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Abstract

The idea of solving the definite linear complementarity problem by successive overrelaxation
was originally proposed by Cryer. Hildreth and d’Esopo presented a Gauss—Seidel-like iterative
method to solve a quadratic programming problem.

In this paper a detailed discussion of Cryer’s method applied to quadratic programming
problems is given. The convergence behavior is treated without assumptions on solvability of the
problem.

Numerical examples indicate the efficiency of the method.
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Chapter 1

Introduction

The aim of this paper is to present a method for solving the following problem

Find the minimum of

z' Cx—c'z, (1.1)

subject to the constraints
Az < a (1.2)
Bx = b (1.3)

Here C is assumed to be a positive semidefinite symmetric (d, d)-matrix, ¢ and z are d—vectors, A
is an (n,d)-matrix, a is an n—vector and the inequality sign is to be understood componentwise.
The matrix B is (k,d) and b is a k—vector. Under these conditions the problem ahs a unique
solution if and only if there is an z € R? satisfying (1.2,1.3).

Such problems arise quite naturally in numerical analysis. If one wants for example find the
spline function or more generally the piecewise polynomial (i.e. finite element function) which is
nearest to a given set of data in the least squares sense and fulfills some side conditions (positivity,
monotonicity or convexity) given by inequality constraints then one has to solve a problem like
(1.1-1.3). (1.1) is the condition of minimum distance to the given data, (1.2) are the (discretized)
inequality conditions, and (1.3) are the continuity requirements generally imposed on splines or
finite element functions [1, 12, 23].

The same type of problem arises if a variational problem is discretized by splines or finite ele-
ments and if in addition some inequalities are imposed to hold for the solution (contact problems,
variational inequalities) [11, 18].

There exists a vast amount of similar problems in the literature [2, 4, 5, 7, 8, 14, 16, 21, 24, 25].
The main common features of all these problems are:

1. The matrices of the problem are large,
2. The matrices are sparse or composed of sparse matrices,
3. In (1.2), equality holds only for relatively few inequalities,

4. Ususally there are good approximate solutions to the problem known in advance.



Chapter 2

Reduction to a Linear
Complementarity Problem

First we assume (without loss of generality) that B has maximal rank. That means there are
matrices By, By such that (after eventually rearranging the components of x)

B = (B1,B>) (2.1)

and B; is nonsingular and quadratic. Partitioning in the same manner

A = (A1, Ag),
c - ( u Gu ) 7 (22)
ro= (11,15)",
= (cf,e3)7,
we can eliminate x; by
x1 = By'b — By ' By (2.3)
and get the reduced problem
.’L’;—él‘g — &2y —> minimum (2.4)

subject to ng <a.

where
A = Ay— AB'B, (2.5)
a = a—AlBl_lb
C = BB CuB'By—2C0L,B By + Oy
¢ = 2BIB{Y OB —20LB b — BI B ey + e

This reduction can be easily performed by simple elimination. Matrix C is positive definite and
symmetric. In some cases (see Chapter 8) is C only positive semidefinite and C' is positive definite.



The solution of (2.4) is characterized by the Kuhn—Tucker conditions ([3, Chapter III]):

x9 is a solution of (2.4) if and only if there are y > O,, (zero element of R"), u > ©,, such
that

Axy + ¥y = a
. ~ 2.6
— 2Cxy — ATu = —C (2:6)

y>0, u>0, ylu=0.

Now we eliminate x5 in (2.6) by

Ty = —%éflfu + %5*1’5. (2.7)

Thjis yields the following linear complementarity problem

Mu+y=p (2.8)
U > Oy, y > Oy, uw'y=0,

where
1 ~~ | ~
M = —§AC_1AT (2.9)
_ g 1limz
p = a 2 C.

The (n,n) matrix M is only negative semidefinite. It should be kept in mind that y (and z) are
uniquely determined if the problem has a solution. u, however, is not necessarily unique.

Having computed u and y, z is given by (2.3) and (2.7). The matrices A and C~1 are usually
sparse matrices which is generally not the case with M. Moreover, M is an (n,n)-matrix while
Ais (n,d—k) and C is (d — k,d — k). Therefore it seems adviceable to store M in the form (2.9)
in order to take advantage of the structure of A and C~1 and of the sparsity of u!.

1See 3 above on page 1



Chapter 3

Solution of the Linear

Complementarity Problem: Some
Known Methods

Among the classical methods for solution of a quadratic programming problem like (1.1,1.2,1.3)
the Wolfe method [26] is the most prominent one (see [3, §14.3]). This method is an elimination
method like the simplex method for linear programming. The main disadvantages of such methods
in our case are:

1. Nothing can be said about the number of iteration steps necessary to solve the problem,

2. The structure of M is destroyed after a few iteration steps. Even sparsity cannot be main-
tained during the iteration process,

3. There is no possibility to take advantage of known “good” solutions,

4. As generally with elimination methods, rounding errors tend to accumulate from one iter-
ation to another.

There are many other ways to solve (1.1,1.2,1.3) by an elimination process. Recently Lemke
([17], see also [9]) proposed a very elegant method to solve the complementarity problem (2.8).
This method, although very attractive from a theoretical standpoint, suffers from the disadvan-
tages mentioned above.

There also has been a large amount of iterative methods in the literature. Hildreth [15] and
d’Esopo [6] poposed to solve (2.8) by a Gauss—Seidel-like method. Unfortunately they needed
very restrictive assumptions on the generality of the problem. The most serious assumption is
that there should be a solution of (1.2,1.3) (moreover, even a “strong” solution). This assumption
cannot guaranteed in practice. As it is often the case with practical problems, even a small data
error in most cases causes (1.2,1.3) to have no solution.

A very interesting method for a very interesting problem was given by Fridman and Chernina
[11]. M, however, is assumed to be negative definite. The problem attacked by these authors



is the finite dimensional contact problem which gives a very nice physical interpretation to the
linear complementarity problem (2.8).

Cryer [4] used in a similar context a variant of the SOR method (Successive Overrelaxation
method). He also assumed M to be definite. This assumption is too restrictive for most cases in
practice.

In this context we also mention the iterative methods of Habetler and Price [13], Seisov [22]
and Torsti and Aurela [25].

The method given here is essentially Cryer’s method for negative semidefinite M. In contrast
to other authors it is not assumed that the problem has a solution at all. If this is not the case,
the method will give a clear indication for it.



Chapter 4

The Method: Preliminaries

There is a close relationship between (2.8) and the following problem

Given a symmetric (n,n)-matrix M. Find the maximum of
1
o(u) = §uTMu —plu (4.1)
subject to u > ©,, and Mu < p.

Obviously, (2.8) gives exactly the Kuhn—Tucker conditions for (4.1). Without loss of generality
we consider only those v € R™ with ¢(u) > 0. Then

1

3 u' Mu < 0. (4.2)
If all the rows of A are different from ©4_j then m;; < 0 for all diagonal elements of M. Without
loss of generality we may assume

plu<

mi; = —1 for all 1. (4.3)
As usual we decompose
M=A, -1+ Ag (4.4)
where I is the identity matrix, Ay, is a strictly lower diagonal matrix and Ap = A] .

Now we formulate the method (Cryer, [4]):

0. Given u® > 0, 0 < w < 2 fixed.
1. For each r let
I =yt —we (A — T 4 A — p) (4.5)
where u”" ! is uniquely determined by
2L = gl gt (4.6)

) . 41T .
u7+1 Z G)n, y7+1 Z @na u7+1 y7+1 =0.



2. Apply an appropriate termination criterion (see §7). if it fails, let r :=r + 1 and go to 1.

We note that this method is monotone in the following sense

Lemma 4.1 Let 0 < w < 2 and define for{ =1,...,n+1

{ u§+1 forj <t

uj forj > 4.

~ril __
i =

Similarly we define ﬂ;;e. Then w5t = o™, a"" T = u"™*! and
_ﬂr;éJrl + gr;€+1 — _ﬂr;@ —w- 6; (ar;@ _p) ey

(ee = £—th unit vector).

Then

consequently

Proof Observing

we put for fixed r and /¢
be =] (M —p).

7+1 only one component of %" is changed, viz.

In computing @
W =T e, 0< p<w,

thus

O (@) — o (W) = —5 e BF b el (MU —p) =5 (2 ) 6f 20

for 0 < p < 2. Thus the Lemma is proved.

(4.8)



Chapter 5

Convergence of the Method

For the first convergence theorem we need no explicit assumptions on the solvability of the
problem (2.8):

Theorem 5.1 It there is a bounded subsequence {u™} of {u"} then

and y* together with any accumulation point u* of {u"} solves (2.8).

Proof Let |[u™| <7 for all v then ¢ (u™) < vq, consequently, by monotonicity (Lemma 4.1)
10) (ﬂ”e) < 79 for all r and 4.

Moreover
v = e - (Mﬂr”"[ fp)
is also bounded: ¢;” < 7s.

Let ¢* = lim, .o ¢ (u”) and, for any given € > 0

¢" — o (u")

< €
= ¢ -9 (u") < e

(4.9) implies

0< 2 u-2—p)-(¢) <e.

N | =

‘We consider three cases

Lop=0a"" =u;" =0, ¢; <0.

2. 0<pu<w UM =0, 05 <0, p=—u," /¢y
—0< -1 2-wut ¢ <e.



= oy < \2e/(w-(2—w)). (5.1)

Since {u™} is bounded we have again in this case
|op” - up”| <v1-v2e/(w- (2 —w)).
Summarizing we have

|6y” - up”| < max (’yl V2w (2-w)),2e/(2 - w)) (5.2)
for all three cases.
Now let {u" } be a subsequence of {u"*} converging to u*. First we note
u* > 0,.

*

Since {¢;"} is bounded for all ¢ there is a subsequence converging zo a limit —y*.

By (5.1)
and by (5.2)

According to the definition of ¢, we have
y* = _MU* + b,

thus u*, y* is a solution to (2.8). By (4.8)

@’2?5+1 _ _ﬂz;e - 6; (Mﬂrgé _p)
if ﬂ?“l = 0 Since y* is unique and by construction we conclude that y* is an accumulation point
of every convergent subsequence of {%y” } O

If the assertion of Theorem 5.1 is not true, then
lim ||u"]] = oc.
T — 00

Now we go into a detailed discussion of the case that there is an unbounded subsequence of {u"}.
For this purpose we define

Definition 5.1 Let U = {u € R" | Mu = ©,} and V the orthogonal complement of U.
Lemma 5.1 Ifv €V then

v Mo < - ||v)|* <0,

where Ao < 0 is the largest eigenvalue of M different from zero.



Proof Recall that M is symmetric and negative semidefinite and

vV Myv=0 += Av=0, += Mv=0,.

O
It is possible to decompose every u € R™ according to
u=uy+uz, u €U, wuselV. (53)
If we assume additionally ¢(u) > 0 then by (4.2) and Lemma 4.1:
T LT LT 1 2
pu<--u Mu=—--uy Mug < =-Xo-|luzl| <0
2 2 2
or
1 2 T
3 Do luall? < T < ol - [l
thus
2
9.
sl _ 2+ ol -
[ —Xo
Theorem 5.2 Let {u™} be a subsequence of {u"} with lim, . u™ = oo.
If ¥ = u™/||u™|| then
lim Mv¥ =0,
V—0o0
and for each accumulation point v* of {v"} is
v*>0,, v°#£0, and pTv* <0.
Proof For ||u"| — oo we decompose as above
u™ = ul + uh, ur €U, wuy eV
By (5.4)
Ty 112 .
I 2 el L,
lure > = =0 [lur]]
Thus
lim Mv” = lim ug’/ ||uy’| = Op.
V—00 V—00
Let v* be an accumulation point of {v”}. Then obviously
v*>0,, v°#0, and p'v*<0 by (4.2).
O

10



We note that the conditions of the Theorem can be verified numerically in a very convenient
manner. It suffices to pick out a divergent subsequence {u™} (if there is any). Mv” then con-
verges to ©,,. If ||Mv”|| is sufficiently small, all the other assertions of the Theorem are fulfilled
automatically by v”.

If there is a v > ©,, with Mv = ©,, and p'v < 0 then, by a well-known theorem (Gales’s
theorem, [19, p. 33]), (2.8) has no solution.

Corollary 5.1 If for any accumulation point v* of u”/ ||u”||
v* >0, Mv'=0, ad p'v*<O0,

then (2.8) has no solution.

In this case is lim, . ||u"]| = oo.

In the next Chapter we study the remaining case, namely that there is an accumulation point
v* as in Theorem 5.2 with p'v* = 0.

11



Chapter 6

Instability

Definition 6.1 If there is a v € R™ with
vV£0,, v>0, Mv=0,, and p'v=0 (6.1)
then problem (2.8) is termed unstable.
In this case, even small changes of p can cause p' v to become negative and then the problem
certainly has no solution by Gale’s theorem. This sort of instability can cause serious numerical

difficulties with any existing method (see [10] for details). It is therefore adviceable to treat this
case with great care.

The problem becomes relevant with the iteration method described if there is at least one
unbounded subsequence {u™} of {u"} and if for any accumulation point v* of u™ / ||u™| (6.1)
holds. It is possible, however, to reduce the size and complexity of problem (2.8) considerably
once v* is known. For let u*, y* be any solution to (2.8) then

U*TMU* +’U*Ty* :pTU*
implies
’U*Ty* -0

Since v* # 0, v* > 0, and y* > O,,, we conclude

y; =0 whenever v; > 0.
If we denote
Jo={je{1,...,n} | vj >0} (6.2)
and
w® = ov*

then it is sufficient to solve the following problem
Mu+y=p (6.3)
u; > 0 for j & Jo,
y; > 0 for all 7,
y; =0 for j € Jy

12



and no restrictions on u; for j € Jp.

Problem (6.3) can be reduced to a smaller complementrarity problem by eliminating all u;,
j € Jo. This procedure offers two advantages:

1. The conditions (6.1) for v* obtained numerically by the method can be tested carefully by
elimination,

2. The problem is reduced to a simpler and smaller problem having normally no further

instabilities.

With the reduced problem, the iteration process is set forth until it terminates in one of the
following cases:

1. Convergence in the sense of Theorem 5.1.

2. The assertion that there is no solution as in Corollary 5.1.

3. A new instability is detected by finding a v} satisfying (6.1).
In the third case we define Jj as above (6.2) and
Ji=JoUJj, w' = w® 4+ v,

Again we eliminate to reduce the problem as described. The process then eventually stops with
case 1 and any index set J,, together with a solution u*, y* with u; > 0 for j ¢ Jy, y; > 0 for

all j, y; = 0 for j € J,,. Furthermore we have a vector wk with w;“ > 0 for j € J,, wf = 0 for
Jj ¢ J, and Muw"* =0, pTw* = 0. Then obviously

u=u"+p-wt>0,
if 4 > 0 is sufficiently large, and u, y* solves problem (2.8).

The most prominent case of stability is characterized by the fact that there is a v and y
componentwise positive with Mu + y = p (Slater condition, see [19, 5.4.3]). In [10] stability is
discussed in a more general context.

13



Chapter 7

Numerical Considerations

The method described in the preceding Chapter can be programmed very easily and there are
no difficulties in using special structures as sparsity of A, C~! and u. Unfortunately, there is no
indication for the best choice of the overrelaxation factor w. Numerical evidence and theoretical
considerations by Cryer [4] suggest to choose w = 1.8.

It is neccessary with iterative methods to formulate an appropriate stopping criterion. The
method desribed offers such a criterion in a quite natural way because at each step it is necessary
to compute

it =e] - (Mu"* —p).

Let
it —77?[ if nz;é < 0 and ﬁ;;é =0
7=
0 elsewhere.
Then 7" + 57 =: " is the defect of the approximate solution %". The iteration may be

stopped if Hs”‘eH is smaller than any prescribed accuracy.

If the problem has no solution, the vectors «” are not bounded. Consequently, if ||u"]| is greater
than a presribed positive constant g, we can apply the test for unsolvability of Corrolary 5.1
which means no additional computational effort because eZM u"¢ has to be computed anyway
at each step. Three possibilities for the outcome of this test are given:

1. ||Mv"| is not smaller than a given € > 0. Then we continue the iteration with a greater
constant ~g.

2. |[Mwv"| is small and pTv" is decisively negative. Then we can suspect that the problem has
no solution.

3. ||Mv"|| is small and |p"v"| too. Then we reduce the problem as described in Chapter 6.

It seems to be somewhat inconsistent to start an iteration procedure by an elimination process
as described in Chapter 2. However, these preparatory elimination steps are very adviceable
because they can be performed with great care (multiple precision arithmetic, pivoting) in order

14



to avoid numerical instabilities. In the quadratic programming code using Lemke’s method written
at the Zentralinstitut fiir Angewandte Mathematik of the Nuclear Research Center Jiilich exactly
the same preparatory algorithm is carried out. This elimination process reduces the number of
variables and thus the complexity of the problem by a number of pivot steps known in advance.
So it is possible to detect e. g. inconsistencies or linearly dependent rows in (1.3), to make a
simple check whether C' is indeed nonsingular and finally to store equations (2.3) and (2.7) on
disk or tape in order to use them after solutions u* and y* of (2.8) are obtained for computing
the corresponding x*.

In a similar manner as described it is possible to treat the following modification of Cryer’s
method

ZH =2 —w (Apu™ = 2"+ Agu” —p) . (7.1)

Numerical tests indicated in some cases a slight superiority of this variant over Cryer’s original
method.

15



Chapter 8

Example

We consider the following simple example:

2.0 1
1.5+
1.0

0.5

0.0 T f
—-1.0 —0.5 0.0 0.5

—Q

A thin homogeneous elastic bar is clamped at one end (z = —1) and the other end (z = +1)
is free. The free end is subjected to a certain force P. As an additional condition, the bar is
restricted to the “tube” given by 0 > u(z) > —a for —1 < z < 0. The corresponding variational
problem is

/:1 [; (u"(2))* —u(z)| dr—u(l) — Minimum,

subject to

v —>

1.0



‘We choose

13

The Euler equations of the variational problem involve derivatives of u of the order four whereas
u is only two time continuously differentiable. Consequently, the differential equation formulation
of this problem needs some caution in order to define the solution of it in a correct manner.

The variational problem is discretized by replacing the solution by some spline function u(zx),
e.g. a third degree spline with continuous first derivative. The parameters of u(z) play the role
of the variables « in problem (1.1,1.2,1.3). The side conditions are replaced by a finite number of
inequalities

0> u(z;) > —«

for —1 < z; < 0. So we have two discretization parameters, Ng for the number of spline intervals
and N; for the number of inequalities in the discretization of the side conditions. Only N; has
influence on the size of M. The matrix C constructed in this way is only semidefinite because "’
lacks the constant and linear terms of the spline polynomials. After the first elimination step, the
matrix C is definite, as required. The matrices A and C'~! are sparse matrices, but M is full.

For the numerical results I am very much indebted to Mr. Herbert Winter who carriec them
out very carefully on the IBM/370-168 of the ZAM at the KFA Jiilich. The results of a systematic
comparison of different methods (Fridman and Chernina [11], Cryer [4] with w = 1.0 and w = 1.8
and the modification (7.1) with w = 1.8) are shown in Table I. These results clearly indicate the
superiority of Cryer’s method. Similar results were found with other examples although these
were not treated in a systematic manner. If there were problems having ho solution, mainly
caused by data errors, this fact was detected very quickly by the method.

Any comparision with elimination methods is necessarily not fair because this means to give
weights to the advantages and drawbacks of the different classes of methods. In any case, however,
there was no significant argument from the viewpoint of computing time favouring elimination
methods. This statement, of course, is only true for problems with sparse matrices.

17



—log,, of Iteration ~Computing time

Method desired N; Ng count min sec
accuracy
CRYER 5 20 4 1814 2
w=1.0 6 100 8 16 783 6 0
6 100 10 31917 11 26
5 100 8 14 167 5 16
5 100 10 13 982 5 0
CRYER 5 20 4 520 1
w=138 3 100 8 387 12
3 100 10 416 13
5 100 8 4 006 1 26
5 100 10 5 568 1 59
Modifica- 5 20 8 573 1
tion (7.1) 5 100 10 4 393 1 34
w=1.8
FRIDMAN 5 20 4 1814 2
CHERNINA 3 100 10 528 15
3 100 8 530 15
5 100 8 15 853 5 38
5 100 10 15 043 5 31

Table I: Comparison of Different Methods.

Ny Number of inequalities (1.2)
Ng Number of spline intervals used

In the notation of Chapter 1 is

d = 4Ng
k=2Ng
n:NI.

The iteration count means in the case of the method of Fridman and Chernina the
number of cycles.

The computing time is the running time of the program (without compilation time).
The significance of the computing times given is limited because of system modifica-
tions during the tests.

In the tests, no effort was made to use special structures of the problems. The com-
putation time can be reduced in the case Ny = 100 by more than a factor 5 — 6 by
using sparsity of the matrices involved.

18
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