AN END DEGREE FOR DIGRAPHS
MATTHIAS HAMANNT AND KARL HEUER

ABSTRACT. In this paper we define a degree for ends of infinite digraphs. The well-
definedness of our definition in particular resolves a problem by Zuther. Furthermore, we
extend our notion of end degree to also respect, among others, the vertices dominating the
end, which we denote as combined end degree. Our main result is a characterisation of the
combined end degree in terms of certain sequences of vertices, which we call end-exhausting
sequences. This establishes a similar, although more complex relationship as known for

the combined end degree and end-defining sequences in undirected graphs.

§1. INTRODUCTION

The notion of ends became crucial for analysing the structure of infinite graphs. An end
of a graph is an equivalence class of one-way infinite paths, where two such paths are called
equivalent if they are joined by infinitely many disjoint paths. Degree parameters were
defined for ends as well, see e.g. [2,7], where the basic definition is as follows. The degree of
an end w of a graph is the supremum (within N U {oc}) of the number of disjoint one-way
infinite paths in w. It is a non-trivial theorem by Halin [6] that the supremum in this
definition is actually an attained maximum. End degrees turned out to be useful parameters
for infinite graphs, e.g. for characterising a topological notion of infinite cycles [2], or when
studying extremal questions regarding the existence of infinite grid-like subgraphs [7].

A different way to describe the degree of an end is by certain sequences of nested finite
vertex separators, so-called defining sequences. It was shown in [4] that one can characterise
the degree of an end together with the number of vertices dominating it, also referred to
as combined end degree, via the sizes of the separators within defining sequences. Here,
a vertex v is said to dominate an end w if there exist infinitely many paths from v to a

one-way infinite path in w which are all disjoint except from v.

In this paper we shall consider directed graphs, briefly denoted as digraphs, which are

infinite, and we shall define analogous concepts of end degrees as mentioned above for
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undirected graphs. For this we follow a notion of ends of digraphs defined by Zuther [8,9],
which is a natural and analog definition to the one for undirected graphs. An end of a
digraph is defined as an equivalence class of rays and anti-rays, where a (anti-)ray is an
orientation of a one-way infinite path such that each edge is oriented towards (resp. away
from) infinity (see Section 2 for a precise definition). Zuther called two rays or anti-rays
Ry, Ry of a digraph D equivalent if there exist infinitely pairwise disjoint directed paths
from R; to Ry and vice versa. Note that this definition allows that e.g. R; is a ray and Ry
is an anti-ray.

The first result of this paper, Theorem 3.1, resolves a problem stated by Zuther [8,
Problem 2| and proves that an end of a digraph which contains any finite number of
disjoint rays also contains infinitely many disjoint rays. Hence, Theorem 3.1 is an analogous
result to the aforementioned theorem by Halin [6], and allows us to define the in-degree
(resp. out-degree) of an end as the maximum number of disjoint rays (resp. anti-rays) in
that end.

The natural question arises whether an end with infinite in- and out-degree might admit
a system of pairwise disjoint rays and anti-rays witnessing both of these degrees. By
Theorem 4.1 we answer this question negatively and construct a digraph with infinite in-
and out-degree where each ray intersects each anti-ray.

The main contribution of this paper is the introduction of end-exhausting sequences, a
concept for ends of digraphs similar to defining sequences for ends of undirected graphs.
Similarly, although more complex as for undirected graphs, we define a combined in-
degree (and out-degree) for ends, and prove an equality to a parameter solely based on

end-exhausting sequences in the following main result of this paper:

Theorem 1.1. Let D be a digraph and let w be an end of D that contains at least one but

at most countably many rays. Then the combined in-degree of w is the same as

inf {hmﬁi}nf Ui
€

(Us)ien 18 an w-ezhausting sequence} ,
where both values are considered in N U {oo}.

Qualitatively, Theorem 1.1 establishes the same duality between end-exhausting sequences
and combined in-degrees (or out-degrees) of ends for digraphs as it is known for end-defining
sequences and the combined end degree in the undirected case.

The structure of this paper is as follows. After introducing some terminology in Section 2,
we prove in Section 3 that the in- and out-degree of an end is well-defined. In Section 4 we
construct a digraph containing infinitely many disjoint rays and infinitely many disjoint

anti-rays such that each ray intersects each anti-ray. In Section 5 we define end-exhausting
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sequences and the combined in- and out-degree of ends, followed by the proof of Theorem 1.1.
Finally, we briefly discuss in Section 6 how the results from Section 3 and Section 4 can be
proved when edge-disjoint rays (and anti-rays) are considered instead of vertex-disjoint

ones.

§2. PRELIMINARIES

For general facts and notation regarding graphs we refer the reader to [3], regarding
digraphs in particular to [1].

We call a digraph D weak if it is weakly connected. For the sake of brevity we call a
directed cycle just a dicycle and a directed path just a dipath. Given a dipath P containing
two vertices a, b such that b is reached from a via P, we define aPb as the subdipath of
P starting at a and ending in b. Given two vertex sets A, B, we call a dipath P an A-B
dipath if P starts in A, ends in B and is internally disjoint from A U B.

We call a weak digraph where each vertex has in- and out-degree 1 except one vertex
v which has in-degree (resp. out-degree) 0 and out-degree (resp. in-degree) 1 a ray (resp.
anti-ray). The vertex v is called the starting vertex (resp. end vertez) of the ray (resp.
anti-ray). We say that a ray starts in a vertex set A if it has its starting vertex in A. Given
a ray R with starting vertex v and some z € V(R) we denote by Rz the subdipath vRx of
R. A tail of R is a subray of R. If this tail starts at x, then we denote it by zR. Similarly,
for an anti-ray @ with end vertex v and some = € V(Q), we denote by x@ the subdipath
xQu of () and by Qz the subanti-ray of ) that ends at x, which we will also call a tail
of Q.

Let @ and R be rays or anti-rays. We write () < R if there are infinitely many pairwise
disjoint )—R dipaths and we write ) ~ R if ) < R and R < (). Then < is a partial order
on the set of rays and anti-rays in a digraph D and ~ is an equivalence relation on that
set. The equivalence classes of ~ are the ends of D and we can extend the relation < to
the ends: we write n < w for ends 7 and w if there are () € n and R € w with () < R. Note
that n < w if and only if Q) < R for every () € n and R € w. In particular, we have n < w
and w < 7 if and only if n = w.

We call an oriented tree A that contains a vertex x such that each vertex y € V(A)
is reachable from x (resp. reaches x) in A by a dipath, an out-arborescence (resp. in-
arborescence). The vertex x is called the root of A. An out-arborescence (resp. in-
arborescence) S with root ¢ whose underlying tree is a star is called an out-star (resp. in-
star) with centre c.

An undirected tree C' is called a comb if it is obtained from a system P of infinitely

many pairwise disjoint finite paths and a one-way infinite path R by gluing one end vertex
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of each path to a vertex on R such that different paths are glued to different vertices on R.
The one-way infinite path R naturally exists as a subgraph in C' and is called the spine
of C. All those end vertices of paths in P that do not lie on R and those that belong
to trivial paths (i.e. paths that consist of just one vertex) are called the teeth of C'. An
orientation of a comb is called an out-comb (resp. in-comb) if the spine of the comb is
oriented as a ray (resp. anti-ray) and each path of P is oriented as a dipath directed away
from (resp. towards) R.

We shall need the following analog for digraphs of the so-called Star-Comb Lemma [3,
Lemma 8.2.2] for undirected graphs. The proof is very similar to the undirected version,

but since it is short, we include it for the sake of completeness.

Lemma 2.1 (Star-Comb Lemma). Let D be a digraph and let x € V(D) and U < V(D)
be infinite such that there exists an x—u dipath for every uw e U. Then there exists either an

out-comb with all its teeth in U or a subdivided infinite out-star with all its leaves in U.

Proof. By Zorn’s lemma, there exists a maximal out-arborescence T' containing vertices
of U such that for every vertex t of V(T) there exists an z—t dipath in 7" and such that
every vertex without out-neighbour lies in U. Since U is infinite, T is infinite as well. If
T has a vertex of infinite out-degree, then it contains a subdivided infinite out-star as
out-arborescence with its centre as root and its leaves in U. So let us assume that all
vertices of T" have finite out-degree. Then there exists a ray in T starting at z, which we
denote by R. In order to construct infinitely many pairwise disjoint R—U dipaths in T, let
us assume that we have already constructed F, ..., P,_; such that the starting vertex of
P; lies before that of P; on R for i < j. Let v be the starting vertex of P,_; and let w be
its out-neighbour on R. Then the edge vw lies on an x—u dipath in T" for some u € U. This
dipath contains a maximal R-U dipath P,, which is disjoint to all P; with ¢+ < n. Thus,
we obtain infinitely many pairwise disjoint R-U dipaths. Then R together with all dipaths

P; for ¢+ € N is an out-arborescence with root x, that is an out-comb. O

§3. END DEGREE

Zuther [8, Theorem 2.17], see also Gut et al. [5], proved that every digraph that contains
an arbitrarily large finite number of pairwise disjoint rays contains infinitely many pairwise
disjoint rays. Zuther posed the problem [8, Problem 2] whether this also holds when we

ask all rays to lie in a common end. We settle his problem in the positive.

Theorem 3.1. Let D be a digraph.

(i) If an end of D contains n pairwise disjoint rays for all n € N, then it contains

infinitely many pairwise disjoint rays.
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(ii) If an end of D contains n pairwise disjoint anti-rays for all n € N, then it contains

infinitely many pairwise disjoint anti-rays.

Proof. 1t suffices to prove (i), since (ii) follows by applying (i) to the digraph with all edge
directions reversed.

Let w be an end of a fixed digraph D such that for all n € N there are n pairwise
disjoint rays in w and let R be a ray in w. For all n € N, we will recursively construct a set
R™={R},...,R'} of n pairwise disjoint rays, a set X" := {z,..., 2"} of n vertices, and
a set P" of 2n dipaths, such that the following hold for all n > 1

(1) R" € w;

(2) 2 lies on R} for all 1 <i < n;

(3) R'2?! is a proper starting subdipath of R?2? forall 1 <i <n — 1;
(4)

4) P™ contains a dipath from R to 2! 'RPz? and a dipath from 27 'R2? to R for
all 1 <7< n—1 that avoid U PJ where x¥ denotes the starting vertex of R;.

Let R! be a set consisting of a single ray R{ in w, let P! consist of an R-R} dipath and
an R{-R dipath and let X' consist of a vertex of R{ that lies after all vertices of dipaths
in P! on R{. By these definitions, (1)—(4) are satisfied for n = 1. Let us now assume that
we have already constructed R", X" and P".

Let X be the set of vertices on the dipaths Rz} for 1 <i < n and let Q € w be a set of
n + 1 pairwise disjoint rays. Let Q1,...,Q,11 be tails of the elements of Q that avoid X.
Foralll <i<nandl1 <j<n+1,let Pf], ..., P, be n pairwise disjoint ' R}'~Q);
dipaths that avoid X ~ X", which exist since all considered rays lie in a common end. For
all 1 <i < nlet h; denote the last vertex on R} that lies on any of the dipaths Pk’ Now,
forall 1 </ < n+1,let y, be a vertex on (), that lies after all vertices on dipaths Pk
on (), and after all vertices on segments xR h,.

Let D" be the finite subdigraph of D induced by all dipaths 2" R}z, where z is a starting
vertex of some Pfj, by all dipaths sz], and by all dipaths 2'Q);y;, where 2’ is an end vertex
of some dipath PJ";. Let S be a set of less than n vertices in D’. Then S avoids at least one
ray zj R}, at least one (); and at least one Pfj, that is, we find an z}—y; dipath. Menger’s
theorem implies that there are n disjoint dipaths from X" to {y1,...,yns1}. We may
assume that the indices are such that we find dipaths P; from z} to y; for all 1 <7 < n.
We set R”Jrl = Rl'a!' Py;Q; for all 1 < ¢ < n and choose R”+1 as a tail of ), .1 which is
disjoint from all R?"!. Finally, we set R"H = {R!"'| 1 <i<n+1}. By construction,
(1) holds for R”“ Let P™! be a set of dipaths, one from R to R!"' and one from R
to R for all 1 <7 < n, such that all these dipaths avoid the vertices in U PJ. Note that

these dipaths exist as all rays lie in a common end. For 1 <i<n+1, let x,’f“ be a vertex
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on R after all vertices of elements of P"*1. In particular, z7"! lies after 27 on R
Then, (2)—(4) hold by construction.
Thus {|J RI'z} | n € N,1 < ¢ < n} is an infinite set of pairwise disjoint rays that are all

equivalent to R, and hence lie in w. O

The in-degree of an end w, denoted by d~(w), is the maximum number of pairwise
disjoint rays in that end, if finite, and oo otherwise. Analogously, we define the out-degree,

denoted by d*(w), with respect to anti-rays.

§4. EXAMPLE

In this section, we will discuss an example of a digraph with infinitely many pairwise
disjoint rays and infinitely many pairwise disjoint anti-rays such that every ray and every

anti-ray share a vertex.

Theorem 4.1. There exists a digraph D with the following properties:
(i) D contains infinitely many pairwise disjoint rays.
(ii) D contains infinitely many pairwise disjoint anti-rays.

(iii) Every ray and every anti-ray of D share a verte.

Proof. For all i € N and ' := (Z;;ll j)+ 1, let R, = abal, ... be aray. Let D be the
union of all rays R; with additional edges x% 2% for all i € N and all feasible k and with
additional edges from x} with k = (Z;=1 J) + K to zl, with ¢" = (Z;;ll j) + K, for every
k' e {1,...,i}. We call these latter edges diagonal. Note that this digraph is planar. See
Figure 4.1 (a) for one picture of D and Figure 4.1 (b) for a planar drawing of D.

We note that (i) and (ii) are trivially true. So let @ be a ray and P be an anti-ray in D.
Moving on P along the edges in opposite direction away from the end vertex of P, we must
meet R after finitely many edges of the form z™*!'z™ or ™2™, ,. This implies that P
meets R; infinitely many times. Thus, P must also meet R, infinitely often, and so on. So
P meets each R; infinitely often. Thus, if () and some R; have a common tail, then ) and
P must have infinitely many common vertices.

So let us assume that ) has no common tail with any R;. Note that () must leave R;
towards R;_1, and R;_; towards R; 5, and so on until it meets R;. Then () must use a
diagonal edge to some R; with k& > i when leaving R;. Afterwards, () must again traverse
all Ry with k' < k. Note that for each ray R; there are only finitely diagonal edges that
are directed towards that ray. So eventually, () must use a diagonal edge to some Rj
with £ > ¢ when leaving R;. Hence, we obtain that ) meets all R; infinitely often. Note,
furthermore, that due to planarity it is not possible for () to traverse a ray R; first through

some vertex 7! and later through some vertex r’ for m < n as the r’~R; subdipath of Q
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(a) The digraph D. (b) A planar drawing of the digraph D.

FI1GURE 4.1. Two drawings of the digraph D.

together with the R;—r! subdipath of Q would cause ! @ to intersect Qr’ in another
vertex than r! | which is impossible.

This implies that there exists xél and x{é on some [?; and on () with ¢; < {5 such that
ac;l ijﬂg does not meet @ and that there exists 3 on P such that ¢ < f;, but there is no
2. on P with £ < ¢* < {,. Hence, P must use a diagonal edge x,lfxé: after the vertex )
with ¢/ < ¢ and j' = j for some k € N. Since ¢ < {1, the dipath :1:%1 Qxﬂé must also use a
diagonal edge zLa%, with k¥ > k for some j”,¢" € N. Now it follows that zJ lies in the
interior of the face bounded by 1:%le§2 U ) 1ij§2. Since P intersects R; again after ),
but uses the diagonal edge a:,lgzvi,,, we get that P must intersect the subdipath mzl Qx}, of Q,

which is a contradiction. O

This leaves the following problem open.

Problem 4.2. If a digraph D has an end w such that D contains for alln € N a set of
n rays and n anti-rays that are pairwise disjoint and lie in w, does there exist a set of

infinitely many rays and infinitely many anti-rays in w that are pairwise disjoint?

Note that the proof method used in Theorem 3.1 does not work here since we would
need to find two disjoint dipath systems, one for rerouting our initial segments of rays, and
one for our endsegments of anti-rays. This, however, is not guaranteed by an application

of Menger’s theorem as done before.
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The previous problem is also motivated by Proposition 4.4 and the following problem by
Gut et al. [5], in that a positive answer to Problem 4.2 is a corollary of Proposition 4.4

and of a positive answer for Problem 4.3.

Problem 4.3. [5, Problem 1.3] Is the consistently oriented double ray, i. e. the weak digraph

where every vertex has in-degree and out-degree 1, ubiquitous?*

Proposition 4.4. For every n € N, if a digraph D contains a set of n rays and n anti-rays
that are all pairwise disjoint and lie in the same end, then there exists a set of n pairwise

disjoint double rays in D all of whose tails lie in that end.

Proof. Let Ry,..., R, be rays and @4,...,Q, be anti-rays all in the same end w of the
digraph D and all pairwise disjoint. Let P be a set of pairwise disjoint dipaths that consists
of n many @;—R; dipaths for all 1 < 4,7 < n. This is possible to choose since all rays
and anti-rays lie in w. For all 1 < i < n, let z; be a vertex on @); such that Q;z; contains
no vertex from any dipath in P. Let y; be a vertex on R; such that y;R; contains no
vertex from any dipath in P. Let H be the finite digraph on the final subdipaths z;Q);, the
starting dipaths R;y; and the dipaths in P. Then every set of less than n vertices misses
one dipath z;@Q);, one dipath R;y; and one Q;~R; dipath P € P. Thus, this vertex set does
not separate X :={z; | 1 <i < n} fromY :={y; | 1 <i<n}. By Menger’s theorem, there
exist n pairwise disjoint XY dipaths in H and hence in D. These dipaths together with

the tails Q;x; and y; R; form n pairwise disjoint double rays all of whose tails lie in w. [

§5. END-EXHAUSTING SEQUENCES

In this section we define a generalisation of the in-degree of an end, the so-called combined
in-degree, and characterise it in terms of certain sequences of vertex sets. Hence, we focus on
ends that contain rays. Everything can be done for the out-degree and anti-rays completely
analogously, which is why we omit the details for that here.

Let D be a digraph and w an end of D which contains a ray. Furthermore, let (U;);en
be a sequence of finite vertex sets of D. We say that the sequence (U;)en is w-ezhausting
if for every ray in w there exists an ¢ € N such that this ray contains a vertex of U; and if
a ray in w contains a vertex of U;, then it contains a vertex of U;;. Furthermore, note
that obviously every countable digraph admits an w-exhausting sequence for every end w
that contains a ray of the digraph. For uncountable digraphs this is not necessarily true.

The following proposition characterises the existence of exhausting sequences and is an

*A digraph H is ubiquitous if, for any digraph D, the existence of n pairwise disjoint copies of H in D

for all n € N implies the existence of infinitely many pairwise disjoint copies of H in D.
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analogue of Lemma 5.1 in [4], which characterises the existence of so-called end-defining

sequences for ends of undirected graphs.

Proposition 5.1. Let D be a digraph and let w be an end of D that contains a ray. Then
there exists an w-exhausting sequence if and only if there exist at most countably many

disjoint rays in w.

Proof. If there are uncountably many disjoint rays in w, then clearly there cannot exist an
w-exhausting sequence.
Conversely, let R := {R; = zjx% ... | i € N} be a maximal set of countably many disjoint

rays in w. We set
Vi = {ap}
Vo= V1 v {ay, 2}

‘/3 = V2 v {[E%,I‘%,l’g}

Let R be a ray in w. By the maximality of R, there exists some vertex from a ray in R
that lies on R. Let $§ be the first such vertex on R. Since $3 lies in V;1; and thus in V}, for

all k = 1 + j, we conclude that (V});ey is an w-exhausting sequence. O

Let us call an end w of a digraph D countable if it contains at most countably many
disjoint rays. So by the proposition above, every countable end with at least one ray admits
an exhausting sequence.

Let X and Y be disjoint sets of ends of D. We say that a vertex set S < V(D) separates
X from Y in D if for every w € Y every R € w has a tail () such that every ray in elements
of X that starts at a vertex of () meets S. In case X (or Y) is a singleton set, we ease the
notation and analogously define that the end wy € X (or X) is separated from Y (or from
the end wy € Y).

Similarly, we define for W € V(D) and a set of ends Y of D that a vertex set S € V(D)
separates W from Y in D if for every w € Y every R € w has a tail () such that every Q-W
dipath meets S. As before, we ease the notation and make corresponding definitions in
case W or Y are singleton sets. Finally, we accordingly define how a set of vertices and
ends is separated from a set of ends.

For an end w of D, set
w ={n<w|nendof D,d (n) =1}

For a vertex v € V(D) and a ray R, we call an infinite family of v—R dipaths an infinite

v-R fan if they pairwise meet only in v.
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A vertex v dominates an end w of a digraph D if w contains a ray and for every ray
R € w there is an infinite v—R fan and an R—v dipath. We denote by dom(w) the set of
vertices dominating the end w. Note that looking at infinitely many distinct tails of R,
the definition implies the existence of infinitely many distinct R—v dipaths. In contrary
to the v—R fan, these dipaths may pairwise intersect in more vertices than just v. For an
arbitrary end w of a digraph D, we define the combined in-degree of w, denoted by A~ (w),
as

d~(w) + inf{|S| | S € V(D) separates w™ u dom(w) from w}.
Analogously, it is possible to define the combined out-degree of w.

In graphs the combined degree of an end is the maximum number of disjoint rays plus
the number of vertices dominating that end. This is known to be equal to the infimum over
the sizes of the vertex sets in defining sequences of that end (see [4]). For digraphs, the
infimum over the sizes of the sets of exhausting sequences is not the same as the in-degree

plus the number of dominating vertices of that end as the following example shows:

Example 5.2. Let D be the digraph as depicted in Figure 5.1. The in-degree of the end
w containing R is 1 and there is no dominating vertex of that end. Intuitively, the ray
R~ serves as a dominating vertex that is stretched out as a ray. The combined in-degree
of w is 2 as we can simply let S consist of the bottom left vertex for the definition of the
combined in-degree. Furthermore, if U; is a set consisting of the i-th vertex of R together
with its in-neighbour on R~, then (U;);ey is an exhausting sequence of w and there is no

exhausting sequence of w with smaller limit inferior.

> R

R

R(—

FI1GURE 5.1. The end containing R has combined in-degree 2, but contains

no two disjoint rays and is not dominated by any vertex.

Our aim in the rest of this section is to show that the combined in-degree can be

characterised via exhausting sequences as it is indicated by Example 5.2.

Lemma 5.3. Let D be a digraph and w an end of D where 1 < d~(w) < co0. Suppose there
ezists a finite S < V(D) separating dom(w) v w™ from w. Then there is a sequence (U;)ien
with U; € V(D) and |U;| = d~(w) for all i € N such that every ray in w meets some U; and

if it meets U; and avoids S then it also meets U; .
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Proof. Let Uy be a vertex set of size d~ (w) such that d~ (w) many disjoint rays Ry, ..., Rg-(.)
with R; = afzi... for all 1 < i < d™(w) in w start at U;. Since S is finite, we
may assume that no ZL‘; lies in S and that no R,—dom(w) dipath exists in D — S for
any i. Let us suppose that there exists no V' < V(D) of size |U;| that separates some
Xp:={2}|j=kand 1 <i<d (w)} from Uy in D —S. By Menger’s theorem, there exist
|U1| + 1 internally disjoint U;—X}, dipaths in D — S. Since these dipaths avoid dom(w),
there exist d~(w) + 1 disjoint out-combs with teeth in X, for some ¢ € N by a compactness
argument. Thus, their spines must lie in ends u < w. But as all the dipaths used to con-
struct the out-combs avoid S, the spines must be in w. Thus, w contains more than d~(w)
pairwise disjoint rays, which is impossible. So there exists Uy € V(D) with |Us| = |U;|
that separates some X with £ € N from U;. We recursively define the other sets U, for
¢ > 2 in an analogous way, that is, such that U, € V(D) with |U,| = |U;| separates some
X with k € N from U,_;.

Now, let R € w be such that R avoids S and let us assume there is an ¢ € N such that R
contains a vertex v from U;. Hence, v € V(R;) for some 1 < j < d”(w). Since R € w, it
contains infinitely many vertices from the rays Ry, ..., R4-(.). This implies that R contains
vertices from X, for every n € N. As U;,, separates some X,, from U; in D — S and R is
disjoint from S, we know that vR intersects U, 1.

Let us now assume that R € w does not meet any U;. By the choice of Ry, ..., Rg-(.),
the ray R meets some R;. Let Q be the ray ) R;x R, where x is a vertex in R; n R. Then
Q meets any U, only in z{R;x and thus it meets only finitely many U;. Since it meets at
least Uy, this contradicts the property that we just proved. Thus, the sequence (U;)ien

satisfies the claim. O

Lemma 5.3 shows that under its assumptions there exists an exhausting sequence all of
whose elements have size A~ (w): simply take the sequence (U; U S);en. While this just
seems to be a part of a special case of Theorem 1.1, it will actually help us in the proof of
that theorem.

Lemma 5.4. Let D be a digraph and let w be a countable end of D with d~(w) = 1. Let
(Uy)ien be an w-exhausting sequence such that |U;| < k for some k € N and all i € N. Then
the following hold.

(i) For everyne w™, either there exists a finite vertex set S that separates n from w
and lies in all but finitely many U; or (U;)en is n-exhausting.
(ii) There exists a finite vertex set S that separates dom(w) from w and lies in all but

finitely many U;.
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Proof. Let n € w™. Let us assume that there is no finite vertex set that separates n from w
and that lies in all but finitely many U;. Let us suppose that there is a ray @) € n that
avoids all vertex sets U;. Let S be the set of vertices that are contained in all but finitely
many U;. Hence, S is a finite set, and does not separate n from w by assumption. So
there is a ray R € w such that for every tail T' of R there is a ray Q)7 € n starting at T
and avoiding S. By considering a tail, if necessary, and since (U;);en is w-exhausting, we
may assume that R is disjoint from S and the first vertex of R lies in U,, for some n > 1.
By assumption, we know that Qg € n is a ray starting at a vertex v on R and avoiding S.
Since Q and Qg are equivalent, there exists a (Qg—(Q dipath P,, starting at qr and ending
at ¢, that is disjoint to S. Then there exists N € N with N > n such that for all j > N
there is no common vertex of U; and the ray Q* := RvQrqrP2qQ. Because of n < w, there
are infinitely many pairwise disjoint ¢@)—R dipaths. Thus, there exists one such dipath
P; with first vertex ¢* and last vertex r* # r such that neither P; nor r*R contains any
vertex from Uy for some & > N. Then the ray Q*q¢* Psr* R lies in w, contains a vertex from
U, but not from Uy. This is a contradiction to (U;)en being w-exhausting. Thus, every
ray in 7 meets some set U;.

Let us suppose that there exists a ray ) €  such that () contains a vertex from U; but
not from U, ;. Let x be on a ray R € w such that xR avoids U1, too, which is possible as
U;.4 is finite. Since @) < R, there exists a QQ—xR dipath P with starting vertex y and end
vertex z that avoids U, such that Qy meets U;. Then QyPzR is a ray in w that contains
a vertex from U; but not from U;4y. This is impossible since (U;)en is w-exhausting. Thus,
(i) follows.

Suppose that there is no finite vertex set separating dom(w) from w that lies in all but
finitely many U;. Let S be the set of vertices that are contained in all but finitely many U;.
Hence, S is a finite set and does not separate some v € dom(w) from w by assumption.
Again, we may assume that there is a ray R € w that is disjoint from S. Similarly as in
the proof of statement (i), we can find a dipath P starting at some r € R and ending in
v that avoids S. We may choose r such that Rr contains a vertex from some Uy. Then
there exists NV = k such that RrP contains a vertex u € Uy but uRrP or uP, depending
on whether u lies on R or on P, meets Uy, for M > N at most in u. Furthermore, let
m > N such that U,, n Uy € S. Then uRrP or uP is disjoint from U,,. Let R’ be a tail
of R that is disjoint from U,,. Since there exists a v—R’ fan, there is a v—R' dipath P” with
end vertex r’ on R’ that avoids U,,. Then uRrPvPr' R or uPvP'r'R' is a ray in w that
contains a vertex from Uy but avoids U,,, which contradicts that (U;)en is w-exhausting.

This shows (ii). O
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Now we are able to prove our main result.

Theorem 5.5. Let D be a digraph and let w be a countable end of D with d~(w) > 1.
Then

K (w) i= inf {lim inf | U]
1€

(Us)ien s an w-ezhausting sequence}

is the same as the combined in-degree A~ (w), where both values are considered in N U {oo}.

Proof. Let us define the following;:

J (w) :=inf{|S| —|—Zd’(?7) AuB=w vi{w},;)AnB=g,we B,

neB

S < V(D) separates A U dom(w) from B}.

We will actually prove that K(w) = §~ (w) = A~ (w), where we do not distinguish between

distinct infinite cardinals. Trivially, we have 6~ (w) < A~ (w).

In order to prove K(w) = 6~ (w), it suffices to prove the assertion for finite K(w). Let
(U:)ien be an w-exhausting sequence. By thinning out the sequence (U;);en, we may assume
without loss of generality that all sets U; have the same finite size. Let (A, B) be a partition
of w™ U {w} such that B consists of those ends 7 in w™ U {w} for which (U;)ey is an
exhausting sequence and such that the (finite) set of all those vertices that lies in all but
finitely many U; does not separate 1 from w. By Lemma 5.4 (ii), there exists a finite vertex
set Sgom that separates dom(w) from w and that lies in all but finitely many U;. Since
(Uy)ien is an exhausting sequence for every element 7 € B, there exists by Lemma 5.4 (i),
for every € Ann, a finite vertex set S, that separates p from 7 and lies in all but
finitely many U;. We claim that for every pn e A~ n~ the set S, ,, separates p from 1 and
lies in all but finitely many U;. If S, does not separate p from 7, then S, , does not
separate p from w, as Sy, is not separating n from w by definition of B, a contradiction.
As K(w) is finite, there exists a finite vertex set S that separates A from B and that lies
in all but finitely many Uj.

If B is infinite or has an element of infinite in-degree, then there exist more than K(w)
pairwise disjoint rays in elements of B. Since (U;);en is w-exhausting, there exists an N € N
such that for all ¢ > N the set U; contains vertices from more than K (w) many of these
rays. This contradicts the definition of K(w). Hence, B is finite and every element of B
has finite in-degree. Thus, the maximum number of pairwise disjoint rays in elements of B
is finite and is the same as }, .5 d™(n). Since S'U Sqom is finite, we may assume that there

are Zne 5 d”(n) many pairwise disjoint rays in elements of B each of which contains no
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vertex from S U Sgom. Since eventually all U; must contain a vertex from each of those

rays, this completes the proof of K(w) = 0~ (w).

In order to prove K(w) < 6~ (w), let us now assume that §~(w) < oo, i.e. there are a
partition (A, B) of w™ U {w} with w € B and some vertex set S separating A U dom(w)
from B such that [S| + >, .5 d™(n) is finite. In particular, 6~ (w) being finite implies that
B and S are finite. Note that no end 7 in B is separated from w by S, as moving 7
together with all ends in B from which 7 is not separated from B to A would make the
value of 07 (w) smaller. Let 7,...,n be an enumeration of B such that i < j if n; < ;.
Next we claim that, for every i € {1,...,|B|}, there is a finite vertex set .S; that contains S
and separates all ends p < n; from 7;. Since B is finite, we can separate all ends p < n;
with © € B with a finite vertex set S! from 7;. Hence, we can separate all ends u < 7;
with p € w™ from n; by S U S.. Suppose there were a u < 7; outside of w™ which is not
separated by S U S! from 7;. Then, we have u € n; € w™, a contradiction. Note that every
vertex dominating an end 7; < w also dominates w. Therefore, every vertex dominating 7;
is separated from n; by S; because n; € B and S < S;. Thus, Lemma 5.3 implies that there
are sequences (U7 )ien, for every j € {1,...,|B|}, with |U| = d~(n;) for all i € N such that
every ray in 7; meets some U/ and if it meets U/ and avoids S; then it also meets U7, ;.
Let R € w be a ray. Since S does not separate any n; from w, we may assume that there is
a dipath from R to every vertex in Uij for every 1 < j < |B| and every i € N. For every

1 <j < |B|, let R7 be a maximal set of pairwise disjoint rays in 7, starting at U7.

Claim 1. We may choose the (Uij)ieN such that there is a dipath from every tail of R to
every vertex in Ul-j that avoids S for every 1 < j < |B| and every i € N and such that the
elements of all R7 for 1 < j < |B| are disjoint from S.

Proof. Since S does not separate n; from w, there exists a ray () € n; starting at a vertex
on an arbitrary tail of R so that @) is disjoint from S. Hence, @) intersects all but finitely
many U/. Let us now fix i € N such that @ intersects U/, and let z € V(Q) n U/. Then
there exists N > ¢ such that for every i’ = N and every y € UZ there exists an x—y dipath
avoiding S. Since S is finite, the claim follows by taking a suitable subsequence of (Uf )ieN

and thus taking the elements of R as suitable tails of the original ones. O

Claim 2. We may choose the sequences (U} )ien such that every ray in n; that starts at U}
with € > j and avoids S, and hence also every ray in n; that starts at some U} with € > j

and avoids S, must have a vertex from | J,.; Ur.

Proof. Let us suppose that the claim is false and that j is smallest such that the claim fails

for j. In particular, the sets Ul with k < j are defined such that they have the desired
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property. Then there exists for infinitely many i > 2 a ray Q; € n; starting in some U} with
(> j that avoids | J,_; UF U U! U S, as otherwise we could replace the sequence (U7 );en
by a suitable final subsequence. Since @); € 7;, there exists a first vertex z; on (); that
lies on some @ € R/ such that 2,Q does not meet [ J,_; UF U U/ Note that {z; | i € N}
must be infinite. In the subdigraph induced by the starting dipaths Q;z;, there exists
by Lemma 2.1 either a subdivided infinite out-star with leaves in elements of R’ or an
out-comb with teeth on elements of R7. Let us first suppose that there exists a subdivided
infinite out-star with centre x and leaves in elements of R’. Clearly, there exists an z—R’
fan for every ray R’ € ;. And since 7; < w, there is also an - R" fan for every ray R" € w.
By Claim 1, each Uz-j can be reached from every tail of R via a dipath avoiding S. Since all
rays @; avoid S, we know that x is reached from every tail of R via a dipath avoiding S.
So x is dominating w, but not separated from it by S, a contradiction to the choice of S.

Thus, we find an out-comb with spine 7" and teeth in {z; | ¢ > 2} in that subdigraph.
We may assume that T has its first vertex in some U} with £ > j. As R/ is finite, one of
its elements contains infinitely many teeth of the out-comb. So 7" must lie in an element
of w™ U {w}, but as all rays (); avoid S, it cannot lie in A, so it lies in some 7, < ;. By
the minimal choice of j, if k < j, then T meets | J,_, U{, which is impossible as all the

dipaths @Q;x; avoid that set. Hence, we have k = j. By the choice of (U})en, T must
contain a vertex from some U7, and thus from every Ul-j for ¢ = m as the sequence was
chosen according to Lemma 5.3. This shows that infinitely many @); contain a vertex from
all U,L-j for ¢+ = m, which contradicts their choices. Thus, there exists n € N such that all
rays in 7; starting at some U{ with ¢ > j that avoid qu UF U S contain a vertex from UJ.
Removing all elements before UJ from the sequence (U} );en leaves with a sequence for j as

)

desired. O

Note that Claim 2 implies that Sul J; <IB| Ui separates w™ udom(w) from w. Furthermore,

Claim 2 implies that we may have chosen S; = S u i< U}, which we assume for the rest
of the proof.

We will define a sequence (V;);en that is w-exhausting. We set

ne=su J vf

1<j<|B|
and
j B
Vii=Su U Ui v UuP.
1<j<|B|

Note that

Vi=vi~0? oul? = 55 wUPl.
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Let @ be a ray in w. By definition of (UZJB|)Z»€N, the ray () contains a vertex from some UilB‘.
If it also contains a vertex of S|p|, then the ray contains a vertex from all V; for j > i
by their definition. If () contains no vertex from S|g|, then the definition of the (U, ,LB|) LeN
implies that ) contains a vertex from Ui‘f‘l and inductively from all U]‘.B‘ for 7 = i. Thus,

the sequence (V});en is w-exhausting. This implies K(w) < § (w).

Since ¢~ (w) < K(w) and since the sequence (V;);en that we constructed in the proof of
K(w) < 0~ (w) is w-exhausting and has the property |V;| < 0~ (w) for all i € N, we have
|Vi] < K(w). Since all V; have the same size, we have |V;| = K(w) for all i e N. As Sip

separates w~ U dom(w) from w, this implies
A~ (w) < [ | +d (w) = V1] = K(w).

Thus, we have proved

which completes the proof. O

§6. EDGE-DEGREES OF ENDS

In this section, we will consider edge-disjoint rays in ends of digraphs and discuss the
corresponding structural results for ends containing an arbitrary or an infinite number of
pairwise edge-disjoint rays. The proofs of the results are essentially the same as those given
in Section 3 and Section 4, which is why we omit them here. The first result corresponds

to Theorem 3.1 for edge-disjoint rays.

Theorem 6.1. Let D be a digraph.

(i) If an end of D contains n pairwise edge-disjoint rays for all n € N, then it contains
infinitely many pairwise edge-disjoint rays.
(ii) If an end of D contains n pairwise edge-disjoint anti-rays for all n € N, then it

contains infinitely many pairwise edge-disjoint anti-rays. U

Theorem 6.1 enables us to define the edge-in-degree (the edge-out-degree) of an end of a
digraph as the maximum number of pairwise edge-disjoint rays (anti-rays) in that end.

Similarly as for vertex-disjoint rays and anti-rays as in Theorem 4.1, we obtain a
digraph that has infinitely many pairwise edge-disjoint rays and infinitely many pairwise

edge-disjoint anti-rays such that every ray and every anti-ray share an edge.

Theorem 6.2. There exists a digraph D with the following properties:

(i) D contains infinitely many pairwise edge-disjoint rays.
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(ii) D contains infinitely many pairwise edge-disjoint anti-rays.

(iii) Every ray and every anti-ray of D share an edge.

Proof. Let D' be the digraph constructed in the proof of Theorem 4.1. We replace every
vertex u by two vertices u~ and u™ and every edge uv by the edge utv~. We add also
all edges of the form v~ u* for u € V(D') in order to obtain the digraph D. Obviously,
D satisfies (i) and (ii). Since every vertex of D has either a unique out-neighbour or a
unique in-neighbour, edge-disjoint dipaths in D induce disjoint dipaths in D’. Thus, D
must satisfy (iii). O
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