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Chapter 1
Introduction

There are various notions of symmetry on graphs. A rather weak form is ob-
tained if the automorphism group of a graph acts transitively on the vertices of
the graph, i.e. if the graph is transitive. This is a very rich class, as it contains
all Cayley graphs. On the other side of symmetry, that of homogeneous graphs
is very strong, that is every isomorphism between two finite induced subgraphs
extends to an automorphism of the graph. Whereas the countable homogeneous
graph have been classified — these are the Cy4, the Cs, the line graph of K 3,
countably many copies of a complete graph, a generic K,-free graph or a generic
graph, see [4, 8, 10, 30, 35] —, the condition of transitivity is too weak to obtain
a classification of such graphs.

As the homogeneous and the transitive graphs form the two opposite sides
of symmetry notions and have quite different answers to the problem of their
classification, a natural question is to ask what happens between these two
notions, that is, are there natural symmetry conditions that still lead to full
classification of graphs with such a kind of symmetry? So we look at symmetries
that are stronger than transitivity but not as strong as homogeneity.

Considering the notion of homogeneity, one can ask, what happens if we
require the finite subgraphs to be connected. Then we obtain the notion of
connected-homogeneous graphs: we call a graph connected-homogeneous, or C-
homogeneous for short, if every isomorphism between finite induced connected
subgraphs extends to an automorphism of the whole graph. Indeed, this is a
notion of symmetry that lies somewhere between transitivity and homogeneity.
The countable C-homogeneous graphs have been classified, see [8, 11, 13, 20].

When we consider digraphs instead of graphs the same notions apply. But
although the definitions for digraphs do not differ (much) from the undirected
case, the class of digraphs for each of these conditions is in most situations
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harder to determine. The countable homogeneous digraphs are classified in [2,
3, 4, 28, 29]. This class contains the homogeneous tournaments, see [3, 29].

Gray and Moller [14] started tha project of classifying the countable C-
homogeneous digraphs by classifying the infinite connected two-ended digraphs
and offering a list of examples for the connected locally finite C-homogeneous
digraphs with infinitely many ends. Here, we complete the classification of the
countable C-homogeneous digraphs.

On our way, we classify the countable C-homogeneous bipartite graphs where
we only require that isomorphisms between finite induced connected subgraphs
that respects the bipartition extend to automorphisms of the bipartite graph
and we classify the countable homogeneous 2-partite digraphs, that is, we only
require that isomorphisms between finite induced subdigraphs that respects the
bipartition extend to automorphisms of the 2-partite digraph.

We state our main theorem in the next section and, thereafter, we give an
overview of its proof and the remaining chapters in Section 1.2.

Here, we present the content of the papers [15, 16, 17, 18].

1.1 The main result

In this section, we state our main theorem, the classification of the countable C-
homogeneous digraphs (Theorem 1.1). Afterwards, we describe all the digraphs
that occur in the list and that need some explanations.

Theorem 1.1. A countable digraph is C-homogeneous if and only if it is a
disjoint union of countably many copies of one of the following digraphs:

(i) a countable homogeneous digraph;

(i) H[I,] for some n € N> and with either H = S(3) or H = T" for some
countable homogeneous tournament T # S(2);

(iii) XA(T) for some countable homogeneous tournament T and X € N*>°;
(iv) a regular tree;

(v) DL(A), where A is a bipartite digraph such that G(A) is one of

(a
(b
(c
(d

) Cap, for some integer m > 2,

) CPy for some k € N> with k > 3,
) Kpy fork,1 e N> k,1>2 or

)

the countable generic bipartite graph;
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(vi) M(k,m) for some k € N> with k > 3 and some integer m > 2;
(vil) M’'(2m) for some integer m > 2;
(viii) Yy for some k € N> with k > 3;

(ix) Cy,[Ix] for some k,m € N*° with m > 3;

(x) Ry for some m € N> with m > 3;

(xi) X2(C3)., where ~ is a non-universal Aut(X2(C3))-invariant equivalence
relation on VXo(Cs); or

(xii) the generic orientation of the countable generic bipartite graph.

Those countable homogeneous digraphs that are not explicitely mentioned
within Theorem 1.1 will be described in Section 3.3.

ZEEN
N

Figure 1.1: The digraph H = C%

A tournament is a complete digraph. For a tournament 7', let T be T
together with a new vertex x such that xv € ETT for all v € VT. Then T"
is the disjoint union of two copies TV 1, Ty with isomorphisms ¢1, 2 and
with vpiups € ED if and only if uv € ETT and vpsugp; € ED if and only if
wv € ED. In Chapter 6, we denote by H the digraph C%', which is depicted in
Figure 1.1.

Let VS(2) be a dense subset of the unit circle such that the angle between
any two points is rational. A vertex x is the successor of a vertex y if the
angle between them is smaller than 7 modulo 27 (counterclockwise). The re-
sulting tournament is S(2). Similarly, let V.S(3) be a dense subset of the unit
circle such that the angle between any two points is rational, too. Two vertices
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in S(3) are adjacent if the angle between them is smaller than 37/2 modulo 27
(counterclockwise).

For two digraphs D, D’ let the lexicographic product D[D’] be the digraph
with vertex set VD x VD’ and edge set

{(z,2")(y,y") | vy € ED or (x =y and 2’y € ED’)}.

For a homogeneous tournament 7' # I; and a cardinal A, let X, (T) be the
digraph such that every vertex is a cut vertex and lies in A distinct blocks each
of which is isomorphic to T'. The digraph X3(Cj3) is shown in Figure 1.2.

A

4 L}

X X
A

Figure 1.2: The digraph X5(C3)

For a bipartite edge-transitive digraph A, let DL(A) be the digraph such
that every vertex is a cut vertex and lies in precisely two blocks each of which
is isomorphic to A and such that the vertex has its successors in one of the two
blocks and its predecessors in the other.

The complete bipartite graph with one side of size k and the other of size £
is Ky . The (bipartite) complement of a perfect matching C' Py is a complete
bipartite graph K}, ; where the edges of a perfect matching are removed. A
generic bipartite graph is a bipartite graph with partition {X, Y} such that for
each two disjoint subsets A, B of the same side we find a vertex in the other
partition set with A inside and B outside its neighbourhood.

A digraph is a tree if its underlying undirected graph is a tree. It is reqular
if all vertices have the same in-degree and all vertices have the same out-degree
(but these two values need not coincide).

An undirected tree is semiregular if for the canonical bipartition {X,Y} of
the vertices of the tree the vertices in X have the same degree and the vertices
in Y have the same degree. If the degree of the vertices in X is k € N*° and
those in Y is £ € N°°, then we denote the semiregular tree by T} ;.
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Given integers m > 2 and k > 3 consider the tree T}, ,, and let {U, W} be its
natural bipartition such that the vertices in U have degree m. Now subdivide
each edge once and endow the neighbourhood of each u € U with a cyclic order.
Then for each new vertex y let u, be its unique neighbour in U and denote by
o(y) the successor of y in the cyclic order of N(u,). For each w € W and each
x € N(w) we add an edge directed from z to all o(y) with y € N(w) \ {z}.
Finally, we delete the vertices of the T}, ,,, together with all edges incident with
such a vertex to obtain the digraph M (k,m). The locally finite subclass of this
class of digraphs coincides with those digraphs M (k,n) for k,n € N that are
described in [14, Section 5]. In Figure 1.3 the digraph M(3,3) is shown: once
with its construction tree and once with the set of C-separators for its unique
basic cut system C.!

Figure 1.3: The digraph M(3, 3)

For an integer m > 2 consider the tree T3 o,,, and let {U, W} be its natural
bipartition such that the vertices in U have degree 2m. Now subdivide every
edge once and enumerate the neighbourhood of each u € U from 1 to 2m in
a such way that the two neighbours of each w € W have distinct parity. For
each new vertex x let u, be its unique neighbour in U and define o(z) to be the
successor of x in the cyclic order of N(u;). For any w € W we have a neighbour
a,., with even index, and a neighbour b,, with odd index. Then we add edges
from both a,, and o(a,) to both b, and o(b,). Finally we delete the vertices
of the T4 o,,, together with all edges incident with such a vertex. By M’(2m) we
denote the resulting digraph. Figure 1.4 shows the digraph M’(6): on the left
side with its construction tree and on the right side with the separators of the
two possible basic cut systems.

ISee Section 2.4 for the definition of a cut system and related notation.
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Figure 1.4: The digraph M'(6)

A tripartite digraph D is a digraph whose vertex set can be partitioned into
three sets Vi, Vo, V3 such that

VEC (Vi x Vo) U (Vo x V3)U (V3 x 11).
The directed tripartite complement of D is the digraph

(VD,( |J (Vix Vi) \ ED),
i=1,2,3
where V, = V;.

For £ € N*°, let Y; be the digraph with vertex set V3 U Vo U V3 where
the V; denote pairwise disjoint independent sets of the same cardinality & such
that the subdigraphs of Y induced by V; U V;1; (for i = 1,2,3 with V4 = 17)
are complements of perfect matchings such that all edges are directed from V;
to V41 and such that the directed tripartite complement of Yj is the disjoint
union of k copies of the directed triangle C'.
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The digraph R,,, for m € N°° with m > 3 is constructed as follows: take m
pairwise disjoint countably infinite sets V; for i = 1...m if m is finite and i € Z
otherwise. Then R,, has vertex set |JV; and edges only between V; and V;44
(with V;,,41 = V1) such that the digraph induced by V; and V4 is a countable
generic bipartite digraph such that the edges are directed from V; to V4.

We call a 2-partite digraph D with partition {X,Y} a generic orientation
of the countable generic bipartite graph if for all finite A, B,C C X (and all
finite A, B,C CY) there is a vertex v € X (a vertex v € Y, respectively) with
A C N*t(v) and B C N~ (v) and such that v is not adjacent to any vertex of C.
A back-and-forth argument shows that, up to isomorphism, there is a unique
generic orientation of the countable generic bipartite graph. It is easy to verify
that the underlying undirected graph of D is the countable generic bipartite
graph (see Section 3.1 for the definition of a generic bipartite graph).

1.2 Overview of the proof of Theorem 1.1

First, we introduce in Chapter 2 all necessary notations for the remainder of the
paper. In Chapter 3, we state and prove several classifications results that we
shall need throughout our proof of Theorem 1.1. These are the homogeneous
and C-homogeneous bipartite graphs and digraphs, the homogeneous 2-partite
digraphs?, the homogeneous digraphs with the subcases of the finite ones as
well as the homogeneous tournaments, and last the result on C-homogeneous
digraphs that have been done by Gray and Moller [14].

In Chapter 4, we prove that all digraphs listed in Theorem 1.1 are C-
homogeneous. So we can concentrate in the remaining three chapters that
the list in Theorem 1.1 is complete. Chapter 5 deal with those connected C-
homogeneous digraphs that have more than one end. Our main tool in that
section are the ‘vertex cuts’ defined by Dunwoody and Krén [7]. After some
local analysis, we distinguish the cases whether the underlying undirected graph
is C-homogeneous (Section 5.2) or not (Section 5.3).

In Chapter 6, we look at those C-homogeneous digraphs that have finite
degree. We prove that the out-neighbourhood as well as the in-neighbourhood
of any vertex induce (finite) homogeneous digraphs and thus, we are able to
consider the list of finite homogeneous digraphs one by one and look at each
case individually. If there are edges in these homogeneous digraphs, then the
structure of those digraphs gives us a lot of information that we can use to
complete these cases. So the only remaining case is if the out-neighbourhood

2Note that we shall make a difference between 2-partite and bipartite digraphs: both have
a bipartition of their vertex set, but whereas the first may have edges directed in both ways
between these sets, the edges of the latter all have the same direction.
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as well as the in-neighbourhood of our locally finite C-homogeneous digraph is
an independent vertex set. In that case, we use the reachability relation (see
Section 2.2 and we shall prove that it is never universal. So we can use the
reachability digraph, which turns out to be a C-homogeneous bipartite digraph.
Again having just some cases, we consider them one by one and thereby complete
the situation of finite degree.

In Chapter 7, we look at the case that the countable C-homogeneous digraph
has at most one end (but infinite degree). The proof of this situation is similar to
the one of Chapter 6, but keeping the structure of the papers that are combined
to this thesis untouched we have not combined these two chapters. Once more,
the out-neighbourhood of each vertex as well as the in-neighbourhood induce
a (countable) homogeneous digraph. With this in mind, we consider Cherlin’s
classification of the countable homogeneous digraphs and investigate each of
its cases one after another. If the out-neighbourhood of some vertex is not an
independent set (Section 7.1), then — as in the previous case — we can prove the
outcome of each case relatively easy. Interestingly, some of the ideas of the proofs
of the corresponding cases for undirected C-homogeneous graphs [13] carries
over but have to deal with the new situation of directed edges. These cases are
for example the generic H-free digraphs (versus generic K, -free graphs), the
generic I,,-free digraphs (versus generic I,-free graphs), and the (semi-)generic
n-partite digraphs (versus the complete n-partite graphs).

In Section 7.2, we consider the case that the out-neighbours of each vertex
form an independent set and the same for the in-neighbours. Again, we can
use the reachability relation and finish the situation of a bipartite reachability
digraph, which is a C-homogeneous digraph, relatively easy. But in contrast to
locally finite digraphs, we now can have a universal reachability relation. We
treat this case in Section 7.2.2 and our main tool for that part is the classification
of the homogeneous 2-partite digraphs.



Chapter 2

Definitions and
Preliminaries

2.1 Basics

A digraph D is a pair of a non-empty set V' D of vertices and an irreflexive and
antisymmetric binary relation ED on VD, its edges. For a subset of vertices
X C VD, let D[X] := (X,EDN X x X) be the digraph induced by X.! Two
vertices x,y € VD are adjacent if either xy € ED or yr € ED. The out-
neighbours or successors of © € VD are the elements of the out-neighbourhood
N*t(z):={y € VD | xy € ED} and its in-neighbours or predecessors are the
elements of the in-neighbourhood N~ (z) := {y € VD | yz € ED}. Furthermore,
let DT (x) := D[N*(z)] and D~ (z) := D[N (x)]. If D is vertex-transitive,
that is, if the automorphisms of D act transitively on V' D, then the digraphs
Dt (z) and D*(y) (the digraphs D~ (x) and D~ (y)) are isomorphic for any
two vertices z,y and we denote by DT (by D™, respectively) one element of
their isomorphism class. For induced subdigraphs A and B of D and x € VD,
let A+ B be the digraph D[VAUVB], let A+ x = D[VAU {z}], and let
A—2=DIVA\{z}].  BC A, let A— B = D|VA\VB]. An independent
vertex set is a set whose elements are pairwise non-adjacent. By I we denote
an independent vertex set of cardinality £ and also a digraph whose vertex set
is an independet set of cardinality k. It will always be obvious from the context,
whether I,, describes a vertex set or a digraph. A tournament is a digraph such
that each two of its vertices are adjacent.

INote that if X C VD, then D[X] is a subdigraph of D (the restiction of D onto X) and,
if D’ is a digraph, D[D’] is a new digraph (the lexicographic product).

9
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For k € N, a k-arc is a sequence zg ... xg or k+ 1 vertices with x;x;,4.1 € ED
for all i < k—1. A path (of length ¢ € N) is a sequence xg ...z, of £+ 1 distinct
vertices such that for all ¢ < ¢—1 the vertices x; and ;1 are adjacent. If we have
xixi11 € ED for all i < ¢ — 1 then we call the path directed. Hence, a directed
path of length £ is an f-arc all whose vertices are distinct. A digraph is connected
if each two vertices are joined by a path. A vertex, vertex set, or subdigraph
separates a digraph if its deletion leaves more than one component. It separates
two vertices, vertex sets, or subgraphs if these lie in distinct components after
the deletion.

An ancestor (descendant) of a vertex x is any vertex y for which there exists
an arc from y to  (from z to y). The descendant-digraph (ancestor-digraphs) of
x is the subdigraph desc(x) C D (the subdigraph anc(z) C D) that is induced
by the set of all its descendants (its ancestors, respectively).

A cycle (of length £ > 3) is a path of length ¢ — 1 whose end vertices are
joined by an edge. A directed cycle, denoted by Cy, is a cycle x7 ...xy_1 either
with z;x;41 € ED and zy_121 € ED or with z;112; € ED and x12¢-1 € ED.
Triangles are cycles of length 3. Up to isomorphism, there are two distinct kinds
of triangles. We call those triangles that are not directed transitive. We also
denote graphs that are cycles of length ¢ by Cy. It will always be clear from the
context whether Cy is a graph or a digraph.

For an equivalence relation ~ on V' D let D_ be the digraph whose vertices
are the equivalence classes of ~ and where XY € ED_ if and only if there
are x € X and y € Y with zy € ED. We call D._ a quotient digraph of D
(induced by ~). In general, this is not a digraph since it may have loops as well
as edges XY and Y X. However, we only consider equivalence relations ~ such
that ED_, is an irreflexive and antisymmetric relation. But in each situation in
which we consider quotient digraphs D.. we will prove that ED_ is irreflexive
and antisymmetric.

The underlying undirected graph of a digraph D = (V, E) is the graph G =
(V.{{z,y} | zy € E}). A tournament is a digraph whose underlying undirected
graph is a complete graph.

Let N°° = NU {w}. The diameter of D is defined by

diam(D) = inf{n € N* | d(x,y) < n for all z,y € VD}.

A ray in a graph is a one-way infinite path and a double ray is a two-way
infinite path. Two rays are equivalent if for every finite vertex set .S both rays
lie eventually in the same component of G — S. This is an equivalence relation
whose classes are the ends of the graph. Rays, double rays, and ends of a digraph
are those of its underlying undirected graph. For abbreviation, we denote by
Cw the directed double ray.
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If the underlying undirected graph of a digraph D is bipartite then D is
2-partite. If in addition all edges are directed from the same partition set to the
other then we call D bipartite.

2.2 Reachability relation

A digraph D is called k-arc-transitive if its automorphisms act transitively on
the k-arcs of D and it is called highly-arc-transitive if it is k-arc-transitive for
every k € N.

Let D be a digraph. A walk is a sequence xg ...z of vertices such that x;
and x;,1 are adjacent for all 0 <4 < k. If ;1 € NT(2;) & 2501 € NT(x;) for
all 0 < i < k then the walk is called alternating. Two edges on a common alter-
nating walk are reachable from each other. This defines an equivalence relation,
the reachability relation A. For an edge e € ED, let A(e) be the equivalence
class of e and let (A(e)) be the reachability digraph of D that contains e, that
is, the vertex set incident with some edge in A(e) and edge set A(e). If D is
1-arc transitive, then the digraphs (A(e)) are isomorphic for all e € ED and we
denote by A(D) one digraph of their isomorphism class.

The following proposition is due to Cameron et al.

Proposition 2.1. [1, Proposition 1.1] Let D be a connected 1-arc transitive
digraph. Then A(D) is 1-arc transitive and connected. Furthermore, either

(a) A is the universal relation on ED and A(D) = D, or
(b) A(D) is a bipartite reachability digraph. d

We say that a cycle C witnesses that A is universal if C' contains an in-
duced 2-arc and if there is an edge e on C such that C' without the edge e is an
alternating walk.

Lemma 2.2. Let D be a non-empty vertex-transitive and 1-arc transitive di-
graph whose reachability relation A is universal. Then D contains a cycle that
witnesses that A is universal.

Proof. As D is non-empty, it contains some edge zy and, since D is vertex-
transitive, it also has some edge yz. Hence, D contains a (not necessarily in-
duced) 2-arc zyz. By universality of A4, there must be a minimal alternating
walk P in D whose first edge is zy and whose last edge is yz. Either this walk
is a cycle or there is a vertex incident with at least three edges of that walk. If
the walk is a cycle, then it obviously witnesses that A is universal. If the walk
contains a vertex v incident with three edges of the walk, then one edge incident
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with v is directed towards v and one is directed away from v, as otherwise we
have a contradiction to the minimality of the alternating walk. So v is the mid-
dle vertex of two 2-arcs uvw and either «w'vw or uvw’ in the digraph (V P, EP),
say u/vw. Then we find a shorter alternating walk — a proper subwalk of P —
either between uv and vw or between u'v and vw and we are done by induction.
(Note that this is not necessarily a contradiction since, e.g., zyz might be an
induced 2-arc but wvw induces a triangle.) O

Lemma 2.2 just tells us that we find some cycle witnessing that A is universal.
Next, we show that we can even find an induced cycle with the same property.

Lemma 2.3. Let D be a non-empty vertex-transitive and 1-arc transitive di-
graph whose reachability relation A is universal. If D contains some cycle wit-
nessing that A is universal, then it contains an induced such cycle of at most
the same length.

Proof. Let us suppose that none of the minimal cycles witnessing the univer-
sality of A is induced. Let C be such a cycle of minimal length. This exists by
Lemma 2.2. Let xy € EC such that C' without the edge zy is an alternating
walk P. Since C' is not induced, it has a chord uv. If u and v lie in the same
set of the canonical bipartition of V' P, then the subwalk uPv together with the
edge uv is a smaller cycle witnessing that A4 is universal. By minimality of C,
this cannot be. So uw and v lie in distinct sets of the canonical bipartition of P.
But then we also find a smaller cycle in C' together with the edge uwv: if the
out-degree of v in P is 0, then we take uv together with the subwalk of C' that
contains xy, and otherwise we take uv together with wPv. This contradiction
to the minimality of C' shows the lemma. O

2.3 Group actions

Let T" be a group acting on a digraph D and let U C V. D. We denote by I'yy
the (pointwise) stabilizer of U, that is the subgroup of I' that fixes each element
of U. The same notion holds for an edge e € ED or a single vertex z € VD. If
I fixes the set U setwise, then we denote by I'V the group of all automorphisms
of U that are obtained by restricting elements of I" to U.

We will use the following theorem on subgroups of the symmetric group S,,.

Theorem 2.4. [22, Satz 11.5.2] Every proper subgroup of S, with n # 4 is
equal to A, or has index at least n. If n = 4, then, except for A, the Sylow
2-subgroups are the only proper subgroups of index less than n. O
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2.4 Structure trees

In this section we introduce the terms of cuts and structure trees that were
developed by Dunwoody and Krén in [7]. Compared to [7] we use a different
notation for the cut systems in order to indicate the relation of cut systems with
the well-known graph theoretic concept of separations, see [5].

Let G be a connected graph and let A, B C V(@) be two vertex sets. The
pair (4, B) is a separation of G if AUB = V(G) and E(G[A])UE(G[B]) = E(G).
The order of a separation (A, B) is the cardinality of its separator AN B and the
subgraphs G[A\ B] and G[B\ A] are the wings of (A, B). With (A, ~) we refer
to the separation (A, (V(G)\ A)UN(V(G)\ A4)). A cutis a separation (A, B) of
finite order with non-empty wings such that the wing G[A\ B] is connected and
such that no proper subset of AN B separates the wings of (4, B). A cut system
of G is a non-empty set S of separations (A, B) of G satisfying the following
three properties.

1. If (A, B) € S then there is an (X,Y) € S with X C B.

2. Let (A, B) € S and C be a component of G[B \ A]. If there is a separation
(X,Y) e S with X \'Y C C, then the separation (C'UN(C),~) is also in S.

3. If (A, B) € S with wings X,Y and (A’, B’) € S with wings X', Y” then there
are components C in X N X’ and D in Y NY’ or components C in Y N X’
and D in X NY’ such that both C' and D are wings of separations in S.

Two separations (Ao, A1), (Bo, B1) € S are nested if there are i,j € {0,1}
such that one wing of (4; N B;,~) does not contain any connected component
C with (CUN(C),~) € S and A;1_; N By_; contains (AgNA1)U(BoNBq). A
cut system is nested if each two of its cuts are nested.

Remark 2.5. The following two assertions hold.

1. If, for two C-cuts (Ao, A1), (Bo, B1), the separator Ag N Ay contains vertices
of both wings of (By, B1), then the two cuts are not nested.

2. In any transitive graph G with an Aut(G)-invariant cut system C, any two
nested cuts (Ao, A1) and (Bo, By) with (AgNA1)U(BoNBy) C A, NB_;
have the property that A; N B; is empty by [7, Lemma 3.5].

A cut in a cut system S is minimal if its order in S is minimal. A minimal
cut system is a cut system all whose cuts are minimal and thus have the same
order.

Let us describe two minimal cut systems one of which was introduced by
Dunwoody and Kron [7, Example 2.2]. Both will be used in our proofs.
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Example 2.6. Let G be a connected infinite graph with at least two ends. Let
n be the smallest cardinality of a finite vertex set X such that there are at least
two components in G — X that contain a ray each. Let S be the set of all cuts
(A, B) with order n such that both G[A] and G[B] contain a ray. Then S is a
minimal cut system.

An S-separator is a vertex set S that is a separator of some separation in S.
Let W be the set of S-separators. An S-block is a maximal induced subgraph
X of G such that

(i) for every (A, B) € S thereis V(X) C A or V(X) C B but not both;
(ii) there is some (A, B) € S with V(X) € Aand AN B C V(X).

Let B be the set of S-blocks. For a nested minimal Aut(G)-invariant cut system
S let T be the graph with vertex set WUB. Two vertices X, Y of 7 are adjacent
if and only if either X e WY e Bjand X CYor X e B, Y e W,and Y C X.
Then 7 = 7(S) is called the structure tree of G and S.

Lemma 2.7. [7, Lemma 6.2] Let G be a connected graph, and let S be a nested
minimal cut system. Then the structure tree of G and S is a tree. O

A cut system S of a connected graph G is basic if S is minimal, nested,
Aut(G)-invariant, if S is a subsystem of the minimal cut system given in Ex-
ample 2.6 and if all separators A N B with (A, B) € S belong to the same
Aut(G)-orbit.

We state here that part of Theorem 7.2 of [7] that we shall use here.

Theorem 2.8. For every graph G with at least two ends there is a basic cut
system S of G. O

If we take, for a connected graph G, all those cuts whose separators consist
of one vertex, each, then we obtain as the structure tree the well-known block-
cutvertex tree. So in this case the two obtained trees coincide, but have different
notations. That is, in the proof of Theorem 5.9 we could argue using the block-
cutvertex tree instead of the structure tree. But for consistency reasons we have
not done so.

Lemma 2.9. Let G be a graph and let C be a nested cut system of G such that
no C-separator contains any edge. For any path P that has both its end vertices
in the same C-separator S, there is a C-block with mazimal distance to S in T (C)
that contains edges of P. This C-block contains at least two edges of P.

Proof. Any two vertices that are not in a common C-block, are separated by
some C-separator. So we conclude that for each edge of G there is a unique
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C-block that contains this edge, as it is not contained in any C-separator. The
path P has only finitely many edges, so there are just finitely many C-blocks
that contain edges of P and we may pick one, X say, with maximal distance
to S in 7(C). Let zy be an edge on P that lies in X. Then either = or y does
not lie in that C-separator S’ that separates X from S and lies in X. We assume
that this is y. Let z be the other neighbour of x on P. The edge yz cannot lie
further away from S than X in the structure tree, but since y ¢ S’, we have
yz € FX. So X contains two edges of P. O

In the context of a digraph D all concepts introduced in this section are
related to the underlying undirected graph G of D except for one definition:
We call a cut system C for a digraph D basic if it has the following properties.

(i) C is non-empty, minimal, nested and Aut(D)-invariant.
(ii) Aut(D) acts transitively on S.

(iii) For each C-cut (A, B) both A and B contain an end of D and there is no
separation of smaller order that has this property.

Then Theorem 2.8 does not only hold for any graph but also for any digraph
by the results in [7]. We have to define the property of being basic differently,
because we know in general only that we may consider Aut(D) as a subgroup
of Aut(G), but we do not know whether it is a proper subgroup or not. Thus,
our cut system could have more than one Aut(D)-orbit of separators which
would be more difficult to deal with.
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Chapter 3

Some homogeneous
structures

3.1 Homogeneous and connected-homogeneous
bipartite graphs and digraphs

In this section, we cite the classifications of the countable homogeneous bipartite
graphs and classify the C-homogeneous bipartite graphs. Then, for countable
(C-)homogeneous bipartite digraphs, the analogous theorems hold.

A Dbipartite graph G (with bipartition {X,Y}) is homogeneous bipartite if
every isomorphism between two isomorphic finite induced subgraphs A and B
of G that preserves the bipartition (that means that VAN X is mapped onto
VBNX and VANY is mapped onto VBNY') extends to an automorphism of G
that preserves the bipartition. We call G connected-homogeneous bipartite, or
simply C-homogeneous bipartite, if every isomorphism between two isomorphic
finite induced connected subgraphs A and B of G that preserves the bipartition
extends to an automorphism of G that preserves the bipartition. The same
notions apply to bipartite and 2-partite digraphs.

We begin with the classification of the homogeneous bipartite graphs.

Theorem 3.1. [12, Remark 1.3] A countable bipartite graph is homogeneous if
and only if it is isomorphic to one of the following graphs:

(i) a complete bipartite graph;
(ii) an empty bipartite graph;
(i) a perfect matching;

17
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(iv) the bipartite complement of a perfect matching; or
(v) the countable generic bipartite graph. O

The generic bipartite graph is the bipartite graph G with bipartition {X, Y}
such that for every two finite subsets Ux, Wx C X and every two finite subsets
Uy,Vy CVY thereexists x € X andy € Y with Ux C N(y) and Vx N N(y) =0
and with Uy C N(z) and Vy NN (z) = 0. Next, we complete the classification of
connected C-homogeneous bipartite graphs, which was already done for locally
finite graphs, by Gray and Moller [14]. They already mentioned that their work
should be extendable with not too much effort — and indeed this section has
essentially the same structure.

The proof of the locally finite analog [14, Lemma 4.4] of Lemma 3.2 is self
contained and does not use the local finiteness of the graph. Thus we can omit
the proof here.

Lemma 3.2. Let G be a connected C-homogeneous bipartite graph with bipar-
tition X UY . If G is not a tree and has at least one vertex with degree greater
than 2 then G embeds Cy as an induced subgraph. O

Let G be a bipartite graph with bipartition X UY. Then for each edge
zy € EG we define the neighbourhood graph to be:

Q(z,y) :== G[N(z) + N(y) — {z,y}]

A C-homogeneous graph G is, in particular, edge-transitive. Hence there is a
unique neighbourhood graph Q(G).

Lemma 3.3. Let G be a connected C-homogeneous bipartite graph. Then Q(G)
18 a homogeneous bipartite graph, and therefore is one of: an edgeless bipartite
graph, a complete bipartite graph, a complement of a perfect matching, a perfect
matching, or a homogeneous generic bipartite graph.

Proof. If we do not ask Q(G) to be finite, the proof of the locally finite analogue
[14, Lemma 4.5] carries over. Compared to the locally finite case, we only have
to deal with one other 'type’ of graph, due to [12, Remark 1.3] |

Lemma 3.4. Let G be a C-homogeneous generic bipartite graph. Then G is
homogeneous bipartite.

Proof. Let VG = AU B be the natural bipartition of G, let X and Y be two
isomorphic induced finite subgraphs of G, and let ¢ : X — Y be an isomorphism.
Let a € A\ X be a vertex adjacent to all the vertices of XN B and let b € B\ X
be a vertex adjacent to all the vertices of X N A and to a. Let a/,b be the
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corresponding vertices for Y. Since G is bipartite, both G[X 4 a + b] and
G[Y +ad’ +V'] are connected induced subgraphs of G that are isomorphic to each
other. Furthermore there is an isomorphism ¢ : G[X + a + b] — G[Y + d/ + V']
such that the restriction of 1 to X is ¢. As there is an automorphism of G that
extends v, this automorphism also extends ¢ and G is homogeneous. U

Now we are able to prove the classification result of the C-homogeneous
bipartite graphs.

Theorem 3.5. A connected graph is a C-homogeneous bipartite graph if and
only if it belongs to one of the following classes:

(1) Tk for cardinals K, A;

(ii)) Cop, for m € N;

)
)
(i) Ky, for cardinals K, \;
(iv) CPy for a cardinal k;

)

(v) homogeneous generic bipartite graphs.

Proof. The nontrivial part is to show that this list is complete. So consider an
arbitrary connected C-homogeneous bipartite graph G with bipartition X U Y.
If G is a tree then it is obviously semi-regular and hence a T); ». So suppose G
contains a cycle. Then, since G is C-homogeneous, each vertex lies on a cycle.
Now G is either a cycle, which is even since G is bipartite, or at least one vertex
in G has a degree greater than 2 and G embeds a Cy, due to Lemma 3.2. Thus
Q(G) contains at least one edge and by Lemma 3.3 we have to consider the
following cases:

Case 1: Q(G) is complete bipartite. Suppose that there is an induced path P =
uzyv in G. Then Q(z,y) gives rise to an edge between u and v, a contradiction.
Hence G is complete bipartite.

Case 2: Q(G) is the complement of a perfect matching. Consider z € X and
y € Y such that {x,y} is an edge of G. Since Q(x,y) is the complement of a
perfect matching and G is not a cycle, there is an index set I 2 {1, 2} such that
N(z) ={y} U{yli € I}, N(y) = {z} U{x;]¢ € I} and for i € I the vertex x; is
nonadjacent to y; but adjacent to all y; with j € I'\ {¢}. Since Q(x,y1) is also
the complement of a perfect matching there is a unique vertex a € N(y1)\ N(y).
Since x; with ¢ # 1 is adjacent to y; it is contained in (z,y;) and therefore
y; is adjacent to a. Thus for all ¢ € I we have N(y;) = N(y) — z; + a. Now
by symmetry there is a unique vertex b adjacent to all x; with ¢ € I but non-
adjacent to x and for all ¢ € I there is N(x;) = N(x) — y; + b. If we look at
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Q(z1,y2) we have z,a € N(y2) and y,b € N(x1) which implies {a,b} € EG and
hence N(a) = N(x) —y+ b and N(b) = N(y) — = + a. Because G is connected
we have X = N(y) + a and Y = N(z) + b which means that G is itself the
complement of a perfect matching.

Case 3: Q(G) is a perfect matching. For the same reason as for locally finite
graphs this case cannot occur (cp. [14, Theorem 4.6]).

Case 4: Q(G) is homogeneous generic bipartite. Let U and W be two disjoint
finite subsets of X (of Y). Since G is connected there is a finite connected
induced subgraph H C G that contains both U and W. By genericity, we find
an isomorphic copy Hq of H in Q(G). Because G is C-homogeneous there is
an automorphism ¢ of G with H, = H. Now there is a vertex v in ¥ (in X)
that is adjacent to all vertices in U? " and non-adjacent to all vertices in W .
Hence v¥ is adjacent to all vertices in U and none in W which implies that G
is generic bipartite. Furthermore G is homogeneous bipartite by Lemma 3.4, as
it is C-homogeneous. O

Note that Theorems 3.1 and 3.5 also apply to homogeneous and C-homo-
geneous bipartite digraphs, but not to 2-partite digraphs. The 2-partite digraphs
are in the case of homogeneity subject of the next section.

3.2 Homogeneous 2-partite digraphs

As mentioned before, a 2-partite digraph D with partition {X,Y} is homoge-
neous if every isomorphism ¢ between finite induced subdigraphs A and B with
(VANX)p C X aswell as (VANY)p C Y extends to an automorphism « of D
with Xa = X and Ya = Y. Let us state the classification of the countable
2-partite digraphs:

Theorem 3.6. Let D be a countable 2-partite digraph with partition {X,Y}.
Then D is homogeneous if and only if one of the following cases holds:

(i) D is a homogeneous bipartite digraph;

)
(ii) D = CPj, for some k € N™ with k > 2;
(iil) D is the countable generic 2-partite digraph; or
)

(iv) D is the generic orientation of the countable generic bipartite graph.

For k € N* with k > 2, let CP] be the 2-partite digraph with partition
{X,Y} such that ECP,N(X xY') induces a CP, on VCP; and ECP,N(Y x X)
induces a perfect matching on VCP},. Note that its underlying undirected graph
is a complete bipartite graph.
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We call a 2-partite digraph D with partition {X,Y} generic if for every
finite A, B C X (for every finite A, B C Y) there is a vertex v € Y (a vertex
v € X, respectively) with A C N*(v) and B C N~ (v). A back-and-forth
argument shows that there is a unique countable generic 2-partite digraph (up
to isomorphism). Similarly, we call a 2-partite digraph D with partition {X, Y}
a generic orientation of a generic bipartite graph if for all pairwise disjoint
finite subsets Ax, Bx,Cx C X and Ay, By,Cy C Y there are vertices y € Y
and * € X with Ax € N*(y), Bx € N~ (y) and Cx C y* as well as with
Ay C N*(z), By € N~ (x) and Cy C 2. It is easy to verify that its underlying
undirected graph is a generic bipartite graph.

To prove Theorem 3.6, we change our notation a bit: a bipartite graph is
a triple G = (X,Y, E) of pairwise disjoint sets such that every e € F is a set
consisting of one element of X and the one element of Y. We call VG = X UY
the vertices of G and E the edges of G. So (X UY, E) is a bipartite graph in the
usual sense with bipartition {X,Y} A 2-partite digraph is a triple D = (X, Y, F)
of pairwise disjoint sets with £ C (X x Y) U (Y x X) and such that (u,v) € E
implies (v,u) ¢ E. Again, VD = X UY are the vertices of D and E are the
edges of D. So (X UY, E) is a digraph in the usual sense, whose underlying
undirected graph is bipartite. We write uv instead of (u, v) for edges of D. A 2-
partite digraph (X,Y, E) is bipartite if either E C X XY or ECY x X. The
underlying undirected bipartite graph of a 2-partite digraph (X,Y, E) is defined
by

(X,Y, {{u,v} | wv € E}).

Two vertices u,v of a 2-partite digraph D = (X,Y, E) are adjacent if ei-
ther wv € F or vu € E. The successors of u € VD are the elements of the
out-neighbourhood NT(u) := {w € VD | uw € E} and its predecessors are the
elements of the in-neighbourhood N~ (u) := {w € VD | wu € E}. For z € X,
we define

- = {y € Y | y not adjacent to x}

and, for y € Y, we define
y* = {x € X | 2 not adjacent to y}.

A bipartite graph G = (X,Y, E) is homogeneous if every isomorphism ¢
between finite induced subgraphs A and B with

(VANX)p C X and (VANY)p CY

extends to an automorphism « of G with Xa = X and Ya =Y. Similarly, a
2-partite digraph D = (XY, E) is homogeneous if every isomorphism ¢ between
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finite induced subdigraphs A and B with
VANX)pCX and (VANY)pCY

extends to an automorphism a of D with Xa =X and Ya =Y.

A first step towards the classification of the homogeneous 2-partite digraphs
was already done when Goldstern et al. [12] classified the homogeneous bipartite
graphs, cp. Theorem 3.1: for bipartite digraphs (X,Y, F), Theorem 3.1 applies
analogously in the following sense: as we have either E C X XY or ECY x X,
the underlying undirected bipartite graph is homogeneous, so belongs to some
class of the list in Theorem 3.1. Conversely, every orientation of a homoge-
neous bipartite graph that results in a bipartite digraph gives a homogeneous
bipartite digraph. Note that homogeneous bipartite digraphs are in particu-
lar homogeneous 2-partite digraphs. Hence, the above classification gives us a
partial classification in the case of the homogeneous 2-partite digraphs in that
it gives a full classification of the homogeneous bipartite digraphs. In the re-
mainder of this note we extend this partial classification by classifying those
homogeneous 2-partite digraphs that are not bipartite.

Theorem 3.7. A 2-partite digraph is homogeneous if and only if it is isomorphic
to one of the following 2-partite digraphs:

(i) a homogeneous bipartite digraph;
(i1) an M, for some cardinal k > 2;
(iil) a generic 2-partite digraph;
(iv) a generic orientation of a generic bipartite graph.

For a cardinal k > 2, let M, be a bipartite digraph (X,Y, F) with | X| =
k = |Y| such that either (X, Y,EN(X xY)) or (X,Y,EN(Y x X)) is a perfect
matching and the other is the bipartite complement of a perfect matching. In
particular, the underlying undirected bipartite graph is a complete bipartite
graph.

We call a 2-partite digraph (X,Y, E) generic if its underlying undirected
bipartite graph is a complete bipartite graph and if for all pairwise disjoint finite
subsets Ax,Bx C X and Ay,By C Y there are vertices y € Y and z € X
with Ax € N*(y) and Bx C N~ (y) as well as Ay C N*(z) and By C N~ (z).
Similarly, we call a 2-partite digraph (X,Y, E) a generic orientation of a generic
bipartite graph if for all pairwise disjoint finite subsets Ax, Bx,Cx C X and
Ay,By,Cy C Y there are vertices y € Y and z € X with Ax C NT(y),
Bx € N~ (y) and Cx C yt as well as with Ay C N*(z), By C N~ () and
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Cy C zt. It is easy to verify that its underlying undirected graph is a generic
bipartite graph.

Note that standard back-and-forth arguments show that, up to isomorphism,
there are a unique countable generic 2-partite digraph and a unique countable
generic orientation of the (unique) countable generic bipartite graph.

It is worthwhile noting that by Theorem 3.6 the underlying undirected bipar-
tite graph of a homogeneous 2-partite digraph is always homogeneous, which
is false for arbitrary homogeneous digraphs and their underlying undirected
graphs.

The fact that the listed 2-partite digraphs in Theorem 3.6 are homogeneous
is already discussed in the previous section for case (i), while in case (ii) it is
a consequence of the fact that the bipartite complement of a perfect matching
is homogeneous. The cases (iii) and (iv) can be easily verified by the above
mentioned back-and-forth argument. (This can also be applied if they are not
countable to show that they are homogeneous.) Before we start with the re-
maining direction of the proof of Theorem 3.6, we show some lemmas.

Lemma 3.8. Let D = (X,Y, F) be a homogeneous 2-partite digraph. If Nt (v)
and N~ (v) are infinite and v* is finite for some v € VD, then vt = ().

Proof. Let x € X. First, let us suppose that m := |z*| = 1. We note that
any automorphism of D that fixes z must also fix the unique element zy € z.
Indeed, since D is homogeneous and each of the two sets {y1,y2} and {y, zy}
induces a digraph without any edge, we can extend every isomorphism between
them to an automorphism « of D and, if x’ is the common predecessor of y;
and g9, then '« is the common predecessor of y and zy. Let y be a successor
of . As NT(x) is infinite, we find two vertices y;,y> in Y that have a common
predecessor. Homogeneity then implies that the two vertices y and xy in Y have
a common predecessor z. Let z’ be a successor of zy. By homogeneity, we find
an automorphism 3 of D that fixes x and maps z to z’. As mentioned above, 3
must fix xy as it fixes z. But we have zay € F and (zyz)a = 2y 2’ € E, which
is impossible.

Now let us suppose that |z*| > 2. By homogeneity and as m is finite, we
find for any subset A of Y of cardinality m a vertex a € X with a* = A. AsY is
infinite, there are two subsets A1, A; of Y of cardinality m with [A;NAs| = m—1
and two such subsets By, By with |BiNBs| = m—2. Let a;,b; € X with ai* = A;
and b = B, respectively. Then there is no automorphism of D that maps a,
to b1 and as to by even though D is homogeneous as the number of vertices that
are not adjacent to a; and as is larger than the corresponding number for b;
and by. Analogous contradictions for any vertex in Y instead of x € X show
the assertion. O
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Lemma 3.9. Let D = (X,Y, E) be a homogeneous 2-partite digraph. If NT(v)
and N~ (v) are infinite and v+ = 0 for allv € VD, then D is a generic 2-partite
digraph.

Proof. Tt suffices to show that for any two disjoint finite subsets A and B of X we
find a vertex v € Y with A C N*(v) and B C N~ (v). Indeed, the corresponding
property for subsets of Y then follows analogously. Note that we find for every
y €Y two sets A, C N*(y) and B, C N~ (y) with |A| = |4,| and |B| = |B,|.
As D is homogeneous and as AU B and A, U B, induce (empty) isomorphic
finite subdigraphs of D, there exists an automorphism « of D that maps A,
to A and B, to B. So ya is a vertex we are searching for. O

Lemma 3.10. Let D = (X,Y, E) be a homogeneous 2-partite digraph. If the
sets NT(v), N~ (v), and vt are infinite for all v € VD, then D is a generic
orientation of a generic bipartite graph.

Proof. Similarly to the proof of Lemma 3.9, it suffices to show that for any
three pairwise disjoint finite subsets A, B, C of X we find a vertex v € Y with
A C N~ (v) and B C N*(v) and C C vt. For every y € Y, we find subsets
A, € N*(y) and B, C N~ (y) and C, C y* with |[A] = |A,| and |B| = |B,|
and |C| = |Cy|. Note that each of the two sets AUBUC and A, UB, UC, has
no edge. Applying homogeneity, we find an automorphism « of D that maps
Ay to A and By, to B and C, to C. So ya is a vertex that has the desired
properties. U

Now we are able to prove Theorem 3.6.

Proof of Theorem 3.6. Let D = (X,Y, E) be a homogeneous 2-partite digraph
that is not bipartite. Then we find in X some vertex with a predecessor in Y
and some vertex with a successor in Y. By homogeneity, we can map the first
onto the second and conclude the existence of a vertex in X that has a prede-
cessor and a successor in Y. Analogously, we obtain the same for some vertex
of Y. By homogeneity, every vertex of D has predecessors and successors. In
particular, we have | X| > 2 and |Y] > 2.

Let us suppose that two vertices u, v € X have the same successors, that is,
N7T(u) = N*(v). By homogeneity, we can fix v and map v onto any vertex w
of X \ {u} by some automorphism of D and thus obtain N*(w) = N*(u) for
every w € X. So no vertex in N T (u) has successors in X, which is impossible
as we saw earlier. Hence, we have NT(u) # N (v) for each two distinct vertices
u,v € X. Analogously, the same holds for each two distinct vertices in Y and
also for the set of predecessors of every two vertices either in X or in Y. Thus,
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we have shown

N*t(u)#N*t(w) and N (u)# N (v) forallu#veX (3.1)

and
Nt(u)# N*t(v) and N (u)# N (v) forallu#veY. (3.2)
Let us assume that n := |N*(u)| is finite for some v € X. Note that, for

any subset A of Y of cardinality n, we find a vertex a € X with N*(a) = A
by homogeneity. If |Y| > n+ 1 and n > 2, then we find two subsets of ¥
of cardinality n whose intersection has n — 1 elements and two such sets whose
intersection has n—2 elements. So we find two vertices in X with n—1 common
successors and we also find two vertices in X with n — 2 common successors.
This is a contradiction to homogeneity, because we cannot map the first pair of
vertices onto the second pair. Thus, we have either n = 1 or |[Y| =n+1. If
Y| = n + 1, then we directly obtain D 2 M, since every vertex in X also
has some predecessor in Y. So let us assume n = 1. If we have 1 < k € N for
k = |N~(u)|, then we obtain D = M4, analogously. So let us assume that
either [N~ (u)| = 1 or N~ (u) is infinite. First, we consider the case that N~ (u) is
infinite. An empty set u directly implies D = M ly|- So let us suppose ut # 0.
Let ut be the unique vertex in N+ (u). Since u* # (), we find for some and hence
by homogeneity for every vertex in Y some vertex in X it is not adjacent to. Let
w € (ut)* and let v € N*(ut). By homogeneity, we find an automorphism «
of D that fixes u and maps v to w. Since « fixes u, it must also fix u™. But since
utv € F and (utv)a = uTw ¢ E, this is not possible. Hence, if N*(u) is finite,
it remains to consider the case n = 1 = k. Due to (3.1), no two vertices of X
have a common predecessor or a common successor. Thus, also every vertex
in Y has precisely one predecessor and one successor. Let v € Y and w € X
with wv,vw € E. Then we can map the pair (u,w) onto any pair of distinct
vertices of X, as D is homogeneous. Thus, for all z # z € X, there exists y € Y’
with zy,yz € E. This shows |X| = 2 as every vertex of D has precisely one
successor. Hence, D is a directed cycle of length 4, which is isomorphic to Ms.

Analogous argumentations in the cases of finite N~ (u), N*(v) or N~ (v)
with uw € X and v € Y show that the only remaining case is that every vertex
in D has infinite in- and infinite out-neighbourhood. Due to Lemma 3.8, we
know that |ut| is either O or infinite and that [v*| is either 0 or infinite. Since
't #£ () if and only if y* # 0 for all 2 € X and y € Y, the assertion follows from
Lemmas 3.9 and 3.10. O
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3.3 Homogeneous digraphs

In this section, we state Cherlin’s classification of the countable homogeneous
digraphs.

Theorem 3.11. [4, 5.1] A countable digraph is homogeneous if and only if it is
isomorphic to one of the following digraphs:

I, for some n € N*;
T(I,] for some homogeneous tournament T # I and some n € N*°;

I,[T) for some homogeneous tournament T # I; and some n € N*°;

)
)
)
(iv) the countable generic H-free digraphs for some set H of finite tournaments;
) the countable generic I,-free digraphs for some integer n > 3;
) T" for some tournament T € {I,C3,Q,T>};
) the countable generic n-partite digraph for some n € N*° with n > 2;
(viii) the countable semi-generic w-partite digraph;

(ix) S(3);

(x) the countable generic partial order P; or

(xi) P(3). O

For Chapter 6, it is convenient to have a list of the finite homogeneous
digraphs. This partial result of Theorem 3.11 is due to Lachlan.

Theorem 3.12. [28, Theorem 1] A finite digraph is homogeneous if and only
if it is isomorphic to one of the following digraphs:

(i) Cu;
(ii) I, for somen > 1;
(iii) I,[Cs] for some n > 1;
(iv) Cs[I,] for somen > 1;
(v) the digraph H. O

Furthermore, we state Lachlan’s classification of the countable homogeneous
tournaments.
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Theorem 3.13 ([3, Theorem 3.6]). A countable tournament is homogeneous
if and only if it is the trivial tournament on one vertex, the directed triangle,
the generic tournament on countably many vertices, the tournament Q, or the
tournament P. U

The generic tournament 7'°° that is the Fraissé limit (see [32] for more on
these limits) of all finite tournaments, so the unique homogeneous tournament
that embeds all finite tournaments. The tournament Q has vertex set Q and
edges zy if and only if x < y.

For a set ‘H of finite tournaments, the countable generic H-free digraph is
the Fraissé limit of the class of all finite H-free digraph. Similarly, for n € N, the
countable generic I,-free digraph is the Fraissé limit of the class of all finite I,,-
free digraphs and the countable generic n-partite digraph is the Fraissé limit of
all orientations of finite complete n-partite graphs (where some partition classes
may have no element).

The countable semi-generic w-partite digraph is the Fraissé limit of those
finite complete w-partite digraphs that have the additional property that

for each two pairs (x1,x2), (y1,y2) from distinct classes, the number  (3.3)
of edges from {x1,x2} to {y1,y2} is even.

By P we denote the countable generic partial order, the Fraissé limit of all
finite partial orders. Every partial order P is in a canonical way a digraph: for
two elements z,y of P we have xy € EP if and only if x < y. We call digraphs
that are obtained from partial orders in this way also partial orders. Note that
no partial order contains an induced 2-arc.

It remains to define the variant P(3) of P. This digraph was first described
in [4]. A subset X of VP is dense if for all a,b € VP with ab € EP there is
a vertex ¢ € X with ac,cb € EP. Let {Py, P1, P»} be a partition of VP into
three dense sets. For this definition, let x 1y if x and y are not adjacent. Let
H = (Py, P1, P») be the digraph on VP such that for all z,y € P; we have

zy € EH if and only if zy € EP
and such that for all z € P; and y € P,y we have

xy € EH if and only if yx € EP,
yxr € EH if and only if x Ly € EP, and
xly e FH if and only if zy € EP.

Let p be an element not in VP. Then P(3) is the digraph on the vertex set
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VP U {p} such that (p*,p~,p~) = H, where
pt:=VP\ N(p),
p = N*(p), and

p~=N"(p).

3.4 Previous results on connected-homogeneous
digraphs

We cite the classification of locally finite connected C-homogeneous digraphs
with precisely two ends that is due to Gray and Moller [14], whose paper was
the starting point of the classification process of the C-homogeneous digraphs.

Theorem 3.14. [14, Theorem 6.2] A connected locally finite digraph with pre-
cisely two ends is C-homogeneous if and only if it is isomorphic to Cwo[l,,] for
some n € N.

Note that it should be possible without too much effort to obtain this pre-
vious result with our methods from Chapter 5.



Chapter 4

Verification of
C-homogeneity

Within this chapter, we verify that all digraphs that are listed in Theorem 1.1
are C-homogeneous.

It is straight forward to see that the digraphs DL(A) with A as specified
in Theorem 1.1 are C-homogeneous. Let D = M(k,m) for an m € N with
m > 2 and a cardinal k. Let C be a basic cut system of D. Let A and B be
two connected induced finite and isomorphic subdigraphs of D and let ¢ be
an isomorphism from A to B. Let us first consider the case that A contains
no 2-arc. Then both A and B lie in a reachability digraph, each. Without
loss of generality we may assume that they lie in the same reachability digraph
A of D. But, as the reachability-digraphs are obviously C-homogeneous, it
is straight forward to see that the isomorphism ¢ from A to B first extends
to an automorphism of A and then also to an automorphism of D. So let
us assume that A contains a 2-arc. Let us consider the case that A is a k-
arc for some k > 2. Let Aj, As be two induced subdigraphs of A that have
one common vertex, are both connected, and whose union is A. Then both
are shorter arcs and, by induction, we can extend both restrictions, |4, and
©|a,, to automorphisms 1, 95 of D, respectively. Let S be a C-separator that
contains the common vertex of A; and Ay. There are two possibilities for S
if m > 3, and one possibility if m = 2. If m = 2, then it is an immediate
consequence that S¥* = S¥2 and that we can combine the two automorphisms

to one that extends ¢ by setting |k, = ¥;|k,, where K; is the component of
D — S that contains vertices of A;, and p|s = ¥1|s. So we assume that m > 3.

We choose in this case S so that it lies in a common C-block with an edge of A;.

29
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Let S’ = S¥1. As we had just two possibilities for the choice of S, the image
of S under v has to be S’, too. In the same way as above, we can combine
appropriate restrictions of 1, and 15 to an automorphism of D that extends ¢.

Now let us assume that A is no k-arc. Then there is a C-block X that contains
two edges of A that have a common vertex. Let us first assume that X contains
three edges of A. Then, since A = CP,, we know that X N A is connected.
Thus, (X N A)p lies in a C-block Y of B and we have (X NA)p = BNY. We
have already shown that we can extend ¢|anx to an automorphism ¢x of D. If
each component of D — X contains at most one component of A, then we have
the extensions of the restriction of ¢ to these components and we can construct,
as in the case of k-arcs, an automorphism of D. So we assume that there is
at least one component C' of D — X such that, for the C-separator S C X
that separates X and C, the digraph A’ = AN (C U S) contains at least two
components. As the C-separators have cardinality 2, A’ consists of precisely two
components. Let Z # X be the second C-block that contains S. If Z contains
edges, that means m = 2, then A N Z consists of precisely two edges that have
their other incident vertices again in a common separator. Since the same must
be true for Z¥* N B, we may assume inductively that we have extended ¢|anx
so that ¥ x coincides with ¢|zn4 on ZN A. Thus, we can consider the case that
Z does not contain any edge. There is an enumeration z1, ..., z,, of the vertices
of Z such that {z,,, z1} and for all ¢ < m also {z;, z;4+1} are all the C-separators
in X. We may assume that S = {21, 2,,}. Let C; be the subdigraph induced
by z;, zi+1 and that component of D — {z;, z;11} that contains no other zj. If
C; N A consists of one component and contains z; and z;+1, then we can extend
the restriction of ¢ to that component to an automorphism ; of D and we
may suppose that we have chosen ¥ x so that they are equal on C;. If there is
one C; that has at least two components of A N C;, then it is unique and we
can suppose that ¥x|c, = ¥i|c, on all C; such that AN C; is connected. By
induction, we can assume that the same holds also for a component C; such that
AN C; is not connected. So the only remaining case is if C; N A is connected
but contains only one of the vertices z;,z;4+1. But in this case we know that
this situation occurs in at most one other C; with ¢ # j. Then ¢|anc, with
k € {i,j} extends to an automorphism ¢ of D by induction. Because these
two automorphisms exist, we know that S;p * contains only one vertex of B, and
hence we can assume that ¥x and v coincide on Cj. Thus, if we extend this
to all the components of D — X, we know that ¥ x extends (.

The final case that remains is when the block X contains only two edges.
Then it might be the case that X N A is not connected. If it is not connected,
then there has to be a C-block that contains at least three edges, so we assume
that X N A is connected. If, for the C-block Y that contains (X N A)p, we have
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that Y N B is connected, then we can construct an automorphism that extends
¢ as in the case where X contained three edges of A. On the other hand, if
Y N B is not connected, there has to be a C-block that contains three edges of B,
and the same must be true for a C-block and A. Since we know that in this case
there is an automorphism of D that extends ¢, we have proved that M (k,m) is
C-homogeneous.

In the case that D = M’'(2m) for an m € N the arguments used are analog
ones as in the case D = M (k, m) and therefore we omit that proof here.

We will postpone the proof for the quotients of X5(C3) to the proof of
Theorem 6.16.

That H|[I,] is C-homogeneous, follows from the fact that H is homogeneous.
Obviously, C,, is C-homogeneous for all m > 3 (even for m = c0), so the same
is true for C),[I,,] as its reachability digraph is a complete bipartite digraph.

Next, we consider the digraphs Y with £ > 3. Let A and B be two iso-
morphic connected induced subdigraphs of D :=Y}. Let V1, V5, V3 be the three
vertex sets as in the proof of Lemma 6.14 and let A1, Ao, A3 be the correspond-
ing reachability digraphs such that A; = D[V; U V;14] with V; = V4. Let o
be an isomorphism from A to B. It is straightforward to see that (VAN V;)a
is precisely the intersection of V B with some V;: consider an undirected path
between two vertices of VA and subtract from the number of forward directed
edges on that path the number of backward directed edges. The resulting num-
ber is divisible by 3 if and only if the end vertices of the path lie in the same
V;. Hence, we may assume that (VAN V,)a = VBNV, for all i« < 3. Let us
first assume that A; N A is connected for some i < 3, say for ¢ = 1. Let A}
be a minimal subdigraph of A; isomorphic to some C'P; with ¢ < k such that
ANA; = ANA). By replacing B by B, for an automorphism v of D, we may
assume that also BN A; = BN A} holds. Since G(CFy) is a C-homogeneous
bipartite graph, we can extend every isomorphism from A} N A to A} N B, in
particular the restriction of a, to an automorphism of A}. Let o be the auto-
morphism of A/ that extends the above restriction of a. Let V4 C V3 be the
set of those vertices that are non-adjacent to at least one vertex of Aj. As each
vertex in V4 is uniquely determined by two non-adjacent vertices one of which
lies in V; NV A} and the other in Vo N VA, the isomorphism o’ has precisely
one extension 3 on D’ := D[VA} UV{]. By the construction of 3 it is easy to
see that the restriction of @ to AN D’ is again an isomorphism from A N D’
to BN D" and is equal to the restriction of 3 to AN D’. Since all vertices of
AN(V3\V{) are adjacent to all vertices of AN (V3 UV3) and since the same holds
for B instead of A, the isomorphism 3 can be extended to an automorphism
of D whose restriction to A is a.

If no A; N A is connected, then we have |[V;NVA| < 2 foralli < 3. In
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particular, we have [VA| < 6. As |V A| < 4 also leads to some connected A; N A,
we have 5 < [V A| < 6. Hence, we may assume that [VANV|=2=|VAN ;|
and [VAN V3] € {1,2}. As A; N A is not connected, it is a perfect matching.
Either the same holds for A, N A and Az N A and we conclude that A = Cg, or
|[VsNVA|=1and A is a directed path of length 4. In both cases it is easy to
verify that o extends to an automorphism of D.

The only remaining digraphs of Theorem 1.1 we have to consider are the di-
graphs R,,, and the generic orientation of the countable generic bipartite graph.
Whereas the latter is a direct consequence of the fact, that it is a homogeneous
2-partite digraph that has an automorphism that switches its partition sets, we
only have to consider the digraphs R,,. But this is an easy consequence of the
fact that the subdigraph of R,, induced by V; U V41 is the countable homoge-
neous bipartite digraph and that two vertices in finite induced subdigraphs lie
in the same set V; if and only if any path between them has the same number
of forward and backward directed edges modulo m.



Chapter 5

The case:
more than one end

This chapter deals with infinite connected C-homogeneous digraphs with more
than one end, that need not be countable. The chapter is structured as fol-
lows. First, we determine the infinite connected C-homogeneous digraphs with
infinitely many ends whose underlying undirected graph is a C-homogeneous
graph those of Type I (Section 5.2), followed by those with infinitely many ends
whose underlying undirected graph is not a C-homogeneous graph that are the
digraphs of Type II (Section 5.3).

It is well known that a transitive connected locally finite graph either con-
tains one, two, or infinitely many ends. For arbitrary transitive connected in-
finite graphs, this was proved by Diestel, Jung and Méller [6]. Since the un-
derlying undirected graph of a transitive digraph is also transitive, the same
holds for infinite transitive digraphs. As two-ended connected transitive graphs
are locally finite [6, Theorem 7] we refer to Gray and Moller [14, Theorem 6.2]
for the classification result in the case of two-ended C-homogeneous digraphs.
Consequently, we complete in this chapter the classification of the locally finite
C-homogeneous digraphs and of the connected C-homogeneous digraphs with
more than one end.

Due to [19], the only connected C-homogeneous graphs with more than one
end are the graphs X, » where x and A are cardinals larger than 1. These are
the graphs in which every vertex is a cut vertex and lie in A distinct blocks all
of which are complete graphs on x vertices.

33
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5.1 Local structure of C-homogeneous digraphs
of Type I and Type 11

In this section we summarize some preliminary results of the relation between a
C-homogeneous digraph and a basic cut system C of this digraph. In particular
we investigate the local structure around C-separators.

Lemma 5.1. Let D be a connected C-homogeneous digraph with more than one
end. Let C be a basic cut system and let S be a C-separator. Then there is no
edge xy in D with both vertices in S. In particular, no two C-blocks can share
an edge.

Proof. Let (A,B) € C with AN B = S and let us suppose that there is zy €
ED with z,y € S. By the minimality of C each vertex in a C-separator has
neighbours in both wings of the corresponding separation. Let a € A\ B
and b € B\ A be such neighbours of y. Then there are different possibilities
for the direction of their connecting edges. Let us first consider the case that
ay,by € ED. Then there is an automorphism « that maps xy onto by. Then S«
lies in B, since C is nested and b € Sa, and we have either A C Ao or A C Ba
by the nestedness of C. So we have a vertex by, which is either aa or ba, that
lies either in BN Ba or in BN A« such that bpy € ED and Sy := Sa separates
a and bg. Let {Ag, Bo} = {Aa«, Ba} such that a € Ag and by € By.

Now let a9 be an automorphism of D such that a® = a and (by)®® = byy.
Hence the vertex by := by° lies in By \ A, where 4; := Ag°® and By := Bj°,
and we have byy € ED. Since Ag meets A, S1 := S5° # Sp lies in By, and C is
nested, we know that Ag is a proper subset of Ay, By is a proper subset of By
and Sy lies in Ay, which implies + € A;. Furthermore b; and a are separated
from each other by both Sy and S;. By repeating this process recursively, we
have an «; that fixes a and y and maps b;_, onto b; and we get a further vertex
bit1 = b" € Bit1\ Ait1 that is separated by S;11 := S} from a € A;11\ Bi11.
And with the same argument as before we have that A; is a proper subset of
A;jp1 = A", that B;yq := B is a proper subset of B; and that b; € A;41.
Hence, b; € A1 for all j <4, which implies b; # b; for all ¢ # j.

Thus, after the step m := |S|+1 there has to be some k < |S| such that by, is
not contained in S, and therefore lies in A,, \ By,. That is, by, is also separated
from b, by S,, and I := {a,bg,b,,} forms an independent set. Note that by
construction all elements in I have y as a common out-neighbour. Hence, due to
the C-homogeneity of D, there is an automorphism 3 of D which interchanges
a and by and fixes y and b,,. Note that a € A\ B C Agy1 \ Br+1 and b, €
B\ Ay C By1\ Ak+1. Thus, Siy; is a separator containing by that separates
a and b,,, which implies that Si10 is a separator containing a that separates
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by and b,,. But due to the minimality of C, there is a bg-b,,-path in By
that meets Sk11 only in by and therefore Si11/5 meets both Ay \ Br+1 and
Bj41 \ Ak41, contradicting the nestedness of C (confer Remark 2.5).

So let us suppose by,ya € ED. Let a be an automorphism of D with
(zy)a = ya and choose {X,Y} = {Aq, Ba} such that b € X \ Y. Then there
is a neighbour ¢ of y in Y \ X, which is separated from b by Sa. Note that
by nestedness, and since both X and Y meet A, we have that either X N B or
Y N Bis empty. Sob e X NByields ¢ € A. If cy € ED then we may take the
vertices ¢, b instead of a,b and get a contradiction by the first case above. Thus
we may assume that yc € ED. But then we can map the digraph DI[b, y, a] onto
DIb,y,c] such that the number of separators that separate b from a without
containing one of them equals the number of separators that separate b and ¢
without containing one of them. Due to [7, Lemma 4.1] this number is finite.
Because of the nestedness of C, every separator that separates the vertices b and
a lies entirely in X, and since a and c are joined by a path that lies except for a
in Y\ X, it also separates b and ¢. But Sa contains a and separates b from c,
a contradiction. The case ay,yb € ED is analogous.

Let us finally suppose that ya,yb € ED. By considering the digraph D~!
instead of D we also may assume that there are ' € A\ B and V/ € B\ A with
a'xz,b'x € ED. Let a be an automorphism of D with (zy)a = yb. Then there
is a vertex b” € B\ A that is separated by Sa from a and such that by € ED.
But then we have the situation of the previous case and thus we know that no
such edge xy exists.

Let X and Y be distinct C-blocks, then there is z € X \ Y. Since Y, being
a C-block, is maximally C-inseparable, there is a C-separator S that separates x
from Y. As X is also C-inseparable, we have X N'Y C S. Therefore X and Y
cannot share an edge. ]

Lemma 5.2. Let D be a connected C-homogeneous digraph with more than
one end and let C be a basic cut system. Then for each 2-arc P in D we have
|[PNS| <1 for all C-separators S.

Proof. Let P = xay be a 2-arc in D and S a C-separator. By Lemma 5.1 we
only have to show that S cannot contain both z and y. So assume {z,y} C S.
Let (A,B) € C with AN B = S and a € A. Since D is transitive there is an
arc zz in D. If 2z lies in A consider a neighbour z’ of z in B. Now either zza,
zxz' or Z’za is an induced 2-arc in D, which we denote by @, with one vertex
in A\ B and one vertex in B \ A. Because D is connected-homogeneous there
is an automorphism « with Pa = @. Then Sa contains vertices of both wings
of (A, B). By Remark 2.5, this contradicts the nestedness of C. O
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Lemma 5.3. Let D be a connected C-homogeneous digraph with more than one
end, let C be a basic cut system of D, and let S be a C-separator. Then there is
no directed path in D with both endvertices in S.

Proof. Suppose that there is such a path P. We may choose the path such that
it has minimal length. Then all of the vertices of P lie in the same C-block X.
By Lemma 5.2 the endvertices of any directed path of length 2 are separated
by a C-separator. Hence no directed path of length at least 2 can lie in any
C-block. O

Lemma 5.4. Let D be a connected C-homogeneous triangle-free digraph with
more than one end, and let C be a basic cut system. Then for any cut (A, B) € C
there is no path xyz in D[A] withy € AN B.

Proof. By Lemma 5.1 we only have to show that given a cut (A4, B) € C there is
no 2-arc xyz in D such that y € S:= AN B and 2,2z € A\ B. So let us suppose
there is such a path. Then y has a neighbour b € B\ A. We may assume
that their connecting edge is pointing towards y, since otherwise changing the
direction of each edge gives a digraph D’ which is C-homogeneous and has this
property.

Suppose that there is a second neighbour ¢ € B\ A of y. If yc € ED, then
there is an a € Aut(D) that fixes b,y,z and with xa = ¢, ca = x, as D is
triangle-free. But then the separations (A, B) and (A«, Ba) are not nested.
Thus we may assume that cy € ED. In this situation let 5 be an automorphism
of D that fixes x,y,b and maps z onto ¢ and vice versa — a contradiction as
before.

So b is the unique neighbour of y in B. We may assume that there is another
vertex a, say, that lies in S, since otherwise we could map the 2-arc byz onto
xyz, as D is C-homogeneous and triangle-free, and, thus, y would seperate x
from z, contradicting the fact that  and z lie in the same component of D — S.
Now consider a path P in D connecting a and y and let 7 denote the structure
tree of D and C. Let M be the set of C-blocks containing edges of P. Since
C-separators do not contain any edge, distinct blocks cannot contain a common
edge. Thus we choose a block M € M whose distance to S in 7 is maximal
with respect to M.

Now each nontrivial component of P N M has to contain exactly two edges:
An isolated edge would either be contained in a separator, in contradiction
to Lemma 5.1, or it would connect M to two distinct neighbours in 7 N M,
contradicting the choice of M. If there is a segment of P in M with a length of
at least three, then it contains either a directed subsegment, isomorphic to byz,
or a subsegment isomorphic to byUxy. In each case there exists an isomorphism
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o such that S separates the endvertices of this subsegment, which is impossible
since M is a C-block.

Considering an arbitrary nontrivial component of PN M, its two edges have
a common vertex which we denote by m. With an analogous argument as above,
both edges are directed away from m. Let us denote their heads by w and v,
respectively. By construction, v and v lie both in the separator Sy; C M that lies
on the unique shortest path between M and S in 7. Consider an arbitrary cut
with seperator Sps. Then u has a neighbour «’ in the wing not containing m. Let
¥ be an automorphism with (mu)y = by and either (uu’)y = yz, if uv’ € ED
or (v'u)yp = zy, if w'u € ED. Since C is nested we have Sy C B which
means that x and z are separated from b by Sy;¢. By relabeling S := Sy, and
a = v, if neccessary, we may assume that ba is an edge.

Then there is a neighbour 2’ of b in B\ A, and we can find an automorphism
~ with (by)y = ba and either zy = 2’ or zy = 2/, depending on the orientation
of the edge between b and z’. Again by the nestedness of C we have Sy C B
and also By C B. And since z is separated from b by S+ we have y € Sv.
But that implies that y and a both have b as their unique neighbour in Br.
Hence, S\ {y,a} U {b} is a seperator in D that seperates ends and has smaller
cardinality, contradicting the fact that C is basic. O

Lemma 5.5. Let D be a connected C-homogeneous triangle-free digraph that is
not a tree and that has more than one end, and let C be a basic cut system of D.
Let S be a C-separator and let s € S. Then there is precisely one C-block that
contains s and all edges directed away from s, and there is precisely one C-block
that contains s and all edges directed towards s. Furthermore there is d™(s) > 1
and d—(s) > 1.

Proof. By Lemma 5.4 there is at most one kind of neighbours in each C-block.
Suppose first that there is a C-block Z with only one neighbour a of s. We may
assume that as € ED. By C-homogeneity, we can map each edge xs onto as. As
there is by Lemma 5.1 precisely one C-block Y that contains xs, Y contains no
other neighbour of s, because the same holds for s and Z. Thus each component
of each C-block is either a single vertex or a star the edges of which are directed
towards the leaves of the star. If each C-block is a tree and every C-separator
consists of one vertex, then the digraph D has to be a tree. Since we excluded
this case, there is a second vertex t € S. For every component C' of D — S, there
is an (undirected) s-t-path P with all its vertices but s and ¢ in C. Let X be a
C-block with maximal distance to S in the structure tree of G and C such that
there are at least two edges from P in X. This C-block exists by Lemma 2.9.
As each component of X that contains edges is a star, the longest subpath of P
that lies completely in X has length 2. Let zyz be such a subpath. Then due to
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Lemma 5.2 we have zy, zy € ED and y is the only X-neighbour of both x and
z. Let S’ be the C-separator in X that separates X from S. Then, S’ contains
x and z. But, as in the previous lemma, 5"\ {z, z} U {y} would be a separator
of smaller cardinality separating two ends, a contradiction.

Thus a C-block cannot contain s together with a single neighbour of s and
by C-homogeneity there has to be one C-block that contains all in-neighbours
of s and one that contains all out-neighbours of s. O

Lemma 5.6. Let D be a connected C-homogeneous triangle-free digraph that is
not a tree and that has more than one end, and let C be a basic cut system of D.
Then each C-separator has degree two in the structure tree T for D and C.

Proof. Let S be a C-separator. Then for each component X of 7 — S the vertex
set (JX)\ S is the union of components of D — S. Since each s € S has a
neighbour in each component of D — S, it also has at least one neighbour in
each component of 7 — S. With Lemma 5.5 we have d7(S5) = 2. O

If we combine Lemma 5.5 and Lemma 5.6 we get the following

Corollary 5.7. Let D be a connected C-homogeneous triangle-free digraph that
is not a tree and that has more than one end, and let C be a basic cut system
of D. Let B be a C-block, S C B a C-separator and s € S. If s has no neighbour
in B, then there is exactly one C-separator S C B such that s € S'NS. If s
has a neighbour in B, then S is the only C-separator in B that contains s. O

Lemma 5.8. Let D be a connected C-homogeneous digraph with more than one
end that embeds a triangle, and let C be a basic cut system of D. Then every
C-block that contains edges is a tournament and D has connectivity 1.

Proof. Let S be a C-separator and let € S. Then x has adjacent vertices in
both wings of each cut (A, B) € C with AN B = S. As D contains triangles,
each edge lies on a triangle. We know that each wing of (A, B) contains both
an in- and an out-neighbour of x, as any triangle contains a 2-arc and D is
edge-transitive. Thus every induced path of length 2 in D can be mapped on
a path crossing 5, i.e. a path both end vertices of which lie in distinct wings
of (A, B). Hence no two vertices in the same C-block can have distance 2 from
each other and, in particular, every component of every C-block has diameter 1.

To prove that each C-block has diameter 1 we just have to show that each
C-block is connected. So let us suppose that this is not the case. Let X be a
C-block and let P be a minimal (undirected) path in D from one component
of X to another. Let Y be a C-block with maximal distance in the structure tree
of D and C to X that contains edges of P. By Lemma 5.1 the block Y has to
contain at least two edges and there are two non-adjacent vertices in the same
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component of Y. This contradicts the fact that these components are complete
graphs. Hence each C-block that contains edges has precisely one component
which has diameter 1.

For any C-block X, there is a C-separator S with S C X. By Lemma 5.1,
S contains no edge and thus precisely one vertex. ]

5.2 C-homogeneous digraphs of Type I

In this section we shall completely classify the countable connected C-homoge-
neous digraphs of Type I with more than one end and give — apart from the
classification of infinite uncountable homogeneous tournaments — a classification
of uncountable such digraphs. As a part of the countable classification we apply
the classification of Lachlan [29], see also [3], of the countable homogeneous
tournaments (see Theorem 3.13).

The underlying undirected graph of a digraph X,(7') for a homogeneous
tournament 7" is some X, , which is a distance-transitive graph® as described
in [19, 31, 34]. Thus, if a digraph X»(7) is C-homogeneous, then so is its
underlying undirected graph.

Theorem 5.9. Let D be a connected digraph with more than one end. Then D
1s C-homogeneous of Type I if and only if one of the following statements holds:

(1) D is a tree with constant in- and out-degree;

(2) D is isomorphic to a Xx(T"), where k and )\ are cardinals with X > 2 and
K either 3 or infinite and T" is a homogeneous tournament on k vertices.

Proof. Let us first assume that D is a C-homogeneous digraph of Type I. Then
the underlying undirected graph is isomorphic to a X,; x for cardinals x, A > 2.
If kK =2, then D is a tree with constant in- and out-degree, so we may assume
k > 3. As each block is a complete digraph, it is homogeneous and, thus, we
conclude from Theorem 3.13 that the cardinal x has to be either 3 or infinite.
This proves the necessity-part of the statement.

Since the digraphs of part (1) are obviously C-homogeneous of Type I, we
just have to assume for the remaining part that D is isomorphic to X (7") for
a cardinal A > 2 and a homogeneous tournament 7" on k vertices for a cardinal
k that is either 3 or infinite. Let C be a basic cut system of D. Let X and Y be
two connected induced finite and isomorphic subdigraphs of D. Let ¢ be the
isomorphism from X to Y. If X has no cut vertex, then X lies in a subgraph

LA graph G is called distance-transitive if for each two pair (z1,z2) and (y1,y2) of vertices
with d(z1,z2) = d(y1,y2) there is an automorphism « of G with z;a = y;.
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of D that is a homogeneous tournament and the same is true for Y, so ¢ extends
to an automorphism of D. So let z € VX be a cut vertex of X. Hence z¢ is a
cut vertex of Y. It is straight forward to see that for any C-block B the image of
XNBinY is precisely the intersection of Y with a C-block A. Since the C-blocks
are all isomorphic homogeneous tournaments, the isomorphism from X N B to
Y N A extends to an isomorphism from X to Y. Thus the isomorphism from X
to Y easily extends to an automorphism of D. Since the underlying undirected
graph is C-homogeneous (see [13]), D is C-homogeneous of Type I. |

Lachlan’s theorem together with Theorem 5.9 enables us to give a complete
classification of countable connected C-homogeneous digraphs of Type I and
with more than one end:

Corollary 5.10. Let D be a countable connected digraph with more than one
end. Then D is C-homogeneous of Type I if and only if one of the following
assertions holds:

(1) D is a tree with constant countable in- and out-degree;

(2) D is isomorphic to a X \(Y), where k is a countable cardinal greater or
equal to 2 and Y is one of the four non-trivial homogeneous tournaments of
Theorem 3.13. O

5.3 C-homogeneous digraphs of Type II

5.3.1 Reachability and descendant digraphs

In this subsection we prove that, if a connected C-homogeneous digraph D
with more than one end contains no triangles, then D is highly-arc-transitive,
each reachability digraph of D is bipartite, and, if furthermore D has infinitely
many ends, then the descendants of each vertex in D induce a tree. All these
properties were proved to be true in the case that D is locally finite, see [14,
Theorem 4.1].

Theorem 5.11. Let D be a connected C-homogeneous triangle-free digraph with
more than one end. Then D is highly-arc-transitive.

Proof. Let C be a basic cut system. It suffices to show that each directed path is
induced. Suppose this is not the case. Then there is a smallest k such that there
is a k-arc A = xg...x that is not induced. Hence there is an edge between
xo and x. Consider a C-separator S that contains z;. By Lemma 5.3 we have
xy, ¢ S and by Lemma 5.1 we have g ¢ S; hence xg and x, lie on the same side
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of S. But then the same holds for x;_; and so on. So finally zg and x5 have to
lie on the same side of S, in contradiction to Lemma 5.4. U

Theorem 5.12. Let D be a connected C-homogeneous triangle-free digraph with
more than one end. Then A(D) is bipartite and if D is not a tree, then each
A, with e € ED is a component of a C-block. Furthermore, if D has infinitely
many ends, then every descendant digraph desc(x) with x € VD is a tree.

Proof. Let C be a basic cut system. We first show that either D is a tree or
any A, with e € ED is a component of a C-block. Let us assume that D is
not a tree. Lemma 5.5 immediately implies that A, for any e € ED, cannot
be separated by any C-separator and, thus, each A, lies in a C-block. As there
are induced paths of length 2 crossing some C-separator and as D contains no
triangle, a component of a C-block X cannot contain more vertices than A,
with e € E(D[X]) contains. Thus A, is a component of a C-block.

Suppose that A(D) is not bipartite. Then there is a cycle of odd length in
A(D). Thus there has to be a directed path of length at least 2 on that cycle.
By Lemma 5.2 this path lies in distinct C-blocks. This is not possible as shown
above and thus A(D) has to be bipartite.

Now suppose that there is € V' D such that desc(z) contains a cycle. So by
transitivity there is a descendant y of = such that there are two x-y-arcs that
are apart from x and y totally disjoint. Thus, since we are C-homogeneous,
any two out-neighbours of z have a common descendant. Assume that there
are two distinct C-separators S, S’ such that both Y := S\ S and Y’ := 5"\ S
contain an out-neighbour of x. Then it exists a vertex z in D with Y-z- and
Y’-z-arcs. But by the Lemmas 5.3 and 5.4 the vertices « and z cannot lie on
the same side of S and S’, respectively, hence S and S’ meet on both sides,
a contradiction to the nestedness of C. Thus there is a C-separator Si; that
contains the whole out-neighbourhood of z. This implies that all descendants of
distance k are contained in a common C-separator Sy, since either all distinct
k-arcs originated at x are disjoint, and we can apply the same argument as
above, or each two of those k-arcs intersect in a vertex z’ in D that has the
same distance to z on both arcs by Lemma 5.3, and we are home by induction.

With a symmetric argument we get that each k-arc that ends in = has to
start in a common C-separator S_j. For a path P in D that starts in x, let o(P)
denote the difference of the number of edges in P that are directed away from z
(with respect to P) minus the number of edges of the other type. Then one easily
checks that the endvertex of P lies in S, (py. Since all C-separators have the same
finite order s, say, there can be at most 2s rays that are eventually pairwise
disjoint. Hence D has finitely many ends, which proves the last statement of
the theorem. O
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Lemma 5.13. Let D be a connected C-homogeneous triangle-free digraph with
more than one end and let C be a basic cut system of D. Then for each C-
separator S of order at least 2 there is a reachability digraph A, and a C-block
K such that |SN A >2, A CK, and S C K.

Proof. Let S be a C-separator with |S| > 2. Suppose that there is no reachability
digraph A, with [S N A¢| > 2. Let z,y € S and let P be an x-y-path in a
component of D — 5. Let B be a C-block that contains edges of P and such that
d7 (S, B) is maximal with this property. Then the C-separator Sp C B that
separates S and B in 7 has the desired property and thus each C-separator has
it, in contradiction to the assumption. O

We have roughly described the global structure of C-homogeneous digraphs.
To investigate the local structure of these graphs, we show that the underlying
undirected graph of each reachability digraph is a connected C-homogeneous
bipartite graph. Such graphs were already described in Section 3.1.

Lemma 5.14. Let D be a connected C-homogeneous digraph such that A(D)
is bipartite. Then the underlying undirected graph of A(D) is a connected C-
homogeneous bipartite graph. O

5.3.2 The classification

As a first result we prove that no connected C-homogeneous digraph of Type II
with more than one end contains any triangle.

Lemma 5.15. Let D be a connected C-homogeneous digraph of Type II with
more than one end. Then D contains no triangle.

Proof. Let C be a basic cut system and suppose that D contains a triangle. By
Lemma 5.8, every C-block of D that contains an edge is a tournament and D
has connectivity 1. Hence, each C-block contains edges and the C-blocks have
to be homogeneous tournaments. Thus, D is of Type I in contradiction to the
assumption. O

Now we are able to classify the connected C-homogeneous digraphs of Type I
with at least two ends and connectivity 1.

Lemma 5.16. Let D be a connected C-homogeneous digraph of Type II with
more than one end. If D has connectivity 1, then D is isomorphic to DL(A(D)).

Proof. This is direct consequence of Lemma 5.15 and Lemma 5.5. O



5.3. C-HOMOGENEOUS DIGRAPHS OF TYPE 11 43

In the next two theorems we prove that in the cases that the reachability
digraph is either isomorphic to C'P,; or to K39 the digraph has connectivity
at most 2. Thus, in this case it remains to determine those with connectivity
exactly 2.

Theorem 5.17. Let D be a connected C-homogeneous digraph of Type II with
infinitely many ends and with A(D) = CP, for a cardinal k > 3. If D has
connectivity more than one, then D is isomorphic to M (k,m) for an m € N
with m > 2.

Proof. By Lemma 5.15 the digraph D contains no triangle. Let C be a basic cut
system and let 7 be the structure tree of D and C. Let S° be a C-separator,
let XO = A, for an e € ED such that [S° N X°| > 2, and let K° be a C-block
with S© C K% and A, C K°, which all exists by Lemma 5.13. Let AU B be
the natural bipartition of X© such that its edges are directed from A to B. For
each a € A let us denote by b, the unique vertex in B such that ab, is not an
edge in X°. By symmetry we may assume that AN S% #£ @, so let a € AN S°.
First we will show that X% N S% = {a,b,}. Since S° contains no edges by
Lemma 5.1 it suffices to show that AN S% = {a}. So let us suppose that there
is another vertex a’ # a in AN SY. Since any two vertices in A have a common
successor in B, we have A C S° by C-homogeneity. Let a’ € A be distinct from
a and P an induced a-a’-path whose interior is contained in D — K°. Denote
the unique neighbour of @ on P by ¢. Taking into account that X° is a CP,,
there is a common successor for each pair of A-vertices; let b be such a common
successor of a and a’. Since S° separates both, b and b,, from the interior of P,
the paths ¢Pb and ¢Pb, are isomorphic and,by C-homogeneity, we can map cPb
onto ¢Pb, by an automorphism ¢ of D. Then a¢p is a successor of ¢ that sends
an edge to b,. Hence agp lies in A and is distinct from a, contradicting the fact
that desc(c) is a tree. Thus we know that X°NS® = {a,b,} for a vertex a € A.
For the remainder let X°NS® = {xq, z1}. Because each vertex clearly lies in
exactly two distinct reachability digraphs, there is a unique reachability digraph
X' = X9 that contains x;. If 29 € X then it is straight forward to see that
D = M(k,2). So assume zg ¢ X! and let 1) be an automorphism of D mapping
X% onto X! and zg to ;. Let S!, K! denote the image under 1 of S°, K°,
respectively, and let zo = x19. Since C is basic there is an induced xg-z1-path
P the interior of which lies in D — K°. We shall show that P contains zs.
Suppose that P does not contain x5 and has minimal length with this prop-
erty. Let u be the neighbour of z; on P, which clearly lies in X', and let v be
a neighbour of u in X' distinct from ;. If v does not lie on P, then Puwv is
a path of the same length as P which is induced by the minimality of P and
Theorem 5.12; contradicting the fact that xy and v cannot lie in a common
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reachability digraph. On the other hand, if v lies on P then consider a neigh-
bour w of z5 in X! distinct from v. Remark that since X' is a CP, there is
an edge between v and x5. Thus by the choice of P the path Pvzsow is induced
and of the same length as P, which is impossible since xy and w do not belong
to a common reachability digraph. Hence P contains xs.

We have just proved that {x, x5} separates xy from any neighbour of zy
in X!. Hence all C-separators have order 2 and thus the blocks which contain
edges consist each of a single reachability digraph. Now we repeat the previous
construction to continue the sequences (X%);en, (S)ien, (K¥)ien and (2;)ien,
respectively. Since Pz, is an induced zg-z2-path the interior of which lies in
D — K, we can apply the same argument as above to assure that P contains
x3. Hence by induction we have z; € P for all 7 € N, and since P is finite there
is an m € N such that z,, = 2. Furthermore we have X™ = X? §™ = §¢
and K™ = K° One can verify that {zg,z1,...,Z,_1} forms a maximal C-
inseparable set — a C-block — which means that D is isomorphic to M (k,m). O

Theorem 5.18. Let D be a connected C-homogeneous digraph of Type II with
infinitely many ends and with A(D) =2 Ko o. If D has connectivity more than
one, then D is isomorphic to M'(2m) for 2 <m € N.

Proof. Lemma 5.15 implies that D contains no triangle. Let C be a basic cut
system of D. Let S° be a C-separator and let X = A, for an e € ED such
that [S°N X% > 2. Such an X° exists by Lemma 5.13. As A(D) = K55 and as
no C-separator contains any edge by Lemma 5.1, there is [S° N X°| = 2. So let
xo, 1 be the two vertices in X N S%. Let X! be the other reachability digraph
that contains x; and let zo be the unique vertex in X' that is not adjacent to
x;. Let 1 be an automorphism of D that maps X° onto X' and let S! be the
image of SY under 1.

With the same technique as in the previous proof, we can verify that {z1, z2}
separates D and so S = {xg,z1}. We can continue the sequences (z;);en and
(S)en so that ST = {2y, 25} and S* = {2;,7;.1}, and there is an n € N such
that =, = x¢. Since D has infinitely many ends we have n > 3, and as z; € S°
only holds for all even integers ¢ we have n = 2m with m > 2. Now analog as in
the proof of Theorem 5.17 | J, S¢ forms a C-block that contains no edges. Hence
there are precisely two Aut(D)-orbits on the C-blocks and D is isomorphic to
M'(2m). O

If we assume A(D) to be one of the other possibilities as described in Theo-
rem 3.5, then the C-homogeneous digraphs have — in contrast to the other two
cases — connectivity 1.
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Lemma 5.19. Let D be a connected C-homogeneous digraph of Type II with
infinitely many ends and such that A(D) is isomorphic to a T, x for cardinals
kA, a Cop with 4 < m € N, a K, ) for cardinals k,\ > 2, or an infinite
homogeneous generic bipartite digraph. Then D has connectivity 1.

Proof. Since D is of Type II, it contains no triangle by Lemma 5.15. Let us
suppose that D has connectivity at least 2 and let C be a basic cut system of D.
Let S be a C-separator and let X be a reachability digraph with |S N X| > 2 as
in Lemma 5.13. We investigate the given reachability digraphs one by one and
get in each case a contradiction and, thereby, we get a contradiction in general
to the assumption that D has connectivity at least 2. So let us assume that
X =T, for cardinals x, A\. By Lemma 5.5 we know that x,A > 2, as D is not
a tree. Let z,y € SN X such that dx(z,y) is maximal. Such vertices exist as
S is finite. Let e; be the first edge on the path from = to y in X and let es
be another edge incident with . There is an a € Aut(D) with e;a = e2. But
then ya lies in a common separator with z, as za = z. By Corollary 5.7 the
separator Sa has to be the same as S. But this contradicts the maximality of
dx(z,y), as dx (yo,y) > dx (z,y).

Let us now assume that X = Cy,, for a 4 < m € N and let z,y be distinct
vertices in S N X. Then there is an induced path P from x to y that lies apart
from z and y in a component of D — S that intersects trivially with X. We
first show that we may assume that dx(x,y) > 4. Let e1,es be the two edges
in D[X] that are incident with z. If dx(x,y) = k < 3, then let a € Aut(D)
with e;jav = ep. Then there is dx (y, ya) = 2k, as m > 4. Thus we have shown
that there are z,y € SN X with dx(z,y) > 4. Let s; and s2 be the vertices
in X that are adjacent to y and let ¢t be a vertex in X that is adjacent to z.
Since dx(x,y) > 4, the graphs txPys; for ¢ = 1,2 are induced paths. Hence
there is an automorphism « of D that maps txPys; onto txPys, and thus
dx(s1,z) = dx(s2,x) and dx(s1,t) = dx(s2,1), a contradiction as X is a cycle.

For the next case let us assume that X = K, ) for cardinals x, A > 2. Let
AU B be the natural bipartition of X. Since |S N X| > 2, the vertices in SNX
lie in the same partition set, A say. By the C-homogeneity it is an immediate
consequence that A C S. As the C-separators have minimal cardinality with
respect to separating ends, there is |A| < |B|. If there is a C-separator S’ with
SN B| > 2, then B C §’. If in addition the intersection of B with another
reachability digraph distinct from X is B, then it is a direct consequence that
k = A is finite and that D has two ends. Thus there are two distinct reachability
digraphs X7, Xo that intersect with B non-trivially and that are distinct from X.
Let Ay, By, A, By be the natural bipartitions of X, Xo, respectively. Let P be
an induced path from A; N B to Ao N B in a component of D — S’ that intersects
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non-trivially with X. Let a be the vertex on P that is adjacent to the vertex in
PNA; and let b be a vertex in BNA; not on P. Then there is an automorphism «
of D that maps P onto baP. But this contradicts the fact that the endvertices
of P lie both in B but the endvertices of baP do not lie in in any common
reachability digraph as |A; N B| = 1. Thus we conclude that |[BNS’| = 1. So let
x,y,z € B be three distinct vertices. There is a shortest induced path P from
z to y in that component of D — S that contains B. Let a € A and let b be
the vertex on P with distance 2 to y. Then there is an automorphism « of D
that maps zaxPb onto yaxzPb. Thus we conclude that d(b,z) = 2. But then z
has to have incident edges that are directed both towards or both from distinct
C-blocks. This contradicts Lemma 5.5.

Let us finally assume that X is isomorphic to an infinite homogeneous generic
bipartite digraph. Let again A U B be the natural bipartition of X. Since X is
homogeneous, all vertices in the same set A or B have distance 2 to each other.
We conclude that |S N A| > 2 immediately implies A C S which contradicts the
finiteness of S. Conversely we also know |BN S| < 1. Since D has connectivity
at least 2, there is [AN S| =1 =|BNS|. Let a,b be the vertices in ANS, BN S,
respectively, and let ab’a’b be a path of length 3 from a to b. This path exists
because each two vertices in the same set A or B have distance 2 to each other as
before. Since there are infinitely many vertices in A that are adjacent to b’ but
not to b, all these vertices have to lie in S, a contradiction. Thus we conclude
that D has connectivity 1. O

Let us summarize the conclusions of this section in the following theorem.
In its proof we will finally prove that all the candidates for C-homogeneous
digraphs are really C-homogeneous.

Theorem 5.20. Let D be a connected digraph of Type II with infinitely many
ends. Then D is C-homogeneous if and only if one of the following holds:

(1) A(D) =2 CP, for a cardinal & > 3 and D = DL(A(D)).
(2) A(D) = Cay, for2<m e N and D = DL(A(D)).
(3) A(D) = Ky, \ for cardinals k,A > 2 and D =2 DL(A(D)).

(4) A(D) is isomorphic to an infinite homogeneous generic bipartite digraph
and D = DL(A(D)).

(5) A(D)=CP, and D =2 M(k,m) for a cardinal Kk > 3 and 2 < m € N.

(6) A(D)=Ksy5 and D = M'(2m) for 2 <m € N.
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Proof. The theorem follows from Lemmas 5.15, 5.16, and 5.19 and by Theo-
rems 5.17 and 5.18 as we have already shown in Chapter 4 that the digraphs
mentioned are C-homogeneous. O

5.3.3 Line digraphs of C-homogeneous digraphs

It is well known (see [1]) that line digraphs of highly-arc-transitive digraphs
are again highly-arc-transitive. In some cases also C-homogeneity is preserved
under taking the line digraph: Gray and Moller [14] stated that the line digraph
of a DL(Cy,y,) is C-homogeneous. In terms of our classification:

Remark 5.21. For each m € N we have L(DL(Cay,)) = M’ (2m).

Proof. Consider the digraph D = DL(Cs,,) for a m € N. By construction the
deletion of each single vertex v of D splits the digraph into two components such
that v has two out-neighbours in the one and two in-neighbours in the other
component. Thus the four edges that are incident with v form a Ks 5 in L(D)
whose independent vertex sets separate L(D). Furthermore the edges of each
Com in D form an independent set in L(D) so that any two adjacent edges lie
in a common Ky o in L(D). One can easily verify that this digraph is indeed
isomorphic to M’ (2m). O

Interestingly, our classification of the C-homogeneous digraphs with infinitely
many ends implies that C-homogeneity is not generally preserved under taking
line digraphs. Indeed, for all m € N the line digraph of M’(2m) is triangle-free,
has infinitely many ends, and has connectivity 4, hence it is not of Type II.
Thus, by Theorem 5.20, we know that L(M’'(2m)) = L(L(DL(Csy))) is not
C-homogeneous. This had remained an open question in [14].
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Chapter 6

The case:
finite degree

In the chapter we look at the C-homogeneous digraphs that have finite degree
and at most one end. The first results in this part are obtained in the case
that the out-neighbourhood (or in-neighbourhood) of any vertex is not inde-
pendent (Section 6.1) and then we look at the more difficult case, where the
out-neighbourhood and also the in-neighbourhood is independent (Section 6.2
and Section 6.3). This latter case also divides into two parts: either the directed
triangle embeds into the digraph or not. Note that the next chapter has basi-
cally the same structure. It just deals with countable C-homogeneous digraphs
of arbitrary degree. This chapter is based on [15] and Chapter 7 is based on [16].

6.1 The non-independent case
for C-homogeneous digraphs with at most

one end

It is a straightforward argument that the out-neighbourhood as well as the in-
neighbourhood of any vertex of a C-homogeneous digraph have to be homoge-
neous digraphs: extend any two finite isomorphic induced subdigraphs in DT (z)
(in D= (z)) for x € VD with the aid of x to connected such digraphs. As any
of their isomorphisms extend to automorphisms of the whole digraph, so do the
isomorphisms between the two original subdigraphs. Let us fix this as a lemma.

Lemma 6.1. Let D be a C-homogeneous digraph. Then DV and D~ are ho-

mogeneous digraphs. O

49
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We investigate which of the homogeneous digraphs of Theorem 3.12 may oc-
cur as a subdigraph D or D~. In this section we take a look at those cases that
contain an edge and show that there is precisely one such case that may occur.
This case is a generalization of the digraph H that occurs in the case (v) of The-
orem 3.12. Our first aim is to show that neither D™ nor D~ is isomorphic to H.

Lemma 6.2. Let D be a connected locally finite C-homogeneous digraph. Then
DY H and D~ % H.

Proof. By regarding the digraph whose edges are directed in the inverse way, if
necessary, we may suppose that DT (x) = H for every x € VD. Let z € N*(x).
As D*(z) = H, the digraph D*(z) N D (z) consists of a directed triangle.
Let vy, v, v3 be three vertices in NT(z) \ NT(x) such that v; has precisely two
neighbours in N*(z) N NT(z), such that N*(z) " N*(z) C N*(v2), and such
that N*(z) N Nt(2) € N~ (v3). These vertices exist because DT (z) = H.
Then there are two vertices v;,v; (i # j) such that they are both either in
the in-neighbourhood of z or not adjacent to . This implies that D[z, z, v;] =
D[z, z,v;]. As D is C-homogeneous, there is an automorphism of D mapping the
first onto the second subdigraph that fixes  and z. But this is a contradiction
to the choice of v; and v; as they behave differently to NT(z) N N*(z). O

The next case that we exclude is that the out- or the in-neighbourhood
induces a subdigraph isomorphic to Cy.

Lemma 6.3. Let D be a connected locally finite C-homogeneous digraph. Then
Dt % Cy and D~ $é Cy.

1%

Proof. Analogously to the proof of Lemma 6.2, we may suppose that D (z)
Cy4. Let us denote by vy, ..., v, the four vertices in N (z) such that v;v; 1 €
ED for 1 < i < 3 and vqv; € ED. According to Lemma 6.2, we know that
D_(Ul) 7'\4 H.

Let us suppose that there is a vertex y € N~ (v1) N N~ (v2) distinct from z.
An immediate consequence of C-homogeneity is NT(z) = Nt (y). Indeed, we
can extend the isomorphism from D[z, y, v1] to D|x,y,v] that fixes x and y to
an automorphism of D, which implies that v3 € N*(y). Analogously, we have
vy € NT(y), too, so NT(x) = N*(y). Hence, neither xy nor yx can be an
edge of D. The subdigraph D[z, y,v4] is a subdigraph of D~ (v;) and thus, by
Theorem 3.12, we have D~ (v1) & Cs[I,,] for some n > 1. Asx € N~ (v1), there
is a vertex in N*(2) N N~ (v1) which is distinct from vy. As this is impossible,
we have proved

N~ (v1) N N~ (v2) = {x}. (6.1)
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Due to C-homogeneity, we know that (6.1) holds for each two adjacent vertices
v; and vj in NT(z).

The next step in the proof is to show
N~ (v1) N NT(vq) = 0. (6.2)

Let us suppose that there is a vertex y € N~ (vy) N N T (vq). If y is neither
adjacent to x nor to vy, then by Theorem 3.12 D~ (v1) has to be isomorphic to
I,,|C3] for some n > 1. So there is a vertex z € N~ (v1) that lies in NT(vq) N
N~ (z). As zvy € ED and as vy and vy are not adjacent, C-homogeneity implies
that we must have voz € ED. Indeed, otherwise we could map z either to =
or to v4 and fix v; and vy by an automorphism of D. But both cases imply
that then the whole directed triangle D[z, vy, 2] in D~ (v1) must have the same
adjacency to vy which is impossible. Both digraphs D[z, vy, v2] and D[y, v1, v2]
are directed triangles. Hence, there is an automorphism « of D that maps z
to y and fixes v; and vo. But as x and y are not adjacent, we know that x # za.
Since also za lies in N~ (v1) N N~ (vz), this contradicts (6.1). So y is adjacent
to at least one of x and v4.

If y is adjacent to & but not to vg, then yx lies in ED as y ¢ {v1,...,v4} =
N*(z). Since an induced 2-arc embeds into N~ (v1), we know that D~ (vy) &
Cl4, as the only other possible case D~ (v1) = H is not possible due to Lemma 6.2.
Hence, there is a vertex z € N~ (v1) that lies in NT(vq) N N~ (y) and that is
not adjacent to x. As a consequence of (6.1) we know that zvy is not an edge
in D. If z and vo are not adjacent, we also obtain a contradiction. Indeed, then
there is an automorphism § of D that maps vy to z and fixes v; and vy. So
x # x but both lie in N~ (v1) N N~ (vz), which is impossible. Hence, we know
that voz € ED. So there is an automorphism § of D that maps y to z and fixes
vy and vo. As x and y are adjacent but x and z are not, we have again two
distinct vertices, z and 8 in N~ (v1) N N~ (v2) which is impossible by (6.1).

If y is adjacent to vy but not to x, then we know by (6.1) applied to vy
and vy that yvy ¢ ED. So vay is an edge of D. This implies as above that
D~ (v1) = C4. Hence, there is a vertex z € N~ (v1) \ {va,z,y}. If z is not
adjacent to vg, then there is an automorphism of D that maps z to v4 and fixes
vy and ve. Since this automorphism cannot fix x, the image of = is a second
vertex in N~ (v1) N N~ (vg) contrary to (6.1). Hence, z and v, are adjacent.
Due to (6.1), zvg is no edge of D, so we have voz € ED. Then there is an
automorphism of D that maps y to z and fixes v; and vy. Again, z and its
image under that automorphism are distinct. But both lie in N~ (v1) N N~ (v3)
in contradiction to (6.1).

Thus, we conclude that both x and v4 are adjacent to y. Due to (6.1), we
have v4y € ED and not yvy € ED, and because of y ¢ N*(z) we have yz € ED.
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By C-homogeneity, there is an automorphism v of D that maps vy to v4 and
fixes y and z. Hence, we have v1y = v3 and yvz € ED. But then D[vy, x, vs] is
a subdigraph of N (y) that cannot be embedded into a Cy. This contradiction
shows that (6.2) is true.

Let us suppose that there exists a vertex y € N~ (v1) NN (vy). Due to (6.2),
we have yvg € ED. The existence of an edge vy in D implies that there is
an automorphism « of D that maps vs to v; and fixes x and y. But then, we
have vgae = vy and hence voy € ED contrary to (6.2). So we have vy ¢ ED.
Thus, there is an automorphism § of D that maps v; to y and fixes vz and vy.
Since y ¢ NT(x), we have x # x3 € N~ (v3) N N~ (v4) and thus a contradiction

o (6.1). This shows
N~ (v1) NNt (vg) = 0. (6.3

~—

i)

Since there is a vertex in N~ (v;) N NT(x), the same is true for N~ (vy)
N*(vy) due to C-homogeneity. This contradiction to (6.3) shows that DT (z
cannot be isomorphic to Cy.

D\_/

Lemma 6.4. Let D be a connected locally finite C-homogeneous digraph such
that Dt = [,,[Cs] and D™ 2 I,,,[C3] with m,n > 1. Then m =n = 1.

Proof. Let xy € ED. Then there exists z € N~ (y) N N~ (x). By considering
D~ (y), we obtain a vertex a € N~ (y) N NT(x) with az € ED. Let b be the
third vertex of N*(z) in that isomorphic image of C3 that contains y and a.
If either zb or bz lies in ED, then we have either by € E(D™(z) N D¥(2)) or
ab € BE(DT ()N D~(z)). This is a contradiction as each of N (x) N NT(z) and
N*(x) N N~ (z) consists of precisely one vertex by the assumption D (z) =
I,[C5). Hence, z and b are not adjacent. So in the isomorphic copy Dly, a,b]
of C3 in DT (z), there is an in- and an out-neighbour of z and one vertex not
adjacent to z.

Let us suppose that n > 1. Then there exists a vertex y' € NT(z) that is
distinct from a, b, and y. So there is a vertex v € {a, b, y} and an automorphism
of D that maps v to 3’ and fixes x and 2. Hence, the isomorphic image of C3
in DT (x) that contains y’ contains a vertex of N*(z). We may suppose that
this is y’. But then D[y, z,y’] is a digraph that cannot be embedded into
D" (z). This contradiction shows n = 1. By a symmetric argument we also
have m = 1. O

Lemma 6.5. Let D be a connected locally finite C-homogeneous digraph. If
either Dt = C3[I,,] or D™ = C3[I,,] for some n > 1, then D = H|[L,].

Proof. Analogously to the proof of Lemma 6.2, we may suppose that DT (x) =
Cs[I,] for some n > 1. Let zy € ED. Then z and n independent vertices of
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N*(z) liein N~ (y) and hence either n = 1 and D~ (y) = I,,,[C3] for some m > 1
or D™ (y) & Cs[I,,,] for some m > n. In the first case, we have m = 1 according
to Lemma 6.4. So in both cases, we have D~ (y) = C3[I,,] for some m > n.
With a symmetric argument we conclude m = n. Hence, there is a vertex
z€ N~ (2)NN~(y). As D" (z) 2 Cs[I,] and z € N*(z) and as D~ (z) = C5[1,]
and z € N~ (z), we have that

NT(x)NNT(z) and N=(x) N N~ (z) are independent sets of cardi-  (6.4)
nality n.

An immediate consequence of the C-homogeneity of D is N (x) NN~ (2) # 0
as D contains some directed triangle. Our next aim is to show that

NT(z) NN~ (z) is an independent set of cardinality n. (6.5)

Let us suppose that there is an edge ab with its two incident vertices in
N*t(z)N N~ (z). Then the digraphs D|x, z,a] and D]z, z,b] are isomorphic and
there is an automorphism « of D mapping a to b and fixing  and z. As a
consequence of (6.4), both a and b have to be adjacent to all the vertices in
N*t(z) N N*(z). Since D" (z) = C3[I,] and a,b € N*(z), we have y'a € ED
and by’ € ED for ally’ € Nt (z)NNT(z). Indeed, an edge ay’ would imply that
y' and b are not adjacent and the same would be true for an edge y’b. Thus,
the automorphism a cannot exist and we conclude that no such edge ab exists.
So N*(z) N N~ (2) is an independent set. Since every edge lies on at least n
distinct directed triangles, there are at least n vertices in N (x) NN~ (z) and, as
a largest independent set in N (x) consists of n vertices, we have proved (6.5).

As a further step in this proof, we prove the following:

FEach two non-adjacent vertices in N (x) have the same in-neigh-  (6.6)
bors.

Let a,b € N*(z) be non-adjacent and 2’ € N~ (a) with 2’ # x. Let us first
assume that x and x’ are adjacent. In each of the two sets N*(x) and N*(z/)
there is precisely one maximal independent set that contains a as DT (z) =
C3(I,,]. Due to (6.4) applied to z and 2’ instead of = and z, these two maximal
sets must be N*(z) N N*(z’). Hence, also b must lie in NT(2’). So let us
assume that z and 2z’ are not adjacent. Then there is a third vertex z” in
N~ (a) that is adjacent to both z and a’. Applying the previous case, we know
that 2" € N~ (b) and hence also 2’ € N~ (b). This shows (6.6).

The remaining step in the proof is to show the following:

There is an equivalence relation ~ on VD, each of whose equiva-  (6.7)
lence classes has precisely n independent vertices, such that D, is
isomorphic to H and D_[I,,] is isomorphic to D.
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Let us define a relation ~ on VD via
a~b <= N7 (a)=N"(b).

Obviously, ~ is an equivalence relation. First, we note that every equivalence
class must be an independent vertex set due to the definition of the relation ~.
Hence, there are more than one equivalence classes. Let A and B be two distinct
equivalence classes, a1,as € A, and by, by € B such that a1b; € ED. According
to the definition of ~, we have a1bs € ED and thus, B C N*(a;). As B is
an independent set and D% (ay) = C3[I,], there are at most n vertices in B.
On the other side, (6.6) with x replaced by a; implies that there are n vertices
in B, so B is the maximal independent set in Nt (ay) that contains b;. The
vertex by has a successor ¢ that is a predecessor of a;. By definition of ~, we
have cas € ED. Since |A| = n, we conclude by (6.5) with z, z replaced by ¢, by
that asby € ED. So we also have asby € ED. Thus, D_ is a digraph with
D = D_[I,]. The digraph D.. is C-homogeneous, since D is C-homogeneous
and since we can lift any connected induced subdigraph F' of D to a connected
induced subdigraph of D that has as its vertices the union of the vertices of F'
— note that the vertices of F' are equivalence classes of vertices of D. It remains
to show that D_ = H. As D_ is a C-homogeneous digraph with D¥(v) = C3
for all v € VD _, it suffices to assume n = 1 and to show that D = H.

Let x € VD. We know that DT (z) & C3 = D~ (x). Let N (x) = {v1,v2,v3}
and N~ (z) = {u, us,us} with v;v,41 € ED and v;u; 41 € ED (where vy = vy
and ugy = up). As zvy is an edge in D[z, v1, v2], also ujz must lie in the same
position in some triangle. Thus, there is an edge from u; to one of the vertices
v;, say to vi. Then N~ (v1) = {u1,x,v3} and hence, we have vsu; € ED.
As N*(uy) = {ug,z,v1}, we have vijus € ED. Now we can apply similar
arguments and obtain that vous, usve, and ugvs lie in ED. Let y be the third
out-vertex of vz distinct from v; and u;. Notice that y cannot be us. Because
of D" (v3) = C3, we have yu; € ED and vy € ED. By D" (v;) & C3 we
conclude vay € ED and yus € ED and D~ (u;) = C5 implies yuz € ED. The
constructed digraph has the correct out- and in-degree at every vertex and is
isomorphic to H. This finishes the proof of Lemma 6.5. g

Let us combine the results of this section with Theorem 3.12:

Theorem 6.6. Let D be a connected locally finite C-homogeneous digraph and
x € VD. Either N*(z) and N~ (x) are independent vertex sets or there is an
n > 1 such that DT =2 C3[1,] 2 D~ and D = H[I,,)]. O
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6.2 The independent case
for C-homogeneous digraphs with at most
one end

In this section, we consider the situation that every out-neighbourhood — and
hence due to Theorem 6.6 also every in-neighbourhood — is independent. Let us
briefly outline the content of this section. First, we show that if either the out-
degree or the in-degree is 1, then the connected locally finite C-homomgeneous
digraph is a tree (Lemma 6.7). Thereafter, we show in Lemmas 6.8 and 6.11
that the reachability relation is not universal in our situation. So due to Propo-
sition 2.1, the reachability digraphs are bipartite. That is why we turn our
attention towards connected (locally finite) C-homogeneous bipartite graphs.
We use their classification (Theorem 3.5) to obtain a complete classification in
the case of connected locally finite C-homogeneous digraphs with at most one
end if the digraphs contain no directed triangle (Lemma 6.14) and then a partial
classification of such digraphs if they contain a directed triangle (Lemma 6.15).
We continue the investigation of this situation in Section 6.3.

Lemma 6.7. Let D be a connected vertex-transitive digraph and let x € V D.
If N*(x) or N~ (x) consists of precisely one vertez, then D is either an infinite
tree or a directed cycle.

Proof. By regarding the digraph whose edges are directed in the inverse way, if
necessary, we may assume that N1 (z) consists of precisely one vertex. Let us
assume that D is not a tree. Then there is a cycle C'in D. If C' is not a directed
cycle, then there is a vertex with out-degree at least 2 on that cycle. Hence, we
may assume that C is a directed cycle. For every vertex on C, its descendants
must lie on C|, so they induce a subdigraph that is a cycle. If D # C, then there
must be a vertex u outside C' that is adjacent to some vertex v on C'. The edge
between u and v cannot be vu as we already mentioned, so it must be uv. So
the descendants of u do not induce a directed cycle, as they contain « and all
vertices of C. But as D is vertex-transitive, the descendants of u and those of v
induce isomorphic digraphs. This contradiction shows that D = C is a directed
cycle. O

Notice that C-homogeneous digraphs are edge-transitive and hence Lem-
ma 6.7 holds for them. Let us now look at the reachability relation of C-
homogeneous digraphs. The proof that this relation is not universal splits into
two cases: whether a directed triangle embeds into D or not. We start with the
latter case:
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Lemma 6.8. Let D be a connected locally finite C-homogeneous digraph such
that N*(x) and N~ (z) are independent sets for all x € VD and such that
D contains no directed triangle. Then the reachability relation of D is not
universal.

Proof. Let x € VD. By regarding the digraph whose edges are directed in
the inverse way, if necessary, we may assume that d¥(z) > d~(z) and due
to Lemma 6.7, we may also assume that d~(z) > 2. Let y € N (z) and
= N*(y). Since D is C-homogeneous and contains no directed triangle and
since  and N*(x) are independent sets of vertices, the group I' := Aut(D),,
acts on € like Sq, the symmetric group on €, i.e. I'? = Sq. By induction, we
will show ([g)$t = I'? for all alternating walks @ with initial edge xy. Let P
be such an alternating walk. Let us assume that (I'p)® =T and let e € ED
such that Pe is an alternating walk. Let z be the vertex incident with e but
distinct from the end vertex of P. We will show that (I'p.)* = I'?, and hence,
(T',)® = I'%. There are at most |Q| — 1 vertices in {za | o € T'p}, as this set is
contained either in the out- or in the in-neighbourhood of 2/, the other vertex
that is incident with e, but it does not contain the neighbour of 2’ on P. So we
have |T'p : T'pe| < |Q]. Since I'? = (I'p)%, we have either [ = 2 or

T ()Y < D:T.]=|{za|aeT} < Q|

Let us first assume that |[Q] # 2. Then, due to Theorem 2.4, (T',)% is either
I'? or isomorphic to Aq, the alternating group on Q, or || = 4 and (I",)% is
a Sylow 2-subgroup of I'2. In each of these cases, the group (I',)** = (I'p.)
acts transitively on 2. But then, as €2 is an independent set, for any A, B C Q)
with |A] = | B|, the digraph D; induced by Pe and A must be isomorphic to the
subdigraph D, induced by Pe and B and any bijection from A to B extends
to an isomorphism from D; to D, fixing Pe. Hence, (I',)® must be the full
symmetric group Sq.

Let us now consider the case that |Q2| = 2. Then we have d*(z) = d~ (z) = 2.
Hence, the orbit of z under I'p contains only z and we conclude I' =T",. As for
a € ) the orbit of @ under I' contains both successors of y, the vertex z cannot
lie in €.

In both cases, no vertex of {2 can lie on an alternating walk that contains
the edge xy and thus, the reachability relation of D cannot be universal. O

Before we turn our attention to investigate the reachability relation if D
contains directed triangles, we prove some lemmas.

Lemma 6.9. Let D be a connected locally finite C-homogeneous digraph such
that N*(z) and N~(x) are independent sets for all z € VD. If C3 embeds
into D, then d*(z) = d™ (z).
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Proof. Let n be the number of directed triangles that contain a fixed edge zy
of D. As D is C-homogeneous, we conclude for the number of directed triangles
that contain x:

INT(2)|n = [N~ (z)|n.

Hence, we have d*(z) = d™ (z). O

Lemma 6.10. Let D be a connected locally finite C-homogeneous digraph such
that N (x) and N~ (x) are independent sets for all x € VD. If D contains a
directed triangle, then the number of directed triangles that contain a given edge
zy € ED is either 1 or at least (dt —1).

Proof. Let €1 be the set of all vertices in N7 (y) that lie on a common directed
triangle with zy, let Q2 = Nt (y) \ Q1, and let Q3 := N (z) \ {y}. Note that
Q3N N*t(y) =0 as NT(z) is an independent set. Let d; = |[Q;] and da = |Qa].
Then we have d = d; +dy where d := dT which is the same as d~ by Lemma 6.9.

Let us suppose that d; and dy are both at least 2, so we have |Q3] > 3. We
consider the action of I' := Aut(D),, on Q3. Since N*(z) is an independent
set and since D is C-homogeneous, I' acts on 23 like Sq,, the symmetric group
on Q3. For every z € Q;,i=1,2, we have [[': T',| = d; < d™ —1=|Q3]. Thus
and due to Theorem 2.4, we have either (I',)% = Sqy, or (I',)% =~ Agq,, or
Q3] =4 and [T : T',| = 3. In each case, I', acts transitively on Q3. As Q3 is
an independent set, the subdigraph D; induced by z, y, z, and A is isomorphic
to the subdigraph D> induced by z, y, z, and B for any two subsets A and B
of Q3 with |A| = |B| and, furthermore, any bijection from A to B extends to an
isomorphism from D; to Ds fixing z, y, and z. As D is C-homogeneous, each
of these isomorphisms extends to an automorphism of D, so (I',)*® cannot be a
proper subgroup of Sq, and we have that I', acts on Q3 like Sp,. But then for all
y1,y2 € NT(z) \ {y} we have NT(y) C Nt (y;) if and only if N (y) C Nt (y2)
and we have either N*(y) C N*(y1) or N*(y) N N*(y1) = 0. So we conclude
that each edge lies either on precisely one or on d distinct directed triangles.
This contradicts the assumptions that dy > 2 and ds > 2 and hence shows the
assertion. O

Now we are able to prove also for connected locally finite C-homogeneous
digraphs that contain directed triangles that their reachability relation is not

universal.

Lemma 6.11. Let D be a connected locally finite C-homogeneous digraph such
that N*(x) and N~ (x) are independent sets for all x € VD. If D contains a
directed triangle, then the reachability relation of D is not universal.
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Figure 6.1: On the left side the digraph D; and on the right side the digraph Ds.

Proof. For this proof, we use two certain digraphs Dy and D5 depicted in Fig-
ure 6.1.

Let d = dT. By Lemma 6.9 we have d = d~. Let us suppose that the
reachability relation A of D is universal. The digraph D; is an example of a
cycle witnessing that A is universal (removing the uppermost edge leaves an
alternating walk of length 3) and up to isomorphism D, is the only such cycle
of length 4. Remember that Lemma 2.2 tells us that

there is a cycle in D witnessing that A is universal (6.8)
and that Lemma 2.3 tells us that

if D contains a cycle witnessing that A is universal, then it contains  (6.9)
an induced such cycle of shorter or equal length.

The next step is to show:

If D contains an induced cycle C of even length witnessing that A (6.10)
is universal, then each edge lies on precisely one directed triangle.

Let zyz be a directed path of length 2 on C. Then C' — y has an automor-
phism that interchanges x and z. This automorphism of C' — y extends to an
automorphism « of D. As C is induced, the same holds for Ca. Thus and
since y and ya cannot be adjacent because N T (y) and N~ (y) are independent,
we obtain that y and ya are not adjacent. Hence, y is the first vertex of at
least two directed paths of length 2 that share the edge yz: one is yzya and
the other is yzu where u is the second neighbour of z on C'. Thus, the edge yz
lies on at most d*(z) — 2 directed triangles which directly implies (6.10) due to
Lemma 6.10 and as Aut(D) acts transitively on the edges of D.

Let us show:

If D contains an induced cycle of length 4 witnessing that A is uni-  (6.11)
versal, then it contains an isomorphic copy of Ds.

Let u,v,z,y be the vertices of D such that uv,vx,xy € ED. Then there
is an automorphism « of D that fixes u and interchanges v and y. As the out-
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and the in-neighbourhood of x is independent, the vertices x and za are not
adjacent and D; together with xa forms all but the rightmost vertex of Ds. An
automorphism 3 that maps w to v, v to = and x to y gives us the remaining
vertex z of Day: take z = yf. An edge between z and u either contradicts (6.10)
or leads to an out- or an in-neighbourhood that is not independent — depending
on its direction. Similarly, z and z are not adjacent. This shows (6.11).

Now we exclude the existence of induced cycles witnessing that A is universal
step by step: first we exclude such cycles if they have precisely four vertices,
then we exclude odd such cycles of length at least 5 and last we exclude even
such cycles of length at least 6. When we have shown that none of these cases
occur, we have a contradiction to the assumption that A is universal.

No induced cycle of length 4 in D witnesses that A is universal. (6.12)

To show (6.12), let us suppose for a contradiction that there is an induced
cycle of length 4 witnessing that A is universal. Due to (6.11), D contains an
isomorphic copy D’ of Dy. Let x be the leftmost and y the rightmost vertex
and let a, b, u, v the vertices of the inner cycle such that x and y are adjacent to
a and u and such that uv € ED. Since D contains a directed triangle, there is a
vertex a’ € NT(a) NN~ (x). Then a’ is adjacent neither to b, nor to v, nor to y,
since the only directed triangle that contains aa’ is D[z, a,a’] and since the in-
and the out-neighbourhoods of every vertex are independent sets. Hence, there
is an automorphism « of D that fixes o/, z, and u, and maps v onto y. Then «
also has to fix a, since it fixes together with z and a’ the unique vertex in the
directed triangle that contains the edge a’z. As va € ED but ay € ED, this is
a contradiction that shows (6.12).

No induced odd cycle of length at least 5 in D witnesses that A is  (6.13)
universal.

Let us suppose that D contains an induced odd cycle C' of length at least 5
that witnesses that A is universal. Let xzy be an edge on C such that either
di(z) = 2 and df(y) = 1 or df(x) = 1 and d(y) = 0. Let 2 be the second
neighbour of y on C. Then C'—z and C' —y are isomorphic and hence, there is an
automorphism « of D that maps C' — z onto C' — y. The digraph DIz, y, z, za]
is isomorphic to D because N~ (z) and N*(z) are independent sets. This
contradicts (6.12). So we proved (6.13).

The next claim will finish the proof of Lemma 6.11.

No induced even cycle in D witnesses that A is universal. (6.14)

Let us suppose that D contains an induced even cycle C' of minimal length
witnessing that A is universal. Due to (6.12), the length of C is at least 6. As
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its length is even, there is a directed path zyzu on C. Due to C-homogeneity,
D has an automorphism « that maps C' — y onto itself with za = 2. Hence,
the path zyz lies on a directed cycle of length 4, the cycle induced by z,v, z,
and ya. Note that y and ya cannot be adjacent as y has independent out-
and independent in-neighbourhood. Let a be the neighbour of v on C' that
is not z. As every edge lies on precisely one directed triangle due to (6.10),
there are uniquely determined vertices a’ and 2’ such that a, a’, and u induce a
directed triangle and the same holds for z, 2/, and u. Furthermore, the vertex
a’ is not adjacent to z or 2z’ and 2’ is also not adjacent to a because of the
independent out- and in-neighbourhoods and due to (6.10). The induced 2-arc
zua' lies on a directed cycle of length 4 as the same holds for zyz. Let 3’ be the
fourth vertex on that cycle. Then 3’ cannot be adjacent to a as otherwise the
in-neighbourhood of a’ is not independent. We shall show that a’'y € ED. This
is true if ¥’ = y, so let us assume that 3’ # y. Then the digraphs Dla, u, z, ]
and Dla, u, z,y'] are isomorphic. Hence, there is an automorphism 3 of D that
fixes a, u, and z and maps ¢y’ to y. As a and u lie on precisely one common
directed triangle, 8 must also fix a’, so y = ¥’ must be adjacent to o’ = a'.
Then the digraph induced by @’ and all the vertices of C' but u and z contains
a cycle C' witnessing that A is universal and this cycle C’ has smaller length
than C. Due to (6.9), there is also an induced such cycle C” of at most the
same length as C’. If the length of C” is either 4 or odd, then we obtain the
claim by (6.12) or (6.13), and if the length of C" is even and at least 6, then we
obtain a contradiction to the minimality of the length of C. This shows (6.14)
and finishes the proof of the lemma. O

As the reachability relation is not universal for any locally finite C-homoge-
neous digraph D if N*(z) and N~ (z) are independent sets for all z € VD, we
conclude with Proposition 2.1 that D has a bipartite reachability digraph. That
is, why we are interested in the classification of the locally finite C-homogeneous
bipartite graphs.

Now, we use the classification result of the C-homogeneous bipartite graph
(Theorem 3.5) to continue our classification of the connected locally finite C-
homogeneous digraphs. Remember that Lemma 5.14 tells us that G(A(D)) is
a connected C-homogeneous bipartite graph, if A(D) is bipartite. At this place
the assumption that the digraphs have at most one end will be used for the first
time in this chapter and the remaining lemmas of this section will also build on it.

Lemma 6.12. Let D be a locally finite connected C-homogeneous digraph with
at most one end such that Nt (x) and N~ (z) are independent sets for all vertices
x € VD. Then either A(D) is a finite digraph or D contains a directed triangle
and G(A(D)) =2 Ty 5.
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Proof. Due to Lemmas 6.8 and 6.11, we know that the reachability relation
of D is not universal and hence that the reachability digraphs are bipartite
by Proposition 2.1 and that we can apply Theorem 3.5. Let us suppose that
A(D) is not finite. Since D is locally finite, we conclude from Theorem 3.5
that G(A(D)) = Ty, for integers k,¢ > 2. Let us first assume that k£ > 3. By
regarding the digraph whose edges are directed in the inverse way, if necessary,
we may assume that k = d*(z). Let w € VD and z,y,z € N*(u). As there is a
ray in G(A(D)) and as D has at most one end, it has precisely one end. Hence,
removing the (finite) set S of all vertices with distance at most 3 to u separates D
into components such that precisely one of them is infinite, because D is locally
finite. Let C' be this infinite component. Let R, R, be rays that start at u and
contain z, y, respectively, and that lie in the same reachability digraph A that
contains u and x. Since D is locally finite, there are vertices a, b on R;, Ry,
respectively, that lie in C. So we have d(a,x) > 3 and da(a,z) = da(a,u) — 1
as well as d(b,y) > 3 and da (b, y) = da(b,u) —1, where da denotes the distance
in A. Let P be a path (not necessarily directed) in C from a to b, and let @
be the path in A between a and x. Note that neither P nor @ has y or z as
a neighbour. Indeed, for P this follows from the fact P C D — S and for @ it
is a consequence of the fact that A is an induced subdigraph and ) contains
no neighbour of y in A by the choice of a. Then the digraph induced by P,
@, u, and y is isomorphic to the digraph induced by P, @, u, and z, but
there is no automorphism of D that maps one onto the other by fixing P, Q,
and v and mapping y to z since da(b,y) = da(b,z) — 2, which follows from
da(b,y) = da(b,u) — 1 as A is a tree. This shows k = 2. The case £ > 3 is
analogous, so we conclude k = ¢ =2 and d* =d~ = 2.

It remains to show that D contains a directed triangle. So let us suppose
that there is no directed triangle in D. Let z € VD, let  and y be the two pre-
decessors of z and let z; be a successor of z. Due to the assumptions, D[z, z, 21|
and Dy, z,z1] are induced 2-arcs and we conclude with C-homogeneity that
I':= Aut(D),,, acts transitively on {z,y}. Let z129,... be the ray with 2z # z
in that reachability digraph that contains z and z;. The group I' must fix z5 as
d~ = 2 and, inductively, it fixes every z; as also d¥ = 2. Let z; be a vertex on
that ray that has distance at least 3 to z. As above, there is a path P from z;
to a vertex a that lies in the same reachability digraph as the edge xz and has
distance at least 3 to z such that every vertex of P has distance at least 3 from z.
So neither z nor y has a neighbour on P. Furthermore, I' =T, ., acts tran-
sitively on {x,y}, so any successor or predecessor of x is also a successor or pre-
decessor of y, respectively. Hence, the digraphs D; := D[{z, 2, 21,...,2 } UV P]
and Ds := D[{y, z,21,...,2i} UV P] are isomorphic. So the isomorphism that
maps x to y and fixes all other vertices of Dy extends to an automorphism «
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of D that fixes (A(zz)) = (A(yz)). Hence, a = ac has the same distance to x
and to za = y. But because of d¥ = d~ = 2 the unique path in {(A(zz))
from z to a contains either = or y but not both. Thus, a has distinct distance

to x and to y. This contradiction shows that D contains a directed triangle if
G(A(D)) =Ty . O

Lemma 6.13. Let D be a locally finite connected C-homogeneous digraph with
at most one end such that N*(z) and N~ (z) are independent sets for all x €
VD. If A(D) is finite and if the intersection of any two reachability digraphs
does not separate each of them, then no reachability digraph separates D.

Proof. As in the proof of Lemma 6.12, we know that A(D) is bipartite. Let us
suppose that there is a reachability digraph A; that separates D but that there
are no two reachability digraphs whose intersection separates each of them. Let
A, be a reachability digraph with VA NVAy #0,let x € VANV Ay, y be a
neighbour of z in Ay, and z be a neighbour of y outside As. Note that z exists as
otherwise every neighbour of y lies in Ay, which implies by C-homogeneity that
every neighbour of z lies in a unique reachability digraph in contradiction to the
choice of Ay and As. Let D;, ¢ = 1,2, be the component of D — A; that contains
y or contains z, respectively. If Dy does not contain any vertex of A;, then we
have Dy C Dy with Dy # D1. So both D; and Dy must be infinite since they
are isomorphic — there is an automorphism « of D with za = y and ya = z, and
this automorphism maps A; to As and Dy to Dy. As D is locally finite, it has
one end in Dy N Dy and symmetrically also another one in (D — Dy)N (D — Dy)
contrary to the assumptions. Hence, Dy contains a vertex of A; and Dy € D;.
But then, as A1 — A, is connected and D — A, is not connected, there is another
component D} of D — Ay that is completely contained in D; and contains no
vertex of Aj. The component D) need not be isomorphic to Dy, but since there
is a reachability digraph As # Ay in D[V DUN(V D})], we obtain a component
D3 of D — As with D3 C D) and so on. Because the degree of any vertex is
finite, there are m,n € N with m < n such that D,, and D, — or D} if m
is 2 — are isomorphic and we obtain an analogous contradiction as before: we
conclude as above that there is one end in D. On the other side the component
E, of D — A, that contains A,, — A,, contains an isomorphic component F,,
of D — A,, and we obtain a second end of D in E,,, which is impossible due to
our assumptions. O

The following lemma is the main lemma for the case that there is no isomor-
phic copy of C3 in the C-homogeneous digraph.

Lemma 6.14. Let D be a locally finite connected C-homogeneous digraph with
at most one end that contains no directed triangle. If N (x) and N~ (z) are
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independent sets for all x € VD, then D is isomorphic to Cy,[I,] for some
m>4,n>1.

Proof. As in the previous proofs, we know that A(D) is bipartite. By Lem-
ma 6.13, A(D) is finite. So due to Lemma 6.7, we may assume that d* > 2 and
d- > 2. Let x ~ y for xz,y € VD if x and y lie on the same side of a reachability
digraph, that is, both have the same out-degree and the same in-degree in that
reachability digraph and one of these two values is 0. If z and y lie in a common
reachability digraph but not on the same side they lie on distinct sides of a
reachability digraph. Remark that, a priori, ~ is not an equivalence relation.
But we shall show later that it is an equivalence relation in our situation.

Let us show for any two distinct reachability digraphs A; and Ay with non-
empty intersection the following property:

Either A1 N Ag lies on the same side of Ay or A(D) =2 CPy for (6.15)
some k > 3 and the intersection consists of precisely one unmatched
pair in CPy.

Let us suppose that (6.15) does not hold. As reachability digraphs are
induced subdigraphs, D consists of at least three reachability digraphs and A(D)
cannot be a complete bipartite digraph because A5 contains vertices on distinct
sides of Ay. Therefore, D is either the complement of a perfect matching or a
directed cycle according to Theorem 3.5 and Lemma 6.12. Let =,y € A;NA5 be
on distinct sides of A; with minimal distance in A;. So either all predecessors
of z and all successors of y lie in A; or the other way round. Thus, x and y lie
also on distinct sides of Ay. The distance between x and y in A; is at least 3
as they are not adjacent and as they do not lie on the same side of A;. If
A(D) = Cyyy, for some m > 4, then we choose a minimal path P in Ay from
to y. Let 2’ be a neighbour of z in A1, let y1, y2 be the two neighbours of y in Ay,
and let 3’ be the neighbour of y on P. The subdigraphs induced by 4/, y,y1 and
by ¥, y,y2 are isomorphic, as D contains no triangles at all — neither directed
nor the unique second kind of triangles, as N*(x) is an independent set. Thus,
there is an automorphism « of D that fixes ' and y and maps y; to yo. This
automorphism must fix the reachability digraph that contains the edge between
y and 3/, which is As, and hence it fixes A1, the only other reachability digraph
that contains y, too. As ya = y and y'a = 3/, the automorphism o fixes one
edge of As and hence the whole digraph Ay because of Ay & Csy,,,. In particular,
we have za = x. Let P; be the unique path in A; from y to x containing y;,
respectively. As « fixes ¢ and y and maps y; to ys, we conclude Pia = Ps.
Thus, they have the same length, which must be m. Hence, = and y are the
only vertices in A;NAy. We conclude that the subdigraphs induced by z’z Pyy;
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and x’xPyy, are isomorphic: if 'z Pyy, is not a path, then 3, is adjacent to
a vertex z on P but also yya = y2 must be adjacent to za = z. As 2’x Py
and z’x Pyys are isomorphic via an isomorphism that fixes =’z Py, we conclude
as before for y and x using the two paths Q; in A; from y to z’ such that y;
lies on @; that the distance between y and 2’ in A; is m, a contradiction. So
A(D) is isomorphic to C'Py for some k£ > 3 and A; N Ay consists of precisely
two vertices that are not matched. This shows (6.15).

For z,y € VD, let x =~ y if x and y lie on the same side of two reachability
digraphs. As every vertex lies in precisely two reachability digraphs, =~ is an
equivalence relation. The next aim is to show that ~ and =~ are (despite their
different definition) the same relation, that is:

For all x,y € VD, we have x ~ y if and only if x =~ y. (6.16)

Let 2,y € VD. In order to prove (6.16), it suffices to show that = ~ y implies
x &~ y. So let us suppose that z ~ y but « % y and let A be the reachability
digraph that contains x and y on the same side. If for every vertex each two
of its successors are =~-equivalent, then one whole side of A lies in a second
reachability digraph A’ on the same side. If G(A(D)) % K ¢, then its sides have
the same size due to Theorem 3.5 as A(D) is finite by Lemma 6.12 and d* > 2
and d~ > 2, so ~ and = are the same relation in contradiction the choice of x
and y. Hence for some vertex, two of its successors are not ~-equivalent. Thus,
we assume G(A(D)) = K4 but then some vertex in A’ has two predecessors
in AN A’ and by C-homogeneity each two of its predecessors, and hence one
whole side of A’, lie in A N A’. This shows also in the remaining situation that
for some vertex two of its successors are not mz-equivalent. Similarly, there is
a vertex with two predecessors that are not ~-equivalent. By C-homogeneity,
for every vertex and each two of its successors z; and z, we have z; ~ z5 but
z1 % 29 and the same for any two of its predecessors. Thus, we may assume
that  and y have distance 2 in G(A).

The next step is to show that no reachability digraph separates D. Let us
suppose that the converse holds. Due to Lemma 6.13, there are two reachability
digraphs whose intersection separates at least one of them. As there is a 2-arc
in these two reachability digraphs, we can map them onto each two reachability
digraphs with non-trivial intersection. Since there is no separating vertex in any
of the possible reachability digraphs given by Theorem 3.5 as due to Lemma 6.12
and because of d* > 2 and d~ > 2 the digraph A(D) is not a tree, we conclude
that each two reachability digraphs with at least one common vertex have at
least two common vertices. Thus and due to (6.15), either the intersection of
each two reachability digraphs is contained on the same side of each of them or
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A(D) = CPs since no two vertices in C Py, for k > 4, separate that digraph. Let
us first assume that A(D) 2 C'Ps;. Note that no two vertices with a common
successor can lie in the intersection of two reachability digraphs, as otherwise
C-homogeneity implies 2 ~ y. Thus, Theorem 3.5 implies that G(A(D)) is a
cycle of length 2m for some m > 4, as A(D) is finite by Lemma 6.12. Let a and
b be two vertices in the same two reachability digraphs A; and Ay of minimal
distance to each other and let P be a minimal path between a and b in Ay. Let
w1, ws be the neighbours of b in A, let u; be the vertex on P that is adjacent
to a, and let ua be a vertex in A, that is adjacent to a. With an analogous
argument as in the proof of (6.15), we know that aPbw; and aPbws induce
isomorphic digraphs. Hence, there is an automorphism of D that maps the first
onto the second one and fixes P. Thus, the distance in A, from a to w; is the
same as the one from a to ws. Because of m > 4, also the digraphs induced
by usaPbw, and by usaPbwsy are isomorphic. Thus, us and w; have the same
distance in As like ug and ws. But this cannot be true. Let us now assume that
A(D) = CPs. Then the intersection of two reachability digraphs Ay, Ag is, if it
is not empty, precisely one unmatched pair a,b in each of the two reachability
digraphs since © ~ y but x % y. Let uavw be a 3-arc in D. Let us assume
that ua € EA; and av € EAy. We cannot have w € V As, because A, contains
no 2-arc. Since D contains no directed triangle, w cannot lie on the same side
of Ay as b since otherwise wa € FA;. Since v ¢ VA;, we have vw ¢ EAq, so
w cannot lie on the same side of Ay as a. This shows w ¢ VA;. Analogous
arguments show that the same holds for any vertex w’ in Az — Ay, where Aj is
the reachability digraph that contains the edge vw, because we find for w’ either
a 3-arc that has its first edge in A; and w’ as its last vertex or a 3-arc whose first
vertex is w’ and whose last edge lies in A; where we may assume that this 3-arc
contains b and the neighbour of v in the directed bipartite complement of A,.
Since D[(V Az \ VA1) UV Ag] is connected, we know that Ay — A lies in one
component of D — A; and we can apply the proof of Lemma 6.13 to show that
A does not separate D. Hence, we proved in each case that no reachability
digraph separates D.

Let v; be a vertex in the same reachability digraph as = and y that is
adjacent to both x and y. By regarding the digraph whose edges are directed in
the inverse way, if necessary, we may assume that zvy,yv; € ED. Due to what
we just showed, we find a second induced (aside from the edge yv;) path R from
vy to y whose only vertices in A are v; and y and that does not use the edge
yv1. We may choose R so that the only vertices on R that are adjacent to x are
v1 or the neighbour of y on R by applying C-homogeneity to an automorphism
that fixes v; and maps = and y onto each other. Let vz, vs,y be the last three
vertices on R. So we have voy € ED. Since vy ¢ VA and x # y, the vertices x
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and vy are not adjacent. So v; is the only neighbour of z on R. If vg ~ y, then
we have vqus € ED. If vg ~ x, then as vo ¢ VA their common reachability
digraph must be the one that contains x and its predecessors. By definition
of ~, it must be (A(vavs)) = (A(v2y)). So we have z ~ y in contradiction to
their choice. Thus, we have vg ¢ x. By C-homogeneity, yv; Rvs can be mapped
onto zvi; Rvg by an automorphism of D that fixes v; Rvg and thus, we obtain
v3 ~ x, a contradiction.

So we have vs o y and hence vsve € ED. As D is C-homogeneous, there
is as above an automorphism « of D that maps yv; Rvs onto zv; Rus and fixes
v1Rvs. We conclude that there is a vertex vy = voor in D with vsvy € ED
and vz € ED. Let vy be the neighbour of v; on R. Since vy ¢ A, we have
v1vg € ED. As D contains no directed triangle and Nt (z) is an independent
set, D contains no triangle at all. Hence, there is an automorphism 3 of D
that maps vzveyv; onto veyvivg. Let 3y’ = vy and v] = x[. The vertices
v1,00, V], Y, v2,y induce a cycle. So if neither ' nor v} lies in A, then we could
have chosen R’ = v1vpv]y’vay instead of R and obtain a contradiction as above
since y ~ y'. Thus, either y’ or v{ lies in A. If ¢’ lies in A, then we have that y
and 3’ must lies on the same side of A since vy lies not in A. So we have y ~ 1/
and hence also v1 &~ v]. As v; and v] have a common successor, C-homogeneity
implies that any two predecessors of any vertex are ~-equivalent. In particular,
we have © = y. Thus, 3 does not lie in A, but v does. If v] lies on the same
side of A as vy, then we obtain again v; &~ v] and z ~ y. So v} lies on the
same side as y and x. But then v lies on the same side of A as vy and there
is an edge between vertices of that side in contradiction to the assumption that
A(D) is bipartite. This shows (6.16).

Since & is an equivalence relation on VD, we conclude from (6.16) that the
same is true for ~. Let us define a digraph I" on the equivalence classes of ~ as
vertices such that there is a directed edge from one class X to a second class
X5 if and only if there are vertices 1 € X; and xzo € Xy with zi20 € ED.
By (6.16) each vertex of I' has precisely one successor and one predecessor.
Every equivalence class of ~ is finite, since A(D) is finite by Lemma 6.12. If
G(T) is a double ray, then this implies that D has at least two ends. Since this
is false, I' must be a directed cycle C,, for some n > 3.

An edge e of I corresponds to a reachability digraph A of D in that the two
equivalence classes of ~ in A are the two vertices that are incident with e. Thus,
it remains to show that A(D) is a complete bipartite digraph because then we
have D = C,[I,,]. Let Vi,...,V, denote the equivalence classes of ~ such that
ViVig1 € ET for i < n and V,,V4 € ET. Due to Theorem 3.5 and Lemma 6.12
and as d* > 2 and d~ > 2, we just have to show that G(A(D)) is neither an
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undirected cycle Cs,,, nor the complement of a perfect matching C P.

First, let us suppose that G(A(D)) = Cyyy, for some m > 4. Let x € V4 and
let a,b be its successors. Let a; and as be the successors of a. As D contains
no directed triangle and as I' is a directed cycle, x is adjacent neither to a; nor
to as. Thus, there is an automorphism « of D that maps a; to as and fixes a
and x. Hence, also b must be fixed by « and the two a-b paths in G(D[V2 U V3])
must have the same length, which must be m. But then the same holds for
the second predecessor y # x of a with its two successors instead of x and
its two successors. Thus, y also has to be adjacent to b and we have m = 2,
a contradiction.

Let us now suppose that A(D) 2 CPy, for some k > 3. Let x € V1. If n = 3,
then there is a directed triangle in D, as k > 3, which is impossible. So we
conclude n > 4. There exists a unique vertex in V5 that is not adjacent to x and
this vertex itself has a unique vertex y € V3 to which it is not adjacent. Let P
be a path that consists of x and of one vertex from every V; for ¢ > 4 such that
the vertex in V} is the only vertex incident with all of V5 but y. This path exists
since k > 3. Let X = D[(V5\ {y}) UV P], let 2’ be another vertex of V; that is
adjacent to the predecessor of z on P and let Y = D[(VX \ {z}) U{z'}]. Then
the finite subdigraphs X and Y are isomorphic but there is no automorphism
of D that maps the first onto the second one, since there is a unique vertex
in V5 that is not adjacent to x and y, but for 2’ and y there is no such vertex.
Hence, we have A(D) % C'P;. So A(D) is a complete bipartite digraph. As D is
C-homogeneous, it is transitive and thus, all equivalence classes have the same
size, that is A(D) = Ky j for some k > 1. As D contains no directed triangle,
we also conclude that n > 4, which proves the assertion. O

Having completed the case that the locally finite connected C-homogeneous
digraph with at most one end contains no directed triangle, we look at those
that contain directed triangles. The following lemma is the main lemma for this
situation. The case (iv) of the conclusions of Lemma 6.15 will be investigated
in more detail in Section 6.3.

Lemma 6.15. Let D be a locally finite connected C-homogeneous digraph that
contains a directed triangle. If N*(x) and N~ (z) are independent sets for all
x € VD, then one of the following cases holds.

(1) The digraph D has at least two ends.

(ii) The reachability digraph A(D) is isomorphic to a complete bipartite di-
graph Ky i for some k > 3 and D is isomorphic to Cs3[I].

(iii) The reachability digraph A(D) is isomorphic to CPy for some k > 4 and
D is isomorphic to Yy.
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(iv) The underlying undirected graph of the reachability digraph A(D) is iso-
morphic either to Coy, for some m > 2 or to Ty .

Proof. Due to Lemma 6.11 and Proposition 2.1, the reachability digraph A(D)
is bipartite. Let us assume that D has at most one end and that G(A(D))
is neither isomorphic to Cs,, for some m > 2 nor isomorphic to T3 2. Due to
Lemma 6.7, we may assume d+ > 2 and d~ > 2. According to Lemma 6.12
and Theorem 3.5, we know that A(D) is finite and either a complete bipartite
digraph or the directed complement of a perfect matching.

Let us first assume that A(D) is a complete bipartite digraph Ky ; for k,l € N
but not Ks, as that is a cycle. By Lemma 6.9, we know that £ = [. If
we have |A N A’| > 2 for two distinct reachability digraphs A and A’, then
A N A’ lies on one side of A and it is a direct consequence of C-homogeneity
that A N A’ is a complete side of A and hence of A’ since some two vertex in
AN A’ have a common predecessor x in either A or A’ and by C-homogeneity
each two successors of z lie in A N A’. But then, as shown in the proof of
Lemma 6.14, we know that (ii) holds in this case. So let us suppose that there
are two reachability digraphs A and A’ with [A N A’| = 1. If an edge lies
in more than one directed triangle, then it lies in at least k — 1 distinct such
triangles due to Lemma 6.10. So the intersection A N A’ has to contain at least
k — 1 elements which is a contradiction. Hence, every edge lies in a uniquely
determined directed triangle.

To show that this situation cannot occur, let x and y be two vertices on
the same side of A such that their out-degree in A is 0. Let u be a common
predecessor of x and y. As every edge lies on a unique directed triangle, we
find successors a,b of x,y, respectively, such that they are predecessors of u.
As k > 3 and as every edge lies on precisely one directed triangle, there is a
successor ¢ of a and b such that neither D[z, a,c] nor D[y, b, c] are triangles, in
particular, we may choose any successor of a except for u. As k > 3, there is a
second predecessor z of b such that z and c as well as z and u are not adjacent.
The vertices a and z cannot be adjacent because otherwise either y and x have
to lie in two common reachability digraphs (if za € ED) which we supposed to
be false or z and ¢ lie in a common reachability digraph (if az € ED) and then it
is not a bipartite reachability digraph because zbc is a 2-arc in that reachability
digraph. Furthermore, zz cannot be an edge of D, because then the edge yb
would have its two incident vertices on the same side of a reachability digraph.
Let us suppose that zz is an edge of D. Then there is an automorphism «
of D that maps D[z, a,c,b] onto D[z,b,c,a]. We conclude that there is a vertex
Z' = za € N~ (a) with 22’ € ED. But the edge zz’ has the wrong direction: in
a bipartite reachability digraph all edges are directed from one side to the other,
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but 2z’ is directed the other way round compared with the edges za, zz, and
Z'a. This contradiction shows that x and z cannot be adjacent. Hence, we have
shown that the subdigraphs D[z, a, ¢, b, y] and D[z, a, ¢, b, z] are isomorphic. But
there is no automorphism of D that maps one onto the other by fixing all of
x,a,c,b, since x and y lie on the same side of a reachability digraph but z and z
do not because of uz ¢ ED. Thus, we showed that there are no two reachability
digraphs whose intersection consists of precisely one vertex. This completes the
case A(D) = K.

~

The next and only remaining situation which we consider is that A(D) =
CP, for some k > 3. If k = 3, then G(A(D)) is a cycle, so we may assume
k > 4. Let A1 and Ay be two distinct reachability digraphs of D with non-
trivial intersection. Let us suppose that |A; N Ag| = 1. Then this holds for any
two distinct reachability digraphs with non-trivial intersection. Let a,b, c,v,w €
V Ay such that b,v,w € N (a) and b,w € N*(c) but cv ¢ ED. Such vertices
exist as k > 4. Since any edge lies in a directed triangle, there are z,y € N~ (a)
with z € N*(v) and y € Nt (w). Because of |A; NAz| = 1, no other edges than
the described ones lie in Dla, b, ¢, v, w, x,y]. Then the digraphs Dy := Dla, b, ¢, z]
and Dy := Dla, b, c,y] are isomorphic but there is no automorphism of D that
maps D1 onto Dy because such an automorphism has to map v, the unique
predecessor of z in Ay, onto w, the unique predecessor of y in Ay, but w is
adjacent to ¢ and v is not. Thus, we have proved

1AL N Ayl > 2. (6.17)

Let us suppose that A; N Ay is not contained in any of the sides of Aj.
Then Ay N A consists of precisely two vertices that are adjacent in the directed
bipartite complement of A; and, furthermore, any edge lies in at most two
directed triangles (because of |[A; N Ay| = 2) and by Lemma 6.10 any edge
lies in precisely one directed triangle (because of k > 4). Let us consider the
subdigraph of A; with vertices a,b, ¢,d and edges ba, be, de such that {a,d} =
V(A1NA3). Let z be the vertex on the unique directed triangle that contains ba
and let z and y be two predecessors of d in Ay such that x is the neighbour
of z in the directed bipartite complement of Ay and such that neither x nor y
is adjacent to c. We can choose them in this way as k > 4 and as dc lies in
precisely one directed triangle. Furthermore, neither x nor y can be adjacent
to b, as b and d do not lie in two common reachability digraphs. Hence, the
subdigraphs DIb, ¢, d, z] and DI[b, ¢, d,y] are isomorphic to each other, so there
is an automorphism « of D that fixes each of b, ¢, and d and maps = to y. Then
also a must be fixed by «, as it is the unique neighbour of d in the directed
bipartite complement of A, and hence, we also have za = z by the choice of z.
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But this is impossible because y and z are adjacent in contrast to x and z. Thus,
we proved that A; N Ay is contained in one side of A;. C-homogeneity directly
implies that Ay N As is a whole side of Ay, as we can map any two vertices of
A1 N Ag with a common neighbour in A; onto any other two vertices on the
same side as A; N Ay of Ay with a common neighbour in A;. Thus, we have

1AL N Ag| = . (6.18)

Now, we are able to prove D 2 Y. Due to (6.18) and as every edge lies in
a directed triangle, D consists of precisely three reachability digraphs Aj, As,
and Asz. Let V; := VA; NVA;;; with Ay = A; and let D denote the directed
tripartite complement of D. Since A(D) =2 C'P, the digraph D is a union of
directed cycles. We shall show that every component of D is a directed cycle of
length 3. So let us suppose that this is not the case. Then there are z,y € V;
that lie in a common directed cycle of length at least 6 in D and have distance
3 on that cycle. Since k > 4, there is a vertex a € V5 that is adjacent in D
to both z and y. We conclude by C-homogeneity that for every vertex z € Vi,
distinct from x, we have that = and z lie on a common directed cycle in D and
have distance 3 on that cycle. It is a direct consequence that £ < 3 in contrast
to the assumption k£ > 4. Hence, we have shown D 2 Y. O

6.3 An imprimitive case

In this section, we investigate the situation from Lemma 6.15 (iv): we look at
locally finite connected C-homogeneous digraphs that contain directed triangles,
all whose vertices have independent out- and in-neighbourhood and for whose
reachability digraph the underlying undirected graph is either T3 o or Cy,, for
some m > 2. In [14], Gray and Moller showed the existence of such a digraph,
in that they showed that X5(C3) has all these properties. It has infinitely many
ends. But although we are interested only in digraphs with at most one end,
this particular digraph turns out to be very important in our situation: we shall
show that every digraph with the above described properties and with at most
one end is a homomorphic image of X5(C3). More precisely, we prove:

Theorem 6.16. The following assertions are equivalent for any locally finite
connected digraph D all whose vertices have independent out- and in-neighbour-
hood.

(i) The digraph D is C-homogeneous and contains a directed triangle. If D %
Cs, then the underlying undirected graph of its reachability digraph is either
Ts2 or Cop, for some m > 2.
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(ii) There is a non-universal Aut(Xz(Cs))-invariant equivalence relation ~ on
VX2(Cs) such that Xo(Cs) . is a digraph that is isomorphic to D.

Furthermore, D has at most one end if and only if one, and hence every, equiv-
alence class of ~ consists of more than one element.

Proof. To see that (i) implies (ii), we may assume that D is not isomorphic to Cs:
otherwise take any labeling of the vertices of X2(C3) with labels in {0, 1,2} such
that no two adjacent vertices have the same label and such that out-neighbours
of vertices labeled by i are labeled by i + 1 (mod 3). This labeling induces an
Aut(X5(Cs))-invariant equivalence relation ~ on V X2(C3) such that X2(Cs).
is a directed triangle.

Therefore, every vertex of D has out-degree 2. So every edge lies in at most
two directed triangles. Let us first assume that every edge of D lies in precisely
two directed triangles. For an edge xy, the two successors of y are the two
predecessors of x. So the other successor of x must have the same successors
as y. The analogous statements hold for the second predecessor of y. It is a direct
consequence that G(A(D)) = Cy = Ky and that D 2 Cs[1Is]. Let x4,y;, z; for
i = 1,2 be the vertices of D such that z;y;, y;z; and z;x;, for all i,j € {1,2},
are the edges of D. We label the vertices of X(C3) with labels from V(D) so
that for every vertex labeled by x; its successors obtain different labels from
{y1,y2} and its predecessors obtain different labels from {z1,22} and so that
the analogue statements hold for vertices labeled by y; and by z;. Starting with
a triangle labeled by z1y; 21, there is a unique way to extend its labelling to the
whole digraph X5 (C3) such that the just described property holds. Two vertices
are ~-equivalent if they have the same label. Then by definition, X2(C3). is
a digraph and isomorphic to D. Furthermore, the Aut(X3(Cj3))-invariance is a
consequence of the unique extension property of the labeling by starting it at a
directed triangle.

Let us now assume that every edge of D lies in precisely one directed triangle.
As dT = 2, every vertex lies in precisely two. Let zy € ED and ab € EX5(Cs3).
For every vertex u in X5(C3) there exists a unique shortest path P = a; ...a,
from a to u. In D there are precisely two walks x; ...z, and y; ...y, starting
at x (i.e. with 1 = & = y1) such that D]x;, zi41,2iq2] and Dy, Yit1, Yit2)
are isomorphic to D[a;, a;y1,a;42] for all ¢ < n — 2 in the canonical way (i.e.
such that x; and y; are mapped to a; and so on). That there are precisely two
such walks in D follows from the fact that every vertex of D lies in precisely
two directed triangles and in the middle of precisely two induced 2-arcs. In
particular, no two end vertices of any subpath of length 2 of the walks in D are
adjacent. If as = b or if ay is adjacent to b, then let () be that one of the two
above described walks in D whose second vertex is y or is adjacent to y, and in
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the other case for as let @ be the other described walk in D. Let up denote the
last vertex of @. Thereby, we define for every vertex v of X5(C3) a vertex vp
in D.

We are now able to define the equivalence relation ~: let © ~ v for two
vertices u,v € VX5(Cs) if up = vp. Obviously, this is a non-universal equiv-
alence relation. It remains to show that X»(Cs). is a digraph, that D =
X2(C3). and that ~ is Aut(X3(Cs))-invariant. Let us first show that ~ is
Aut(X5(C5))-invariant. Let 7 be the map from X5(C5) to D that maps z to zp,
let u,v € VX5(C3) with v ~ v and let ¥ be an automorphism of Xo(C3). It
suffices to show w1y ~ vi). First, let us consider the case that the shortest path
P =wuy...u, from u to v does not contain any other vertex of the equivalence
class that contains u. If we have shown this, then the assertion follows by an
easy induction on the number of elements on P that are equivalent to u. We look
at the images of P and P under 7. These are walks due to the definition of ,
because adjacent vertices in Xo(C3) are mapped to adjacent vertices of D. As
u ~ v, the walk P7 starts and ends at the same vertex up. For every ¢ < n, we
can map (uq...u;)m onto (uq ... u;)r inductively, since D is C-homogeneous
and since (u;11)p is uniquely determined in D by the two walks (uq ... u;)m and
(uq...u;)pw. We conclude that also the walk Py has the same end vertices.
So we have uty) ~ vip. Hence, ~ is Aut(X2(Cs))-invariant.

Next, we show that X5(Cs). is a digraph. That there are no loops in
X2(C3). is a direct consequence of the definition of ~, as we do not have
a'p = ap for any neighbour o’ of a and as D is Aut(X3(Cj3))-invariant. The
only other obstacle for X5(C3). being a digraph is that the edge set contains
loops or is not antisymmetric. Another consequence of the definition of ~ is
that no two neighbours of a are ~-equivalent, as every vertex of D and every
vertex of X3(C3) lies in precisely two directed triangles. Let us suppose that
there are vertices aj,as, by, and by in X5(C3) with ajas, biby € EX5(C3) and
a1 ~ be and ay ~ by. Due to transitivity of X5(C3), there is an automorphism
a of X5(C3) that maps as to by. Since ~ is Aut(Xo(Cs))-invariant, there is also
an in-neighbour of b; in the same equivalence class as bs, which is impossible as
we already saw. Thus, we have shown that X5(Cs).. is a digraph.

That D and X2(Cj3).. are isomorphic is a direct consequence of the definition
of ~, since they have the same in- and out-degree. This shows (ii).

Let us now assume that (ii) holds, more precisely, that D = X5(C3).. We
shall prove (i). As X5(C3) is vertex-transitive so is D. Let us assume that
D is not a directed triangle. So every vertex of D has two successors and, as
every edge lies in a directed triangle since they do so in X5(Cj3), every vertex
of D lies in at least two directed triangles and no two neighbours of a vertex
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of X3(C3) are ~-equivalent. Thus, for every uv € ED and every x € X5(Cs)
whose equivalence class is u, there is a vertex y € N1 (z) whose equivalence class
is v, as d*(z) =2 =d (x). We also obtain that A(D) is a homomorphic image
of A(X2(C3)), so its underlying undirected graph is either T5 3 or Ca,, for some
m > 2. To show that D is C-homogeneous, let A and B be isomorphic induced
connected subdigraphs of D and let ¢ : A — B be an isomorphism. Let T4 be
a spanning tree of A. Then we can map T4 by an injective homomorphism 7 4
to X2(Cs) such that a is the equivalence class of m4(a) for all a € VA. Notice
that 7,4 is uniquely determined by the image of one vertex of A. Analogously,
we define T and 7 such that T = Tag. The subdigraphs of X5(C3) induced
by A’ := Tym4 and B’ := Tgmp are isomorphic by an isomorphism that induces
on the equivalence classes of the vertices of A’ and of B’ the isomorphism ¢.
As X5(C3) is C-homogeneous, this isomorphism extends to an automorphism
¥ of X5(C3). Since ~ is Aut(X2(Cs))-invariant, this automorphism induces an
automorphism ¢ of D that extends ¢. So D is C-homogeneous.

The only remaining part to show is the additional claim on multi-ended
digraphs which is a direct consequence of [14, Theorem 7.1], because X5(Cs5).
is not isomorphic to X5(C3) as soon as each equivalence class contains at least
two elements. O

Figure 6.2 shows two C-homogeneous digraphs that arise as quotient di-
graphs in Theorem 6.16 one of which is finite and the other being infinite and
one-ended. In the finite digraph the edges of each reachability digraph, which
is isomorphic to Cyp, are drawn in different styles. The reachability digraphs of
the infinite digraph are the cycles of length 6.

md
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\

Figure 6.2: A finite and an infinite one-ended C-homogeneous digraph

As the automorphism group of X3(C3) is a free product of the cyclic groups
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Cs and (s, it is isomorphic to the modular group. Let us consider the Cayley
digraph A of T" := CyxC3 = (x)*(y) with respect to the two canonical generators
x and y. If we contract the edges in A that correspond to the involution x, then
we obtain the digraph X5(C5). Let ~ be an Aut(X3(Cj3))-invariant equivalence
relation on V X2(C3) and let X be the equivalence class that contains the vertex
that arose from 1 and z in A by contracting the edges labeled by z. It is
straight-forward to show that X corresponds to vertices of A that coincide with
a subgroup of T' that contains x. Conversely, the cosets of any subgroup of T’
that contains z induce in a canonical way a partition of V' X2(C3) and hence
an equivalence relation of VX3(Cj3) that is Aut(X3(Cj3))-invariant. Therefore,
instead of giving a precise list of the digraphs that may occur as quotients
in Theorem 6.16, it is equivalent to describe all those subgroups of Cy x Cj
that contain x. By Kurosh’s Subgroup Theorem [27], every subgroup of the
modular group is a free product of cyclic groups of orders 2, 3, or co and the
involutions form a conjugacy class in I'. Thus, any subgroup of I" that contains
an involution is — up to conjugation — an example of a subgroup that corresponds
to a C-homogeneous digraph in Theorem 6.16. As the number of cosets of
a subgroup of I' coincides with the number of vertices in the C-homogeneous
digraph to which it corresponds in the above sense, the subgroups of finite index
correspond to the finite and the subgroups of infinite index correspond to the
infinite C-homogeneous digraphs in Theorem 6.16. There are numerous papers
written on the subgroups of the modular group. Some of them deal with those
of finite index, see [23, 33|, and some with those of infinite index, see [36, 37, 38].

6.4 The classification result for locally finite C-
homogeneous digraphs with at most one end

Let us now state our main result. We shall prove it by applying all the results
of the previous sections.

Theorem 6.17. Let D be a locally finite connected digraph with at most one
end. Then D is C-homogeneous if and only if one of the following cases holds.

(i) D = Cy,[1,] for integers m > 3,n > 1;
(i) D = H[L,] for an integer n > 1;
(iii) D 2 Yy for an integer k > 3;

(iv) there exists a non-trivial Aut(T(Cs))-invariant equivalence relation ~ on
VTQ(Cg) such that D = Tg(Cg)N.
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Proof. Let us assume that D is C-homogeneous and that D has at least one
edge. If the out-neighbourhood (or symmetrically the in-neighbourhood) of any
vertex of D is not independent, then we conclude from Theorem 6.6 that D is
finite and isomorphic to H|[I,] for some n > 1. So we may assume that the out-
neighbourhood of each vertex is independent. Then, it is a direct consequence
of Lemma 6.14, Lemma 6.15, and Theorem 6.16 that either (ii), (iv), or (v)
holds. As we already proved that all digraphs mentioned in the theorem are
C-homogeneous, we completed this classification result. ]
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Chapter 7

The case:
countably infinite degree
and one end

7.1 The case: D™ 2 I, 2* D~

In this section we will investigate the situation that D contains some edge.
Before we tackle this situation, we first show some general lemmas. Remember
that we showed in Lemma 6.1 that DT and D~ are homogeneous digraphs
if D is a C-homogeneous digraph. Thus, we are able to go through the list of
countable homogeneous digraphs and look at each of them one by one, which is
the general strategy for the proof of our main theorem.

Lemma 7.1. Let D be a countable connected C-homogeneous digraph with in-
finite out-degree. Then either the in-degree is also infinite or DT is isomorphic
to either 1, or 1,[Cs3].

Proof. The claim follows directly from Theorem 3.11 and Lemma 6.1. O

As the locally finite C-homogeneous digraphs have already been classified by
Theorem 6.17, the previous lemma allows to concentrate (mostly) on digraphs
with infinite DT.

Lemma 7.2. Let D be a C-homogeneous digraphs such that it contains isomor-
phic copies of every orientation of Cs. Then the diameter of D is 2.

Proof. Since D contains some orientation of Cs, it contains two non-adjacent
vertices. Hence, the diameter of D is at least 2. Let us suppose that D does

i
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not have diameter 2. Let x and y be vertices of distance 3 in D and P be a
shortest path between them. Then there is an injection from P into one of the
orientations of C5. Let C be a copy of this orientation in D. By C-homogeneity,
we find an automorphism « of D that maps P into C. Let z be the vertex
on C that is adjacent to the end vertices of Pa. Then za ™! is adjacent to x
and y, which is a contradiction to the choice of these two vertices. Thus, D has
diameter 2. |

Lemma 7.3. Let D be a C-homogeneous digraph such that it contains isomor-
phic copies of all orientations of Cy. Then each two non-adjacent vertices of D
have a common successor and a common predecessor.

Proof. Let a and b be two non-adjacent vertices of D. By Lemma 7.2 there is
a vertex x that is adjacent to a and b. Since every orientation of Cy embeds
into D, there is one such copy that has an isomorphic image of Dla,z,b] in D
such that the images of a and b are the predecessors of the fourth vertex y, and
there is one such image such that the images of a and b are the successors of
the fourth vertex y’. By C-homogeneity, we can map Dla, x, b] onto such copies
by automorphisms a, 8 of D. Then ya~! and 3’3~ verify the assertion. O

7.1.1 Generic I,,-free digraphs as DT

Throughout this section, let D be a countable connected C-homogeneous di-
graph such that D7 is isomorphic to the countable generic I,,-free digraph for
some integer n > 3. (Note that n = 2 implies that D% is a tournament. We
consider this case in a later section.) Our first step is to show that D™ and D~
are isomorphic.

Lemma 7.4. We have Dt = D—.

Proof. Let F be any finite I,-free digraph. Then we find an isomorphic copy
of F in Dt and, in addition, we find a vertex x € VDT with yr € ED for all
y € VF. Hence, D™ contains an isomorphic copy of F.

Since D~ contains every finite I,,-free digraph, it is a direct consequence of
Theorem 3.11 that D~ is either a generic I,,-free digraph for some m > n or
a generic H-free digraph with H = @. The latter or the first with m > n is
impossible since they contain a vertex with n independent successors. So D~ is
also the countable generic I,,-free digraph. O

Our next aim is to show that every finite induced I,-free subdigraph of D
lies in DT (x) for some x € V. D. We do this in two steps and begin with the
case that the subdigraph is some I, with m < n.
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Lemma 7.5. If H C D is an isomorphic copy of I, for some m < n, then
there exist vertices x,y € VD with H C DY (z) and with H C D~ (y).

Proof. Note that d~ # 0. So for m = 1 the assertion is obvious and for m = 2 it
follows from Lemma 7.3. Let m > 3 and let H = I,,, be a subdigraph of D with
VH = {x1,...,2m}. By induction, we find a,b € VD with {z1,..., 25,1} C
N*t(a) and {xa,...,2,} C NT(b). The digraph F := H + a + b is connected
because of m > 3. Since F is I,-free, D" (a) contains an isomorphic copy F’
of F. Applying C-homogeneity, we find an automorphism « of D that maps F”
to F. So we have H C F' C D% (aa).

By an analogous argument, we find y € VD with H C D~ (y). O

Lemma 7.6. If H C D is a finite induced I,-free digraph, then there exist
vertices x,y € VD with H C D" (z) and H C D™ (y).

Proof. If H = I,,, for some m < n, then the assertion follows from Lemma 7.5.
So we may assume that H has a vertex a with N (a) NV H # (). By induction,
there is a vertex u in D with H —a C D™ (u). Thus, H + u is connected and
I,-free. Applying an analogous argument as in the proof of Lemma 7.5, we find
a vertex z in D with H C H +u C D (z).

The existence of y follows analogously. O

Our next aim is to show that, for any two disjoint finite induced I,-free
digraphs A and B, we find a vertex x in D with A C D" (x) and B C D™ (z).
We do not know whether this is true, even if we assume that A is maximal I,,-
free in A 4+ B. In particular, we need more structure on D[N (z)] than we have
till now. But if we make the additional assumption that we find an isomorphic
situation somewhere in D, that is, if we find subdigraphs A" and B’ such that
there exists an isomorphism ¢: A+ B — A’ + B’ with Ap = A’ and Bp = B’
and if A’ + B’ has the claimed property, then we find such a vertex x without
any further knowledge on the structure of D[N (z)].

Lemma 7.7. Let A be a finite induced I,,-free subdigraph of D and let z € VD
such that z has a predecessor in A. Then there exists a vertex x € VD with
AC D™ (x) and z € Nt (z).

Proof. Due to Lemma 7.6, we find a vertex v € VD with A C D™ (v). Let
a € VA be a predecessor of z. Let x1,...,2,_1 be n — 1 independent ver-
tices in N*(v) with a’z; € ED for all «’ € VA. These vertices exist as
D[A,z1,...,2,_1] is I,-free by construction and as DT is the generic I,-free
digraph. All the vertices z,x1,...,2,—1 lie in N~ (a), so they cannot be inde-
pendent. By the choice of the x;, we know that z must be adjacent to at least
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one of them, say x;. As A+ z is not I,,-free, we do not have zx; € ED. Hence,
we have z;z € ED and z; is a vertex we are searching for. |

Lemma 7.8. Let A, B, A’, B’ be finite induced I, -free subdigraphs of D such
that an isomorphism ¢: A’ + B’ — A+ B with A'o = A and B'o = B exists.
If A is mazimal I,,-free in A+ B and if D has a vertex v with A’ C DY (v) and
B’ C D™ (v), then there exists x € VD with A C DV (z) and B C D™ (z).

Proof. If A + B is connected, then the assertion is a direct consequence of C-
homogeneity and, if B has no vertex, then the assertion follows from Lemma 7.6.
So we may assume that there is some z € VB. Let 2/ = z¢~ L.

By induction, we find a vertex w with A C D*(w) and B — 2z C D™ (w).
Hence, we can map A’ + B’ — 2/ +v onto A + B — z + w by an automorphism
a of D with ua = ugp for all u € V(A + B — z). Taking A’«e, B'a, 2, and va
instead of A’, B’, 2/, and v shows that

we may assume A’ = A and B' — 2 = B — z. (7.1)

Let u € VA be in a component of A+ B that does not contain z. Because of
n > 3 and z'v € ED, the subdigraph D[v, z, 2'] is I,,-free. So by Lemma 7.7 we
find a vertex y with v, 2,2’ € N~ (y) and v € N*(y). The digraphs (A +y) + B
and (A + y) + B’ are isomorphic and have less components than A + B. As
A" +y C DY (v) and B' C D™ (v), we find x € VD with A +y C DT (x)
and B C D~ () by induction on the number of components, which finishes the
proof. O

Now we are able to prove the main result of this section:

Proposition 7.9. Let D be a countable connected C-homogeneous digraph such
that DT is the countable generic I, -free digraph for some n > 3. Then D is

homogeneous.

Proof. Let A and B be two finite isomorphic induced subdigraphs of D and let
p: A — B be an isomorphism. If A is conntected, then ¢ extends to an auto-
morphism of D by C-homogeneity. So let us assume that A is not connected.
Let A; C A be maximal I,,-free with vertices from at least two distinct compo-
nents of A and let Ay C A — A; be maximal I,,-free such that for some x € VD
there is an isomorphic copy of D[A;, As] in D[N (z)] such that the image of A;
lies in D¥(x) and the image of As lies in D~ (z). For By := Ajp C B and
By := Asp C B, the corresponding statements hold. According to Lemma 7.8,
we find two vertices z4 and zp with Ay C D™ (z4) and Ay C D™ (x4) and with
By € DT (zp) and By C D™ (xp). Then x4 has no neighbour in A — (A; + 4s)
by the maximalities of A; and Ay and, analogously, zp has no neighbour in
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B — (B; + Bs). Hence, ¢ extends to an isomorphism ¢’ from A+ x4 to B+
and these two subdigraphs of D have less components than A and B. By induc-
tion on the number of components, ¢’ extends to an automorphism of D and
so does . O

7.1.2 Generic H-free digraphs as D+

In the following, let D be a countable connected C-homogeneous digraph such
that D7 is the countable generic H-free digraph for some set H of finite tourna-
ments on at least three vertices. (If we exclude the tournament on two vertices,
then Dt is an edgeless digraph. These will be investigated in Section 7.2.) In
this section, we investigate the largest class of homogeneous digraphs: the class
of the countable generic H-free digraphs contains uncountably many elements,
as Henson [21] proved, whereas all the other classes contain only countably many
elements.

Lemma 7.10. There is a set H' of finite tournaments on at least three vertices
such that D~ is the generic H'-free digraph.

Proof. With a similar argument as in the proof of Lemma 7.4, the assertion
follows from Theorem 3.11. O

For the remainder of this section, let H’ be the finite set of tournaments we
obtain from Lemma 7.10.

Our next aim is to show that every finite induced H-free subdigraph of D
lies in DT (x) for some x € VD.

Lemma 7.11. For every two disjoint finite induced H-free tournaments A and
B in D, there exists a vertex x with A+ B C DV (z).

Proof. 1f [VA| =1 = |V B|, then the assertion follows directly from Lemma 7.3,
because DT embeds every orientation of Cy. So we may assume |V A| > 2 and
[VA| > |VBJ|. Let a € VA such that a has a successor in A~ := A —a. By
induction on |V A| 4 |V B|, we find a vertex v with A~ + B C D*(v). Since D"
is generic H-free, there is a vertex w € NT(v) that has precisely one successor a/
in A~ and one successor b in B. If a and w are not adjacent, then A + B + w
is connected and H-free. Hence, the out-neighbourhood of some vertex of D
contains an isomorphic copy of A+ B+w and, by C-homogeneity, there exists a
vertex x with A+ B+w C D' (z). So we assume in the following that w and a
are adjacent. Note that the only triangle in A+ B 4 w is the transitive triangle
Dla,a’,w]. Hence, if H does not contain the transitive triangle, then A+ B + w
is H-free and connected and we find a vertex z with A+ B+w C Dt (z). So we
assume for the remainder of this proof that H contains the transitive triangle.
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First, we consider the case |[VA| = 2 and |VB| = 1. If wa € ED, then
A+ B C DY (w) and w is a vertex we are searching for. If aw € ED, let
w' € Nt (w) with w'a’,w'b € ED, which exists as D' (w) is generic H-free. If
aw’ € ED, then D[w,w’,a'] is a transitive triangle that lies in D7 (a), which
is impossible by the choice of H. Hence, either w'a € ED or a and w’ are not
adjacent, and the assertion follows as before, just with w instead of w’'.

The next case that we look at is |V A| = 2 = |V B|. Let b be the second vertex
in B. As D*(v) is generic H-free, we find a vertex ¢ € Nt (v) with ¢b’ € ED but
that is adjacent to neither @’ nor b. If a and ¢ are adjacent, then D[a,d’,c,b’, b
is connected and H-free, so we find z € VD with A+ B+c¢ C D" (x). Thus, let
us assume that a and ¢ are not adjacent. Then let d € Nt (v) with da’,dc € ED
and b,b’ ¢ N(d), which exists as DV (v) is generic H-free. If a and d are not
adjacent, then Dla,d’,d,c,V',b] is connected and H-free, so we find x € VD
with A+ B+ c+d C D" (x) as before. Hence, we may assume that a and d
are adjacent. Considering the edge between b and b and the edge between a
and d, we find by induction a vertex v' with a,b’,d € NT(v'). The connected
subdigraphs D[a/,d,v',b’,b] and Dld’,a,v’,b’,b] are isomorphic, so we find by
C-homogeneity and automorphism « of D that fixes a’,v’,b’, and b and maps d
toa. Then A+ B = (A~ + B+d)a C DT (va) proves the assertion in this case.

The only remaining case is |V A| > 3. Let a be a vertex in N7 (v) such that
there exists an isomorphism from A~ + B+ a to A+ B that fixes A~ + B. This
vertex exists as A+ B is H-free and hence has an isomorphic copy in the generic
H-free digraph DT (v). As DT (v) is homogeneous, we then may assume that this
copy conincides with A+ B on A~ + B. Note that we may have chosen w such
that w and a are not adjacent. Let ¢ € VA~ be a vertex that is not adjacent
to w. If a and @ are adjacent, let F' = Dla,a,w,b] and let F = Dia,c,a,w, b
otherwise. Then F' is connected contains no triangle, so it is H-free and we find
a vertex z with F' C DT (x). Then there is an isomorphism from A~ +B+xz+a
to A+ B + x that fixes A~ + B + x. This isomorphism extends to an auto-
morphism « of D by C-homogeneity. Then A+ B = (A~ + B+ a)a C D" (va)
shows the remaining case of the lemma. O

Lemma 7.12. For every finite induced H-free subdigraph A of D, there ezists
a verter x with A C DV (x).

Proof. If A is connected, then we find an isomorphic copy of A in some D™ (y),
as DT is generic H-free. So C-homogeneity implies the assertion. Next, let
us assume that A has precisely two components A; and As. If both these
components are tournaments, then Lemma 7.11 implies the assertion. So we
may assume that A; has two non-adjacent vertices a; and as. Furthermore,
we may assume that A; := A; — a; is connected. By induction, there exists a



7.1. THE CASE: D* % Iy % D~ 83

vertex v € VD with A] + A2 € D" (v). As D" (v) is generic H-free, we find
a vertex w € N1 (v) with precisely one neighbour in Ay and such that as is its
only neighbour in A]. As a; and ag are not adjacent, the digraph A + w is
connected and H-free. So we find a vertex z of D with A C A+ w C D™ (x).
Let us now assume that A consists of more than two components Aq,..., A,
with n > 3. Let a € VA;. By induction, we find a vertex v € VD with
A—a C D% (v). As DT (v) is generic H-free, there is a vertex w € Nt (v) that
has no neighbour in A; —a and precisely one neighbour in each A; for 2 < ¢ < n.
Then A + w is H-free and has at most two components. By the previous cases,
we find a vertex x with A C A+ w C DT (z) as claimed. O

Note that we also obtain with the same arguments as in the proofs of
Lemma 7.11 and 7.12 that for every finite induced H'-free subdigraph A of D
we find some z € VD with A C D~ (x).

Lemma 7.13. Let A and A’ be finite induced H-free subdigraphs of D and let
B and B’ be finite induced H'-free subdigraphs of D such that an isomorphism
p: A+ B — A+ B with A/l = A and B'¢ = B exists. If A is mazimal H-free
in A+ B and if D has a vertex v with A’ C D% (v) and B' C D~ (v), then there
exists a vertex x € VD with A C DV (z) and B C D™ (z).

Proof. If A + B is connected, then the assertion is a direct consequence of C-
homogeneity and, if [V B| = 0, then the assertion follows from Lemma 7.12. So
let us assume that A 4+ B is not connected and that B has some vertex z. Let
2" = zp. As in the proof of Lemma 7.8,

we may assume A’ = A and B' — 2 = B — z. (7.2)

By maximality of A in A + B being H-free, we conclude z ¢ N7*(v) and that
A contains from each component of A + B at least one vertex. Let a € VA be
in a component of A + B that does not contain z. Note that we may assume
z ¢ N~ (v), as otherwise v is a vertex we are searching for. Hence, z and v are
not adjacent. So Dla,v, z, 2'] is H'-free and we find y € VD with Dl[a,v, z,2'] C
D~ (y) due to the corresponding statement of Lemma 7.12 for H’ instead of H.
Because of vy € ED, we know that A’ + y is H-free. Note that there exists an
isomorphism from (A + y) + B to (A’ +y) + B’ extending ¢ and that A’ +y C
D" (v) and B' C D~ (v). By induction on the number of components of A + B,
we find a vertex © € VD with A+y C D" (z) and B C D~ (z). This shows the
assertion. U

Now we are ready to prove the main result of this section:
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Proposition 7.14. Let D be a countable connected C-homogeneous digraph
such that DT is the countable generic H-free digraph for some set H of finite
tournaments. Then D is homogeneous.

Proof. Let A and B be two isomorphic finite induced subdigraphs of D and let
@: A — B be an isomorphism. Let A* be a maximal induced H-free subdigraph
of A. Note that AT contains at least one vertex from each component of A. Let
A~ C A— AT be maximal H’'-free such that for some vertex v of D there exists
an embedding 1: AT+ A~ — D[N (v)] with ATy C DT (v) and A~¢ C D~ (v).
According to Lemma 7.13, there is a vertex x € VD with AT C D*(z) and
A~ C D (z). By the maximimal choices of AT and A~, we conclude that
x is not adjacent to any vertex of A outside AT + A~. Let BT = ATy and
B~ = A p. By the same argument as above, there is also a vertex y with
Bt C D*(y) and B~ C D~ (y) such that no other vertex of B is adjacent
to y. So ¢ extends to an isomorphism ¢’ from A + z to B +y. Since A + x
is connected, we can extend ¢’, and thus also ¢, to an automorphism of D by
C-homogeneity. O

7.1.3 Generic n-partite or semi-generic w-partite digraph
as DT

Within this section, let us assume that D is a countable connected C-homoge-
neous digraph such that DT is either a countable generic n-partite digraph for
some n € N*° with n > 2 or the countable semi-generic w-partite digraph.

Lemma 7.15. We have Dt = D—.

Proof. First, let us assume that DT is either generic n-partite for some n >
3 or semi-generic w-partite. Since for every k < m every finite complete k-
partite digraph (with the property (3.3) if DT is semi-generic w-partite) lies
in D~ (y) N DT (x) for some edge zy € ED, we conclude from Theorem 3.11
that D~ is either a countable generic H-free digraph for some set H of finite
tournaments or a countable generic m-partite digraph for some m > n — 1 or
the countable semi-generic w-partite digraph. The first digraph is excluded by
Section 7.1.2.

If Dt is generic n-partite, then we can also exclude the countable semi-
generic w-partite digraph for D™, since D~ contains every finite complete k-
partite digraph. For zy € ED, we find some (k 4 1)-partite digraph in D~ (y):
the digraph A+z where A is an arbitrary complete k-partite digraph in D (z)N
D~ (y). Hence, we have m > n and by symmetry we also have n > m, so
Dt~ D,
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If Dt is semi-generic w-partite, then we find for every k < w some complete
k-partite digraph in D™, so D~ is either generic or semi-generi w-partite. We
exclude the first possibility by our previous situation. Thus, we have also DT =
D~ in this case.

Now we consider the remaining situation, that is, that D7 is the countable
generic 2-partite digraph. Then, for every edge xzy € ED, the digraph D~ (y)
contains the complete 2-partite digraph with x on one side and with infinitely
many successors of z on the other side. Due to Theorem 3.11, we conclude that
the only possibilities for D~ are P, P(3), T|1,] for some homogeneous tourna-
ment T # Iy, the generic H-free digraphs, which are excluded by Section 7.1.2,
or the (semi-)generic n-partite digraph, which must be the generic 2-partite di-
graph due to our previous situations. If D~ is either P or P(3), then D~ has a
vertex with three successors in D~ that induce an edge with an isolated vertex.
Since this digraph does not lie in the countable generic 2-partite digraph, D~
is neither P nor P(3).

If D~ = Tl for an infinite homogeneous tournament 7', then DT contains
an arbitrarily large tournament, which cannot lie in any 2-partite digraph. Let
us suppose D~ = C3[[,]. Let € VD and D[vy, va,v3] be a directed triangle
in D~ (z). Considering DT (v;), we know that v; has successors in precisely one
set of the 2-partition of DV (x). Hence for two v;, these sets coincide. Applying
C-homogeneity to fix « and rotate D[vq, va,v3] by an automorphism of D, we
conclude that these sets coincide for all v; and, applying C-homogeneity once
more, we know that the same holds for all directed triangles in D~ (x). Thus,
all vertices in N~ (z) have their successors in N*(z) in the same partition set of
D™ (x), which contradicts C-homogeneity, as we can fix z and map one vertex
of N*(z) N N (v1) onto one of its successors in DT (x) by an automorphism
of D since D is C-homogeneous. So we have D~ 2% (C3[l«]. Hence, we have
shown the assertion in this case, too. O

Now we are able to prove the main result of this section:

Proposition 7.16. Let D be a countable connected C-homogeneous digraph
such that DY is either the countable generic n-partite digraph for some n €
N with n > 2 or the countable semi-generic w-partite digraph. Then D is
homogeneous.

Proof. Let x € VD and a,b € N*(z) with ab € ED. As D™ = D™ holds by
Lemma 7.15, we have

N=(b)\ N(z) C N(a). (7.3)
Note that all partition sets of D~ (b) except for the one containing x have ele-
ments in NT(z). A direct consequence is the following:
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For every maximal tournament in D (x) that contains b and has  (7.4)
no edge directed away from b, this tournament has vertices of each
partition set of D~ (b) except for the one containing x.

Let us show that also
N7 (b)\ N(z) € N(a) (7.5)

holds. Let us suppose that (7.5) does not hold. Then we find y € N*(b) that
is adjacent to neither a nor x. As an induced directed cycle of length 4 embeds
into DF, C-homogeneity implies the existence of a vertex ¢ € N7 (y) N N~ (a)
such that b and c are not adjacent and, furthermore, we find a vertex z € VD
with Dla,b,y,c] C DT (z) by C-homogeneity. The structure of D~ (a) implies
that x is adjacent to either c or z. First, let us assume that x and z are adjacent.
Since Dla, z,y] does not embed into D*(z), we have 2z € ED and, as Da, b, 2]
is a triangle in D*(z), we have n > 3 if DV is generic n-partite. Let {v; | i € I}
be a maximal set in N (z) such that X := {a,b,v; | i € I'} induces a tournament
and such that Dla,b,c,y] C Dt (v;) for all i € I. By its maximality and due to
the structure of DT, the set X contains vertices from each maximal independent
set in N*(z). Due an analogue of (7.4) for z instead of =, we know that X meets
every maximal independent set of N~ (b) but the one that contains z. So x must
be non-adjacent to some v;. As D[v;,¢,z] C D~ (a), we conclude that = and ¢
are adjacent. So if we replace z by v; if necessary, we may assume that z and ¢
are adjacent but x and z are not.

Because Dz, y, z], a digraph on three vertices with precisely one edge, cannot
lie in D~ (c), we have zc ¢ ED. So cx € ED and D[z,b,y,c] is an induced
directed cycle. As C4 embeds into DT, we find 2/ € VD with D[z,b,y,c] C
DT (2') by C-homogeneity. Considering D~ (b), we conclude that z and 2’ are
adjacent. The corresponding edge is not 2’z, as D[z, y, 2] cannot lie in DT (z').
Hence, we have zz’ € ED. Because Dla,y,2'] lies in D (z), we know that a
and 2’ are adjacent and, as D[a, z,y] cannot lie in D*(2’), the corresponding
edge must be az’. Since DT (2) contains the triangle D[b,y, 2], we have n > 3
if D is generic n-partite. Similarly as above, we choose a maximal set {w; |
i € I} in N*(2') such that the set X = {b,y,w; | ¢ € I'} induces a tournament
and such that D[b,y,c,z] C DT (w;) for all i € I. By its maximality, the
set X contains vertices from each maximal independent set in N*(z’). Then
an analogue of (7.4) for 2’ instead of x implies that X meets every maximal
independent set of N~ (b) but the one that contains z’. So a must be non-
adjacent to some w; and z is adjacent to every w;, in particular to w;. But
zw; € ED is impossible, as D[a, w;,y] does not embed into DT (z), and w;z €
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ED is impossible, as D[z, y, z] does not embed into D (w;). This contradiction
proves (7.5).

Now we have shown N(b) \ N(z) C N(a). For an induced directed cycle
T1T2 ... Ty (With m < 5) in NT(z) with 2,1 = a and x1 = b = z,,, we
use C-homogeneity to find an automorphism that fixes  and rotates the cycle
backwards so that we can conclude inductively

N(zm) \ N(z) € N(zpm-1) \ N(z) C ... € N(z2) \ N(z) € N(z1) \ N().

Because of x1 = x,,, all inclusions are equalities of the involved sets. In partic-
ular, we have N(a)\ N(z) = N(b)\ N(z). Note that any two vertices in N (z)
lie on an induced directed cycle of length at most 4. Hence, we can apply the
above argument and obtain

N(u)\ N(z) = N(v) \ N(z) for all u,v € N*(z). (7.6)
By symmetry and as DT =2 D~ due to Lemma 7.15, we have
N(u)\ N(z) = N(v) \ N(z) for all u,v € N~ (x). (7.7)
Let us show for A := N(a) \ N(z) the following:
A is an independent set. (7.8)

Let us suppose that there are two vertices u,v € A with uv € ED. Note that b is
adajcent to u and v by (7.6). We find w € NT(u)NNT(v). The analogue of (7.6)
for u instead of = gives us N(v) \ N(u) = N(w) \ N(u), which shows that w is
not adjacent to x. If av € ED, then we obtain a contradiction to an analogue
of (7.7) as x lies in N(a)\ N(v) but not in N(u)\ N(v). Thus, we have va € ED
and we conclude vb € ED analogously. Due to the structure of D" (v) we know
that w has to be adjacent to either a or b. First, let us assume that a and w are
adjacent. If aw € ED, then we conclude z € N(a) \ N(w) = N(v) \ N(w) by
an analogue of (7.7), which contradicts v € A, and if wa € ED, then z is not
adjacent to both end vertices of vw, which is impossible in D~ (a). We obtain
analogous contradictions if w and b are adjacent. Hence, we have shown (7.8).
Let us show
VD= AUN(x). (7.9)

First, let y € N(z) and let u be a neighbour of y. If u lies outside N(z), then
we find a vertex v with D[x,y,u] C D~ (v) due to C-homogeneity and as D~
contains an isomorphic copy of Dz, y,u]. So we conclude u € A due to (7.6).
Now let y € A and let u be a neighbour of y. If u is adjacent to a, then
u € AU N(x). So let us assume that a and u are not adjacent. Then we find
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by C-homogeneity a vertex v with D[a,y,u] C D~ (v). As v is adjacent to a, it
lies in N(z) U A and as it is adjacent to y, it cannot lie in A due to (7.8). So
v lies in N(x) and by the first case we conclude that u lies in AU N(z). This
shows (7.9).

Our last step, before we show the homogeneity of D, is to show that

D is complete m-partite for some m € N*°. (7.10)

Let Z be the set of maximal independent sets in N*(z). Let A’ = AU {x} and,
for every I € Z, let I’ be a maximal independent set in D that contains I. Due
to (7.6), every vertex of A’ is adjacent to all vertices of N (x). As D|x,a,d’]
with @’ € A embeds into D~ (z), we find by C-homogeneity a vertex v with
Dlz,a,a’] € D~ (v). So every vertex of A" is adjacent to some vertex of N~ (z)
and hence by (7.7) to every vertex of N~ (z). So by (7.9), every vertex of A’ is
adjacent to every vertex outside A’. As D is vertex-transitive, the same holds
for every maximal independent vertex set of D. Thus, (7.10) holds.

To show that D is homogeneous, let F' and H be two isomorphic induced
subdigraphs of D. If they are connected, then C-homogeneity implies that every
isomorphism from F' to H extends to an automorphism of D. So we may assume
that they are not connected. As D is complete m-partite, we conclude that V F'
is an independent set and the same is true for VH. Then we find ugp and ug
with VF C N(ur) and VH C N(ugy). Note that due to the structure of D (z),
we find subdigraphs F’ and H’' of D (z) that are isomorphic to F' + up and
H + up, respectively. By C-homogeneity, we find an automorphism ¢g of D
that maps F 4+ up to F’ and an automorphism ¢y that maps H + ug to H'.
Then F + xgp}l and H + mgo;{l are connected and every isomorphism from F
to H extends to an isomorphism from F—i—:mp}l to H—l—xgo;{l, so C-homogeneity
implies the assertion. O

7.1.4 The digraphs T" as DT

In this section, we investigate countable connected C-homogeneous digraphs D
with DT = T/ for some T € {I1,C5,Q,T>}. If T is either I; or C3, then we
obtain from Lemma 7.1 that D is locally finite and due to Lemmas 6.2 and 6.3
we obtain that no such C-homogeneous digraph exists. Hence, it suffices to
consider only the cases T'= Q and T = T in the proof of Proposition 7.17.

Proposition 7.17. No countable connected C-homogeneous digraph D satisfies
Dt =T for any T € {I1,C5,Q,T>}.

Proof. Let us suppose that some countable connected C-homogeneous digraph
D with DT = T exists for some T € {Q, T>°}. Note that it was already proven
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in [15] that no such digraph exists if T € {I, Cs}, as we have already mentioned
earlier. Due to Theorem 3.11 and the previous sections, the only possibilities
for D™ are I,[To], To[I,], S(3), T§, P, or P(3), where n € N> and Tj is some
homogeneous tournament. Because the latter two digraphs contain the complete
bipartite digraph K7 3, but 7" contains no three independent vertices, we know
that D~ is one of the first four digraphs. Since the first three digraphs in that
list do not contain the digraph D’ depicted in Figure 7.1, we have the following:

if D' embeds into D™, then D~ 2 T4 for some infinite homogeneous  (7.11)
tournament Ty.

Figure 7.1: The digraph D’

Let 2y € ED. Note that D" (z) N Dt (y) & T. The first statement that we
shall show is the following:

There is a unique pair of vertices v, in DT (y) that are not adjacent  (7.12)
and each of which is not adjacent to x.

For each z € N1 (y), let Z denote the unique vertex in DT (y) that is not adjacent
to z. For every z € Nt ()N NT(y), either 2 € N~ (z) or £ is not adjacent to z,
since DT (z) N DT (y) is a tournament. Let us suppose that # is not adjacent
to z. By C-homogeneity, the same holds for every @ with u € N¥(x) N N*(y).
Let uy,ug,u3 € NT(z) N Nt(y) with wsu; € ED for i < j < 3 and with
u;z € ED for all i < 3. These vertices exist as every vertex of Q and T
contains the directed triangle in its in-neighbourhood, so the same holds for z
in D*(z) N D*(y). The digraph Dlx,y,uy, Z,us] is isomorphic to D’ and lies
in D~ (ug). Due to (7.11), we have D~ = T for some infinite homogeneous
tournament Ty. Hence, D~ (us) contains a unique vertex that is not adjacent
to x which contradicts the fact that z and ug are not adjacent to x even though
they lie in N~ (ug). This contradiction shows zx € ED. By C-homogeneity, we
conclude that for any w € N*(y) that is not adjacent to z also the vertex
is not adjacent to x. Indeed, if not, then we have wx € ED by the previous
situation. Hence, some automorphism of D fixes x and y and maps z to w and
we obtain zw € ED, contrary to the choice of w. Since DT contains an induced
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2-arc, there is a vertex in N1 (y) that is not adjacent to x, which shows the
existence of a pair of vertices as described in (7.12). It remains to show that
this pair is unique.

Let us suppose that N*(y)\ N(x) contains two vertices v, w with vw € ED.
Among the vertices v, v,w, and w, we find two adjacent ones, say v and w
with vw € ED such that there are two vertices uj,us € N (x) N N*(y) with
u1,u2 € N~ (v) N N~ (w) and with uqug € ED. The digraph D[z,y, u1, v, W]
is isomorphic to D" and lies in D~ (u2). Due to (7.11), we have D~ = T} for
some infinite homogeneous tournament 7y. Note that 7§ does not contain a
subdigraph on three vertices with precisely one edge. But D[v,w, x] is such a
digraph, which lies in D™ (ug) & T§'. This contradiction shows the uniqueness
of the vertex pair in (7.12), as every maximal independent vertex set in D7 (y)
has precisely two vertices.

Let N = NT(z) N N*(y). In the following, let v and © be the vertices
of (7.12). Our next step is to show

NCN*(w) or NCN (v). (7.13)

Let us suppose that we find vertices a € NT(v) N N and b € N~ (v) N N.
Note that a and b are adjacent, since both lie in the tournament DT (z)N D™ (y).
Since T contains a transitive triangle, let ¢ € N such that D[a, b, c] is a transitive
triangle. Then either ¢ € NT(v) or ¢ € N~ (v). If ¢ € N*(v), then we find an
automorphism of D that fixes x and y and maps the edge between a and b to
the edge between a and ¢ by C-homogeneity. If ¢ € N~ (v), then we find an
automorphism of D that fixes x and y and maps the edge between a and b to the
edge between b and c¢. Any of these automorphisms can neither fix v nor map
it to v even though its image must lie in {v,0} by (7.12). This contradiction
shows (7.13).

By symmetry, we may assume N C N*(v) and hence N C N~ (¢). Since
D is C-homogeneous, we find an automorphism « of D that fixes z and y and
maps v to v. Since « fixes x and y, we have Noo = N and hence

Na=NCN*t(@w)=(NT(d))a.

Thus, we have N C N (¢). This is a contradiction to N C N~ (¢), which shows
the assertion. O

7.1.5 The digraph S(3) as Dt

In this section, we show that no countable connected C-homogeneous digraphs

D has the property DT = S(3). Our strategy in the proof is to exclude all
countable homogeneous digraphs for D~.



7.1. THE CASE: D* % Iy % D~ 91

Proposition 7.18. No countable connected C-homogeneous digraph D satisfies
Dt = S5(3).

Proof. Let us suppose that some countable connected C-homogeneous digraph
D with Dt 2 §(3) exists. Since DT 2 S(3), we have D" (z) N D" (y) = Q for
every edge vy € ED. Let v € N*(z) N N*(y). As DT contains a transitive
triangle, C-homogeneity implies the existence of some z € VD with D[z, y,v] C
DT (z). In D*(2) we find a vertex u with u € N*(y) N N*(v) that is not
adjacent to x. By C-homogeneity, we can map xyu onto any other induced
2-arc xya and obtain

N=(a)NNT(x)NN*t(y) # 0 for every a € N*(y) \ N(x). (7.14)

As DF(x) N D*(y) = Q is a proper subdigraph of DT (y) = S(3), we find a
predecessor w of v in N (y) that lies outside N*(z) and has only successors in
N*t(2)NN*(y). The vertices x and w are adjacent due to (7.14). Asw ¢ N (x),
we have wx € ED. Thus, D~ (v) contains the directed triangle D[z, y, w].

Note that v has some predecessor w’ in Nt (z) N N*(y). This vertex must
be adjacent to w as each two predecessors of v are adjacent by the structure
of S(3). As N~ (w) contains no vertex of Dt (z) N D*(y), we have w’ € NT(w).
Note that we also have D[z,y, w,w'] C D™ (v).

Since D~ contains a copy of D[z, y,w,w'] and a copy of Q, Theorem 3.11
implies that the only possibilities for D~ are either P(3), L,[T°], or T°°[I,]
for some n € N*° by the previous sections. We cannot have D~ 2 P(3), since
P(3) contains a vertex with three independent successors, but DT contains no
independent set of three vertices. So we have D~ = [,[T*°] or D~ = T°[[,].
But then D~ contains a vertex with a directed triangle in its out-neighbourhood.
This is impossible, since S(3) contains no directed triangle. As no possibility is
left for D~, we have shown the assertion. O

7.1.6 The digraph P(3) as DT

In this section, we show that no countable connected C-homogeneous digraph
D has the property DT = P(3).

Proposition 7.19. No countable connected C-homogeneous digraph D with
Dt =P(3) exists.

Proof. Let us suppose that there is a countable connected C-homogeneous di-
graph D with DT = P(3). Since the in-neighbourhood of any vertex contains
every finite partial order, we have D~ = P or D~ = P(3). Furthermore, we
have D~ (y) N D~ (z) = P for every edge vy € ED. As D% contains a directed
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triangle, C-homogeneity implies the existence of a vertex a € N*(y) such that
Dlz,y,a] is a directed triangle. Let

at :={b € NT(y) | a not adjacent to b},
a” = NT(a) N NT(y), and
a” = N"(a) N NT(y).

So we have H(a) := (a+,a~,a~) = H. Note that D*(x) has an edge with
both its incident vertices in the same set at, a™, or a™, as D*(z) N D*(y)
contains a tournament on four vertices. If either a or ¢~ contains an edge uv
of DT (z), then we find an edge v/v’ in D~ (u)ND~ (v) with v/, v’ € a™ due to the
structure of P(3). If either u’ or v" does not lie in N*(z), then zy together with
this vertex induce either a 2-arc or a directed triangle in D~ (u) N D~ (v) 2 P,
which is impossible. So we may assume that there are two adjacent vertices b
and ¢ of N*(z) in a—. Then D[a,x,y] is a directed triangle in D~ (b) N D~ (c),
which is impossible. O

7.1.7 Generic partial order P as D+

Within this section, let D be a countable connected C-homogeneous digraph
with DT = P. Before we are able to prove that D is homogeneous in this
situation, we will prove several lemmas. Our first one determines D~ .

Lemma 7.20. We have D~ = P.

Proof. Since, for every edge zy € ED, the digraph D (z) N D~ (y) contains
every finite partial order, the assertion follows from Theorem 3.11 together with
the previous sections. UJ

Our general strategy to prove that D is homogeneous is similar to those
of the Sections 7.1.1 and 7.1.2. In particular, one step is to show that every
finite partial order in D lies in DT (z) for some z € VD (Lemma 7.22). As in
the other two cases, we prove it by induction. In this situation, the base case
(Lemma 7.21) turns out to be the most complicated part of the proof.

Lemma 7.21. Any two vertices in D have a common predecessor.

Proof. If D contains no induced 2-arc, then any induced path is an alternat-
ing walk and lies in the out-neighbourhood of some vertex by C-homogeneity.
Hence, any two vertices have a common predecessor.

Thus, we assume that D contains induced 2-arcs. Our first aim is to show
that

the end vertices of any induced 2-arc have a common predecessor or  (7.15)

a common SUucCCessor.
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In order to prove (7.15) we investigate for zy € ED the three sets:

zt = {z € N*(y) |  not adjacent to z},
7 = Nt(y)Nn N*t(x), and
7 =NT(y)N N~ ().

If ba € ED for some a € x— and some b € 2, then zyb is an induced 2-arc in
D~ (a). As D~ 2 P by Lemma 7.20 and P contains no induced 2-arc, we have
shown:

no vertex in x has successors in 7. (7.16)

If ba € ED for some a € x— and some b € £, then the directed triangle
Dlz,y,b] lies in D~ (a) =, which is not possible. Thus, we have

no vertex in x has successors in r7. (7.17)

Let us suppose that no a € x~ and b € z+ are adjacent. In D*(y), we find
a common predecessor ¢ and a common successor ¢ of a and b. Since neither

L orin £~ by assumption, both lie in z~. Any predecessor

of them can lie in =
of ¢ in D*(y) is also a predecessor of a and b and thus must lie in z—. By
C-homogeneity, we find an automorphism « of D that fixes  and y and maps ¢
to ¢/. This is impossible, as ¢’ = ca has predecessors in DV (y) that lie outside
2 = (7). Thus, we have shown that some vertex of 7 has a neighbour in

x1. By C-homogeneity and due to (7.16), we have

every vertex in o has a predecessor in ¥ and every vertex in =  (7.18)

has a successor in ZL’J‘,

If any vertex a in - has a predecessor in ", then the end vertices of the
induced 2-arc zya have a common predecessor. Thus, we have shown:

if (7.15) does not hold, then no vertex of x* has a predecessor inx—. (7.19)

Let us assume that we have ab € ED for all ¢ € 2~ and all b € 2. Because
of DT = P, we find a vertex z € N (y) that is adjacent to neither a nor b.

+ nor in 7. Thus, we have z € 2. Let u be a

Hence, z lies neither in x
common successor of z and b in D (y). We have u ¢ 2 by (7.16) because of
bu € ED. By (7.19), the edge zu implies that either (7.15) holds or u ¢ x*.
So we may assume u € x. Then (7.19) implies (7.15) as b € z* has the

predecessor v € . Due to (7.16), we have shown

if (7.15) does not hold, then for every vertex in x* there is some (7.20)
vertex in x— such that these two vertices are not adjacent.
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Since every two vertices in N (y) have a common predecessor, the existence
of a vertex z; in £ and a vertex z9 in 7 that are not adjacent implies that the
end vertices of the induced 2-arc z;zz9 have a common predecessor. Together
with (7.17), this implies that

if (7.15) does not hold, then every vertex of x= is a predecessor of (7.21)
every vertex of T .

Let ab € ED with a € 2~ and b € x+. This edge exists due to (7.18).
By (7.20), we may assume that there is some vertex ¢ € ™~ with ¢b ¢ ED.
Then (7.16) implies that ¢ and b are not adjacent.

If a and c are adjacent, then ca ¢ ED because we have cb ¢ ED and D (y)
contains no induced 2-arc. So let us assume ac € ED. In D" (y), we find a
vertex ¢ € N~ (c) that is adjacent to neither a nor b. We have ¢ ¢ z+ due
to (7.16) because of ¢ € 7. By (7.21), either (7.15) holds or ¢’ ¢ z~. Thus,
we may assume ¢’ € z. Taking ¢’ instead of ¢, we may assume that a and ¢
are not adjacent. Thus, the end vertices of Dlc,x,a,b] lie in D (y) and hence
have a common predecessor. By a symmetric argument, we obtain that

if (7.15) does not hold, then the end vertices of any induced path  (7.22)
isomorphic to either Dlc,x,a,b] or the digraphs obtained from

Dile, x,a,b] by reversing the directions of all its edges have a common
predecessor.

Let o be an automorphism of D that fixes  and y and interchanges a to c.
For b/ := ba we have b # b’ € (z-)a = 2+, Since ab/ ¢ ED and D*(y) = P,
we have bV’ ¢ ED and, symmetrically, we have b'b ¢ ED. Hence, b and b’
are not adjacent. Let u € N*(y) with a,b,c € N~ (u) and such that u and v’
are not adjacent. If u € o, then (7.22) applied to D[z, c,u,b] implies (7.15),
since  and b are the end vertices of the induced 2-arc xyb. Due to (7.16),
the vertex uw does not lie in 7. Hence, we may assume v € . Let v be a
predecessor of & in Dt (y) that has no neighbour in {a,b,c,u}. Since v and
u are not adjacent, (7.21) implies either (7.15) or v ¢ 2. By (7.19) and as
vt € ED, either (7.15) holds or v ¢ . Thus, we may assume v € z-. Then
(7.22) applied to D[z, c,b',v] shows that the end vertices of the induced 2-arc
zyv have a common predecessor. This shows (7.15).

Due to (7.15), every two vertices of distance 2 have a common successor
or a common predecessor. If they have a common successor, then these three
vertices induce a connected finite partial order and, by C-homogeneity, we find
a common predecessor of all three vertices. Hence, we have shown

any two vertices of distance 2 have a common predecessor. (7.23)
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To show the lemma, it thus suffices to show
diam(D) = 2. (7.24)

We consider all possible induced paths P of length 3, not necessarily directed,
one by one and show that the end vertices of such a path have distance 2. If
P is an alternating walk, then it is a partial order and, for every x € V D, the
subdigraph DT (x) contains an isomorphic copy of P. By C-homogeneity, we
find a vertex z with P C DT (z) and the claim follows directly.

Let a1, as,as3,aq4 be the vertices of P. Let us assume that aias, asas,
and a4as are the edges on P. Since Dlasg, as, a4] is a connected partial order, we
find a vertex z with as,as,aqs € NV (x). If a; and z are adjacent, then we have
d(ay,aq) = 2. If a; and z are not adjacent, then Dlay, az,,a4] is a connected
partial order that lies in D% (z) for some z € VD by C-homogeneity. Thus, also
in this case, a; and a4 have a common neighbour. Similar orientations like in
this case (e.g., with edges asa1, asas, and azay) follow by symmetric arguments.

The only remaining case is that P is an induced 3-arc. Then we find a
common predecessor of the first and the third vertex on P and obtain — either
directly or by the previous case — that the end vertices of P have distance 2.
This shows (7.24) and, as previously mentioned, the lemma. O

Lemma 7.22. For every finite partial order A in D, there exists some x € VD
with A C DV (z).

Proof. If A is connected, then the assertion is a direct consequence of C-homo-
geneity, as for every x € VD the subdigraph DT (z) contains an isomorphic
copy of A. So let us assume that A is not connected. If |[VA| = 2, then the
assertion follows from Lemma 7.21. So we may assume |VA| > 3. If VA is an
independent set, let a be an arbitrary vertex of A. If A has an edge, let a € VA
such that a has a successor in A but no predecessor. By induction on |A]|, we
find x € VD with A —a C N*(z). If za € ED, then z is the vertex we are
searching for. So let us assume either that ax € ED or that ¢ and x are not
adjacent. In each case, A + z is a partial order and it has less components
than A. Thus, the assertion holds by induction on the number of components
of A. O

Lemma 7.23. Let A, A’, B, B’ be finite induced partial orders in D such that
an isomorphism p: A’ + B' — A+ B with A'¢p = A and B'¢ = B exists. If A
is a mazimal partial order in A+ B and if D has a vertex v with A’ C DT (v)
and B' C D~ (v), then there exists x € VD with A C D" (z) and B C D™ (z).

Proof. If A+ B is connected or if B is empty, then the assertion follows either
by C-homogeneity or by Lemma 7.22. So let us assume that A + B has at least
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two components and that B is not empty. By induction and similar to the proof
of Lemma 7.8, we may assume that there are 2 € VB and 2z’ € VB’ such that
A= A"and B — z = B’ — 2/. Furthermore, we may assume that z does not
lie in N~ (v), because the assertion follows directly in that case. Since A is a
maximal partial order in A + B, we know that A contains vertices from each
component of A+ B. Let ay,...,a, € VAsuch that {ai,...,an,, 2z} has precisely
one vertex from each component of A + B. By Lemma 7.22, we find a vertex
y with {ai,...,an,2,2'} € NT(y). The digraphs A+ B+y and A’ + B’ +y
are connected and isomorphic to each other. By C-homogeneity, there is an
automorphism « of D that fixes y and all vertices of A and B — z and maps z
to z’. Hence, va is a vertex we are searching for. O

Proposition 7.24. Let D be a countable connected C-homogeneous digraph
with DT = P. Then D is homogeneous.

Proof. Let A and B be isomorphic finite induced subdigraphs of D and ¢: A —
B be an isomorphism. Let A; be a maximal partial order of A and A be a
maximal partial order of A\ A; such that for some vertex € VD there is an
embedding 7 from A; + Az to DT (x) + D (z) such that A;7 C D' (x) and
Asm C D™ (x). Note that A; contains vertices from each component of A by
its maximality. Let B; = Ajp and By = Asp. Due to Lemma 7.23, we find a
vertex y with A; C D*(y) and Ay C D~ (y) and a vertex z with By C D" (2)
and By C D™ (z). By maximalities of 4; and Aj, we know that no vertex
of A\ (4; + Ay) is adjacent to y and, similarly, no vertex of B\ (B; + Bs)
is adjacent to z. The isomorphism ¢ extends canonically to an isomorphism
¢t A+y — B+ 2z Since A+y and B + z are connected, we can extend ¢,
and hence also ¢, to an automorphism a of D by C-homogeneity. O

7.1.8 The digraphs T[I,] as Dt

In this section, let D be a countable connected C-homogeneous digraph with
Dt = T[I,] for some countable homogeneous tournament 7" # I; and some
n € N°°. Our first aim in this section is to determine D~.

Lemma 7.25. If n > 2, then D~ = T'[I,,] for some countable homogeneous
tournament T' # I; and some m € N*°,

Proof. Let zz € ED. Note that VD™ is not an independent set, since z has a
predecessor in DT (x). As n > 2, there are two non-adjacent vertices y1,y> €
N*(z) N N~ (z). Since the digraph D[z,y1,y2] € D~ (z) cannot be embedded
into I [T"] for any countable homogeneous tournament 77 # I and any k € N>,
Theorem 3.11 together with the previous sections imply the assertion. O
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Lemma 7.26. If D~ = T'[I,,] for some countable homogeneous tournament
T # I and some m € N then DV & D~

Proof. To show m = n, let z € VD. As T # I, any vertex in D" (z) has n
independent predecessors in D+ (x). Hence, we conclude m > n. By a symmetric
argument we also have n > m. To show DT = D~ it thus suffices to show
T=T.

Note that T'= C3 implies 7" = C5 and vice versa because in any countable
infinite homogeneous tournament, we have arbitrarily large finite tournaments
in the out- and in the in-neighbourhood of every vertex.

Let us now show T' = T” in the case T = T*°. Let z € VD and let F be
a finite tournament in DT (x). As T is homogeneous and embeds every finite
tournament, we find a vertex y € N*(z) with F C D~ (y). Thus, 7" contains
every finite tournament. So we have T" =T = T.

Next, we assume T = Q. Let us suppose T' # T’. Then we obtain from the
previous cases T" = S(2). Let zy € ED. As x has a predecessor in D~ (y), let
a € N~ (z) NN~ (y). Since D~ (x) contains a directed triangle and is homoge-
neous, we find b, ¢ € N~ () with ab, bc,ca € ED. Since D" (a) = Q[I,,], we have
by € ED. Similarly, we conclude cy € ED. The digraph D[z, a,b,c] cannot be
embedded into S(2)[[,,] even though it lies in D~ (y). This contradiction shows
T =T if T = Q and finishes the proof of the lemma. O

We remark that we will see in Section 7.1.9, that the assumption D~ =
T'[I,] in Lemma 7.26 is not only satisfied if n > 2 (due to Lemma 7.25) but
also if n =1 (due to Lemma 7.36).

If either n > 2 or DT =2 T = D~ then the next lemma will exclude the
possibility T = S(2):

Lemma 7.27. If D™ =~ D, then T # S(2).

Proof. Let us suppose T' = S(2). Let z € VD and let a,b,c € N (x) with
ab,bc,ca € ED. Since D[z, a,b] can be embedded into DF, we find a vertex
y € VD with D[x,a,b] C D*(y) by C-homogeneity. Since D~ (a) = S(2)[[,]
and ¢ and y do not both lie either in D~ () or in DT (z), these two vertices must
be adjacent. Because D[z, a,b,c| does not embed into D, this edge cannot be
ye, so it is cy. In D™ (b) we find a vertex z with z € N (a) "N N*(z) N N~ (y).

Since D is C-homogeneous, we find an automorphism « of D that fixes z
and y and maps ca to zb. Since b lies in NT(a) N N~ (c), its image ba lies in
N*t(b) NN~ (z). Considering DT (z), we know that ba cannot lie in N*(a) as
DT (x)N D™ (a) contains no directed triangle D[b, ba, 2] but ba must be adjacent
to a. So we have baa € ED. But then Dla,b, ba, x] is a digraph which lies in
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D™ (y) even though it cannot be embedded into S(2)[I,]. This contradiction
shows the assertion. |

The following lemma shows that we can restrict ourselves to the situation
n = 1 in the remainder of this section: all the other C-homogeneous digraphs
that satisfy the assumptions of this section and that have the property n > 2
arise from those with n = 1 in a canonical way.

Lemma 7.28. If D =2 D, then there is a countable connected C-homogeneous
digraph D" with D't =T = D'~ and with D'[I,,] & D.

Proof. Let x € VD. Let us first show that
N=(a) = N=(b) for each two non-adjacent vertices a,b € NT(z). (7.25)

Let y € N~ (a). First, let us assume that x and y are adjacent. If y € N*(x),
then it is an immediate consequence of D' (x) = T'[I,,] that y lies in N~ (b). So
let us assume yr € ED. If D contains no directed triangle, then it contains
a transitive triangle and, by C-homogeneity, we find a vertex z € VD with
D[z,y,a] C D™ (2). Then D" (x) shows bz € ED and D~ (z) shows yb € ED.
If T contains a directed triangle, let z € N~ (a) such that D[z, y, z] is a directed
triangle. Let a® be the set of vertices in D that are not adjacent to a. Due to
the structure of D% (y), we observe N*(y) Nat C N*(z) Nat and conclude

Nt(y)nat C Nt (z)nat C Nt (z)nat € NT(y)nat.

So all inclusions are equalities, which shows yb € ED.

Now we assume that z and y are not adjacent. Then we find z € N~ (a) with
z,y € NT(z). So we have due to the previous situation that z lies in N~ (b) and
hence that y lies in N~ (b). This shows (7.25).

Let us define a relation ~ on VD via

ur~v <= N (u) =N (v) for all u,v € VD. (7.26)

Then ~ is obviously an Aut(D)-invariant equivalence relation with no two adja-
cent vertices in the same equivalence class. Let A, B be two equivalence classes
and let a;,a0 € A and by,bo € B with a;by € ED. By definition, we know
a1by € ED. Let ¢ € N~ (a1) N N=(by). By definition of ~, we conclude
cag,cby € ED. So we have Dlay,as,b1,bs] C DT (c). Due to the structure
of DT (c) and as a; and ay are not adjacent, ay is a predecessor of by and of bs.
Thus, we have shown that

each two equivalence classes induce either a complete or an empty  (7.27)
bipartite digraph.
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Thus, D.. is a digraph. Note that (7.27) implies that D, inherits C-homogeneity
from D. By (7.25), we conclude D = D_[I,] and DT =~ T. O

Now we are able to complete the investigation for D if DT = C3[I,,] = D~
Lemma 7.29. If D* = C3[I,] = D~, then D = C{[L,,].

Proof. By Lemma 7.28, it suffices to show D =2 C{ if n = 1. Note that D is
locally finite, if n = 1. So we obtain the assertion from [15, Lemma 4.5]. O

In the following we only have to look closer at the cases T = T and
T = Q. So we assume for the remainder of this section that T is one of those
two tournaments. In both cases we obtain (among others) digraphs that are
similar to those that we obtain in the case of T' = C3: the digraphs T[I,].
The situation in which they occur (in the case n = 1) is that every edge lies on
precisely two induced 2-arcs, once as the first edge and once as the last edge:

Lemma 7.30. If n = 1, if DT = D~, and if every edge of D is on precisely
one induced 2-arc the first edge and on precisely one induced 2-arc the last edge,
then D = TN,

Proof. Let x € V.D. We first show that

1

there exists a unique vertex x— such that every induced 2-arc that (7.28)

starts at x ends at x+.

Suppose (7.28) does not hold. Then we find two distinct 2 arcs zyz and xuv in D.
By assumption, we have y # u. Since y and u lie in the tournament DT (z), they
are adjacent. So we may assume yu € FD. Because there is a unique induced
2-arc whose second edge is uv, we know that y and v are adjacent. As x and v
are not adjacent, v cannot lie in D~ (y), so we have v € NT(y). But then the
edge xy lies on the two induced 2-arcs zyz and xyv. This contradiction to the
assumption shows (7.28).
Next, we show
(zh)t ==z (7.29)

Let xyz® be an induced 2-arc. Let a € N*(y) N N~ (z+). Since zya cannot be
an induced 2-arc by assumption, a and x are adjacent. This edge must be xa
because of D (a) = T. So there exists b € VD with x,a € N*(b) Since zaz*

L cannot lie on a second induced 2-arc bazt.

is an induced 2-arc, the edge ax
Hence, b and o+ are adjacent. Note that 2 does not lie in N*(b) because of
D*(b) 2T and x € NT(b). So x1b € ED and x1bz is an induced 2-arc that

shows (7.29).
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Let us show that

diam(D) = 2 and z* is the only vertex in D that is not adjacent (7.30)
to x.

Since D contains induced 2-arcs, its diameter is at least 2. Let zuz’ and z vz
be induced 2-arcs. Any neighbour of 2+ except for u and v must be adjacent to
either u or v because of DT = T = D~ 50 its distance to x is at most 2. Because
of DT =T = D~ any two vertices a, b with d(a, b) = 2 must be the end vertices
of an induced 2-arc. Hence, (7.28) and (7.29) show that every neighbour of z+
must be adjacent to z. This shows (7.30).

Now we are able to show D = T”. Due to (7.30), we know that D is
the union of Dy := D¥(x) + x and Dy := D~ (x) + x*. Furthermore, we have
D~ (z) = D*(z1) because z and 2+ have no common successor and no common
predecessor. Let us define

¢: Dy — Dy, yrryt.

Since D; and Dy are tournaments, y= does not lie in D; for any y € VD, so ¢
is well-defined. Similarly, ¢ is surjective. Due to (7.28) and (7.29), we also have
that ¢ is injective. Let uv € ED;. Then vut € ED and utv' € ED as D™ is
a tournament. This shows that ¢ is an isomorphism. Let a € Dy and b € Ds.
If ab € ED, then bat € ED and, if ba € ED, then a*b € ED. Thus, we have
shown D = T/, O

Now we determine D in the case T =T if DT = D—.

Lemma 7.31. If DT = T*°[I,] & D~, then either D = (T*°)"I,,] or D =
T'[1,,] for some countable homogeneous tournament T".

Proof. Let us assume that n = 1 and that D is not a homogeneous tournament.
As any induced subdigraph of a tournament is connected, C-homogeneity implies
that D is no tournament at all.

Since Dt and D~ are tournaments, we find between each two vertices x
and y of distance 2 an induced 2-arc xyz in D. Our aim is to apply Lemma 7.30.
Therefore, we prove that

there is no 2’ # z in VD such that xyz' is an induced 2-arc. (7.31)

Let us suppose that we find a vertex z’ # z such that zyz’ is an induced 2-arc.
Since DT (y) = T, the vertices z and 2’ are adjacent, say zz' € ED. Let
a € Nt(y) N N*(x). Because D~ (a) is a tournament, neither z nor 2z’ lies
in N~ (a). Since D" (y) is a tournament, a is adjacent to z and to z’. Thus, z
and 2’ lie in Nt (a). In D*(y) @ T, we find a vertex b with ba, bz, 2’b € ED.
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Considering D~ (a), we know that b and x are adjacent, but neither bx nor zb
is an edge of D since neither D (b) can contain z and z nor D~ (b) can contain
x and z’. This contradiction shows (7.31).

By an analogous proof as above, there is precisely one induced 2-arc whose
second edge is xy. Thus, the assertion follows from Lemma 7.30. U

It remains to determine D in the case T = Q.

Lemma 7.32. If Dt = Q[I,] & D~, then D is isomorphic to one of the
following digraphs:

(i) Q"[In];
(i) SG)[]; or
(iii) T"[I,] for some countable homogeneous tournament T'.

Proof. As in the proof of Lemma 7.31, we assume n = 1 and that D is not a
(homogeneous) tournament. If for every edge zy there is precisely one induced
2-arc whose first edge is xy and precisely one induced 2-arc whose second edge
is zy, then Lemma 7.30 implies D = Q". By symmetry, let us assume that xy
lies on two induced 2-arcs xyz and zyz’.

Considering D (y), the vertices z and 2’ are adjacent. We may assume
22/ € ED. Let 2 € N*t(y) N Nt(z). Note that D~ (z"”) = Q implies that
neither z nor 2’ lies in N~ (2"). But as z,2/,2"” € NT(y), the vertex 2 is
adjacent to z and to z’. Hence, we have 2"’z € ED and 2”2’ € ED. By C-
homogeneity, we find an automorphism a of D that fixes y and 2z’ and maps z”
to z. Since x € N (2") but ¢ N(z'), we conclude z’ := za # . Note that
x and ' must be adjacent as both vertices lie in D~ (y) but 2’z ¢ ED because
not both of the two non-adjacent vertices z and z can lie in D (z’). Thus, we
have xa’ € ED and zz'zz’ is an induced 3-arc. Thus, we have shown that

the end vertices of any induced 2-arc are also end vertices of an  (7.32)
induced 3-arc.

Let us show the following:

D contains either an induced directed cycle or an induced directed (7.33)
double ray.

First, let us assume that there is an integer m such that D contains an induced
m-arc but no induced (m + 1)-arc. Let m be smallest possible. Due to (7.32),
we have m > 3. Let ag...a, be an induced m-arc and a,,+1 € VD such that
ai...am+1 is also an induced m-arc. To see that such a vertex a,,y1 exists,
take an automorphism « of D that maps ag...a,,_1 to a;...a,,, which exists
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by C-homogeneity, and set a,,+1 := ay,a. By the choice of m, we know that
ag - .. Gm41 is not an induced (m + 1)-arc. If ap = am41, then ag...a,, is an
induced directed cycle. So ag and a,,+1 are distinct but adjacent. As m > 2,
the vertices ag and a,, are not adjacent. Hence, ag cannot lie in the tournament
D~ (am41). Thus, we have a,,11a0 € ED and the vertices ag, ..., a;ype1 form
an induced directed cycle.

If no such m exists, then D contains an induced n-arc for every n € N, as
it contains an induced 3-arc by (7.32). Hence, D contains an induced directed
double ray: by C-homogeneity, we can enlarge every m-arc aj ...an+1 to an
(n + 2)-arc ag . .. ap42 in a similar way we enlarged the m-arc in the previous
case. Continuing in this way we obtain an induced directed double ray, which
shows (7.33).

Next, we show that

D contains no induced 4-arc. (7.34)

Let us suppose that D contains an induced 4-arc ag...a4. By (7.32) and C-
homogeneity, we find a vertex b such that agbas in an induced 2-arc. Since
D~ (b) does not contain two non-adjacent vertices, we have a4b ¢ ED. So either
agbay is an induced 2-arc or agbasay is an induced 3-arc and we find by (7.32) a
vertex ¢ such that agcay is an induced 2-arc. For simplicity, set ¢ := b if agbay
is an induced 2-arc. Considering DT (ag) we know that a; and ¢ are adjacent.
As an edge ca; is a contradiction to DT (c) = Q, we have a;c € ED and we
conclude as before that as and c are adjacent. But an edge asc implies that
D~ (c) contains the two non-adjacent vertices ag and as and an edge cas implies
that DT (c) contains the two non-adjacent vertices as and ay4. This contradiction
shows (7.34).
A direct consequence of (7.34) is that

D contains neither an induced directed double ray nor an induced  (7.35)

directed cycle of length at least 6.

The next step is to show that

D contains no directed triangle. (7.36)
Let xy € ED. For every a € N~ (y), we define

a” ={ve NT(y) | av € ED},
a” ={veNT(y) | va € ED}, and
at = {v € NT(y) | a not adjacent to v}.
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Let a1 € a—, as € ¢ and a3 € a’. These three vertices form a transitive
triangle as they lie in Dt (y) = Q. Since D' (az) is a tournament and a €
Nt (az), we have azay € ED and, since D™ (a;) is a tournament and a €
N~ (a1), we have ajaz € ED. As Dlay, ag, ag] is transitive, we conclude ajas €
ED. So we have a~ Uat C N~ (az2) and a~ Uat C N*(ay).

Let us suppose that D contains some directed triangle. Let z, 2’ € z+ with
zz' € ED, let w € v, and let v € ™. As D contains a directed triangle, we
find a vertex w such that D[w,y, u] is such a triangle. As we have w™~ Uw* C
N~ (w') for every w’ € w™ and as u € w™, we conclude N*(y) NN (u) C w".
In particular, we have z+ C N*(y) N N*(u) € w. In particular, we have
Z'w € ED. By C-homogeneity, we find an automorphism « of D that fixes y
and z and maps v to z’. Then we have za # x, as va = 2’ € z* but v ¢ xt.
Since w and z«a lie in D~ (y), they are adjacent to x. But neither of them
lies in N (z), because both lie in N*(z’) and D~ is a tournament. Note that
z € ot N (va)t. Thus, we have 2+ ¢ (za)~ and hence we do not find any
automorphism of D that fixes x and y and maps w to x«a. This contradiction
to C-homogeneity shows (7.36).

We know by (7.33)—(7.36) that the only induced directed cycles in D have
length either 4 or 5. Next, we show that

D contains a directed cycle of length 4. (7.37)

If D contains no induced directed cycle of length 4, then D contains only induced
directed cycles of length 5. Let a; ...asa; be such a cycle. Due to (7.32), there
is an induced 2-arc aquay in D. Since ajuagasa; is not an induced directed
cycle of length 4, the vertices u and as must be adjacent. But an edge was
implies that ajuasa; is a directed triangle and an edge asu implies that uasasu
is a directed triangle. These contradictions to (7.36) show (7.37).

Let us show that

for every directed cycle C of length 4 every vertex of D outside C (7.38)
has a predecessor u and a successor w on C' with uw € ED.

First, let v be a vertex outside C that has a neighbour on C. If v has a
predecessor on C, then there are at most two predecessors of v on C, since
D~ (v) is a tournament. Let u be that predecessor of v on C' whose successor
w on C does not lie in N~ (v). Since v and w lie in N*(u), they are adjacent
and by the choice of u we have vw € ED. If v has a successor on C, then
an analogous argument shows the assertion for v. Since DT = Q = D~, any
neighbour of v that does not lie on C' must be adjacent to some neighbour of v
on C — either to a predecessor or a successor. Thus, every vertex of D\ C is
adjacent to some vertex of C' and we have shown (7.38).
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A consequence of (7.38) is the following:

the vertices that are not adjacent to a given vertex induce a tourna-  (7.39)
ment.

Let C = x1z9wsx421 be a directed cycle of length 4, which exists by (7.37),
and let u and v be two vertices that are not adjacent to x;. By (7.38) we know
that each of u and v has a predecessor on C, which cannot be x4 since DT (x4)
is a tournament. Furthermore, each of v and v has a successor on C, which
cannot be o since D~ (x2) is a tournament. If v and v are not adjacent, then
we may assume that xsu,uxry € ED and xov,vxs € ED as D' and D™ are
tournaments. Note that neither vxy nor xou lies in ED as u and v are not
adjacent. Thus, uzsz1zov is an induced 4-arc. This contradiction to (7.34)
proves (7.39).

We are now able to show D = S(3). To show this, it suffices to show that
D is homogeneous, because the only homogeneous digraph with DT =2 Q that
has two distinct induced 2-arcs zyz and zyz’ is S(3).

Let A and B two isomorphic finite induced subdigraphs of D and ¢p: A — B
be an isomorphism. If A is connected, then ¢ extends to an automorphism
of D by C-homogeneity. So let us assume that A has at least two components.
Then (7.39) shows that A has precisely two components A; and A both of which
are tournaments. Furthermore, each component can be embedded into QQ since
D contains no directed triangle by (7.36). Let a; € V A; such that A; —ay C
Dt (ay) and let ay € V Ag such that Ay —as C D™ (az). Let C be a directed cycle
of length 4. This exists by (7.37). By C-homogeneity, we may assume a; € VC.
Due to (7.38), we know that D contains either an induced 2-arc from a; to as
or an induced 2-arc from ag to a;. Indeed, if auvw is the cycle C, then as has
a predecessor on C' by (7.38) which cannot be w since D (w) does not contain
two non-adjacent vertices. Similarly, u is not a successor of as. Hence, either
ajuas or aswai is the induced 2-arc we are searching for. Since a; and as lie
on an induced 2-arc, C-homogeneity implies that we may also assume ay € VC.
So we find a vertex a € VCNNT(a;) NN~ (az). Note that a ¢ VA. Then every
vertex aj € A; \ {a1} must be adjacent to a since a and @ lie in D" (a;) = Q.
If a is a predecessor of a), then DT (a) contains the two non-adjacent vertices as
and a}, which is impossible. Hence, a is a successor of a}. Similarly, we obtain
that a is a predecessor of every vertex ay € VAy. So we have Ay C D™ (a)
and Ay C D% (a). Similarly, we find a vertex b € VD with A;¢ C D~ (b) and
Agp C DT (b). Then ¢ extends to an isomorphism from A + a to B + b and
hence by C-homogeneity to an automorphism of D. So we obtain that D is
homogeneous and hence isomorphic to S(3). O
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Let us summarize the results of this section:

Proposition 7.33. Let D be a countable connected C-homogeneous digraph with
DT 2 TII,] for some countable homogeneous tournament T and some n € N*°.
If eithern > 2 or if DT = T = D~ then D is isomorphic to one of the following
digraphs:

(i) TNI,) if T € {C5,Q,T>}; or

(ii) S[In], where either S = S(3) or S is some countable homogeneous tourna-
ment.

Proof. Note that DT = D~ also holds if n > 2 due to Lemmas 7.25 and 7.26.
Then the assertion directly follows from Lemmas 7.27, 7.29, 7.30, 7.31, and 7.32.
O

We will see in Section 7.1.9 (Lemma 7.36) that DT = T implies D~ % I,,,[T”]
for any m € N°° with m > 2 and any countable homogeneous tournament 7" #
I,. Thus, we have D~ = T'[I,,,] for some countable homogeneous tournament
T’ # I; and some m € N*®°. So Lemma 7.26 implies DT = D~ and hence
Proposition 7.33 covers this situation.

7.1.9 DT = I,[T] with T # I,

In this section, let D be a countable connected C-homogeneous digraph with
Dt = [,|T] for some countable homogeneous tournament T' # I; and some
n € N*° with n > 2. A direct consequence of the previous sections together
with the fact that T contains some edge is the following lemma;:

Lemma 7.34. We have D~ 2 I,,[T'] for some m € N> and some countable

homogeneous tournament T' # I. O

Our next lemma says that T and T are infinite tournaments. Note that we
do not know so far whether m > 1 or not. We will see this in Lemma 7.36.

Lemma 7.35. We have T # C3 £ T".

Proof. Seeking for a contradiction, let us suppose T' = C3. Let zy € ED and let
a,b € Nt (x) with ya,ab,by € ED. Let z be a common predecessor of z and y.
Considering D~ (y), the vertices z and b lie in the same component, which is a
tournament. Thus, they are adjacent. As an edge zb gives us a transitive triangle
D[z,y,b] in D" (z) and as this is not possible, we have bz € ED. Hence, the
directed triangle Dla,b,y] C D (z) contains one successor and one predecessor
of z. So if the third vertex is either a successor or a predecessor of z, then we can
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find an automorphism of D that fixes x and z and rotates the directed triangle
Dla,b,y]. More precisely, the automorphism maps a to either b or y and hence
it must leave the component Dla,b,y] of D (z) invariant. Applying the same
automorphism once more, we obtain that the whole triangle D[a, b, y] lies either
in D% (2) or in D™ (2). As neither of these two cases can occur, the third vertex
of Dla,b,y| is not adjacent to z.

Thus, in the directed triangle Dla,b,y] € D% (z), we find a predecessor
of z, a successor of z and a vertex not adjacent to z. By C-homogeneity, we
find the same in each directed triangle in D (z). Indeed, if u is a vertex in
another directed triangle in DT (x), then we have D[u, z, 2] & D[v, z, 2] for some
v € {a,b,y}. Thus, x together with n > 2 independent successors lies in DT (2),
which is impossible. This shows 7" # C5. So T is an infinite tournament and
Dt (z) N D™ (y) contains a transitive triangle. Thus, we also have 7" # C5. O

Now we can describe the structure of the neighbourhood of any vertex:

Lemma 7.36. For every x € VD, the digraph DV (x) + D™ (x) is a disjoint
union of isomorphic homogeneous tournaments. Each of its components consists
of one component of DT (x) and one component of D™ (x).

In particular, we have m = n.

Proof. For every u € N~ (x), there is a unique component of D*(z) that con-

~

tains successors of u because of Dt (u) = I,[T]. We denote this component
by A,.
The first step is to show

A, = A, for all adjacent vertices u,v € N~ (x). (7.40)

We may assume uv € ED. Since T is infinite by Lemma 7.35, it contains a
transitive triangle. Hence, there is a vertex y € N*(z) N N T (v) in D*(u). This
vertex y already shows us A, = A,.

By C-homogeneity, there is for every component C' of DT (z) some vertex
v € D™ (z) with C = A,. Thus, (7.40) implies n < m. Symmetrically, we obtain
m < n. Hence, we have n = m.

Let us show

N(@w)NN*(z) C A, for every v € N~ (z). (7.41)

Since DT (v) N D¥(x) is a tournament, we have NT(v) N N*(z) C A,. Let us
suppose N(v) N NT(x) € A,. Then we find a vertex y € N*(z) N N~ (v) that
lies outside A,. Let C, be the component of D~ (z) that contains v. Note that
y has no predecessor in C, as y ¢ A, and due to (7.40). If v is the unique
successor of y in C),, then we can find an automorphism of D that fixes x and y
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and maps some predecessor v~ of v in C, to some successor v of v in C,.
Note that neither v~ nor v* is adjacent to y as we already mentioned. This
automorphism fixes C, setwise, so it must fix v, the unique neighbour of y
in C,. But we have (v v)a = vtv ¢ ED even though v~ v € ED. This shows
that y has a second successor u # v in C,. As u and v are adjacent, we have
A, = A, by (7.40). Hence, we may assume wv € ED. By C-homogeneity, we
find an automorphism « of D that maps yu to vz. Then v has a predecessor
za in N*T(z) that is adjacent to va € A,. As A, contains some predecessor
of v, C-homogeneity implies that it contains every predecessor of v in N*(z) in
contradiction to y ¢ A,. Indeed, we find an automorphism that fixes « and v
and maps za to y and this automorphism does not fix A, setwise even though
it fixes « and v. This shows (7.41).
Next, we show

A, = N@)NNT(x) for every v € N~ (x). (7.42)

If A, contains some vertex y that is not adjacent to v, then, by C-homogeneity,
some automorphism of D maps y to some vertex z in N*(z) \ A, and fixes z
and v. Note that z exists because of n > 2. But then this automorphism does
not fix A, setwise even though it fixes 2 and v. This contradiction shows (7.42).

By symmetric arguments, there is for every v € N¥(x) a component B,
of D~ (x) with B, = N(u) N N~ (z) and for each two vertices u,v in the same
component of D¥(x), the components B, and B, coincide. Thus, DT (x) +
D~ (x) is a disjoint union of isomorphic tournaments and each component of
Dt (z) + D™ (z) consists of precisely one component of DT (z) and one compo-
nent of D™ (x). That every component of DT (z) + D~ (z) is homogeneous is a
direct consequence of C-homogeneity. O

Note that with Lemma 7.36, we have completed the analysis of Section 7.1.8.
Furthermore, we have all lemmas we need to finish the situation if D7 is isomor-
phic to I,[T] for some n € N> with n > 2 and some countable homogeneous
tournament 7' # I;. (Note that the case n = 1 was already completed in
Section 7.1.8.)

Proposition 7.37. If D is a countable connected C-homogeneous digraph with
Dt = [,[T] for some countable homogeneous tournament T # I, and some
n € N with n > 2, then D = X,\(T") for some countable infinite homogeneous

tournament T' and for some countable cardinal X > 2.
Proof. Forx € VD, let D, := D" (x)+D~(z). Due to Lemma 7.36, the digraph

D, is a disjoint union of isomorphic infinite tournaments. First, we show that

for every x € VD, no two components of D, lie in the same com- (7.43)
ponent of D — .
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Let us suppose that we find a path in D —x between vertices in distinct compo-
nents of D,. Let P be such a path of minimal length and let © and v be its end
vertices. If ux € ED, let a and b two vertices in Nt (u) such that a € N~ (z)
and b € NT(x). If zu € ED, we choose a and b in N~ (u) such that a € N~ ()
and b € NT(x). These vertices exist as D (u) and D~ (u) are disjoint unions
of homogeneous tournaments. If a or b has a neighbour ¢ on P other than u,
this neighbour must be the neighbour of w on P by the minimality of P. But
then a, b, ¢, and x lie in the same component of D,,, which is a tournament.
So c is already adjacent to z, which contradicts the minimality of P. Hence,
the paths vPua and vPub are isomorphic and, by C-homogeneity, we can find
an automorphism « of D that maps the first onto the second path by fixing P
pointwise and mapping a to b. Since a lies in N~ (z) and b lies in N*(z), we
have x # ra. But as xa is adjacent to u and to b, it lies in the same component
of D, as x. So x and x« are adjacent and x« lies in the same component of D,
as a and b. Since za is a neighbour of v = va, also v lies in the same component
of D, as xa and thus the vertices u and v are adjacent. This contradiction to
the choice of u and v shows (7.43).

For every x € V' D, each component of D,, is an infinite tournament and hence
contains a ray. Rays from distinct components of D, cannot be equivalent as
they lie in distainct components of D — x due to (7.43). Hence, D has at least
two ends. Thus, the assertion follows from Corollary 5.10 and Theorem 5.20,
the classification result of connected C-homogeneous digraphs with more than
one end. O

7.1.10 Another partial result

By summarizing the propositions of the previous sections together with Cher-
lin’s classification of the homogeneous digraphs, Theorem 3.11, we obtain the
following theorem:

Theorem 7.38. Let D be a countable connected C-homogeneous digraph. Then
one of the following cases holds:

(i) D is homogeneous;

)
(i) D =2 T"1,] for some n € N and some tournament T € {C5,Q,T>};
(iii) D = S(3)[I,] for some n € N*°;

)

(iv) D = X\(T) for some countable infinite homogeneous tournament T and
for some countable cardinal A > 2; or

(v) DY =1, and D~ = I,,, for some m,n € N, O



7.2 The case: DT =1, and D~ 2 1,,

Throughout this section, let D be a countable connected C-homogeneous di-
graph with DT 2 [, for some n € N*°. By the previous sections, we also have
D~ = ], for some n’ € N,

Due to Lemma 6.7 and Chapter 5, we may assume d™ > 1 and d~ > 1 and
we may assume for the remainder of this section that D contains at most one
end.

Due to Lemmas 6.8 and 6.11, the reachability relation of every locally finite
C-homogeneous digraph with at most one end and whose out-neighbourhood is
independent is not universal. If we consider such digraphs of arbitrary degree,
this does no longer hold. For example, the countable generic 2-partite digraph is
a C-homogeneous digraph with independent out-neighbourhood and with pre-
cisely one end and its reachability relation is universal. In the following, we
distinguish the two cases whether the reachability relation A of D is universal

or not.

7.2.1 Non-universal reachability relation

Within this section, let D be a countable connected C-homogeneous digraph
with DT = I, for some n € N*°, with D~ = [, for some n’ € N, with at
most one end. We assume that A is not universal and, due to Lemma 6.7,
that n,n’ > 2. Hence, we obtain by Proposition 2.1 that A(D) is bipartite.
That is the reason, why we turn our attention towards the classification of the
C-homogeneous bipartite graphs. Remember that we are interested in the C-
homogeneous bipartite graphs due to Lemma 5.14: Tt tells us that G(A(D))
belongs to one of the five classes described in Theorem 3.5. In the following,
we will treat these five possibilities one by one. Let us start with the case
G(A(D)) = Coyy, for some m > 2, where we notice that D must be locally finite
as every vertex lies in at most two reachability digraphs:

Lemma 7.39. If G(A(D)) = Ca,y, for some m > 2, then D is locally finite. O

Thus, if G(A(D)) is an even cycle, then we obtain this part of the classi-
fication due to Chapter 6. In the following, we assume G(A(D)) % Cyy, for
any m € N. Since locally finite C-homogeneous digraphs have already been
classified, we may assume in the following that either d* = w or d~ = w. By
reversing the directions of each edge if necessary, we may assume d+ = w.

For a reachability digraph A of D, two vertices or a set of vertices of A lie
on the same side of A if their out-degree, and hence also their in-degree, in A
is the same.
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Lemma 7.40. For each two reachability digraphs A1 and As of D we have
either Ay N Ay =0 or |[V(A1 NAY)| > 2.

Proof. Let us suppose that the intersection of two distinct reachability digraphs
A; and A, consists of precisely one vertex. Since every vertex lies in precisely
two reachability digraphs and since D is vertex-transitive, each two distinct
reachability digraphs either have trivial intersection or share precisely one ver-

tex.

We distinguish the cases whether C5 embeds into D or not. First, we assume
that D contains no directed triangle. Let zy € ED and A = (A(zy)). If
G(A) % CPg, let P be any path of minimal length from any successor u of y
to x avoiding y. Such a path exists as the one-ended digraph D cannot contain
any cut-vertex. If G(A) = CPy, let P be any path of minimal length from
any successor u of y to x that avoids y and the unique neighbour § of y in
the bipartite complement of A. As k = d* = w, both of the two reachability
digraphs (A(yu)) and A contain rays that avoid y and § and hence y and g
separate neither these rays nor u from x. Thus, we also know in this situation
that P exists.

By the minimality of P, the only successor of y on P is u. If y has a
predecessor ' on P, then xyu and z’yu are induced 2-arcs, so we find an
automorphism of D that maps one onto the other and we obtain a contradiction
to the minimality of P. Thus, y has no neighbour on P except for u and =x.
At most |V P| vertices of A that lie on the same side as y can have successors
on P, since any two such vertices with a common successor on P would lie
in two common reachability digraphs. Since N (z) contains infinitely many
vertices, all of which lie on the same side of A as y, we find one such vertex z
that has no successor on P. If G(A) is either complete bipartite or the bipartite
complement of a perfect matching, then every predecessor of z on P is also a
predecessor of y by the assumption that in the case G(A) = CP; the path P
does not contain y. Hence, P contains predecessors of z only if G(A) is the
generic bipartite graph or a tree T}, ;. Note that any predecessor of z on P is a
predecessor in A of z. Thus, in these two cases we may have chosen z among
the infinitely many vertices of N*(z) that have no predecessor on P. Let v be
the neighbour of u on P. Then both vertices y and z have only one neighbour
on v Pz, the vertex z. By C-homogeneity, we find an automorphism « of D that
fixes vPx and interchanges y and z. Let w = ua.

If vu € ED, then v and y lie on the same side of (A(yu)) and on this side lies
also ya = z as (vu)a = vw. But then y and z lie in two common reachability
digraphs which contradicts the assumption. Hence, we have uwv € ED and
wv € ED. The two 2-arcs xyu and xzzw induce a digraph that consists only of
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these two 2-arcs: as z and u are not adjacent, neither are y = za and w = ua.
Note that no successor of y can have w or z as a predecessor because otherwise
either w or z lies in the two reachability digraphs (A(yu)) and either (A(wv)) or
A, which is impossible by assumption. By the same assumption and similar as
above, only finitely many successors of u have successors on the 1-arc zw. Since
d™ = w, we find a vertex v’ € N*(y) that is adjacent to neither w nor z. Note
that ' and z are not adjacent since D contains no triangle. Hence, we find by
C-homogeneity an automorphism 3 of D that fixes D[z, y, z,w] pointwise and
maps u to u'. So v’ and w have a common successor v3 and thus u and v’
lie on the same side of (A(uv)) and of (A(yu)). This contradiction shows the
assertion in the situation that C3 does not embed into D.

Now we consider the case that D contains a directed triangle. For every
edge zy those successors of y that are predecessors of x lie in two common
reachability digraphs. As the intersection of two distinct reachability digraphs
contains at most one vertex, we obtain that

every edge lies on precisely one directed triangle. (7.44)

We distinguish whether G(A(D)) is a semi-regular tree or not. First, we consider
the case G(A(D)) = Ty, ¢ for some k, ¢ € N with k,¢ > 2. Let x € VD and let
P be a shortest path in G — = between any two successors y and z of . Since P
must contain some edge that does not lie in (A(zy)) and since any two distinct
reachability digraphs intersect in at most one vertex, P contains some vertex
outside (A(xy)). Thus and by the assumption on the intersection of any two
distinct reachability digraphs, P has at least three edges. Let 25,21,z be the
last three vertices of P. Let a be a third successor of x. This vertex exists as
d¥ = w. By minimality of P, it contains no neighbour of a as otherwise we find a
shorter path between a and either y or z, since neither a and y nor a and z have
a common predecessor, as they lie in only one common reachability digraph.
Hence, the connected subdigraphs zzxyPzs and axyPz, are isomorphic and we
find an automorphism « of D that fixes xyPzo and interchanges a and z, as D
is C-homogeneous. So we obtain that D’ := Dz, 21, 22, 21, a] consists of four
edges and, with 2] := z1, we have zz; € ED if and only if az] € ED and the
same for z129 and z]zs. Since the intersection of any two reachability digraphs
contains at most one vertex, the path D’ is not an alternating walk. Thus, D’
consists of two induced 2-arcs. If these are 22212z and z22{a, then z; and 2|
lie in the intersection of the two reachability digraphs (A(xz)) and (A(z221)).
Thus, these 2-arcs must be zz129 and azjze. If x and z; are adjacent, then the
edge between them must be z;x since NT(x) is independent. But then, we have
zix € ED, too, and D[z, z1, 29, 21] is a cycle in {A(xz)), which is impossible.
Similarly, = and 2z} are not adjacent. Hence, the digraph D[z, z, z1, a, 2] consists
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of only the two induced 2-arcs xzz; and xaz] and we can proceed as in the case
that C3 does not embed into D to obtain a contradiction with the additional
requirement that ' is not adjacent to x, which is possible as only one successor
of z is adjacent to z by (7.44) and d* = w.

It remains to consider the case that G(A(D)) is not a semi-regular tree. Due
to the structure of G(A(D)), both sides of each reachability digraph have the
same cardinality. As d¥ = w, we also have d~ = w. Let x € VD and y and 2
be two vertices in NT(x). Let u and v be the unique successors of y and z,
respectively, that lie on a common directed triangle with z, see (7.44). Since
each edge lies on a unique (directed) triangle, every common successor w # x
of u and v is adjacent to neither y nor z. As d~ = w and due to (7.44), we
find a € N~ (v) that is adjacent to neither w nor x. An edge au implies that u
and v lie in two common reachability digraphs and an edge ua leads to a cycle
Dla,u,w,v] witnessing that A is universal. As both situations are impossible,
a and w are not adjacent. Furthermore, az cannot be an edge because then
Dla,v,y,, 2] is a cycle witnessing that 4 is universal. As this is not the case,
we have az ¢ ED. Let us suppose that za is an edge of D. Then by C-
homogeneity, we find an automorphism « of D that fixes w and maps zu to av
and v to u. Note that b := aa # z since za € ED but ba = (az)a ¢ ED. As
bu € ED, the digraph Dla, b, u, 2] is a cycle witnessing that A is universal. This
contradiction shows that z and a are not adjacent. So we find an automorphism
8 of D that fixes z,u,w,v and maps y to a, as D is C-homogeneous. Thus,
xf8 # x is a common predecessor of a and z. So a lies in (A(zy)) on the same
side as z. Thus, a and y lie in two common reachability digraphs in contradiction
to the assumption. O

Now we are able to complete the investigation if G(A(D)) is a semiregular
tree:

Lemma 7.41. If G(A(D)) = Ty ¢ for some k,¢ € N with k,£ > 2, then D
either is locally finite or has more than one end.

Proof. Let us assume that D is not locally finite. By reversing the direction of
each edge, we may assume k = d* = w. Let us suppose that D has at most one
end. First, we show that

the intersection of two distinct reachability digraphs lies on the same  (7.45)
side of each of them.

Let us suppose that this is not the case. As D is vertex-transitive, each
two reachability digraphs with non-trivial intersection are a counterexample
to (7.45). Let Ay and Ay be two distinct reachability digraphs with non-trivial
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intersection. By Lemma 7.40, their intersection contains at least two vertices.
Since V(A7 N Az) does not lie on the same side of Ay, we find two vertices
x,y € V(A1 N Ay) of odd distance in Ay such that = has no successors in Aj.
Let z be the predecessor of z on the unique z—y path P in A;. Since dt = w,
we find a successor x’ of z that does not lie on P. Then the digraph z'zPy is
isomorphic to P and, by C-homogeneity, we find an automorphism of D that
fixes zPy and maps x to z’. So we conclude that z’ lies also in the same two
reachability digraphs as y. Hence, the two vertices x and z’ of distance 2 lie on
the same side of A7 and of A,. Inductively, all vertices of Ay that lie on the
same side of A7 as x, also lie in A,. In particular, this holds for some successor
y' of y. Hence, A1 and A, share all vertices of D. For an edge ab € EAs the
a—b path in A, is an alternating walk. Thus, @ together with the edge ab is
a cycle witnessing that A is universal. This contradiction to the assumptions
shows (7.45).

For the remainder of the proof, we fix two reachability digraphs A; and Ay
with non-trivial intersection such that the vertices in A; N Ay have no successor
in Aq.

With the same argument as in the proof of (7.45), just taking a path P of
even length, we obtain that

every vertex on the same side of Ay as V(A1 N Ag) lies in As. (7.46)
The analogous property for As holds as soon as £ > 3.

For the remainder of the proof, let x € VA; \ VA,. Next, we show that
no vertex of N (x) separates in Ay any other two vertices of N*(z).  (7.47)

To show this, we suppose that y; € NT(x) separates in Ay the two vertices
y2,Y3 € NT(x). By C-homogeneity and as N (z) is independent, we find an
automorphism of D that fixes z and y3 and switches y; and y,. This auto-
morphism fixes Ay setwise and we obtain that y» = y;« separates in Ay the
vertices y; = yoax and ys = ysa which is clearly impossible. This contradiction
shows (7.47).

Let us show that

D contains some directed triangle. (7.48)

Let us suppose that D contains no directed triangle. Let y € N (z) and let
21,29 € NT(y) such that 27 is the neighbour of y in that component of Ay — y
that contains all other successors of . Then the two 2-arcs xyz; and xyzs are
induced and we obtain an automorphism « of D that fixes = and y and maps 2
to z2, as D is C-homogeneous. Thus, a does not fix the unique component of
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Ay — y that contains all successors of z. This is impossible and hence we have
shown (7.48).

Let y € N*(z) and let 2 € N*(y) such that z lies in the unique component
of Ay — y that contains all successors of x but y, see (7.47). By the same
argument as in the proof of (7.47) we obtain that

either z is the only successor of y such that D[x,y, z] is a directed  (7.49)
triangle or z is the only successors of y such that D[z,y,z] is an
induced 2-arc.

If D[z,y, 2] is a directed triangle, then every edge of D lies on a unique di-
rected triangle due to (7.49). So the number of directed triangles that contain a
given vertex is d and it is also d~. Hence, we obtain d~ = d* = w. If D[z, y, 2]
is an induced 2-arc, then the edge xy lies on infinitely many directed triangles
as Dt = w and by (7.49). Thus, z must have infinitely many predecessors and
we obtain d~ = d* = w in this case, too. Hence, we have £ > 3 and the second
part of (7.46) holds. Thus, there are two reachability digraphs distinct from Agy
that cover the vertices of As. So the vertices of Ay — Aj lie in a reachability
digraph Ag # A;. Since C5 embeds into D, we have

A — Ay =AgNA; =4y — Ag.

As D is connected, we conclude that Ag, A1, and As are the only reachability
digraphs of D.
The next step is to show that D[z, y, z] is not an induced 2-arc:

Diz,y,z] = Cs. (7.50)

If (7.50) does not hold, then zyz is an induced 2-arc and, by (7.49), unique with
the property that zy is its first edge. Let 2’ € V D such that yzz' is the unique
induced 2-arc with yz as its first edge. Then we have ' € V(AgN Ay) and x
and 7’ lie on the same side of A;. Note that zy already determines the vertex z’.
So the stabilizer of the edge xzy must fix z’. Let u be the first vertex on the
unique z—z' path in A; that is neither x nor y. Let v be another neighbour of z,
if u is a neighbour of z, and let v be another neighbour of y otherwise. Then
we find an automorphism of D that fixes the edge zy and maps u to v which is
clearly impossible as this automorphism does not fix 2’. This shows (7.50).
Let us now show that D[z, y, z] cannot be a directed cycle, either, which will
be our desired contradiction. To simplify notations, let g = z, x1 = x, T2 = y.
Let F;, G; be the component of A; — x;x;41 that contains z;, z;11, respectively
(we consider the indices modulo 3). Let w € F1 N V(A1 N Az). Then we find a
second vertex v in Fy N V(A1 N Ay) that has distance da, (z2,u) to each of x5
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and w because of d¥ # 2 # d~, where da, denotes the distance in Aj. Let
w € F} be the unique vertex in F; that has the same distance to each of zo, u,v.
By C-homogeneity, we find an automorphism that fixes the unique w—u path
in A; and maps the unique w—z2 path in A; onto the unique w—v path in A;
and vice versa. As in the proof of (7.47), we obtain that x5 does not separate u
and v in As. So u and v must lie in the same component C of Ay — x5. Thus,
all vertices a of F1 NV (A1 N Ag) with da, (a,z2) = da,(z2,u) lie in C. Let
us suppose C' C F,. Since there are infinitely many components of Ay — x4
in Fy, we find one neighbour b; of x5 in C' and one neighbour b, in another
component of F5 NV (Ag — z3). Both digraphs z1z2b1 and zx2by are induced
2-arcs as neither by nor by is o and due to (7.49). By C-homogeneity, we find
an automorphism « of D that fixes x122 and maps by to bs. Thus, a cannot
fix C' setwise even though it fixes F; NV (A1 N Ay) setwise. This contradiction
shows C C G5. Thus, we have

FINV(A1NAY) CGNV(ATNAY).
By a symmetric argument, we obtain
FINV(ATNAY) =GN V(ATNA).
Analogously, we obtain
ENV(ANA41) =G NV(A;,NAL1)
for all ¢ and hence also
GiNV(A;NAL1) =FaaNV(A;NAq).

Let Dla,b,c| be a directed triangle with a € Fy N V(Ay N Ay) that is disjoint
from Dlxz,y, z]. Then we have

bEFlﬁV(AlﬁAQ) :GgﬁV(AlﬁAg)

and hence
ceGanN V(AQ N Ao) =FyN V(AQ n Ao)

and
a€Fyn V(AO n Al) =GN V(AO n Al)

So ab is an edge in A1 between vertices of distinct components of A—zq 29, which
is impossible. This contradiction shows that D has more than one end. O

Due to the previous two chapters, we assume in the following G(A(D)) 2
Ty for any k,¢ € N*°, in addition to G(A(D)) % Ca,, for any m € N.
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Lemma 7.42. For each two distinct reachability digraphs A1 and As of D, the
set V(A1 N Ag) lies on the same side of Ay.

Proof. We may assume that A; and Ay have non-trivial intersection. Due to
Lemma 7.40, we have |V(A; N Az)| > 2. Let us suppose that V(A1 N Ay) does
not lie on the same side of A;. Since A; N Ay contains no edge, G(A(D)) is no
complete bipartite graph.

If G(A(D)) is the countable generic bipartite graph, then any two of its
vertices have distance at most 3 in A(D). Since V(A3 NAz) does not lie on the
same side of Ay, we find z,y € V(A1 NAy) with da, (x,y) = 3. So any two ver-
tices of distance three in A; lie in the intersection of two reachability digraphs
by C-homogeneity, as we can extend them to an induced alternating path of
length 3 within A;. This implies that all the vertices of A; lie in Ay, which is
impossible as we already saw in the proof of Lemma 7.41. Thus, G(A(D)) is
not the countable generic bipartite graph.

So for the remainder of the proof, we may assume that G(A(D)) = CP;, for
some k € N> with k > 4. Since it suffices to consider the case d* = w, we may
assume £k = w. As A; N Ay contains two vertices of distinct sides of Ay but
no edge, it consists of precisely two vertices that are adjacent in the bipartite
complement of A;. For the end vertices of any 2-arc zizox3, not necessarily
induced, there is no x4 € VD such that z12523 is also a 2-arc since otherwise
x9 and x4, lie in two common reachability digraphs and on the same side of each
of them, which is impossible. In particular, every edge y;y2 lies on at most one
directed triangle, since two directed triangle both of which contain y,y. have
different 2-arcs from y, to y;.

Let xy € EA; with y € VAg. If C3 embeds into D, let a be the unique
vertex on a directed triangle with xy. Otherwise, let a be any successor of y.
In both cases, let a’ (let v) be the unique neighbour of a (of y, respectively) in
the bipartite complement of As. So we have v € V(A1 N Ay). Since k = w and
each two distinct reachability digraphs have only two common vertices, we find a
common successor u of z and v that is adjacent to neither a nor a’. Similar to the
existence of u, we find a vertex b € N T (y) with b # a such that b and its unique
neighbour &’ in the bipartite complement of A, are adjacent to neither x nor u.

Note that A; contains rays avoiding y and v and that the reachability di-
graph containing a and a’ that is distinct from A, contains rays avoiding a
and a’. As D has at most one end, we find a path from each successor of a
and each predecessor of @’ to x such that the path avoids a,a’,b,b’,y, and v.
Let P be any such path of minimal length and let ¢ be its first vertex. Note
that if C'5 embeds into D then P is the trivial path consisting only of x. By its
minimality, P contains no successor of b and no predecessor of b'. Indeed, if P
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has such a vertex, then this is not ¢, since neither a and b nor a’ and ¥’ lie in two
common reachability digraphs and since ¢ ¢ VA,. By C-homogeneity, we find
an automorphism of D that fixes zy and maps b to a and o’ to a’. This would
contradict the minimality of P. Note that, if P contains either a predecessor
of b or a successor of I/, then this is also a predecessor of a or a successor of a’,
respectively, and the analogue holds if P contains either a predecessor of a or
a successor of a’. Thus, if ac € ED, we find an automorphism of D that fixes
P and yzuv and maps a’ to ¥'. Then yac and ybe = (yac)a are 2-arcs with the
same end vertices, which cannot exist as we already mentioned. In the situation
ca’ € ED, we obtain a similar contradiction by an automorphism that fixes P
and yruv and maps a to b, where we find the two 2-arcs ca’v and cb'v. ]

Now we are able to finish the situation for the cases that G(A(D)) is either
complete bipartite, or the bipartite complement of a perfect matching, or the
countable generic bipartite graph.

Lemma 7.43. If D has at most one end and is not locally finite, then it is
isomorphic to one of the following digraphs:

(i) Cw[l,] for some m € N°° with m > 3;
(ii) Y, or
(iii) Ry, for some m € N°° with m > 3.

Proof. Let us assume that D has at most one end and is not locally finite. Since
V(A1 N Ay) lies on the same side of A; by Lemma 7.42, we may assume that
the vertices in A1 N Ay have their predecessors in A; and their successors in As.
Let {A, B} be the natural bipartition of VA; such that V(A1 NAy) C B. Since
any two vertices in B have a common predecessor in A, we conclude B C VA,
by C-homogeneity. Indeed, we can map any two vertices in V(A; NAy) with a
common predecessor onto any two vertices in B with a common predecessor, so
any two vertices in B lie in two common reachability digraphs of D and hence
B C VAs. Thus, we have B = V(A7 N Az). By an analogous argument, we
obtain that every vertex on the same side of Ay as B lies in B.
Let ~ be a relation on VD defined by

x ~y < z andy lie on the same side of two reachability (7.51)
digraphs.

As we have just shown, ~ is an equivalence relation on VD, which is Aut(D)-
invariant. Since each equivalence class is an independent set and since the
reachability digraphs are bipartite, we conclude that D_ is a digraph. Since
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every vertex of D lies in precisely two reachability digraphs, every vertex of D _,
has precisely one successor and one predecessor. Furthermore, D, is connected.
Thus, we have D = C,, for some m € N with m > 3. If G(A(D)) = K}, for
some k, ¢ € N, then we obtain k& = ¢ because B is one side of A; and one of As.
It is a direct consequence that D = C,,[I,] as D is not locally finite. Similarly, if
G(A(D)) is the countable generic bipartite graph, then we directly obtain D =
R It remains to consider the case G(A(D)) =2 CP;. If m > 4, then we find
two distinct types of induced 2-arcs xyz: one whose end vertices are not adjacent
to the same vertex y with y’ ~ y and one whose end vertices do not have this
property. Even though D is C-homogeneous, we cannot map the first onto the
second of these induced 2-arcs by automorphisms of D. Thus, we have m = 3.
Let D be the tripartite complement of D. Since the bipartite complement of
each reachability digraph is a perfect matching, D is a disjoint union of directed
cycles. Let us suppose that the length of one of these cycles is more than 3.
Then it has length at least 6 and there are two ~-equivalent vertices in D that
have distance 3 on that cycle. Since these two ~-equivalent vertices have a
common predecessor, the same is true for any two ~-equivalent vertices by C-
homogeneity. So each two ~-equivalent vertices lie on a common directed cycle
in D and have distance 3 on that cycle. Hence, D consists of precisely one cycle
of length at most 9 and D is locally finite in contradiction to the assumption.
Thus, D is the disjoint union of directed triangles, which shows D 2 Y. O

Let us summarize the results of this section. The following proposition
follows directly from Proposition 2.1 together with Lemmas 5.14, 7.39, 7.41,
and 7.43.

Proposition 7.44. Let D be a countable connected C-homogeneous digraph
with DT = I, for some n € N whose reachability relation is not universal. If
D has at most one end and is not locally finite, then it is isomorphic to one of
the following digraphs:

(1) Cw[l,] for some m € N*° with m > 3;
(i) Yo, or

(ili) Ry, for some m € N with m > 3. O

7.2.2 Universal reachability relation

Within this section, let D be a countable connected C-homogeneous digraph
with D¥ 2 [, for some n € N, with D~ 2 I,,, for some n’ € N* and with at

most one end. We assume n,n’ > 2 and that A is universal. Due to Lemma 2.2,
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some cycle in D witnesses that A4 is universal. By Lemma 2.3, we may assume
that this is an induced cycle.

Lemma 7.45. If D contains an induced cycle of odd length witnessing that A
is universal, then it contains an induced cycle of length 4 witnessing that A is

universal.

Proof. Let C be an induced odd cycle witnessing that A is universal. Then C
contains a unique induced 2-arc xyz. The digraphs C'—z and C' —y are isomor-
phic induced alternating paths. By C-homogeneity, we find an automorphism «
of D that maps C'—z onto C' —y. Since N~ (z) is independent and za € N~ (z),
the digraph Dlz,y, z,za] is an induced cycle of length 4 witnessing that A is
universal. O

In the following, we fix an induced cycle C of minimal length witnessing that
A is universal. Due to Lemma 7.45, this cycle has even length.

Lemma 7.46. There is an isomorphic copy of Cy in D.

Proof. Let xyz be a 2-arc on C. Since C has even length, C' — y has a non-
trivial automorphism: one that maps x to z and vice versa. As C' is induced,
we can extend this automorphism of C' — y to an automorphism a of D by C-
homogeneity and obtain that D|x,y, z, ya] is a directed cycle of length 4. Note
that any directed cycle of length 4 is induced since D and D~ are edgeless. [

Let zy € ED, let X := N~ (x) \ N*(y), and let Y := NT(y) \ N~ (x).
Obviously, X and Y are disjoint. In the following, we investigate the subdigraph
I':=D[XUY]of D.

Lemma 7.47. The subdigraph I is a non-empty homogeneous 2-partite digraph.

Proof. Let A and A’ be finite subdigraphs of D[X] and let B and B’ be fi-
nite subdigraphs of D[Y]. Because V(B + B’) N N~ (z) = 0 and because
DT (z) is edgeless, = is adjacent to no vertex of B + B’. Similarly, because
V(A+ A")N N7 (y) = 0 and because D~ (y) is edgeless, y is adjacent to no ver-
tex of A+ A’. Hence, any isomorphism ¢ from A + B to A’ + B’ extends to an
isomorphism from A+ B+ z +y to A’ + B’ + x + y, that fixes z and y, and
thus by C-homogeneity it extends to an automorphism a of D with Xa = X
and Ya =Y. In particular, the restriction of a to I' is an automorphism of I'
that extends ¢ and fixes both of X and Y setwise. Thus, I' is homogeneous
2-partite. As C4 embeds into D, the subdigraph I" is not empty. O

Having shown that I' is homogeneous 2-partite, we can apply the classifica-
tion of the countable such digraphs, Theorem 3.6. So we can investigate the
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possible digraphs I" one by one, similar to the different possibilities for D*. We
start with the situation that I'" is homogeneous bipartite and show that this

cannot occur:
Lemma 7.48. The subdigraph I' is not homogeneous bipartite.

Proof. Let us suppose that I' is homogeneous bipartite. Since D contains some
directed cycle of length 4 by Lemma 7.46, we conclude that the edges of I' are
directed from Y to X. We consider all possibilities of Theorem 3.1 one by one.
Note that due to Lemma 7.47 the digraph I' is not empty. So there are only
four remaining possibilities for I'.

If G(T) is complete bipartite, then zy cannot be the inner edge of any induced
3-arc. As Aut(D) acts transitively on the 1-arcs, we conclude that D contains
no induced 3-arc at all. Since every induced cycle of even length at least 6 that
witnesses that A4 is universalcontains an induced 3-arc, C' has length 4. But
as xy is the inner edge of some 3-arc in a cycle isomorphic to C, the digraph
I' must contain some edges that are directed from X to Y. This contradiction
shows that G(I") is not complete bipartite.

If G(T') is a perfect matching, then we know that every induced 2-arc lies
on a unique induced directed cycle of length 4. Due to the previous case, we
may assume |X| > 2. So every edge lies on at least two directed cycles of
length 4. Let zyuv and zyab be two distinct directed cycles of length 4 and
let yuwz be another directed cycle of length 4 containing yu. Then neither v
nor v is adjacent to any of a,b,w, z since G(T") is a perfect matching and the
same holds for the subdigraph defined by the edge yu instead of xy. Note that
|C| > 4, since |C| = 4 implies the existence of some edge from X to Y. Thus, the
digraph Dly, z, b, z] cannot be a cycle of length 4 witnessing that A is universal.
Hence, we have zb ¢ ED. If bz € ED, then a is not adjacent to z since neither
2y lie in D™ (a) nor bz lies in D (a). Thus, yab lies on two distinct induced
directed cycles of length 4, once together with z and once together with z.
This is impossible as we already mentioned. Thus, b and z are not adjacent.
Hence, C-homogeneity implies the existence of an automorphism « of D that
fixes z,y, z and interchanges b and v. Since every induced 2-arc lies on a unique
induced directed cycle of length 4, we conclude acv = u and ua = a. As u = ax
and z = za are not adjacent, a and z are not adjacent, too. Since w and v are
not adjacent, the same is true for b and wa. If either bw € ED or wb € ED,
then either D[z,b, w,u,v] or D[z,w,b,a,wa] is a cycle of length 5 witnessing
that A is universal. By Lemma 7.45, we conclude |C| = 4, a contradiction.
Thus, we know that b and w are not adjacent. So due to C-homogeneity, D
has an automorphism [ that fixes z,y, z,w and maps v to b. Since [ fixes
Y, z, w, it must also fix u, the unique vertex that forms with the 2-arc wzy an
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induced directed cycle of length 4. But we have (uv)3 = ub ¢ ED as previously
mentioned, even though wv is an edge of D. This contradiction shows that G(I")
is not a perfect matching.

If G(T') is the complement of a perfect matching, then we may assume | X| >
3 as otherwise G(TI") is also a perfect matching, which we treated before. Let
z,u,v € X and let 2z’ be the unique vertex in Y that is not adjacent to z.
Considering the edge uz instead of zy, we obtain a unique vertex 2" € Nt (z)\
N~ (u) that is not adjacent to z’. Let us show that 2" is adjacent to neither
z nor v. By the structure of I' applied to the edge ux instead of zy, we find
a vertex u~ € N~ (u) \ N (z) that is a common successor of y and 2. Since
u~ €Y abd u~ # 2/, we have u~z € ED. Hence, zz"u™ 2 is a directed cycle of
length 4 and we conclude that z is not adjacent to z”’ since N*(z) and N~ (z) are
independent sets. If u=v € ED, then the same argument applies for v and z”
and hence they are not adjacent. As I' is bipartite, we do not have vu™ € ED.
So let us assume that v~ and v are not adjacent. Let us suppose that v and 2"
are adjacent. Since DV (v) is edgeless, we do not have vz” € ED, so we have
z"v € ED. Then D[z",v,2',u,u"] is a cycle of length 5 witnessing that A is
universal. As above, we conclude |C| = 4 by Lemma 7.45 and the minimality
of C', which is impossible as I is bipartite. Thus, v and 2" are also not adjacent
if 4~ and v are not adjacent. We have shown that z” is adjacent to neither v
nor z. Hence, C-homogeneity implies the existence of an automorphism « of D
that fixes u, z,y, 2" and maps z to v. Since « fixes u, z, 2", it must also fix the
uniquely determined vertex in N~ (u)\ NT(z) that is not adjacent to z”, which
is 2/. But then o must also fix z, the unique vertex in X = N~ (z)\ N (y) that
is not adjacent to z’, in contradiction to the definition of . This shows that
G(T') is not the complement of a perfect matching.

It remains to consider the case that G(I') is the generic bipartite graph. As
mentioned earlier, we have |C| # 4 as otherwise I" must contain edges from
X to Y. Let abed be the induced 3-arc in C. Then C — b is an induced
alternating path and hence embeds into I'. Let P be an isomorphic copy of
C —binI'. As D is C-homogeneous, we find an automorphism « of D with
(C —b)a = P. Since both end vertices of P have successors on P, they lie in Y.
As G(T) is generic bipartite, the end vertices of P have a common successor z
in X. Then Dlac, ba, ca, 2] is a cycle of length 4 witnessing that A4 is universal.
This contradiction to the minimality of C' shows that I' is not homogeneous
bipartite. O

Since I' is not homogeneous bipartite, we find an edge uwv € ET with u € X
and v € Y. So Dlxz,y,u,v] is a cycle witnessing that A is universal and the
minimality of C implies |C| = 4. In the remainder of this section, we will
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concentrate on arguments that involve the diameter of D. First, we show that
D is homogeneous if its diameter is 2:

Lemma 7.49. If diam(D) = 2, then D is homogeneous.

Proof. First, let us show that

for every finite independent vertex set A, there are u,v € VD with (7.52)
AC Nt (u) and A C N~ (v).

We show (7.52) by induction: If |A| = 2, then we find a vertex w with A C N(w)
because of diam(D) = 2. Regardless which edges between w and the elements
of A lie in D, we can use C-homogeneity and the cycle C, into which every
induced path of length 2 embeds, to conclude that some induced 2-arc has the
two elements of A as end vertices. By the same reasons, we find some vertex u
with A € N*(u) and some vertex v with A C N~ (v).

Now, let us assume |A| > 2. First, we show the existence of some vertex
with A in its out-neighbourhood. By induction, we find some v € VD and
a € Awith A\ {a} C N*(u). Let @’ € N*(u) \ A. By induction, we find
z € VD with a,a’ € NT(z) and such that all but at most two elements of A lie
in N*(z). For all b € A\ N(z), the first case |A| = 2 gives us some 2z, € VD
with b,z € N7 (2p). Since N*(z) is independent, z; is adjacent neither to a nor
to a’. Then the digraphs

Dy :=D[A\{a}U{z | be A\ N(2)} U{z,a'}]

and
Dy :=D[AU{z |be A\ N(2)} U{z}]

are isomorphic by an isomorphism ¢ that maps a’ to a and fixes all other vertices.
By construction, Dy and Dy are connected, so ¢ extends to an automorphism
a of D. Since (A\ {a}) U{d'} € N*(u), we conclude A C NT(u«a). By an
analogous argument, we find some v € VD with A C N~ (v). Thus, we have
shown (7.52).

Next, we show the following:

Let A, B, A’, B’ be finite independent vertex sets of D such that some  (7.53)
isomorphism ¢: D[A’UB'] — D[AUB] with A'¢ = A and B'¢ = B

exists. If A is mazximal independent in AUB and if D has a vertex v

with A’ C DT (v) and B' C D~ (v), then there exists some u € VD

with A C DY (u) and B C D™ (u).

If D[A U B] is connected, then the assertion follows directly by C-homogeneity.
Since the case B = ) is done by (7.52), we may assume B # ). By induction
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on |B| we find some vertex v' € VD with A C N*(v') and B\ {b} C N~ (')
for some b € B. Applying C-homogeneity, we may assume A’ = A and
B'\ {¥} = B\ {b}. Since A is maximal independent in D[A U B], we know
that b has a neighbour ¢ in AU B. This neighbour is also a neighbour of ¥’ with
b e NT(c) if and only if b € N*(c). So b and ¥ are not adjacent as both lie
either in N*(c) or in N~ (c). Let Z be a vertex set containing precisely one ver-
tex from each component of D[AU B] that does not contain b. Then Z U {b, b'}
is an independent set and we find a vertex z with ZU{b,b'} C N*(z) by (7.52).
Then the digraphs D[AUBU{z}] and D[AU (B \ {b}) U {¥’, z}] are isomorphic
by an isomorphism 1) that maps b to b’ and fixes all other vertices. Since both
digraphs are connected, 1 extends to an automorphism « of D. Then we have
A C N*t(va) and B C N~ (va), which shows (7.53).

To show that D is homogeneous, let F' and H be finite isomorphic induced
subdigraphs of D and let ¢: FF — H be an isomorphism. Let A C VF be a
maximal independent subset and let B C VF \ A be maximal independent,
too. By (7.53), we find a vertex u with A C Nt(u) and B C N~ (u). We
have N(u) N VF = AU B by maximalities of A and B. Analogously, we find
v with Ap € NT(v) and By € N~ (v). Then F' +u and H + v are connected
and isomorphic via an isomorphism ¢’ that extends ¢. By C-homogeneity, ¢’
extends to an automorphism of D. This shows that D is homogeneous. O

The previous lemma enables us to prove that D is homogeneous if I" is not
the generic orientation of the countable generic bipartite graph:

Lemma 7.50. If T' is either the generic 2-partite digraph or CPj for some
k € N°°, then D is homogeneous.

Proof. Up to isomorphism and/or reversing the direction of every edge, the only
paths abed of length 3 in a digraph are of the form:

(a) ab,bec,cd € ED;
(b) ab,be,dec € ED;
(c) ba,be,dc € ED.

If we can show that in each of these three cases the end vertices a and d have
distance at most 2, then we have diam(D) = 2 and the assertion follows from
Lemma 7.49. If in any of these three cases a is adjacent to ¢ or b is adjacent
to d, we can conclude d(a,d) < 2 directly. So we may assume that this is not
the case. In case (a), we may assume bc = zy as Aut(D) acts transitively on the
l-arcs of D. Since a and ¢ are not adjacent, we have a € X and, since b and d
are not adjacent, we have d € Y. As G(T') is a complete bipartite graph in both
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possibilities for I', we obtain d(a,d) = 1. In cases (b) and (c), we may assume
c=ux,b€ X, and a € Y by C-homogeneity. Then either d € N~ (z) \ N*(y)
X and d(a,d) =1ord € N~ (z)NNT(y) and d(a,d) = 2 because of a,d € N(y
This proves diam(D) = 2 and hence that D is homogeneous.

D\_/

In the following, we assume due to Lemmas 7.48 and 7.50 and by Theorem 3.1
that I is the generic orientation of the countable generic bipartite graph.

Lemma 7.51. We have diam(D) < 3.

Proof. Seeking for a contradiction, let us suppose diam(D) > 4. Let P =
Zg...x4 be a shortest (not necessarily directed) path between two vertices xg
and x4 with d(zg,z4) = 4. Then P embeds into T, as every finite 2-partite
digraph embeds into I'. Hence, we find an automorphism « of D that maps P
into I'. Then either zga and x4« lie in X or they lie in Y. In both cases,
they have a common neighbour, either x or y. Thus, x¢ and z4 have a common
neighbour. This contradiction to d(xg,z4) = 4 shows diam(D) < 3. O

Since we already investigated the case diam(D) = 2, the only remaining
situation is diam(D) = 3. We shall prove that in this situation D and I' are
isomorphic.

Lemma 7.52. If diam(D) # 2, then D is the generic orientation of the count-
able generic bipartite graph.

Proof. By Lemma 7.49 and Lemma 7.51, we may assume diam(D) = 3. Let
D;(x) be the set of those vertices of D whose distance to = is i. The first
observation in this proof is that

there are non-adjacent vertices a € Dy(z) and b € Da(x). (7.54)

Indeed, if all vertices a € D;i(x) and b € Da(x) are adjacent, then every vertex
in VD = {z}UD;(z)UDs(z)UDs(x) has distance at most 2 to a and we obtain
diam(D) = 2, a contradiction to our assumption.

Let us show that

the end vertices of any induced path of length 3 have distance 3. (7.55)

Let P; be a path of length 3 whose end vertices have distance 3 and let P, be
another induced path of length 3. By using C-homogeneity and the cycle C,
we can modify P, and obtain a path P; with the same end vertices like P; and
such that P, and P3 are isomorphic. Hence, (7.55) holds.

Next, we show that

D contains no triangle. (7.56)



7.2. DT =1y ANDD™ =1y 125

Let us suppose that D contains some triangle. Since N (z) and N~ (z) are
independent sets, this triangle is a directed triangle. Let a € Y, b € X, x, and
d € N~ (z)NN*t(y). Then Dla,b,z,d] is an induced path of length 3 as N*(y)
and N~ (z) are independent vertex sets. Due to (7.55), we have d(a,d) = 3, but
y is a common neighbour of @ and d. This contradiction shows (7.56).

A direct consequence of (7.56) is that D;(x) is an independent set. Let us
show that

Da(x) is an independent set. (7.57)

If this is not the case, then two vertices a,b € Dy(x) are adjacent. Let ¢ be
a common neighbour of b and x. By (7.56), we know that a and ¢ are not
adjacent. Hence Dla, b, ¢, z] is an induced path of length 3. So its end vertices
have distance 3 by (7.55) in contradiction to the choice of a.

We have almost proved that D is 2-partite. The only edges that might be
an obstacle for this are those with both its incident vertices in Ds(z). So let us
exclude such edges:

Ds3(z) is an independent set. (7.58)

Let us suppose that some edge ab has both its incident vertices in Ds(x). Let
P be a path of length 3 from x to a. Due to (7.56), Pab is induced and its
end vertices have distance 3. As I' is the generic orientation of the countable
generic bipartite graph, we also find an isomorphic copy P’ of P in I'. By
C-homogeneity, we find an automorphism « of D that maps P to P’. Since
the end vertices of P’ lie either both in X or both in Y, they have a common
neighbour, either = or y, respectively, and thus they have distance 2. Therefore,
the distance between the end vertices of P = P’a~! must be 2, too. This
contradiction to the choice of b shows (7.58).

As mentioned earlier, we obtain from (7.56), (7.57), and (7.58) that D is a
2-partite digraph with partition sets U := {z}UDy(z) and W := Dy (z)UD3(x).
Let A, B, and C be finite subsets of U. Then we find a finite set F' C V' D such
that

H:=D/AUBUCUF]

is connected. As H C D is 2-partite and I' is the gerneric orientation of the
countable generic bipartite graph, we find an isomorphic copy of H in I". By
C-homogeneity, there is an automorphism a of D with Ha C T' such that either
(AUBUC)a C X or (AUBUC)a CY. AsT is the generic orientation of the
countable generic bipartite graph, there is a vertex v either in Y or in X with
Aa € N*(v) and Ba € N~ (v) and Ca N N(v) = (). Then va™! is a vertex we
are searching for. An analogous argument shows the existence of such a vertex
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if A, B, and C are finite subsets of W. Hence, we have shown that D is the
generic orientation of the countable generic bipartite graph. O

Let us summarize the results of this section:

Proposition 7.53. Let D be a countable connected C-homogeneous digraph
whose reachability relation is universal. If DY = I, for some n € N, then
D is either homogeneous or the generic orientation of the countable generic
bipartite graph. O
7.2.3 The last partial result

By summarizing the propositions with Section 7.2, we obtain the following the-

orem:

Theorem 7.54. Let D be a countable connected C-homogeneous digraph such
that DT = I,, for some n € N*°. If D has at most one end and is not locally
finite, then it is isomorphic to one of the following digraphs:

(i)
(i)
(i)
)
)

a homogeneous digraph;

Ci[ly] for some m € N> with m > 3;
Yo

(iv) Rp for some m € N> with m > 3; or
(v) the generic orientation of the countable generic bipartite graph. Ol

This finishes the proof of Theorem 1.1.
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