recently, Hamkins
[HamO01] extended this result showing that the Levy-Solovay phenomenon
applies to various other large cardinals, such as strong, Woodin, or supercom-
pact. In contrast, it turns out that the Levy—Solovay phenomenon for rank-
into-rank embeddings (see §2.2) is ostensibly more subtle, as demonstrated
by Laver [Lav97] and Woodin [Woo10]. While Laver proved in [Lav97] that
the existence of an I3-embedding j : V), — V) in a generic extension by a
poset P € H(\) yields an I3-embedding i : V;, — 'V}, for some cardinal n < A
in the ground model, he also showed that it is possible that forcing with the

5The statement of this weakening of the HOD Conjecture can be found in §2.1 below.
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Levy collapse Col(w,w;) introduces an I3-embedding j : V\ — V) at a
cardinal \ that has uncountable cofinality in the ground model (see [Lav97,
p.2]). Since the Kunen Inconsistency rules out the existence of non-trivial
embedding j : V;, — V,, for ordinals n of uncountable cofinality, this shows
that small forcings can create new rank-into-rank embeddings. Woodin has
also observed that similar phenomena take place for 10-embeddings.

Since the results of [ABGL25] show that exacting and ultraexacting car-
dinals can be characterized through direct strengthenings of rank-into-rank
axioms (see Theorems 2.9 and 2.10), it is now natural to ask whether sim-
iliar results can be proven for these notions or whether the Levy—Solovay
phenomenon can be extended to them:

Question 3. Can small forcings create new exacting and ultraexacting car-
dinals?

We approach this question by proving an analog of the main result of
[Lav97] for exacting and ultraexacting cardinals:

Theorem 1.6. Let A be a cardinal and let P € H(\) be a partial order.

(1) If 1 Ikp “X is an exacting cardinal ”, then the following statements
hold:
(a) If A has countable cofinality, then X is an exacting cardinal.
(b) If X has uncountable cofinality, then every closed unbounded sub-
set of A contains an exacting cardinal.
(2) If 1 Ikp “X is an ultraexacting cardinal 7, then the following state-
ments hold:
(a) If X has countable cofinality, then X is an ultraezacting cardinal.
(b) If X has uncountable cofinality, then every closed unbounded sub-
set of A contains an ultraeracting cardinal.

In particular, if A is a singular cardinal with countable cofinality, it is
equivalent to A to be exacting (respectively, ultraexacting) and exacting
(respectively, ultraexacting) in any generic extension by a poset in H(A).
Since the Weak HOD Conjecture establishes the non-existence of exacting
cardinals that are limit of exacting cardinals (by Theorem 1.4), the above
theorem shows that the Weak HOD Conjecture yields the Levy—Solovay
theorem for exacting and ultraexacting cardinals:

Theorem 1.7. If the Weak HOD Conjecture is true, then ZFC proves the
following statements:

(1) The following statements are equivalent for every cardinal \:
(a) X\ is an exacting cardinal.
(b) 1lkp “X is an exacting cardinal ” holds for every partial order
Pe H(N).
(c) 1lFp “X is an exacting cardinal ” holds for some partial order
Pe H(N).

(2) The following statements are equivalent for every cardinal \:



(a) X is an ultraexacting cardinal.

(b) 1 Ikp “Xis an ultraezacting cardinal ” holds for every partial
order P € H()\).

(c) 1lkp “X is an ultraexacting cardinal ” holds for some partial or-

der P € H(\).

Whether or not the Weak HOD Conjecture is necessary to prove the above
theorem is an open problem (see Question 5).

In the final part of the manuscript, we investigate the extent of large
cardinal properties in HOD that exacting cardinals and their successors
provably possess, as well as the degree to which these properties can con-
sistently be strengthened. This general line of research traces back to
work of Woodin [Woo010] and has since been continued by Cheng-Hamkins—
Friedman [CFH15], Apter—Friedman-Fuchs [AFF21] and Goldberg—Osinski-
Poveda [GOP24]. The basic idea is: if the HOD Hypothesis holds, then V' is
close to HOD and therefore the large cardinal hierarchies of V' and HOD are
very similar — at least, above the first extendible cardinal. This is precisely
Woodin’s Universality Theorem (see [Wool7, Theorem 3.26]) which, in its
simpler formulation, asserts that, assuming the HOD conjecture, if § is the
first extendible cardinal, then any cardinal x > § exhibiting virtually any
large cardinal property retains this property in HOD. In [GOP24], it was
shown that this result cannot be generalized to ¢ itself.

Since the HOD Hypothesis implies that there are no exacting cardinals
above the first extendible cardinal, it is necessary to study the large car-
dinal properties that exacting cardinals possess in HOD under weaker as-
sumptions. Moreover, the fact that exacting cardinals are singular in V' and
regular in HOD directly rules out the direct transfer of various large cardinal
properties between V and HOD. Our work takes the following question as
a starting point:

Question 4. If A is an exacting cardinal, which of the following statements
holds in HOD ?

(1) X is a weakly compact cardinal.

(2) X is a Woodin cardinal.

(8) X is a limit of cardinals  with the property that there exists an 13-
embedding j : Vi) — V.

The first two statements are motivated by questions of Schlutzenberg
regarding the large cardinal properties possesed in HOD by the first non-
trivial fixed point of a Reinhardt embedding (see [Sch22, Question 3.8]).
The third statement is motivated by [ABGL25, Proposition 5.9], showing
that exacting cardinals have this property in V. In §6.1, we work towards
answering this question by proving the following results that shows that the
Weak HOD Conjecture provides an affirmative answer to the second and
third statement in Question 4:
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Theorem 1.8. If the Weak HOD Conjecture is true, then ZFC proves that
the following statements hold for every exacting cardinal A:

(1) X is a Vopénka cardinal in HOD.
(2) In HOD, for every closed unbounded subset C of X\, there is an 13-
embedding whose critical sequence consists of elements of C'.

The analysis underlying the proof of this result also shows that ZFC alone
proves that exacting cardinals are stationary limits of measurables in HOD
(see Corollary 6.3).

In [ABGL25], it was shown that, over ZFC, the existence of an ultra-
exacting cardinal and Axiom I0 are equiconsistent. Moreover, the results
of [ABL24] show that if A is ultraexacting, then X is exacting and A% is
measurable in HOD. Since the existence of an exacting cardinal has weaker
consistency strength than Axiom 12, it is now natural to ask if we can get
this configuration from assumptions weaker than 10 and if stronger large
cardinal properties of A* in HOD are possible. In §4, we prove the following
result for the ZF-context:

Theorem 1.9. If there exists an 12-embedding, then there exists a transitive
model of ZF with an ezacting cardinal \ such that \™ is extendible in HOD,,
for every x C A.

The proof of this theorem (see Theorem 6.7) provides a generalization of
[ABGL25, Corollary 5.6] which is relevant to Question 1.

The structure of the paper is the following: §2 collects a few relevant
preliminaries; in §3 we prove Theorem 1.3 and Theorem 1.4; §4 is devoted
to obtaining many exacting cardinals from cardinals beyond choice; §5 dis-
cusses the Levy—Solovay phenomenon for exacting and ultraexacting cardi-
nals proving Theorem 1.6 and Theorem 1.7. In §6 we prove Theorem 1.8
and Theorem 1.9. Finally, §7 garners a few open problems.

2. PRELIMINARIES

2.1. HOD. A set X is ordinal definable if there is a set-theoretic formula
(v, ..., v,) and ordinals ay, . . ., a,—1 such that X = {z | p(z, ap, ..., an)}.
We let OD denote the class of all ordinal definable sets. Additionally, a set
X is hereditarily ordinal definable if the transitive closure of {X} is con-
tained in OD and we let HOD denote the class of all hereditarily ordinal
definable sets. In [Woo010], Woodin defined a cardinal k to be w-strongly
measurable in HOD if for some n with (27)HOP < k. there is no partition
of the set Eff = {¢{ < k| cof(§) = w} into n-many stationary sets that is an
element of HOD. Moreover, given a cardinal k, he defined an inner model
M of ZFC to be a weak extender model for the supercompactness of k if for
all X € M, there is a normal fine <x-complete ultrafilter & on P.(X) N M
with YN M € M. Note that this definition implies that x is a supercompact
cardinal in both M and V. As it turns, weak extender models posses strong
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covering properties which make them close to the universe of sets. For in-
stance, if M is a weak extender model for the supercompactness of , then
every singular cardinal A >  is singular in M and ATM = \.

Woodin has proven the following striking dichotomy:

Theorem 2.1 (The HOD Dichotomy, Woodin, [Wool0]). If ¢ is an ez-
tendible cardinal then exactly one of the following holds:

(1) HOD is a weak extender model for the supercompactness of §.
(2) Every regular cardinal k > § is w-strongly measurable in HOD.

Succinctly speaking, scenario (1) states that V' is close to HOD, while
scenario (2) states that it is far from HOD. Which of these two antagonistic
scenarios prevails is a major open question. The hypothesis and conjecture
that settle this question are the following:

Definition 2.2 (The HOD Hypothesis, Woodin, [Woo010]). There is a proper
class of regular cardinals that are not w-strongly measurable in HOD.
Definition 2.3 (Woodin, [Woo10]).

(1) The HOD Conjecture is the assertion that the theory

ZFC + “There is an extendible cardinal”

proves the HOD Hypothesis.
(2) The Weak HOD Conjecture is the assertion that the theory

ZFC + “There is an extendible cardinal with a huge cardinal above”

proves the HOD Hypothesis.

We end this section by considering strengthenings of the axiom “V =
HOD?” that we will use in our arguments. The axiom “V = gHOD” asserts
that the universe of sets is equal to the class

gHOD = {z | VP 1l-p & € HOD}

(see [FHR15, §4]). This axiom can be forced over any given model of ZFC +
GCH via a class forcing of any desired degree of directed closure [McAT71].
In fact, McAloon’s method yields the consistency of a refined version of
axiom V = gHOD called Continuum Coding Aziom (CCA) in work of Reitz
[Rei07]. The CCA is the axiom asserting that given any set of ordinals a C «
there is another ordinal 6 such that

a = {B<a|2V%PH =Ry 5.0}
2.2. Rank-into-rank embeddings. In [Kun71], Kunen proved the cele-

brated Kunen Inconsistency Theorem, asserting that the Axiom of Choice
precludes the existence of a nontrivial elementary embedding

J Vage — Vago.

A natural long-standing open question is whether Kunen’s theorem is op-
timal, or whether the existence of elementary embeddings between smaller
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rank-initial segments of the universe of sets is already incompatible with the
Axiom of Choice. This question motivated the study of so-called rank-into-
rank embeddings.

Given a limit ordinal A, we refer to non-trivial elementary embeddings
1: Vy — V) as I8-embeddings. As usual, we define the critical sequence of
an I3-embedding i is the unique sequence (k,, | n < w) satisfying kg = crit(7)
and Kkp41 = i(ky) for all n < w. Since A is assumed to be a limit ordinal,
the Kunen Inconsistency ensures that sup,., x, = A holds for every I3-
embedding i : V), — V), with critical sequence (k, | n < w).

If i : V\, — V), is an I3-embedding, then

iy Vagr — Vagns A= [ J{i(ANV) [y < A}

is the unique Yp-elementary map from V), into itself that extends i (see
[AD19, Lemma 3.3]). It is now possible to strengthen the notion of 13-
embeddings by demanding that these embeddings are elementary for higher-
order formulas, where the extension ¢, is used to map second-order param-
eters. More specifically, we say that an I3-embedding ¢ : V), — V) is
¥l -elementary for some natural number n if

V)\ ): (I)(:L‘(), . ,xk_l,Ao, Ce . ,Ag_l)
> W[ @(i(20), ..., t(zk-1), i+ (Ao), - . ., i+ (Ar-1))

holds for every X! -formula® ®(vg, . .. ,1)2_1, vg, ... ,vl}_l) with first-order vari-
ables v8, ... ,vgfl and second-order variables v(l), ... ’Ul}—l and all parameters
xo,...,xp—1 € Vyand Ag, ..., Ar—1 € Viy1. We then define an I3-embedding
j to be an I1-embedding if it is X!-elementary for all natural numbers n.
Note that this is equivalent to demanding that j; is an elementary em-
bedding of V) + 1 into itself. For this reason, we also refer to non-trivial
elementary embeddings ¢ : Vi41 — V41 as I1-embeddings.

Recall that a non-trivial elementary embedding j : V — M is an I2-
embedding if V\, C M holds, where A is the first non-trivial fixed point of j,
i.e., the least ordinal v > crit(j) satisfying j(y) = . If we define the critical
sequence (K, | n < w) as above, then the Kunen Inconsistency again ensures
that A = sup,,,, ~n holds. Classical results of Martin and Gaifman—Powell
now show that the ability to extend an 13-embedding ¢ : VA, — V), to an
12-embedding j : V. — M is equivalent to certain correctness properties of
the embedding i:

Theorem 2.4 ([Lav97, Theorem 1.3]). The following statements are equiv-
alent for every 13-embedding i : V), — V):
(1) The embedding i can be extended to an I2-embedding j : V — M.
(2) If R is a well-founded relation on Vy, then iy (R) is a well-founded
relation on V.
(3) The embedding i is X1-correct.

6See [Jec03, p. 295].
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(4) The embedding i is ¥.3-correct.

Motivated by these equivalences, we also refer to ¥:1-correct I3-embeddings
as [12-embeddings.

The lifting ¢ of I3-embeddings 4 can also be used to iterate such embed-
dings. If i : V\ — V), is an I3-embedding with critical sequence (k,, | n < w)
and k : V) — V) is another I3-embedding, then ki (7) is an I3-embedding
with critical sequence (k(ky) | n < w) (see [AD19, Lemma 3.5]). Moreover, if
i and k are X! -correct, then both koi and k(i) are XL -correct (see [Lav97,
Theorem 2.4]). Given an I3-embedding i : V), — V), we now define the
iteration of ¢ to be the unique system

<ig,m:V,\—>V,\|€§m<w>

of elementary embeddings with g1 = i, is¢ = idv,, ir41,642 = i4(ige41) and
U0 m+1 = bm,m+10%g,m for all £ < m < w. We then know that for each ¢ < w,
the map ig¢41 is an I3-embedding with critical sequence (kp4¢ | n < w).
Moreover, a short computation then shows that

ter1,042 = (Gee+1)+(e041)

holds for all £ < w. Finally, the results mentioned above directly ensure
that, if the embedding i is ¥}-correct for some n < w, then all embeddings
igm are Yl_correct. In particular, Theorem 2.4 allows us to conclude that
the existence of an 12-embedding with critical sequence (K, | n < w) im-
plies that for all £ < w, there exists an 12-embedding with critical sequence
(Fnte | n < w).

If j: V— M is an 12-embedding with critical point £ and least non-
trivial fixed point A\ and E is the (k, A)-extender induced by j, then the
corresponding ultrapower embedding jg : V' — Ult(V, E) is again an 12-
embedding and it agrees with j on V\;; (see [Kan03, Lemma 26.1]). Stan-
dard arguments (see [AD19, Section 3]) now show that I12-embeddings given
by extenders can be iterated; more precisely, if E is a (k, A)-extender that
induces an 12-embedding j : V. — M with critical point £ and least non-
trivial fixed point A, then there exists a commuting system

((My | @ € Ord), (jag: Mo — Mg | a < 5 € Ord))

of inner models M, and elementary embeddings j, g such that the following
statements hold:
[ M():V, MleandjO’l :]
o If & € Ord, then My11 = Ult(Ma, jo,o(E)) and j 41 is the corre-
sponding ultrapower embedding.
e If )\ is a limit ordinal, then

(M, (Ja | a < X))
is the direct limit of

(Mo | @ < A), (Ja8: Mo — Mg | a < B <)),
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Routine computations then show that, if (k,, | n < w) is the critical sequence
of j and m < n < w, then we have jppn(km) = Kn, Cit(Jnntr1) = Kn,
Jmn(A) = A and V) € M,. It then follows that jo (k) = A, crit(juwi1) = A
and V\, C M, for all @ € Ord. Moreover, it can be shown that the system
(Gem V2 | £ <m < w) of I3-embeddings is the iteration of j [ V) (see the
proof of [AD19, Proposition 3.8]).

The following observation plays a central role in the consistency proofs of
exactingness from I2-embeddings:

Proposition 2.5. If j : V — M is an I2-embedding with critical point x
and least non-trivial fized point X that is given by a (K, \)-extender E and

((My | € Ord), (ja,8: Mo — Mg | o < B € Ord))

is the iteration of V' and E, then the following statements hold:
(1) We have
r €M, < j(x)e€ M,
for every set x and
jlIMy: M, — M,
1s an elementary embedding.
(2) We have
JGow(®)) = Jjow(x)

for every set x.

Proof. First, note that, in V, the above system of inner models and ele-
mentary embeddings is definable from the paramater F. In addition, the
System

((Mi4a | @ € Ord), (Jita,148 : Miya — Mitp | a < B € Ord))

is the iteration of M; and j(F), and this system is definable in M; by the
same formulas and the parameter j(F). Given a < w, this shows that

reM, < j(x) € Miiq
holds for every set x and
JIMy: My — Miig

is an elementary embedding. This directly implies (1). In addition, given
a < 8 <w, we have

J(Jas(®)) = J1ta1+p(i(2))
for every x € M,. Since ji 0 j = jow, this directly implies (2). O

For later use, we close this section by proving that it is possible to start
in a model of the GCH with an I12-embedding and force V' = gHOD to hold
while preserving the existence of an 12-embedding:
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Lemma 2.6. If the GCH holds and j : V — M is an I2-embedding with

critical point Kk and least non-trivial fized point \ that is induced by a (K, \)-

extender, then there is a cofinality-preserving generic extension V[G] such

that j lifts to an 12-embedding in V|G| and “V = gHOD” holds in V[G]y.
Moreover, CCA holds in V[G]y.

Proof. Let Z C X denote the set of all inaccessible cardinals less than \. Let
Py = (Pa;Qq | < A)

denote the Easton support forcing iteration that is non-trivial only at those
min(Z) < o € Z such that sup(ZNa) < a holds, in which case P, forces Q,
to be the canonical < sup(Z N x)*-directed-closed forcing coding V[G], into
the continuum pattern of V[G]a (see [McA71]). Then Py is o-closed and,
since the GCH holds in the ground model, standard arguments (see [Cum10,
Section 7]) show that forcing with P\ preserves all cofinalities. Moreover,
the above definition ensures that V[H], satisfy “V = gHOD” whenever H
is Py-generic over V. Therefore, it suffices to check that j : V — M lifts
to an I2-embedding in some Py-generic extension of V.

Let (ky, | n < w) denote the critical sequence of j. Then kg is the critical
point of j and A = sup,., k,. Since the partial order P, is uniformly
definable in V) from the parameter o < A, it follows that j(Py,) = Px,.,
and J(Ppe, xni1)) = Pleniirnio) for all n < w. This shows that j[P,] is a
subset of Py. Given n < w, it is also obvious that |P,| < K, holds for
all @ < Ky, and every condition in Py, forces P, . .,) to be <k} -directed
closed.

Claim. Let n <w, let G be Py, -generic over V, let G be the filter on Py,
induced by G and let H be the filter on PC ) induced by G. If j|G] C G

_ [Kn,/fn+1
holds and j. : V|G] — M|G] is the corresponding lifting of j, then j.[H] is
a subset of ]P’[Cf%+1 Kny2) with o lower bound.

Proof of claim. First, note that, since k,4+1 is an inaccessible limit of in-

accessible cardinals and Py has Easton support, it follows that P has
G

[K/nd’{n“'l)

V[G]. In particular, we know that H has cardinality at most x,+1 in VI[G].
Since J(Plx, mns1)) = Plys pnsn)s We also know that

GlH) C Ge(PE . ) = PE

[K'n+1 7Hn+2) :

Kn+1

cardinality at most x,41 in V and P has cardinality at most k,41 in

Finally, since j. is an elementary embedding, the directedness of H in
) implies the directedness of j. [H] in P& The statement

[Fnsknt1 [Frnt1,Knt2)’

of the claim now follows from the earlier observation that P[C; 1 ns2)

<k, ,1-directed closed in V[G]. O

18

We now use this claim to inductively construct a sequence (p, | n < w)
consisting of conditions py, in P, ,, satisfying the following statements:
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(1) If m < n < w, then p, | Km41 Spﬁmﬂ D
(2) If n <w, G is Py, ,-generic over V with p, € G, G is the filter on
P, induced by G and H is the filter on P& induced by G,

_ [H’ﬂ 7”"14‘1)

then j[G] C G and pp+1 | [Fn+1, fnt2) is a lower bound of j,[H] in
G

oty 2)? WHETE Jic : V[G] — M][G] is the canonical lifting of j.
First, define pg to be the trivial condition in P,;,. Since j [P, = id]pmo and
P,, is a direct limit, we obviously have j[G] C G whenever G is P,,-generic
over V and G is the filter on P,, induced by G. Now, assume that n < w
and there exists a condition p, in P, with the desired properties. By
the above claim, these properties ensure that there is a Py, ,-name ¢ for a
condition in P, . ...,y with the property that whenever G is Py, ,,-generic

over V with p, € G, G is the filter on P, induced by G, H is the filter on

Pﬁn insp) induced by G and j, : V[G] — M|[G] is the canonical lifting of j

enabled by the fact that j[G] C G holds, then ¢ is a lower bound of j,[H] in

ﬁnﬂ Kmi2)" Define p,, 11 to be a condition in P, , that gets mapped below

(Pn, @) by the canonical dense embedding of Py, ,, into Py, * P\ o)
Then ppi1 | Knt1 <Pv,,, Pn and pp+1 | [Fnt1, Knt2) is a lower bound of

J«[H] in Pﬁn+lyﬁn+2)’ whenever G is Py, ,-generic over V with p, € G, G is
the filter on P, induced by G, H is the filter on Pﬁn k1) induced by G

and j, : V[G] — M|[G] is the corresponding lifting of j. Finally, let G be
Py, ,,-generic over V with p,41 € G and let G be the filter on Py, , induced
by G. Fix a condition ¢ in G. Since p, is an element of G, we know that
3(q) T kns1 = 7(q | kn) € G. Moreover, our construction also ensures that

Pn+1 f [Kn—}-la ﬁn+2) S]PG qG
[Fn41,5n+2)
SPG ](q f [H’m /fn—i—l)) = ](Q) f [’%n-l—ly "in+2)-
[”n+11“n+2)

This shows that there is a condition r € G with r <p, _ j(¢). In particular,

we know that j[G] C G holds in this case.

Since all of the partial orders in our iteration are countably closed, we can
now find a condition p in Py satisfying p[kn+1 <P, Pn foralln < w. Let F
be Py-generic over V' with p € F' and assume, towards a contradiction, that
there is a condition ¢ in F with j(q) ¢ F'. Let r be a common strengthening
of pand ¢ in F. Then r £p, j(¢) and we can find a minimal n < w with the
property that

rlbns1 Ze. 3@ Thn = J(q [ kn).

We then know n > 0, because 7 [ kg <P, 4 I kg and Easton support ensures
that j(q) [ [ro,#1) is the trivial condition in P, .,). The minimality of
n then ensures that r [ x, <p, j(q) | £, and there exists a filter G on
P,, that is generic over V, contains r [ k,, and has the property that r |
[Kn, Knt1) 1s not a strengthening of j(q) [ [kn, fnt1) In

Let G

G
P[Hn 7“n+1) :
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denote the filter on P, , induced by G and let H denote the filter on

Pﬁn_l o) induced by G. Since p,_1 is an element of G, we have j[G] C G
and pp, [[Kn, fn+1) is a lower bound of j,[H]| in Pﬁn o 1)> Where i : V[G] —

M{G] is the canonical lifting of j. Moreover, since ¢ | £, is an element of G
and therefore ¢ [ [kn—1, k) is an element of H, it follows that the condition
J(q | [Fn=1,6n)) = J(q) | [En, kn+1) is an element of j,[H]. In combination,
this shows that

r r ["inﬂin—f—l) S]}Dﬁ k1) ](q) r[ﬁna’%n-i-l)?

a contradiction. These computations show that j[F] is contained in F'.

Given ¢ < w, we let Fy denote the filter on P, induced by F'. Define F
to be the set of all conditions p in j(P)) with the property that there exists
n <w, q € F41 and r € F such that

<q7 J(T) r [/i'fl-i-l’ )\>> SP“n+l*j(P[ﬂn7)\))

holds in M. The fact that j[F] is a subset of F' then implies that F is a
filter on j(IP\) that contains j[F].

(01 Knt1, Pl [Ens1 )

Claim. F is j(IPy)-generic over M.

Proof of the claim. Let D be a dense open subset of j(IPy) in M. Since M
is an ultrapower of V using a (k, \)-extender, we can find a function f with
domain V) and y € V) with j(f)(y) = D (see e.g., [Pov24, §3]). We may
assume that f(z) is a dense open subset of P for every x € V). Fix n < w
with y € Vi, ;. It is then easy to see that

{p[En;A) | pE€ fz), plrn€F}

is a dense subset of IP’{; "oy in V[F,] for every = € V). Since Vj, has cardi-

nality K, in the ground model and IP’f: N is <k -directed closed in V[F,],

we can find a condition 7 in F' with the property that for every x € Vj, , the
set of conditions ¢ in P, with the property that there exists p € f(x) with

(¢, 71 [En, A)) <po sy, sy (P ER, P[RR, A))

is dense below r [ k, in P, . Elementarity now implies that, in M, the set
of conditions ¢ in P with the property that there exists p € D with

Kn+1
(1) <Q7 ](T) r[h}n+17)\)> SIP’,in+1*j(IP’[Kn7>\)) <p r/{nJrla pl [/{n+17)\)>

is dense below j(7) [ Kp41 in Pk, ,,. Since the above computations show that
J(r) [ Kns1 = j(r | kn) € F, we can find ¢ € F,41 and p € D such that (1)
holds. Then p is an element of D N F. O

The above claim shows that we can lift j to an elementary embedding

j: VIF] — MI[F).

Claim. V[F]|y C MI[F].
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Proof of the claim. Fix n < w and © € V[F|,, . The definition of Py then
ensures that z is of the form 7in for some Py, -name 7 in V). By the
definition of F', we now have F,, € M[F| and hence x € M[F]. O

We now know that j lifts to an I2-embedding in V[F]. O

2.3. Exacting and ultraexacting cardinals. In this short section, we
recall some basic results about exacting and ultraexacting cardinals from
[ABL24] and [ABGL25] that will be used throughout this paper. The first
of these results show that the given properties can also be characterized by
the existence of a single embedding. Following [Bagl2], for every natural
number n, we let C™ denote the class of all ¥,-correct cardinals, i.e., the
class of all ordinals « with the property that V,, is a 3,-elementary submodel
of the set-theoretic universe V.

Lemma 2.7 ([ABL24, Lemma 2.3]). A cardinal X\ is exacting if and only if
there exists A < e CV X< ¢ e CP, an elementary submodel X of Vi
with Vy U {A\} € X and an elementary embedding j : X — Vi satisfying
JIA#idy and j(N) = A

Lemma 2.8 ([ABL24, Lemma 3.2]). A cardinal X\ is ultraezacting if and
only if there exists A <n e CV, X< ¢ e CP, an elementary submodel X

of V, with Vy € X and an elementary embedding j : X — V¢ satisfying
JIA#idy, jON) =X and j V)€ X.

The following result shows that exactingness is a direct strengthening of
Axiom 13:

Theorem 2.9 ([ABGL25, Theorem 3.4]). A cardinal X is exacting if and
only if for every ordinal definable subset A of Vyi1, there are x,y € A
and a non-trivial elementary embedding j : (Vy,€,2) — (Vi, €,y) with
crit(j) < A.

An analogous result characterizes ultraexactingness as a strengthening of
Axiom I1:

Theorem 2.10 ([ABGL25, Theorem 3.1]). A cardinal X is ultraezacting if
and only if for every ordinal definable subset A of V11, there is a non-trivial
elementary embedding j : (Vai1, €, A) — (Vag1, €, A) with crit(j) < A.

Later in §5, we will discuss the effect of small forcings upon exacting and
ultraexacting cardinals. The first basic observation in that respect is that
the Levy—Solovay theorem [LS67] can be extended to these cardinals:

Lemma 2.11. Let A be a cardinal and P € H(X) be a partial order.
(1) If X is an exacting cardinal, then

11Fp “X is an exacting cardinal .
(2) If X is an ultraexacting cardinal, then

1lp “X is an ultraezacting cardinal .



17

Proof. (1) Pick A < ¢ € C®) and an inaccessible cardinal § < X with P € V.
We can now use our assumption to find an elementary submodel X of V; with
ViU {A} € X and an elementary embedding j : X — V; with j [ § = ids,
j(A) = Xand j [ A #idy. Let G be P-generic over V. Since P(P)V C X, it
follows that the set

X[G] = {79 | 7 € X is a P-name}

is an elementary submodel of V[G]: and the embedding j can be extended
to jo : X[G] — V[G]¢. Since the partial order P is an element of V%, it
follows that ¢ is an element of (C®)VICl and, by Lemma 2.7, this shows
that the embedding jg witnesses that A is an exacting cardinal in V[G].
(2) Pick ¢, ¢, X and j satisfying the statements listed in (1) and the
additional assumption that j [ V) is an element of X. Then X contains a
P-name for the canonical lifting of j [ V) to the V) of P-generic extensions.
Combined with the argument in (1), this shows that P-forces A to be an
ultraexacting cardinal. O

2.4. Choiceless settings. In some parts of this paper, the ambient uni-
verse will only be a model of ZF and we need to adapt several of our central
concepts to this more general setting. First, since properties that character-
ize the same large cardinal property in ZFC can be inequivalent in choiceless
models (see [BDLOT]), we specify our definitions of large cardinal notions in
the ZF-context following [Woo10]:

Definition 2.12 (ZF, [Wool0, p. 323]). A cardinal & is strongly inaccessible
if for each @ < K, there is no f : V,, — k whose range is unbounded in k.

Definition 2.13 (ZF, [Woo10, Definition 220])). A cardinal « is supercom-
pact if for every 1 > &, there is ¢ > 1, a transitive set N with 7N C N and
a non-trivial embedding j : Vo — N with crit(j) = & and j(k) > 7.

We will make use of these definitions in §4 where we show how to get
many exacting cardinals from large cardinals beyond choice.

Next, we consider the notions of exactingness and ultraexactingness in
the absence of the Axiom of Choice. Following [ABGL25|, we use the char-
acterizations presented in §2.3 as definitions in this setting. It should be
noted that the principle DC) suffices to prove these equivalences for a given
infinite cardinal A.

Definition 2.14 (ZF). A cardinal \ is ezacting if for every non-empty
ordinal definable subset A of V)1, there exist z,y € A and a non-trivial
elementary embedding j : (V, €,2) — (V), €, y) with crit(j) < A.

Definition 2.15 (ZF). A cardinal X is wltraezacting if for every ordinal
definable subset A of V)1, there is a non-trivial elementary embedding
j : <V)\+1, E,A) — <V)\+1, E,A> with Crlt(j) < A

In the following, we discuss some basic structural properties of exacting
and ultraexacting cardinals that will be used in our proofs. We start by
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discussing two settings in which these properties are downward-absolute
from the set-theoretic universe to certain models.

Proposition 2.16 (ZF). Let ¢ be an ordinal such that Vs is a model of ZF.

(1) If A < § is an exacting cardinal, then X is exacting in V.
(2) If A < § is an ultraezacting cardinal, then \ is ultraezacting in V.

Proof. Both statements follow directly from the above definitions using the
fact that every element in ODY? is ordinal definable in V. O

Proposition 2.17 (ZF). Let A be a cardinal and let £ > X be an ordinal.

(1) If X is an exacting cardinal, then X is an exacting cardinal in L(V¢).
(2) If X is an ultraezacting cardinal, then X\ is an ultraexacting cardinal
in L(Vg).

Proof. (1) Let A be a subset of V1 that is ordinal definable in L(Vg). Then
A is ordinal definable in V' and there exist z,y € A with the property that
there exists a non-trivial elementary embedding of (V), €, x) into (Vy, €,y)
in V' and this map is also an element of L(Vg). Hence, L(Vg) = A is exacting.

(2) Let A be a subset of V1 that is ordinal definable in L(Vg). Then A is
ordinal definable in V' and there exists a non-trivial elementary embedding
J of (Vag1, €, A) into itself. Then j [ V) is an element of L(V¢) and, since A
is a limit ordinal, it follows that the map j is also contained in L(Vg). We
can now conclude that A is an ultraexacting cardinal in L(V). O

For later use, we also establish an easy fact regarding the interplay be-
tween the above notions and set-theoretic forcings:

Proposition 2.18 (ZF). Let A be a cardinal and let P be an ordinal defin-
able, weakly homogeneous partial order with the property that forcing with P
does not add new subsets of V).

(1) If X is an exacting cardinal, then X\ is an exacting cardinal in every
P-generic extension.

(2) If X\ is an ultraexacting cardinal, then X is an ultraezacting cardinal
i every P-generic extension.

Proof. (1) Let G be P-generic over V' and let A be a subset of V[G]y1 that
is ordinal definable in V[G]. Then A consists of elements of V' and the weak
homogeneity of P allows us to conclude that A is an element of the ground
model V. Since P is ordinal definable in V, we now know that A is also
ordinal definable in V. Moreover, the fact that A is an exacting cardinal in
V allows us to find z,y € A with the property that there exists a non-trivial
elementary embedding of (V), €, z) into (V}, €,y) in V. By our assumptions,
this map is also a non-trivial elementary embedding of (V[G]y, €, ) into
(V[G]a, €,y). These computations show that A is an exacting cardinal in
VIG].

(2) Let G be P-generic over V and let A be a subset of V[G]x11 that
is ordinal definable in V[G]. As above, it follows that A is an ordinal
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definable element of the ground model V. Therefore, ultraexactingness
yields a non-trivial elementary embedding of (V) 1, €, A) into itself. Since
Var1 = V[G]as1, this map is also a non-trivial elementary embedding of
(V[G]at1, €, A) into itself. This shows that A is ultraexacting in V[G]. O

In the remainder of this section, we refine ideas from consistency proofs in
[ABL24] and [ABGL25] in order to isolate sufficient conditions for a cardinal
to be exacting or ultraexacting in a transitive model of ZF. This discussion
will play a key role in the proofs of several of our main results. For example,
we will use one of these criteria to show that (granted suitable large cardi-
nal assumptions) the axioms of ZF are consistent with the existence of an
exacting cardinal A\ whose successor is extendible in HOD. The following
result extracts the core idea from the proof of [ABGL25, Theorem 5.4]:

Theorem 2.19 (ZF). Let X be singular cardinal of countable cofinality and
let N be (possibly class-sized) transitive model of ZF such that V\ € N,
cof()\)N = w and there is a well-ordering of Vy in N. If there are subclasses
Xo and X1 of N that contain Vy U {\} and are ¥a-correct in N and an
elementary embedding j : Xo — X1 with j [ X # idy and j(\) = A, then X
s an exacting cardinal in N.

Proof. Assume, towards a contradiction, that A is not an exacting cardinal
in N. By definition, this means that, in N, there is a non-empty ordinal
definable subset A of V)1 with the property that for all z,y € A, there
is no non-trivial elementary embedding of (Vy, €,z) into (Vy, €,y). Using
the Yo-definability of the class of proper initial segments of the canonical
wellordering of ordinal definable sets (see [Liic20, Proposition 3.9]), we can
find a non-empty subset A of V)11 in N with the property that, in IV, the
set {A} is definable by a ¥s-formula with parameter A and for all z,y € A,
there is no non-trivial elementary embedding of (Vy, €, z) into (V), €,y).
The Xo-correctness of X in N then ensures that A is an element of XoN X4
with AN Xy # 0 and j(A) = A. Pick z € AN X( and set y = j(z) € A.
Since V) is an element of Xy with j(V)) = V), it follows that j [ V) is a
non-trivial elementary embedding of (Vy, €, z) into (V}, €,y).

Now, fix a sequence (k, | » < w) in N that is cofinal in A and satisfies
j(ko) > ko. Define T to be the set of all partial non-trivial elementary
embeddings ¢ of (V), €,x) into (V), €,y) such that ¢ is an element of Vj,
dom(i) =V, U{k,} for some n < w and i(kg) > ko. Then T is an element
of N and, if we order T by end-extensions of functions, then we turn this set
into a tree of height at most w. For each n < w, the restriction j [ (Vi U{k,})
is an element of T'. It follows that T" has height w and is ill-founded in V. Fix
a well-ordering < of V), in N. Since T is a subset of V), the ill-foundedness
of T in V ensures the existence of a unique <-leftmost branch b, through
T. Tt then follows that b4 is an element of N and |Jb is a non-trivial
elementary embedding of (V}, €,x) into (V}, €,y) in N, contradicting our
choice of A. O
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The following corollary follows from the above theorem by choosing N =
Xy = X;1. It will be our main way to utilize the above result.

Corollary 2.20 (ZF). Let j : V — M be a non-trivial elementary embed-
ding with first non-trivial fized point X\. Assume that N C M is a (possibly
class-sized) transitive model of ZF such that Vy € N, cof()\)N = w and there
is a well-ordering of Vy in N. If j | N is an elementary embedding of N into
N, then X is an exacting cardinal in N. ([

The previous corollary has the following ZFC-application:

Corollary 2.21. Let j : V — M be an I2-embedding with critical sequence
R = (km | m<w) and first non-trivial fized point \ that is given by a
(ko, \)-extender E. Let U denote the ultrafilter on k induced by j and let
(M,, | « € Ord) denote the sequence of inner models obtained by iterating V
and E.

(1) The sequence K is generic over M, and X is an exacting cardinal in
M, [R].

(2) IfPy is the Prikry forcing using U, then Py forces k to be an exacting
cardinal.

(3) The class [, -,

in nn<w M'ﬂ

Proof. (1) Standard arguments show that the sequence & induces a generic
filter for the Prikry forcing in M, that uses the image of U under the canon-
ical embedding of V' into M,. Moreover, it is easy to show that j [ M, is
an elementary embedding of M, into itself. Since j(R) = (km+1 | m < w)
and therefore M, [R] = M,[j(RK)], it follows that j | M,[<] is an elementary
embedding of M,[R] into itself. Finally, since M,[R] is an inner model of
ZFC containing V) and K is cofinal in A, we can apply Corollary 2.20 to
conclude that A is an exacting cardinal in M, [R].

(2) Using the elementarity of the canonical embedding of V' into M,,, the
given statement follows directly from the above proof of (1).

(3) Set N =(,,«,, M. Standard arguments then show that IV is a model
of ZF that contains M,,. In particular, it follows that V) is contained in NV
and there is a well-ordering of V) in N. Moreover, it is easy to see that the
sequence K is an element of NV and therefore A has countable cofinality in
N. The desired conclusion now follows from Corollary 2.20. ([

M, is a model of ZF and X is an exacting cardinal

We end this section by proving an analog of Theorem 2.19 for ultraexact-
ingness:
Theorem 2.22 (ZF). Let \ be singular cardinal and let N be (possibly
class-sized) transitive model of ZF with the property that V\ € N and \ is
singular in N. If there are subclasses Xo and X1 of N that contain VyU{\}
and are Yo-correct in N and an elementary embedding j : Xg — X1 with
JIA#£idy, j [cof()\)N = idcof()\)N, JA) =X and j [ V) € Xo, then X is an

ultraexacting cardinal in N .
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Proof. Assume, towards a contradition, that A is not an ultraexacting car-
dinal in N. Then, in N, there is an ordinal definable subset A of V), with
the property that there is no non-trivial elementary embedding of (V}, €, A)
into itself. By using the canonical well-ordering of ordinal definable sets, we
can find a subset A of V)1 in N with the property that, in N, the set {A}
is definable by a Yo-formula with parameter A and there is no non-trivial
elementary embedding of (V), €, A) into itself. The correctness properties
of X and X; now imply that A € XoN X; and j(A) = A.

Next, we can find a sequence (s, | v < cof W)™) in X, that is cofinal in
A. Define

7 VA]YH — VA]YH; T U{(] IVa)@nVe,) [ v< cof()\)N}.

Then i is an element of X and therefore i[V)11 N Xo] € Xy. Moreover, since
F(A) = A, it follows that j(cof (X)) = cof(\)" and therefore we have

gl (COf()‘)N + 1) = idcof(A)NJrl :

Since this directly implies that
il (M1 nNXo) = j I (VapanXo),

we can conclude that ¢ is a non-trivial elementary embedding of (Vj, €, A)
into itself in Xg. The correctness properties of Xy in /N now ensure that ¢
is a function with these properties in NV, contradicting our choice of A. [

2.5. Large cardinals beyond choice. We now review definitions from
the theory of large cardinal beyond choice, as initiated in [BKW19]. In
addition, we some implications between these notions that will be need in
§4. Several of these large cardinal properties are defined through second-
order statements. Following [BKW19], we will work with these notions in
the theory ZF5, the second-order version of ZF that extends the Separation,
Collection and Replacement schemes to second-order formulas. Note that
the axioms of ZF prove that, if x is a strongly inaccessible cardinal (in the
sense of Definition 2.12), then (Vi, Vi 11, €) is a model of ZF,. The following
notion is the initial example of a large cardinal beyond choice:

Definition 2.23 (ZF3). A Reinhardt embedding is a non-trivial elementary
embedding j : V — V. A Reinhardt cardinal is the critical point of a
Reinhardt embedding.

The following weakening of this notion was introduced by Goldberg and
Schlutzenberg in [GS24]. Many interesting consequences of the existence of
Reinhardt cardinals factor through this property. It has the advantage of
having a first-order formulation.

Definition 2.24 (ZF, [GS24]). A cardinal X is rank-Berkeley if for all or-
dinals @ < A <, there is a non-trivial elementary embedding j : Vo — V¢
such that a < crit(j) < A and A is the first non-trivial fixed point of j.
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A short argument shows that the first non-trivial fixed point of a Rain-
hardt embedding is a rank-Berkeley cardinal.

Proposition 2.25. If § is a supercompact cardinal and N < 0 is rank-
Berkeley in Vg, then X is rank-Berkeley.

Proof. Fix an ordinal n > 4. Then there is ( > 7, a transitive set N
with ¥7N C N and a non-trivial elementary embedding j : Ve — N with
crit(j) = 0 and j(d) > n. Since A is rank-Berkeley in j(V;) and V;, € N,
there exists an elementary embedding i : V,, — V}, with critical point below
A and first non-trivial fixed point A. ([l

Next, we consider a global strengthening of Reinhardtness:

Definition 2.26 (ZF2, [BKW19]). Given a proper class A, a cardinal k
is A-super Reinhardt if for every A > k, there is a Reinhardt embedding
J: V — V satisfying crit(j) = &, j(k) > X and j7(A) = A, where

it = U ianva).
a€Ord
A cardinal is super Reinhardt if it is V-super Reinhardt.

Definition 2.27 (ZF, [BKW19]). A cardinal k is totally Reinhardt if
(Vie, Vi1, €) |E ZF2 + “There exists an A-super Reinhardt cardinal”
holds for every A € V.41 \ A.

Lemma 2.28 (ZF5). If § is a super Reinhardt cardinal, then § is a limit of
rank-Berkeley cardinals ( < § that are limits of rank-Berkeley cardinals A
with Vy < Vs.

Proof. Fix a < § and pick an elementary embedding j : V — V with
critical point §. Let n denote the first non-trivial fixed point of j. Since
Vs <V, it follows that 7 is a rank-Berkeley cardinal with V;, < V. Then
there exists an elementary embedding ¢ : V' — V with crit(i) = ¢ and
i(6) > 1. We now have V;; < V). It follows that ¢ is a limit of rank-
Berkeley cardinals A with V) < V5. The elementarity of j then ensures that
n is a limit of rank-Berkeley cardinals A with V) < V},. Since V;; < V5, we
can now use the elementarity of i to find a rank-Berkeley cardinal @ < { < §
that is a limit of rank-Berkeley cardinals A\ with V) < V5. [l

2.6. Magidor products of Prikry forcings. In the following, we review
arguments due to Magidor showing that a product of Prikry forcings on a
sufficiently sparse set of measurable cardinals can be constructed so as to
ensure that the resulting partial order possesses the Prikry property. This
construction will later allow us to prove Theorem 1.3.

Let us fix a discrete” set D of measurable cardinals and a sequence
(Us | 6 € D) with the property that Us is a normal ultrafilter on ¢ for all
0 € D. Given ¢ € D, we let [Py, denote the Prikry forcing using U;.

In the sense that D N § is a bounded subset of § for every cardinal § in D.
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Definition 2.29.
(1) Given E C D, a condition in the Magidor product
Mag

Py = []Pus

o€l

of the sequence (Py, | 0 € E) is a sequence (ps | § € E) with the
property that ps is a condition in P, for all § € E and the stem of
ps is empty for all but finitely-many § € F.

(2) Given conditions p'= (ps | 6 € E) and ¢ = (g5 | 0 € E) in Py, we
define p <p, ¢ 'to hold if ps <Py, 45 holds for all § € E and ps gfg,ué qs
holds for all but finitely-many 6 € E. In addition, we define p’ SI’E,,E q
to hold if pg SE}M& gs holds for all § € F.

In particular, given § € D, the above definition provides the partial orders
Ppns, Pp\s and Pp(541), as well as Pp itself. Similar arguments to those
utilized by Magidor in [Mag76] show that (Pp, <p,,<p ) is of Prikry-type.

Lemma 2.30. The following statements hold for all § € D:
(1) The partial order Pp is isomorphic to

Ppns X Ps X Pp\(541)s

and Pp\s is isomorphic to Ps X Ppy(541). Both isomorphisms also
preserve the direct extension orders.

(2) In every Ppns-generic extension V[G] of the ground model V, the
partial order Pp\s is weakly homogeneous, (Pp\s, <Pp\ss §ﬁ§,D\6> s of
Prikry-type and Sﬁ;D\é is <d-directed-closed.

(8) In every Ppns-generic extension V|G| of the ground model V', forcing
with Pp\s adds no new subsets of ordinals less than 6. In particular,
if € is an ordinal with |Ve| < 6, then V¢ is computed the same way
in V[G] and in every Pp\s-generic extension of V[G].

Proof. (1) The natural decomposition map serves as an isomorphism in both
cases: splitting a condition according to the given partition of D preserves
both < and <*, and the requirement that only finitely many coordinates
carry a non-empty stem is equivalent to the conjunction of the corresponding
requirements for the factors.

(2) Set ¢ = sup(D N d), so that ¢ < & because D is discrete. Two
conditions of Ppns with the same stems are compatible, and the number
of possible sequences of stems is at most o. Consequently, Ppns satisfies
the ot-chain condition in V. Moreover [Ppns| < 29 < 6, because § is
inaccessible. Let G be Ppns-generic over V.

Since Py, is weakly homogeneous in V' for every n € D, and weak homo-
geneity is preserved by Magidor products, the partial order Pp, s is weakly
homogeneous in V. As the isomorphisms witnessing this are elements of
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V' and compatibility of conditions is absolute, it follows that Pp\s is also
weakly homogeneous in V[G].
Next, since |Ppns| < § < n for every n € D\ §, the Levy—Solovay theorem
implies that
= (X eP"lll() | 34U, AC X}

is a normal ultrafilter on n in V[G]. Working in V[G], define

Mag
Phs = I Pu,
neD\é
Results of Magidor in [Mag76] then show that <]P’D\67 PG, <I"l;g\§) is of
Prikry-type in V[G]. Moreover, the ordering <t; is <d-directed-closed

D\é
in V[G]: the members of a directed family all have the same stems, and,
since each U, is <n-complete in V[G] and § < 7, fewer than §-many of the
corresponding measure one sets can be intersected coordinatewise.

Both properties are inherited by <*-dense subposets. Indeed, assume
that Ppys is a <*-dense subposet of Pg\é, i.e., that every condition of Pg\é
has a <*-stronger condition in Pp\s. Since <* refines <, the partial order
Pp\s is then also dense in IP’%\ 5> 50 both partial orders have the same generic
extensions and the same forcing relation. Given a statement ¢ of the forcing
language and a condition § in Pp,s, the Prikry property of Pg\ 5 provides

%

p* <" plin IP’ZG)\(S deciding ¢, and <*-density yields ¢ <* p’
then also decides . Similarly, a <*-directed family of size less than § in Pp\ s

in Pp\s, which

has a <*-lower bound in IP’%\ 5» and any condition of Pp\ s that is <*-stronger
than this bound is a <*-lower bound of the family in Pp,;.

It therefore suffices to show that Pp\s is a <*-dense subposet of }P’g\ 5
Let p= (p, | n € D\ 6) be a condition in ]P’g\5 and, given 7 € D\ ¢, let
sy denote the stem of p, and let A, € Z:IT7 denote the second component
of p,. By the definition of U,, working in V[G]| we may pick a sequence
(B, €Uy | m € D\ d) with the property that B, C A, holds for all € D\ 4.

Fix a Ppns-name B for the sequence (B, | n € D\ §) and, in V, set

= {C €U, |3pe€Ppns pl-B(i) =C}.

Conditions forcing distinct values of B (1) are incompatible, so the o*-chain
condition ensures that |C,| < o holds for all n € D\ §; hence the sequence
(Cp € Uy)=° | m € D\ 8) belongs to V and B, € C, for all n € D\ 6.

By the definition of the Magidor product, the set {neD\o|s,#0}is
finite, and each s, is a finite sequence of ordinals; in particular, it follows
that the sequence (s, | 7 € D\ J) is an element of V. We then know that
V' contains the sequence ¢= (g, | n € D\ 6) with the property that

an = <5n= ﬂcn>
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holds for all n € D\4. Since U, is <n-complete in V and |C;| < 0 < § <7, we
have (C, € Uy; after removing from (C, its finitely many elements below
max(s,), which affects only the finitely many coordinates with s, # 0, it
follows that ¢'is a condition in Ppy\s in V' and hence also a condition in Pg\ 5
in V[G]. Finally, B, € C, implies (\C, € B, C A, for alln € D\ 6, and ¢
and p have the same stems. Therefore ¢ is <*-stronger than p'in V[G].

(3) Let p < 4, let p'be a condition in Pp\s and let X be a P p\s-name
for a subset of p. Using (2), recursively construct a <*-decreasing sequence
(Do | @ < p) of conditions below p such that p,41 decides the statement
“ve X 7 using the Prikry property at successor steps and the <{§-directed-
closure of <* at limit steps. Then p), decides all statements “& € X" with
o < p and therefore forces X to be equal to a set in V[G]. The second

assertion follows by induction on &, coding the elements of V; by subsets of
|Ve| < 6. O

Corollary 2.31. Let v = sup(D) and assume that v is an inaccessible
cardinal. Then forcing with Pp preserves the inaccessibility of v.

Proof. Let G be Pp-generic over V and let p < v. Fix § € D with p < ¢
and let G5 X G>5 denote the filter on Ppns X Pp\s induced by G through

Lemma 2.30.(1). By Lemma 2.30.(3), we have P(p)VI¢] = P(p)VIC<s] and,
since |Ppns| < & < v and v is inaccessible in V, this set has size less than v.
Hence v is a strong limit cardinal in V[G].

The regularity of v in V[G] follows similarly. O

2.7. Supercompact Prikry forcing. In this section, we review the clas-
sical Supercompact Prikry forcing with an eye toward proving Theorem 6.2.

Suppose that k < A are cardinals with x supercompact and X inaccessible.
Fix a normal, fine, <x-complete ultrafilter & on P,(\). Given s,t € Py(N),
we write s < ¢ whenever s C ¢ and otp(s) < otp(t N k). A condition in
the Supercompact Prikry forcing with respect to U, Py, is a pair (s, A) such
that s = (sg,...,Sn—1) is a <-increasing sequence of members of Py (N),
A €U and s, < z for all x € A. Given conditions (s, A) and (¢, B) in
Py, we write (s, A) < (t,B) whenever t C s, A C B and t\ s C B, and
(s,A) <* (t,B) whenever (s, A) < (t,B) and s = t. If G is a Py-generic
filter, then the sequence Tg = (2§ | n < w) given by 2§ = s}, for some
(equivalently, every) condition p € G is <-increasing and it satisfies that the
filter

G(@g) = {<S,A> | sC Zg, Zg\ s C A}

is equal to G. In particular, we have V[G] = V[Z¢] in this case.

The following lemma list the basic properties of P;;. The proofs of these
statements can be found in [Git10, §1].

Lemma 2.32. (1) (Py,<,<*) is a Prikry-type forcing.
(2) Py preserves cardinals < k.
(3) Py forces “cof(k) = w”.
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(4) Forcing with Py collapses all cardinals 0 € (k, u|, where p = X\ when-
ever cof(\) > k and u = AT whenever cof(\) < k. O

For each regular cardinal o € [k, ), let 74 @ Pu(A) — Pr(a) be the
projection map given by x — x N a and U, the Rudin—Keisler image of
U via 7,.5 Suppose that # is Py-generic. Then, the Mathias criterion of
genericity for Py (see [Git10, §1]) ensures that the sequence

Ty = (zpnNa|n<w)

is generic for Py, .

3. A PROPER CLASS OF EXACTING CARDINALS FROM AN [2-CARDINAL

In [ABGL25], it is shown that Prikry forcing with the critical point of
an [2-embedding makes the cardinal exacting in the generic extension (see
Corollary 2.21.(2)). In this section, we leverage this observation to prove
Theorem 1.3. The basic idea is to replace Prikry forcing by a Magidor
product of Prikry forcings in the argument from [ABGL25] and then cut off
the universe at an appropriate cardinal. Later, we will show that this naive
approach is somewhat optimal, in the sense that it cannot be upgraded to
produce a model with an exacting cardinal that is a limit of exactings.

3.1. The consistency of many exacting cardinals. In the following, we
let j : V — M denote an 12-embedding, i.e., 7 is a non-trivial elementary
embedding with V) C M, where X is the first non-trivial fixed point of j.
We set k = crit(j), we let (ky, | n < w) denote the critical sequence of j and
we let

U ={ACk|rejlA)}
denote the normal ultrafilter on « derived from j.

Lemma 3.1. If A denotes the set of all cardinals p < Kk with the prop-
erty that there exists a normal ultrafilter F on p such that p is an exacting
cardinal in VA\[H] whenever H is Pr-generic over Vy, then A € U.

Proof. Let H be Py-generic over V. Every dense subset of Py in V' has rank
less than A and is therefore an element of V), so H is also P;/-generic over V
and Corollary 2.21.(2) shows that x is an exacting cardinal in V[H]. Since
[P, is an element of V), we have V[H]) = V)[H], and this is a model of ZFC
because Vj, is an elementary submodel of V) for all n < w. Proposition 2.16
therefore shows that x is also an exacting cardinal in V)\[H]. Since j(A) = A
and V), C M imply j(Vy) = V), the set j(A) is the set of all cardinals p < k3
for which there exists a normal ultrafilter F on p in M such that p is an
exacting cardinal in V)\[H| whenever H is Pr-generic over V). As U is an
element of V), C M and all of the above computations take place in V) and
in its generic extensions, and are therefore performed the same way in V
and in M, these observations show that x is an element of j(A) and this
means that A is an element of U. O

8That is, Us = {X C Pu(a) | (ma) " [X] € U}.
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Now, let A denote the subset of k given by Lemma 3.1 and fix a sequence
(U, | p € A) with the property that, for all p € A, the set U, is a normal
ultrafilter on p such that forcing with P, over V) turns p into an exacting
cardinal. Set D = A\ Lim(A). Since A is an element of U, the set A is
unbounded in k and hence so is D. Then D is a discrete set of measurable
cardinals with sup D = k, and we let Pp denote the Magidor product of
Prikry forcings given by the sequence (Us | 6 € D), as in Definition 2.29.
Note that Pp is an element of V), so that V)[G] = V[G], holds for every
Pp-generic filter G.

Lemma 3.2. Assume that Vy is a model of V.= gHOD.? If G is Pp-generic
over V and § € D, then § is an exacting cardinal in V)\[G].

Proof. Fix § € D and let d, = min(D \ (6 + 1)) denote the least element of
D above §. Since J, is inaccessible and greater than §, we have |Vsi,| < 0.
Let G5 x gxGxs be the filter on Ppns X Ps X Ppy (541) induced by G through
the isomorphism provided by Lemma 2.30.(1) and set W = V}[G<s5 X g], so
that V)[G] is a Pp\(541)-generic extension of W. Our setup new ensures
that 0 is an exacting cardinal in Vy[g]. Moreover, since D is discrete, it
follows that the partial order Ppns is an element of H(6)">l9) and we can
use Lemma 2.11 in V) [g] to conclude that 0 is exacting in W.

Assume, towards a contradiction, that § is not an exacting cardinal in
VA[G]. By Lemma 2.9, this means that, in V)\[G], there exists a non-empty
ordinal definable subset B of Vs, with the property that for all z,y € B,
there is no non-trivial elementary embedding of (Vs, €,x) into (Vj, €,y).
Since Pp\(5+1) = Ppys, and G<sx g is Ppns, -generic over V', Lemma 2.30.(3)
applied at d. shows that forcing with Pp,(s41) over W does not add new

elements of Vsy,. In particular, we have V:;‘J/:I[G] = V(SVL and B € W. Since

V) is a model of "V = gHOD”, we now know that Pp\(541) is an element
of HODW. Moreover, the fact that Lemma 2.30.(2) ensures that Pp\(5+1)

is weakly homogeneous in W allows us to conclude that oD N W is
contained in OD" and hence that B is a non-empty ordinal definable subset
of V541 in W. Since ¢ is an exacting cardinal in W, we can use Lemma 2.9
to find z,y € B and a non-trivial elementary embedding of (Vj, €, x) into
(Vs, €,y) in W. But, since W C V,\[G], this embedding is also a non-trivial
elementary embedding of (Vj, €, z) into (Vj, €, y) in V)\[G], contradicting our
choice of B. ([l

We are now ready to show that the existence of an 12-embedding implies
the existence of a transitive model of ZFC with a proper class of exacting
cardinals:

Proof of Theorem 1.3. Assume that V is a model of ZFC containing an 12-
embedding. Then there exists a class forcing extension N of V which is a

9Recall that, by Lemma 2.6, this assumption is compatible with the existence of an
I2-cardinal.
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model of
ZFC + “V =gHOD” + “There is an 12-embedding”

and in which, moreover, V) is a model of V' = gHOD for the first non-trivial
fixed point A of that embedding. Work in N, let K < A, D and Pp be as
above and let G be Pp-generic over N. By Lemma 3.2, every § € D is an
exacting cardinal in N[G], and D is unbounded in k. Since k = sup(D) is
inaccessible in N, Corollary 2.31 shows that « is inaccessible in N[G] and
therefore N[G], is a model of ZFC. By Proposition 2.16, every 6 € D is
then an exacting cardinal in N[G]. Consequently, N|[G]. is a model of ZFC
in which unboundedly many ordinals are exacting cardinals, i.e., a set-sized
model of the theory

ZF¥C + “There is a proper class of exacting cardinals”.

By the Lowenheim—Skolem theorem and Mostowski collapsing, it follows
that N|[G] contains a countable transitive model of this theory. Since the
existence of such a model can be expressed by a Xl-sentence, Shoenfield
absoluteness ensures that such a model exists in V. (]

3.2. Limits of exacting cardinals. In the model constructed in the above
proof, no exacting cardinal is a limit of exacting cardinals. Theorem 1.4
shows that there might be no way around this limitation. We now present
the short proof of this result. It should be noted that this argument also
works for limits of exacting cardinals with weaker large cardinal properties.

Proof of Theorem 1.4. (1) Assume that 7 is an exacting limit of exacting
cardinals. Since HOD"" is a subset of HOD and exacting cardinals are
regular in HOD, it follows that, in V;,, there is a proper class of singular
cardinals that are regular in HOD. Since 7 is exacting, there is an 13-
embedding i : V,, — V;;, and therefore, in V,;, there is an extendible cardinal
below a huge cardinal. By Woodin’s HOD Dichotomy (Theorem 2.1), this
contradicts the Weak HOD Conjecture.

(2) Assume, towards a contradiction, that there is a limit cardinal s of
uncountable cofinality with the property that the set F of exacting cardinals
below k is stationary in k. Then E intersects the set of all limit points of
FE in x and hence there exists an exacting limit of exacting cardinals. This
contradicts (1). O

In the next section, we show that the consistency of ZF with sufficiently
strong large cardinals beyond choice (i.e., in a scenario where the HOD
Congjecture is false, see [BKW19]) implies the consistency of ZFC with the
statements listed in Theorem 1.4.

4. EXACTING CARDINALS FROM LARGE CARDINALS BEYOND CHOICE

Throughout this section, we work with ground models satisfying ZF and
containing large cardinals that cause the Axiom of Choice to fail.
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4.1. Ultraexacting limits of ultraexacting cardinals. Given a super-
compact cardinal § (see Definition 2.13), we let Qg5 denote the partial order
constructed by Woodin in the proof of [Wool0, Theorem 226]. Key prop-
erties of this partial order that were proven in [Wool0] will be listed in
the proof of the next lemma that is a variations of [Woo10, Theorem 226]
and [ABL24, Lemma 6.7]. Remember that, in the absence of the Axiom of
Choice, we define ultraexactingness as in Definition 2.15.

Lemma 4.1 (ZF). If X is a rank-Berkeley cardinal and 6 > X is a supercom-
pact cardinal with Vy < Vs, then 11, “X is an ultraexacting cardinal 7.

Proof. Assume, towards a contradiction, that the statement of the lemma
fails. We may then assume that § is the minimal supercompact cardinal
above )\ satisfying V) < Vj for which the given conclusion fails. Since the
partial order Q5 is weakly homogeneous and definable in Vs by a formula
without parameters, our assumption ensures that the cardinal § is definable
by a formula with parameter A\. The analysis of [Wo010] now shows that Qs
is forcing equivalent to a two-step iteration Q) * P satisfying the following:

(1) The partial order Q) is definable in V)11 by a formula without pa-
rameters and forcing with Q) preserves unboundedly many regular
cardinals below \.

(2) Given a non-trivial elementary embedding j : Vyy1 — Vi1 with
first non-trivial fixed point A, there exists a condition p; in Q) with
the property that

G = {peQ]jp)eG}
holds whenever G is Q)-generic over V' with p; € G.
(3) If G is Q\-generic over V, then, in V[G], the partial order P is <A*-
closed, weakly homogeneous and definable in Vs without parameters.
(4) If G is Qx-generic over V, then DCy holds in V[G].

Pick ¢ > 0 such that V; is sufficiently elementary in V. Then there exists
an elementary embedding j : V; — V¢ such that crit(j) < X and A is
the first non-trivial fixed point of j. We then have cof(\) = w, j(0) = ¢
and j(Qy) = Q). Let p; be the condition given by (2) and let G * H be
(Qy * P)-generic over V with p; € G. Then V;[G] = V[G]¢, ¢ € (C?))VIC]
and j[G] C G. In particular, there is a canonical lifting

ja : V[Gle — V[Gle
of j to V[G]¢. We can now apply Theorem 2.22 in V[G] with N = V[G] and
Xo = X1 = V[G]¢ to conclude that A is ultraexacting in V[G].

Now, by (3) and (4), forcing with P¢ over V[G] does not add new subsets
of V. Moreover, (3) ensures that the partial order PC is weakly homoge-
neous and ordinal definable in V[G]. This allows us to apply Lemma 2.18.(2)
to conclude that A is an ultraexacting cardinal in V|G, H].

These computations contradict our initial assumption, because, in V', the
partial order Qj is weakly homogeneous and forcing equivalent to Qy «P. O
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Corollary 4.2 (ZF?). If there exists a super Reinhardt cardinal, then there
exists a set-sized transitive model of ZFC with a proper class of ultraexacting
cardinals that are limits of ultraeracting cardinals.

Proof. Let § be a super Reinhardt cardinal. Then ¢ is supercompact and
therefore a combination of results in [Woo10] with Proposition 2.16, Lemma
2.28 and Lemma 4.1 shows that if G is Qs-generic over V, then V[G]s is a
model of ZFC with a proper class of ultraexacting cardinals that are limits
of ultraexacting cardinals. In particular, there is a generic extension of the
ground model V' that contains a countable transitive model of ZFC with
a proper class of ultraexacting cardinals that are limits of ultraexacting
cardinals. Shoenfield absoluteness then ensures that such a model already
exists in V. ([

4.2. Stationary limits of ultraexacting cardinals. Given the above, it
is natural to ask whether large cardinals beyond choice can provide richer
patterns of exacting and ultraexacting cardinals in the universe of sets.
Specifically, in the light of Theorem 1.4.(2), one might ask whether these
axioms can be used to construct models of ZFC with stationary limits of
exacting cardinals. We address this issue in this section.

Lemma 4.3 (ZF). If ¢ is a cardinal that is both supercompact and totally
Reinhardt, G is Qs-generic over V. and H is Col(<d, Vy)-generic over V[G],
then, in V|G, H|, every closed unbounded subset of § contains an ultraexact-
ing cardinal.

Proof. The results of [Woo10] show that, in V', the partial order Qs is forcing
equivalent to a two-step iteration Q x Q such that Q is a partial order in Vj
that forces DC to hold and Q to be a o-closed partial order that is a subset of
Vs. Let Go* Gy be (Q* Q)-generic over V with V[G] = V[Go, G1]. We then
know that ¢ is supercompact and totally Reinhardt in V[Go]. Moreover,
the results of [Wo010] show that every element of V[G]; has a Q¥0-name in
V[Gols. Therefore, it follows that V|G, H] is a forcing extension of V[Gy]
using a partial order C that is a subset of V[Gpls and o-closed in V[Gy).

Fix a C-name C € V[Go] for a closed unbounded subset of § and a con-
dition p, in C. We can now find A € V[Go|s+1 coding the condition p,, the
ordering <c of C and the subset

D = {{(pB)eCxs|phkilclrgecmy

of V5. Since ¢ is totally Reinhardt in V[Gp], we can find k < ¢ that is A-
super Reinhardt in (V[Gols, V[Go|s+1, €). Our setup then ensures that the
condition py is an element of CN V[Gy)s.

Given p € CNV|[Go], and o < k, there exists v,,, < 0 with the property
that there exist a < 8 < 74, and ¢ € CN V[Gol,,, with ¢ <¢ p and
(q,8) € D. Since 0 is strongly inaccessible in V[Gy], we can find p < ¢
with 74, < p for all p € CN V[Gyl, and a < k. Therefore, we can find a
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non-trivial elementary embedding j : V[Gols — V[Gols with crit(j) = &,
Jj(Kk) > p as well as
i(EecnVa) = <cNVjw
and
J(DNAVa) = DNV

for all @ < k. The elementarity of j then ensures that for every condition
p € CNV[Go], and every a < k, there exists a condition ¢ € C N V[Go),
and a < 8 < k with ¢ <¢ p and (¢, ) € D.

Let (kn | n < w) denote the critical sequence of j and set A = sup,,_, kn.
Since ¢ is a regular cardinal in V|G|, we have A\ < ¢. Elementarity then
ensures that for every n < w, every p € C N V[Gyls, and every a < Ky,
there exist ¢ € CNV[Go|x, and a < f < K, with the property that ¢ <c p
and (g, ) € D. This allows us to use DC in V[Gy] to find a <c-descending
sequence (p, € CNV[Golx, | n < w) with pg = p. and the property that
for all n < w, there exists K, < B, < knt+1 With (gn+1,5n) € D. Since C
is o-closed in V[Gy], we can find a condition p,, in C with p, <c¢ p, for all
n <w.

Let F' be C-generic over V[Go| with p,, € F. Then crn [Kn, knt1) 7 0
holds for all n < w and therefore we know that X is an element of CF.
Earlier arguments show that A is a rank-Berkeley cardinal in V[Gyls and
V[Go]x < V[Go]s holds. By Proposition 2.25, this means that \ is a rank-
Berkeley cardinal in V[Gy]. Moreover, the analysis in [Wool0] shows that
QCo = QZ[GO] holds, i.e., Q0 satisfies the definition of Woodin’s partial
order in V[Gg]. Let Fy denote the filter on Q%° induced by F. Then
Lemma 4.1 shows that A is an ultraexacting cardinal in V[Go, Fy]. Next,
Proposition 2.18 ensures that A is ultraexacting in V[Gy, F].

The above computations show that below every condition p, in C, there
exists a condition that forces C' to contain an ultraexacting cardinal. A
density argument now yields the statement of the lemma. O

Putting together the previous results, we obtain the following theorem
that directly implies the statement of Theorem 1.5:

Theorem 4.4 (ZF). If § is a cardinal that is both supercompact and totally
Reinhardt, G is Qs-generic over V. and H is Col(<d, Vs)-generic over V|G|,
then L(V[G]s)[H] is a model of ZFC in which § is a reqular cardinal that is
a stationary limit of ultraexacting cardinals.

Proof. Since DC.s holds in V[G] and the partial order Col(<d, Vy) is <d-
closed in V[G], we have V[G]; = V|G, H]s; and the fact that H codes a
well-ordering of V[G]s ensures that L(V[G]s)[H] is a model of ZFC. Let C
be a closed unbounded subset of § in L(V[G]s)[H]. Then Lemma 4.3 shows
that C' contains an ordinal A that is an ultraexacting cardinal in V|G, H]. In
this situation, the fact that V[G]s = V|G, H|s allows us to use Proposition
2.17 to see that A is an ultraexacting cardinal in L(V[G]s). Finally, since
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V[G|s = V|G, H|s, we can apply Proposition 2.18 in L(V[G]s) to conclude
that A is also an ultraexacting cardinal in L(V'[G]s)[H]. O

5. THE LEVY—SOLOVAY PHENOMENON

In this section, we investigate the Levy—Solovay phenomenon in the con-
text of exacting and ultraexacting cardinals by proving Theorem 1.6 and
deriving consequences of the combination of this result with Lemma 2.11.
The below proof heavily relies on Woodin’s stationary tower forcing (see
[Lar04]) and [Wool0, Lemma 147] that allows us to compute the restric-
tions of lifted elementary embeddings to generic ultrapowers of the ground
model.

Proof of Theorem 1.6. In the following, assume that A is a limit of Woodin
cardinals and P € V), is a partial order that forces A to have countable
cofinality. Fix a Woodin cardinal § < A with P € Vs and an inaccessible
cardinal § < p < A. Let Q.5 denote Woodin’s countable stationary tower
forcing (see [Lar04] for details).

Now, let g be Qs-generic over V and let

Jg: V. — My, C Vig]

denote the generic elementary embedding induced by g. Standard stationary
tower forcing arguments (see [Lar04]) then show that the following state-
ments hold:

e crit(j,) = w} and j,(w}) = 6.

o My={j,(f))| f:w) —V, a<é}.

o (“M,y)VII C M,

Since P(P)V is countable in V[g], we can find a filter G on P in V[g]
that is generic over V. In addition, results of Hamkins, Laver and Woodin
(see [Lav07]) show that there is a parameter p € V, with the property
that the class V is definable in V[g] by a formula with parameter p. This
directly implies that the class M, is definable in V[g] from the parameters
g and p. Finally, the construction of M, as an ultrapower ensures that all
sufficiently large inaccessible cardinals below X are fixed points of j,. Since
the embedding j, is continuous at ordinal of countable cofinality in V/, this
directly yields the following statements:

Claim. (1) If X has countable cofinality in V', then jo(A) = A.
(2) If A has uncountable cofinality in V and C is a closed unbounded
subset of X in V', then X € jy(C). O

Claim. If j : V[g]x — V[G]x is an I3-embedding with crit(j) > p in V]g],
then the map j [ (Mg)x is an element of M,.

Proof of the claim. Let (k, | n < w) denote the critical sequence of j.
Fix some 0 < n < w. Since Qs is an element of V,, we can apply
[Lav07, Lemma 4] to see that j [V, is an element of the ground model V'
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and we let E denote the (kq, K, )-extender derived from this embedding in
V. Then E is p-complete in V (as defined in [Woo010, Definition 146]). Let
ig : V. — Mg denote the ultrapower embedding given by E in V. The
definition of F then ensures that ig | Vi, , = j | Vi, ,. Let E' denote the
canonical (Ko, kp)-extender induced by E in V[g] and let ig: : V]g] — Mg
denote the corresponding ultrapower embedding constructed in V[g]. Then
ig is the canonical lifting of i g to the Qs-generic extension and this directly
implies that

(2) ip rV[g]linfl =7 TV[Q]KWU

because for each z € Vgl,,_,, there is a Q<s-name 7 € Vj,
and

o, with 79 =2
jx) = j(r9) = j(r)? = ip(r) = ip(v).

Set F' = j4(FE). Note that our setup ensures that j,(k¢) = ¢ holds for all
¢ < w and therefore we know that F is a (ko, kp)-extender in M,. Let ip :
My, — MF denote the corresponding ultrapower embedding constructed in
M,. Earlier observations now show that the extender £ and the embedding
Jg satisfy the assumptions of [Woo10, Lemma 147] and this result then shows
that igy [ My = ip holds. In combination with (2), this shows that

jr(Mg)nnq = iF r(Mg)nnﬂ S Mg-

The above computations show that j [ (My)s, is an element of M, for
every n < w. Since My is closed under countable sequences in V[g], we can
now conclude that j [ (M), is also an element of M. O

Claim. If A is an exacting cardinal in V[G], then X is an exacting cardinal
in M.

Proof of the claim. Assume, towards a contradiction, that A is not an ex-
acting cardinal in M,. By Theorem 2.9, this shows that, in M, there is
a non-empty ordinal definable subset A of V), with the property that for
all z,y € A, there is no non-trivial elementary embedding of (Vy, €, z) into
(V, €,9). Let A be the least such subset in M, with respect to the canonical
well-ordering of ordinal definable sets in M,. Then the set {A} is definable
in My by a formula with parameter A. In this situation, our earlier observa-
tions show that the set { A} is definable in V'[g] by a formula with parameters
A, g and p.

Since V[g] is a forcing extension of V|G| using a partial order of size less
than p, our assumption allows us to use Lemma 2.11.(1) to show that A
is an exacting cardinal in V[g]. Pick ¢ > X such that Vg|; is sufficiently
elementary in V[g] and use the exactingness of A in V[g] to find an ele-
mentary submodel X of V{g]s in V[g] containing Vg]y U {A} as well as
an elementary embedding j : X — Vg, in Vg| satisfying j [ p = id,,
J T A#idy and j(A) = A. The fact that A\, g and p are elements of X that
are fixed by j then ensures that A and (Mj), are elements of X that are
fixed by j. By elementarity, there exists an x € AN X. Set y = j(z) € A.
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Then j [ (My), is a non-trivial elementary embedding of ((Mj)y, €, ) into
((Mg)x, €,y). Since j [ V]g]y is an I3-embedding with critical point greater
than p in V[g], our previous claim shows that the map j [ (M), is an element
of My, contradicting our choice of A. O

Claim. If A is an ultraezacting cardinal in V|G|, then X\ is an ultraezacting
cardinal in M,.

Proof of the claim. Assume, towards a contradiction, that A is not an ul-
traexacting cardinal in M. Theorem 2.10 then implies that, in Mg, there
is an ordinal definable subset A of V)41 with the property that there is no
non-trivial elementary embedding of (Vy11, €, A) into itself. Let A be the
least such subset in M, with respect to the canonical well-ordering of ordi-
nal definable sets in M. Since the set {A} is again definable in M, by a
formula with parameter \, it follows that the set { A} is definable in V'[g] by
a formula with parameters A\, g and p.

Next, we apply Lemma 2.11.(2) to see that \ is an ultraexacting cardinal
in V[g]. Fix ¢ > X with the property that V]g] is sufficiently elementary
in Vg], an elementary submodel X of V[g]¢c in V]g] containing V[g| and
an elementary embedding j : X — Vg, in Vg| satisfying j [ p = id,,
JIA#idy, j(A) = Xand j [V]g]x € X. Then j [ V][g], is an I13-embedding in
Vl]g] and an earlier claim shows that j [ (M), is an element of M. Define

i = GIVIIDY : Vg — Vg

(see §2.2). An application of [ABL24, Lemma 3.7] then shows that j, is an
I1-embedding that is an element of X and satisfies

FTVighhanX) = gl (Vg N X).

Since our setup ensures that A and (Mj)41 are elements of X that are fixed
by j, it follows that, in X, the map j, [ (Mg)x+1 is an elementary embedding
of ((My)x+1, €, A) into itself. The correctness properties of X then ensure
that j [ (Mgy)r41 has the same property in V[g].

Finally, the fact that j [ (M) is an I3-embedding in My, allows us to
define

= (1 (M)} s (Mg)rsr — (M)

Since i [ (Mg)x =7 [ (Mg)x = j« | (Mjy)y, it follows that

Je I (Mg)xy1 = @ € My

and therefore we can conclude that M, contains a non-trivial elementary
embedding of ((My)x+1, €, A) into itself, contradicting our choice of A. O

We are now ready to prove the two parts of the theorem:
(1) Assume that A is a cardinal with the property that

1lp “X is an ezacting cardinal ”

holds for some partial order P € V). Since exacting cardinals are limits of
Woodin cardinals, [Ham03, Corollary 25] shows that A is a limit of Woodin
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cardinals in V. In particular, our assumption allows us to carry out the
above constructions and conclude that A is an exacting cardinal in the model
M,. If X\ has countable cofinality in V', then an earlier claim shows that
Jg(A) = X and the elementarity of j, implies that X is an exacting cardinal
in V. Moreover, if A has uncountable cofinality and C'is a closed unbounded
subset of A in V, then an earlier claim shows that X is an element of j,(C)
and we can conclude that C contains an exacting cardinal in V.
(2) Assume that A is a cardinal with the property that

1lFp “X\ is an ultraexacting cardinal ”

holds for some partial order P € V). As above, this assumption allows us to
carry out the above constructions and conclude that A is an ultraexacting
cardinal in the model M,. In addition, we can again conlcude that, if A has
countable cofinality in V, then A is an ultraexacting cardinal in V, and, if
A has uncountable cofinality in V', then every closed unbounded subset of A
in V' contains a cardinal that is ultraexacting in V. O

By combining Theorem 1.6 with Lemma 2.11, we immediately obtain the
following Levy—Solovay result that is restricted to countable cofinalities:

Corollary 5.1. Let A\ be a cardinal of countable cofinality.

(1) The following statements are equivalent:
(a) X is an exacting cardinal.
(b) 1lkp “X is an ezxacting cardinal ” holds for every partial order
Pe H(N).
(c) 1lFp “X is an exacting cardinal 7 holds for some partial order
Pe H(N).
(2) The following statements are equivalent:
(a) X is an ultraexacting cardinal.
(b) 1 Ikp “X is an ultraezacting cardinal ” holds for every partial
order P € H()).
(c) 1lFp “X is an ultraexacting cardinal ” holds for some partial or-
der P € H(\). O

Next, we now prove that the weak HOD Conjecture yields Levy-Solovay
theorems for exacting and ultraexacting cardinals:

Proof of Theorem 1.7. Assume that the weak HOD Conjecture is true. By
Theorem 1.4, we then know that exacting cardinals are not limits of exact-
ing cardinals. An application of Theorem 1.6 then shows that no cardinal
A of uncountable cofinality is forced to be exacting by a partial order in
H()\). In particular, since exacting cardinals have countable cofinality and
ultraexacting cardinals are exacting, the equivalences stated in the theorem
directly follow from the ones provided by Corollary 5.1. O

We end this section by stating another consequence of Theorem 1.6:

Corollary 5.2. Let k be a cardinal.
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(1) The following statements are equivalent:
(a) There is an exacting cardinal greater than k.
(b) There is a partial order of cardinality at most k that forces a
cardinal greater than k to be exacting.
(2) The following statements are equivalent:
(a) There is an ultraexzacting cardinal greater than k.
(b) There is a partial order of cardinality at most k that forces a
cardinal greater than k to be ultraexacting. (Il

6. EXACTING CARDINALS AND HOD

In this section, we analyze the extent of large cardinal properties that
exacting cardinals provably possess in HOD. This is a line of research ini-
tiated by Cheng-Hamkins—Friedman in [CFH15] and continued by Apter—
Friedman-Fuchs [AFF21] and Goldberg—Osinski-Poveda [GOP24].

The section is divided in §§6.1 and §§6.2. In §§6.1 we show that exacting
cardinals \ are always subtle in HOD and show that if V), &= “HOD hypoth-
esis” then A\ possesses strong large cardinal properties in HOD. In §§6.2 we
prove (assuming appropriate large cardinals) the consistency with ZF of “\
is exacting and A\ is extendible in HOD,, for all x C \”.

6.1. Exacting cardinals in HOD. Recall that an infinite cardinal  is
subtle (see [JK69]) if for every sequence (E, | a < k) with E, C « for all
a < k and every closed unbounded subset C' of k, there exist a,5 € C
with o < 8 and E, = Eg N «. Since subtle cardinals are Mahlo, the next
observation slightly strengthens [ABL24, Theorem 2.10].

Proposition 6.1. Fzacting cardinals are subtle in HOD.

Proof. Assume, towards a contradicting that there is an exacting cardinal
A that is not subtle in HOD. Let (C, E) be the least pair in the canonical
well-ordering of HOD with the property that C'is a closed unbounded subset
of Xand E = (E, | @ < \) is a sequence with E, C a for all @ < X and
E, # EgNafor all o, 8 € C with a < 3. Since the class of all proper initial
segments of the canonical well-ordering of HOD is definable by a ¥o-formula
without parameters, it follows that the sets {C} and {E} are definable by
a Yg-formula with parameter .

Pick A < ¢ € C®). Our assumptions now yield an elementary submodel
X of Vi with VyU{A} C X and an elementary embedding j : X — V¢ with
j(A)=Xand j [ A #idy. We then know that C,E € X with j(C) = C and
j(E) = E. Let  denote the minimal ordinal below A with j(x) > k.

Claim. x € C.

Proof of the Claim. Assume, towards a contradiction, that x is not an ele-
ment of C' and set a = min(C \ k) > k. We then know that the set {a} is
definable by a ¥3-formula with parameters in x U {\} and hence it follows
that j(a) = a. But, this contradicts the fact that j [ V) : V\ — V) is an
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elementary embedding and hence, by Kunen’s Theorem, no ordinal in the
interval (k, ) is fixed by j. O

Elementarity now ensures that j(k) > k is also an element of C' and
J(Ex) = Ej() holds. Since our setup implies that Ej, )Nk = j(Ex) Nk = By,
we have derived a contradiction. O

Next, we use Woodin’s notion of w-strong measurability to prove that
exacting cardinals have strong large cardinal properties in HOD. At the
core of this analysis lies the following result:

Theorem 6.2. Let A be an exacting cardinal with the property that unbound-
edly many reqular cardinals below A are not w-strongly measurable in HOD.
Then, in HOD, for every A € Vi1 and every closed unbounded subset C
of A, there is n € C with the property that (V,, €, ANV,) is an elementary
substructure of (Vy, €, A) and there is a non-trivial elementary embedding of
(Viy, €, ANV, into itself whose critical sequence consists of elements of C.

Proof. Assume, towards a contradiction, that the above conclusion fails and
let (A, C) be the least pair in the canonical well-ordering of HOD with the
property that A € HODy,1, C is a closed unbounded subset of A in HOD
and for all » € C' with the property that (HOD,,, €, ANV})) is an elementary
substructure of (HOD), €, A), there is no non-trivial elementary embedding
of (HOD,, €, ANV,) into itself in HOD whose critical sequence consists of
elements of C.

By our assumption, there is an ordinal ¢ > A such that V is sufficiently
elementary in V, an elementary submodel X of Vi with V) U {A} C X and
an elementary embedding j : X — V), with j(A) = A and j [ A # id). Then
A,C € X with j(A) = Aand j(C) = C. Let (k, | n < w) denote the critical
sequence of j.

Claim. k, € C for alln < w.

Proof of the claim. Since there exists an n < w with C' Nk, # 0, we can use
the fact that j(C) = C holds to conclude that C' N kg # . Then kg € C,
because otherwise we would have sup(C N k;,) = sup(C N Kkg) < ko for all
n < w and it would follow that C' is bounded in A. We can now inductively
conclude that s, is an element of C for all n < w. O

Claim. Ifn < w, then (HODy, ,€, ANV, ) is an elementary substructure
of (HODy, €, A).

Proof of the claim. Note that, since V) U{A} C X and V; was chosen to be
sufficiently elementary in V', we have HOD,, € X with j(HOD,) = HOD,,
for all n < A. This implies that for all n < A, the map j | HOD,, is an
elementary embedding of (HOD,,, €, ANV;) into (HODj,,), €, AN V). In
particular, it follows that (HOD,,, €, ANV,,) is an elementary substructure
of (HOD,,,€,ANV,,) and, in combination with our first observation, this
inductively implies that (HOD,,,, €, ANV, ) is an elementary substructure of
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(HODy,,,,,€, ANV, ) for all n < w. This conclusion implies the statement
of the claim. 0

Claim. j [n € HOD for all n < A.

Proof of the claim. Fix a cardinal n < A. By our assumption, there exists a
regular cardinal (27)T < § < X that is not w-strongly measurable in HOD.
Since (27)HOD < § it follows that HOD contains a partition § = (Sy|lv<mn)
of Eo‘i into n-many sets that are all stationary in V. Then Sev CX.
Set j(S) = (Iy | v<34(0)). Then j(0) is a regular cardinal below A and

—,

j(S) € HOD is a partition of B into j(n)-many stationary sets.
Now, set p = sup(j[d]) < 7(d). A result of Solovay in [Sol74] then shows
that

Jjlnl = {y<jm) | T,Np is stationary in p}.
Since j(S) is an element of HOD, it follows that the set j[n] is ordinal

definable and this implies that j [ is ordinal definable, because this function
is the inverse of the transitive collapse of j[n]. O

Claim. j | HOD, € HOD for all n < A.

Proof of the claim. Let <1 denote the ordering of HOD, that is obtained by
first ordering sets by their rank and then ordering sets of the same rank
using the canonical well-ordering of HOD. Then < is an element of HOD.
Moreover, if § < A is an inaccessible cardinal, then HODy is the initial
segment of <1 of order-type §. For each such cardinal &, we let

75 : (HODg, <) — (0, <)
denote the corresponding transitive collapse. Then w5 € HOD N X with
j(ms) = mj(s) and
jITHOD; = w5 o (j16) o ms

for all inaccessible § < A. In combination, this shows that j | HODs is an
element of HOD. O

Working in HOD, we define T" to be set of all partial elementary embed-

dings

i <V)\7 €7A> M <V)\7 €7A>
with the property that there exists a natural number n and a strictly in-
creasing sequence (i, | m <mn+ 1) of elements of C' such that dom(i) =
Vi Udttn}, @ T o = idpg, i(ptm) = pmsr for all m < nand (V,,,,., €, ANV,,,.)
is an elementary submodel of (Vy, €, A) for all m < n + 1. By ordering T
under extensions, we can view this set as a tree of height at most w.

Since j [ HOD,, is an elementary embedding of (HOD,, €, A) into itself,
it follows that for all n < w, the sequence (K, | m < n+ 1) witnesses that
the function j [ (HOD,,, U{ky}) is an element of 7. In particular, there is a
cofinal branch through 7" in V' and we can use a well-foundedness argument
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to conclude that there is such a branch b in HOD. The definition of T" now
ensures that there is n € C with the property that (HOD,, €, ANV,) is an
elementary substructure of (HOD,, €, A) and | Jb is a non-trivial elementary
embedding of (HOD,,, €, AN V;) into itself in HOD whose critical sequence
consists of elements of C', contradicting our choice of A and C. U

Corollary 6.3. Ezacting cardinals are stationary limits of measurable car-
dinals in HOD.

Proof. Let X be an exacting cardinal. Assume, towards a contradiction that
the statement of the corollary fails and let C' be the least closed unbounded
subset of A in the canonical well-ordering of HOD whose elements are not
measurable cardinals in HOD.

First, assume that unboundedly many regular cardinals below A are not
w-strongly measurable in HOD. Then Theorem 6.2 yields n € C and a
non-trivial elementary embedding of (HOD,, €) into itself in HOD whose
critical sequence consists of elements of C. We then know that crit(j) € C
is a measurable cardinal in HOD.

Now, assume that eventually all regular cardinals below A are w-strongly
measurable in HOD. Pick ¢ > A such that V is sufficiently elementary in V'
and use the exactingness of A to find an elementary submodel X of V with
ViU {A} € X and an elementary embedding j : X — V¢ with j [ X # id)
and j(A) = A. Let (ky, | n < w) denote the critical sequence of j. Our choice
of C' then ensures that C is an element of X with j(C) = C and we can
repeat an argument from the proof of Theorem 6.2 to see that k,, € C holds
for all n < w. Since the critical sequence of j consists of cardinals that are
regular in V', our assumption yields an n < w with the property that x,,
is w-strongly measurable in HOD. In particular, it follows that x, is an
element of C' that is a measurable cardinal in HOD. U

We now observe that the assumption of Theorem 6.2 are consequences of
the validity of the HOD Conjecture:

Corollary 6.4. Let A be an exacting cardinal with the property that the HOD
Hypothesis holds in Vy, let A € HODyy1 and let C be a closed unbounded
subset of A in HOD. Then, in HOD, for every A € Vi1 and every closed
unbounded subset C' of \, there is n € C' with the property that (V;, €, AN
Vi) is an elementary substructure of (Vy, €, A) and there is a non-trivial
elementary embedding of (V,, €, ANV,) into itself whose critical sequence
consists of elements of C'.

Proof. If k < X is a cardinal that is not w-strongly measurable in HOD in
V\, then the fact that HODY» C HOD holds ensures that & is not w-strongly
measurable in HOD in V. In particular, if the HOD Hypothesis holds in
V), then there are unboundedly many regular cardinals below A that are not
w-strongly measurable in HOD. The desired conclusion now follows from an
application of Theorem 6.2. O
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Corollary 6.4 directly implies the related result stated in §1:

Proof of Theorem 1.8. Assume that the Weak HOD Conjecture is true and
let A be an exacting cardinal. Then A is an inaccessible cardinal in HOD.
Moreover, since V) is a model of ZFC with a huge cardinal above an ex-
tendible cardinal. Our assumption then implies that the HOD Hypothesis
holds in V) and this directly yields (2) of the theorem.

For (1), let I' € HODy41 \ Vi be a set of graphs and let C' € HOD be
the closed unbounded subset of A consisting of the limits of ranks of graphs
in I'. An application of Corollary 6.4 now yields a non-trivial elementary
embedding j of (HOD,, €,I'NV}) into itself in HOD for some n € C. By
the definition of I, there exists a graph G in I' NV}, whose rank is greater
than the critical point of j. Since 7 is the least non-trivial fixed point of 7,
it follows that G # j(G) € I' and j induced an embedding of G into j(G).
Since A is inaccessible in HOD, these computations show that A is a Vopénka
cardinal in HOD. (]

The concepts used in the above proof can also be applied to derive similar
conclusions for rank-into-rank embeddings using inverse limits:

Theorem 6.5. Let j : V), — V) be a X}-correct 13-embedding and let
A € HODy41. If the HOD Hypothesis holds in V5 for all A < X with the
property that there exists an 13-embedding from V5 to itself, then X is a limit
of ordinals o such that, in HOD, there is a non-trivial elementary embedding
of the structure (V,, €, ANVy) into itself.

Proof. Fix ¢ < X. Using [Lav97, Theorem 2.4], we can find a X}-correct
I3-embedding j' : V), — V) with crit(j’) > £. Let R = (K, | n < w) denote
the critical sequence of j'. We then know that j’ can be extended to an
12-embedding that is given by a (ko, A)-extender E. Let

(Mo | € Ord), (jl, 5 : Mo — Mg | < 3 € Ord))

denote the iteration of V and E and set A" = jj ,(ANVy,). Then AN
ko = A’ N ko and Proposition 2.5(2) ensures that j! (A") = jj,(4") = A'.
In addition, let < denote the ordering of HOD,, that is obtained by first
ordering sets by their rank and then ordering sets of the same rank using
the canonical well-ordering of HOD. Set <4 = jjo . (<). Then €NV, = <
and 7, («) = jj, (<) = <

Iterated applications of [Lav97, Theorem 2.4] now allow us to find a se-
quence (i, : Vi — V) | m < w) of Li-correct I3-embeddings with the prop-
erty that the sequence (crit(i,,) | m < w) is strictly increasing in the interval
(&, ko) and for all m < w, the critical sequence of i,, is equal to {crit(i,))" R,
(im)+(A") = A, (im)+(4) = 4, ip(crit(in)) = ko and iy, (k,) = Kpep for
all n < w. Define

A = supecrit(iy) € (& ko).

n<w
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An inverse limit construction (see [Lav97, Section 3]) now yields an ele-
mentary embedding ¢ : V5 — V), with critical sequence (crit(i,) | n < w)
and i(crit(in)) = Ky for all n < w. We can then extend ¢ to a map
it 2 Vi1 — Vg1 by setting

i+(B) = (J{i(B N Veriagin) | 1 < w}
for all B € V5 ;. Our setup then ensures that
i+(AﬂV5\) = i+(A/ﬂV5\) = A
and
iv(1nNV3) = i (4nV;) = «
Using [Lav97, Theorem 3.3], we can now find an I3-embedding &k : V5 — V5
with critical sequence (crit(i,) | » < w) satisfying
k+(Aﬁ V;\) = AN 1%
and
Er(anVy) = <nVi.

Note that, since HODy, is the initial segment of <1 of order-type A, we also
know that k4 (HODjy) = HODy. In particular, it follows that for all a < A,
the map k£ [ HOD,, is a non-trivial elementary embedding of the structure
(HODg, €, AN Vy) into the structure (HODyy (), €, AN Vi(q)). Given n < w,
we then know that (HOD (i), €, ANVisig(s,)) is an elementary substructure
of (HODs,€,ANV)).

Since our assumptions ensure that the HOD Hypothesis holds in V5, we

can repeat the corresponding argument from the proof of Theorem 6.2 to
obtain the following statement:

Claim. k [ o € HOD for all oo < \. O

If § < X is an inaccessible cardinal, then HODj is the initial segment of
< or order-type . Given such a cardinal §, we let

TS - <HOD5, <> — ((5, <>

denote the corresponding transitive collapse. The above computations now
that k(ms) = mj(s) holds. This allows us to repeat another argument from
the proof of Theorem 6.2 and derive the following statement:

Claim. k [ HOD, € HOD for all o < A. O
Now, in HOD, we define T' to be set of all partial elementary embeddings
I <V§\, e, AN V5\> ﬂ) <V§\, e, AN Vj\>

with the property that there exists a natural number n and a strictly increas-
ing sequence (i, | m < n + 2) of ordinals below A such that dom(¢) =V, ,,
ran(€) = Vi, .o, €[ o = idyg, €(ptm) = ptm+1 for all m < n and the structure

(Vi €, ANV, ) is an elementary substructure of (Vx, €, AN V) for all
m < n + 2. Ordering the elements of T" under extensions then turns this
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set into a tree of height at most w. Moreover, for all n < w, the function
k I HOD rit (1) is an element of T'. This shows that 7" has a cofinal branch
in V' and hence this tree has a cofinal branch b in HOD. In this situation,
there exists an ordinal £ < a < A with the property that |Jb is a non-
trivial elementary embedding of the structure (HOD,, €, ANV, into itself
in HOD. O

6.2. Successors of exacting cardinals in HOD. We now investigate the
possible large cardinal properties of the successors of exacting cardinals in
HOD. Since every model of ZFC with an [2-embedding has a class forcing
extension that is a model of ZFC + GCH and contains an 12-embedding (see
[Fri06, Theorem 2]), Lemma 2.6 shows that Theorem 1.9 is a consequence
of the following result:

Theorem 6.6. Assume that j:V — M is an I2-embedding with least non-
trivial fixed point X and the CCA holds in V). Then there is a transitive set
N such that V) € N and the following statements hold:

(1) N is a model of ZF + DC_.

(2) X is an exacting cardinal in N .

(3) Xt is an extendible cardinal in HODY for all x € P(N)N.

Proof. Let (k, | n < w) denote the critical sequence of j. Then k = k¢ and
A = sup,,, kn. Without loss of generality, we may also assume that j is
given by a (k,A)-extender E and, as outlined above, we can consider the
iteration

((My | @ € Ord), (jag: Mo — Ms | a < 5 € Ord))

of V and E. Let K < u < j(k) be an extendible cardinal in V) and let U be
the normal, <k-complete, fine ultrafilter on P, (1) induced by j. In addition,
let P4 be the corresponding Supercompact Prikry forcing (see §2.7).

Define ¥ = (z,, | n < w) to be the unique sequence with

Ty — jn,w [jO,n (:U’)]

for all n < w.10

Claim. The sequence & is <-increasing in Px(jow(p)) and for each A €
Jow(U), there is an n, < w with the property that x, € A for alln > n,. O

By the Mathias criterion of genericity for Supercompact Prikry forcing
(see [Git10, §1]), the sequence & induces a jo ., (IPy)-generic filter
G(@) = {(s,4) € jow(Pu) [ sETL, T\s C A}
over M,. Clearly, we have M,[7] = M,[G(Z)] and |jo o (Pu)|M < jow(N).
In particular, it follows that (M,);, (v [Z] = Mw[Z]j, ,(») is a model of ZFC.

Define -
M == (Mw)jo,w ()\) .

10Note that Jn,n+1lJo,n (1)) equals [id]jo,n(u)'
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Elementarity then ensures that M is a model of ZFC + “V = gHOD” and
Jow(1) is extendible in M A Moreover, we have Vi € M.

Define R to be the collection of all M-regular cardinals in the interval
[\, Jow(p)) and for each o € R, define

Ta : Pr(Jow(p)) — Pala); z—»xNa

to be the map that induces a Rudin—Keisler projection of jo (i) that we
denote by jow(U)a. By the Mathias criterion of genericity, the sequence

To = (znNa|n<w)
is Pj, (). -generic over M.

Following arguments of Kafkoulis in [Kaf94], our intended model is
N = M(|JPYEI) | o€ R}).
The following statements are all proven by Kafkoulis in [Kaf94]:

Claim. (1) N is a model of ZF + DC.y.

(2) Every set of ordinals in N belongs to M[Zs] for some a € R.

(3) X is a strong limit cardinal of countable cofinality in N and jo (1) =
().

(4) The following statements are equivalent for every 6 < A:
(a) 0 is an N-cardinal.
(b) 0 is an M[Z]-cardinal.
(c) 0 is an M -cardinal.

Proof of the claim. (1) is [Kaf94, Corollary 4.1.13], (2) is [Kaf94, Corollary
2.1.12], (3) is [Kaf94, Corollary 2.1.13] and (4) follows from the fact that
forcing with jo ., (IPys) does not add bounded subsets to A. O

Claim. j [ N is an elementary embedding of N into itself.

Proof of claim. Since N is a set-sized model and j : V — M is an elemen-
tary embedding, it is clear that j [ N : N — j(IV) is also an elementary
embedding. Thus, it suffices to argue that j(N) = N holds. To show this,
we first observe the following:

o (M) =j((Mu)jy.n) = (Muw)jy .0
e j(R)=TR.

o j(Da={zn)Na|n<w) =z, 1Na|n<w).t?

Hy [ABGL25], the authors looked at the generic extension of M via the Prikry se-
quence induced by j. The natural analogue here would be to look at the generic extension
M][Z]. The caveat, though, is that the M-cardinal jo (1) is collapsed to A when passing
from M to M[#]. So instead, we will look at the ZF-submodel of M[Z] given by all the
objects that are definable (in M[#]) from parameters in M and from subsets of X in the
various sub-generic extensions of M[Z].

121 particular, we have M[Z,] = M[j(&)a], because o = 1 N sup(zo).
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The set N is the smallest ZF-model containing M that has the set
UPYFI) | a € R)

as an element. By elementarity, in M, the set j(IN) is the smallest ZF-model
containing j (M ) = M that has

JUPYEI ) [aeRY) = JPYFI) |a e R
as an element. In particular, we have j(IN) = N, as needed. ([

We now know that N C M is a model of ZF, V € N, cof(\)" = w and
7 I N is an elementary embedding of N into N. Moreover, since Vy € N
is a model of CCA and therefore ”V = HOD” holds in V), there is a well-
ordering of V) in N. Invoking Corollary 2.20, we can conclude that A is an
exacting cardinal in .

Finally, we analyze HODY for an arbitrary set z € PN (\):

Claim. For each x € PN(\) there is a € R such that
M C HODY ¢ M|[z,).

Proof of claim. To prove the first inclusion, it suffices to show that every
set of ordinals in M belongs to HOD;V . Since every set of ordinals in M
was coded into the continuum-function-pattern cofinally often below jg ., ()
and |50w(Py)| < jow(A), this coding is absolute between M and N. In
particular, we have

M C HODY c HODY.

For the second inclusion, since M C HODY C M]#], the intermedi-
ate model theorem hands us a generic filter H € M][Z] for a subforcing
of jow(Py) such that M[H] = HODY. Since the latter is a model of
choice, there is a set of ordinals A € N such that M[H] = M[A]. In-
voking (2) from our second claim, we find o € R such that A € M[Z,],
hence HODY C M|[Z,], as needed. O

By the intermediate model theorem HODéV is a generic extension by a sub-
forcing of RO(jo,w(P)r, (jo..)))s hence by a forcing of size less than jo (1)
As a result, the latter is an extendible cardinal in HODY . U

The following observation sharpens [ABGL25, Corollary 5.6]:

Theorem 6.7. Assume the hypothesis of Theorem 6.6. Then there is a
transitive, set-sized model M of ZFC with V\ € M and an ordinal X < ji € M
with the property that for every A\ < ao < [u, there exists a transitive set M ()
such that M(c) is a forcing extension of M, X is an evacting cardinal in
M(c), [ is an extendible cardinal in M(a) and o < (AH)M(e),

Proof. We use the notations of the proof of Theorem 1.9 and again define
M = (My)j,.,n- Set i = jow(p). Given A < a < fi, pick « < f € R

and define M («) = M|[Zg]. The above arguments then show that g is an
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extendible cardinal in M («). Moreover, Corollary 2.20 ensures that A is
exacting in M («). O

The formulation of Theorem 1.9 was motivated by [ABL24, Theorem
3.14] showing that the successors of ultraexacting cardinals are measurable
cardinals in HOD. The following result shows that ZFC does not prove that
these successors are extendible in HOD.

Proposition 6.8. If ZFC is consistent with the existence of an ultraezact-
ing cardinal, then the resulting theory does not prove that a proper class of
ordinals are measurable in HOD.

Proof. By [ABGL25, Theorem 4.5], the consistency of ZFC with an ultraex-
acting cardinal implies the consistency of ZFC with an 10-embedding. Work
in a model of ZFC with an I0-embedding j : Vapzy — V41 and let G
be Add(AT,1)-generic over V. Then L(Vyy1)[G] is a model of ZFC and
[ABL24, Corollary 3.31] shows that A is an ultraexacting cardinal in this
model. Classical results of Vopénka (see [WDR13, Theorem 6]) now show
that L(Vyy1)[G] is a forcing extension of HODX(A+IC] ysing a set-sized
partial order and, since L(Vy;1)[G] does not contain a proper class of mea-
surable cardinals, it follows that HODXMr+1IE] does not contain a proper
class of measurable cardinals. (]

7. OPEN QUESTIONS

The results of this paper leave all four far-reaching questions posed in
§1 unresolved. Below, we present open problems whose solutions should
provide substantial progress towards answering these questions.

In Theorem 1.7, we showed that the Weak HOD Conjecture answers Ques-
tion 3 in the negative, i.e., it implies that no partial order P € H(\) can make
a cardinal A\ of uncountable cofinality exacting. Motivated by Theorems 1.5
and 1.6, we ask whether assumptions —whose consistency is unclear— can
be used to obtain settings in which new exacting cardinals are produced by
small forcings:

Question 5. Assuming the consistency of ZF with some large cardinal az-
ioms that is not known to be inconsistent, is it possible to show that ZFC is
consistent with the existence of a cardinal A of uncountable cofinality with
the property that 1 Ikp “X is an ezacting cardinal ” holds for some partial
order P € H(\)?

Next, we consider ramifications of Question 4. Theorem 1.8 and Propo-
sition 6.1 lead us to the following open problem:

Question 6. If the HOD Hypothesis is true, is every eracting cardinal
weakly compact in HOD ¢

In addition, we can again ask if some version of the HOD Conjecture is
necessary for the conclusion of Theorem 6.2:
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Question 7. Does the existence of an exacting cardinal imply the existence
of an 18-embedding in HOD?

On a similar vein, we may ask about variations of Theorem 6.5 that do
not rely on the HOD Conjecture:

Question 8. Does the existence of an I1-embedding imply the existence of
an I13-embedding in HOD? If so, does this conclusion also follow from the
existence of an I2- or 13-embedding?

The reader might be surprised that the model N obtained in Theorem 1.9
is not a model of ZFC. This raises the following question:

Question 9. Is there a version of Theorem 1.9 where N is a model of ZFC?

A natural strategy for circumventing this issue would be to replace Su-
percompact Prikry forcing with the Merimovich poset from [Merl1], relative
to the (k, u)-extender derived from j : V. — M. Indeed, using the ideas of
Merimovich from [Mer(07, Theorem 5.3], one can construct, by iterating the
original I2-embedding, an M,-generic filter G. The difficulty, however, is
that we need to show that A is exacting in M,,[G]. For this, we must verify
that j [ M, [G] is an elementary embedding from M, [G] into itself. Although
Jj fixes M,,, it is not clear that it also fixes G, or even that M, [G] = M, [j(G)].

One possible approach would be to establish that the Bukovsky—Dehornoy
[Buk77, Deh78] phenomenon holds in this context; namely, that M,[G] =
N, <w Mp, where j, : V. — M, denotes the n-th iterate of the original em-
bedding. While the C-inclusion is clear, the converse is not. Establishing it
would require M,,[G] to be closed under w-sequences in V' (see, e.g., [Hay23,
Theorem 18]). However, this closure fails in our context, since j: V. — M
is an 12-embedding and hence j[A] ¢ M by the Kunen Inconsistency.
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