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You hand in your work at the beginning of the Example Class.

1. A cardinal κ is called an aleph fixed point if ℵκ = κ. Let µ be any regular cardinal. Show in
ZFC that there is an aleph fixed point κ such that cf(κ) = µ.

2. The von Neumann hierarchy is defined by the following transfinite recursion:

V0 := ∅,
Vα+1 := ℘(Vα), and

Vλ :=
⋃
α<λ

Vα (for limit ordinals λ).

The Mirimanoff rank is defined by %(x) := min{α ; x ∈ Vα+1}. Show that for any ordinals
α ≤ β, the following hold:

(a) Vα is transitive;

(b) Vα ⊆ Vβ;

(c) if x ∈ y, then %(x) < %(y);

(d) %(x) := sup{%(y) + 1 ; y ∈ x};
(e) α = {γ ∈ Vα ; γ is an ordinal}.

3. Suppose that λ > ω is a limit ordinal. Show that

(a) (Vλ,∈) |= Union;

(b) (Vλ,∈) |= Separation;

(c) (Vλ,∈) |= PowerSet.

4. The representation theorem for wellorders says that every wellorder is isomorphic to a unique
ordinal. This is a theorem proved in ZF, using the Axiom of Replacement. Give a concrete
example of a wellorder (X,R) ∈ Vω+ω that is not isomorphic to an ordinal α ∈ Vω+ω.



5. Let γ be an ordinal such that Vγ |= ZFC. Show that γ is a cardinal. (We called cardinals
like this worldly cardinals.)

(Note: In order to violate Replacement, it is not enough to find x ∈ Vγ and a surjection from x onto γ. The
surjection has to be definable!)

6. Let λ be a limit ordinal. We say that C ⊆ λ is closed if for every α, if C ∩ α is cofinal in α,
then α ∈ C. We say that C is closed unbounded or club in λ if it is closed and cofinal in λ.

Suppose that κ is an inaccessible cardinal and show that the set {λ < κ ; λ is a worldly
cardinal} is club in κ.

7. We called a formula ∆0 if it is in the closure of the quantifier-free formulas under the operations
ϕ 7→ ¬ϕ, (ϕ,ψ) 7→ ϕ ∧ ψ, (ϕ,ψ) 7→ ϕ ∨ ψ, (ϕ,ψ) 7→ ϕ → ψ, and ϕ 7→ ∃x(x ∈ y ∧ ϕ). Check
whether the following formulas are ∆0 and give an argument for your answer:

(a) ∃x(∀z(¬z ∈ x) ∧ x ∈ y);

(b) (x = y) ∨ (z ∈ x);

(c) ∀x(x ∈ y → x ∈ z);
(d) ∃x(x ∈ y ∧ ¬x ∈ z);
(e) ∃x(x ∈ y ∧ ¬(∃z(z ∈ y ∧ (z ∈ x ∨ y ∈ x)))).

8. Let T be any L∈-theory. We called a formula ∆T
0 if the theory T proves that it is equivalent

to a ∆0 formula. Show that the following concepts can be expressed by ∆T
0 -formulas for a

reasonable choice of T ; also, indicate what T you choose and why.

(a) z = {x, y};
(b) z = (x, y);

(c) z = y × y;

(d) z is a function;

(e) z is a group;

(f) z is a linear order;

(g) z is a set with exactly two elements.

9. Let Φ(x) be the formula expressing “x is an inaccessible cardinal” and let λ be a limit ordinal.
Show that Φ is absolute for Vλ.

10. We write 2IC for the statement “there are κ < λ that are both inaccessible”. Show that the
theory ZFC + IC does not prove 2IC.

11. Work in ZFC + IC and show that there is no formula Φ such that

(a) Φ(x) holds if and only if x is a worldly cardinal and

(b) Φ is absolute for transitive models of ZFC.

(Hint. Construct a transitive model that cannot contain any worldly cardinals, but some of its ordinals satisfy
Φ.)
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