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1. INTRODUCTION 

It has been recognized for some time now that the BRST method provides one of 
the most powerful tools for quantizing theories endowed with a local gauge freedom. 
This method is extremely useful not only in the path integral approach, but also in 
the operator formalism. 

A striking development in the last years has been the emergence of many gauge- 
theoretical models for which the BRST method appears to be the only satisfactory 
(covariant) method of quantization. These models are characterized by the fact that 
the gauge transformations only close on-shelh if one compute the commutator of two 
infinitesimal gauge transformations -denoted by 6c¢ i and 6,1¢ i-  one finds a transfor- 
mation of the same type -denoted by 6[~,nl ¢i _ only modulo the equations of motion, 

[6,,/i~]¢ i = 6[,,~1¢i + field equations. 

Models with "open gauge algebras" include supergravity theories [1], the Green- 
Schwarz superstring [2] and the superparticle [3], among others. 

If one determines the gauge-fixed action in covariant gauges by means of the 
standard Faddeev-Popov method [4] -designed for true gauge groups-, one gets an 
incorrect (non-unitary and non-gauge independent) answer in the open algebra case. 
Hence, it is not enough to add to the gauge invariant action the standard gauge fixing 
Faddeev-Popov determinant terms. 

To determine the correct path integral, two approaches can be used and are 
both characterized by the fact that they strongly rely on the BRST symmetry. The 
first one is based on the Hamiltonian formalim [5]. The second one starts from 
the Lagrangian formulation [6-8]. This second approach is slightly less general and 
appears to be formally less precise in what concerns the local measure in the path 
integral. 1 However, it has the definite advantage of preserving manifest covariance 
throughout and on this ground, deserves to be studied. 

The Hamiltonian construction of the BRST symmetry has been reviewed else- 
where [9]. We will therefore analyze here only the Lagrangian antifield formalism of 
Batalin and Vilkovisky [6]. 

The main goals of these lectures are (i) to derive the correct gauge fixed La- 
grangians containing all the necessary ghost vertices; and (ii) to explicitly show how 
the derivation incorporates throughout gauge invariance. We will in particular indi- 
cate why BRST invariance can be used as a substitute for gauge invariance. Both 
aspects (i) and (ii) reveal interesting algebraic and geometrical features which, we 
believe, provide the key to t le  rationale behind the antifield formalism. 

l i t  is not unconceivable that this shortcoming could be overcome some day by pure Lagrangian 
means, without having to resort to the Hamiltonian. 
The validity of the Lagrangian path integral also appears to restrict the form of the Lagrangian (see 
comments in section 8.6). 
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The gauge fixed Lagrangians obtained by BRST methods generate the correct 
set of Feynman diagrams. As such, they provide the appropriate starting point for 
studying the perturbative quantum properties of the theory (renormalization, anoma- 
lies). There also, the BRST symmetry proves to be a crucial tool in the analysis. 
These issues, however, will not be addressed in the lectures. 

2. STRUCTURE OF THE GAUGE SYMMETRIES 

The structure of the gauge symmetries may appear to be somewhat puzzling 
in the "open algebra" case, as it may wrongly be felt that  the group structure is 
completely lost. 

Our first task, therefore, is to clarify the structure of the gauge symmetries in 
the general case. 

2.1. Action principle, equations of motion. 

Our starting point is the action S0[¢i], which we assume to be a local functional 
of the fields, 

S0[¢ i1 --~ / dDx" ~o(¢i,olt¢i, otttit,¢i,... ,O#,It~,...it~ ¢ i) (1) 

As it will be seen, the subsequent structure is completely encoded in the action and 
is not an independent input. 

The field equations are 

'5S0 _ '5£0 
' 5 ¢ i ( x )  - '5¢i ( x )  = 0,  (2a) 

where the "variational derivatives" 
'5£0 

of the Lagrangian density £0 are defined by 

,5£o 0£o 
,5¢ i 0¢ i 

0£o 0£o 
Or O(O#¢i) "4-attar O(Opt,¢i) 

0£o 
. . . .  +(--1)k0m,2...gk 0(0mS,2...~,~¢i). (2b) 

The derivatives '5S0 are referred to as the '~functional derivatives" of So. '5¢i(x) 
For notational simplicity, we take the fields to be commuting. Our considerations 

can straightforwardly be extended to theories with fermions provided the appropriate 
phases are included. 

2.2. Gauge transformations.  

A gauge transformation is a transformation (i) that  can be prescribed indepen- 
dently at each space-time point and (ii) that leaves the action invariant up to a surface 
term. So, gauge transformations are parametrized by arbitrary spacetime functions 
(as opposed to rigid symmetry transformations) and typically take the form 
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a,# = &a + @@OPEff + . , , + p-J~Qp ,,.,., /& (3) 

‘&IX, ihe coefficients zi,ziP, l l l ,@P’9”‘tllr, depend on @ and their derivatives 

up to a finite order and c”( 2) are arbitrary gauge parameters. Invariance of the scion 
under (3) means that for any choice of P(X), one has 

6,& = q&I</ (4) 

for some local functions Ii’~(di,~“~i,a,,.,~i,. . . ,t&, ,.,. vr&ca,. l l ,~v,,,..,,,~u). 

2.3. Noether identities. 

It is at this point convenient to adopt De Witt’s condensed notations, where 
the indices i, a also include x ( i.e., i ts (i, xj,Q t--) (a, x)) and a summation over i, cy 
implies an integration over x [lo]. 

In these notations, (3) becomes 

with 

&# = R;ea l----r, a,&(x) = 
( s 

dDy RL(x,y)P(y) 
> 

(5 > a 

R;(x, y) = $(x)6(x - y) _t x:(x)&,, (x - y) + l - - . (5b) 

The Noether identities on the field equations are derived by starting from the invari- 
ante of the action, 

&So 
sso * = !!?!&$ = ,YRb~a = 0. 

Since (6a) holds for any function E 

sso Ri ss, - 
gT” s~i(x> R’,(x, y)dDx = 0 

- ($Zf.f),# + . . .) (y) = 0 

(6 > a 

w 

[Strictly speaking, there could be a surface term in (6a). This terms vanishes if 
the gauge parameters are zero outside some finite domain, as one can assume. The 
local identities at y inferred from (6a) are thus certainly valid under this assumption. 
However, as these identities are local, they do not depend on the behaviour of Ed 
away from y (actually, in this case, they do not even depend on E” at all), and so, 
they are clearly valid without the restriction that E” should vanish outside some finite 
domain. This is a useful line of reasoning that is frequently followed in deriving local 
identities]. 

One consequence of the Noether identities (6b) is that the 
not independent. This is of course all right, as the existence of 
implies the presence of arbitrary functions in the general solution 
motion which must then underdetermine C@(X). 

field equations are 
a gauge symmetry 
of the equations of 
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2.4. Gauge group. 

For a given action functional, there will be a certain number of gauge transfor- 
mations. What  is the structure of the set containing all the gauge transformations? 

One thing that  can be said without having to make any calculation is that 
the infinitesimal gauge transformations form a Lie algebra. 2 There is no escape to 
that result because (invertible) transformations leaving something (here the action) 
invariant always_ obey the group axioms. The group of all gauge transformations is 
denoted by G in the sequel. 

The unconvinced reader may easily check that if 6~¢ i, 

is another gauge transformation (,5,1S o = 0), then both A6¢@ i + #6¢¢ i, (A,p E R) and 
[6,,6~]¢ i = g,(6~¢ i) - 6 ¢ ( 6 , ¢  i) obey (6a). Furthermore, [A6¢,6¢] = A[6,,6~], A e R. 
So, one clearly has a Lie algebra structure. 

What  is then meant by "open gauge algebras"? In order to precisely answer 
this question, it is necessary to introduce some new concepts. The guiding line of 
the next developments is to determine the minimum number of independent Noether 
indentities. 

2.5. Trivial gauge transformations. 

Consider the following transformations, 

680 6.¢ ~ = ~J  6¢~ 

where p,s is an arbitrary antisymmetric function 

//U --__p~z 

(Ta) 

(7b) 

Exercise: write explicitly (7a) and (7b) for 

#' , (x ,  = ,5(=, + (=, + . . .  + k' , , , , . . . , ' . - , (=) (=,y) .  

The arbitrary functions k] , . . .  , ks may involve the fields and their derivatives up to 
some finite order. 

It is easy to see that (7) leaves the action So invariant 

65'0 6So .- 
= = o .  (8) 

2Accordingly, the finite gauge transformations formally form a Lie group (formally because the gauge 
Lie algebras are infinite dimensional continuous). 
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This is because the product ~ , ~ t  is symmetric in i , j  while pij 

So, (7) defines a gauge transformation, a 

is antisymmetric. 

The commutator of any gauge transformation of the type (7a) with an arbitrary 
gauge transformation is a transformation of the type (7a). 

~t¢i  = ti'  ~S0 t i = 0 

Indeed, if/~S0 = 0 for 

(9) 

then one finds, using (9), 

[ 6ti kj 
[ 6 . , 6 , 1 ¢  = 

~t j ~tki _ ~k ~t ij ) ~SO 

which is of the form (7). 

We can thus conclude that the set of all gauge transformations (7) form a normal 
(i.e. invariant) subgroup A/" of the full gauge group ~. 

How significant are the transformations (7)? Are they really new symmetry 
transformations? It is easy to convince oneself that these transformations are of no 
physical significance. This is because: 

(1) They exist idependently of what the action is; in other words, they do not 
restrict at all the form of the Lagrangian and there is indeed no non trivial 
Noether identities associated with them. 

(2) They thus imply no degeneracy of the action and in the Hamiltonian formalism, 
there is no corresponding constraint. Actually, the conserved charges associated 
with (7), when rewritten as phase space functions by using the equations of 
motion if necessary, vanish identically. 

(3) The transformations (7) vanish on-shell, i.e., do not map solutions of the equa- 
tions of motion on new, different solutions. 

(4) There is accordingly no need for a "gauge fixing" of (7). This is fortunate, as it 
is impossible to gauge-fix (7), which exists for any action! 

On these grounds, it is legitimate to disregard the transformations (7). The 
relevant invariance group of the action is thus given by the factor group G = ~/Af of 
all gauge transformations modulo the transformations (7), a concept that is mathe- 
matically well-defined as (7) form a normal subgroup. 

For this reason, the transformations (7) are usually not even mentioned in stan- 
dard textbooks on mechanics or field theory. These transformations have never been a 
source of concern for theories without gauge invariance, even though they are already 
present there. 

Before closing this section, we mention the following useful theorem. 

3Let us insist that  o n e  d o e s  not need to use the equations of motion to prove (8). 
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THEOREM. Under suitable regularity assumptions on the functions - ~  to be precised 

below, any gauge transformation that vanishes on-shell can be written as in (7), 

i ~S0 • " ~ 0  ~¢i ~ 0 and 6¢ ~-~ = 0 =~ 6¢ i = e 'J 6¢J (11) 
° ° ° °  

f o r  s o I n e  e. t'l --" _ f , l t  

The theorem will be proved below. 

Exercises 

1. Consider the action S0[At, ] = f d3x E,"PF,,,Ap for pure  Chern-Simons (abel- 
ian) Yang-Mills theory in three dimensions [11]. This action is invariant under or- 
dinary gauge transformations 6Ag = 0gA and diffeomorphisms, ,SA~, = ~POpAi, + 
Ot~PA p. Show that  the diffeomorphisms differ from the ordinary gauge transforma- 
tions by a trivial gauge transformation. 

2. Consider the action S[q,p] = f ( P q -  H)dt. Show that  it is invariant under 
OH OH 

6q = ~(~ ~pp ), 6p = e(16 + ~ ) .  Check that the algebra of these trivial gauge 

transformations is isomorphic with the algebra of diffeomorphisms in one dimension. 
Observe that when H = 0, these transformations actually reduce to standard diffeo- 
morphisms "along the wordline". 

2.6. Factorization of  Af. 

If the gauge group ~ is the semi-direct product of Af by ~, i.e., if the quotient 
group ~ = ~/Af can be realized as a subgroup of ~ "complementary" to Af, then, 
it is easy to disregard the transformations of ~. One simply works with the gauge 
transformations of ~ (viewed as a subgroup of ~) and forgets about Af. This is 
permissible, as the commutator of two gauge transformations of ~ is again in ~ and 
does not generate a trivial transformation. 

However, it may turn out that ~ ~ Af × o ~. In other words, the gauge algebra 
may symbolically read 

[trivial, trivial] = trivial, 

[trivial, non trivial] = trivial, 

[non trivial, non trivial] = non trivial+ trivial, 

(12a) 
(12b) 

(12c) 

where the trivial piece in (12c) does not identically vanish and cannot be removed by 
redefinition of the "non trivial" transformations (compatible with locality, covariance, 
etc...). 

In that case, one cannot forget about the trivial transformations as they are 
generated through the commutators (12c). One must work with all the gauge trans- 
formations and build the formalism so that the addition of trivial transformations to 
any transformation is ultimately irrelevant. 
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2.7. Independent Noether Identities. 

The factorization of the trivial gauge transformations was motivated by the fact 
that they imply no Noether identity and hence, lead by themselves to no independent 
degeneracy of the equations of motion and do not need any gauge fixing condition. 

This is not the end of the story, however. Indeed, the remaining gauge trans- 
formations do not all lead to independent Noether identities. This can be seen as 
follows. 

Let 6E¢ i be gauge transformations 

(13a) 

leading to the Noether identities 

/~S0 i ~¢i R~ = 0. (lZb) 

Consider next the transformations 

= 

where MA z is some matrix that is allowed to depend on the fields, MA~(¢i). These 
transformations also leave the action invariant. From the point of view of Lie algebra 
theory, the transformations 6,1¢ i are linearly independent from the transformation Ri~ 
as one cannot write 6,1¢ i as a combination of Ria with coefficients that belong to the 
ground field, i.e., that are real (or complex) numbers. 

However, the Noether identities that follow from 6,1So = 0, 

are clearly not independent from the Noether identities (13b), as (14b) is a conse- 
quence of (13b). Hence, there is no new information in ~ ¢ i .  

To take the example of electromagnetism, the gauge transformations 

t/A~ --0~A (15) 

with A(x, Av) a functional of A~, are independent from the Lie algebraic point of view 
from the transformations 6Au -- 0uA with A = A(x). However, if one completely 
freezes the gauge freedom associated with the second set of transformations (e.g., 
V .  A = 0, A0 - 0), one automatically freezes the gauge freedom associated with the 
first set. So, there is nothing new in (15). 

2.8. Generating sets. 

This leads one to the concept of generating set. A set G of gauge transformations 

(16 ) 

is a "generating set" if it contains all the information about the Noether identities. 
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More precisely, G is a generating set if any gauge transformation can be written in 
terms of the elements of G as 

650 650 
= A R,:, + M ~i 6¢ i '  6¢ i 6¢ i = 0 6¢ i M (ij) = 0 (16b) 

with coefficients A a and M ij that may involve the fields. Given a generating set, 
the Lie algebra of all the gauge transformations is spanned by (16b). Note that a 
generating set is in general not a basis in the Lie algebraic sense. 

As the bracket of two elements of the generating set is a gauge transformation, 
it must be expressible as in (16b). So one has 

6¢J R~ 6¢i 6¢i" (17) 

From the physical point of view, it is enough to consider only generating sets. 
This is because generating sets contain all the information about the Noether identi- 
ties, about the degeneracy of the action principle and about the number of reqtfired 
gauge conditions. 

The situation is analogous to the following finite-dimensional geometrical set- 
ting. Consider a manifold A in R n. The vector fields tangent to A form an infinite- 
dimensional Lie algebra. However, for describing functions that are constant along 
A, the number of relevant vector fields is really finite and equal to the dimension n~ 
of A. If Xa (a = 1, . . .  ,n~) provides at each point of A a basis of tangent vectors (Y 
tangent =~ Y = ya(x)Xa), then the n~ equations X ~ f  = 0 imply the infinite number 
of equations Y f  = 0 for all vectors tangent to A. 

The vector fields X~ obey 

[Xa, Xb] -- CCb(X)Xc (18) 

and may not form a Lie subalgebra. 

To select a point on A, it is enough to impose n a coordinate conditions. One 
does not need an infinite number of them. 

2.9.  " O p e n  a lgebras" .  

It is now clear what the terminology "open algebra" means. It really applies to 
the generating sets and not to the gauge groups ~ or ~. 

ij So, one says that a given generating set is "open" if M~/~(¢) in (17) is different 

from zero. It is closed if M ~ ( ¢ )  = 0. It defines a Lie algebra if, in addition, C2Z 
does not depend on the fields. 

This last case includes the usual gauge theories (Yang-MiUs, gravity), but not 
all the interesting ones. 

Gauge theories with a generating set G that forms a Lie algebra are very special 
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in that one can think of the transformations of G "abstractly ", i.e., independently of 
what the dynamics or the field content are. Furthermore, the BRST construction is 
then much simpler. 

However, this is a very lucky instance, which misses some of the important 
ingredients of the general case. 

2.10. Reducible generating sets. 

Although generating sets should be complete, they can contain some redun- 
dancy. This occurs when there are some relations among the generators, i.e., when 
there exL~t some non trivial )W such that  the following identities hold, 

~ n 2  = N-J 6s0 
6¢i" (19) 

The coefficients N 0 are antisymmetric as the right hand side of (19) should be a 
gauge transformation. One says that  the generating set is reducible. A generating 
set is irreducible otherwise. 4 

The consideration of reducible generating sets is permissible within the formal- 
ism. However, the ghost spectrum associated with a reducible set is more complicated: 
besides the usual ghosts, one needs ghosts for ghosts. 

An example of a reducible theory is given by p-form gauge fields. 
A ~  with field strength Fl, vo = ~#Avp], the gauge transformations read 

6A~,,, = 01,A ~ - 0~A~ 

n'~ ~ n . ~ ( ~ ,  y) - y) + _ y). 

Then one finds 

with 

For a 2-form 

(20a) 

(20b) 

n ~  = 0 (20~) 

~ ( ~ , y )  = ~,~ (~,~) .  (20d) 

2.11. Relation between different generating sets. 

Although the gauge groups ~,A/" and ~ are entirely determined by the action 
So itself, there is clearly an enormous freedom in the choice of the generating sets. 

4So, an irreducible theory is such that the only solution of (19) reads A ~ = M ~/6S0 6¢ / i.e., vanishes 

6S0 i = (U~JRia _ M~iRJa).~.f since aJa6- ~ -  = 0. on shell. [One then finds ,X'~Ri~ = Mo~ - ~  Ro 6So 6S0 

Accordingly, ~ i ,k R~ indeed defines a trivial gauge transformation]. In the irreducible group case, one 
says that the group has a "free action". 



M. Henneaax / The antitield-BRST formalism 57 

Two generating sets R / and R~t (a  = 1 , . . .  , m ; A  - 1 , . . .  , M  >_ m) are related 
a s  

-.6So 
R / = t A R~ + M : '  6¢J '  M~j = -M~i  

• -~ 6So 
= R 2 + M 2  M 2  = 

(21a) 

(21b) 

- o r  
where t A and t A are of maximum rank m. 

The requirement of covariance and locality in spacetime does, however, narrow 
down the choice of available generating sets. [One could otherwise always find one 
that is abelian [12,13] - but usually not covariant, not local in spacetime or not 
globally defined. A geometrical proof of abelianization is given in the appendix]. 

It turns out that the BRST methods incorporate not only gauge invariance, but 
also, formal independence on the choice of generating set. On this ground, all the 
generating sets - which, of course, describe the same gauge symmetry - are equivalent. 

2.12. Generating sets and gauge orbits. 

6S0 
On the stationary surface where the equations of motion 6¢ i = 0 hold, the 

transformations generated by the elements of any generating set are integrable, i.e., 
obey Frobenius integrability condition (the Lie bracket [Xi, Xj] is proportional to Xk). 
Therefore, these transformations generate well-defined surfaces, the "gauge orbits". 
The gauge orbits do not depend on the choice of generating set on account of (21). 

The number of elements in an irreducible generating set is equal to the dimension 
of the gauge orbits on the stationary surface. This gives a geometrical explanation of 
why generating sets are so relevant. By contrast, the dimension of the Lie algebra G 
containing all the gauge transformations is much greater: ~ is far from having a free 
action on the gauge orbits. 

The above observation yields a criterion more practical than (16b) for deciding 
whether a set of gauge transformations is complete, i.e., generating. The set 6,ff i = 
R i e  ~ is complete if it accounts for all degeneracies in the general solution of the 

equations of motion. In that case, any two solutions ~b i and ~i fulfilling the same 
initial conditions are related by iteration of 6,¢ i = R i e  ~. 

This will be the case if all the null eigenvectors of the matrix 

on-shell by R / ,  i.e., 

62S0 ~j ~ 0 ~ ~J ~ ~ °R~.  
6 ~ 6 ¢ i  

62S0 
are spanned 6¢~6~i 

(22) 

Here, ,~ means "modulo field equations". Indeed, if 6~b i is a gauge transformation, one 
6S0 i finds by differentiation of ~-~6~b = 0 and upon use of (22) that 6~b i is equal to ~ R  / 
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on the sationary surface. Hence, 6¢ i a i - )~ R a is a gauge transformation that vanishes 
on-shell and thus, it is a trivial gauge transformation 15y the theorem of section 2.5. 

A constructive method for getting a complete set of gauge transformations from 
any given action So is given in [14]. This method is based on the Hamiltonian 
formalism of Dirac [15]. 

2.12 W h y  ghosts are ghosts fields. 

While the dimension of the Lie algebra of the gauge transformations is huge 
(it is given by the number of functionals )~a(¢) and MiJ(¢) in (16b)), the number 
of elements in a standard generating set is "smaller" and parametrized by spacetime 
fields: the index a in (16a) ranges over both R n (it contains x) and a discrete set. 

This is very important because, as we shall see, the number of ghosts in the 
B RST formalism is determined by the number of elements in the chosen generating 
set. So, the ghosts are ghost  f ields and one can apply the usual methods of local 
field theory for analyzing the gauge fixed action. It is therefore of crucial importance 
that the BRST construction is based on generating sets and not on the full group 
containing all the gauge transformations. 

From now on, we will therefore exclusively deal with generating sets. These 
may have to be open and reducible in order to define transformations that are local 
in spacetime or covariant. The group structure of the set ~ of all the gauge transfor- 
mations is only of marginal interest in the BRST context. 

3. GAUGE INVARIANCE AND B R S T  INVARIANCE- BASIC REQUIREMENTS 

The derivation of the gauge-fixed Lagrangian is performed in two steps. First 
one replaces the original local gauge invariance by an equivalent global symmetry, the 
"BRST" symmetry. The replacements is done in such a manner that BRST invariance 
can be used as a substitute for gauge invariance. The first step is completely intrinsic 
and does not require any gauge fixing condition. Second, one chooses appropriate 
gauge fixing conditions and works out the correspondings gauge-fixed action in a way 
that incorporates BRST invariance. 

The key requirements for constructing the BRST symmetry are the following: 

i) The BRST symmetry 8 acts as a graded odd derivation on the original fields 
¢i and on some extra fields to be determined, i.e., for any A, B with B of definite 
Grassmann parity eB, one finds s 

8 ( A B )  = A ( s B )  + ( - 1 ) ' ~ ( s A ) B  
8 2 - - 0  

(Leibnitz rule) 

(nilpotency). 

(23a) 

(235) 

eWe choose an action from the rigth for 8. Also, when we say "fields ~b I'' , we really mean "field 
histories ¢i(x)" (condens~.~ notation and terminology!) 
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The grading of ~ is called the ghost number and one has 

gh(~A) = gh(A) + 1 

e(~A) = eA + 1 (mod 2). 

(23c) 

(23d) 

(ii) The zeroth cohomological group H°(~) = ( k e r ~ / I m s )  ° is isomorphic with 
the set of gauge invariant observables 

H ° (n) = { gauge invariant observables. } (24) 

In other words, if one identifies two BRST invariant functions that differ by a BRST 
e x a c t  one ,  

~ A = 0 ,  ~ A ' = 0 ,  A-,~A'-. '  . ' - A - A ' = ~ B  (25) 

one just finds, at ghost number zero, the gauge invariant functions. 

iii) The BRST symmetry is a canonical transformation in an appropriate bracket 
structure ( , )  to be defined below. Hence, 

5 A = ( A , S )  (26) 

where S is the canonical generator of 8. 

These three requirements completely determine S up to a canonical tran~or- 
mation, at least in the so-called "minimal sector" (see below). Accordingly, they 
completely capture the BRST symmetry. 

4. RELATIVISTIC DESCRIPTION OF GAUGE INVARIANT FUNCTIONS 

In order to construct a nilpotent symmetry obeying (24), it is necessary to 
recall first how gauge invariant functions ("observables") are described. As we want tc 
develop a manifestly covariant formalism, we need a manifestly relativistic description. 

4.1. Covariant phase  space in the absence  of  gauge invariance.  

Let us first assume for a moment that there is no gauge invariance. The observ- 
ables are then usually realized as the phase space functions F(q,p).  This is, however, 
not fully satisfactory as a phase space point refers to the state of the system at a 
given instant of time. 

As (q,p) at t = to completely determines (q(t),p(t)) through the Hamiltonian 
equations, one can alternatively view phase space as the space of all solutions of the 
equations of motion. One can then drop reference to the momenta and consider the 
solutions q(t) of the equations of motion for q obtained by eliminating p from the 
Hamiltonian equations. These equations for q usually take a manifestly covariant 
form. 

The space of all solutions of the equations of motion is known as the "covariant 
phase space". Its consideration goes back to the work of Peierls who showed how to 
determine the Poisson bracket structure directly in the covariant phase space [6, 10]. 
More recent work includes [17-19]. 
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The same idea applies of course to field theory, where observables can be viewed 

as functions 6 f (¢ i )  of the solutions ¢i to the equations of motion ~ ' 7  = 0. 

As the explicit description of the solutions to the equations of motion may be 
involved, it is convenient to push the reformulation of the concept of observables one 
step further. This is done as follows. 

Denote by I the (infinite-dimensional functional) space of all possible field his- 

tory. So, a point of I is an arbitrary entire history that may not solve 6¢ i = 0. In 

6S0 
I, the equations of motion 6¢ i = 0 determine a submanifold E which we call the 

stationary surface. This submanifold is just the covariant phase space (in the absence 
of gauge invariance). 

The observables are the functions defined on E, i.e., the elements of C ~ ( E )  
("smooth" functions on ~ ). Now, any function f on E can be extended off E to a 
function F (¢  i) defined on I, i.e., to an element of C°°(I)  ("smooth" functions on I). 
Two different extensions F and F '  differ by a function that vanishes on E. These 
functions form an ideal Af as FG vanishes on E whenever F (or G) does. The algebra 
C~¢(E) of the smooth functions on E is thus the quotient algebra C ~ ( I ) / . N  " of the 
smooth functions on I by the functions that vanish on E. 

It should be stressed that our considerations based on the use of the equations of 
motion can be extended to cover quantum mechanics. This is because the Observables 
can still be identified with the (operator-valued) functions of ~ and i5 at a given 
instant of time. These functions are again in bijective correspondence with -and 
hence can be realized as- the functions on the space of solutions 4(t), iS(t) of the 
equations of motion. The absence of conflict with the principles of quantum mechanics 
is particularly obvious in the manifestly covariant Heisenberg picture, where the fields 

6S0 
operators obey the appropriately ordered equations of motion ~¢i - 0. 

4.2. B o u n d a r y  cond i t ions .  

In order to contain all the solutions of the equations of motion, and not just the 
one corresponding to a definite set of initial data, the space I of histories should not 
be restricted by boundary conditions at the "initial" and "final" times ti and t j,. The 
stationary surface E contains then all the possible dynamical states of the system. 

For this reason, the space I is not the space Ii---,I over which one integrates in 
the path integral representation of a definite quantum mechanical amplitude between 
given in- and out-states ( I  is too large). The space I is actually the union over all 
possible pairs of in- and out-states of the spaces Ii---y. 

6The words "functions" and "functionals" are used interchangeably in the sequel. The suggestive 
terminology and notations of finite dimensional manifold theory will also be adopted, without any 
analysis of the (complicated) functional aspects. 
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Furthermore, as one does not vary the boundary data at tl and t2 in the action 
6So 6So principle, the functional derivatives ~ -  in the field equations ~ = 0 do not refer 

to the derivatives of So with respect to the boundary data. More precisely, if we write 

¢i(~,  t) -" -~'(X, t) -~- fi[al, tr2l(~, t ) 

where (i) fi[oll, O~2] (x, t) is, for given trl, a2, a fixed history such that fi[al, a2](~, t l )  = 

0~ (~), fi[oL1, c~2](~, t2) = a~(~); and (ii) -¢i(~.,tl ) = ~i(~, t2) = 0; then, the field equa- 
680 

tions are ~ i  -- 0. This will always be implicitly understood in the sequel even 

though the above decomposition will never be used. 

4.3.  Covar iant  phase  space  in the  presence  o f  a g a u g e  f reedom.  

If there is a gauge freedom, the observables should be in addition gauge invariant. 

We have pointed out that the gauge transformations 6c¢ i = Riae '~ are integrable 
when the equations of motion hold. Accordingly, they generate well defined orbits 
on ~, the dimension of which is equal to the number of independent Ri~. The gauge 
invariant functions are constant along the gauge orbits and hence, induce definite 
functions on the quotient space F_,/G of the stationary surface by the gauge orbits. 
Formally, one can thus write the space of observables as Cc~(~/G), i.e., as the space 
of "smooth" functions on F_,/G [In general, F.,/G is not a smooth manifold but we will 
nervertheless use this suggestive notation]. 

The gauge invariant observables are thus reached in two steps. First, one goes 
from I to ~; then, from 5] to ~/G. To solve (24), one must find a nilpotent operator 
s that implements these two steps through its cohomology, 

(27) 

I 6¢= 

6s0 
= 0  

Fig. 1 

The gauge orbits are obtained by integrating 6~¢ i = Rie  ~ on E. 
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It is not surprising tha t  the searched-for nilpotent ~ contains actually two nilpo- 
tent operators. Each of these two "differentials" implements one of the steps. 

The first differential, 6, provides what  is known as a "Koszul-Tate resolution" of 

(ker_~)  \ = COO(5]). It implements  the first C¢¢(5]), i.e., is such tha t  H0(6) = \ Im 6 , 0  step, 

f rom I to 5]. The second differential, d, is the "vertical exterior derivative along the 
gauge orbits" and implements  the second step, from 5] to 5]/G,  H ° ( d )  = C ° ° ( 5 ] / G ) .  
The BRST derivative z is formally the sum of 6 and d. 

4.4. Regularity c o n d i t i o n s -  A useful theorem. 

In order to develop the formalism, it is necessary to make some regularity 
assumptions on the derivatives 6 S o / 6 ¢  i. One assumes tha t  one can split on 5] 
the derivatives 6 S o ] 6 ¢  i into "independent" functions ya and "dependent ones" z ~, 
(6S0/6¢ i) = (ya, z ~) in such a way tha t  (i) the equations 6 S o [ 6 ¢  i = 0 are completely 
equivalent to y~ = 0, i.e., z a = 0 is a consequence of y~ = 0; and (ii) the exterior 
form A dY a does not vanish on 5]. This  means that  zero is a regular value of the 

t l  

map defined by y" and tha t  one can locally take the ya's as first coordinates of a new 
regular coordinate system on I ,  (¢i) *-, (ya ,  ra ) .  

To illustrate these conditions in a simpler finite-dimensional situation, let us 
consider a two dimensional space with coordinates (u, v) instead of I. If the action So 

is ~1 (u - v) 2, one finds OSOou = u - v ,  OSOOv = - ( u  - v)  . One can take as independent  

equation the first one; the second one is clear consequence of the first. Hence, y = 
oso OSo 
Ou ' z =_ Ov and y = 0 =~ z = 0. The gradient dy = d(u - v)  does not vanish on 5]. 

The regularity conditions are fulfilled and y = u - v can be taken as first coordinate 
of a new regular coordinate system (y, r ) ,  e.g. with r -- v. 

If So were to be replaced by $0 --- ~(u - v) 3 the regularity conditions would C o) not be fulfilled because both  d k,"'Ou ] = u - v and d ~, "~v = v - u vanish on 5]. 

0S0 1 (u - v) 2 = cannot be taken as first coordinate of The  function y =_ Ou - ~ Ov 

a new regular coordinate system in the vicinity of 5], as the inverse t ransformation 
u - v = ~ is not smooth  on 5]. 

When the regularity conditions hold, the following theorem is immediate.  

THEOREM. A n y  s m o o t h  func t ion  F ( ¢  i) vanish ing  on 5] can be wr i t t e n  as 

~So 
F(~ i) = )~i(¢) 6¢ i (29) 

w i t h  s m o o t h  coei~icients ,ki(¢). 
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PROOF: The proof is standard. In the (y, r )  coordinate system, one finds 

F ( ¢  i) = F ( y , r )  = F (y  = 0, r )  + dl.t (py, 

fo 1 OF ,5So = = 

r )  

as F(y  = 0, r)  vanishes by assumption and as ya are some of the field equations. 

This proof is local in field space because the coordinates (y, r )  are usually only 
defined locally. However, it is easy to see, using for instance partitions of unity, that 
it can be extended to cover the whole of I. 

In algebraic terms, the theorem expresses that the ideal A/" of the functions 
that vanish on E is the same as the ideal Af' of the functions that are combinations 

)~/(¢)o_o0. of the field equations. 

We have been a bit cavalier with the functional aspects of the theorem and have 
proceeded as if the space I of all histories were finite-dimensional. So, our discusfion 
is rather formal. However, things are not as bad as one may think at first sight. This 
is because spacetime locality comes as a help. Indeed, only local functionals occur in 
practice in the constructions, i.e., functionals that take the form 

F "- / k(~i, ~i,tt,' '" ¢i , ,s',...t'° ) d O x  
J 

where k involves a finite number of derivatives. One can then reformulate the question 
in terms of k(¢i, ¢ i , ~ , . . .  , ffi,.m...g, ) as a finite-dimensional problem. This enables 
one to prove as a bonus that A'(O~) in (29) is also local in spacetime [20]. But it should 
be immediately added that in spite of the spacetime locality of the gauge fixed action 
and of the generator of the BRST transformation, gauge invariant functions that are 
not local in spacetime can be of great interest. So non local functionals should aim 
be considered. For these, the above formal derivations must be supplemented by 
appropriate functional analysis arguments which will not be given here. 

The regularity conditions are usually fulfilled by all models of physical inter- 
est. The only exception that I know is given by the Siegel model for chiral bosom 
[21] where, as pointed out in [22], some of the relevant field equations only vanish 
quadratically on the stationary surface. This seems to prevent a consistent, physically 
meaningful Lagrangian BRST formulation of the model, already at the classical level. 
This difficulty does not appear to have been fully appreciated in the literature. [By 
contrast, the Hamiltonian formulation is straightforward. For more information, see 
[23] and references therein]. 
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5. THE KOSZUL-TATE RESOLUTION 

5.1. The  p rob lem.  

The first step in the BRST construction is to implement the restriction from I 
to El. So, one needs to define a "differential" 6 (i) that acts as a (nilpotent) graded 
derivative on polynomials in some generators (to be specified) with coefficients that 
are functions on I (just like d in the standard exterior calculus acts on polynomials 
in dx, dy, dz, ... with coefficients that are functions on the manifold); and (ii) that 
computes C ~ ( ~ )  through its homology. 

The grading of 6 is called the antighost number. As 6 decreases the antighost 
number by one unit, it behaves like a boundary operator. 

The requirement that 6 computes C~(~ )  through its homology reads 

(kerS)= COO(S) = C I) 
o 

(30) 

We will actually ask more, namely that (30) contains all the homology of 6. In 
other words, we require 

Hk(~) = 0 k # 0. (31) 

This requirement turns out to be essential not only for guaranteeing that the 
BRST cohomology at ghost number zero is given by the gauge invariant functions, 
but also, for being able to prove the existence, in general, of the BRST symmetry 
itself. 

A differential complex with the properties (30) and (31) is said to provide a 

"resolution" of the quotient algebra C ~ ( I )  Af In the present context, the relevant 

resolution is due to Koszul [24], Sorel [25] and Wate [26]. 

One can describe 6 in an intrinsic manner, without having to work with a specific 
representation of the surface 5]. However, our ultimate goal is to derive the gauge fixed 
action with a definite set of fields. For this reason, we will not strive for intrinsiqueness. 

5.2. Ac t ions  w i t h o u t  gauge  invariance.  

In the absence of gauge invarianee, the construction of 6 is very simple. Because 
c (x ) 

ker 6~ should be equal to Af , we simply define 6 so that 

(ker 5)0 = C~( I )  

(Ira 5)0 = X'. 

(32a) 

(32b) 
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Consequently, we set 

6¢ i = 0. (33a) 

Using the Leibnitz rule, this implies 6F(¢  i) = 0 for any functions on I and 
hence, (ker 6)0 = C°°(I).  

To implement (Im 6)0 = A t', we observe that due to our regularity assumptions, 
the elements of Af are given by the combinations of the field equations. 

6& a(¢ i) e X ** a(¢  i) = Ai(¢i) 

Therefore, we introduce as many new generators ~ as there are field equations 
and simply set 

6s0 
6¢*=  6¢ i 

The minus sign is inserted for later convenience. This implies G = 6( -Ai$  *) 
and (Im 6)0 = Af. With  this definition, our first goal is achieved, namely, equation 
(30) holds. 

The generators ¢~ are known as the antifields associated with the original fields 
¢i. They are in equal number as the ~bi's, since the number of field equations is equal 
to the number of fields (the fields equations set the gradient of So equal to zero). 

To preserve the grading properties of 6 one must impose 

e($*)  = 1 

(as we assume the fields to be bosonic) and 

antigh 4" = 1 (345) 

(of course, ant igh¢ i = 0). The action of 6 on a general polynomial in ¢i, ~[ is 
obtained by using the Leibnitz rule and one easily checks nilpotency, 62 = 0. 

c°°(I) 
To see whether 6 provides a resolution of .IV" , it remains to compute Hk(6). 

It is here that the assumed absence of gauge invariance plays a key role. Indeed, the 
equations of motion are then independent, so that the number of new objects ¢* in 
degree one is exactly equal to the number of independent equations of motion. Using 
this property, one easily proves [24, 25, 9], 

Hk(6) = 0 k # 0 (35) 
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5.3. Act ions  wi th  a gauge freedom (irreducible case) .  

The above definition (33), (34) of 6 can still be used if there is a gauge freedom, 
and one still finds H0(6) = C°°(E). 

However, it is no longer true that  Hk(6) ~ O. Because of the Noether identity, 

6So i 6¢ ~ R,~ = 0, (36) 

one actually finds non trivial &closed polynomials in degree one. 

Indeed, one checks that the i • R~¢i are 6-closed 

i * i 6 S 0  
6(R~¢i )  = - n ~ c ¢ ~ o  = o 

and exhaust all non-trivial 6-closed polynomials of degree one, 

6(,\i¢,) 0 m,~i¢; = ~ , i  1, ( 1  ~) 

Furthermore, the i • Ra¢  i are non exact. So, H1(6) ¢ 0. 

These are given by 

(37a) 

(37b) 

(37c) 

(38b) 

(recall that e(¢*) = 1) and extending 6 as a graded derivation to any polynomial in 
¢ i  • , , ¢i and Ca one maintains 62 = 0. 

With the introduction of the antifields ¢~ the cycles i • • , Ro,¢i that were non exact 
become exact. So, H1(6) is now zero. Furthermore, using the assumed irreducibility 
of the gauge transformations, one easily shows that Hk(6) = 0 for all k > 0 [26, 27, 
22]. 

6¢* i • = R ~ ¢ i .  

Because 6( i • Ra¢i ) = 0, one has 62 ¢~ = 0. Furthermore, by taking 

antigh(¢*) = 2, e(¢*) = 0 

(38a) 

The way in which we can then recover H1(6) = 0 and at the same time, also 
Hk(6) = 0 for all k # 0, is extremely elegant and was devised by Tate [26]. One 
simply adds one new generator ¢~, for each cycle in (37a) and defines 

To understand how this problem can be remedied, let us first assume that the 
gauge transformations are independent, so that all the non trivial cycles in (37a) are 
independent. 
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5 .4 .  R e d u c i b l e  c a s e .  

The construction of $ in the reducible case proceeds along the same lines as in 
the irreducible one. First, one observes that with (33) and (38), the homology group 
Hz(6) is non-zero, even though H1(6)=  0. This is because the polynomials 

1 i j ,  . 
Z~ ~ -[- ~CA ~bi ~ j (39) 

are closed but not exact. Here, the Z's form a complete set of reducibility functions, 
i.e., they are such that 

i 6So #'~ t, AZ]  + M '~i ,5So l.t R,~ = N it  gCj  =~ = 6 ¢  ~ . (4o ) 

One has for the Z's  
Z,,R  = C2 6S° 

6 ¢ J '  
C~ = - C ~  i (40b) 

and this property guarantees that the polynomials (39) are dosed. These polynomials 
are not exact, because the Z~'s cannot all vanish on E when the gauge transformations 
are truly reducible. 

One therefore introduces new generators ("antifields") ¢~ at antighost number 
three, and sets 

= Z, ~ .. 1 - - -  .~ "-'A wi v'j 

antigh ¢~t 3, e(¢A) = 1. 

(41a) 

(41b) 

This kills the homology at degree two, i.e., H2(6) is now zero. The minus si~_ in 
(41a) is again inserted for later convenience. 

If the reducibility equations (40b) are all independent, this is the end of the 
story. Not only are HI(/~) and H2(6) zero, but also all the higher homology groups 
Hk(6), k = 3 ,4 , . . .  [26, 27, 22]. 

finished and one has to keep going. This is because H3(6) # 0 with (33) 
For each non-trivial relation 

But if the reducibility equations (40b) are not independent, the analysis is not 
, (3S), (41). 

A ~j 5S0 (42) 

on the reducibility functions, one must therefore introduce one antifield at antighost 
number four. This kills H3(6). 

One can, if desired, introduce more antifields, i.e., one can consider an overcom- 
plete set of reducibility relations (42). But one must then compensate at the next 
order by adding antifields of antighost number five that take into account the relations 
on the Z(i A. The general idea of passing from order k to order k + 1 is always the 
same. 
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We refer the reader to the reference [27] where the construction of ~ is more 
explicitely analyzed and where the complete proofs of its properties are giv2n. These 
proofs are explicitly worked out within the Hamiltonian formalism. But, as briefly 
indicated below, the algebraic features of that approach to the BRST symmetry are 
identical. For this reason, we only list here the salient facts: 

i) 6 can be constructed recursively antighost level by antighost level and the 
spectrum of antifields can be chosen at each step so that ~2 = 0, Hk(~) = 0, k > 0 
(and of course, Ho(6) = C°°(E)). 

ii) The explicit expression for ~ becomes awkward when the coefficients C~ in 
aj 

(40b), C(i ) in (42) etc.., are non-zero ("on-shell reducibility") but this affects neither 

62 = 0, nor Hk(6) = 0, k > 0 (it only technically complicates the proofs). 

iii) The requirement of acyclicity of 6 at autighost number k > 0 turns out to 
be equivalent to the "proper solution" requirement of Batalin and Vilkovisky [6], as 
both demands lead to the same spectrum of fields and antifields. 

iv) Let h i be a gauge transformation that vanishes on-shell, 

hi 6So ~ -  = 0 ,  hi  = hi  j ~So  
" 

A priori, h i-/may not be antisymmetric in ( i , j ) .  However, h i-/is not uniquely defined 

by h i as one can replace h ij by h ii + #ijk 6S0 6¢k with pqk = _#iki.  One can use this 

freedom to set h ii = - M  i. 
p i j . z ,  l , x  . . . .  ,¢ioz.i) with v'J = - v J ' .  

i.e., h a = Z~t t  A + o "ai6S° 

~rai .t , •. , . . . . . .  'e~¢*) + e'3¢*¢j for some e'J - e  ~'. Accordingly, i • , , -" h ¢ i  "- ~[( v i i  + ~ ' 3 ) ¢ i ¢ j ] ,  i.e., 
. .  

hi = hiJ \6-¢7J with h ij = - M i ( =  v'J +e i j )  as required. 

Indeed, one has 6(,ki¢i) 0 and hence i • • = h ¢ i  = + 

Since A i ~ 0, the h~'s must be such that ~ i A R~ ~ 0, 

a • 7 a t A A .  aaid~.  ~5So = 6 ( t A ¢ .  + This implies h ¢~ = "-'A wa q- .-c~ ~¢i 

v) For definiteness, we will explicitly develop the subsequent formalism in the 
case of reducible gauge theories of the first order, i.e., of gauge theories with reducibil- 
ity functions Z~ that  are independent. The antifield spectrum is then given by ¢~, ¢~, 
and ¢:4. The general case is treated along the lines of these lectures in [22, 27]. 

6. THE EXTERIOR DERIVATIVE ALONG THE GAUGE ORBITS 

6.1. Definition. 

As the orbits generated by the gauge transformations 6,¢ i = R~e" are integrable 
on the stationary surface E, one can define, on E, an exterior derivative operator d 
that takes antisymmetrized derivatives along the gauge orbits. This operator acts on 
p-forms "along the gauge orbits". 

Borrowing the terminology of fiber bundle theory where the "fibers" (here, the 
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"orbits") are drawn vertically, one can call a vector tangent to the orbits a "vertical 
vector". A p-form along the gauge orbits in then named "a vertical p-form" and d is 
the "vertical exterior derivative". 

So, if F is a function on ~, dF is the vertical 1-form defined by 

d F ( X )  = £ x f  (43a) 

for all vertical vectors X .  dF vanishes iff F is invariant along the orbits. The exterior 
derivative of a vertical 1-form a is given by 

(da)(X,  Y )  = - £ v a ( X )  + £ x a ( Y )  - a([X, Y]) (43b) 

where X and Y are vertical vector fields. The Lie bracket IX, Y] of X and Y in (43b) 
is also a vertical vector field as the gauge transformations are integrable. Similar 
formulas hold for higher-rank p-forms and one finds d 2 = 0 (on the stationary surface 
~, where d is defined). We follow the exterior calculus conventions of [27]. 

Because d only takes derivatives along the gauge orbits, it is clear that H°(d)  - 
(ker d~ Im d) ° is isomorphic with the algebra of gauge invariant functions. Note that 
the higher order cohomology groups Hk(d),  k > 0, may be non trivial. 

6.2. Representation (irreducible case). 

In the irreducible case, the dimension of the gauge orbits is equal to the number 
of gauge transformations ~¢ i  = R~ea. A basis at each point {X~ } of vertical vectors 
is thus given by 

and one has 

6F i (44a) X,~F - 6@ R,~ 

[X~, XO] -f i , = ) x ,  ( 4 4 5 )  

If { C a } stands for the basis dual to {X~ }, one can represent the vertical exterior 
derivative along the gauge orbits as 

dR = ( X,~ F)C"  

dC'~ = 2 C'~.fC~C "~ 

(45a) 

(45b) 

The dual one-forms C~'s are anticommuting and will be interpreted as the ghosts 
below. The form degree will therefore be called already now the "pure ghost number". 
The operator d increases the pure ghost number by one unit. 

6.3. Representation (reducible case). 

In the reducible case, the vertical vectors X~ associated with the gauge trans- 
formations no longer form a basis. Rather, they form an overcomplete set, subject to 
the following reducibility equations, 

Z~4 Xo, = 0 (one).  (46a) 

Accordingly, the "components" a~,...~, = a(X, , l , . . .  ,X,~p) of a vertical p-form in 
the overcomplete set {X~ } are also subject to the same conditions 
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a, = 0  (onE). (46b) Z A Olal...al...ap 

We will assume for simplicity that there is no relation on the Z~'s, i.e., that 
these functions are all independent. 

Although there is no dual basis to {Xa } one can introduce formal objects C a. 
By saturating the indices of the "components" c~at...a p with C'~t . . .  C a" one can 
identify vertical p-forms with polynomials of order p in C ~ whose coefficients obey 
the algebraic condition (46b). One can then compute d using the same formulas (45) 
as in the irreducible case. 

It is, however, more convenient to relax the algebraic condition (46b) as follows. 
Introduce as many additional objects C A as there are conditions on Xa and modify 
d C  a as 

dC a = 1 2 C'~'fCaC'Y + Z~4cA" (47) 

The new term in the right-hand side of (47) does not affect the vertical derivative 
of a vertical p-form because of (46b). To preserve the grading properties of d, the 
generators C A should be even and of pure ghost number two. These generators will 
be identified later with the ghosts of ghosts. 

It is possible to define dC A s o  that d 2 = 0 on arbitrary polynomials in C a, C A 
(on E). The proof will not be given here (see [27]). The mathematical structure 
defined by d, ¢i, C a and C A is known as a free differential algebra. 

What is the effect of the new term added to dC°'? 
algebraic condition (46b) through the closedness relation. 

= a~c ~ is closed iff 

Its effect is to enforce the 
So, for instance, a one-form 

dc~ = 0 ~ d°ido~ + otc, Z~4C A = O. (48) 

This implies both the algebraic equation naZi4 = 0 and the requirement d ° l d ~  "-- 0. 

Thus, one can represent the vertical exterior derivative d in the space of arbitrary 
polynomials in C a and C A. The algebraic condition (46b) is automatically enforced 
when passing to the cohomology. 

This is made possible through the introduction of the ghosts of ghosts. 

We refer again the reader to [27] for the details. This reference analyses also 
the case when the reducibility equations are not independent, which requires further 
"ghosts of ghosts of ghosts". 
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7. BRST SYMMETRY- MASTER EQUATION 

7.1. The problem. 

With the Koszul-Tate operator and the vertical exterior derivative at hand, all 
the building blocks of the BRST symmetry have been constructed. What is required 
now is to put these ingredients together in a manner that preserves the crucial nilpo- 
tency. 

To that end, we tentatively first define 

• ? ? ? 

5q5' "-de i, 5C  a "- dCo`, 5C  A - d e  A 
? ? ? 

(49a) 

(49b) 

where d is extended off ~ by using the same formulas (45a) and (45b) (47) as before. 
This makes sense as the gauge transformations and the reducibility functions are well 
defined for all histories, and not just for those histories that obey the equations of 
motion. 

So, in (49), the BRST transformation 5 reduces to d in the sector containing 
the fields ¢i and the ghosts Co  ̀ (and the ghosts of ghosts C A if any). It reduces to 
in the antifield sector. 

The grading of 5 is called the "ghost number" and is given by the difference 
between the pure ghost number and the antighost number: 5 increases the ghost 
number by one unit. 

The problem with the simple definition (49) is that it does not yield a nilpotent 
operator. This is because: 

i) 6d + d6 # 0 off E, except when the gauge transformations form an Abelian 
group; 

ii) d 2 # 0 off ~ in the open algebra case (the gauge transformations ~ t ¢  i = Riae. 0` 
are then non integrable off ~). 

In order to remedy this situation, one needs to improve 5 by terms of higher 
antighost number, 

5 = ~ + d + "more". (50a) 

More precisely, the appropriate definitions read 

5¢ i -  d¢  i + S i 

5Co` = d C  ~ + S °` 

5C A = d C  A + S a 

5¢* = ,5¢* + Ti 

5¢o` = ,5¢; + To` 

~¢*A = '5¢*A + TA ,  

(50b) 
(50c) 
(50d) 
(50,,) 
(50f) 
(50g) 
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with 

antigh(S i) > antigh(d~b i) + 1 = 1 

antigh(S ~) > antigh(dC ~) + 1 = 1 

antigh(S A) > antigh(dC A) + 1 = 1 

antigh(Ti) > antigh(6¢*) + 1 = 1 

antigh(To) > ant igh(6¢*)+ 1 = 2 

antigh(TA) >_ antigh(6C~t) + 1 = 3. 

(50h) 
(50i) 
(50j) 
(50k) 
(501) 

(50m) 

The improvement terms are determined by requiring 5 2 = 0. [Note: the extra terms in 
(50) are in general not of definite antighost number. The inequalities (50h-m) should 
therefore be understood as inequalities on the componentes of Si,SO, S A, Ti, To and 
TA of minimum antighosts number]. 

7.2. Homological perturbation theory. 

It turns out that it is always possible to find S i, S °, S A, Ti, To and TA with 
the above properties such that 52 = 0. This appears to be a general theorem of 
"homological perturbation theory" [28], a subject of algebraic topology. 

Furthermore, the cohomology of 5 is given by the cohomology of d on E. As 
6& 

anticipated, the role of the antifield is to enforce 6~ i = 0 when one passes to the 

cohomology The operator • then reduces to d and one finds H°(5) = H°(d) = 
{gauge invariant functions}. More generally, one gets 

0, if g < 0 
Hg(5) 

i Hg(d), if g>_0 
(51) 

Here the cohomologies of 5 and d can be either the local cohomologies, or the coho- 
mologies in the space of all local and nonlocal functionals. In this latter case, the 
arguments leading to (51) are more formal. Note that the local cohomology may 
be non trivial for g > 0 even if the corresponding cohomology in the space of all 
functionals is trivial. 

The proof of (51) which is immediate in the Abelian case for which (49) is correct 
is given in [29, 27, 30, 20] and will not be reproduced here. Rather, we will only 
prove the existence of s. 

Because of (51), one can conclude that the BRST  symmetry completely incor- 
porates gauge invariance at ghost number zero. This is a general feature valid even 
if the elements R / of the generating set under consideration do not form a group. 
The group structure is actually never used and one can thus say that the properties 
of the BRST  symmetry rely on a more primitive structure. It is the author's opinion 
that the works on the BRST symmetry that overemphasize the group structure are 
sometimes misleading. 

The same primitive structure is also encountered in the Hamiltonian formalism, 
where again, the description of the gauge invariant observables involves two steps: 
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first, the restriction to the "constraint surface"; second, the passage to the quotient 
of the constraint surface by the gauge orbits. These same ingredients lead to the 
same algebraic construction of the BRST symmetry [9~ 27~ 30]. 7 The techniques of 
homological perturbation theory were actually first rediscovered by physicists in the 
Hamiltonian context. 

In order to prove the existence of the extra higher order terms S i, S a, S A, Ti, Ta 
and TA needed to secure nilpotency, we will take advantage of one extra property of 
the BRST symmetry. This extra property is that the BRST transformation preserves 
a natural bracket structure in the space of fields, ghosts and antifields. Accordingly, 
rather than trying to work out individually S i, S a, S A, Ti, Ta and TA it is more eco- 
nomical to construct directly the BRST generator for the BRST symmetry, which is 
a single function(al). 

7 .3 .  A n t i b r a c k e t .  

What is the natural bracket structure in the Lagrangian formalism? 

It is well known that the Hamiltonian Poisson bracket does not induce a Pois- 
son bracket in the Lagrangian space I of all field histories: a physically meaningful 
symplectic structure is only defined on the stationary surface E, modulo G. 

However, because the stationary surface has the property of being obtained 

by equating to zero the gradient ~ of a single f-nction So it turns out that one 

can nevertheless define a (rather odd) bracket structure among the variables of the 
Lagrangian BRST complex. This bracket structure possesses strange features and is 
named "antibracket". It is very useful when developing the form~K~m b-at ~ - a p p e a ~  
when one fixes the gauge and does not seem to have a direct quantnm-mechanical 
analog. 

The definition of the antibracket suggests itself once it is realized that there is 
a remarkable symmetry between the fields and the ghosts on the one hand, and the 
antifields on the other hand. This symmetry, in turn, is a consequence of the fact 
that  it is the same functional So which determines both the ghost spectrum (through 
the gauge symmetries) and the antifield spectrum (through the Noether identities). 

Taking again for definiteness a reducible gauge theory without reducibility equa- 
tion on the coefficients Z~ one finds: 

- 3  - 2  - 1  0 1 2 

i I I i I I 
¢i c "  c A 

) (52) 
ghost nll,-nber 

TThe major difference between the Lagrangian and Hamiltonian constructions lies in the bracket 
structure that  is naturally defined. While the Lagrangian bracket ("antibracket ')  to be deemed 
below does not appear to be realized quantum-mechanically, the Hamiltonian bracket ("Poisson 
bracket") becomes the physical, graded commutator (times (ih) - ]  ) in the quantum theory. 
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So, it is natural to declare that the pairs ¢i, ¢ . ; C  a, ¢~; and C A, dp* A are conju- 
gate, 

(53~) (¢~, ¢ ; ) = 6  
(C a, ¢~) = 5~ (53b) 

(cA,¢~) = ~ (53¢) 

[Recall that the indices i, a,  A stand both for a discrete index and a continuous 
one. Explicitly, (¢i(x),¢~(y)) = ,5~SD(x-  y). The expressions (53) are manifestly 
covariant in spacetime]. The Lagrangian antibracket ( , )  is extended to arbitrary 
functionals A, B of the fields, the ghosts and the antifields as follows, 

( A , B )  
5"A 5tB 5rA 51B 

~¢~ ~¢~ 5¢* ~¢~ 
6"A 61B 5"A 5tB 
6C '~ 6¢: ~¢* 6C" 
6"A ,StB 6"A 61B 

,sCA '~¢*A 6¢*A 'SCA 
(53d) 

The striking features of the antibracket are: 

i) the antibracket carries ghost number + 1, i.e., 

gh ((A, B)) = ghA + ghB + 1; (54a) 

ii) it is odd, i.e. 
e ( ( A , B ) )  = eA + eB + 1 (54b) 

iii) it obeys symmetry properties that are opposite to the usual ones, 

( A , B )  = - ( -1) (cA+I)(~+I)(B,A) .  

So, in particular, 

(54c) 

(Bosonl, Boson~) - (Boson2, Bosonl) 

(Fermion. Boson) - -(Boson, Fermion) 

(Fermionl, Fermion2 ) -- -(Fermion2, Fermionl ). 

(54d) 

(54¢) 
(54f) 

A further important property of the antibracket, which is an immediate conse- 
quence of its definition, is the Jacobi identity. 

( '-I)(~A+I)C~c+I)(A,(B,C)) "t- "cyclic" = 0. (55) 
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Also, the antibracket acts as a derivation 

(AB, C) = A(B ,C)  + (-1) '~( 'c+I)(A,C)B 

(A, BC) = (A ,B)C  + ( -1 )~( 'A+I )B(A,  C) 

(56a) 

(565) 

Because of (54d), it is in general not true that an arbitrary bosonic functional 
A has vanishing antibracket with itself. If e A  - -  0 one may have (A,A)  ~ O. However, 
by the Jacobi identity, ( (A ,A) ,A)  = O. 

The antibracket is easily defined along exactly the same lines for more general 
reducible theories requiring ghosts of ghosts. We leave this problem as an exercise to 
the reader. One finds the same features as in the case explicitly investigated here. In 
particular, the conjugate to a variable A of parity eA and ghost number gA has itself 
parity eA -4- 1 and ghost number --gA -- 1. 

7.4. The  m a s t e r  equa t ion .  

As we mentioned above, the BRST symmetry is a canonical transformation in 
the antibracket. So, the BRST variation ~A of an arbitrary functional A is given by 

,zA = (A,S). (57a) 

On account of the parity and ghost number properties of the antibracket, the BRST 
generator S should be even and have ghost number zero 

(575) e(S) = 0 gh(S) = 0. 

Furthermore, the nilpotency of ~ is equivalent to 

(s ,s)  =o (57c) 

as it follows from the Jacobi identity and the fact that there is no c-number of ghost 
number one. 

The first few terms in S should generate ~ and d. 
expansion of S according to antighost number, 

This means that in the 

(58a) 

(ii) (S) = 6~ R~ C ~ (58d) 

so that (¢*, S) = 6¢* + more; 

one should have: 
(o) 

(i) S = So (58 c) 

n>O 

(n) 
antigh S = n (58b) 
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so that (¢~, S) = 6¢~ + more, and (¢i, S) = d¢ i + more = Ri~C (~ + more; and 

(2) • a A 
(iii) S = ¢o, ZAC + terms non containing ¢*o,C a (58e) 

so that the first terms in 6¢* and dC ~ are appropriately reproduced. 

The problem of finding the BRST symmetry s - i.e., of finding the extra terms 
S i, S ~, S A, Ti, To, TA in (50) - can thus be reformulated as the problem of finding the 
solution S of (57c), with the boundary conditions (58). It is remarkable that the first 
piece in the BRST generator S is just the gauge invariant action So. 

The equation (57c) is named the "master equation". The boundary conditions 
(58) define what is known as a "proper solution" [6]. These boundary conditions 
follow in our presentation from the form of 6 (and d). The structure of the Koszul- 
Tate differential 6 was in turn determined by the requirement Hk(6) -- O for k > 0 
(acyclicity of ~i at order k > 0). 

7.5.  So lut ion  of  the  mas ter  equat ion .  

(o) (1) 
The solution of the master equation is derived as follows. As S and S are 

(2) 
completely fixed by the boundary condition, the first question is to find S,  only 
incompletely given by (58c). One has 

(2) • 
s = A + + (59) 

where k ~ ,  f~J and f ~  are unknown. 

The condition (S, S) = 0 leads, at antighost number one, to the equation 

(2) (2) 
2 6 S + D = 0  (60 ) 

where D is given by 

, , )  = • 

D = (S), - ¢ i [ R ~ , R ~ ] i C ~ C  z - 

.~.r,'t oi ,",~r,~ . ij ~So C~C,"  
= - ¢iM  T-g (60b) 

We have used her,: (17) and ((S), S)) = 0. 

(2) 
To prove the existence of a squt ion of (60a), one must check that D is 6-closed, 

6 D  = 0. This is easy to do and is left to the reader. The acyclicity of 6 (i.e., 

Hk(6) = 0 for k > 0) implies then that D is also ti-exact, D = -2/i S.  This equation 
(2) 

defines S only up to a ~-exact term. One can use part of this ambiguity to set the 
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(2) (2) (:t) 
coefficient of ¢*C A in S equal to Z~. With this adjustement S = S,  and ~) indeed 

(2) 
exists. Actually, the solution S reads explicitly, in terms of its components k~.y, f ~  

and f ~ ,  

kO , 1 .¢ 

"" 1 

f iJl3.  - 1 ij 

(60c) 

(60d) 

(60e) 

where the structure functions C~ are those that appear in (40b). 

The terms (60d) and (60c) complete ~¢~4 and dC °', i.e., are such that (¢~4, S) = 
6¢~t + "higher order" and (Ca, S) = dC °' + "higher order". This is as it should and 
we could have included (60c,d) as part of the boundary conditions (58e). What  our 
analysis shows is that  this is not necessary as the equations (60c,d) are in fact forced 
by (S, S) = 0 (which contains 62 = 0, d 2 ~ 0). 

(2) 
Once S is constructed, the analysis of the remaining terms in the master equa- 

tion proceeds recursively along similar lines. Assume that S has been constructed up 
to order n - 1, (n > 3) and let 

i < n - - 1  

(61) 

It is easy to check that for any A of antighost number ka, the component of 

antighost number ka - 1 in (A, (~/)')) reads 

( A , ' R  1)) = 6A + "higher orders" (n > 3) 

antigh A = ka 

antigh("higher orders") > ka - 1 

(62a) 
(625) 

(62c) 

( , , . -1)  
This is because only the pieces at most linear in the ghosts in R contribute to 

- ) ) .  (o) (1) 
the antighost number ka - 1 component of (A, (~/~' This property selects S,  S and 

(2) S, S, S because (S) for k > 3 is at least quadratic in the ghosts. One verifies that (o) (1) 

and the linear piece of (S) indeed yields 6A. 

The equation (S, S) = 0 then reads, at antighost number n - 1, 

(") ( " - D  
s + D = 0 (63) 

( n - i )  ( . - 1 )  - 
Here D is the component of antighost number n -  1 of ( R ,("R 1)) and depends 
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(k) 
only on the functions S,  k ~ n - 1. 8 

(n) (k) 
Now, for (.63) to possess a solution S given S with k ~ ~ - 1, it is necessary 

( n - l )  
(nilpoteney of 6) and sufficient (aeyclieity of 6) that 6 D = 0. But this simply 

c - , , )  I . - , ,  
follows from the Jacobi identity 0 = R , R ), R which implies 6 D = 0 at 
antighost number n - 2. 

We can thus conclude that the solution S of the master ~quntion exists. The 
solution is not unique because, at each stage, one can add at 6-exact term to S. 
However, because of (62), this only modifies S by canonical transformation in the 
antibracket. Hence, the solution of the master equation with the boundary conditions 
(58) exists and is unique up to a canonical transformations [12]. As a result, the 
BRST symmetry ~A = (A, S) also exists. 

It is an easy exercise to check that canonical transfornaations also enable one 
to pass from one generating set R/a to any other generating set/~/~ of same dimen- 
sion. The enlargement of the generating sets by adding trivial gauge transformations 
and increasing the ghost spectrum requires a Imther concept, that  of "xaoxa minimal 
solution" and will be discussed below (section 7.8). 

Ca) (4) 
It  shou ld  be  p o i n t e d  ou t  t h a t  in genera l ,  t he  c o m p o n e n t s  ~ ,  3 ,  - .. a r e  d i f ferent  

f r o m  zero so t h a t  S c o n t a i n s  m u l t i g h o s t  ver t ices .  In t h e  irreduczible g r o u p  case, on ly  
(0) (i) C2) 
S, S and S are different from zero, but this is an accident not representative of the 
general situation. It should also be stressed that nowhere was it necessary to fix the 
gauge so far, and that the existence of S is global in field space, }~ecause the acyclicity 
of 6 is a global statement. Global obstructions may be relevant V~hen discussing gauge 
fixing conditions (Gribov problem) but do not afflict the gauge independent BRST 
symmetry in the space of the fields, the ghosts and the antifields. 

7.6. Spacetime locality of S. 

In order to apply the usual methods of quantum field theory, it is necessary that 
S be a local functional in spacetime, 

/ ,  

S =. J £dOx (64a) 

where £: is a function of the fields, the ghots, the antifields antl their derivatives up 
to some finite order ("local function"). This is equivalent to 

'"' f 7  S = d D x  (64b) 

where the c£)'s are also local functions. 

, = D + higher orders. The lower antighost number components of 
( n - t )  ( n -  t)) ( n - I  

( R , R vanish as the functions (0) ) S , . . . ,  S obey (S, S) = O up to Order a - 2. 
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Is it guaranteed that the equations (64a,b) hold? To investigate this question, 

let us assume again that the (S) have been constructed up to order n - 1 and are local 
[(~,) (') 

functionals, is clearly a local functional, as well as S and the given piece of (2)S 
if the gauge transformations and the reducibility equations are local]. The equation 

( - )  
(63) reads, in terms of the searched-for local function L:, 

26(~) ( " - ~ )  + d =O.("k ')" (65a) 

(n-t) (n-t) 

where D = f d dDx and where k~' is some local current, which yields a surface 
( . - 1 )  ( . - t )  

term when one integrates both sides of (65). As R is a local functional, D = 
- - - ( n - t )  

(("]~'), ("R'))is a local functional, so that '"d ') in (~)t) = f d dDx is indeed a local 
( n - t )  ( n - t )  

function. Furthermore, because 6 D = O, d obeys 

( n - - l )  
,5 d = Of, j ~' (65b) 

(.-I) (--t) 

The know function in (65a) is d , which is really determined from D only up to a 
local divergence O#fl ~' but we assume that some definite choice has been made. The 

( . - x )  
unknow functions are L: and ("k t)~ which should be found from (65a) knowing that 

(65b) holds. Once these are found, S obeys (S, S) = f 0 r k" with k~' = ~ (]c) ~'. The 
boundary conditions must be such that the surface term is zero. 

So, the question of spacetime locality of S can be reformulated as the problem 
of the local homology of & given a local function f such that 6 f  = Oe, j~" with j~' local, 

¢ is it guaranteed that f = 6g + Ot, k~ where both g and k~ are local?. The f-nction j 

is also known to be strictly of positive pure ghost number (("i) t) involves the ghosts). 

It turns out that the answer to this question is positive, provided the gauge 
transformations 6~¢i = R~e,~ obey the following local completeness condition: any 

6& 
local identity on the field equations ~ -  can be derived from the Noether identity 

~S0 i lncal i.e., by differentiation and algebraic manipulations (but 6¢i R~ = 0 by __ means, 

no integration). This assumption is very mild as it appears to be always f ,  lfilled by 
appropriate redefinitions of the gauge transformations if necessary. 

To give an example of gauge transformations that do not obey the local com- 
pleteness condition, consider electromagnetism, invariant under 

6Ag = 0,(Ae). (66a) 

With appropriate boundaryconditions at spatial infinity, this parametrization of the 
gauge transformations is equivalent to the standard one, 6Ag = 0~,A, A = Ae, e = 
A -1A. The Noether identities that follow froth (C~) are 
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AO u 6A u = 0 (66b) 

The identities cgj, 6So 6A, = 0 cannot be derived from (66b) by local means, as one needs 

to invert the Laplacian. So (66a) does not obey the local completeness condition. 
However, the change of gauge parameters Ae = A yields a form of the gauge trans- 
formations that obey the local completeness assumption. 

One can then prove the following. 

TtlEOREM. If the local function f of antighost number k > 0 obeys 6 f = O#j # (with 
j I, local) and is of  strictly positive pure ghost number, then 

f :: + O.k.  

where g and k" are local functions. In other words, the local cohomology of 6 modulo 
the spacetime exterior differential d is trivial for positive antighost and pure ghost 
numbers. 

The proof of this theorem is given in the reference [20], to which we refer. Let us 
simply indicate that the restriction on the pure ghost number is important. Consider 
for example the free particle, So = ½ f dt 42. One has one antifield q* with 8q* = ~" 

dk and no ghost. The function f = q* obeys 6f  = ~(4) but cannot be written as 8g +'d7 
with local and regular g, k. This does not contradict the theorem because the pure 
ghost number of f is zero. 

If the gauge transformations are reducible, a similar local completeness assump- 
tion must be made on the reducibility functions. 

The theorem guarantees the spacetime locality of the solution S of the master 

equation -at  least if the rank of the theory, i.e., the highest n for which ¢S) is non 
vanishing, is finite. 

7.7. Antibracket and equivalence classes of B R S T  invariant observables. 

Given two BRST invariant functionals A and B, the antibracket (A, B) depends 
only on the cohomological classes of A and B: if A' = A + ( K, S), B' = B + ( L, S), 
then (A,B) and (A ' ,B ' )  are in the same cohomological class. So, there is a well- 
defined antibracket structure in the space of cohomological classes of BRST invariant 
functions. 

Because the antibracket (A, B) of two BRST invariant functions of ghost num- 
ber zero possesses ghost number one, it is clear that the induced antibracket has no 
direct connection with the Po:~son bracket that can be defined among gauge invari- 
ant observables [16,19]. Furthermore, although we have no complete proof of this 
property, there is some evidence that (A, B) is actually cohomologically trivial, i.e., 
(A ,B)  is BRST-exact, (A ,B)  = (K,S) .  The induced structure appears thus to be 
completely trivial. 
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These are the first indications that the antibracket has no obvious physical 
meaning in spite of its usefulness in the construction of S. 

7.8. N o n  min imal  solut ions .  

The requirement H°(a) = {gauge invariant functions} does not completely fix 
• . Indeed, it is always possible to add to a given solution further variables that are 
cohomologicaUy trivial and hence, that do not modify Hk(5). The uniqueness theorem 
given above was derived with the specific set of fields ¢i, Co', C A and antifields ¢~, 
¢~, ¢.*4 and would not apply if this set had been enlarged. 

Cohomologically trivial variables can be assumed, with appropriate redefinitions, 
to fulfill 9 

~C=Tr,  ~Tr=0, g h C ' = g h ~ r - 1 .  (67a) 

The condition 5F  - 0 eliminates C'. The further passage to the quotient by BRST- 
exact functions eliminates 7r. So, C' and 7r do not contribute to Hk(~). 

If one requires a canonical action for the BRST symmetry, one must introduce 
antifields C* and ~r* respectively conjugate to C and lr, 

( c , c * )  = 1, 

gh C'* = - gh C - 1, 

(~', ~'*) = 1 (67b) 

ghlr* = - g h l r -  1. 

The term that generates (67a) through the antibracket reads 

(67c) 

C*Tr. (67d) 

One has ~Tr* = C'*, ~C* = 0 and so, the pair 7r*, C'* is also cohomologically trivial. 

The general solution of the master equation is given by 

S(¢i,CO',cA,¢*,¢*,¢*A;Tr, C, Ir*,C'* ) = S(¢i, CO',cA,¢~,¢~,¢*A)+ ~_,C'*Tr (68) 

where S is the "minimal solution" described above, depending on the "minimal" set of 
fields ¢i, CO,, C A, ¢. ,  ¢~, ¢~4, and where ~r, C', ~r*, ~'* stand for all the trivial variables 
that are added. The solution S containing extra variables is known as a "non minimal 
solution". Non minimal solutions are unique modulo canonical transformations and 
addition of cohomologically trivial pairs. 

Whether extra pairs are required or not depends on the type of gauge fixing 
condition that is desired. This point will be illustrated on the examples below. Let us 
simply mention now that the usual "antighosts" are part of the non-minimal sector. 

The relation between the reducible and irreducible descriptions of the same 
gauge symmetry becomes also clear: the corresponding S's are related by a canonical 
transformation and by the addition of cohomologically trivial pairs. 

9One could associate odd variables that do not modify H°(5), k > 0. This possibility will be not 
explored here. 
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7.9. Abelian form of S. 

As we indicated in section 2.11 it is always possible to abelianize the gauge 
transformations. Furttmrmore, one can redefine the field variables ¢i ~ Xi = Xi(¢j), 
X i = (X a, Xa),  in such a way that: (i) the first variables X a are gauge invariant; (ii) 
the gauge transformations are just shifts in the last variables X a. This change of 
variables is generically non local and full of functional subtleties which we will not 
address here. 

The action So depends only on )C a as it is gauge invariant. Together with the 

boundary conditions, the equations ~ = 0 completely determine X a. Tile gauge 

components X a are completely arbitrary. 

The felds X a may not be all propagating (the equations 6So = 0 may imply 
6X a 

X a = 0 for some a), so that the number of true degrees of freedom is in general smaller 
than the number of Xa's. 

A complete set of gauge transformations is given by 

6X a = O, ~iX a = e ~. (69a) 

The remaining (reducible) gauge transformations can be taken to be 

6X i = O.e A (69b) 

(a = ((~,A)). So, one has R~ = 0 and the reducibility equations read ZARiA = 0 
with Z A = ~i A. 

The solution of the master equation is given by 

s = So(x + + c74c a (70) 

where C]  are the antifields of ghost number - 2  conjugate to the ordinary ghosts 
associated with the ineffective gauge transformations (69b) -and  not the antifields 
conjugate to the ghosts of ghosts C A. The noticeable feature of S is that  it differs 
from the gauge invariant action S0(Xa) by manifestly cohomologically trivial terms 
that possess exactly the same structure as the non minimal terms in (68). 

8. PATH INTEGRAL 

8.1. Gauge invariance of master equation. 

We now turn to the problem of writing down the pat h integral. 

If we were working within the Hamiltonian formalism, there would be not much 
to say because all the work has been done once the BRST symmetry in Hamiltonian 
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form is constructed. The path integral is simply 

f D(Hamiltonian variables)exp i f["Hamiltonian kinetic term" - H]dt, 

where (i) all the variables of the Hamiltonian formalism occur in the path integral; 
(ii) the Hamiltonian kinetic term is the one that yields the Hamiltonian Poisson 
bracket among the canonical variables (momenta times time derivative of coordinates 
in canonical coordinates); and (iii) the Hamiltonian H is one representative in the 
BRST cohomological class associated with the original, gauge invariant Hamiltonian 
H0. Different choices of representatives amount to different choices of gauge [5,9]. 
The path integral is formally well-defined because the action that appears in the 
integrand is not degenerate: the Hamiltonian equations of motion that follow from it 
are in normal form and hence, possess a unique solution for given initial data. 

The same approach cannot be applied to the Lagrangian case, and the straight- 
forward at tempt 

i 
Path integral = D(fields)D(antifields)D(ghosts) exp ~ S 

where S is the solution of the master equation, does not work. This is because S is 
gauge invariant and thus, (71) as it stands is meaningless. 

The gauge invariances of the solution S of the master equation are easy to 
work out. Let us denote collectively the original fields ¢i, the ghosts C ~ and all the 
necessary ghosts of ghosts by cA (A = 1, . . .  ,N).  These also include the antighosts 
and the auxiliary fields of the non-minimal sector if any. We will refer to cA as the 
"fields". All the remaining variables, i.e., the antifields ¢~, ¢~, . . . ,  C'*, ~r*, etc, will 
be denoted by ¢~tl°. Finally, let us set 

za = (¢A;¢:4), a = 1 , . . .  ,2N (72a) 

and 
e(z") = e. (72b) 

The antibracket can then be written as 

( A, B)  - 6~ A ~ab ~I B 
~Z a ~Z b 

where the (inverse of the) "symplectic form" (ab reads 

O ~ ) ~ab _. ~ba. ~ab__ I--~ 

(73a) 

(73b) 

10So ' ~b~t stands from now on for all the antifields and not just  for the antifields of antighost number 

three associated with the reducibility equations. 
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In these notations, the master equation becomes 

6 rS  ab 61S 
( S , S )  = = 0 

from which one easily derives, upon differentiation with respect to z c, that 

~S R~ 
6z ~ c = 0  

(74 ) 

(74b) 

Here, we have set 
Ra __ ~ab ~i ~r s 

6zb6z ~ 
(74c) 

These equations -which express that ~2zC is zero-- indicate that the functional S is 
gauge invariant under 

6za = R~e c (..t"~.- 6za(x) = / R~(x,y)eC(y)dy) (75) 

where eC(y) are arbitrary spacetime functions. 

How many gauge invariances does S possess?. Superficially 2N, which is the 
total number of fields and antifields. It actually turns out that the action S has less 
independent gauge invariances, because the matrix R~ defining the gauge transfor- 
mations is nilpotent on-shell, 

. b 6S 
RbR c = 0 (when equations of motion 6z a = 0 hold). (76) 

This can be seen by a further differentiation of (74b). The gauge transformations (75) 
are thus not all independent, there is "on-shell reducibility". 

Because R 2 ~ 0, the number of independent gauge transformations in (75) is at 
most equal to N. It is actually precisely equal to N because the general solution of 
Rv .~ 0 is given by v ~. Rt, so that the nilpotent matrix R only contains (rank-one) 

Furthermore, one can also show that (75) exhausts all the gauge symmetries of 
S. So, the solution of the master equation possesses exactly N independent gauge 
transformations. 

The proofs of these statements are most conveniently derived by making the 
canonical change of variables z a ---, 5 a such that S(5 ~) takes the simple form (70). This 
is permissible, as the matrix R~ transforms on-shell as a (11) tensor under canonical 
transformations, so its rank properties are unchanged in z ~ --+ 5 a. One easily checks 
that the gauge transformations of S(5 ~) are just the arbitrary shifts in the N variables 
-say z A- that do not occur in S(z a) - S(z~'), and that these transformations can be 

62 S 
written as in (75) because the matrix is invertible. 
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It is remarkable that the solution S of the master equation contains all its 
gauge symmetries in the sense that these are just obtained by differentiation of S. 
Furthermore, for each field-antifield pair, there is one gauge symmetry. This property 
was the motivation of reference [6]. 

8.2. BRST invariance as the guiding principle for deriving the gauge fixed 
action. 

Because the solution of the master equation is still gauge invariant, with a gauge 
algebraic structure that  presents no obvious simplification over the original one, it 
might be felt that nothing has been gained in the construction and that one is exactly 
back to the original difficulty of writing the correct gauge fixed action, without new 
insight. 

Something has been gained, however, and this is that we now have the BRST 
symmetry at our disposal. Because BRST invariance can be used as a substitute for 
gauge invariance, one can completely forget about the gauge symmetries and simply 
focus on the BRST symmetry. If one can write down a gauge fixed action that 
incorporates BRST invariance, then, one has also automatically incorporated in the 
path integral the gauge symmetry of the original action. 

This is the point of view developed in the sequel. This mean.q that it will not be 
at tempted to devise an appropriate gauge fixing of the gauge symmetries of S along 
conventional lines. These gauge symmetries will cease to be of any concern from 
now on, and were only mentioned to point out that S is not a propagating action. 
By "propagating action", we mean one without gauge invariance. Our only concern 
will be to extract a propagating action S¢ from S in a manner ~hat incorporates 
all the properties of the BRST formalism. Because the BRST symmetry is a global 
invariance rather than a local gauge symmetry, one can find BRST invariant actions 
that  are non degenerate. 

8.3. Gauge fixed action. 

One possibility for getting a non degenerate (= "gauge fixed") action is simply 
to eliminate N of the 2N fields/antifields z a by means of N equations QA(za) = 0 
(N "gauge conditions" for the N independent gauge invariances of S). 

It turns out that  the properties of the BRST formalism are preserved if one 
takes the functions QA to be in involution, i.e. 

(QA, QB) __ 0. (76a) 

One motivation for (76a) is that these conditions are invariant under canonical trans- 
formations. This is important, as canonical transformations account for the ambiguity 
in S, which should be ultimately irrelevant. Another motivation is that the equations 
f~A = 0 describing the gauge fixing actually involve, with (76a), a single arbitrary 
function, as in the Hamiltonian formalism [5,9]. This fact will be crucial in proving 
the independence of physical amplitudes on the choice of f~A. 

To see that the QA's involve a single function, let us solve f~A = 0 for the 
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antifields (we asume that this can be done). Then, the equations ¢~4 --WA(¢) = 0 are 
in involution iff 6¢ 

~A ._ 0 ~ ¢~t -- 6¢ A (765) 

for some function ¢(¢A) of ghost number - 1  and Grassmann parity 1, 

~(¢A) ,  g h ¢ = - l ,  e ( ¢ ) = l  (76c) 

The functional ¢(¢A) must be local in spacetime, ¢ = f pdDx, so that the antifields 
¢~4 are local functions of the fields and their derivatives. 

If one inserts (76b) inside the solution S(¢, ¢*) of the master equation, one gets 
the "gauge fixed action" St0 

s¢ = s(¢, 0" 6¢ = 6¢ ) (77) 

The remaining part of these lectures will be devoted to showing that the action S,p 
correctly governs the path integral. In particular, the path integral will be proved not 
to depend on ¢. 

Before carrying on the analysis, it is necessary to make some comments on (77): 

(i) Different choices of ¢ effectively correspond not only to different choices of gauge 
conditions but also to different ways to enforce them in the path integral (delta 
functions, Gaussian average...). This will be illustrated below in the case of 
electromagnetism. 

(ii) The function(al) ¢(¢)  is required to be such that S o is propagating. That  is, S~, 
should have no gauge invariance. [This excludes ¢ = 0 in the case (76) where 
it is the antifields that are eliminated, since then S o reduces to S0(¢/). In 
the path integral, the integration over the gauge directions would yield infinity, 
while the integration over the ghosts would yield zero. This appears to be a 
generic feature of bad choices of ¢. The resulting path-integral is intrinsically 
ill-defined - ra ther  than giving a well-defined, incorrect, answer]. 

(iii) If one makes the canonical "phase" transformation cA, ¢:4 ~ SA = ¢ A  q~:4 = 
6r¢ 

¢:4 6¢----~, the "gauge conditions" (765) can be written as ¢~t = 0. The func- 

tional form of S is not invariant under the canonical transformation if ¢ defines 
a propagating action. 

(iv) It will be seen that in the path integral, one does not sum over the antifields as 
these no longer appear in St0. The integration variables cA obey (cA, CB) = 0 
and so, reference to the antibracket is completely lost. 

(v) One could in principle elim" hate some of the fields in favour of the corresponding 
antifields, i.e., solve flA = 0 for some of the fields. This will be illustrated below. 
The integration variables that are left over in that more general case are obtained 
by picking out, from each conjugate pair, either the field or the antifield. These 
integration variables have again vanishing brackets. Reference to the antibracket 



M. Henneaux / The antitMd-BRST formalism 87 

(vi) 

is thus again lost. The symmetry between fields and antifields is not complete 
however, as the requirement that S¢ is propagating forces one to keep the gauge 
invariant fields among the integration variables. 

(n) 
If some S ,  n >_ 3 are different from zero, S o will contain quartic, sixtic... 
ghost interactions. These ghost interactions are crucial and follow from BRST 
invariance. They would be missed by a naive application of the Faddeev-Popov 
determinant method. 

8.4 .  G a u g e  f ixed  B R S T  s y m m e t r y -  G a u g e  f ixed B R S T  c o h o m o l o g y .  

The gauge fixed form ~ of the BRST symmetry is defined by 

~¢a = (~¢A)(¢,¢ .  = 6¢ 6'S ¢. 6¢ 

6¢)  - ~0:4(0' = ~ )  
(78) 

If s¢ A depends on the antifields, i.e., if S is more than linear in the antifields, the gauge 
fixed BRST symmetry (in Lagrangian form) depends on the gauge fixing fermion ¢. 

We leave it to reader to check the following straightforward assertions: 

(i) The gauge-fixed action is BRST invariant under (78) 

gSq, = 0  (79) 

Hence, one can define a conserved Noether charge f~,p that depends in general 
on ~. 

(ii) The BRST variation -~¢~4 of the antifields viewed as functions of the fields differ 
6¢ 

from (s¢:4)(¢ , ¢* = 6¢ ) by equations of motion terms, 

~¢;t = s¢;t + 6'S,I, (80a) 
6¢A - 

Hence 
g'B 6'S,/, 

gB = 5B + (80b) 6¢:4 6¢ a 

(iii) Because of this, the gauge-fixed BRST symmetry (in Lagrangian form) is in 
general only on-shell nilpotent, 

~2 cA = field equations (81) 

where the field equations in (81) are those of the gauge-fixed action. 
62S 

hand side of (81) identically vanishes if and only if 6¢a 6q~ B 

62S 
algebras, 6¢A6¢B ~ 0 and ~2 # 0. 

The right- 

is zero. For open 
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(iv) Because of the invariance of the action Sty , the surface 6S~ 6¢ A = 0 is left invariant 

under (78). One can thus define the gauge-fixed BRST cohomology as the space 

of equivalence classes of weakly BRST invariant functions A(¢) modulo weakly 
BRST exact ones, 

~A = A A 6Sty 
6¢ a 

A ... B iff A = B + ~C + # A 6S~ 
6 ¢ A  " 

(82a) 

(82b) 

(v) 

6S¢ - 0 " .  Here, "weakly" means "on the surface of 6¢ A - 

One can define a Koszul resolution $ for the surface 6`'q'l' = 0. The antifields 
6¢ a 

6¢ 
¢*A -- ¢*A 6¢ A can be viewed as the generators of this resolution. No further 

generator is needed as the equations ~ = 0 are independent. The relationship 

betweeen ($, ~) and (6, n) is algebraically identical with the relationship between 
(6, d) and (6,e). The same algebraic techniques imply therefore Hk(n) = Hk(~) 

6S0 
where .~ is understood to act, on 6¢ A = O. Hence, the gauge-fixed BRST coho- 

mology at ghost number zero is again given by the gauge invariant functions. 

Given an element A(¢,¢*) in Hk(5), the corresponding element in Hk(~) can 
be taken to be 

A0(¢) = A(¢, ¢* 6¢ = 6¢ )" (83a) 

Indeed, the equation (A,S) = sA = 0 and (80) imply 

raAto = .~A 6 1 S q  ' , ,~A __ 6 " A  
6¢ A 6¢,A. (83b) 

Conversely, given a solution ft.(C) of .~fi. = A a 6So 6¢a ,  one can recursively construct 

6¢ 6¢ 
a solution A(¢, ¢*) = A(¢) - (¢~t - 6¢A ) AA + O((¢~t 6¢ a )2) of ( A , S )  = 0 

using the acyclicity of $ and the Jacobi identity for the antibracket. 

When the solution of the master equation is linear in the antifields, the gauge 
fixed action S o can be written as SO = So + ~¢. One recovers the familim- 
formulas of [31], applicab~ to closed algebras. 

(vii) As we have just seen, the action S o is not linear in the gauge fixing fermion 
¢ when the solution of the master equation is not linear in the antifields. Fur- 
thermore, the BRST variation n¢a of the fields involves the antifields. Let ~¢a 
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be the ¢*-independent component of ~¢a i.e. ~$A = ~$A(¢, ¢,  = 0), and let 
S¢ = S0 +.~¢ A. One finds that ~'¢ is not invariant under .~. However .~S¢ = O(¢) 
and the non-vanishing terms in g.~, are proportional to the functional deriva- 

tives of So, .~S¢ "., 66'o 6¢ i . Thus, by modifying .~b i, one can remove these terms. 

Following Noether lines, one then constructs recursively both fi = .~ + O(¢)  and 

S¢, = S,p + 0 ( ¢  2) so that .~S¢ = 0. These ~ and S¢ just  coincide with the ones 
obtained by the above methods. The "Noether approach" was followed in the 
original work [7,8]. As our remark indicates, this approach has close connections 
with the method of homological perturbation theory. 

8.5 .  H a m i l t o n i a n  formulat ion .  

The gauge fixed action S o is a local functional and possesses no gauge invariance. 
Hence, it can be rewritten in Hamiltonian form without difficulty. If there were 
problems in going to the Hamiltonian formalism, this would mean -by definition- 
that  the gauge fixation procedure has not been correctly performed and we assume 
that  this is not so al. 

We will also assume that the original gauge invariant Lagrangian is non patho- 
logical. By this, we mean that the Lagrangian does not provide a co, mterexample to 
the Dirac conjecture [15,14], i.e., that it manifestly exMbits all the relevant gauge 
symmetries. Under these conditions, the Lagrangian and Hamiltonian gauge trans- 
formations are equivalent. For more information, see [14]. The usual Lagrangians 
of physical interest fall into this class. For such Lagrangians, the Lagrangian and 
Hamiltonian concepts of gauge invariant functions are equivalent and there is a sin- 
gle bracket structure defined among them. The dynamics for the gauge invariant 
functions is, of course, also the same in either descriptions. 

Now, to any local-in-time functional A of the fields and their time derivatives up 
to some finite order, one can associate, by using the equations of motion if necessary, a 
well-defined phase space function. In particular, if one expresses the Noether charge 
flq, in terms of the canonical variables, one gets a phase space function with the 
foUowing features: (a) ft 0 is off-shell nilpotent because the (Dirac) bracket [f~¢,f~¢], 
which should be zero on-shell, does not contain the time derivatives, i.e., cannot 
involve the equations of motion. Thus, it must identically vanish, [flo, ~20] = 0. 
(b) The canonical transformation generated by ft 0 starts like a gauge transformation 
because g¢i  = R,~Ci a + "more". 

The properties (a) and (b) are just the defining properties of the Hamiltonian 
BRST charge. From the general theorems on the existence and uniqueness of the 
BRST charge in the Hamiltonian formalism, one can thus infer that f~0 differs from the 
gauge independent BRST charge f~ constructed along Hamiltonian lines [O] at most 
by a canonical change of variables (in the Dirac bracket) and the possible addition 

l XThe Hamiltonian formalims can be developed even if the Lagrangian contains higher-order time 
derivatives. One simply needs more conjugate pairs. Also, there could be some second class con- 
s traints  in the Hamiltonian formalism. But these can be eliminated by means of the Dirac bracket 
method,  and we assume tha t  this has been done. The Hamiltonian formulation is then free of 
constraints  and all the equations of motion are dynamical. 
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of cohomologically trivial pairs. The canonical transformation relating fly to fl may 
have a complicated, C-dependent structure, but it is nevertheless canonical. 

Similarly, in each cohomological class of the gauge-fixed BRST cohomology, one 
can find one function A~(t) that involves only tile fields and their independent time 
derivatives at time t (initial data at t). This is because one can add equations-of- 
motion-terms in (82b). If one rewrites A~(t) in terms of the canonical variables, one 
gets a phase space function such that [A~, fl~] = 0. This implies that the Hamiltonian 
BRST cohomology and the gauge fixed cohoraology are also isomorphic. Therefore, 
the Hamiltonian BRST cohomology at ghost number zero is given by the gauge in- 
variant observables, a result derived differently, along purely Hamiltonian lines, in [9~ 
29~ 27]. 

We can thus conclude that the Lagrangian and Hamiltonian BRST formalism 
are equivalent for standard Lagrangians. The equivalence is revealed upon making 
the Legendre transformation on S~ -if that action is not already in first order form. 

Further discussion on the comparison between the Lagrangian and Hamiltonian 
formulations of the BRST symmetry may be found in [32~ 33~ 34]. 

We can, at this point, develop the path integral formalism along two different 
lines. 

(i) One possibility is to base the whole discussion on the Hamiltonian formalism. 
The path integral is then clearly related to definite expectation values of oper- 
ators and yields manifestly unitary answers. The Hilbert space apparatus can 
be used to define what is meant by the path ~ntegral expressions. 

This approach has the advantage of being self-contained -at least formally, i.e., if 
the operator formalism indeed exists. Furthermore, with the introduction of the 
conjugate momenta, which are quantum-mechanically realized as operators, off- 
shell nilpotency is achieved even in the open algebra case. This greatly simplifies 
the discussion and is a key element of the operator formulation of the quantum 
theory. 

(ii) Another possibility is to write down directly the Lagrangian path integral in such 
a manner that it fulfills the following important requirement: in the abelian 
representation, it should reduce to a path integral over the gauge invariant 
degrees of freedom only. The gauge and ghost modes should decouple and drop 
out from the theory, which becomes manifestly equivalent to the theory in which 
only the gauge invariant degrees of freedom are present. 

This non-Hamiltonian approach possesses a high degree of inner consistency, 
but it less precise than the Hamiltonain approach. For instance, as we shall 
see, it fails to yield the complete expression for the integration measure. This is 
because the measure of ~ he gauge invariant degrees of freedom is not determined 
by the above requirement. The ambiguity, however, affects only terms that are 
of formal higher order in h ("quantum corrections" ), but which nevertheless may 
play an important role. It is not unconceivable that this shortcoming could be 
overcome some day by non-Hamiltonian means. 
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We will follow here the Lagrangian lines. The Hamiltonian results are mentioned 
only for the purpose of providing some insight in the Lagrangian derivation. 

8.6. T h e  i n t e g r a t i o n  measure :  the  p rob lem.  

The gauge-fixed action enables one to compute transition amplitudes as La- 
grangian path integrals. 

[D I exp gS¢. (84a) 

Here, [D#] is the integration measure, 

[D#] = [D¢A]/z 

# =/z0(1 + h/~l + h 2~u2 + . . .  ). 

If desired, one can incorporate the measure in the action by exponentiating it, 

i 
Z¢ -- /[D¢A]eh (S~p 

h 
+ -. ln#o +0(Ii2)) 

(84b) 
(84c) 

(84d) 

A correct way to determine the integration measure is to start from the Hamil- 
tonian path integral, for which the measure is known to be the product over time of 
the Liouville measure d¢Ad~rA . Here, the ~rA are the momenta canonically conjugate 

i H 

z, = f [DCAD A],K s* 

to C A . So, one has 

(ss ) 

with 

S~ = / dt(~r¢- H~). (85b) 

If it is permissible to evaluate the integral over the momenta by the stationary phase 
method -and we assume this to be the case, otherwise it would not seem that the 
path integral can be expressed in Lagrangian form with a local measure-, one gets the 
expression (84) with a definite expression for the integration measure. This measure 
is local in time because of the structure of the Hamiltonian action (85b). Accordingly, 
the measure terms in (84d) are generically singular and formally contain ~(0). 

Similarly, the quantum average of phase space observables 

i H 

(A) = "I[DCADTrA]e~ S'p A(¢,Tr) 
d 

(s6 ) 

can be rewritten in Lagrangian form as 
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i 

(A) = --/[D#]e~ S~' (A + ho~l + h2o~2 + . . .  ). 
J 

(86b) 

The corrections a l ,  c~2, . . .  to the value A(¢) = A(¢, zr = 7r(¢)) of A at the extremum 
for 7r are just the higher order terms in the stationary phase method and take again 
a definite form. For operators that are local in time, these corrections are singular 
(~6(0)) .  

Contrary to the Hamiltonian expressions (85a) (86a), the Lagrangian measure 
and the Lagrangian corrections to A are not universal and depend on the dynamics. 
These corrections arise because the integration over the conjugate momenta 7t" A may 
not simply amount to replacing in the Hamiltonian path integral the momenta by 
their classical value. 

Nevertheless, something can be said about [Dp] and a l ,  a2, . . .  on general 
grounds, without using the Hamiltonian formalism. 

8.7. Dimensional regularlzation. 

The simplest approach consists in using a regularization method which sets to 
zero the singular terms proportional to 6(0) in the local measure [D#]. Such a method 
exists, based on dimensional regularization. The local measure is then irrelevant [35] 
and (84a) becomes 

i 
Z~ =/[DCA]e~ S~ (87) 

Similarly, the simplest regularization of the singular terms a l ,  a2, . . .  
tional to 6(0) in (86b) is again to set them equal to zero. 
by 

i 

( A ) - / [ D ¢ ~ ]  jSCA. 

propor- 
Thus, one replaces (86b) 

(ss) 

The expression (88) is usually singular since one has dropped a singular term 
from (A). This singularity appears because A contains products of operators evaluated 
at coincident times. One regularizes these terms by splitting the times (e.g., ~2(t) 
il(t + e)(t(t) and taking the limit as the times coincides [36]. This regularization is, as 
a rule, compatible with setting al  = a2 = . . .  = 0 in (86b). 

With these drastic regularization prescriptions, the Lagrangian path integrals 
(87) or (88) are completely determined. The Lagrangian methods are entirely self- 
contained. 

It is then easy to check that (87) is the correct path integral. Fist of all, the 
measure is BRST invm'iant becz use its variation is proportional to ti(0) (and 6'(0) etc 
...), 

6(~q~ A ) 
~ / = 0. 6¢A J 



M. Henneaux / The antitield-BRST formalism 93 

Second, the change of variables 

where # is not a constant parameter but a functional of the fields given by 

= ¢) 

shows that 

(89a) 

(89b) 

= ( s 9 ¢ )  

6# The transformation of the measure is proportional to ~-~ and 

¢ --+ ¢~ in the gauge fixed action. 

accounts for the change 

Third, the gauge fixed BRST cohomology is also seen to be incorporated in the 
path integral. Indeed, one finds that the quantum average of any BRST invm'iant 
operator does not depend on ¢ 

(A~z)s, = (Ao, )s , , .  (90a) 

Here, we have defined 

i (A,)s, -/[D¢.4]~KSCA(¢,¢ * 6¢. 
= 6 ¢ ) .  (90b) 

Furthermore, 
6S¢ 

= 0. (90c) 

In (90), A and A A are assumed to be local functions. The path integral assooates 
therefore a well-defined quantum average to any cohomological class of BRST invari- 
ant operators, i.e., to any gauge invariant operator. 

An important tool in the proof of (90) is the Schwinger-Dyson equation, 

(F 6tSq' h 6IF ~, 
6¢ .4 ) = i 

--(W)(-) (91) 

This equation is obtained by making a shift of integration variables in the path inte- 
gral, ¢ a --+ cA + eA [3{}]. An alternative, very interesting, derivation of the Schwinger- 
Dyson equation based on the BRST symmetry has recently been given in [37] 

From (91), it follows that 

(AA 6S,1, 
= o 

if A A is a local function since then 
6A A 

is singular 
6¢ A 

(,-, 6(0)) and hence, regularized 
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~A 
to zero. Similarly, the use of (91), (83b) and 6¢A6¢~ ~ 6(0) = 0, combined with the 

change of variables (89), leads to (90a). Finally, the change of variables 

cA ~ ca + (~¢a)e, e = constant 

in 

yields 

[DCAIB(¢) 
i e s, 

i 

- f [DcAI( B)eK s* 

8.8.  More  careful  incorporat ion  o f  the  measure .  

Although the use of dimensional regularization provides a consistent and self- 
contained formalism, it is not always justified: 6(0) is not always equal to zero and 
the local measure may be important. So, one needs a formalism that handles more 
carefully the singular terms, without ascribing any definite value to them. 

Such a formalism exists. Because of lack of space, we will not explain it here but 
will only report the results. We refer to [6,13] for the proofs of the main statements. 
The proofs of the properties not given in [6,13] are left as exercises. 

The requirement of invariance of the formalism under antibracket canonical 
transformations enables one to describe the Lagrangian measure and the A-corrections 
to BRST invariant operators in terms of the antibracket structure. One finds that 
the path integral is given by 

( A , ) s ,  = f = *W i 6 W  
~¢ ' '-~ -~jexp~Wt9,9*= ~¢ ) (92a) 

where 

W(¢,  ¢*) = S(¢, ¢*) + hMl(¢,  ¢*) + h2M2(¢, ¢*) + - . .  

a (¢ ,  ¢*) = A(¢, ¢*) + J~o~1(¢, ¢*) + ~20/2(¢, ¢*) + . . .  

obey the equations 

(92b) 

(92c) 

Here, A is defined by 

1 7(W,W)=i AW 
( c~, W )  = i h & a .  

~r ~rc~ ca +1 
A a =  6T  A--~A(-  ) , e ( A ) = l  

(92d) 

(92e) 

(92f) 
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and one has 
= 0 ;  = - 

= + (--) ' ,  + (92g) 

To zeroth order in h, the equation (92 d-e) reduce to (S ,S)  - 0 and (A ,S)  = O. 
The terms M1, M 2 , . . .  describe the Lagrangian integration measure, while the terms 
a l ,  a 2 , . . ,  describe the "quantum corrections" to A. 

The equations (92e) can be rewritten in terms of a nilpotent operator a,  

a(~ - (or, W) - ihAot, 

a 2 - - 0  

which coincides with ~ at zeroth order in h 

(92e) ~:~ a a  = 0 (93a) 

(935) 

(93c) 

This operator can be thought of as a quantum deformation of s, that  takes into acco, mt 
the quantum fluctuations in the integration over the momenta. The deformation 
preserves nilpotency, but not the Leibnitz rule: in general, a does not act as a a 
derivation. 

a(afl) = a(afl) + (--)'~(aa)fl -- ili(--)ct3(a, fl) (93d) 

(see 92.g). 
The fact that  a does not act as a derivation is not surprising, as the integration over 
the momenta does not preserve the product structure: the expectation value of the 
product is in general different from the product of the expectation values. 

Provided Hi(d) = 0, which we will assume, one can easily show that  the coho- 
mology of a at ghost number zero is isomorphic with the set of h-dependent element~ 
in H°(~). Hence H°(a) is also isomorphic with the set of h-dependent gauge invariant 
functions. However, the correspondence between H°(a) and H°(s)  is not -niversal 
and depends on the dynamics. Given A obeying (A, S) = 0, there is no natural  el- 
ement in H°(a) associated with it. The equation (92e) alone, which just expresses 
"quantum BRST invariance", allows for the possibility of adding an independent 
gauge invariant operator at each order in h. 

Similarly, given S, the equation (92d) for W leaves the same freedom of adding 
a new, independent gauge invariant term at each order in h. The principle of BRST 
symmetry alone determines the Lagrangian integration measure only up to BRST 
invariant terms. This appears to be the best that one can do if one does not want to 
analyze the detailed structure of S~ and A~. 

By making the same change of variables as in the previous section and using the 
Schwinger-Dyson equation, one can formally prove: 

(A,p) = (A,p,) (94a) 

and 
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In particular, for A = 1, one gets again 

=0 .  (94b) 

Zo = Z~, (94c) 

This time, however, it is not necessary to elimil,ate by hand singular terms to reach 
(94). So, the Lagrangian path integral incorporates the quantum BRST cohomology 
and does not depend on the choice of gauge fixing fermion. 

Finally, it should be stressed that the full Lagrangian integration measure is 
not invariant under the original BRST symmetry s (or .~), even though the action 
S~ and the Hamiltonian integration measure are. The effect of the integration over 
the momenta amounts in general to more than just replacing the momenta by their 
on-shell value. There are "quantum fluctuations", which forces one to replace, in the 
Lagrangian path integral, s by a, 

~¢A ~ aeA = (CA, W) 

= s¢ A + 0(4) .  
(95) 

It should be kept in mind, however, that the considerations of this section are very 
formal since the correction terms are, as a rule, divergent. 

It should also be observed that the possibility of adding equation-of-motion- 
terms to the classical observables, 

6S~ 
A(¢) ~ A(¢) + AA(¢) 6¢A (A) 

is replaced, in the quantum theory, by the possibility of adding "Schwinger-Dyson- 
equation-terms", 

~(¢) -~ ~(¢) + ~A(¢)~_~A ~ ~ ~ ~ a  
i (~(~a (B) 

While the first freedom does not modify the classical "expectation" values, the second 
freedom does not modify the quantum ones. 

That (A) and (B) are indeed incorporated in the formalism is particularly clear 
in the case of systems without gauge freedom, for which one finds 

s(F(¢)¢*) = F(¢)~4 ,  ° 

while 
~s0 h ~ F  a(F(~,)¢,) = F(¢)-7-~, , + 

so that (a(F¢*)) = 0 is just the Schwinger-Dyson equation. 
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Because the last term in the right-hand side of (B) contains h, one can formally 
think of it as a "quantum correction" to (A). The freedom ( A , B )  has been implicitly 
fixed in the previous discussion by assuming that the observables A(~b) were local 
in time and depended only on the independent initial data  (and not on their time 
derivatives). Once this is done, the only unknown in er, given A, is related to the 
integration over the momenta as analysed in section 8.6. 

8.9 .  Invar iance  u n d e r  canonica l  t r a n s f o r m a t i o n  ( in t h e  an t ibracke t ) .  

The canonical covariance of the formalism is straighforward and follows from the 
fact that the "gauge conditions" QA used to eliminate the antifields are in involution, 
(~/A,~B) = 0. This is a statement invariant under canonical transformations, so, 

the conditions ¢~4 = 

conditions ¢:4 = 

different ¢. 

6¢ 
in one canonical coordinate system are equivalent to the 

in any other canonical coordinate system, with, in general, a 

same 

O) 

If one rewrites the path integral in terms of the "bare" variables, one finds the 
expression, with the only exception that: 

¢ is replaced by ¢; but the physical amplitudes do not depend on ¢; 

(ii) there are some Jacobian factors that modify the integration measure. 

If the canonical transformation is local in spacetime, the Jacobian factor differs 
from unity by terms proportional to 6(0). Within the framework of dimensional reg- 
ularization, these terms vanish. Therefore, the physical amplitudes take exactly the 
same form (87), (88) in any canor.ical basis. This shows in particular that  all the 
representations of the gauge symmetry that are local in spacetime and that can be 
obtained from one another by local transformations are equivalent [12]. In spac¢~ime 
local bases, the gauge fixed action is local, the measure is set equal to one by dimen- 
sional regularization, and one can use the usual methods of quantum field theory. 

Non trivial measure factors appear when one makes non local changes of vari- 
ables. To handle these, one needs to use the more careful formalism of section 8.8. 
The effect of the Jacobian is to modify the functional W. One can show that the 
equation (92d, e), with the new W, are form-invariant under canonical tran~orma- 
tions [13]. From this property, it easily follows that the quantum averages are also 
invariant under canonical transformations. The same conclusions are thus reached as 
in the case of local transformations. 

An interesting application of the invariance of the path integral under canonical 
transformations is obtained by going to the Abelian representation (70). It is easy to 
check that the solution (70) of the master equation obeys AS = 0. Accordingly, W 
can be taken to differ from S by a function of the gauge invariant variables X a only. 
Similarly, tr can also be assumed to depend on X a only and obeys then (e r, W) = 0, 
A a  = 0 .  

To evaluate (92a) in the representation (70), one takes a gauge fixing fermion 
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that does not depend on the gauge invariant variables X a. 
fixed action takes the form 

S~ = So(x a) + ~ 

With that choice, the gauge 

(96a) 

where S~ involves only the gauge degrees of freedom and ghosts. There is complete 
decoupling between the gauge invariant sector and the gauge/ghost sector. The inte- 
gration over these latter variables yields a factor independent of X a, and so, the path 
integral takes the manifestly gauge invariant and correct form 

i 
(A)= [Dxall~(xa)a(xa)exp~So(x a) (96b) 

for some measure #(X a). This gives a justification of the formalism which is not based 
on the comparison with the Hamiltonian. [The integration over the gauge and ghost 
modes may be more tricky than what our discussion indicates, but we assume here 
that there is no subtlety]. 

Similar arguments show that cohomologically trivial pairs decouple with appro- 
priate choices of ¢ and hence, do not modify the path integral. 

8.10. Zinp-Justln equation. 

The antifield formalism and the master equation finds their roots in develop- 
ments due to Zinn-Justin [38] in the context of the renormalization of Yang-Mills 
fields. 

Let us introduce sourdes jA and KA for the fields and their BRST variations, 
and let us define 

Z[jA, KA] =/[D¢ A/ 

=/[De A/ 

i 6¢ 
exp ~[S(¢,  K + ~ )  + jA¢ A/ 

i exp ~ [S~(¢) + KA(.~¢ A) + o ( g  2 ) + jA¢ A/ 
(97) 

The s o u r c e s  jA occur linearly, but the dependence o n  KA is more complicated unless 
the gauge algebra is closed. If one constructs the effective action r[(¢),K] as the 
Legendre transform of n__ In Z with respect to the sources jA, one finds 

( r , r )  = 0 (98) 

a result for the master equation (with ((¢A),KB) = 6A). This form of the Ward 
identity was written for the first time by Zinn-Justin in the case of the Yang-MiUs 
theory [38]. It is useful in the analysis of the renormalization of the theory, where 
the antibracket turns out to play again an important role [39]. 

8.11. Conc lus ions .  

We have shown that the path integral incorporates the BRST cohomology and 
hence, gauge invariance, in a satisfactory manner. This result (i) holds even in the 
open algebra case, where the gauge fixed BRST symmetry ~, is only nilpotent modulo 
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field equations of the gauge fixed action; and (ii) indicates that the operator BRST 
cohomology at ghost number zero is isomorphic with the set of "transverse ", i.e., 
gauge invariant, operators. 

Our conclusions should, of course, be taken with a grain of salt. Formal path in- 
tegral manipulations may miss importat aspects of the operator formalism (operator 
ordering, anomalies... ) which have not been addressed at all here. A more care- 
ful analysis of these subtleties may reveal departures from the above straighforward 
derivations. 

Lastly, we emphasize that only infinitesimal transformations are covered by 
the BRST formalism developed here. So, in the case of a group, BRST invariance is 
equivalent to invariance under the gauge transformations in the connected component 
of the identity, but does not imply invariance under "large" gauge tran~ormations. 
In spite of this, it should be stressed, as some confusion has arisen, that the BRST 
transformation is globally defined, i.e., it is well defined everywhere in I. This is 
because the vector fields R~ representing the infinitesimal gauge transformations are 
also well defined everywhere. 

9. EXAMPLES 

9.1.  E l e c t r o m a g n e t i s m .  

The action So is 

1 f F~vF~,,, dO x (99a) 

¢ = - / CO ~' AI, d Dz 

and eliminates all the antifields, the path integral becomes 

(102) 

and is invariant under 
6~Aj, = O~,e. (99b) 

The gauge transformations are irreducible. 

The minimal solution of the master equation reads 

I f F,,,,F,,"dDz + f A*,'O,,Cd°x (100) 

To implement the covariant Lorentz gauge,one needs to add to (100) the non-minimal 
term 

/ C*bdDx (101) 

where C' is the antighost of ghost number minus one, b is the Talmnishi-Lautrup 
auxiliary field and C'*, b* are the corresponding antifields. 

If one takes as gauge fermion 
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i 1 /[DAI,][DC][DC'] H $(OuAV)exp ~ [ - ~  / F# "FvvdDx + /i)#COv'CdDx] 

It involves a ~-function of the gauge condition. 

If, on the other hand, one adopts 

¢= / C(~-~b-O~'A~,)dDx 

one finds, after integration over b, the "Gaussian average" representation 

/ i /  1 ~(O#A#)2+O#~O~C]" [DA~,][DC][DC] exp ~ d O x [--~ f #" F~,,, - 

(102b) 

(z03 ) 

(103b) 

Finally, the temporal gauge is reached by sticking to the minimal solution and 
eliminating C* and A0 by means of ¢ = 0, which is here permissible. One gets 

l j F~'VFl,,dDx + / A*°i:OoC dDx (104) = 

where in F v~, A0 is set equal to zero. The antifield A *° plays the role of the usual 
antighost. Note that ¢ = 0 is permissible precisely because one keeps the antifield 
A *°. If one had eliminated all the antifields in favour of the fields, one would have 
obtained S~ = So, which leads to an ill-defined path integral. 

9.2. 

with 

A b e l i a n  2 - f o r m  g a u g e  field.  

The action So is 

it is invariant uder 

1 f 
] F#,,.F ~''' dDx (105a) S0 = 12 
J 

F~,~,. = Of, A,,p + OpAl,, + O~,Ap#. (z05¢) 

The gauge transformations are now reducible: if A, is equal to 0re, (105c) re- 
duces to ~A~, -- 0. One needs the following minimal spectrum of fields and antifields, 

- 3  - 2  - 1  0 1 2 

I I I I I I , (106a) 
C* C *~' A .1"" A#. C~ C 

The minimal solution reads 

s .4","(0,c.- O.C,)+ c*,o,c],',. (106b) 

(Z05c) 
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To mimick the electromagnetic case, one first tentatively introduces antighosts 
C"  (for the gauge fixing of A,v) and C' (for the gauge fixing of C~,, C t, ---, C~, + 0~,e), 
and considers the non minimal solution 

b O*b)dDx snon min = S + ((~'; # + (107a) 

Here, bj, and b are auxiliary fields. 

leads to 

The gauge fixing fermion 

¢ = fto"(OVAv.) + OOVCv]a°= 

= f +  (O"VV-OVV")(O.Ov-OvC.) 

(107b) 

+ O#As, vb z' + O"Cvb - Os'OOt, C]dDx .  (107c) 

This cannot be the final answer, however, because: (i) the integration over bt, yields 
6(O 'A#v )  in the path integral. This product of delta-functions contains 6(0) because 
the arguments Ot'_A~,, are not independent 0 l' 0" A#, = 0 (ii) the action (107c) is gauge 
invariant under C # --+ C# + 0#A. This formally yields a "compensating" zero in the 
path integral. 

To remedy these problems, one extends the non-minimal sector by adding the 
term 

rl * Tr d D x 

-2 ,  ghT/ = 0. with ghr/* = - 1 ,  gh~r = 1, ghTr* = 
given by 

The ghost-aotighost spectr~,m is 

A#v 
/ \ 

C'# Ctt 
/ % / % 

0 ~ c 

b# 
\ 

while the auxiliary field spectrum reads 

1". 
/ 

b 

An appropriate gauge fixing fermion is given by 

The gauge fixed action is then 

1 
s ,  + 

+ (c~"A,,,~, .4- vO~,rl)b t" Jr (c3"C, , )b-  (O,,C")Tr]dDx 

(10Sa) 

(108b) 
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The gauge freedom of the antighost C~ is now fixed. Furthermore, the integration 
over b~ yields 6(igVAv# + vg#rl), which is sensible [O#i)VA~,~, + 0~(0~,r/) = fly no longer 
vanishes identically. The delta functions enforce fly = 0, i.e., r / =  0 and hence also 
OVAuu = 0. The arguments of the delta functions become independent with the 
introduction of r/]. 

The expression (108b) has been derived by various authors along various lines 
[6,40]. 

To reach a Gaussian average representation, one adds to (108a) the term 

f (aCUb~, + ~Cb+ 7rpr)d°x (109) 

linear in the auxiliary fields. 

9.3. R e m a r k  on the  Gr ibov  ambigu i ty .  

As the previous examples indicate, the path integral contains a delta-function 
of the gauge conditions when the gauge-fixing fermion ¢ does not depend on the 
auxiliary fields b. The gauge conditions are just the coefficients of the antighosts in 

The class of available ~b's is much larger, however. For more complicated ¢'s, 
the path integral does not reduce to an integral in a definite gauge. For instance, 
gauge fixing fermions that are linear in the auxiliary fields lead to a Gaussian average 
over different gauges 12. One virtue of the BRST formalism is to incorporate these 
more general ¢ ' s  from the very begining since there is no a priori restriction on the 
choice of '¢, except that ¢ should define an action without gauge invariance through 

= s ( ¢ , ¢ *  = 
o~0 

The important cohomological and invariance features of the BRST formalism 
do not depend on the existence of global sections transverse to the gauge orbits. We 
believe that this is a definite advantage for theories afflicted by the Gribov ambiguity, 
for which no such section exists. As the BRST construction nevertheless goes through 
in that case, the actions S~ appear to be still the correct objects to be path-integrated. 
The only requirement on ~ is that S~ be propagating. This may force some non trivial 
dependence of ¢ on the auxiliary fields. It would be of interest to completely settle 
the issue. 

The global significance of the BRST symmetry for systems with Gribov horizons 
has also been pointed out along different lines in [41]. That the Gribov ambiguity 
does not signal a true physical pathology is well known and has been observed earlier. 
Attempts to overcome the Gribov problem in the path integral may be found in [42]. 
These attempts are consistent with the BRST approach. 

121n spite of this, we still call ¢ the "gauge fixing" fermion, as its purpose is to yield a propagating 
action without gauge invariance. 
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APPENDIX: ABELIANIZATION OF THE GAUGE TRANSFORMATIONS 

We will prove the abelianization theorem in the finite dimensional case where 
functional difficulties are absent. 

OS 
Let S(q i) be a function of qi E R n Assume that  the equations - 0 are 

• O q i  - 

d e g e n e r a t e .  Then ~0S defines a margfold ~ of dimension m, with 0 < m < n. The 
Oqi 

gauge transformations are 

6~qi = R~e,~, ,5~S = 0 ,  o~ = l , . . .  , m  (A.1) 

where the matrix R~(q)is of rank m. 

Without loss of generality, we can assume that the coordinates qi = (qa, q~) are 
0 

locally such that R~ is invertible. In that case qa = q~ are good gauge conditions 
OS OS 

and the equations = 0 are consequences of the equations = 0, 
Oq '~ Oq" 

OS OS _o OS OS 
= 0 =~ = t ~  . ( A . 2 )  

Oq ~ Oq a 

By the regularity condition made on the action S, the functions 

OS 
used as first coordinates in the vicinity of - 0. This means that 

Oq ~ 
o 

Tia =- O~ a at the stationary point is of rank n - m, 

OS 
c a I l  b e  

Oq ~ 

t he  m a t r i x  

T i a ~  a = 0 ~ i.l a = O. 

But this condition implies in turn that T,,b is invertible, because Toa can be expressed 
OS 

in terms of Tab by means of (A.2) at = 0. Oq i 

If one fixes the gauge variables q~, the stationary problem 
OS 

Oq" 
= 0 de t e rmines  

uniquely qa as a function of qa, qa = Qa(q,~). By the above remark, the critical point 
Qa(qa) is furthermore non degenerate. Thus, using Morse lemma, one can make a 
qa-dependent, invertible, smooth change of coordinates 

qa ._.+ x a = x(qb, q~) 
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such that S takes the "canonical form" 

S m_ ~abxaxb , ~ab " "  diag(4-1) 

in the vicinity of the critical point x a - 0. 

The change of variables qa ~ xa can be extended to qi ~ xa, qa. In the new 
coordinates, S does not depend on qa. It is thus invariant under the abelian shifts 

OS 
qa ~ qa + ea. This exhausts the gauge freedom as ~ = 0 completely determines 

x a. The abelianization theorem is thereby proven. 

The theorem is easily extended to the case of an action S(q i, ~A) that depends 
not only on the dynamical variables qi, but also, on unvaried extra variables ~A. 

An alternative proof of the abelianization theorem is given in [12,13] 
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