
Forcing and Independence Proofs: Assignment 3

Part A: The forcing relation

1. Prove the following facts about the “semantic” forcing relation.1

(a) Suppose that ∀p ∈ P ∃q ≤ p (q  φ). Then 1  φ.

(b) Similarly, suppose p0 ∈ P is such that ∀p ≤ p0 ∃q ≤ p (q  φ). Then p0  φ.

(c) The following are equivalent:

i. p0  φ,

ii. ∀p ≤ p0 (p  φ), and

iii. {p ≤ p0 : p  φ} is dense below p0.

2. For p ∈ P and φ in the forcing language, we say p decides φ if p  φ or p  ¬φ. Show
that for every p ∈ P and every φ, there is q ≤ p which decides φ.

3. Prove the inductive rule for forcing a disjunction: p  φ∨ψ iff {q ≤ p : q  φ∨q  ψ} is
dense below p. You may do this either by reducing φ∨ψ to a statement with conjunctions
and negations, or use the definition of the semantic relation and prove the statement
directly.

1I.e., using the definition: (p  ϕ)M :⇔ ∀G P-generic over M if p ∈ G then M [G] |= ϕ, not using the
“syntactic” forcing relation ∗.
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Part B: Forcing

1. Let τ be a name such that p  τ ∈ ω̌. Show that there exists q ≤ p and n ∈ ω such that
q  τ = ň. We say that q decides τ .

2. Consider the partial order Fn(ω, ω), i.e., finite functions p with dom(p), ran(p) ⊆ ω
ordered by q ≤ p iff q ⊇ p (the standard partial order for adding a new real). This
forcing is typically called Cohen forcing.

Let G be Cohen-forcing-generic over M . Show that fG :=
⋃
G has the following property:

for every x ∈ ωω ∩M , there are infinitely many n ∈ ω, such that x(n) < fG(n) (we say
that fG is an unbounded real over M).

Hint: for every x ∈ ωω ∩M and every k ∈ ω, define appropriate dense sets Dx,k = . . .
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