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Abstract. We prove the existence of an upper bound on the asymptotic
dimension of tree amalgamations of locally �nite quasi-transitive connected
graphs. This generalises a result of Dranishnikov for free products with amal-
gamation and a result of Tselekidis for HNN-extensions of groups to tree amal-
gamations of graphs. As a corollary, we obtain an upper bound on the asymp-
totic dimension of a multi-ended quasi-transitive locally �nite graph based on
any of their factorisations.

1. Introduction

Asymptotic dimension of metric spaces was introduced by Gromov [11]. It is
a quasi-isometry invariant and hence an invariant of �nitely generated groups.
Thus, it is interesting to see how the asymptotic dimension behaves with respect to
free products with amalgamations and HNN-extensions. Bell and Dranishnikov [2]
proved for these products that the asymptotic dimension is �nite provided that the
asymptotic dimension of the factors is �nite. The best upper bound for the free
product with amalgamation A ∗C B of �nitely generated groups A and B is given
by Dranishnikov [7]:

asdim(A ∗C B) ≤ max{asdim(A), asdim(B), asdim(C) + 1}.

Recently, Tselekidis [13] obtained a similar upper bound for the HNN-extension
A∗C of a �nitely generated group A:

asdim(A∗C) ≤ max{asdim(A), asdim(C) + 1}.

We generalise these two results in our main theorem. For that, a tree amal-
gamation can be thought of as a graph theoretic analogue of free products with
amalgamation and HNN-extensions of groups. We refer to Section 2 for the precise
de�nitions.

Theorem 1.1. Let G1, G2 be locally �nite connected graphs and let Γ1,Γ2 be groups
acting quasi-transitively on G1, G2, respectively. Let G = G1 ∗G2 be the tree amal-
gamation of bounded identi�cation respecting the actions of Γ1 and Γ2. Then

asdim(G) ≤ max{asdim(G1), asdim(G2), asdim(C) + 1},

where C is an arbitrary adhesion set of G1 ∗G2.

We note that neither in the results of Dranishnikov and of Tselekidis the group
C has to be �nite nor in our result the adhesion set C has to be �nite.
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The bound in Theorem 1.1 is sharp as some tree amalgamations of �nite graphs
are quasi-isometric to trees by [12, Theorem 7.4] and thus have asymptotic dimen-
sion 1 but �nite graphs have asymptotic dimension 0.

Let G be a locally �nite quasi-transitive connected graph with more than one
end. A tuple (G1, . . . , Gn) of locally �nite quasi-transitive connected graphs is a
factorisation of G if G is obtained by iterated non-trivial tree amalgamations of all
Gi of �nite adhesion and bounded identi�cation respecting the group actions and
distinguishing ends.

By [12], all multi-ended quasi-transitive locally �nite connected graphs have a
non-trivial factorisation, i. e. a factorisation with more than one factor. But there
are examples of Dunwoody [8, 9] that show that not every such graph has a terminal
factorisation, i. e. a factorisation all of whose factors have at most one end.

The following result is an immediate corollary of Theorem 1.1.

Theorem 1.2. Let (G1, . . . , Gn) be a factorisation of a locally �nite quasi-transitive
connected graph G. Then asdim(G) ≤ max{1, asdim(Gi) | 1 ≤ i ≤ n}. □

Aside from our motivation from the results of Bell and Dranishnikov and of
Tselekidis, asymptotic dimensions got more attention in graph theory in general.
E. g. this notion has been studied in connection with minor-closed families of graphs,
see the results of Fujiwara and Papasoglu [10] for planar graphs and the subsequent
results by Bonamy et al. [5, 6] on general proper minor-closed families of graphs.
For graphs, the most general result among those three mentioned above, is the
one in [5], which says that proper minor-closed families of graphs have asymptotic
dimension at most 2.

2. Tree amalgamations

In this section, we will de�ne all notations and state all results that we need in
the context of tree amalgamations.

A tree is (p1, p2)-semiregular if for the canonical bipartition {V1, V2} of its vertex
set all vertices in Vi have degree pi for i = 1, 2.

Let I1 and I2 be disjoint sets and let G1 and G2 be graphs. Let (S
i
k)k∈Ii be fam-

ilies of subsets of V (Gi) for i = 1, 2 such that all sets Si
k have the same cardinality.

For all k ∈ I1 and ℓ ∈ I2, let ϕkℓ : S
1
k → S2

ℓ be a bijection. Set ϕℓk = ϕ−1
kℓ . The

maps ϕkℓ and ϕℓk are the bonding maps.
Let T be a (|I1|, |I2|)-semiregular tree with canonical bipartition {V1, V2} such

that the vertices in Vi have degree |Ii|. Let D(T ) be the set obtained from the

edge set of T by replacing every xy ∈ E(T ) by two directed edges
→
xy and

→
yx.

For a directed edge
→
e =

→
xy ∈ D(T ), we denote by

←
e the edge with the reversed

orientation, i. e.
←
e =

→
yx. Let f : D(T ) → I1 ∪ I2 be a labelling such that for every

i ∈ {1, 2} and every v ∈ Vi each k ∈ Ii occurs in the set of labels of edges starting
at v precisely once.

For every i ∈ {1, 2} and every v ∈ Vi, let Gv be a copy of Gi. Denote by Sv
k

the corresponding copies of Si
k in V (Gv). Let G1 +G2 be the graph obtained from

the disjoint union of all graphs Gv with v ∈ V (T ) by adding new edges as follows:

for every edge
→
e =

→
uv with f(

→
e) = k and f(

←
e) = ℓ we add an edge between each

x ∈ Su
k and ϕkℓ(x) ∈ Sv

ℓ . Note that this does not depend on the orientation we

pick for e, since ϕℓk = ϕ−1
kℓ . If we contract all edges of G1 +G2 that lie outside of

the copies Gv we obtain the tree amalgamation G1 ∗T G2 of the graphs G1 and G2
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over the connecting tree T . If T is clear from the context, we just write G1 ∗ G2.
Let π : V (G1 +G2) → V (G1 ∗G2) be the canonical map that maps each vertex of
G1 +G2 to the vertex obtained from it after all the contractions.

The sets Si
k and their images under π in G1 ∗ G2 are the adhesion sets of the

tree amalgamation. A tree amalgamation has �nite adhesion if all its adhesion sets
are �nite. We call a tree amalgamation G1 ∗T G2 trivial if for some v ∈ V (T ) the
restriction of π to V (Gv) is a bijection.

For a vertex x ∈ V (G1 ∗T G2) let Tx be the maximal subtree of T such that
every node of Tx contains a vertex y with π(y) = x. The identi�cation size of x is
the cardinality of V (Tx). The tree amalgamation has bounded identi�cation if the
identi�cation sizes of its vertices are bounded.

A tree amalgamation distinguishes ends if there is some adhesion set Sv
k = Su

ℓ

for adjacent vertices u, v of T such that for every component C of T −uv the graph
induced by

⋃
w∈C Gw

i contains a one-way in�nite path.
Let G and H be graphs. A map f : V (G) → V (H) is a quasi-isometry if there

are constants γ ≥ 1 and c ≥ 0 such that

γ−1dG(x, y)− c ≤ dH(f(x), f(y)) ≤ γdG(x, y) + c

for all x, y ∈ V (G).

Remark 2.1. Let G and H be graphs. It is obvious from the construction that
the map π : V (G+H) → V (G ∗H) is a quasi-isometry.

So far, the tree amalgamation is independent from any group action. In the
following, we describe some conditions on tree amalgamations that ensure that
tree amalgamations of quasi-transitive graphs are again quasi-transitive, see [12,
Lemma 5.3].

For i = 1, 2, let Γi be a group acting on Gi. Let i ∈ {1, 2}. The tree amalga-
mation respects γ ∈ Γi if there is a permutation π of Ii such that for every k ∈ Ii
there exist ℓ ∈ Ij and τ in the setwise stabiliser of Sℓ in Γj such that

ϕkℓ = τ ◦ ϕπ(k)ℓ ◦ γ |Sk
.

The tree amalgamation respects Γi if it respects every γ ∈ Γi.
Let k ∈ Ii and let ℓ, ℓ′ ∈ Ij . We call the bonding maps from k to ℓ and ℓ′

consistent if there exists γ ∈ Γj such that

ϕkℓ = γ ◦ ϕkℓ′ .

The bonding maps between Ji ⊆ Ii and Jj ⊆ Ij are consistent if they are consistent
for all k ∈ Ji and ℓ, ℓ′ ∈ Jj .

The tree amalgamation G1 ∗G2 is of Type 1 respecting the actions of Γ1 and Γ2

if the following holds:

(i) The tree amalgamation respects Γ1 and Γ2.
(ii) The bonding maps between I1 and I2 are consistent.

The tree amalgamation G1 ∗G2 is of Type 2 respecting the actions of Γ1 and Γ2

if the following holds:

(o) G1 = G2 =: G, Γ1 = Γ2 =: Γ and I1 = I2 =: I,1 and there exists J ⊆ I such

that f(
→
e) ∈ J if and only if f(

←
e) /∈ J .

1Formally we would have to work with a bijective map I1 → I2 since we asked I1 and I2 to be
disjoint.
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(i) The tree amalgamation respects Γ.
(ii) The bonding maps between J and I \ J are consistent.

The tree amalgamation G1 ∗ G2 respects the actions (of Γ1 and Γ2) if it is of
either Type 1 or Type 2 respecting the actions Γ1 and Γ2.

3. Asymptotic dimension

In this section, we state the de�nitions and cite the results that we need regarding
the asymptotic dimension. We keep this section in the general setting of metric
spaces instead of restricting it to graphs since the cited results are all for metric
spaces.

Let X be a metric space. A cover V of X is uniformly bounded if sup{diam(V ) |
V ∈ V} is �nite. The multiplicity mult(V) of V of X is the largest number of
elements of V that contain a common point of X or, equivalently, it is the smallest
number n such that every x ∈ X belongs to at most n elements of V. A cover U
re�nes V if for every U ∈ U there is a V ∈ V with U ⊆ V .

The space X has asymptotic dimension at most n if for every uniformly bounded
open cover V of X there is a uniformly bounded open cover U of X of multiplicity
at most n + 1 so that V re�nes U . It has asymptotic dimension n and we write
asdim(X) = n if it has asymptotic dimension at most n but not at most n− 1. A
family V of subsets of a metric space X is r-disjoint for r > 0 if d(V, V ′) ≥ r for all
V ̸= V ′ ∈ V.

Proposition 3.1. [4, Theorem 1] Let X be a metric space. Then asdim(X) ≤ n
if and only if for every r > 0 there exist r-disjoint uniformly bounded families
V0, . . . ,Vn of subsets of X such that

⋃
0≤i≤n Vi is a cover of X. □

LetY be a metric space. A map f : X → Y is a coarse equivalence if there are
non-decreasing unbounded functions ϱ1, ϱ2 : R+ ∪ {∞} → R+ ∪ {∞} such that

ϱ1(dX(x, x′)) ≤ dY (f(x), f(x
′)) ≤ ϱ2(dX(x, x′))

for all x, x′ ∈ X.
By [1, Proposition 22], the asymptotic dimension is invariant under coarse equiv-

alence. As quasi-isometries are coarse equivalences, we directly have the following.

Proposition 3.2. The asymptotic dimension is a quasi-isometry invariance. □

The next lemma says that restricting ourselves to subspaces does not increase
the asymptotic dimension.

Lemma 3.3. [3, Proposition 23] Let X be a metric space and Y ⊆ X. Then
asdim(Y ) ≤ asdim(X). □

A family (Xi)i∈I of subsets of X satis�es the inequality asdim(Xi) ≤ n uniformly
if for every r > 0 there exists a R ∈ N such that for every i ∈ I there exist r-disjoint
families V0

i , . . . ,Vn
i of R-bounded subsets ofXi such that

⋃
0≤j≤n V

j
i is a cover ofXi.

Theorem 3.4 is the In�nite Union Theorem for the asymptotic dimension.

Theorem 3.4. [1, Theorem 1] Let X be a metric space and let n ∈ N such that
X =

⋃
i∈I Xi for some family (Xi)i∈I with asdim(Xi) ≤ n uniformly for (Xi)i∈I .

For every r > 0, let Yr ⊆ X with asdim(Yr) ≤ n such that d(Xi ∖ Yr, Xj ∖ Yr) ≥ r
for all Xi ̸= Xj. Then asdim(X) ≤ n. □

A consequence of Theorem 3.4 is the Finite Union Theorem, Theorem 3.5.
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Theorem 3.5. [1, Finite Union Theorem] Let X = A∪B be a metric space. Then
asdim(X) ≤ max{asdim(A), asdim(B)}. □

Let U be a covering of a metric space X. We denote by

L(U) := inf
U∈U

{sup
x∈X

{d(x,X ∖ U)}}

the Lebesgue number of U .
Let r > 0, d > 0 and n ∈ N. We write (r, d) − dim(X) ≤ n if there exists a

d-bounded cover V of X with mult(V) ≤ n+ 1 and with L(V) > r. We call such a
cover an (r, d)-cover of X.

Proposition 3.6. [7, Proposition 2.1] Let X be a metric space. Then X has
symptotic dimension at most n if and only if there exists a function d : R>0 → R>0

such that (r, d(r))− dim(X) ≤ n for all r > 0. □

For a subset A of X we denote by ∂A its boundary and by Int(A) its interior, i. e.
A∖ ∂A. A partition of a metric space X is a presentation as a union X =

⋃
i∈I Wi

such that Int(Wi) ∩ Int(Wj) = ∅ for all i ̸= j.
The last result that we need for our proof of Theorem 1.1 is the Partition The-

orem, Theorem 3.7.

Theorem 3.7. [7, Theorem 2.10] Let X be a geodesic metric space and let n ∈ N. If
for every R > 0 there exists d > 0 and a cover V of X with Int(U)∩Int(V ) = ∅ for all
U, V ∈ V, with asdim(V ) ≤ n uniformly for V and such that (R, d)−dim(

⋃
V ∂V ) ≤

n−1, where ∂V is taken with the metric restricted from X, then asdim(X) ≤ n. □

4. Proof of Theorem 1.1

In this section, we will prove our main result, Theorem 1.1. Before we do that,
we need some notations and we prove a lemma.

Let G1 ∗ G2 be a tree amalgamation of locally �nite quasi-transitive connected
graphs over the connecting tree T . Let t ∈ V (T ). For every m ∈ N, let Om be the
subgraph of G+H induced by the vertex set

{x ∈ V (Gu
1 ), y ∈ V (Gv

2) | d(t, u) = m, d(t, v) = m}
and let Qm be the subgraph of G+H induced by the vertex set⋃

n≤m

V (On).

Lemma 4.1. Let G1 and G2 be quasi-transitive locally �nite graphs with asymptotic
dimension at most n. Then the following holds.

(i) For every m ∈ N we have asdim(Om) ≤ n.
(ii) For every m ∈ N we have asdim(Qm) ≤ n.

Proof. We prove (i) inductively. Since G1 and G2 have asymptotic dimension at
most n, it follows from the de�nition that each Gu

i with the metric inherited by
G1+G2 has asymptotic dimension at most n and that the family of all Gu

i satis�es
asdim(Gu

i ) uniformly.
Since O0 = Gt

i, we have asdim(Gt
i) ≤ n. We are going to apply Theorem 3.4.

Let r > 0 and let Um be the graph induced by the vertices in Om of distance at
most r to Om−1. Since Gi is quasi-transitive and there is a unique adhesion set in
each Gu

j with d(t, u) = m− 1 that is not adjacent to Om, we conclude that Om−1
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is either empty or quasi-isometric to Um. In particular, we have asdim(Um) ≤ n by
induction and by Proposition 3.2.

Let u, v be distinct vertices of T of distance m to t. Any path P from V (Gu
j )∖

V (Um) to V (Gv
j )∖V (Um)must pass throughGw

3−j , where w is the neighbour of u on
the unique t-u path in T . Thus, P has length at least d(V (Gu

j )∖V (Um), V (Gw
3−j)) >

r and hence Theorem 3.4 implies asdim(Om) ≤ n.
By Theorem 3.5, asdim(Qm) ≤ n follows directly from asdim(Om) ≤ n. □

Now we are ready to prove our main theorem.

Proof of Theorem 1.1. By Remark 2.1 and Proposition 3.2 it su�ces to prove the
assertion for H := G1 +G2 instead of G. Let T be the connecting tree of our tree
amalgamation. Let t1t2 ∈ E(T ) such that the graph associated to ti is Gi. Let Si

be a set of representatives of the orbits of adhesion sets in Gti
i under the action of

Γti
i and let Su

i be its image in Gu
i . Let

n := max{asdim(G1), asdim(G2), asdim(S) + 1 | S ∈ S1 ∪ S2}.
Let πT : V (H) → V (T ) be the canonical map that maps x ∈ Gu

i to u. For t ∈ V (T )
let T t be the subtree induced by all t′ ∈ V (T ) that are separated by t from t1. Let
r,R ∈ N such that r > 4R and r is even.

Let Ur be the subgraph of H induced by(
π−1
T (Br−1(t1)) ∩ {v ∈ V (H) | d(v,

⋃
St1
1 ) ≥ R}

)
∪
⋃{(

Br

(⋃
Sv
j

)
∩Gv

j

)
| d(v, t1) = r

}
and set

MR := {v ∈ V (H) | d(v,
⋃

St1
1 ) = R}.

Let Wr be Ur without those edges that have both their incident vertices in MR.
Let us extend the de�nitions of Wr and Mr to all vertices t of T of even distance

to t1: we set
W t

r := ft(Wr) ∩H[π−1
T (V (T t))]

and
M t

R := ft(MR) ∩ π−1
T (V (T t)),

where H[π−1
T (V (T t))] is the subgraph of H induced by π−1

T (V (T t)) and where

ft ∈ Aut(H) maps t1 to t such that the adhesion set separating Gt
1 from Gt1

1 lies
in ft(S1). Note that this de�nition does not depend on the particular choice of ft.

We consider the set

W := {W t
r | d(t, t1) ∈ rN} ∪ {W 0},

where W 0 is the graph induced by BR(
⋃

St1
1 ). Our aim is to show that we can

apply Theorem 3.7 for the set W. It follows directly from its construction that W
is a cover of H. The elements of W are edge-disjoint by construction but they may
share vertices that lie in MR or its images M t

R. Thus, Int(U) ∩ Int(W ) = ∅ for all
U,W ∈ W.

Since W 0 is quasi-isometric to
⋃
St1
1 , their asymptotic dimensions coincide. By

Theorem 3.5, we conclude that it is at most n − 1. Thus, in order to show that
asdim(W ) ≤ n − 1 uniformly for W, it su�ces to show it for W ∖ {W 0}. But
this follows from Lemmas 3.3 and 4.1 since Wr ⊆ Qr and W t

r is isomorphic to a
subgraph of Wr.
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Let us prove (R, d)− dim(Z) ≤ n− 1 for Z :=
⋃

W∈W ∂W . We have

Z =
⋃{

∂M t
R | t ∈ V (T ), d(t, t1) ∈ rN

}
.

Note that MR is quasi-isometric to
⋃

S1. Since S1 has at most two elements each
of which has asymptotic dimension at most n−1, we conclude asdim(

⋃
S1) ≤ n−1

by Theorem 3.5. Thus, we have asdim(MR) ≤ n − 1. By Proposition 3.6, there
exists a d > 0 and an (R, d)-cover U of MR with multiplicity at most n.

Set V := U ∪
⋃
{gt(U) ∩M t

R | U ∈ U , d(t, t1) ∈ rN>0}, where gt is an automor-

phism of H that maps Gt1
1 to Gt

1. Obviously, V is a d-bounded cover of Z. Since
the sets M t

R are pairwise disjoint, the multiplicity of V is at most n− 1.
To prove (R, d)− dim(Z) ≤ n− 1, it remains to prove L(V) > R. For that, we

just have to show d(M t
R,M

t′

R ) > R for all t, t′ ∈ V (T ) with d(t, t1), d(t
′, t1) ∈ rN.

Let v be the vertex on the t-t′ path in T closest to t1. If v is distinct from t
and t′, then every path with one end vertex in M t

R and the other in M t′

R must pass

through Gv
j . So we have d(M t′

R ,M t
R) > d(Gv

j ,M
t
R) > R. If v is not distinct from

t and t′, the let us assume v = t. Let St, St′ be the adhesion set in Gt
1, in Gt′

1

separating Gt1
1 from Gt

1, from Gt′

1 , respectively. Let w be the neighbour of t on the
unique t-t′ path and let Sv be the adhesion set in Gv

2 separating Gv
2 from Gt

1. Then

d(M t
R,M

t′

R ) ≥ d(Sv, S
′
t) ≥ 3R > R. So we have d(M t

R,M
t′

R ) > R in both cases.
Now Theorem 3.7 implies asdim(H) ≤ n and thus we have asdim(G) ≤ n by

Remark 2.1 and Proposition 3.2. □

As mentioned in [12], there are Cayley graphs of free products with amalgamation
or HNN-extensions that are tree amalgamations of Cayley graphs of their factors.
Thus, the results of Dranishnikov [7] and of Tselekidis [13] follow from Theorem 1.1.
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