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Polynomial knot invariants

Alexander polynomials ∆(K ; q)

∆
“ ”

−∆
“ ”

=
“
q1/2 − q−1/2

”
∆
“ ”

For trefoil, ∆
“ ”

= q − 1 + q−1

Jones polynomials J(K ; q)

q1/2J
“ ”

− q−1/2J
“ ”

=
“
q1/2 − q−1/2

”
J
“ ”

For trefoil, J
“ ”

= q + q3 − q4

HOMFLY polynomials P(K ; a, q)

a1/2P
“ ”

− a−1/2∆
“ ”

=
“
q1/2 − q−1/2

”
P
“ ”

For trefoil, P
“ ”

= aq−1 + aq − a2
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Categoifications

the Poincaré polynomial of colored Khovanov homology Hsl2,R
i,j [Khovanov ’00]

KhR(K ; q, t) =
X
i,j

t jqi dimHsl2,R
i,j (K) ,

q-graded Euler characteristic gives colored Jones polynomial:

JR(K ; q) = Kh(q, t = −1) =
X
i,j

(−1)jqi dimHsl2,R
i,j (K) .

The Poincaré polynomial of the Khovanov-Rozansky homology [Khovanov-Rozansky ’04]

KhRR(K ; q, t) =
X
i,j

t iqj dimHslN ,R
i,j (K) .

is related to the colored HOMFLY polynomial via

KhRR(K ; q, t = −1) = PR(K ; a = qN , q)
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Colored superpolynomials

the Poincaré polynomial of triply-graded homology Hsl2,R
i,j [Dunfield-Gukov-Rasmussen ’05]

PR(K ; a, q, t) =
X
i,j,k

aiqj tk dimHR
i,j,k (K) .

The (a, q)-graded Euler characteristic of the triply-graded homology theory is equivalent to
the colored HOMFLY polynomial

PR(K ; a, q) =
X
i,j,k

(−1)kaiqj dimHR
i,j,k (K) .

Pn(K; a, q, t)

d1 d0

d2 dN

Psl2
n (K; q, t) PslN

n (K; q, t)

HFK(K; q, t)(a/q)(n−1)s(K)
colored sl1 homology

colored HOMFLY homology

Knot Floer homology

colored slN homologycolored sl2 homology

Alexander

Jones SU(N) CS inv.

∆(K; q)

Jn(K; q) Pn(K; a=qN , q)

t = −1

t = −1t = −1

HOMFLY

Pn(K; a, q)
t = −1 a = qN
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Twist knot Kp

p full twist

p −4 −3 −2 −1 0 1 2 3 4

knots 101 81 61 41 01 31 52 72 92

The correspondence between the twist number and the knots in Rolfsen’s table

Colored Jones polynomials and A-polynomials are known

Quantum A-polynomials were already computed for p = −14 · · · 15.
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Colored Jones polynomials of twist knots

The double-sum expressions [Habiro ’03][Masbaum ’03]

Jn(Kp ; q) =
∞X

k=0

kX
`=0

qk (q1−n; q)k (qn+1; q)k

×(−1)`q`(`+1)p+`(`−1)/2(1− q2`+1)
(q; q)k

(q; q)k+`+1(q; q)k−`
.

The multi-sum expressions

Jn(Kp>0; q) =
∞X

sp≥···≥s1≥0

qsp
`
q1−n; q

´
sp

`
q1+n; q

´
sp

p−1Y
i=1

qsi (si +1)

»
si+1

si

–
q

Jn(Kp<0; q) =
∞X

s|p|≥···≥s1≥0

(−1)s|p|q−
s|p|(s|p|+1)

2
`
q1−n; q

´
s|p|

`
q1+n; q

´
s|p|

×
|p|−1Y
i=1

q−si (si+1+1)

»
si+1

si

–
q
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Colored superpolynomials of trefoil and figure-8

Colored superpolynomials of trefoil and figure-8 are known
[Fuji Gukov Sulkowski ’12][Itoyama, Mironov, Morozov2 ’12]

Pn(31; a, q, t) = (−t)−n+1
∞X

k=0

qk (−atq−1; q)k

(q; q)k
(q1−n; q)k (−at3qn−1; q)k ,

Pn(41; a, q, t) =
∞X

k=0

(−1)ka−k t−2kq−k(k−3)/2 (−atq−1; q)k

(q; q)k
(q1−n; q)k (−at3qn−1; q)k .

Colored superpolynomials Pn(a, q, t) for 52 and 61 are also known up to n = 3
[Gukov Stosic ’11]

One can do educated guess on colored superpolynomials of twist knots
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Colored superpolynomials of twist knots
The double-sum expressions

Pn(Kp ; a, q, t) =
∞X

k=0

kX
`=0

qk (−atq−1; q)k

(q; q)k
(q1−n; q)k (−at3qn−1; q)k

×(−1)`ap`t2p`q(p+1/2)`(`−1) 1− at2q2`−1

(at2q`−1; q)k+1

»
k
`

–
q

.

The multi-sum expressions

Pn(Kp>0; a, q, t) = (−t)−n+1
∞X

sp≥···≥s1≥0

qsp
(−atq−1; q)sp

(q; q)sp

(q1−n; q)sp (−at3qn−1; q)sp

×
p−1Y
i=1

(at2)si qsi (si−1)

»
si+1

si

–
q

Pn(Kp<0; a, q, t)

=
∞X

s|p|≥···≥s1≥0

(−1)ka−s|p| t−2s|p|q−s|p|(s|p|−3)/2
(−atq−1; q)s|p|

(q; q)s|p|

(q1−n; q)s|p| (−at3qn−1; q)s|p|

×
|p|−1Y
i=1

(at2)−si q−si (si+1−1)

»
si+1

si

–
q

.
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Colored Jones polynomials of twist knots

The double-sum expressions [Habiro ’03][Masbaum ’03]

Jn(Kp ; q) =
∞X

k=0

kX
`=0

qk (q1−n; q)k (qn+1; q)k

×(−1)`q`(`+1)p+`(`−1)/2(1− q2`+1)
(q; q)k

(q; q)k+`+1(q; q)k−`
.
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Colored superpolynomials of twist knots
The double-sum expressions

Pn(Kp ; a, q, t) =
∞X

k=0

kX
`=0

qk (−atq−1; q)k

(q; q)k
(q1−n; q)k (−at3qn−1; q)k

×(−1)`ap`t2p`q(p+1/2)`(`−1) 1− at2q2`−1

(at2q`−1; q)k+1

»
k
`

–
q

.

The multi-sum expressions

Pn(Kp>0; a, q, t) = (−t)−n+1
∞X

sp≥···≥s1≥0
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(q1−n; q)sp (−at3qn−1; q)sp

×
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(at2)si qsi (si−1)

»
si+1

si

–
q
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=
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.
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Checks

For a = q2 and t = −1, the above formulae reduce to the colored Jones polynomials

For t = −1, they reduce to the colored HOMFLY polynomials. We checked they agree with
the colored HOMFLY polynomials computed by SU(N) Chern-Simons theory up to 10
crossings.

The colored HOMFLY polynomials can be reformulated into the Ooguri-Vafa polynomials.
We checked that the Ooguri-Vafa polynomials have interger coefficients up to specific
factors.

We checked that the special polynomials which are the limits q → 1 of the colored
HOMFLY polynomials have the property,

lim
q→1

Pn(Kp ; a, q) =

»
lim
q→1

P2(Kp ; a, q)

–n−1

.
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Cancelling differentials and Rasmussen s-invarinats

the action of the differential d1 on the colored superpolynomials

Pn+1(Kp>0; a, q, t) = anq−n + (1 + a−1qt−1)Qsl1
n+1(Kp>0; a, q, t) ,

Pn+1(Kp<0; a, q, t) = 1 + (1 + a−1qt−1)Qsl1
n+1(Kp<0; a, q, t) ,

the action of the differential d−n on the colored superpolynomials

Pn+1(Kp>0; a, q, t) = anqn2
t2n + (1 + a−1q−nt−3)Qn+1(Kp>0; a, q, t) ,

Pn+1(Kp<0; a, q, t) = 1 + (1 + a−1q−nt−3)Qn+1(Kp<0; a, q, t) .

The exponents of the remaining monomials are consistent with the Rassmusen’s s-invariant
of the twist knots, s(Kp>0) = 1 and s(Kp<0) = 0 [Rasmussen ’04]

deg
“
HSn

∗,∗,∗(K), d1

”
=

“
n s(K) , −n s(K) , 0

”
,

deg
“
HSn

∗,∗,∗(K), d−n)
”

=
`
n s(K) , n2 s(K) , 2n s(K)

´
,
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Volume conjecture and A-polynomials

The volume conjecture relates “quantum invariants” of knots to “classical” 3d topology
[Kashaev ’99][Murakami2 ’00]

lim
n→∞

2π

n
log
˛̨̨
Jn(K ; q = e

2πi
n )
˛̨̨

= Vol(S3\K) .

The relation b/w volume conjecture and A-polynomial [Gukov ’03]

log y = −x
d

dx
lim

n,k→∞
e iπn/k =x

1

k
log Jn(K ; q = e

2πi
k ) ,

gives the zero locus of the A-polynomial A(K ; x , y) of the knot K .

A-polynomial A(K ; x , y) is a character variety of SL(2,C)-representation of the
fundamental group of the knot complement

Mflat(SL(2,C),T 2)
Lag.sub.
⊃ Mflat(SL(2,C), S3\K) = {(x , y) ∈ C× × C×|A(K ; x , y) = 0}
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AJ conjecture

Quantum version of the volume conjecture → AJ conjecture [Gukov ’03][Garoufalidis ’03]bA(K ; x̂ , ŷ , q)Jn(K ; q) = 0

where action of x̂ and ŷ on the set of colored Jones polynomials as

x̂Jn(K ; qn) = qnJn(K ; qn) , ŷJn(K ; q) = Jn+1(K ; q) .

Find difference equations of colored Jones polynomials

akJn+k (K ; q) + ...+ a1Jn+1(K ; q) + a0Jn(K ; q) = 0

where ak = ak (K ;bx , q) and

bA(K ;bx , by ; q) =
X

ai (K ;bx , q)by i

Taking the classical limit q = e~ → 1, quantum (non-commutative) A-polynomials reduces
to ordinary A-polynomialsbA(K ;bx , by ; q)→ A(K ; x , y) as q → 1
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Super-A-polynomials
Refinement of quantum and classical A-polynomials [Fuji Gukov Sulkowski ’12]

Quantum operator provides recursion for classical limit

bAsuper(bx , by ; a, q, t) colored superpolynomial Asuper(x , y ; a, t)

bAref(bx , by ; q, t) colored Khovanov-Rozansky homology Aref(x , y , t)

bAQ−def(bx , by ; a, q) colored HOMFLY AQ−def(x , y ; a)

bA(bx , by ; q) colored Jones A(x , y)
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Classical super-A-polynomials

Refinement of volume conjecture [Fuji Gukov Sulkowski ’12]

log y = −x
d

dx
lim

n,k→∞
e iπn/k =x

1

k
logPn(K ; a, q = e

2πi
k , t) ,

gives the zero locus of the super-A-polynomial A(K ; x , y ; a, q, t) of the knot K .
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Quantum super-A-polynomials

Refinement of AJ conjecturebAsuper(K ; x̂ , ŷ ; a, q, t)Pn(K ; a, q, t) = 0

where the operators x̂ and ŷ acts on the set of colored superpolynomials as

x̂Pn(K ; a, q, t) = qnPn(K ; a, q, t) , ŷPn(K ; q) = Pn+1(K ; a, q, t) .

Find difference equations of colored superpolynomials

akPn+k (K ; q) + ...+ a1Pn+1(K ; q) + a0Pn(K ; q) = 0

where ak = ak (K ;bx ; a, q, t) and

bAsuper(K ;bx , by ; a, q, t) =
X

ai (K ;bx ; a, q, t)by i

Taking the classical limit q = e~ → 1, quantum (non-commutative) super-A-polynomials
reduces to classical super-A-polynomialsbAsuper(K ;bx , by ; a, q, t)→ Asuper(K ; x , y ; a, q, t) as q → 1
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Quantum super-A-polynomials

Knot Âsuper(K; x̂, ŷ; a, q, t)
52 q6t4

(
1 + at3x̂

) (
1 + aqt3x̂

) (
1 + aq2t3x̂

) (
1 + at3x̂2) (q + at3x̂2) (1 + aqt3x̂2) ŷ4

−aq5t4(1 + at3x̂)(1 + aqt3x̂)(1 + at3x̂2)(q + at3x̂2)(1 + aq4t3x̂2)(1 + q − q3x̂ + q3tx̂ − q2t2x̂ − q3t2x̂ +
q4t2x̂2 +aq4t2x̂2 +q5t2x̂2 +q6t2x̂2 +aqt3x̂2 +aq2t3x̂2 +aq5t3x̂2 +aq6t3x̂2−aq4t3x̂3−aq8t3x̂3 +aq4t4x̂3 +
aq8t4x̂3+aq5t5x̂3+aq6t5x̂3+a2q5t5x̂4−aq8t5x̂4+a2q9t5x̂4+a2q6t6x̂4+a2q7t6x̂4−a2q9t6x̂5+a2q9t7x̂5+
a3q10t8x̂6)ŷ3

−a2q5t4(−1+q2x̂)(1+at3x̂)(q+at3x̂2)(1+aq2t3x̂2)(1+aq5t3x̂2)(1+q2tx̂−qt2x̂−q2t2x̂+q3t2x̂2+q4t2x̂2+
at3x̂2 + aqt3x̂2 − q3t3x̂2 + aq3t3x̂2 − q4t3x̂2 + aq4t3x̂2 + q3t4x̂2 + aq2t4x̂3 − q4t4x̂3 − aq4t4x̂3 − q5t4x̂3 −
q6t4x̂3+aq6t4x̂3−aqt5x̂3−aq2t5x̂3+aq3t5x̂3+aq4t5x̂3−aq5t5x̂3−aq6t5x̂3+aq3t5x̂4+aq4t5x̂4+aq7t5x̂4+
aq8t5x̂4 +a2qt6x̂4−aq3t6x̂4 +a2q3t6x̂4−aq4t6x̂4 +2a2q4t6x̂4 +a2q5t6x̂4−aq7t6x̂4 +a2q7t6x̂4−aq8t6x̂4−
aq4t7x̂4−2aq5t7x̂4−aq6t7x̂4−a2q4t7x̂5 +aq6t7x̂5 +a2q6t7x̂5 +aq7t7x̂5 +aq8t7x̂5−a2q8t7x̂5 +a2q3t8x̂5 +
a2q4t8x̂5 − a2q5t8x̂5 − a2q6t8x̂5 + a2q7t8x̂5 + a2q8t8x̂5 + a2q7t8x̂6 + a2q8t8x̂6 + a3q4t9x̂6 + a3q5t9x̂6 −
a2q7t9x̂6 +a3q7t9x̂6−a2q8t9x̂6 +a3q8t9x̂6 +a2q7t10x̂6−a3q8t10x̂7 +a3q7t11x̂7 +a3q8t11x̂7 +a4q8t12x̂8)ŷ2

+a3q7t7x̂2(−1+ qx̂)(−1+ q2x̂)(1+at3x̂2)(1+aq4t3x̂2)(1+aq5t3x̂2)(q+ q2tx̂− q2t2x̂+at3x̂2− q3t3x̂2 +
aq4t3x̂2 + aqt4x̂2 + aq2t4x̂2 + aqt4x̂3 + aq5t4x̂3 − aqt5x̂3 − aq5t5x̂3 − aq2t6x̂3 − aq3t6x̂3 + aq3t6x̂4 +
a2q3t6x̂4 +aq4t6x̂4 +aq5t6x̂4 +a2t7x̂4 +a2qt7x̂4 +a2q4t7x̂4 +a2q5t7x̂4 +a2q4t7x̂5−a2q4t8x̂5 +a2q3t9x̂5 +
a2q4t9x̂5 + a3q3t10x̂6 + a3q4t10x̂6)ŷ

−a5q8t15(−1 + x̂)x̂7(−1 + qx̂)(−1 + q2x̂)(1 + aq3t3x̂2)(1 + aq4t3x̂2)(1 + aq5t3x̂2)

Table 5: Quantum super-A-polynomial of 52 knot.

first used the Mathematica package qMultisum.m to obtain q-difference equations for 52
and 61 [59]. However, as pointed out in [60], the package qMultisum.m does not provide
q-difference equations of minimal order in general. In [60], the quantum A-polynomials of
the twist knots Kp were computed with a certificate up to p = −14, · · · , 15.

We use the program by Xinyu Sun to obtain the quantum super-A-polynomials for
twist knots Kp. We have presented the result for twist knot K2 ≡ 61 in Table.5. Further,
we have checked whether the polynomial reduces to quantum A-polynomia Â, quantum
refined A-polynomia Âref, Q- deformed quantum A-polynomial ÂQ and its refined version
ÂQ−ref as presented in Table.1.

3.2 Classical super-A-polynomials for twist knots

We can independently obtain the classical super-A-polynomial using the asymptotic be-
haviour of the colored superpolynomial which we will briefly review [21]. In the limit

q = e~ → 1 , a = fixed , t = fixed , x = qn = fixed , (3.5)

the n-colored superpolynomials Pn(K; a, q, t) exhibit the form in the n → ∞ limit (also
called “large color” behavior):

Pn(K; a, q, t)
n→∞
~→0∼ exp

(1
~

∫
log ydx

x
+ . . .

)
(3.6)

where ellipsis denote subleading terms which are regular in the ~ → 0 limit. The leading
term is given by the integral on the zero locus of the super-A-polynomial,

Asuper(x, y; a, t) = 0 . (3.7)

– 15 –
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Augmentation polynomials of knot contact homology

Q-deformed A-polynomial is equivalent to augmentation polynomial of knot contact
homology [Ng ’10][Aganagic Vafa ’12]

Asuper

„
Kp>0; x = −µ, y =

1 + µ

1 + Uµ
λ; a = U, t = −1

«
=

(−1)p−1(1 + µ)(2p−1)

1 + Uµ
Aug(Kp>0;µ, λ; U,V = 1) ,

Asuper

„
Kp<0; x = −µ, y =

1 + µ

1 + Uµ
λ; a = U, t = −1

«
=

(−1)p(1 + µ)−2p

1 + Uµ
Aug(Kp<0;µ, λ; U,V = 1) ,
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Prospects and Future Directions

Anti-symmetric representation. Mirror symmetry

Quantum 6j-symbolos for Uq(slN) and their refinement

Colored superpolynomials of other non-torus knots

SU(N) analogue of WRT invariants and one-parameter deformations of
Mock modular forms.

refinement of colored Kaufmann polynomials
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Thank you
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