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Introduction

Let M be a smooth real six-dimensional manifold. An almost special Hermitian struc-
ture on M is defined as a tuple (g,J,w, V) consisting of a Riemannian metric g, an
orthogonal almost complex structure J, the fundamental two-form w = ¢(.,J.) and a
complex-valued (3, 0)-form ¥ of non-zero constant length. The simultaneous stabiliser in
GL(T,M) of these tensors evaluated in a point p € M is isomorphic to SU(3). Thus, an
almost special Hermitian structure is essentially the same as an SU(3)-structure, i.e. a
reduction of the frame bundle of M from GL(6,R) to SU(3). As thoroughly explained in
chapter 1, an SU(3)-structure (g, J,w, V) is completely determined by the pair (w, ReW¥).
Alternatively, an SU(3)-structure can be reconstructed from the Riemannian metric g and
a non-trivial spinor field, see [LM, ch. IV, Proposition 9.13, p. 341].

The most important class of SU(3)-structures is the class of torsionfree SU(3)-struc-
tures characterised by the existence of a torsionfree SU(3)-connection. Such a connection
exists if and only if the holonomy of the metric is contained in SU(3), which implies in
particular that (M, J) is a complex manifold, ¢ is a Ricci-flat Kéhler metric and W is
a holomorphic section of the canonical bundle. In other words, a compact torsionfree
almost special Hermitian manifold M is a Calabi-Yau manifold. Ever since the existence
of non-flat examples was proved by Yau in the end of the 70’s, Calabi-Yau manifolds have
attracted great attention in both mathematics and physics.

The deviation of an SU(3)-structure from being torsionfree is measured by the so-called
intrinsic torsion or structure function which is a section of a vector bundle of rank 42 with
fibre isomorphic to T M ® su™(3) where su'(3) denotes the orthogonal complement of
su(3) in s0(6,R). In fact, the complete information on the intrinsic torsion is contained
in the covariant derivatives V9w and VIV with respect to the Levi-Civita connection VY,
or, equivalently according to [ChSa], in the exterior derivatives dw and dV¥. For instance,
a torsionfree SU(3)-structure is also characterised by the exterior system

dw=20, dv = 0.

In this thesis, we like to draw the attention to the following class of SU(3)-structures.
A half-flat structure is defined as an SU(3)-structure (g, J, w, ¥) satisfying the exterior
differential system

(%) dlwAw)=0, d(Rel) = 0.

The name has been chosen in [ChSa] referring to the fact that the exterior system is
satisfied if and only if the intrinsic torsion of the structure is contained in a certain
subbundle of rank 21 in the rank 42 bundle T*M ® su*(3). Obviously, torsionfree SU(3)-
structures are in particular half-flat.

In the following, we roughly sketch the role of SU(3)-structures in string compactifi-
cations.
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SU(3)-structures in string theory. The spacetime background for the five standard
superstring theories is a real ten-dimensional manifold Y endowed, amongst other struc-
ture, with a pseudo-Riemannian metric, a spin structure and a number of spinor fields
encoding the supersymmetry of the theory. A process called (Kaluza-Klein) compactifi-
cation splits the pseudo-Riemannian background manifold in a six dimensional compact
Riemannian manifold M, which is called internal space, and a four-dimensional Lorentz
spacetime X, which is usually assumed to be flat:

Y10 = X4 x M6,

Analogous splittings are also studied in ten-dimensional supergravity theories, which arise
as the low energy limit of the superstring theories. In both cases, the geometry and topol-
ogy of the six-manifold M is directly related to the four-dimensional “effective” theory.
For instance, a standard requirement is the preservation of (a part of) the supersymmetry
implying that there is a non-trivial global spinor field, i.e. an SU(3)-structure, on the
six-manifold M. Traditionally, the spinor field on the six-manifold is moreover assumed
to be parallel such that the SU(3)-structure on M is in fact Calabi-Yau, see for instance
[CHSW].

Moreover, we like to mention briefly that there are important dualities between dif-
ferent string theories leading in particular to deep mathematical conjectures relating the
geometry of the corresponding internal spaces. For instance, the famous mirror symmetry
mysteriously interchanges the symplectic and complex geometry of two even topologically
different Calabi-Yau mirror partner manifolds. However, for the motivation of the struc-
tures studied in this thesis, it is more important that the string theory literature also
suggests non-torsionfree SU(3)-structures on the internal six-manifold, starting already in
the 80’s with [Str], see also [CCDLMZ] and references [2]-[26] therein. Non-torsionfree
SU(3)-structures turn out to be advantageous if geometrical background fluxes are to
be considered which can be encoded directly in the defining exterior forms w and ¥ of
the SU(3)-structure. Non-torsionfree structures also appear when the four-dimensional
Lorentz spacetimes are not assumed to be flat.

For the first time in 2002, half-flat structures have been proposed in [GLMW] as
natural candidates for internal spaces of type ITA string theory with background flux. In
fact, it is argued that the half-flat structures arise as mirror partners of certain Calabi-Yau
internal spaces of type IIB string theory. Different string theory scenarios with half-flat
internal spaces are studied for instance in [GM], [GLM1]|, [GLMZ2], [To].

Evolution of half-flat structures. From the mathematical point of view, the main
motivation for studying half-flat structures is the possibility to construct metrics with
holonomy contained in G5 out of half-flat structures. In this context, half-flat structures
appeared first in the literature in [Hil], although the term half-flat is not used. From
the physical point of view, this possibility relates string theories with half-flat internal
spaces to eleven-dimensional M-theory with seven-dimensional internal spaces. In fact,
similar to the case of ten-dimensional string theories, compactifications of M-theory are
demanded to preserve supersymmetry such that the internal spaces are usually endowed
with a metric with holonomy contained in Gs.
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A Riemannian metric with holonomy contained in G5 on a seven-manifold M is in
fact equivalent to a torsionfree Ga-structure on M, which is also called a parallel Go-
structure. Now, on the one hand, a parallel Ga-structure on a seven-manifold induces
a half-flat SU(3)-structure on every oriented hypersurface. On the other hand, a six-
manifold M with half-flat SU(3)-structure can be embedded in a seven-manifold with
parallel Go-structure by the following evolution process.

In Hitchin [Hil], a k-form ¢ on a differentiable manifold M is called stable if the orbit
of ¢, under GL(T,M) is open in A*T¥M for all p € M. Stability is a rare phenomenom
occurring only in small dimension. Given an SU(3)-structure (g, J,w, ¥ = p +1iJ;p) on a
six-manifold M, the two-form w and the three-forms p and J; p are stable. Moreover, given
a family of SU(3)-structures depending on a time-parameter t € I defined by (w(t), p(t)),
the three-form

w=w(t) Ndt+ p(t)
is stable on M x I with stabiliser G5, i.e. ¢ defines a Gy-structure. Since a Ga-structure
is parallel if and only if
dp =0, d*, =0,
it is straightforward to check that ¢ = w A dt + p is parallel if and only if (w(?), p(t)) is
half-flat for all £ and if it satisfies the evolution equations

%p = dw, %(uﬂ) =d(J;p).

These evolution equations are often referred to as the Hitchin flow equations for the
following reason. For compact manifolds M, Hitchin proved in [Hil] that a family of
stable forms (w(t), p(t)) which satisfies the evolution equations on an interval I and which
is a half-flat SU(3)-structure at an initial value ¢, is automatically a half-flat SU(3)-
structure for all ¢. Thus, such a family defines in particular a metric with holonomy
contained in Gs.

In order to prove his result, Hitchin considers the product of the infinite-dimensional
cohomology classes of the closed three-form p(ty) and the closed four-form w?(ty) which is
endowed with a natural symplectic structure defined using integration over the compact
manifold. Now, it is possible to translate the evolution equations into a Hamiltonian
system on this symplectic manifold and to prove the result using in particular the theorem
of Stokes several times.

A main result of [CLSS], a collaboration of the author with Vicente Cortés, Thomas
Leistner and Lars Schéfer, is a new, direct proof of Hitchin’s result which avoids inte-
gration and which also holds for non-compact six-manifolds. As the author contributed
to this proof and as this theorem is the most important motivation for studying half-
flat structures, the theorem is also contained in this thesis in chapter 6, Theorem 1.2.
At the same time, the proof is extended to indefinite metrics, i.e. SU(p, g)-structures,
p + q = 3, and SL(3,R)-structures, where SL(3,R) is embedded in SO(3,3) and sta-
bilises a so-called special para-Hermitian structure which is explained in detail in section
1.4 of chapter 1. When replacing SU(3) by a noncompact group, the stabiliser of the
three-form ¢ = w A dt + p on M x I is the noncompact form G3 of GS and we obtain a
pseudo-Riemannian metric of signature (3,4) with holonomy group in G5. As an applica-
tion, we prove that any six-manifold endowed with a real analytic half-flat G-structure,
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G = SU(p,q) or G = SL(3,R), can be extended to a Ricci-flat seven-manifold with
holonomy group in G, or G, depending on whether GG is compact or noncompact.
More generally, an SU(3)-structure (w, p) is called nearly half-flat if

dp = w?
and a Go-structure defined by a three-form ¢ is called nearly parallel if

dp = *,p.
For compact manifolds M, it was proven by Stock [St], generalising the proof of Hitchin,
that any solution I 3 ¢ +— (w(t) = 23;(15), p(t)) of the evolution equation
p=dw—elp

evolving from a nearly half-flat SU(3)-structure (w(0), p(0)) on M defines a nearly parallel
Ga-structure on M x I. Here, the two-form & is the stable two-form uniquely associated
to a stable four-form ¢ and an orientation by demanding 62 = ¢ and &> > 0. In fact, our
new method of proving Hitchin’s result generalises to this situation as well, such that the
assumptions that M is compact and that the considered metrics are Riemannian can be
dropped resulting in Theorem 2.2 in chapter 6.

There is another type of Hitchin flow linking dimensions seven and eight. A Gs- or
G3-structure defined by a three-form ¢ is called cocalibrated if

d*, o =0.

Hitchin proposed the following equation for the evolution of a cocalibrated Gg-structure
(0): 5

a(*ww) = dep.
He proved that any solution I 3 t — () on a compact manifold M defines a Riemannian
metric on M x [ with holonomy group in Spin(7). We also generalise this theorem to
noncompact manifolds and show that any solution of the evolution equation starting from

a cocalibrated Gi-structure defines a pseudo-Riemannian metric of signature (4,4) and
holonomy group in Spiny(3,4), see chapter 6, Theorem 3.1.

Existence of half-flat structures on Lie groups. We return to half-flat structures
in dimension six which shall be the main objects to be studied in this thesis. Considering
left-invariant half-flat structures on a Lie group G, the defining partial differential equa-
tions (%) reduce to a system of algebraic equations on the Lie algebra g of G. In the litera-
ture, half-flat structures are mainly studied on nilmanifolds, assuming that the structures
are left-invariant. For instance, a classification of nilmanifolds admitting left-invariant
half-flat SU(3)-structures with different additional premises is obtained in [CF], [ChSw]
and [CT]. Very recently, the classification of nilmanifolds admitting left-invariant half-flat
SU(3)-structures without any further restrictions has been obtained in [Con]. Apart from
the nilpotent case, examples and constructions of half-flat SU(3)-structures can be found
in [TV] and [AFFU]. The Ricci curvature of a half-flat SU(3)-structure is computed in
[BV] and [AC1].

The main goal of this thesis was to obtain new examples and classification results
concerning half-flat structures. In order to reasonably confine the class of considered
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structures and produce new examples which are not nilmanifolds, we focus the attention
on direct products of two three-dimensional Lie groups. Concerning existence, we ask the
question which of these products admit a left-invariant half-flat SU(3)-structure. There
are 12 isomorphism classes of three-dimensional Lie algebras including three classes de-
pending on a parameter (see tables 1 and 2 in chapter 4). Although Bianchi counted only
two classes depending on a parameter in his original classification, we had to split one of

the Bianchi classes into two classes which turned out to have different properties. Thus,
13
2
Initially, we tried to find a classification by a direct proof which avoids the verification

we have to consider 78 = ( ) classes of direct sums in total.

of the existence or non-existence case by case. However, this was only successful when we
asked for the existence of a half-flat SU(3)-structure (g, J, w, ¥) such that the two factors
are orthogonal with respect to the metric g. The resulting classification result is presented
in section 2 of chapter 4. We prove that exactly 15 classes admit such an SU(3)-structure,
11 of which are unimodular and comply with a regular pattern, whereas the remaining four
do not seem to share many properties. Given, that the additional assumption is rather
strong and the proof is already quite technical, an answer to the initial question with this
method cannot be expected. However, an advantage of the assumption of a Riemannian
product is the fact that the curvature is completely determined by the Ricci tensors of
the three-dimensional factors and that the possible Ricci tensors of left-invariant metrics
on three-dimensional Lie groups are classified in [Mi].

A completely different method is used in [Con] for classifying the nilmanifolds admit-
ting an arbitrary half-flat SU(3)-structure. The result is that 24 out of the 34 isomorphism
classes of nilpotent six-dimensional Lie algebras admit a half-flat structure which is proved
by giving an explicit example. The non-existence on 8 out of the remaining 10 classes
is proved by introducing an obstruction to the existence of a half-flat SU(3)-structure in
terms of the cohomology of a certain double complex. However, two classes resist the
obstruction and the non-existence is proved by a different method.

In our situation, such a double complex can be constructed if and only if both Lie
groups are solvable. However, as the methods of homological algebra turn out not to be
advantageous for our problem, we prove a simplified version of the obstruction condition
in section 3.1 of chapter 4. This obstruction can be applied directly to 41 isomorphism
classes of direct sums in section 3.2 of chapter 4. Two classes resist the obstruction,
similar as in [Con], although they do not admit a half-flat structure. The non-existence
in these cases can be shown by an individual refinement of our standard obstruction. The
remaining 35 direct sums, including all unimodular direct sums and all non-solvable direct
sums, admit a half-flat SU(3)-structure which is proved by giving an explicit example in
each case. We point out that the products of unimodular three-dimensional Lie groups
are particularly interesting since they admit co-compact lattices, see [RV].

In fact, the most time-consuming part of the classification was the construction of
examples of half-flat structures for the 20=35-15 classes which do not admit an “orthog-
onal” half-flat SU(3)-structure. The construction essentially relies on the fact that a
left-invariant half-flat SU(3)-structure is defined by a pair (w, p) € A%g* x A®g* of stable
forms which satisfy

(%) WAp=0, dw*=0, dp=0
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and which induce a Riemannian metric. Identifying g* with the left-invariant one-forms,
the Lie bracket of g contains the same information as the exterior derivative restricted
to g*. Thus, fixing the structure constants of the Lie bracket, two of the equations are
quadratic and one is linear in the coefficients of w and p. For each case separately, it is
thus straightforward to construct solutions of the system of equations (xx) with the help of
a computer algebra system, for instance Maple. However, even after Maple was taught to
compute the induced metric, finding a solution inducing a positive definite metric required
a certain persistence, in particular for the non-unimodular direct sums. We remark that
in each case, all solutions of (xx) in a small neighbourhood of the constructed example
give rise to a family of half-flat SU(3)-structures since the definiteness of the metric is an
open condition.

Considering more generally SU(p, ¢)-structures, p + ¢ = 3, of arbitrary signature, we
give an obstruction to the existence of half-flat structures in section 4 of chapter 4 which
is stronger than the obstruction established for the definite case and applies to 15 classes.
Apart from giving an example of a Lie algebra admitting a half-flat SU(1, 2)-structure, but
no half-flat SU(3)-structure, we abstain from completing the classification in the indefinite
case since it would involve constructing approximately 62=78-15-1 explicit examples of
half-flat SU(1, 2)-structures.

In section 5 of chapter 4, we turn to the para-complex case of SL(3,R)-structures.
Again, we give an example of a Lie algebra admitting a half-flat SL(3, R)-structure, but
no half-flat SU(p, ¢)-structure for any signature. Then, we consider half-flat SL(3, R)-
structures on direct sums such that the summands are mutually orthogonal, as before, and
with the additional assumption, that the metric restricted to each summand is definite.
It turns out that the proof of the classification of “orthogonal” half-flat SU(3)-structures
generalises with some sign modifications and we end up with the same list of 15 Lie
algebras. Finally, we consider half-flat SL(3, R)-structures such that both summands are
isotropic. The straightforward result is that such a structure is admitted on a direct sum
of three-dimensional Lie algebras if and only if both summands are unimodular.

All results of chapter 4 concerning the existence problem of half-flat structures on
direct sums of three-dimensional Lie algebras are already submitted in [SH].

Further results on half-flat structures. In chapter 5, the problem of the unique-
ness of half-flat structures is studied. More precisely, we ask the question how many half-
flat structures exist on a fixed Lie algebra modulo Lie algebra automorphisms. We focus
on the probably most interesting direct sums: The only compact direct sum su(2) @ su(2)
and the only nilpotent direct sum b3 &b h3 where b3 denotes the three-dimensional real
Heisenberg algebra. In both cases, most of the results apply to SU(3)-structures, SU(1, 2)-
structures and SL(3, R)-structures simultaneously.

The case of g = su(2) & su(2) is discussed in section 1 and we obtain a complete and
explicit description of the space of all half-flat structures modulo Aut(g). The method
is to fix a standard basis for the Lie bracket and then to carefully classify the normal
forms of the defining stable forms w and p under the action of Aut(g). In fact, we are also
able to explicitly describe all nearly half-flat structures modulo Aut(g) and those which
are half-flat such that the opposite structure (w, J*p) is nearly half-flat at the same time.
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As another application of this method, we prove that there is no left-invariant complex
structure on S® x S% admitting a holomorphic section of the canonical bundle.

The half-flat structures modulo Aut(g) for the Lie algebra g = h3 @ b3 are studied in
section 2 of chapter 5, which is also contained in [CLSS]. To begin with, we explicitly
determine the orbits of the Aut(hs @ h3)-action on the space of non-degenerate two-forms
w satisfying dw? = 0. It turns out that there are exactly five orbits and we give a simple
standard representative in each case. Based on this result, we are able to describe all left-
invariant half-flat structures (w, p) on Hz x Hj. In particular, it is shown that half-flat
SU(3)-structures (w, p) inducing a Riemannian metric are only possible if w belongs to
the unique orbit characterised by w(3,3) # 0 where 3 denotes the centre of g. A surprising
rigidity phenomenon occurs in indefinite signature. Under the assumption w(3,3) = 0,
which corresponds to the vanishing of the projection of w on a one-dimensional space,
the metric induced by a half-flat structure (w, p) is always isometric to the product of a
flat R? and the unique four-dimensional para-hyper-Kahler symmetric space with abelian
holonomy.

Due to the explicit characterisation of all half-flat structures on b3 P b3, we are in fact
able to explicitly solve the Hitchin flow in all possible cases which is carried out in section
5 of chapter 6, also being part of [CLSS]. First of all, we remark that the evolution equa-
tions reduce from a PDE to an ODE due to the assumption of left-invariance. Moreover,
Lemma 5.1, ch. 6, shows how to simplify effectively the solution ansatz for a number of
nilpotent Lie algebras including hs & h3. Using this ansatz for g = h3 @ b3 and assuming
that w(3,3) = 0, which is only possible for indefinite metrics, the evolution turns out to
be affine linear (Proposition 5.4). However, this evolution produces only metrics that are
decomposable and have one-dimensional holonomy group. The opposite case w(3,3) # 0
is solved in Proposition 5.6: We are able to give an explicit formula in Proposition 5.6
for the parallel three-form ¢ resulting from the evolution of an arbitrary half-flat struc-
ture (w, p) with w(3,3) # 0. Even more surprising, the formula we obtain is completely
algebraic such that the integration of the differential equation is circumvented.

In particular, we give a number of explicit examples of half-flat structures of the sec-
ond kind on h3 @ b3 which evolve to new metrics with holonomy group equal to G, and Gj3.
Moreover, we construct an eight-parameter family of half-flat deformations of the half-
flat examples which lift to an eight-parameter family of deformations of the corresponding
parallel stable three-forms in dimension seven. For obvious reasons, those examples of
Gé*)—metrics on M X (a,b) for which (a,b) # R are geodesically incomplete. However,
for SU(3)-structures on compact M, a conformal transformation produces complete Rie-
mannian metrics on M x R that are conformally parallel Gs.

Results on nearly Kahler six-manifolds. Finally, this thesis contains some results
obtained by the author in collaboration with Lars Schafer on nearly pseudo-Kahler and
nearly para-Kahler six-manifolds which form a subclass of the class of half-flat structures.
These results are already submitted in [SSH].

A nearly Kéahler manifold is defined as an almost Hermitian manifold (M, g, J, w)
such that (V%J)X = 0. These manifolds were first studied by A. Gray in a series of
papers summarised in [G3]. Since nearly Kéhler manifolds are Einstein, admit Killing
spinors and admit a Hermitian connection with skew-symmetric torsion, these structures



8 INTRODUCTION

are very appealing to differential geometers, but also for physicists working in the context
of string compactifications. It is remarkable that, with the exception of dimension six,
nearly Kéhler manifolds are classified in [Nal] and [Na2]. In dimension six, there are
only four known examples, S%, S x S3, CP? and F3, all of which are homogeneous three-
symmetric spaces. Another fact which is special to dimension six is the following. Due to
a result of [RC], a nearly Kéhler six-manifold with V9.J # 0 is equivalently given by an
SU(3)-structure (w, p) satisfying the exterior system

(NK1) dw = 3p,
(NK2) d(Jp) =202,

Hence, nearly Kahler manifolds induce a natural half-flat SU(3)-structure.

Almost all of the literature on nearly Kahler manifolds considers only Riemannian
metrics, one of the few exceptions is [G2]. When considering indefinite metrics and even
when replacing the almost complex structure J by an almost para-complex structure,
many properties are very similar to the definite case. However, some completely new
phenomena occur. For instance, Levi-Civita flat strict nearly pseudo-Kahler manifolds
only exist for split signature, see [CS1] and also [CS2] for the analogous para-complex
case.

The main question asked in [SSH] is the following. There is a left-invariant nearly
Kéhler structure on S3 x S3 which arises from a classical construction of three-symmetric
spaces by Ledger and Obata [LO]. It is shown in [Bul] (compare also [Bu2|) that this
nearly Kahler structure is the only one on S® x S? up to homothety. In fact, the proof of
this uniqueness result has been the most difficult step in the classification of homogeneous
nearly Kahler structures in dimension six. It is easy to see that the construction of
Ledger and Obata also yields a nearly pseudo-Kéhler structure on SL(2,R) x SL(2,R)
with indefinite signature and the question arises whether the uniqueness result of [Bul]
also holds for this structure.

In section 3 of chapter 5, we include the proof of the main theorem of [SSH] stating
that the left-invariant nearly pseudo-Kéahler structure on SL(2, R) x SL(2, R) is also unique
up to homothety. It fits well into chapter 5 since the method of the proof is very similar
to the description of the “moduli space” of left-invariant half-flat structures on S® x S3.
In fact, the idea is essentially the same as the one used in the Riemannian case by [Bul],
however, the technical problems increase substantially in the indefinite case. As a by-
product, we prove that neither S® x S* nor SL(2,R) x SL(2,R) admit a left-invariant
nearly para-Kéhler structure.

Since the starting point of the proof is the characterisation of a nearly Kahler manifold
by the exterior system (NK1), (NK2), first of all, this characterisation has to be extended
to nearly pseudo-Kéahler manifolds with indefinite metrics. Similar as in [SSH], we spend
some effort in chapter 3 in order to give a self-contained proof of this characterisation which
also applies to the para-complex case. Unlike the original proof of [RC] in the Riemannian
case, we clarify the structure of the proof by elaborating the role of the Nijenhuis tensor.
Along the way, we obtain some useful characterisations for the skew-symmetry of the
Nijenhuis tensor for U(p, q)-, GL(m,R)-, SU(p, q)- and SL(m,R)-structures in terms of
the intrinsic torsion. As another application of the characterisation of nearly pseudo- and
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para-Kahler manifolds by an exterior system, we discuss the evolution of these structures

under the Hitchin flow in section 4 of chapter 6. In fact, this section is also contained in
[CLSS].

The structure of the thesis. The previous sections contain a detailed description
of all results obtained in this thesis including references where to find these results in this
thesis. Nevertheless, we briefly summarise the structure of the thesis.

Chapter 1 collects all necessary algebraic preliminaries. We have to be rather explicit
since we introduce a unified language which allows us to treat special pseudo- and special
para-Hermitian structures simultaneously, compare [AC2], [SSH]. In particular, we in-
troduce the algebraic models for all G-structures appearing in this thesis and extend many
important algebraic identities to all possible signatures. Moreover, an introduction to the
formalism of stable forms is contained and the algebraic constructions linking dimensions
six, seven and eight are presented and extended to arbitrary signature. The most im-
portant algebraic concept for this thesis is probably the characterisation of the groups
SU(p, q), p+q = 3, by a certain pair of a two-form and a three-form. To the author’s best
knowledge, our generalisation of this formalism to the groups SU(p,q), p + ¢ = 2l — 1,
[ > 2, in sections 1.2 and 1.4, ch. 1, is not contained in the literature so far.

Chapter 2 is a brief introduction on G-structures in general focusing on the concept of
intrinsic torsion. We review different methods for characterising the intrinsic torsion, in
particular for structures with G C O(p, ¢), and the relation to the concept of holonomy.

In chapter 3, we deal with G-structures for the groups U(p, ¢)-, GL(m,R)-, SU(p, q)-
and SL(m,R) and discuss the characterisation of these structures in terms of the intrinsic
torsion. As mentioned already before, we focus on properties of the Nijenhuis tensor,
half-flat structures and nearly Kahler manifolds.

In fact, the first three introductory chapters contain extensions and unifications of
many well-known properties from the Hermitian to the pseudo-Hermitian and para-
Hermitian context. Although usually proved similarly or identically as in the Riemannian
case, many of these extensions are hard to find or not contained at all in the literature.

In chapter 4, we present our classification results concerning the existence of left-
invariant half-flat structures on direct products of three-dimensional Lie groups. In chap-
ter 5, we examine the half-flat and nearly pseudo- and para-Kéhler structures on the
groups S® x S3, SL(2,R) x SL(2,R) and Hs x Hjz, where Hj denotes the real three-
dimensional Heisenberg group. The final chapter 6 deals with the Hitchin flow and we
present proofs of its main properties. Examples for solutions of the Hitchin flow are pro-
vided by discussing the evolution of nearly pseudo- and para-Kahler manifolds and the
evolution of an arbitrary left-invariant half-flat structure on Hz x Hj.

Computer support. Some results of this thesis would have been hard to obtain
without computer support and we like to comment on the applied software which is in
fact self-programmed in substantial parts. Before doing so, we add the remark that almost
all of the proofs in this thesis are written in such a way that they can be completely verified
by the reader without using a computer.

The main tool has been the package “difforms” which is contained by default in Maple,
at least in Maple 10, 11 and 12. Although there are packages dealing more profoundly with
differential forms, this package has the following advantage. It is possible to explicitly set
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the exterior differential d of a frame of left-invariant one-forms on a Lie group . Thus,
the Lie bracket of the corresponding Lie algebra g can be implemented with respect to
a basis of g* in a way which is well adapted to left-invariant exterior systems. With
respect to this basis, the wedge product of k-forms and the exterior differential of k-forms
can be computed for all k. Except for some minor additional procedures, the described
functions already exhaust the scope of operation of this package which is not sufficient
for our purposes.

In order to compute explicitly the almost complex structure and the metric induced by
a compatible pair of stable forms, we needed to teach Maple to compute the contraction
of a (multi-)vector and a k-form. In the course of time, we were able to implement a
large extension of the package difforms, written in the programming language contained
in Maple, which contains the following functionality. For instance, the new package
explicitly computes not only contractions, but also directly the tensors induced by stable
forms as well as the Hodge dual, pullbacks or infinitesimal pullbacks of forms, always
working with respect to a basis. Moreover it contains many useful routines for comparing
differential forms, for instance it is possible to translate an exterior system into a system
of coefficient equations with respect to a basis in such a way that the output is directly
accessible for the solve procedure of Maple. After applying the solve procedure to the
coefficient equations, there is another function translating the solution into assignments
which eliminate some of the coefficients.

Given any system of algebraic equations, the solve procedure of Maple uses recent com-
puter algebra methods, for instance Grobner bases, in order to obtain solutions. However,
when a certain degree of complexity is exceeded, the return values of this procedure are
not useful or do not seem to be reliable. Even if the result seems reasonable, a manual
verification is needed, proving that indeed all solutions are found, in order to obtain clas-
sification results. Nevertheless, we admit that Maple’s solve function often turned out to
be an excellent source of inspiration. At times, an elegant basis-independent proof is much
easier to find after having verified the assertion by brute computational force. Apart from
that, the quick forming and solving of equations involving left-invariant forms turned out
to be useful when constructing examples. On the other hand, the current computer alge-
bra systems are not very helpful when trying to find a solution of a system of inequalities.
Despite this disadvantage, the construction of the half-flat structures given in tables 3,
4 and 5 of chapter 4 inducing positive definite metrics would have been hardly possible
without computer support.

Although there appear more and more packages for Maple and Mathematica or in-
dependent software containing implementations of almost all differential geometric con-
structions, there is currently no other package, to the author’s best knowledge, which is
as well adapted to solving left-invariant exterior systems on Lie groups (or homogeneous
spaces) as our package.

Finally, we mention that the package “tensor”, also contained in Maple by default,
has been used in the version contained in Maple 10 in section 2, ch. 5, and section 5.2,
ch. 6, to compute the curvature of a number of explicit left-invariant metrics on H3 x Hs.
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CHAPTER 1

Algebraic preliminaries

Notational conventions. When ey, ..., ¢, denotes the basis of a vector space or a
local frame of a manifold, we denote by e!,...,e" the dual basis or dual frame. At least
in the context of indefinite metrics, this differs from the convention of some authors who
refer to the metric dual one-forms of an orthonormal basis by this notation. The wedge
product of basis vectors e; and e; is abbreviated by e;; and the same abbreviation applies
to forms, i.e. €¥ = e’ Ae/. Given a k-form a, the power a” denotes the n-fold wedge
product of o with itself.

We denote the contraction or interior product of a vector and a I-form by 1 and extend
this operator to the contraction

AV AV o ARV
of k-vectors and [-forms, k < [, by setting
(x1 Ao ANz) o=z (10 .. (z0a))

for decomposable k-vectors. With this convention, the contraction coincides with the
adjoint operator of the wedge product satisfying

(vua)(w) = alv Aw)

for all v € A*V, a € A'V* and w € A" *V. If a contraction and a wedge product appear
in an identity, we assume that the contraction is evaluated first.

Moreover, we will always follow the convention v A w = v ® w — w ® v for the wedge
product, but v-w = %(v ® w + w @ v) for the symmetric product. The first convention
seems to reduce the number of fractions in calculations in a basis and is not applied to
the symmetric powers in order to have v =v-v = v ®v.

For an endomorphism A of a vector space V', we denote by A* the endomorphism of
(V*)®k given by

A*Oé(Xl, ... ,Xk) = oz(AXl, NP ,AXk>
for a € (V*)®* and X; € V.

1. Structures on vector spaces defined by linear Lie groups

In this section, we discuss the algebraic models for the G-structures which appear in
this thesis. Although we are mainly interested in dimension six, we establish the basic
material for arbitrary dimension.

In the following, let V' denote an n-dimensional real vector space and GL(V') the real
general linear group of this vector space. If V' is oriented, we denote by GL™ (V) the group
of orientation preserving automorphisms.
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1.1. The complex and the para-complex linear group. A complex structure J
on a 2m-dimensional vector space V' is an anti-involution of V. The stabiliser in GL(V)
of a complex structure J is the complex general linear group GL(V,J) = GL(m, C).

A product structure P on an n-dimensional vector space is an involution of V. Equiv-
alently, V = V+ @ V~ splits as a direct sum where we denote by V* the +1-eigenspace
of P. A para-complex structure J on a 2m-dimensional vector space V is a product
structure with dimV*+ = dimV~ = m. The stabiliser in GL(V) of a para-complex
structure J is the para-complex general linear group GL(V,J) =2 GL(V*') @ GL(V ™) =
GL(m,R) & GL(m, R).

It turns out that many well-known notions for complex structures can be extended
to para-complex structures. In order to benefit from the similarities of complex and
para-complex structures, we unify the notation as follows, see also [AC2], [SSH].

DEFINITION 1.1. Let ¢ =1 or ¢ = —1 and let i. be a symbol satisfying i, = .

(i) Let the e-complex numbers be defined as C. = R[i.]. We will use the name para-
complex numbers® for the real algebra C' := C; 2 R @ R following [CMMS].

(i) An e-complex structure J on V is defined as an endomorphism which satisfies J? =
eld and dim V' = dimV~ = m for ¢ = 1. The pair (V,J) is called an e-complex
vector space.

(iii) The stabiliser of an e-complex structure J in GL(V) is called the e-complex general
linear group GL(V, J).

(iv) The e-complezification of a real vector space V' is defined as the C.-module V¢, =
VeorC.=2V @iV.

Obviously, the unified language is chosen such that ¢ can be replaced by the word
“para” if ¢ = 1 whereas it can be omitted for ¢ = —1. The familiar notions of real part,
imaginary part and complex conjugation of a complex number are extended literally to
e-complex numbers. We remark that the standard real inner product (21, z9) = Re(z122)
on C. has signature (1,1) for ¢ = 1 such that the norm square |z|*> = 2Z may vanish in
the para-complex world.

To summarise, the e-complex general linear group satisfies

GL(m,C) if e =—1,

GL(V,J) =2 GL(m,C,) :=
GL(m,R) & GL(m,R) ife=1.

In order to fix the notation, we discuss explicitly a number of properties of e-complex
structures which are standard for complex structures.

Let (V,J) be an e-complex vector space. By V1 and V%! we denote the +i.- and
—i.-eigenspace of J acting on the e-complexification V. which therefore splits into

Ve, =V a VM =vi0g Vo
Any v € Vg, can be projected onto V19 and V9! by

1,0

1 1
v = Z(v+eiJv) e VY % = 5(1} —ei.Jv) € VO

2

'In fact, there are many different names for the algebra C, for instance “split-complex numbers” or
“double numbers”.
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and the corresponding restrictions V' — V1% and V' — V%! are isomorphisms of real
vector spaces.

The dual e-complex vector space (V*, J*) satisfies (V19)* = (V*)10. We define the
vector space of forms of type (r,s) or (r,s)-forms as

Ar,sv* = Ar(v*>1,0 ®AS(V*)O’1
such that the space of e-complex k-forms decomposes into
AMVE = @ AV
r4+s=k
for all k.

As we will be mainly interested in real representations, we define for r # s the space
of (real) forms of type (r,s)+ (s,r), denoted by [A"*V*], and for r = s the space of (real)
forms of type (r,r), denoted by [A™"V*], by the properties

[NV ]@C. = [A™V*] @i ]AV*] = A"V d A"V,
A"V @ C. = [APVH] @i [A™V*] =A""V™.
In consequence, we have the decompositions
-1

(11) A2lv* — @[[AQI*S’SV*]]@[AUV*],

s=0
l

A2l+lv* _ @IIAQZ#’].*S,SV*]]
s=0

as real GL(V, J)-modules for all {.
We collect a number of useful characterisations for some (r, s)-forms using the operator
Jiy which is defined by

T Xy, X)) = a(Xy,...JX... ., X)
for o € A*V*. The real forms of type (r,0) + (0,7) are given by
(1.2) [AV*] = {a € N'V*| Iy Iy = ea}
={a e N"V* | JyJyo = eafor all i # j}.

The first identity can easily be seen when expanding the expression (X0 Y01 ) =0
holding for any X,Y € V and the second identity is obvious. Using a similar argument,
we find

(1.3) AM'VH] = {a € A*V* | J'a = —ca},

(1.4) [A>'V*] = {a € A*V*| JyJjyo = —eafor all i # j},
(1.5) [A*?V*] = {a € A*V* | Jy)Jjya = —eafor all i # j},
(1.6) [A*'V*] = {a € A*'V* | J*a = —a}.

In the para-complex world, there is of course a more natural decomposition of real
k-forms induced by the real eigendecomposition V' = V@V ™. Indeed, the decomposition

Akv* _ @ Ar(v—i—)* ®As(v—)*

r+s=k
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is GL(V, J)-invariant as it consists of J*-eigenspaces. However, it is useful to introduce also
in the para-complex context the usual type decomposition, although it is more complicated
and not irreducible. The main reason is that it turns out to be possible to generalise well-
known results for complex structures to para-complex structures in a straightforward way.
In particular, it is often convenient to give unified proofs of identities involving e-complex
structures without separating the two cases.

In fact, the two decompositions are related as follows:

(1.7) [A*V*] = ANV QA V) @AV @A (V)
[Ar,rv*] — Ar(v-‘r)* ® AT‘(V—)*

In the following, it will be advantageous to remember that it holds

(1.8) [A™°V*] = A"(V ) @ A" (V)"

1.2. The complex and the para-complex special linear group. A complex
volume form on a complex 2m-dimensional vector space (V,J) is a non-zero complex-
valued (m, 0)-form W. The stabiliser in GL(V') of a complex volume form ¥ is the complex
special linear group SL(V, ¥) = SL(m, C). Note that the (m, m)-form ¥ A ¥ is non-trivial
for a complex volume form. This motivates the following definition.

DEFINITION 1.2. Let (V,J) be an 2m-dimensional e-complex vector space.

(i) An e-complex m-form ¥ = 1, +i.¢p_ € A™V{ is called non-degenerate if WA U £ 0.
(ii) An e-complez volume form is defined as a non-degenerate e-complex (m, 0)-form V.

(iii) The stabiliser in GL(V') of an e-complex volume form W is the e-complex special
linear group SL(V, ).

For ¢ = 1, the additional condition ¥ A ¥ # 0 guarantees that ¥ is not contained in
the para-complexification of one of the real summands of (1.8).
We collect a number of identities for e-complex volume forms.

LEMMA 1.3. Let ¥ =, +i.0_ be an e-complex volume form on an c-complex vector
space (V¥ J), m > 2, and let X € V and o € V* be arbitrary. The real part and the
imaginary part of ¥ are related by the formulae

(1.9) X = eJX g, X, = JX

(1.10) aANp_ = —cJ a Ny, alNyy =—=JaNn_,
(1.11) Xy N = =X ANy, X ANpy = —e Xp_ N,
and

(1.12) Jp, = e, Jp_ =Tt if m=2l—1 is odd,
(1.13) Jp, = el J = el if m = 2l is even.
Moreover, the 2m-form W AW satisfies

(1.14) VAV =2ip Ay, (V) = (p_)? =0, if m is odd,
(1.15) VAU =21, )% = —2e(h_)?, Yy Ap_ =0, if m is even,

and both ¥, and v_ are non-degenerate in the sense that

(1.16) X =0=X =0, aANYy =0=>a=0



1. STRUCTURES ON VECTOR SPACES DEFINED BY LINEAR LIE GROUPS 17
XY =0=X=0, aNY_=0=a=0
forall X € V and o € V*. Finally, we have the useful characterisation
(1.17) [A™V*] =t AV =2 AV™

PROOF. Since (V10)* = (V*)10 the (m — 1)-form X%' W is zero and the identities
(1.9) are immediate when expanding this expression. In analogy, the equations (1.10)
follow since the wedge product of the (m, 0)-form ¥ and the (1, 0)-form a+¢i.J*a vanishes.
The two formulae (1.11) correspond to the vanishing of the real and imaginary part of
the (2m — 1,0)-form X W A W.

Taking the relation (1.2) into account, the identity (1.13) is obvious and (1.12) is
equivalent to (1.9). In the odd case, the properties (1.14) of the (m,m)-form ¥ A ¥ are
just a consequence of the skew-symmetry of the wedge product. In the even case, the
properties (1.15) can be seen for instance by expanding the vanishing (2m,0)-form ¥?
into real and imaginary part.

In order to show the non-degeneracy of ¢, and ¢_, we assume that X 17), = 0 or
X_p_ = 0. In the even case, it follows X_(¥AW) = 0 by (1.15). In the odd case, the same
identity holds taking (1.14) and (1.11) into account. Therefore, X has to be zero in both
cases since W A W is a real volume form by the definition of an e-complex volume form. If
aNY, = 0or aAp_ = 0, the same arguments show that a(X)UAY = aA(X (VAY)) =0
for all X € V, which clearly yields a = 0.

The identification (1.17) can be seen as follows. Every real form of type (m, 1)+ (1, m)
is the real part of an e-complex (m,1)-form ¥ A §%! for some real one-form 6 € V*.
Because of (1.10), the real part of U A #%! is exactly ¥+ A @ = —~ A J*0 and the proof
is finished. U

Notice that an e-complex (m,0)-form is always decomposable since the rank of the
C.-module A™°V* is one.

In the following, we show that an e-complex volume form ¥ completely determines
the e-complex structure J, thus proving SL(V, ¥) C GL(V, J) and

SL(m, C) ife=—1,

SL(V, W) = {A € GL(V)[ A"V = ¥} = SL(m, C.) := {SL(m R) & SL(m,R) ife = 1.

More precisely, we give an explicit formula for the e-complex structure J associated to
an e-complex non-degenerate decomposable m-form W such that ¥ is of type (m,0) with
respect to J.

Let k denote the natural isomorphism

ko APFVE S ARV @ ATV Es X ®@ ¢ with X = €.

PROPOSITION 1.4. Let W = ¢, +i.4_ be an e-complex non-degenerate decomposable
m-form on a real vector space V*™, m > 2. Then, the 2m-form

LU AT ifmis even

(1.18) Lo
YAV if m is odd,
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15 a real volume form and there is a unique e-complex structure J such that ¥ is of type
(m,0). The e-complez structure J is characterised by the identities

7% = {ﬁH(Xle_,_ Ay), if mois odd,

(1.19) : fomi
W“(XJM ANY_), if m is even.
for X € V or, equivalently, by

a (XY ) ANy, if mis odd,

(1.20) (JXo2)9(¥) = {a A (Xtpg) A_,if m s even,

for X eV, aeV*.

ProOOF. First of all, we observe that, given an e-complex decomposable m-form
U =), +ip_ = (' +eie®) AL A (2 +eie®™)
for some €' € V*, the 2m-form (1.18) associated to ¥ is

it ifm=20l—11s odd

i.™  if m = 2l is even,
— (_€)l2m—281..2m
for both m = 2] and m = 2] — 1. In particular, e;,...,esy, is a basis since ¥ is non-

degenerate. With respect to this basis, the unique e-complex structure such that W is of
type (m,0) is given by
(1.22) Jrekl = 2, J* ek = g1 1<k <m,
on V* since each factor e**~1 + ¢i.e?* has to be a (1,0)-form.
For odd m, the explicit formula (1.19) follows from the computation
(1.14) 1 (1.11

IXa0(0) 2V Saxswo nvy) B UXoes e B X Ay

and the definition of k. The identity (1.20) is equivalent since
a AN (X ) ANy =a N (JX2o(V)) = (JXa) ¢(P).

For even m, the proof is completely analogous using the corresponding formulas of Lemma

1.3. U

Notice that the real volume form associated to ¥ = ¢, + i.)_ satisfies

H(W) = { TYAT = 5(¥y) if m is even,

(1.23) ) - ] ]
E\I//\\I/ =3¥_ Aty ifmis odd,

due to (1.14) and (1.15).

If m is odd, the equality (1.19) suggests that it already suffices to know the real part
or equivalently the imaginary part, compare (1.11). However, it remains to construct the
volume form ¢(¥) = 24— A9, without knowing ¢)_. This can be achieved as follows by
generalising the construction established in [Hi2] for dimension six.
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Let V2™ be oriented and m = 21 — 1 > 3 odd. For a real m-form p, we define the map
K, : V> V®A™V* by

(1.24) K, X =rs((X2p)Ap)
and the quartic invariant
1 2 2my*\ Q2

Recall that, for any one-dimensional vector space L, an element u € L®%" is defined to be
positive, u > 0, if u = s%?" for some s € L and negative if —u > 0. Therefore, the norm
of an element u € L®?" is well-defined and we set

(1.26) ¢(p) = VIA(p)|

for the positively oriented square root. If ¢(p) # 0, we furthermore define
1
1.27 J,=—K,.
(1:27) "odlp) "
PROPOSITION 1.5. Let V?™ be oriented, m = 2l — 1 > 3 odd, and let p be a real
m-form lying in the GLY(V)-orbit of the real part of an e-complex non-degenerate decom-

posable m-form VU with ¢(¥) > 0. Then, the 2m-form ¢(p) is a real volume form and the
endomorphism J, is an e-complex structure such that ¥ = W, = p + & i.Jyp is of type

(m,0) and ¢(¥) = ¢(p).

PROOF. Considering the GL™(V)-equivariance of all involved expressions, Proposition
1.4 and formula (1.12), it suffices to show that ¢(W¥) = ¢(1p,) for an e-complex non-
degenerate decomposable m-form ¥ = v, +i.¢)_ with ¢(¥) > 0. To see this, we observe

that % is an e-complex structure due to identity (1.19). Thus, tr(%)2 = 2em and,
by definition, A(1;) = e(¢(¥))®2. Now, the assertion ¢(¥) = ¢(1, ) follows directly from
the definition of ¢ (¢, ) since ¢(¥) > 0 by assumption. O

In fact, dimension six, i.e. m = 3, is distinguished by the property that the orbit of
such a three-form p is open. Indeed, the orbit under G = GL(6,R) of a real three-form
with stabiliser H = SL(3, C.) has maximal dimension since

dimg G — dimg H = 36 — 16 = 20 = dimg A*(R®)*.

This phenomenon only occurs in few special cases and is discussed at length in section
3. In particular, Proposition 3.5 collects a number of convenient characterisations of the
two open GL*(V)-orbits on A3(R%)*.

1.3. The unitary and the para-unitary group. A pseudo-Fuclidean structure
on V is a real non-degenerate symmetric bilinear form ¢ and the pair (V,g) is called a
pseudo-Fuclidean vector space.

A pseudo-Hermitian structure (g,J) on V consists of a pseudo-Euclidean structure
g and an orthogonal complex structure J, i.e. J*g = g. The non-degenerate two-form
w=g(.,J.)is called the fundamental two-form and the tuple (V, g, J) is called a pseudo-
Hermitian vector space. The stabiliser in GL(V') of a pseudo-Hermitian structure (J, g)
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is the wnitary group U(V,g,J) = U(p,q). Here, the pair (p,q) denotes the Hermitian
signature of g such that (2p,2q) is the (real) signature? of g.

REMARK 1.6. We warn the reader that many authors define the fundamental two-form
with the opposite sign.

Similarly, a para-Hermitian structure (g, J) on V consists of a pseudo-Euclidean struc-
ture g and a product structure J which is antiorthogonal in the sense that J*g = —g. The
two-form w = ¢g(.,J.) is also called the fundamental two-form and the tuple (V, g, J,w)
is called a para-Hermitian vector space. The stabiliser in GL(V') of a para-Hermitian
structure (J, g) is the para-unitary group U(V, g, J).

Notice that J is automatically a para-complex structure and the signature of g is
neutral. Indeed, due to the antiorthogonality, all eigenvectors X* = X + JX, X € V, of
the product structure J are isotropic. Using moreover the non-degeneracy of g, it is easy
to construct a basis ;7 = e; & Je; of isotropic vectors such that the eigenspaces V* of
J are spanned by the {ef}. Thus the para-unitary group is isomorphic to GL(m,R) C
SO(m,m) acting by the standard representation on V* and by the dual representation
on V™.

As before for e-complex structures, the analogy suggests to unify the language. In
the Hermitian context, the notation is chosen in such a way that the prefix “c” can be
replaced by “para” for ¢ = 1 and by “pseudo” for ¢ = —1.

DEFINITION 1.7. An e-Hermitian structure on V is defined as a pair (g,J) of a
pseudo-Euclidean structure g and an endomorphism .J which satisfies J?> = cId and
J*g = —eg. The tuple (V, g, J) is called an e-Hermitian vector space and the stabiliser of
an e-Hermitian structure is the e-unitary group U(V, g, J).

Due to the observation (1.3), the fundamental two-form is in both cases of real type
(1,1). Moreover, we remark that an e-Hermitian structure can equivalently be char-
acterised by a pair (w,.J) of a non-degenerate two-form and an endomorphism J with
J? = €ld and J*w = —ew. Indeed, the induced pseudo-Euclidean structure defined by

(1.28) g=cw(.,J.)=—ew(J.,.)

turns the tuple (V, g, J,w) in an e-Hermitian vector space. Similarly, the e-complex struc-
ture can be reconstructed from a pair (g,w) satisfying an adequate compatibility. On
group level, these properties are reflected in the relation

UV, g, J,w) = GL(V,J)NO(V, g) = GL(V, J) N Sp(V,w) = O(V,g) N Sp(V,w),

where Sp(V,w) denotes the real symplectic group which is defined as the stabiliser of a
non-degenerate two-form w.

There are several ways to define an adapted basis. For instance, we can always choose
a g-orthonormal basis {eq, ..., e, } such that

(1.29) Jegr—1 = gegy, Jeop = egp_1, 1 <k<m, w= 2021’—1 e2i=D(2)
i—1

Here, the sign o, := g(e;, e;) € {£1} depends on the signature of g for ¢ = —1, and in this
case we order the basis vectors such that the first 2p basis vectors are spacelike. However,

2We will follow the convention that 2p is the number of spacelike directions.
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as the signature of ¢ is always (m, m) for ¢ = 1, it is more convenient in this case to order
the basis vectors such that o9; 1 = —09; = 1 for all i. A basis satisfying (1.29) and the
sign conventions just explained will be denoted as an e-unitary basis. Note that the dual
e-complex structure J* in this basis is exactly (1.22).

The matrix group representing the e-unitary group with respect to an e-unitary basis
shall be denoted by

Us(p, q) =
+.9) GL(m,R) C SO(m, m) fore=1.

An e-Hermitian structure is naturally oriented by the fundamental two-form w when

~ {U(p, q) CSO(2p,2q)  fore=—1,

defining the Liouville volume form
1 m
P(w) = ¥

as positively oriented. Since

(1.30 o) = {(_qu i fore=—1,

gl-2m for e = 1.

in an e-unitary basis, the Liouville volume form ¢(w) is a metric volume form for both
values of ¢.

Later, we will need the following interesting formula which is easily proved in an
g-unitary basis.

LEMMA 1.8. On an e-Hermitian vector space (V, g, J,w), the identity

aNJBA ﬁdnl = g(a, B)p(w)

holds for all o, p € V*.

Finally, we briefly discuss the decomposition of the space of k-forms as a U%(p, q)-
module. Let (V, g, J,w) be an e-Hermitian vector space. Recall that there is an induced
pseudo-Euclidean structure on A*V* for all k defined by

glx' Ao ATyt A LAY = det(ayy), aij = g(2',y’)

for decomposable k-forms and extending linearly.

DEFINITION 1.9. (i) The Lefschetz operator on the Grassmann algebra A*V* is de-
fined by wedging with the fundamental (1,1)-form w.
(ii) A k-form « is called primitive or effective if « lies in the kernel of the adjoint operator
of the Lefschetz operator. We denote the space of all primitive k-forms by AEV*.

In fact, it is well-known, see for instance [Huy], that for k& > m, every primitive k-form
is trivial, and for £ < m, the primitive k-forms are given by

(1.31) ARV = {a € A*V* | a Aw™ T =0},



22 1. ALGEBRAIC PRELIMINARIES

Since J*w = —cw, the Lefschetz operator preserves the type of a form such that the
decompositions
min{r,s} 4 o
(1.32) AV = @ o ATV
=0
(1.33) ATV = Pt ATV
i=0

are U(V, g, J)-invariant, in particular orthogonal with respect to g. For the compact form
U(m), i.e. ¢ = —1 and g positive definite, these decompositions are in fact well-known to
be irreducible. For the non-compact forms U(p, q), the irreducibility can be deduced from
the irreducibility in the compact case which is explained thoroughly in section 2.
Combining (1.32) with the type decomposition (1.1), we have thus the decomposition
of A¥V* into irreducible components as U(p, ¢)-module.
In the para-complex context, ¢ = 1, the decomposition can be further refined using

(1.7).

1.4. The special unitary and the special para-unitary group. When intersect-
ing the groups defined in the previous two sections, we arrive at the structures we are
most interested in.

DEFINITION 1.10. A special e-Hermitian structure (g, J,w, ¥) on V is an e-Hermitian
structure (g, J,w) together with an e-complex volume form ¥ = ¢, +i.7)_. The stabiliser

in GL(V) of a special e-Hermitian structure (J, g,w, V) is the special e-unitary group
SU(V, g, J,w, V).

First of all, we note that the real forms v, and ¢ _ are primitive since w is of type
(1,1):
(1.34) w APy =0, wAY_ =0.
Another interesting identity is the following, expressing the metric in terms of w and W.

LEMMA 1.11. On a special e-Hermitian vector space (V*™, g, J,w, ¥ = b, +i.4p_) with
m > 2, we have
X wA Yo, Ay, ifm is odd,
(1.35) g(X,YV)p(w) = 0N TS A s 0
XawAYay AN, if m is even

forall XY € V.

PROOF. Since ¢(X,Y) = JY_ X w, the identity follows immediately from (1.20)
when replacing o by X jw. U

In fact, a special e-Hermitian structure (g, J,w, ¥) can always be reconstructed from
the forms w and ¥ under the following assumptions.

PROPOSITION 1.12. Let V' be a real 2m-dimensional vector space, m > 2. Moreover
let w € A2V* be non-degenerate and let ¥ = 1, + i.p_ € A™VE be non-degenerate,
decomposable and compatible with w in the sense that

wAWY=0.
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Then, the pair (w, V) can be extended to a unique special e-complex structure (g, J,w, V)
where J is characterised by (1.19) and g by (1.28) or (1.35).

PROOF. By Proposition 1.4, the m-form ¥ is of type (m,0) with respect to the e-
complex structure J uniquely defined by (1.19). Due to the compatibility w A ¥ = 0,
the two-form w is of type (1,1) or equivalently, Jiw = —ew by (1.3). Hence, with the
pseudo-Euclidian structure g uniquely defined by (1.28) or, equivalently, by (1.35), the
tuple (g, J,w, V) is a special e-Hermitian structure. O

In the case of odd e-complex dimension, already the pair (w,1) suffices under the
following assumptions.

PROPOSITION 1.13. Let V' be a 2m-dimensional vector space with m = 2l—1 > 3 odd,
let w € A2V* be non-degenerate and let p € A™V* be a real m-form lying in the GL(V)-
orbit of the real part of an e-complex non-degenerate decomposable m-form. Furthermore,
assume that w and p are compatible in the sense that

wAp=0.
Then, there is a unique special e-Hermitian structure (g, J,w, V) with fundamental two-

form w and Re(V) = p such that (V) and ¢p(w) induce the same orientation.

PROOF. Let V be oriented by the Liouville volume form ¢(w). By Proposition 1.5,
there is a unique e-complex structure .J, such that ¥, = p+£'i, J,pis an (m, 0)-form with
#(¥) > 0. The explicit formula for J, is given by (1.27). We claim that the vanishing of
w A p also implies w A J;p = 0. Indeed, for all one-forms «, we have

(1.10)

0=Janphw = —el+1a/\J;p/\w
and the claim follows. Since therefore w A W = 0, the two-form w is of type (1,1)
or equivalently, Jijw = —cw by (1.3). Hence, with the pseudo-Euclidian structure g
defined by (1.28) or, equivalently, by (1.35), the tuple (g, J,,w, ¥) is a special e-Hermitian
structure. 0

A standard basis for a special e-Hermitian vector space (V, g, J,w, ¥) can be defined
as follows. Since the rank of the C.-module A™°V is one, the complex volume form ¥
with respect to an e-unitary basis {e;} is

(1.36) U =1, +i9_ = z(e' +eie®) A A (2 +cie®™)

for an e-complex number z with zZ # 0. Obviously, we can always choose an e-unitary
basis such that z is real. Such a basis will be called an e-unitary basis adapted to
the special e-Hermitian structure. In an adapted basis, the special e-unitary group is

represented by the matrix group
. .  JSU(p,q) € SO(2p,2q) fore=—1,
SU*(p, q) := U*(p,q) N SL(m,C,) = (p. ) ( )
SL(m,R) € SO(m,m) fore=1.

Obviously, the e-complex volume form W can always be multiplied by a constant such
that z = 1 in an adapted basis. This normalisation turns out to be important when
considering the corresponding G-structures on manifolds and we reformulate it as follows.
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DEFINITION 1.14. A special e-Hermitian structure (g, J,w, V) is called normalised if

(=1)92™ for e = —1,
+ 2™ for e = 1.

gCE(\II’ \D) = {

Here, gc. denotes the extension of g to a Hermitian form on Vi, = V®C, characterised
by
ge.(V® 21, w ® 29) = 2122 g(v, W),

for v,w € V¢, 21,20 € C, or, equivalently, by

ge.(vy +icv_,wy +icw-) = glvy,wy) —eg(v_,w-_) +i(g(v_,wy) — g(vs, w_))

for vy, v_, wy, w_ € V. In analogy to the real case, there is an induced Hermitian form
on A*V¢_, also denoted by gc..

LEMMA 1.15. The following assertions are equivalent for a special e-Hermitian struc-
ture (g, J,w, V).
(i) The structure is normalised.
(ii) For every e-unitary basis, the constant z € C. appearing in (1.36) satisfies |z|> = +1.
(111) The volume form ¢(¥) associated to U by (1.23) and the Liouville volume form ¢(w)
are related by the formula

H(W) = {(—1)q 22 p(w)  fore = —1,

(187) + 2m72 p(w) fore=1.

PROOF. The equivalence of (i) and (ii) is easily seen when considering that e* =
J*e?*~1 for all k = 1,...,m in an e-unitary basis and thus

%—1 |, _: 2k 2k—1 , - 2k %—1 2k—1 2%—1 2%—1
gc. (e +eie™ e +eie™) = g(e™ e ) —eg(J e, e ) = 20951

The equivalence of (ii) and (iii) follows when comparing the volume forms in an e-unitary
basis which we already computed in (1.21) and (1.30). O

REMARK 1.16. Note that the third characterisation is very useful when reconstructing
a special e-Hermitian structure out of the pair (w,,), or the tuple (w, ¥, ,9_), respec-
tively.

For ¢ = —1, the following proposition yields the irreducible decomposition of the
SU(p, g)-module of k-forms. Again, this is a well-known fact for the compact form SU(m)
and the result for the non-compact form follows with the arguments given in section 2.

PROPOSITION 1.17. Let (g, J,w, V) be a special pseudo-Hermitian structure. The de-
composition (1.32) is also irreducible under SU(p, q) except for the forms of type (m,0) +
(0, m) which can be decomposed in the one-dimensional summands

[A™V*] = R, @ Rep_.
2. Representations of compact and non-compact forms of complex Lie groups

We shall apply several times the following facts on the irreducibility of complexified
representations.

Let g be a real Lie algebra and let V be a real g-module. The complexification
Ve=V®C=V @iV is a complex g-module in the obvious way. The other way round,
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the realification Wx of a complex g-module W is simply the underlying real vector space
regarded as a real g-module. Moreover, recall that a real structure on a complex vector
space W is an antilinear involution. The real and complex representations are related as
follows, for proofs see for instance [On], §8.

PROPOSITION 2.1. Let g be a real Lie algebra.
(a) A real g-module V' is irreducible if and only if it satisfies one of the following two
conditions:
(i) The complexification Vi is an irreducible complex g-module.
(i1) V is the realification of an irreducible complex g-module W which does not admit
an equivariant real structure and it holds Ve = W @ W.

(b) Moreover, two irreducible real g-modules Vi and Vy satisfying (i) are equivalent if and
only if (Vi)c and (Va)c are equivalent. Two irreducible real g-modules Vi = (W1)gr
and Vy = (Wy)gr satisfying (ii) are equivalent if and only if W1 = Wy or W1 = W, as
complezx g-modules. An irreducible real g-module satisfying (i) cannot be equivalent to
an irreducible real g-module satisfying (ii).

In a second step, we can also complexify the Lie algebra g. Identifying gc = g & ig,
the extension of a complex g-module W to a gc-module is obvious.

LEMMA 2.2. A complex g-module W of g is irreducible if and only if W is irreducible
as a ge-module. Two complexr g-modules are equivalent if and only if the corresponding
gc-modules are equivalent.

More specifically, we turn to the real forms u(p, q), p-+q¢ = m, and gl(m, R) of gl(m, C).
If w is a two-form on a real vector space V', we denote by w¢ the complex linear extension
of wto V.

LEMMA 2.3. Let (J,w) and (J',w") be e-Hermitian structures on a 2m-dimensional real
vector space V. Let the Lie algebras of the stabilisers be denoted by u(J,w) and u(J',w’)
such that gl(m,C) = uc(J,w) = uc(J,w').

Then, there is an equivariant isomorphism of the uc(J, w)-module (Vi, J,we) and the
uc(J',w'")-module (Vg, J',wi).

PRrROOF. If ¢ = —1, an e-complex structure J is completely determined by the decom-
position Ve = W@W where W = V19 and dime W = m. If e = 1, an e-complex structure
corresponds to the real decomposition V = V* @& V'~ which can simply be tensored by C
such that Ve = VI @V where the summands are complex m-dimensional as well.

Now, the complexified compatible two-form we is of type (1,1), i.e. an element of
W* @ W* for ¢ = —1 by definition and an element of (VZ)* @ (VZ)* for e = 1 by (1.7).
Thus, independently of the sign of € and the signature of the induced metric, there is a
C-linear isomorphism V¢ — V¢ mapping the decomposition corresponding to J to that
corresponding to J' such that we is the pullback of wi. This implies the assertion since
uc(J,w) and uc(J',w’) are exactly the subalgebras of gl(V¢) preserving the decomposition
of V¢ corresponding to J or J’ and annihilating we or wg, respectively. 0

REMARK 2.4. Notice that the main difference of the complex and the para-complex
case is the fact that the defining representation is irreducible for € = —1, whereas it splits
into the irreducible representations V* for € = 1.
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COROLLARY 2.5. Let (J,w, V) and (J',w', V') be two special pseudo-Hermitian struc-
tures on a 2m-dimensional real vector space V. Let the Lie algebras of the stabilisers be
denoted by su(J,w) and su(J',w') such that sl(m,C) = suc(J,w) = suc(J',w’).

Then, there is an equivariant isomorphism of the suc(J,w)-module (Vi, J,we, V) and
the suc(J',w'")-module (V¢, J', wi, U').

Proor. Without restriction, we can assume that J = J'. Let ¢ be the equivariant
isomorphism of Vo = W @ W which was constructed in the proof of the previous lemma.
Since W, ¥ € A™W and dimc AW = 1, there is a z € C such that ¥ = 2V’ and it is
easy to modify ¢ such that (w, ¥) is the pullback of (w’, U'). The rest of the argument is
analogous to the proof of the previous lemma. O

In combination, the lemmas can be applied as follows. Assume that we have a real
U(m)-module W contained in a tensor power V& @ (V*)®* of the defining representation
(V,g,J,w). Moreover, assume that the decomposition into irreducible components is
known and that the components can be written in terms of the defining tensors. One
of the examples we have in mind is the decomposition of A*¥V as U(m)-module, see
(1.32). Now, when replacing the Euclidean structure g by a pseudo-Euclidean structure of
signature (p, q), p+¢ = m, we obtain a corresponding U(p, ¢)-module W and an analogous
decomposition into invariant components. The question is whether the components of the
U(p, g)-module W are also irreducible for indefinite signature.

First of all, the discussion can be reduced to the corresponding modules of the Lie
algebras u(p, q) by the standard Lie theory arguments. Secondly, by Proposition 2.1, it
suffices to compare the components of the complexified module W with the irreducible
components of the corresponding module W¢. Thirdly, due to Lemma 2.2, it suffices
to show that all of the components of W and We are isomorphic as gl(m, C)-modules.
However, an equivariant isomorphism of gl(m, C)-modules W — W is given by extending
the isomorphism of the defining representations constructed in Lemma 2.3. The restriction
to each component is an isomorphism since the components are characterised by the
defining tensors.

Obviously, the same arguments can be applied to the groups SU(m) and SU(p, q),
p + g = m. Similarly, one can also show the irreducibility of those representations of
the non-compact form G35 of G which are defined completely analogous to well-known
irreducible representations of the compact form Gs.

3. Stable forms

The following two sections are based on the first section of [CLSS].
The aim is to collect the basic facts about stable forms. Let V' always denote an
n-dimensional real vector space.

DEFINITION 3.1. A k-form p € A¥V* is called stable if its orbit under GL(V') is open.

It is easy to verify that a k-form p with stabiliser H in GL(V) is stable if and only if
the dimension of the orbit GL(V')/H is maximal, i.e. if the dimension coincides with the
dimension of A*V*. In fact, stability occurs only in the following special cases.

PROPOSITION 3.2. The group GL(V') has an open orbit in A¥V*, 0 < k < [g} , if and
only if k <2 orif k=3 andn =6,7 or 8.
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PROOF. A real k-form p is stable if and only if the complex linear extension p¢ of
p to A*VZ has an open orbit under GL(V¢). However, the representation of GL(V¢) =
GL(n,C) on AV =2 A*(C")* is irreducible and the result thus follows, for instance, from

the classification of irreducible complex prehomogeneous vector spaces, [KiSal]. 0

REMARK 3.3. An open orbit is unique in the complex case, since an orbit which is
open in the usual topology is also Zariski-open and Zariski-dense (Prop. 2.2, [Ki]). Over
the reals, the number of open orbits is finite by a well-known theorem of Whitney.

PROPOSITION 3.4. Let V' be oriented and assume that k € {2,n — 2} and n even, or
ke {3,n—3} and n=06,7 or 8. Then, there is a GL*(V)-equivariant mapping
¢ AFVE = A"V,
L
vanishes on non-stable forms. Given a stable k-form p, the derivative of ¢ in p defines a
dual (n — k)-form p € A""kV* by the property

(3.1) dp,(a) =pAa  foralla € AFV*.

homogeneous of degree which assigns a volume form to a stable k-form and which

The dual form p is also stable and satisfies

(Stabar(p))o = (Stabgrw)(p))o-

A stable form, its volume form and its dual are related by the formula
. n
(3.2) pAp=9p).

ProOF. This result can be viewed as a consequence of the theory of prehomogeneous
vector spaces, [Ki|, as follows. Replacing V' and GL(V') by the complexifications V¢ and
GL(V¢), the situations we are considering correspond to examples 2.3, 2.5, 2.6 and 2.7 of
§2, [Ki]. In all cases, the complement of the open orbit under GL(V¢) is a hypersurface
in A*(V¢)* defined by a complex irreducible non-degenerate homogeneous polynomial f
which is invariant under GL(V¢) up to a non-trivial character x : GL(V¢) — C*.

Due to Proposition 4.1, [Ki], the polynomial f restricted to A*V* is real-valued and
the character x restricts to x : GL(V) — R*. Moreover, by Proposition 4.5, [Ki|, the
complement of the zero set of f in A¥V* has a finite number of connected components
which are open GL(V)-orbits. Since the only characters of GL(V') are the powers of the
determinant, there is an equivariant mapping from A¥V* to (A"V*)®* for some positive
integer s. Taking the s-th root, which depends on the choice of an orientation if s is
even, we obtain the GL*(V)-equivariant map ¢. By construction, a k-form p is stable if
and only if ¢(p) # 0. The equivariance under scalar matrices implies that the map ¢ is
homogeneous of degree 7.

The derivative

AVE = (V@ A"V S ARV pes dd e p
inherits the GL™(V)-equivariance from ¢ and is an immersion since f is non-degenerate,
compare Theorem 2.16, [Ki|. Therefore, it maps stable forms to stable forms such that

the connected components of the stabilisers are identical. Finally, formula (3.2) is just
Euler’s formula for the homogeneous mapping ¢. O
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In the following, we discuss the basic properties of the stable forms which are relevant
in this thesis.
k = 2,n = 2m. The orbit of a non-degenerate two-form is open since

dim GL(2m, R) — dim Sp(2m, R) = 4m? —m(2m + 1) = m(2m — 1) = dim A*V*
and there is only one open orbit in A2V*. Thus, a two-form w is stable if and only if it
is non-degenerate and its stabiliser is isomorphic to Sp(2m, R). The polynomial invariant
is the Pfaffian determinant. We normalise the associated equivariant volume form such
that is corresponds to the Liouville volume form
1 m

P(w) = e

Differentiation of the homogeneous polynomial map w — ¢(w) yields

W=

k= (n—2),n=2m,m even. Let ¢ € A" 2V* be stable. Since A" 2V* = A’V ®
A™V*, the power 0™ € (A"V*)®(m=1) is well-defined and the associated volume form can

be defined as )

p(o) = (EU )1
The normalisation is chosen such that ¢(o) =
Thus, the evaluation of (3.2) yields

¢(w) for the unique two-form w with o = w.

—_

o= w.

m—1
The stabiliser of o in GL(V) is again the real symplectic group and there is a unique open
orbit in A?72V*,
k= (n—2),n=2m,m odd. Let V be oriented. Similar to the previous case, we
define the volume form associated to a stable (n — 2)-form o by

choosing the positively oriented root. In fact, there are two open orbits in A"72V* =
A%V ® A"V*: The first one consists of the forms w™ !, where w is a stable two-form, the
second one of the forms —w™!. According to (3.2), it holds

1

m—1

(3.3) o= w

for the unique two-form w with @ = o and ¢(0) = ¢(w) if o belongs to the first orbit
and for the unique two-form w with @ = —o and ¢(0) = —¢(w) if o belongs to the
second orbit. The stabiliser of o in GL(V) is the group of symplectic and anti-symplectic
transformations.

k =3,n = 6. As we have already seen in section 1.2, the real part of an e-complex
volume form in dimension six is stable. It is shown in [Hi2] that the converse is also true.
For the convenience of the reader, we summarise the properties of stable three-forms in
dimension six repeating some notation introduced in section 1.2.
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Let V' be a six-dimensional oriented vector space. Recall that x denoted the canonical
isomorphism

k: ANV S VoAV ¢ X®v with Xav =¢,
and that we defined for a three-form p € A3V*

(3.4) K,(v) = k((vip)Ap) €V @AV
(3.5) Ap) = str K2 € (A°V*)®2,
(3.6) o(p) = Ap) €AV

where the positively oriented square root is chosen. If p satisfies moreover \(p) # 0, we
defined

(3.7) Jp= gk, €End(V).

PROPOSITION 3.5. A three-form p on an oriented sixz-dimensional vector space V is
stable if and only A(p) # 0. There are two open orbits.

One orbit consists of all three-forms p satisfying one of the following equivalent prop-
erties:

(a) The quartic invariant satisfies A(p) > 0.

(b) There are uniquely defined real decomposable three-forms o and [ such that p = a+ 3
and a \ 5 > 0.

(¢c) The stabiliser of p in GL™ (V) is SL(3,R) x SL(3,R).

(d) It holds A(p) # 0 and the endomorphism J, is a para-complex structure on V.

(e) There is a basis {ey,...,es} of V such that v = e'*3*%% > 0 and

(38) p= e123 + 6456.

In this basis, it holds N(p) = v®%, Je; = €; for i € {1,2,3} and Je; = —e; for
i€{4,5,6}.

(f) There is a unique para-complex decomposable three-form « such that p = Rea and
ii(aAa)>0.

(9) There is a basis {eq,...,es} of V such that v = 1?3156 > (0 and

p— el L M6 | (236 4 25
In this basis, it holds N(p) = 4v®?, J,e; = e;11 and Jye; 11 = e; fori € {1,3,5}.

The other orbit consists of all three-forms p satisfying one of the following equivalent
properties:

(a) The quartic invariant satisfies A(p) < 0.
ere is a uniquely defined complex decomposable three-form « such that p = Rea
(b) There i jquely defined plex d posable three-f h that p = R
and i(a@ A o) > 0.
(c) The stabiliser of p in GL* (V) is SL(3,C).
t holds A\(p and the endomorphism J, is a complex structure on V.
d) It holds X 0 and the end hism J, 1 ! Vv
(e) There is a basis {ey,...,es} of V such that v = €340 > (0 and

p=el3s _ M6 _ 236 _ 25

In this basis, it holds N(p) = —4v®?, J,e; = —e;11 and Jyei1 = e; fori € {1,3,5}.
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PROOF. All properties are proved in section 2 of [Hi2| except for the characterisation
(d), (f) and (g) of the first orbit. However, these are obvious considering the discussion
of e-complex structures and volume forms in section 1.2. [l

Using the unified language introduced in section 1.2, we can also describe both orbits
simultaneously. Indeed, given a generic stable three-form p. and an orientation, there is
an oriented basis {ej,..., e} of V such that

(39) pe = 6135 +€(6146 + e236 + 6245)

with A(p) = 4e(e!?3456)®2 The induced e-complex structure J, is given by J,e; = ce;41,
Jyeiy1 = e; for i € {1,3,5} and it holds

(3.10) Jr pe =0 +e(e® + €' 4 €!%).
Moreover, we like to emphasise the following properties of a stable three-form.

LEMMA 3.6. Let p be a stable three-form on a siz-dimensional oriented vector space.

(i) The dual stable form is given by
(3.11) p=Jip.

(it) For both orbits, the e-complex three-form ¥, = p+i.p is a non-degenerate (3, 0)-form
with respect to the induced e-complex structure J,.

PrROOF. (i) We already observed that the connected components of the stabilisers of
p and p have to be identical. Therefore, since the space of real three-forms invariant
under SL(3, C) respectively SL(3, R) x SL(3, R) is two-dimensional, we can make the
ansatz

p=cp+cad,p
with real constants ¢; and ¢y. Computing

§¢(p)

(3.9),(3.10)

(32) \
= pAp=calipAp =" 2¢09(p),

we find ¢y = 1.

In order to determine ¢;, we compute X(p + t.J}p) = 4e(—¢ + t7) (e'*34°0)¥2 for
the normal form (3.9). Thus, the derivative of A in p in direction of J;p vanishes.
However, by definition of ¢ and since

dod(Jyp) = p N Typ=cip A Jyp=—2c16(p),
the constant ¢; has to be zero.
(ii) The second part is now a special case of Proposition 1.5.

O

It is a remarkable consequence of the lemma just proven that we can apply all identities
for e-complex volume forms to p + i.p, see section 1.2. For instance, the lemma yields a
convenient way to compute the dual of p without determining .J,.

COROLLARY 3.7. (1) If X(p) > 0 and p = o + [ in terms of decomposables ordered
such that a A > 0, the dual three-form is p = a — 3.
(i1) If p is given as the real part of an e-complex decomposable three-form o such that
i.(a A a) >0, the dual three-form p is the imaginary part of «.
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PROOF. The first assertion is obvious when evaluating (3.11) in a basis such that
p = e +e%0 since Je; = ¢; for i € {1,2,3} and J,e; = —e; for i € {4,5,6} in this basis.
The second part follows from Lemma 3.6 and (1.12). O

In fact, the corollary explicitly shows the equivalence of the two different definitions
of p — p given in [Hil] and [Hi2].

Finally, we note that for a fixed orientation, it holds
(3.12) p=—p and J,=—cJ,

k = 3,n = 7. Given any three-form ¢, we define a symmetric bilinear form with values

in A“V* by

(3.13) b, (0, w) = %(m o) A (wap) A g,

Since the determinant of a scalar-valued bilinear form is an element of (A7V*)¥2 we have
det b € (ATV*)®. If and only if ¢ is stable, the seven-form

é(y) = (det b,)s

defines a volume form, independent of an orientation on V', and the scalar-valued sym-
metric bilinear form

1
P
Toele)”
is non-degenerate. Notice that ¢(¢) = y/det g, is the metric volume form.
It is known ([Brl], [Har|) that a stable three-form defines a multiplication “” and a

vector cross product “x” on V by the formula

(3.14) o(z,y,2) = go(z,y - 2) = gyo(x,y X 2),

such that (V) x) is isomorphic either to the imaginary octonions Im @ or to the imaginary
split-octonions Im @. Thus, there are exactly two open orbits of stable three-forms having
isotropy groups

Go C SO(7), if g, is positive definite,

3.15 Stab =
(3.15) aL(v) () {G; C S0O(3,4), if g, is of signature (3,4).

There is always a basis {e1, ..., e} of V such that
7
(3.16) o = Tel? 4 Z et (1) (i43)
i=2

with 7 € {£1} and indices modulo 7. For 7 = 1, the induced metric g, is positive definite
and the basis is orthonormal such that this basis corresponds to the Cayley basis of Im Q.
For 7 = —1, the metric is of signature (3,4) and the basis is pseudo-orthonormal with e,
eo and ey being the three spacelike basis vectors.

The only four-forms having the same stabiliser as ¢ are the multiples of the Hodge
dual *,4, ¢, [Brl, Propositions 2.1, 2.2]. Since the normal form satisfies g, (¢, ) = 7, we
have by definition of the Hodge dual ¢ A x4 ¢ = 7 ¢(p) and therefore

1

(317) @ = g *ggo SO,
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by comparing with (3.2).

LEMMA 3.8. Let ¢ be a stable three-form in a seven-dimensional vector space V. Let
B be a one-form or a two-form. Then BN @ =0 if and only if B = 0.

PROOF. For the compact case, see also [Bol]. If 5 is a one-form, the proof is very
easy. If 3 is a two-form, we choose a basis such that ¢ is in the normal form (3.16) and
B =23;bi;je? and compute

5 Np = (5273 _ b1,6) e12356 + (6273 _ b477) 623457 + (bl,ﬁ + b477) 614567

(b7 + bra) €257 4 (byg — bs.p) €357+ (bry — by gr) €123
— (bsgT + boy) €T 4 (bs 67 + bag) €240 + (by 7 + bsg) !7
+ (bas — bag) €0 + (byg — br7) €217 — (bys + by 7) !27
+ (bags + bag) €7 — (b3 + bag) €27 + (b5 + by 3) €7
+ (b + ber) €7 + (brg — bys7) € + (b 77 — byg) €1

+ (bsa+bis) e + (byr — bis) €27 4 (bgg — ba7) €27

The five-form is written as a linear combination of linearly independent forms and each
line contains exactly three different coefficients of 3. Inspecting the coefficient equations
line by line, it is easy to see that all coefficients of S vanish if and only if 3A @ =0. U

k = 3,n = 8. The stabiliser of a stable three-form in dimension eight is a real form
of PSL(3,C). However, as these groups are not considered in this thesis, we omit the
discussion and refer to [KiSal, [Hil] and [Wi] for more information.

4. Relation between stable forms in dimensions six and seven

There is a natural relation between stable forms in dimension six, stable forms in
dimension seven and certain non-stable four-forms in dimensions eight which is explained
in this section. This relation is in fact the algebraic construction underlying the Hitchin
flow which is discussed in chapter 6.

4.1. Real forms of SL(3,C). Any real form of SL(3,C) can be written as a simul-
taneous stabiliser of a stable two-form and a stable three-form as follows.
Let V' be a six-dimensional real vector space.

DEFINITION 4.1. A pair (w,p) € A*V* x A3V* of a stable two-form and a stable
three-form is called compatible if
wAp=20

and normalised if

2
6lp) =20(w) < Jphp=zuw’

By Proposition 1.13, a compatible pair (w, p) of stable forms induces a unique special
e-Hermitian structure (g(.,p), Jp,w, p + i.J, p) where the induced e-complex structure J,
is given by (3.7), and the induced metric by

(4.1) J(w,p) = gw(. , Jp )
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Thus, the stabiliser in GL(V') of a compatible pair is
SU(p,q) € SO(2p,2q), p+q=3, if A(p) <0,
SL(3,R) € SO(3,3), if A(p) >0,
where SL(3,R) is embedded in SO(3, 3) such that it acts by the standard representation
and its dual, respectively, on the maximally isotropic +1-eigenspaces of the para-complex

structure J, induced by p.
A special e-Hermitian structure induced by a compatible and normalised pair is indeed

Stabarv)(p,w) = {

normalised due to Lemma 1.15. In the case ¢ = —1, the metric g, , induced by a
normalised, compatible pair is either positive definite or of signature (2,4) due to the sign
(—1)? appearing in (1.37). This is no restriction of generality since any SU(p, ¢)-structure,
p+ q = 3, can be turned into a SU(3)- or SU(1,2)-structure by replacing g by —g or,
equivalently, w by —w.

Following the conventions introduced in section 1.4, an adapted e-unitary basis for a

compatible and normalised pair (w, p) is a pseudo-orthonormal basis {ej, ... ,eg} of V
with dual basis {e!, ..., €%} such that p = p. is in the normal form (3.9) and
(4.2) w = 7(?+e*) + e

for (e,7) € {(—1,1),(—1,-1),(1,1)}. The signature of the induced metric with respect
to this basis is
(+,+,+,+,+,+) fore=—-1landT=1,
(4.3) (r,—er,7,—e7,1,—¢)=( (-, —,—,—,+,4) fore=—-land 7= -1,
(+,—+,—,+,—) fore=1land7=1,
and we have
SU(3) € SO(6) fore=—1and 7 =1,
Stabarsr)(w, p) = { SU(1,2) € SO(2,4) fore=—1and 7= —1,
SL(3,R) € SO(3,3) fore=1.

For instance, the following observation is easily verified using the unified basis.

LEMMA 4.2. Let (w, p) be a compatible and normalised pair of stable forms on a siz-
dimensional vector space. Then, the volume form ¢(w) is in fact a metric volume form
with respect to the induced metric g = g, ) and the corresponding Hodge dual of w and p
18

(4.4) kg = —EW, kg = —p

4.2. Relation between real forms of SL(3,C) and GS. The relation between
stable forms in dimension six and seven corresponding to the embedding SU(3) C Gg is
well-known. We extend this relation by including also the embeddings SU(1,2) C G} and
SL(3,R) C G} as follows.

PROPOSITION 4.3. Let V. =W @ L be a seven-dimensional vector space decomposed
as a direct sum of a siz-dimensional subspace W and a line L. Let o be a non-trivial one-
form in the annihilator W° of W and (w, p) € A2L° x A3L° a compatible and normalised
pair of stable forms inducing the scalar product h = hy,,) giwven in (4.1). Then, the
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three-form ¢ € A3V* defined by

(4.5) p=wAha+p

18 stable and induces the scalar product

(4.6) go=h—ca-a

where e denotes the sign of M(p) such that J2 = eid. The stabiliser of ¢ in GL(V) is

Stabarv)(p) = G%  otherwise
: .

{G2 for e = —1 and positive definite h,

PROOF. We choose a basis {e, ..., eg} of L° such that w and p are in the generic
normal forms (3.9) and (4.2). With e’ = a, we have

(4.7) o = (12T 4 MY 4 T 4 135 (M6 g 236 4 2145)
The induced bilinear form (3.13) turns out to be
b,(v,w) = (—emv'w' + T0*w* — eTv*w?® + Tvtw! — eV’ w® + V0w’ + V7w ")

for v =Y v'e; and w = Y w'e;. Hence, the three-form ¢ is stable for all signs of € and 7
and its associated volume form is

P(p) = (det b¢)$ _ g 1234567

The formula (4.6) for the metric g, induced by ¢ follows, since the basis {e;, ..., ez} of
V' is pseudo-orthonormal with respect to this metric of signature

(+a+7+7+7+a+,+) fore=—1and 7 = 1,

(4.8]7, —eT, 7, —eT,1,—¢,—€) = (—,—, —, —, +,+,4) fore=—1and 7= —1,
<+7_7+7_7+7_,_) fOré?:landel.

The assertion on the stabilisers now follows from (3.15). O

LEMMA 4.4. Under the assumptions of the previous proposition, the dual four-form of
the stable three-form ¢ is

(4.9) 3p=sx,p=—c(aNp+w)=ca*xp+ 5w,
where *, denotes the Hodge dual with respect to the metric g, and the orientation induced
by ¢(¢).
PROOF. In the basis of the previous proof, the Hodge dual of ¢ is
ko = —eT(€M56 4 126) _ gol234 | g Q267 | (25T | (45T | (1367,

The second equality follows when comparing this expression with (e’ A p + sw?) in this
basis using (3.10) and (4.2). The first and the third equality are just the formulas (3.17)
and (4.4), respectively. O

The inverse process is given by the following construction.

PROPOSITION 4.5. Let V' be a seven-dimensional real vector space and ¢ € A3V* a
stable three-form which induces the metric g, on V. Moreover, let n € V be a unit vector
with gy(n,n) = —e € {£1} and let W = nt denote the orthogonal complement of R-n.



4. RELATION BETWEEN STABLE FORMS IN DIMENSIONS SIX AND SEVEN 35
Then, the pair (w, p) € A2°W* x A3W* defined by
(4.10) w=(ntQw, pP=ow,

is a pair of compatible normalised stable forms. The metric h = hy, ) induced by this pair
on W satisfies h = (g,);w and the stabiliser is

SU(3), if g, is positive definite,
Stabgrw)(w, p) = { SU(L,2), if g, is indefinite and € = —1,
SL(3,R), ife=1.

When (V, ) is identified with the imaginary octonions, respectively, the imaginary split-
octonions, by (3.14), the e-complex structure induced by p is given by

(4.11) Jv=—-n-v=-nxv forveV.

PROOF. Due to the stability of ¢, we can always choose a basis {eq,...,e7} of V with
n = e7 such that ¢ is given by (4.7) where ¢ = —g,(n,n) and 7 € {£1} depends on the
signature of g,. As this basis is pseudo-orthonormal with signature given by (4.8), the
vector n has indeed the right scalar square and {ey, ..., eg} is a pseudo-orthonormal basis
of the complement W = nt. Since the pair (w, p) defined by (4.10) is now exactly in
the generic normal form given by (3.9) and (4.2), it is stable, compatible and normalised
and the induced endomorphism J, is an e-complex structure. The identity h = (g, )w
for the induced metric h, ) follows from comparing the signatures (4.8) and (4.3) and
the assertion for the stabilisers is an immediate consequence. Finally, the formula for the
induced e-complex structure J, is another consequence of g = (g,);w since we have

(3.14)
go(z,n xy) =" p(x,n,y) =—-w(x,y) = —h(z, J,y)

for all z,y € W. O

Notice that, for a fixed metric h of signature (2,4) or (3, 3), the compatible and nor-
malised pairs (w, p) of stable forms inducing this metric are parametrised by the homoge-
neous spaces SO(2,4)/SU(1,2) and SO(3,3)/SL(3,R), respectively. Thus, the mapping
(w, p) — ¢ defined by formula (4.5) yields isomorphisms

50(2,4) _ SO(3,4) S0(3,3) _ SO(3,4)

SU(1,2) Gy SL(3,R) G5

since the metric h completely determines the metric g, by the formula (4.6).

4.3. Relation between real forms of G§ and Spin(7,C). It is possible to extend
this construction to dimension eight as follows. Starting with a stable three-form ¢ on a
seven-dimensional space V', we can consider the four-form

(4.12) D =€ A+ 0.

on the eight-dimensional space V & Reg. Although the four-form @ is not stable, it is
shown in [Brl] that it induces the metric

(4.13) go = go + ()



36 1. ALGEBRAIC PRELIMINARIES

on V @ Reg and that its stabiliser is
Spin(7) € SO(8), if g, is positive definite,

Stab e ) =
GL(VaR 8)( ) {Spin0(3, 4) C SO(4, 4)’ if gy is indefinite.

The index “0” denotes, as usual, the connected component. Starting conversely with a
four-form ® on V' @ Reg such that its stabiliser in GL(V @ Reg) is isomorphic to Spin(7)
or Spiny(3,4), the process can be reversed by setting ¢ = eg 1®. As before, the metric
induced by ® on V @ Reg is determined by the metric g, induced by ¢ on V. Thus, the
indefinite analogue of the well-known isomorphisms

SO(6) ., SO(7) . SO(8)

RP7 = =
SU(3) Go Spin(7)

is given by
SO(2,4) _, SO(3,3) _ SO(3,4) ., SO(4,4)
SU(1,2)  SL(3,R)  Gi  Spiny(3,4)

(4.14)



CHAPTER 2

Geometric structures defined by linear Lie groups

In this chapter, we review a number of general results on G-structures and holonomy
groups and explain how to classify G-structures for a given group G in terms of the
intrinsic torsion. Standard references for this material are for instance [Sal] and [Joy2]
or [Joy3|.

1. G-structures and holonomy

If not otherwise stated, the manifolds, bundles and mappings in consideration will
always assumed to be smooth.

Let M be a real n-dimensional manifold and V' a real n-dimensional “model” vector
space. The fibre of the frame bundle GL(M) over a point p € M consists of the isomor-
phisms u : T,M — V and GL(M) is a principal bundle with fibre GL(V') where the free
right action of GL(V) is given by Ry(u) = g~' o for all g € GL(V). A section from
an open set U C M into GL(M) is a frame which is equivalently given by an n-tuple
(Xi)1<i<n consisting of local vector fields X; € I'(U,TM) such that {(X;),} is a basis
of T,M for all p € U. In particular, a coordinate frame is a local frame {£i} defined
by a coordinate chart z = (x!,...,2") on an open set. Given a frame (X;), there are

coordinates (z) such that X; = ;% for all ¢ if and only the frame (X;) is integrable, i.e.
(X, X;] =0 for all 4, j.

In general, the reduction of a principal bundle P — M with fibre G to a subgroup
H C G is a submanifold () C P which is invariant under the right action of H such that
(Q — M is a principal bundle with fibre H. The reductions of a principal bundle P — M
with fibre G to a closed subgroup H C G are parametrised by the global sections of the
quotient bundle P/H — M with typical fibre G/H, [KN, Prop. 1.5.6]. We note that
P — P/H is a principal bundle with fibre H and that P/H — M can be identified with
the bundle associated to P and the left action of G on G/H.

DEFINITION 1.1. A G-structure on a manifold M is a reduction of the frame bundle
GL(M) to a linear Lie group G C GL(V).

The existence of a G-structure on a manifold M for a given G C GL(V) is a purely
topological question. For instance, reductions always exist if G/H is diffeomorphic with
some RY, [KN, Prop. .5.7]. Thus, a reduction to a maximal compact subgroup is always
possible due to the existence of an Iwasawa decomposition for GL(V).

Many interesting G-structures arise from closed groups G C GL(V') which can be writ-
ten as the stabiliser in GL(V') of one or several tensors on V. We will use the abbreviation
Vs for the GL(V)-module V®" @ (V*)®* and similarly, we set TM"* = TM®" @ (T M*)®*.

PROPOSITION 1.2. Let P be a G-structure on a manifold M and let H be a subgroup
of G which can be written as the stabiliser in G of a tensor & € V™°.
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Then, the tensor & defines a one-to-one-correspondence between the reductions @ of
the G-structure P to the group H and global tensor fields & € T'(T M™*) with the property
that there exists for all p € M a neighbourhood U of p and a local section s € T'(U, P)
such that s4(&,) = &o for allq € U.

We will say that the tensor fields & with this property are modelled by the tensor &,
and that &y is a model tensor for &.

PrROOF. We explain the main idea of the proof. Let the projection P — M be denoted
by 7. Given a global tensor field ¢ with the property described in the lemma, we can
define a non-empty subset @) of P fibrewise by setting Q, := {u € 7 *(p) | u(&,) = &}-
Since H = Stabg (&), each fibre @), is invariant under the action of H and (@ is a reduction
of P to the group H.

Conversely, given a reduction () of the G-structure P to the group H, we choose a
covering {U, }aecr of M and sections s, € I'(U,, Q) for all @ € I. Now, we can define local
tensor fields &, by setting (£a)p = (5a), ' (£0). Using the assumption H = Stabg(&p), we
can glue the local tensor fields to a well-defined global tensor field which has the desired
property by construction. 0

If there is a model tensor { fixed such that H = Stabgr,yv,) (&), we will identify an H-
structure with the corresponding defining tensor field £&. We shall say that a G-structure P
is defined by tensor fields &;, i = 1,...,r, if P is obtained by repeatedly reducing GL(M)
with the help of the &;.

EXAMPLE 1.3. For instance, the proposition can be used to identify O(p, ¢)-structures
and pseudo-Riemannian metrics g on a manifold M. For the standard inner product of
RP? as model tensor, the O(p, ¢)-structure corresponding to a metric g is the bundle of
g-orthonormal frames which shall be denoted by O(M).

An example of a G-structure which cannot be defined by a tensor is a GL*(V)-
structure which is equivalent to defining an orientation.

A linear connection V on M is called compatible with a given G-structure P — M,
or a G-connection, if the associated connection on GL(M) reduces to a connection on P.
This is by definition the case if the horizontal distribution defined by V is contained in
TP or equivalently, if the connection one-form has values in g. Using a partition of unity
of M, a G-connection can always be constructed.

If the group G can be written as a stabiliser in GL(V') of some tensors on V', a G-
connection can also be characterised as follows.

LEMMA 1.4. A connection V is compatible with a G-structure defined by tensor fields
& withe=1,...,r if and only if all defining tensor fields & are constant for V, i.e. satisfy
V¢ = 0.

PROOF. See [Sal|, Lemma 1.3 of chapter 1. O

For instance, an O(p, ¢)-connection of the O(p, ¢)-structure O(M ) defined by a pseudo-
Riemannian metric is nothing else than a metric connection.

The holonomy group Hol,(V) of a linear connection V in a point p € M is defined
as the group of parallel translations along all piecewise smooth loops based at p. It is
well-known that Hol,(V) is a Lie subgroup of GL(7},M) and that its connected component
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is generated by all contractible loops at p. When identifying 7,,M with a model vector
space V', we can regard Hol,(V) as a subgroup of GL(V'). As the holonomy groups in two
different points are always conjugated, the holonomy group Hol(V) without reference to
a base point is well-defined as a subgroup of GL(V') up to conjugation.

By the following proposition, often called “holonomy principle”, the holonomy rep-
resentation can be used to determine the tensor fields which are parallel for a given
connection.

PROPOSITION 1.5. Given a linear connection V on a manifold M and a point p € M,
there is a one-to-one correspondence between
(i) tensor fields & € (T M™®) which are parallel for V, i.e. which are invariant under
parallel transport,
(i1) tensor fields & € T'(TM™*) which are constant for V and
(1i1) Hol,(V)-invariant tensors & € (T,M)"*.

PROOF. See for instance [Joy3, Proposition 2.5.2]. O

COROLLARY 1.6. Let V be a linear connection on a manifold M and p € M. Then,
the holonomy group Hol,(V) is a subgroup of the group

G ={h e GL(T,M) | h(&,) = &, for all tensors fields & with V& = 0}.

We add the remark that the holonomy group Hol,(V) equals the group G defined in
the corollary whenever Hol(V) can be written as the stabiliser in GL(V') of some tensors
on V.

Let us also recall the definition of the holonomy group of a connection V on a principal
bundle P — M with fibre G. For f € P, this group is defined as

Holf(P,V) = {h € G| There is a piecewise smooth horizontal curve in P
joining f and h - f.}

Again, the holonomy group Hol(P, V) without reference to a base point can be regarded
as a subgroup of G which is well-defined up to conjugation. Given a linear connection V
on a manifold M, it is well-known that the holonomy group Hol(GL(M), V) C GL(V) of
the associated connection on the frame bundle GL(M) equals the holonomy group Hol(V)
regarded as subgroup of GL(V') up to conjugation.

The following proposition can be viewed as a special case of the well-known reduction
theorem of holonomy theory.

PROPOSITION 1.7. Let V be a linear connection on a manifold M and let f € GL(M).
There ezists a G-structure P — M for a given G C GL(V') which is compatible with V
and contains f if and only if Holy(GL(M),V) C G C GL(V). If such a G-structure
exists, then it is unique.

PROOF. See for instance [Joy3, Proposition 2.6.3]. O

2. Intrinsic torsion

Let the torsion tensor TV of a linear connection V be the tensor in T'(A*(T'M)*@TM)
defined by

(2.1) TV(XANY)=VxY - VyX — [X,Y]
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and let the curvature tensor RV be the tensor in T'(A*(T'M)* @ T*M @ T M) defined by
(2.2) RY(X AY)Z = [Vx,Vy]Z — VixyZ.

Given a G-structure P, the adjoint bundle g(P) is the vector bundle P X g associated
to P and the adjoint representation of G C GL(V) on g C gl(V) = V* ® V. With this
notation, the curvature tensor of a G-connection is in fact a section of A*(T'M)* @ g(P).

Given two G-connections V, V', the difference tensor V—V’ is a section of T* M ®@g(P).
The difference of the torsion tensors satisfies

(2.3) TV —TV = (V- V)xY — (V- V)yX,
and is thus also a section of T*M @ g(P) C T*M®?®@T M. Let the bundle homomorphism
(2.4) o : T"M ®g(P) = A*(TM)*®@TM

be defined by skew-symmetrisation of the first two components.

DEFINITION 2.1. The intrinsic torsion or structure function 7(P) of a G-structure P
is defined by choosing an arbitrary G-connection V and setting

AA(TM)* @ M,

im(o)
where the brackets denote the canonical fibrewise projection.

7(P) = [TV] € I(

As TV —TV" € im(0), this definition does not depend on the choice of the G-connection
V. Obviously, the intrinsic torsion of a G-structure vanishes if and only if there ex-
ists a torsionfree G-connection. If this is the case, the torsionfree (G-connections are
parametrised by the kernel of the mapping o.

DEFINITION 2.2.

(i) A G-structure P is called flat or integrable if there is around every point a local
coordinate frame with values in P.
(ii) A G-structure P is called torsionfree if its intrinsic torsion 7(P) vanishes.
(iii) A local section s € I'(U, P) in a G-structure P is called k-flat in a point p € U if
and only if its k-jet in p coincides with the k-jet in p of a coordinate frame.
(iv) A G-structure P is called k-flat if it admits for every point p a local section defined
on a neighbourhood of p which is k-flat in p.

In fact, it is well-known, see for instance [Brl1], that a G-structure is 1-flat if and only
if it is torsionfree and that a flat G-structure is k-flat for all .

EXAMPLE 2.3 (O(p, q)-structures). We return to the example of pseudo-Riemannian
metrics, i.e. O(p, q)-structures. The existence of the unique torsionfree metric Levi-Civita
connection VY for a metric g implies that every O(p, ¢)-structure is torsionfree and thus
1-flat.  Moreover, it is well-known that an O(p, ¢)-structure is flat if and only if the
Riemannian curvature RV’ vanishes, i.e. if and only if it is 2-flat.

EXAMPLE 2.4 (Sp(m,R)-structures). A Sp(m, R)-structure on a real manifold M of
dimension 2m is defined by a global non-degenerate two-form w and is also called an
almost symplectic structure. A torsionfree Sp(m, R)-structure is a symplectic structure,
i.e. the defining two-form w is closed. By the theorem of Darboux, a torsionfree Sp(m, R)-
structure is therefore always integrable.
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In table 1, we list all G-structures appearing in this thesis. In particular, we give an
equivalent characterisation for the vanishing of the intrinsic torsion, if possible in form of
an exterior system. For a discussion of these characterisations, we refer to the chapter 3
except for the groups G2 and Spin(7) which are discussed in section 3.1 of this chapter
and section 3 of chapter 6.

Group G | dim M | equivalent structure | defining tensors condition for 7 =0
GL*"(R) n orientation - always torsionfree
SL(n,R) n volume form veQ"M,v#£0 always torsionfree

) ) non-degenerate
pseudo-Riemannian & ’

O(p,q) p+q : symmetric always torsionfree
metric g F(TMOVQ)
Imost symplectic we NPM dvw=0< Misa
2 a y p )
Sp(m, R) o structure w™ #0 symplectic manifold
Imost complex J e T(EndTM) N/ =0& Misa
2 a )
GL(m, C) o structure J? = —Id complex manifold
complex volume non-degenerate,
SL(m,C) | 2m P P decomposable dp. =0, dyp_ =0
Vy+iY_ € Qg‘M
J o .
GL(m, R)x 9 almost para-complex Je FgEnd M), N =0« Misa
GL(m,R) o structure J° =14, para-complex
' dim Eig;(1) =m manifold
non-degenerate,
ST am | PP decomposable | du =0, di- =0
’ ity € QM
Imost pseudo- dw=0, N =0«
2p+2 2 ’
Up.q) p+2q Hermitian structure (9,7, w) pseudo-Kahler
J
1| 9 almost para- dv=0,N'=0<%
GL(m. R) m Hermitian structure (9,7, w) para-Kahler
special almost dw =0, dy, =0,
SU(p,q) | 2p+2q | pseudo- Hermitian (9, J,w, ¥, 0_) | dip— =0 < Ricci-flat
structure pseudo-Kahler

dw:O, dq/)_l'_ :0,

1 9 special almost para- _ .
SL(m, R) m Hermitian structure (9, Jyw, by ¥-) | dyp- pa?aj{éiflr{:l(;? flat

G or G 7 - stable 3-form ¢ de=0,d*,0=0
Spin(7) or B
Spin, (3, 4) 8 - 4-form P d® =0

TABLE 1. G-structures appearing in this thesis and conditions for 1-flatness

lacting on R?™ = R™ @ (R™)*
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3. G-structures on pseudo-Riemannian manifolds

In the following, let (M, g) always be a pseudo-Riemannian manifold of signature (p, q)
and let O(M) be the principal bundle with fibre O(p, q) consisting of the g-orthonormal
frames. Reductions of O(M) enjoy a number of special properties which shall be discussed
in this section.

The following lemma is a direct consequence of Proposition 1.7, Lemma 1.4 and the
fact that the Levi-Civita connection of g, denoted by VY. is the unique torsionfree and
metric connection on (M, g).

LEMMA 3.1.

(i) The holonomy group Hol(g) = Hol(VY) of the metric is a subgroup of O(p, q) defined
up to conjugation.
(i1) The holonomy group Hol(g) is contained in a subgroup G of O(p,q) if and only if
there exists a torsionfree reduction of O(M) to the group G.
(111) Let G be the stabiliser in O(p,q) of a model tensor &. Then, a reduction of O(M)
to the group G is torsionfree if and only if the corresponding defining tensor field &
modelled by &y is constant for the Levi-Civita connection V9.

REMARK 3.2. Since the defining tensor field of a torsionfree G-structure P with G C
O(p, q) is thus parallel for V9, such a G-structure is also called a parallel G-structure.
Sometimes, also the notion of an integrable G-structure seems to be used synonymous
with a torsionfree G-structure. However, our convention that an integrable G-structure is
the same as a flat G-structure is well-established in the classical literature, see for instance
[Sal] and references therein.

Given a subgroup G of O(p,q), the Lie algebra of O(p,q) can be decomposed with
respect to the Killing form into so(p, q) = g ® g-. When P is a reduction of O(M) to G,
there is a corresponding splitting of the adjoint bundle so(O(M)) = g(P) & g*(P).

LEMMA 3.3. For a reduction P of O(M) to a subgroup G of O(p,q), there are bundle
1somorphisms
AN(TM)*@TM | T*M ® so(O(M))
o(T*M @ g(P))  T*M @ g(P)
In particular, the intrinsic torsion 7(P) of the G-structure P can be viewed as a section
of T*M ® g*(P).

~ T*M @ g*=(P).

ProOOF. The isomorphism TM = T*M defined by the metric g induces an isomor-
phism
50(O(M)) = A*(TM)*
such that also the mapping
o T*M ®s50(O(M)) = A*(TM)*®@TM,

defined in (2.4) is an isomorphism of vector bundles. Now, the first isomorphism of the
lemma is given by the map induced by o~! on the quotients. The second isomorphism is
obvious in each fibre. O
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COROLLARY 3.4. Under the assumptions of the previous lemma, there is a unique
G-connection ¥V on the G-structure P such that the difference tensor

V-V eT(T*M ®50(O(M)))
equals the intrinsic torsion 7(P) € T(T*M @ g*(P)).

DEFINITION 3.5. The unique G-connection V defined in the previous proposition is
called the minimal G-connection of the G-structure P.

If the G-structure P is furthermore defined by a tensor, we have another identification.

PROPOSITION 3.6. Let P be a reduction of O(M) to a subgroup G = Stabg, oo
where & € V™ is a model tensor and let §& € T(TM™) be the corresponding tensor
field defined by P according to Proposition 1.2. Then, there is an injective vector bundle
homomorphism

n:T*"M®g-(P) = T'M®TM"™
mapping the intrinsic torsion 7(P) to VIE.

PROOF. Let & € V"* be a model tensor for £ such that G = Stabgg(y 0. We define
the mapping
i s0(p,q) — V™, 7(A) = A&
where the dot denotes the induced action of so(p, g) on V™. The kernel of 7 is exactly g.
Moreover, let V be the minimal G-connection of P. Then, the intrinsic torsion satisfies

7x§ = (V= V9)x§ = —V§¢

by Corollary 3.4. The existence of the homomorphism 7 follows now immediately by
extending the injective homomorphism 7|, to the corresponding bundles. 0

A standard way to classify G-structures on pseudo-Riemannian manifolds is to decom-
pose the G-module V* ® g+ into irreducible components and define subclasses according
to the vanishing of the components of the intrinsic torsion. If it is possible to define the
G-structure by a tensor field £ € T'(T'M™*®), it is equivalent, in view of the previous propo-
sition, to decompose the subspace of V"* with the same symmetries as V& and define
the classes according to the vanishing of the components of V. In order to complete the
classification, an example has to be constructed or the non-existence of examples has to
be proven for each class.

3.1. Classification of Gs-structures. We illustrate this method of classification
by reviewing the story of Gs-structures. By the considerations in chapter 1, section 3, a
Go-structure is defined by a global three-form ¢ which is everywhere stable and induces
a Riemannian metric.

The decomposition of the subspace X of V* ® A3V* with the same symmetries as V¢
into irreducible components

(31) X:Xl@XQ@Xg@)Cl

was first established in [FG]. Equivalent characterisations of the 16 resulting classes of
G>-manifolds, only in terms of dy and d , ¢, are given in [MC1]. The construction of
examples was established by different authors, the final step, containing references to the
previous work, is [MMS].
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After all, the most important class remains the class of parallel Gs-structures or,
equivalently, Riemannian manifolds with holonomy contained in G5. As it is well-known,
the existence of Riemannian manifolds with holonomy equal to G5 was an open question
for more than 30 years after G appeared in Berger’s list of possible Riemannian holonomy
groups in 1955. The affirmative answer to this question was given first in [Br1], the first
complete example is constructed in [BrSa] and the first compact example in [Joy1].

The non-compact form G is characterised by a stable three-form ¢ lying in the second
open orbit of GL(7,R), see section 3 in chapter 1. Since the decomposition (3.1) is defined

in terms of the invariant metric g, and the cross product x,, which also exist for G3,

©s
it can be defined literally for the corresponding G5-module. Note that GGo and G5 have
the same complexification. Thus, by the representation theory argument given in section
2, it is easy to deduce the irreducibility of the G5-module from that of the G5-module.
The same arguments applies to the characterisation in terms of dy and d *, ¢ given in
[MC1]. Of course, it remains to construct examples for all classes, if a classification is
desired. We remark that the characterisation of torsionfree Gé*)—structure by the property
dp = dx ¢ = 0 is already proved in [G1, Theorem 4.1] for both the compact and the
non-compact form.

Since G5- and G3-structures constitute only a minor aspect of this thesis, we do not go
into detail. The only classes we are interested in are the following which we define without
reviewing the definition of all classes &;. We will use the notation Gg*) as a shorthand for
“Gg or G37.

DEFINITION 3.7. Let M be a real seven-manifold with a Gg*)—structure ©.

(i) The Gg*)—structure ¢ is called nearly parallel if

dp = i, @
for a constant p € R*.
(i) The G{”-structure ¢ is called cocalibrated if
dx*,p=0.

Notice that a nearly parallel Gy-structure belongs to the class X7 and a cocalibrated
one to the class X} & Ajs.
In the following chapter, we discuss the decomposition of the intrinsic torsion for

G-structures with G = U(p, q) and G = SU(p, q).



CHAPTER 3

Special e-Hermitian geometry

1. Almost complex and almost para-complex geometry

We recall that an almost para-complex structure on a 2m-dimensional manifold M is
an endomorphism field squaring to the identity such that both eigendistributions (for the
eigenvalues £1) are m-dimensional. For an introduction to para-complex geometry we
refer to [AMT|, [CMMS] or [CFG].

Already in the algebraic part, we introduced a unified language describing almost
complex and para-complex geometry simultaneously. Of course, we will also use this
language for the corresponding structures on manifolds.

DEFINITION 1.1. An almost e-complex manifold is a manifold M of dimension n =
2m endowed with an almost e-complex structure which is defined as an almost complex
structure if ¢ = —1 and an almost para-complex structure if € = 1.

The vector space model for an almost e-complex structure has been discussed in section
1.1 of chapter 1. In particular, an almost e-complex structure is essentially the same
as a GL(m,C,)-structure. All notions and identities for the model structures extend

pointwise to the corresponding bundles. In analogy to the standard convention QFM =
[(AR(TM)*), we define

QS M = F(AT(TMLO)* ® AS(TMO,I)*)

as the space of e-complex (7, s)-forms on a manifold. Correspondingly, the symbols [Q"*]
and [Q""] denote the real forms of type (r,s) + (s,r) respectively real forms of type (r,r)
on a manifold. The projection of a (r + s)-form a onto Q"*M is denoted by a™*. In
particular, we can decompose the exterior differential d such that

d=d"?+d"0+d"" +d >
where d*Ya := (da)" %Y for a« € QM.

DEFINITION 1.2. The Nijenhuis tensor N = N7 of an almost e-complex structure .J
is defined as the skew-symmetric covariant tensor field satisfying

(1.1) NX,)Y) = —[X,)Y]-[JX,JY|+ J[JX, Y]+ J[X,JY]
for all X, Y € X(M).
For both values of ¢, the Nijenhuis tensor can also be written as
(L2)  NXY) = —(Vax )Y + (Vyd) X + J(VxJ)Y = J(VyJ) X

for any torsionfree connection V. Thus, a GL(m, C.)-structure is torsionfree if and only
if the Nijenhuis tensor vanishes. It is easy to see that the Nijenhuis tensor vanishes if and
only if d“~2 = 0 for both values of .
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By the well-known theorem of Newlander-Nirenberg, a torsionfree GL(m, C)-structure
is integrable, i.e. defines a holomorphic atlas on M. In the para-complex world, a tor-
sionfree GL(m, C')-structure is also integrable by the Frobenius theorem and defines a
para-holomorphic atlas. The notions of para-holomorphic atlas and para-complex man-
ifold are for instance explained in [CMMS]. In particular, we can identify e-complex
manifolds and (smooth, real) manifolds endowed with an integrable almost e-complex
structure.

As also explained in [CMMS], a para-complex k-form a on a para-complex manifold
(M, J) is para-holomorphic if and only da := d®'a = 0, completely analogous to the well-
known case of a holomorphic form on a complex manifold. Thus, we call an e-complex
k-form o on an e-complex manifold e-holomorphic if and only d®'a = 0.

Moreover, considering the discussion of the algebraic models in section 1.2 of chapter
1, it is obvious that an SL(m, C.)-structure is defined by a global e-complex m-form ¥
which is everywhere non-degenerate and decomposable. We call such an m-form ¥ an
e-complex volume form on the manifold M. By Proposition 1.4, an e-complex volume
form ¥ induces an e-complex structure Jy.

PROPOSITION 1.3. Let P be an SL(m, C.)-structure on a manifold M*™ defined by an
e-complex volume form W =, +i)_.

(i) The induced e-complex structure Jy is integrable if and only if (d¥)™ 1% = (.
(i1) Moreover, the following assertions are equivalent:

(a) P is integrable (i.e. flat).

(b) P is torsionfree.

(¢) dV = 0.

(d) dipy =0 and dyp_ = 0.

(e) Jy is integrable and V is e-holomorphic.

PrROOF. (i) As we already explained, the almost e-complex structure J is integrable
if and only if d=%? = 0 or, equivalently, (d£)®? = 0 for all (1,0)-forms £. However,
an e-complex one-form ¢ is of type (1,0) if and only if ¢ AW = 0. Thus, for all
(1,0)-forms &, the vanishing of d~12(£ A W) yields

(d€)°2 AW = € A (dW)™ 12

and the first assertion follows since wedging by ¥ is injective.

(ii) The implications (a) = (b) = (¢) < (d) are obvious. The equivalence of (c)
and (e) is a direct consequence of part (i) since ¥ = d*'V¥ = (d¥)™'. Now,
the implication (e) = (a) follows since, given an e-holomorphic (m, 0)-form on an e-
complex manifold, there are e-complex coordinates (a%) such that ¥ = dz1A. . .Adz,,.

O

REMARK 1.4. This proposition becomes particularly interesting in dimension 2m, m
odd, when all the data is already encoded in the real part 1), due to Proposition 1.5. We
will apply this proposition on the six-manifold S x S? in chapter 5.
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2. Almost pseudo-Hermitian and almost para-Hermitian geometry

Recall that an almost para-Hermaitian structure consists of a neutral metric and an
antiorthogonal almost para-complex structure.

DEFINITION 2.1. An almost e-Hermitian manifold is a manifold M of dimension n =
2m endowed with an almost e-Hermitian structure (g,.JJ) which consists of a pseudo-
Riemannian metric and an endomorphism field .J satisfying J? = ¢ld and J*g = —¢g.
The non-degenerate two-form w := g(., J.) is called the fundamental two-form.

Again, we refer to the corresponding model structure in section 1.3 and remark that
all considerations and identities extend pointwise to the structure on the manifold. In
particular, an almost e-Hermitian structure can be identified with a U®(p, ¢)-structure.

In the following, let V always denote the Levi-Civita connection of the metric g of an
almost e-Hermitian manifold (M, g, J,w). Differentiating the almost e-complex structure,
its square and the fundamental two-form yields for both values of £ the formulas

(VxJ)Y = Vx(JY)—-J(VxY),
(VxJ)JY = —J(VxJ)Y,
(2.1) GVXIYVZ = ~(Vxw)(Y,2),
for all vector fields X,Y, Z. Using these formulas, it is easy to show that for any almost
e-Hermitian manifold, the tensor A defined by
AX)Y,Z)=g(VxJ)YZ = —-(Vxw)(Y,Z)
has the symmetries
(2.2) AX,Y, Z) = —-AX,Z)Y),
(2.3) AX)Y,Z) = A(X,JY,JZ)
for all vector fields X,Y, Z.

When (V) g, J,w) is a model space for an almost e-Hermitian structure, let YW denote
the U?(p, g)-module of tensors with the same symmetries as A, i.e.

W={ec V@ NV* | XY, Z) =c£(X,JY,JZ)}

As explained in the previous chapter, the decomposition of this U®(p,¢)-module into
irreducible components leads to a classification of almost e-Hermitian manifolds.

For the compact form U(m), it is a classical result of Gray and Hervella [GH] that
W splits into four irreducible components denoted by

W=W & W, ®dWsD Wiy

A short proof for the irreducibility of the summands is also given in [FFS| where in fact
the isomorphic space V* ® u(m)* is decomposed. The special case m = 3 is discussed
explicitly in [AFS]. Since the definitions of the W; can be extended to the non-compact
forms U(p, q), the application of the arguments given in section 2 yields that the analogous
classes are irreducible as well. Instead of recalling the original definition of the classes
W;, we restrict ourselves to listing in each case an equivalent characterisation in table 1.

Although the classes W; are well-defined also in the para-complex case, i.e. for the
group GL(m,R), the spaces are not irreducible since already V' = V* @ V'~ decomposes
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as GL(m,R)-module. In fact, it is shown in [GaMa] that each of the spaces W; splits
into exactly two irreducible summands.

REMARK 2.2. A discussion of the Gray-Hervella classes in the general case of almost
e-Hermitian structures is also given in [Ki|. The decomposition is given very explicitly,
however, the irreducibility is not proven.

By the following useful formula, the classes W, are completely determined by the
Nijenhuis tensor and the exterior derivative of w.

LEMMA 2.3. On an almost e-Hermitian manifold, the identity
(2.4) 2(Vxw) (Y, Z) =dw(X,Y, Z) + edw(X, JY, JZ) + eg(N(Y, Z), JX)
holds for all vector fields X,Y, Z.

PROOF. For ¢ = —1, g Riemannian, the formula is classical, see [KN] or [Na3]| for

different direct proofs. Both computations hold literally for pseudo-Riemannian metrics
and with sign modifications for € = 1. For € = 1, an explicit proof of this identity is also

given [CMMS]. O

In particular, an almost e-Hermitian manifold is torsionfree if and only if it is e-Kahler,
i.e. if J is integrable and w is a symplectic form.

Class Characterisation Name
0 dw=0, N =0 pseudo-Kahler
Wi VJ skew nearly pseudo-Kahler
Wy dw =0 almost pseudo-Kéahler
Wi N7 =0, dw € [Q]
Wy N7 =0, dv=20 ANw |locally conformally pseudo-Kahler
W, & W; dw?t =0 quasi pseudo-Kahler
Wi b Ws N7 skew, dw A w™ 2 =0
Wi @ Wy N7 skew, dw = 20 A w loc. conf. nearly pseudo-Kéhler
Wo & W; dw € [Q']
Wo @ Wy dw =20 \w loc. conf. almost pseudo-Kéahler
Ws @ Wy N7 =0 pseudo-Hermitian
W1 & Wy & W dw Aw™ 2 =0 semi pseudo-Kihler
W1 @ Wa @ Wy dwg’l =0 loc. conf. quasi pseudo-Kéahler
WreWseWw, N7 skew G
Wy @& W5 & Wy dw?? =0 G
Wi & Wa & Ws & W, - generic

TABLE 1. Gray-Hervella classes extended to almost pseudo-Hermitian
structures, dim(M) = 2m, m > 3
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We discuss some properties of the following two interesting classes. Recall that a tensor
field B € T((TM*)®?>® TM) is called totally skew-symmetric if the tensor g(B(X,Y), Z)
is a three-form. Moreover, we use the term e-Hermitian connection on an almost e-
Hermitian manifold synonymous with U (p, ¢)-connection, i.e. a connection V with V.J =
Vg = 0.

DEFINITION 2.4. Let (M?™,g, J,w) be an almost e-Hermitian manifold.

(i) The manifold M is called a nearly e-Kdhler manifold if its Levi-Civita connection
V satisfies the nearly e-Kahler condition

(VxJ)X =0, VX €T(TM).

A nearly e-Kéhler manifold is called strict if VxJ # 0 for all non-trivial vector fields
X.

(ii) The manifold M is defined to be of type G; if it admits an e-Hermitian connection
with skew-symmetric torsion.

As these structures are mainly studied for ¢ = —1 and g Riemannian, we explicitly
prove for both cases a basic characterisation, which is well-known in the Riemannian
context, in the more general setting of almost e-Hermitian structures.

PROPOSITION 2.5. An almost e-Hermitian manifold (M>™, g, J,w) satisfies the nearly
e-Kdhler condition if and only if dw is of real type (3,0) + (0,3) and the Nijenhuis tensor
15 totally skew-symmetric.

ProOOF. First of all, the nearly e-Kahler condition is satisfied if and only if the tensor
A = —Vw is a three-form because of the antisymmetry (2.2).

Assume now that (g, J,w) is a nearly e-Ké&hler structure. A particular case of the
identity (1.2), ch. 1, is the characterisation
(2.5) [Q%°] ={a € P*M | a(X,Y, Z) = ca(X, Y, JZ)}
of real forms of type (3,0) 4+ (0,3). Thus, the real three-form A is of type (3,0) + (0, 3)
because of (2.3). Furthermore, since dw is the alternation of Vw, we have

(2.6) dw = 3Vw = —3A € [Q*].

If we apply the nearly e-Kéhler condition to the expression (1.2), the Nijenhuis tensor of
a nearly e-Kahler structure simplifies to

(2.7) N(X,Y)=4J(VxJ)Y.
We conclude that the Nijenhuis tensor is skew-symmetric since
(2.8) GIN(X,Y), Z) = —4A(X,Y,J2) & 4 A(X,Y, 2).

The converse follows immediately from the identity (2.4) when considering (2.5). In
order to be self-contained, we give a direct proof. Assume that dw € [Q*°] and the
Nijenhuis tensor is skew-symmetric. To begin with, we observe that

(Vyw) (X, X)=0= (Vyyw) (X, JX)
by (2.2) and (2.3). With this identity, we have on the one hand
0=eg(N(JX,JY),JX) = g(N(X,Y), JX)
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(1.2)

= —9(Vux )Y, JX) + g(Voy J) X, JX) + g(J(Vx ) Y, JX) — g(J(Vy]) X, JX)

(2.1)

=" (Vyxw) (Y, JX) +e(Vxw) (Y, X)

(22)

= (VJXw) (Y, JX) — €(VXUJ) (X, Y),
and on the other hand
0 = edw(X,X,V) % dw(x,JX,JY)

= (wa)(JX,JY)—l-(ijw)(JY,X)+(ijw)(X,JX)

) (Vw)(X,Y) + (Vyxw) (Y, JX).

It follows that (Vxw) (X,Y) = 0 which is equivalent to the nearly e-K&hler condition. O

PROPOSITION 2.6. An almost e-Hermitian manifold (M*™, g, J,w) admits an e-Her-
mitian connection with totally skew-symmetric torsion if and only if the Nijenhuis tensor
is totally skew-symmetric. If this is the case, the connection NV and its torsion T are
uniquely defined by

o(VxY.Z) = §(VxY.Z)+ 59(T(X.Y).2)
JT(X,Y),Z) = eq(N(X,Y),Z)— dw(JX,JY,J]Z).

PRrOOF. The Riemannian case is proved in [FI], the para-complex case in [IZ]. In
fact, the sketched proof in [FI] holds literally for the almost pseudo-Hermitian case with
indefinite signature as well. For completeness, we give a direct proof for all cases simul-
taneously.

Note that a connection V is e-Hermitian if and only if VJ = 0 and Vg = 0. Let
T(X,Y)=VxY —VyX — [X,Y] = SxY — Sy X be the totally skew-symmetric torsion
of an e-Hermitian connection V where SyY = VyxY — VyY is the difference tensor
with respect to the Levi-Civita connection V of g. Then, the Nijenhuis tensor is totally
skew-symmetric as well, since we have

2.9) G(N(X,Y), 2) = g(T(X,Y), Z) + g(T(JX, JY), Z)
+ g(T(IX,Y), JZ) + g(T(X, JY), I Z),
using only V.J = 0. Moreover, the difference tensor Sx is skew-symmetric with respect

to g, for Vg = 0. Combining this fact with the total skew-symmetry of the torsion, we
find that SxY = —S5y X and consequently

o(VxY,2) = (VY. ) + Sg(T(X. ), 7).

With this identity and Vw = 0, the equation
(2.10) 2V ixw(Y,2)=g(T(JX,Y),JZ)+ g(T(JX,JY), Z)

follows. Finally, we verify the claimed formula for the torsion:
do(JX, 7Y, 7Z) 2 «(Vxw(Y, Z) + Voyw(Z, X) + V0(X,Y))
2 e((TIX,TY), 2) + g(T(IX,Y), JZ) + g(T(X, JY), I 2))

D g(N(X,Y), Z) — g(T(X,Y), Z).
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Conversely, if the Nijenhuis tensor is skew-symmetric, it is straightforward to verify that
the defined connection is e-Hermitian with skew-symmetric torsion. 0

3. Almost special pseudo- and para-Hermitian geometry

In this section, we discuss the G-structures for the groups SU*(p, q), p+ ¢ = m, which
have been introduced in section 1.4. Again, all properties of the model structures extend
pointwise to the corresponding structures on a manifold.

DEFINITION 3.1. An almost special e-Hermitian manifold is a 2m-dimensional mani-
fold M endowed with an almost special e-Hermitian structure which consists of an almost
e-Hermitian structure (g, J,w) and an e-complex volume form ¥ of constant length. An
almost special e-Hermitian structure is called normalised if it is normalised pointwise in
the sense of Definition 1.14 of chapter 1.

REMARK 3.2. By rescaling U by a constant, every almost special e-Hermitian manifold
can be normalised. Obviously, the properties of the structure do not change under this
transformation. In contrast, the property of constant length is important. Although every
e-complex volume form could be normalised by multiplication by a function, the exterior
derivative of ¥ would be changed under this transformation. However, as we will shortly
see, the intrinsic torsion of the corresponding SU?(p, ¢)-structure is encoded in the exterior
derivative of ¥ and w.

An important consequence of the considerations in section 1.4 of the algebraic prelim-
inaries is the fact, that an almost special e-Hermitian structure is completely determined
by the two-form w and the three-form W. More precisely, given a non-degenerate two-
form w and a decomposable e-complex m-form ¥ =, 4 i.¢)_ satisfying w A ¥ = 0 and
d(V) = cp(w) for a constant ¢ € R*, the pair (w, ¥) extends to a unique almost special
e-Hermitian structure (g, J,w, V). If m = 2] — 1 is odd, even the two-form w and the real
part ¥, of W suffice. For dimension six, this can be formulated very elegantly using the
stable form formalism introduced in section 3 of chapter 1.

We call a differential form ¢ on a manifold stable if and only ¢, is stable for all p € M.
In particular, we call a pair (w,p) € Q*M x Q3M of stable forms on a six-manifold M
compatible if

wAp=0 — w(Jp.,.) =—w(.,.J,)

and normalised if
» 2

(3.1) olp) =20w) = JpAp=gu

As a special case of Proposition 1.13 of chapter 1, applied to every tangent space of a
six-manifold M, a compatible and normalised pair (w, p) € Q*M x Q3M induces an almost
e-complex structure J = J, and a compatible pseudo-Riemannian metric g = g, ). As
this construction is very important for the following parts of this thesis, we summarise
the correspondences in dimension six in the following proposition.
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PROPOSITION 3.3. Let M be a siz-manifold.

(i) There is a one-to-one correspondence between normalised SU(3)-structures and com-
patible and normalised pairs (w,y) € Q*M x ¥M of stable forms inducing a Rie-
mannian metric.

(i) There is a one-to-one correspondence between normalised SU(1,2)-structures and
compatible and normalised pairs (w, ;) € Q2M x Q*M of stable forms inducing a
metric of signature (2,4).

(11i) There is a one-to-one correspondence between normalised SL(3,R)-structures with
spacelike para-complex volume form U and compatible and normalised pairs (w, v, ) €
QO?M x Q3M of stable forms with (1) > 0.

Notice that the e-complex volume form W is spacelike in all three cases which can
always be achieved in dimension six (and more generally in dimension 2m, m odd) by
multiplying the metric by —1.

3.1. The intrinsic torsion of SU(p, ¢)*-structures. For large dimension 2m > 8,
the Gray-Hervella classification of U(m)-structures has been refined in [MC2] to SU(m)-
structures as follows. The SU(m)-module modelling the intrinsic torsion of an SU(m)-
structure decomposes into five irreducible components:

V*@su(m) =V ® (u(m)" GR) X W, & Wo @ W3 @ W, & W

Here, the spaces W;, ¢« = 1,...,4, are isomorphic to the spaces in the Gray-Hervella
classification corresponding to V9w and the space W5 = V* is coming from the covariant
derivative VIW. In fact, it is also shown in [M/C2] that the five components are completely
determined by dw and di, as long as m > 4.

The case of dimension six is different and has been studied first in [ChSa] for Rie-
mannian signature. Here, the irreducible decomposition is

V*@su(p, q)t X W@ Wy @ Wi @ Wy @ Wa & W, @ Ws.

It is also shown that the intrinsic torsion is in fact completely determined by the exterior
derivatives dw, diy, and dip_. The relation between the components W; and the com-
ponents of the three exterior derivatives dw, di, and di)_ can be found for Riemannian
signature in [MC2], and, including very explicit expressions, in [Han|. By the arguments
given in section 2, the decomposition into irreducible components both for large dimension
and dimension six extends literally to the non-compact forms SU(p, q), p+ ¢ = m.

In the following, we focus on dimension six. Instead of considering the classical defi-
nition of the classes W;, we focus directly on the characterisation in terms of the exterior
derivative and will in fact define the classes in terms of the irreducible components of the
resulting three-form and the two-four forms.

We recall that the irreducible decomposition of the SU(p, ¢)-modules A*V* and A1V*
induce the decompositions

PM =Ry, ORy_ @ [QF'M] @ Q' M A w,

~\~ ~

(3,0)+(0,3) (2,1)+(1,2)
DM =CMAP B[ M]Aw® QM AP, .

(2.2) (3,1)+(1,3)
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Corresponding to this decomposition, we denote the components of the exterior derivatives
of the defining forms as

dw =Wy + Wi + Ws + Wy Aw,
(3.2) dipy = Wiraw? + Wi Aw+ W5 Ay,
dip_ = Wiw+ Wy Aw~+Ws Aty

where W;H, W € QOM, Wy, W5 € Q'M, W5, Wy € Qy'M and W € Q0" M. In fact,
the same decomposition, although not irreducible, can be considered in the para-complex
context, ¢ = 1.

PROPOSITION 3.4. For a normalised SU(p, q)°-structure, p + q = 3, defined by a
normalised and compatible pair (w,1,), the components of dw, dipy and di_ are related
as follows:

() Wy = —2wy
(i) Wi =Wy
(iii) W5 = —eJ* W

PROOF. We generalise the arguments given in the article [ChSa] which contain these
formulas for Riemannian signature. Since w A ¢, = 0 and w A ¢»_ = 0, the first two
identities follow immediately from the normalisation (3.1):

~ 2 =~
Witw® = dipy Aw =ty Adw = Wy Ao = =2,

- 2 .
Wi w :dwaw:wadw:Wl—wam:g Wi

In order to see the third identity, we observe that the exterior derivative of the (0, 3)-
form ¥ has no (3, 1)-component and we obtain dwi’l = i.dy®'. We claim that dwi’l =
(W5)%1 AU, Indeed, using the identity a A = —eJ*a A1y, see (1.10) in chapter 1, it
follows W5 A ¢y = Re(Wi"" A U) which implies the claim by definition of Ws. Using the
analogous identity for dy)>', the assertion follows from

Wt AU = dp®' = cicdp® = i, (W5)" AW = (= W5)" AT,
since wedging by W is injective. U

In table 2, we have summarised the irreducible components of the intrinsic torsion
including the dimensions.

3.2. The Nijenhuis tensor of an SU?(p,¢)-structure. This section contains a
lemma and ideas from [SSH].

As we have already discussed in Proposition 1.3, the Nijenhuis tensor of an SU®(p, q)-
structure (g, J,w, V), p+q = 3, vanishes if and only if the (2, 2)-component of ¥ vanishes,
i.e. if and only if W, = W, = W, = Wy = 0. In the following, we show explicitly
that W55 corresponds to the skew-symmetric part of the Nijenhuis tensor for all possible
signatures.

The following choice of local frames, although differing from the standard basis defined
in chapter 1, has been used in [SSH]| and seems to be convenient for the calculations in
an e-complex basis in this section and section 5.



54 3. SPECIAL e-HERMITIAN GEOMETRY

Class | irreducible SU(p, ¢)-module | Dimension
2% AOV* 1
Wy AoV 1
Wy ATV 8
Wy Ay TV 8
Wy ATV 12
Wiy AV 6
Wi AV 6

TABLE 2. Irreducible classes of SU(p, q)-structures, p + ¢ =3

Given an almost e-Hermitian structure (g, J, w) on a six-manifold M, we choose a local

orthonormal frame {ey, ..., ey, } such that Je; = e;4,, for i =1,...,m and
m
w =& Z O'iel(z+m)’
i=1
where o; := g(e;, ¢;) for i = 1,...,m. The corresponding local e-complex frame of T M*°
is

1 1
E;, = 6;’0 = 5(62 + 15€J6i) = 5(61 + ig€6i+m)
such that the e-Hermitian metric gc. satisfies

1
ge.(Ei, E;) = 5%% and  gc. (B, Ej) =0

in such a frame. The dual frame {E', E?, E3} of (T M'?)* is given by
E' = (¢ +i.eJe’) = (' +ie™™)
for i = 1,2,3 and we call it an e-unitary frame of (1,0)-forms in the following.
The following lemma explicitly relates the Nijenhuis tensor to the exterior differential.

For e = —1, it gives a characterisation of Bryant’s notion of a quasi-integrable U(p, q)-
structure, p + ¢ = 3, in dimension six [Br2].

LEMMA 3.5. The Nijenhuis tensor of an almost e-Hermitian siz-manifold (M®, g, J, w)
1s totally skew-symmetric if and only if there exists a local C.-valued function X for every
local e-unitary frame {E*, E*, E®} of (1,0)-forms such that

(33) (dET(l))O,Q — /\UT(I) ET(2) 7(3)

for all even permutations T of {1,2,3}.

PROOF. First of all, for vector fields V = V1O W = W0 of type (1,0), the identities
NV, W)= —4e[V,W]** and N(V,W)=0
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follow immediately from the definition of N. Using the first identity, we compute in an
arbitrary local e-unitary frame

dE'(E;, Ey) = —E'([E;, Evl) = =20, g ([Ej, Eil, i)
- 1 -
= —20igc.([E;, B4, E) = €0 gc. (N (Ej, Ex), E;)
for all possible indices 1 < 4,7,k < 3. If the Nijenhuis tensor is totally skew-symmetric,

equation (3.3) follows by setting

1 _ _
(34) A= §€QC€(N(E1,E2)7E3>.

Conversely, the assumption (3.3) for every local e-unitary frame implies that the Nijenhuis

tensor is everywhere a three-form when considering the same computation and N (V, W) =

0. U

If there is an SU®(p, ¢)-reduction defined by an e-complex volume form W of constant
length, this characterisation can be reformulated globally in the following sense. Obvi-
ously, the (3,0)-form U satisfies ¥ = zE'?3 2 € C., 2z # 0, in an e-unitary frame of
(1,0)-forms.

PROPOSITION 3.6. The Nijenhuis tensor of an SU®(p, q)-structure, p+q = 3, is totally
skew-symmetric if and only if Wy" =0 and W, = 0.

PROOF. By definition of the components W; in (3.2), we have
(d)*? = (d4)*? +ic(dy-)** = (Wi + WD) w? + (W5 +1Wy) Aw.

As it suffices to proof the assertion locally, we choose an e-unitary frame of (1,0)-forms
{E%} such that ¥ = ¢, +i.0_ = 2E'? for 2 € C.. The fundamental two-form is

1. < ;
W = _ilezngkk
k=1

in this frame such that we have on the one hand,
wAw= %5(0203 E?B 4 5105 B 4 510, E112)
= —%5010203(01 E®B 4 gy B33 4 gy B1212),
and on the other hand
(dU)?*? = q ((dEl)“ AE® 4 (dE?)°2 A B3 4 (dE?)°2 A EIQ).

Comparing these expressions and considering Lemma 3.5, the assertion is immediate. [J

COROLLARY 3.7. Let (w, 1) be an SU*(p, q)-structure, p+q = 3, with W,t = W, = 0.
In an e-unitary frame {E', E?, E3} of (1,0)-forms such that ¥ = zE'*, 2 € C., and
0; = 2gc.(FEs, E;), the identity

(35) W1+ +15W1_ = —0'10'20'3ZgCS(N(El,EQ),Eg).
holds.

PrOOF. The assertion follows immediately by comparing the formulas in the proofs
of Proposition 3.6 and Lemma 3.5. 0
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4. Half-flat structures

Finally, we come to the structures we are actually interested in.

DEFINITION 4.1. An almost special e-Hermitian six-manifold (M,w, 1) is called
(i) half-flat it WF =W =W, =W;5 =0, i.e.
dp, =0, dw?=0,
(ii) and nearly half-flat if W5 = W, = W5 =0, i.e.
dpy =W wAw, WeR.

In order to shorten the notation, we shall use the term half-flat structure as a synonym
for half-flat almost special e-Hermitian structure.

Notice that w? is proportional to the Hodge dual of w, see Lemma 4.2 of chapter 1,
such that the second equation is satisfied if and only if w is coclosed.

EXAMPLE 4.2. A torsionfree SU®(p, ¢)-structure, in particular a Calabi-Yau three-fold,
is half-flat. Another important class of examples for half-flat structures is given by strict
nearly e-Kéhler six-manifolds with ||V.J|| # 0, which are to be discussed in the following
section.

Half-flat SU(3)-structures were first considered in [Hil| as the natural class which
can be evolved to a parallel Gy-structure via the Hitchin flow. This is discussed and
generalised in chapter 6.

The name “half-flat” has been introduced in [ChSa]. It is chosen since the definition
requires the vanishing of exactly half the intrinsic torsion in terms of dimension. However,
considering that a torsionfree G-structure is not necessarily flat but only 1-flat, the name
half 1-flat structure or half-torsionfree structure would describe the properties of this class
more precisely.

The class of nearly half-flat structures is introduced in [FIMU]. The name has been
chosen since these structures can be evolved similarly as half-flat structures and the re-
sulting Go-structures are in fact nearly parallel.

A very interesting subclass is the class characterised by the following lemma which
can be viewed as an intersection of the classes of half-flat and nearly half-flat structures.

LEMMA 4.3. A half-flat SU®(p, q)-structure (w, V) has totally skew-symmetric Nijen-
huis tensor if and only if (w,v¥_) is nearly half-flat.

PROOF. Since dip, = 0 for a half-flat SU®(p, ¢)-structure, the exterior derivative of
W_ is
dy~ =Wy w? + Wy Aw,
W, e Q°M, W, € Qé’lM . By Proposition 3.6, the Nijenhuis tensor is skew-symmetric
if and only W5 vanishes, i.e. if and only if
(4.1) dip™ = Wi w?

Differentiating this equation yields dW; A w? = 0 since dw? = 0 and thus, W has to be
constant since wedging by w? is an isomorphism on one-forms. 0
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Being at the same time half-flat, nearly half-flat and G; should be sufficient motivation
to introduce a name for this class.

DEFINITION 4.4. An SU*(p, q)-structure (w,,) is called double half-flat if Wi =
W;:W7:W4:W5:0, ie.

dw_i'_ - 0, dw_ - Wl_ w /\ (JJ, Wl_ c R

In summary, double half-flat structures can be evolved to both parallel and nearly
parallel G-structures and admit an e-unitary connection with totally skew-symmetric
torsion. Additionally, as shown in [ChSw]|, these structures also induce an invariant
G4y-structures with torsion on N x St.

In the same article, [ChSw]|, a classification of the six-dimensional nilmanifolds N
admitting a left-invariant double half-flat SU(3)-structure is achieved. Since the result is
that six nilmanifolds admit such a structure, we conclude that these structures are not as
scarce as nearly Kahler manifolds.

EXAMPLE 4.5. We give an example, see [SSH], of a normalised left-invariant double
half-flat SU(3)-structure on S® x S3. In fact, this example is not contained in a sub-
class, i.e. both W3 and W are non-zero. In a global frame of left-invariant vector fields
{e1, €2, €3, f1, f2, f3} on S x S? such that

del — 623 d62 — 631 d63 — 612 dfl — f23 df2 — f31 df3 — fl2
we define the structure with z = 2 + /3 by
w = €1f1+€2f2+€3f3,

1
er — —§$2€123+2x612f3—2x613f2—2$€1f23—|— 2:13‘623fl
+2ae® P — 20e’ 12 4 (4o — 8) f1%°,
1
w_ _ 51‘6123—261f23—|—262f13—2€3f12+4f123,

g = z(e)+x(e) +a () +4(f)+4(F7)* +4()
—2zel fl —2xe? 2 — 2ze’- f3.

We close the section by a remark on the curvature of half-flat SU(3)-structures. In
fact, the Ricci curvature of an arbitrary SU(3)-structure is computed in terms of the
components W; in [BV]. For half-flat structures, the Ricci curvature is also derived
independently in [AC1]. However, as the computations are very involved and as we will
need the curvature only in very special cases, we do not attempt here to generalise the
results involving €’s and indefinite signature.
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5. Nearly pseudo-Kahler and nearly para-Kahler six-manifolds

The main objective of this section, which is based on [SSH], is to generalise the
characterisation of six-dimensional nearly Kahler manifolds by an exterior differential
system, see [RC], to nearly pseudo-Kéhler and nearly para-Kéhler manifolds.

First of all, there is a unique e-Hermitian connection with skew-symmetric torsion
T on a nearly e-Kihler manifold (M?™,J, g,w) by Proposition 2.6. In this case, the
skew-symmetric torsion 7' simplifies to

1
T(X,)Y)=eJ(VxJ)Y = ZeN(X,Y)
due to the identities (2.6), (2.7) and (2.8). We call this connection the canonical e-
Hermitian connection of a nearly e-Kahler manifold.

PROPOSITION 5.1. The canonical e-Hermitian connection V of a nearly e-Kdhler man-
ifold (M®™ J, g,w) satisfies

V(VJ)=0 and V(T)=0.

PRrOOF. The two assertions are equivalent since VJ = 0. A short proof of the first
assertion for the Hermitian case is given in [BM]. This proof generalises without changes
to the pseudo-Hermitian case since it essentially uses the identity

29((V%V,XJ)Y> Z) = —0X)Y,Z g(Vw )X, (VyJ)JZ),

which was proved in [G1] for Riemannian metrics and also holds true in the pseudo-
Riemannian setting ([Kal, Proposition 7.1]). The para-Hermitian version is proved in
[IZ, Theorem 5.3]. O

COROLLARY 5.2. On a nearly e-Kdihler manifold (M*™, J, g,w), the tensors VJ and
N = 4€T have constant length.

PRrooF. This is an obvious consequence of Proposition 5.1 since both tensors are
parallel with respect to the connection V which preserves in particular the metric. 0]

REMARK 5.3. In dimension six, the fact that V.J has constant length is usually ex-
pressed by the equivalent assertion that a nearly e-Kahler six-manifold is of constant type,
i. e. there is a constant x € R such that

g(<VXJ) Y7 (VXJ> Y) = K;{g(X,X)g(Y, Y) - g(X, Y)2 +59(JX7 Y)2 }

In fact, the constant is x = 1[|VJ||%. Furthermore, it is well-known in the Riemannian
case that strict nearly Kéahler six-manifolds are Einstein manifolds with Einstein constant
5k [G1]. The same is true in the para-Hermitian case [IZ] and in the pseudo-Hermitian
case [Sch4].

The case |V J||*> = 0 for a strict nearly e-Kahler six-manifold can only occur in the
para-complex world. We give different characterisations of such structures which estab-
lish an obvious break in the analogy of nearly para-Kahler and nearly pseudo-Kéahler
manifolds. We recall from chapter 1 that, for € = 1, there is a decomposition

(5.1) [A°(TM)*] = A3(TMT) @ A3(TM)*,.
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In particular, the class W, characterising nearly para-Kéahler manifolds splits into two
subclasses already as a GL(m, R)-structure.

PROPOSITION 5.4. The following assertions are equivalent on a six-dimensional strict
nearly para-Kdhler manifold (M®, g, J,w):

(i) |V J|I* = [|A]* =0

(ii) The three-form A = —Vw € [Q*°] is either in T(A3(TM™)*) or in T(A*(TM~)*).
(iii) The three-form A = —Vw € [Q>°] is not stable.
(iv) The metric g is Ricci-flat.

PROOF. Let (M?®, g, J,w) be a strict nearly para-Kahler manifold. First of all, notice
that |[VJ]|? = [|A]* by (2.1) and that the three-form A = —Vw = —zdw is of type
(3,0) + (0,3) by Proposition 2.5. Moreover, A vanishes nowhere by the definition of
strictness.

A local proof suffices and we choose a local frame {ey, ..., eg} of eigenvectors of the
para-complex structure J, eq,es, e3 for the eigenvalue +1, ey, es5,es for the eigenvalue
—1, such that the only non-vanishing components of the metric are given by g(e,es) =
g(ea, e5) = gles, eg) = 1. According to the decomposition (5.1) of [A3(T'M)*], there are
local functions a and b such that A = ae'?*+be*. Due to the simple form of the metric in
the chosen frame, it is easily verified, that ||A||*> = g(A4, A) = 2ab. The first two assertions
are thus both equivalent to a = 0 or b = 0. The third assertion is also equivalent to a = 0
or b = 0 by Proposition 3.5 of chapter 1. Finally, assertions (i) and (iv) are equivalent by
[IZ, Theorem 5.5]. O

Flat strict nearly para-Kéhler manifolds (M, g, J,w) are classified in [CS2]. It turns
out that they always satisfy |[V.J||> = 0. In [GaMa], almost para-Hermitian structures
on tangent bundles T'N of real three-dimensional manifolds N? are discussed. It is shown
that the existence of nearly para-Kahler manifolds satisfying the second condition of
Proposition 5.4 is equivalent to the existence of a certain connection on N3. However, to
the author’s best knowledge, there does not exist a reference for an example of a Ricci-flat
nearly para-Kahler structure which is not flat.

Finally, we come to the characterisation of six-dimensional nearly e-Kéhler manifolds
by an exterior differential system generalising the classical result of [RC] which holds for
¢ = —1 and Riemannian metrics.

THEOREM b5.5. Let (M, g, J,w) be an almost e-Hermitian siz-manifold. Then M is
a strict nearly e-Kdihler manifold with ||[VJ||*> # 0 if and only if there is a reduction
U =, + i to SU(p,q)® which satisfies

(5.2) do = 39,
(5.3) dy_ = 2KwAw,
where k := 1||VJ||? = Wy is constant and non-zero. The corresponding pair (w,v,.) of

stable forms is normalised if and only if Kk = 1.

REMARK 5.6. Due to our sign convention w = ¢(.,J.), the constant x is positive in
the Riemannian case and the second equation differs from that of other authors by a sign.
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ProoFr. By Proposition 2.5, the manifold M is nearly e-Kahler if and only if dw is of
type (3,0) + (0,3) and the Nijenhuis tensor is totally skew-symmetric.

First, we assume that (g, J,w) is strict nearly e-Kéhler such that ||A|*> = |V J||* # 0.
As A = —%dw has constant length by Corollary 5.2, we can define a reduction ¥ =
Yy +i_ by ¢y = —A and ¢ = J*, such that the first equation is satisfied. In fact,
this reduction is half-flat, since ¢ is closed by definition and d(w A w) = 6¢, Aw =
0. Moreover, it holds W5, = 0 as a consequence of Proposition 3.6. Considering also
Proposition 3.4, the only non-vanishing component of the intrinsic torsion is W, and the
second equation is satisfied for k = %Wl_ . Since dw? = 0, we obtain dx = 0 and  has to
be constant.

It remains to prove Wi = $||V.J||>. We want to apply Corollary 3.7 and choose an
e-unitary local frame such that

U=—A—iJA=2E",

where z € C. is constant. Since gc.(E*, E') = 20;, we have 4k = [|[VJ||?> = [[v,|]? =
19c. (¥, V) = 401050322. Comparing this with

W @5 —01090329c. (N(Ey, Ey), E3) @8 4ea09032J* A(Ey, By, E3) = 2010403i.2%,
the assertion Wy~ = $||V.J||? follows.

Conversely, if a given SU(p, g)°-structure satisfies the exterior system, the real three-
form 1, is obviously closed and the Nijenhuis tensor is totally skew-symmetric by Propo-
sition 3.6. Considering that dw = 3Vw is of type (3,0) + (0,3) by the first equation,
the structure is nearly e-Kéhler. Since A = —1), is stable, the structure is even strict
nearly e-Kéhler and, by Proposition 5.4, |VJ|| = ||A]| # 0. Now, the computation of the
constants just carried out shows that in fact [|V.J|| = 4k.

The additional assertion that the pair (w, ;) is normalised if and only if k = 1 is
immediate from Proposition 3.4. 0
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6. Automorphism groups of SU®(p, q)-structures

This section is based on [SSH] as well.

An automorphism of an SU®(p, g)-structure on a six-manifold M is an automorphism
of principal fibre bundles or equivalently, a diffeomorphism of M preserving all tensors
defining the SU®(p, ¢)-structure. Since a normalised SU?(p, ¢)-structure is characterised
by a pair of compatible and normalised stable forms (w,p) € Q*M x Q*M and since
the construction of the remaining tensors .J,7¢)_ and ¢ is invariant, a diffeomorphism
preserving the two stable forms is already an automorphism of the SU®(p, q)-structure
and in particular an isometry.

This easy observation has the following consequences when combined with the exterior
systems of the previous section and the naturality of the exterior derivative.

PROPOSITION 6.1. Let M be a siz-manifold with an SU®(p, q)-structure (w, p).
(i) If the exterior differential equation

dw = p

15 satisfied for a constant p # 0, then a diffeomorphism ® of M preserving the two-
form w is an automorphism of the SU(p, q)-structure and in particular an isometry.
(i) If the exterior differential equation

d(Jyp) =vwAw

is satisfied for a constant v # 0, then a diffeomorphism ® of M preserving
(a) the orientation and the three-form p,

(b) or the orientation and the three-form J;p,

(¢) or the e-complex volume form ¥ = p+i.J}p,

is an automorphism of the SU(p, q)-structure and in particular an isometry.

We like to emphasise that both parts of the Proposition apply to strict nearly e-Kéhler
structures with [|[V.J||? # 0.

Conversely, it is known for complete Riemannian nearly Kahler manifolds, that orien-
tation-preserving isometries are automorphism of the almost Hermitian structure ex-
cept for the round sphere S% see for instance [Bu2, Proposition 4.1]. However, this
is not true if the metric is incomplete. In [FIMU, Theorem 3.6], a nearly K&hler
structure is constructed on the incomplete sine-cone over a Sasaki-Einstein five-manifold
(N®,n, w1, ws,ws). In fact, the Reeb vector field dual to the one-form 7 is a Killing vector
field which does not preserve we and ws. Thus, by the formulae given in [FIMU]|, the lift
of this vector field to the nearly Kahler six-manifold is a Killing field for the sine-cone
metric which does neither preserve ¥ nor w nor J.



CHAPTER 4

Classification results for Lie groups admitting half-flat
structures

This chapter deals with the existence of left-invariant half-flat structures on Lie groups.
All results of this chapter are contained in [SH].

An SU®(p, q)-structure (g, J,w,¥) on a Lie group G is left-invariant if all defining
tensors are invariant under the group multiplication from the left. When identifying the
Lie algebra g of G with the Lie algebra of left-invariant vector fields, a left-invariant
SU?(p, q)-structure is equivalently defined by a compatible and normalised pair (w, p) €
A%g* x A3g* of stable forms on the Lie algebra.

Due to the formula

da(X>Y):_O‘([X>Y])7 aEQ*a XY eg,

the exterior derivative of G restricted to left-invariant one-forms contains the same infor-
mation as the Lie bracket of g. In particular, an exterior system for left-invariant tensors
on G reduces to a system of algebraic equations on g. Notice that the Jacobi identity is
equivalent to d? = 0.

Let a half-flat structure on a Lie algebra g be defined as a pair (w,p) € A%g* x A3g*
of compatible stable forms which satisfy

dp =0, dw?® = 0.

Thus, the study of left-invariant half-flat structures on Lie groups reduces to studying
half-flat structures on Lie algebras. As these structures are defined by stable forms on
vector spaces, the normalisation can be ignored when considering the existence question.

Before we prove our main classification results concerning half-flat structures on direct
sums of three-dimensional Lie algebras, we review the classification of three-dimensional
Lie algebras.

1. Three-dimensional Lie algebras

Recall that a Lie algebra g is called unimodular if the trace of the adjoint representation
adx vanishes for all X € g.

LEMMA 1.1. The following conditions are equivalent for an n-dimensional Lie algebra.

(i) g is unimodular
(i1) All (n — 1)-forms on g are closed.
(iii) Let {c};} denote the structure constants with respect to a basis {'} of g* which are
defined by de* = > ici c;e”. Then, it holds Y, ¢, =0 for 1 <m < n.
(iv) The associated connected Lie groups G are unimodular, i.e. their Haar measure is
bi-invariant.
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PROOF. Writing down the conditions (i) and (ii) with respect to a basis, we immedi-
ately see the equivalence to condition (iii) in both cases. The equivalence of (i) and (iv)
is shown in [Mi]. O

Unimodularity is a necessary condition for the existence of a co-compact lattice, see
for instance [Mi]. In fact, it is also sufficient in dimension three. Indeed, the closed
three-manifolds of the form I'\G where G is a Lie group with lattice I" are classified in
[RV]. Since a direct sum g; @ g of Lie algebras is unimodular if and only if both g; and
go are unimodular, a direct product Gy x Gy of three-dimensional Lie groups admits a
co-compact lattice if and only if it is unimodular.

LEMMA 1.2. Let g1 @ g2 be the direct sum of two Lie algebras of dimension three.
Moreover, let w be a non-degenerate two-form in A*(g1®gs)* = A%g1* D (g:*@g2*) B A%gy*
such that the projections of w on A*g* and A%gy* vanish. Then w? is closed if and only
if both g1 and go are unimodular.

PROOF. Since w € g1* ® go* is non-degenerate, we can always choose bases {e'} of g;*
and {f'} of go* such that w = Zj’:l e’fJ. Therefore, we have

2 17 L1 2 g ) 9 )
w _—2Zeﬂfﬂ = g dw _Zd(eﬂ)AfﬂJrZeﬂAd(fﬂ).
1<j 1< 1<J
By Lemma 1.1, both g; and g, are unimodular if and only if all two-forms e” and f¥ are
closed. Since the sum is a direct sum of Lie algebras, the assertion follows immediately. [J

In the following chapter, we need to determine in which isomorphism class a given
three-dimensional Lie algebra lies. All information we need, including proofs, can be
found in [Mi|. We summarise the results in two propositions. Recall that a Euclidean
cross product in dimension three is determined by a scalar product and an orientation.

PROPOSITION 1.3 (Unimodular case). Let g be a three-dimensional Lie algebra and
choose a scalar product and an orientation.

(a) There is a uniquely defined endomorphism L of g such that [u,v] = L(u X v).

(b) The Lie algebra g is unimodular if and only if L is self-adjoint.

(c¢) If g is unimodular, the isomorphism class of g is characterised by the signs of the
eigenvalues of L. It can be achieved that there is at most one negative eigenvalue of
L by possibly changing the orientation.

Recall that the unimodular kernel of a Lie algebra g is the kernel of the Lie algebra
homomorphism
g— R, X — tr(adx).

PROPOSITION 1.4 (Non-unimodular case). Let g be a three-dimensional Lie algebra
which is not unimodular.

(a) The unimodular kernel u of g is two-dimensional and abelian.

(b) Let X € g such that tr(adx) = 2 and let L : u — u be the restriction of adx to
the unimodular kernel w. If L is not the identity map, the isomorphism class of g is
characterised by the determinant D of L.
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Name Bi?;(;hi Eigenvalues of L Standard Lie bracket
su(2) = so(3) IX (+,+,+) de' =e??, de?=e%, de®=e!?
sl(2,R) = 50(1,2) | VIII (4,+,-) de! = e, de? = €31, de3 = e?!
e(2) VI, (+,+,0) de? = &1, de® = e'?
e(1,1) VI, (+.,-,0) de? = &1, de3 = 2!

b3 11 (+,0,0) ded = el?
R? I (0,0,0) abelian

TABLE 1. Three-dimensional unimodular Lie algebras

Name Bianchi | Determinant D of Standard Lie bracket
type L
O R 111 0 de? = !
t3 Y 1 (and L # id) de? = e?'+ &3 ded = ¥
31 \ 1 (and L = id) de* = e, de? = !
t3, (-1 <p<0) VI D= (ui—ﬁ)z <0 de? = e?', ded = pe
t3, (0<p<1) VI 0<D:(ui—/‘1)2<1 de? = e?', de® = pe’!
5, (p>0) VII D=1+.4>1 de? = pe*l + '3, ded = e?' + ped!

TABLE 2. Three-dimensional non-unimodular Lie algebras

We remark that all three-dimensional Lie algebras are solvable except for su(2) and
s[(2,R), which are simple. The three-dimensional Heisenberg algebra b3 represents the
only non-abelian nilpotent isomorphism class. The two Lie algebras ¢(2) and e(1, 1) cor-
respond to the groups of rigid motions of the Euclidean plane R? and of the Minkowskian
plane R respectively. The names for the non-unimodular Lie algebras are taken from
[GOV] and the Bianchi types are defined in the original classification by Bianchi from
1898, [Bil], see [Bi2] for an English translation.
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2. Classification of direct sums admitting a half-flat SU(3)-structure such
that the summands are orthogonal

In this section, we consider half-flat SU(3)-structures such that the summands are
orthogonal. The additional, rather strong assumption of orthogonality allows us to choose
a basis which is very well adapted to the problem and find all solutions using an ansatz
with arbitrary structure constants.

Recall that a Hermitian structure on a 2m-dimensional Euclidean vector space (V g)
is given by an orthogonal complex structure J and that the fundamental two-form is
w=g(.,J.) by our conventions.

LEMMA 2.1. Let (Vi,g1) and (Va, g2) be three-dimensional Euclidean vector spaces and
let (g, J,w) be a Hermitian structure on the orthogonal product (Vi & Va,g = g1 + ¢2).
There are orthonormal bases {eq,es,e3} of Vi and {f1, fa, f3} of Vo which can be joined
to an orthonormal basis of Vi @ V4 such that

(2.1) w=ae? +V1—a2e'f' + V1 —a2e’f? + e’ — af'?

for a real number a with —1 < a < 1.

PROOF. Let {e1,es,e3} and {fi, fo, f3} be orthonormal bases of V; and V3, respec-
tively. The group O(3) x O(3) acts transitively on the pairs of orthonormal bases. Let 2
be the Gram matrix of the two-form w with respect to our basis. Writing the upper right
block of €2 as a product of an orthogonal and positive semi-definite matrix and acting
with an appropriate pair of orthogonal matrices, we find an orthonormal basis and nine
real parameters such that

0 Y1 Y2 @ 0 0

-y 0 yz 0 =z O

0 — —y2 —ys O 0 0 a3
—X1 0 0 0 21 Z9

0 —2z9 0 —2z 0 =z

0 0 —Xr3 —RZ9 —2Z3 0

with x; > 0 for all 7 and det(£2) # 0.

Since w = ¢(.,J.), the matrix ) with respect to an orthonormal basis has to be a
complex structure, i.e. 92 = —1, where 1 denotes the identity matrix. In our basis, the
square of € is

—yf —y5 —ai —Y2Ys3 Y1Y3 0 Y102 + T121 Y23 + X122
—Y2Y3 —yi —y3 — a3 —Y1Y2 —Y1T1 — T221 0 Y3T3 + T223
Y1Y3 —Y1Y2 —Y3 — Y3 — a3  —yom1 — T3z2 —Y3lz — T3Z3 0
0 —Y1r1 — T221 —YaT1 — X322 —33% — Z% — Z% —Z9Z3 Z1%3
yll‘g + Tr121 0 —y3$2 — X323 —Z9Z3 —I% — Z% — Zg —Z1%9
Yoz + T129 Y3T3 + Toz3 0 2123 —Z1%29 fzg — z% — z§

We end up with a set of 18 quadratic equations (and one inequality) and determine all
solutions modulo the action of O(3) x O(3) and an exchange of the summands.

On the one hand, assume y; = 0 for all . Then, we deduce z; = 1 and z; = 0 for all
i and all equations are satisfied. In this case, the two-form w is in the normal form (2.1)
with a = 0.
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On the other hand, assume that one of the y; is different from zero, say a := y; # 0
without loss of generality. Inspecting the first two terms of the third line of Q2, we
observe y, = y3 = 0. Since z; > 0, the first three elements on the diagonal enforce x5 = 1,
r1 =29 =+vV—a?>+1and |a] <1. But 3 = 1 and yo = y3 = 0 imply that zp = 23 = 0 due
to row 3, terms 4 and 5. If |a| < 1 and thus z; = x5 > 0, the term in row 1 and column 5
enforces z; = —a. Obviously, all equations are satisfied and w is in the normal form (2.1).
Finally, if |a] = 1, we have immediately z; = 23 = 0 and |z;| = 1 and all equations are
satisfied again. Since changing the signs of the base vectors e; and f; is an orthogonal
transformation which does not change 3, we can obtain the normal form (2.1) for a = 1.
Since we found all solutions to the 18 equations and the two-form w is non-degenerate for
all values of a, the Lemma is proven. O

We call the Hermitian structure of type I if it admits a basis with a = 0 and of type
IT if it admits a basis with a # 0.

THEOREM 2.2. Let g = g1 ® g2 be a direct sum of three-dimensional Lie algebras g,
and gs.

The Lie algebra g admits a half-flat SU(3)-structure such that g and go are mutually
orthogonal and such that the underlying Hermitian structure is of type I if and only if

(i) g1 = g2 and both are unimodular or

(ii) g1 is non-abelian unimodular and go abelian or vice versa.

Moreover, the Lie algebra g admits a half-flat SU(3)-structure such that g; and go are
mutually orthogonal and such that the underlying Hermitian structure is of type Il if and
only if the pair (g1, 82) or (g2, 91) is contained in the following list:

(e(1,1),e(1,1)),

(e(2),R®tq),

(su(2),v3,) for0 < <1,
(sl(2,R),t3,) for =1 < pu<0.

PROOF. Given a Hermitian structure (g, J,w) such that g; and g are orthogonal, we
can use Lemma 2.1 and choose an orthonormal basis {e1, e, €3, f1, fo, f3} of g1 @ g2 such

that {61762763} spans gi, {fla fz,fs} spans gz and
(2.2) w=ae?+V1—a2e'f' + V1 —a2e?f? + e’ — af?

for a real number a with —1 < @ < 1. The reductions from U(3) to SU(3) are pa-
rameterised by the space of complex-valued (3,0)-forms ¥ = 1 + ip which is complex
one-dimensional. We remark that, working on a vector space, the length normalisation of
the (3,0)-form is not important for the existence question. The Lie bracket of the direct
sum g; b g is encoded in the 18 structure constants of g; and gs:

de’ = cé-vkejk and df' = cﬁ%kﬁfjk with i,j,k € {1, 2, 3}.
Therefore, our ansatz includes 21 parameters consisting of 18 structure constants, two

real parameters defining an arbitrary SU(3) reduction and the parameter a. Our strategy



2. HALF-FLAT STRUCTURES ON ORTHOGONAL DIRECT SUMS 67

is to find all solutions of the equations defining half-flatness
dw?*=0 and diy =0

and the Jacobi identity d*> = 0 and to determine the isomorphism classes of the solutions
if necessary.

Type I: Assume first that « = 0. Due to Lemma (1.2), the first half-flat equation
dw? = 0 is satisfied if and only if both g; and g, are unimodular. It remains to solve
the second half-flat equation for unimodular summands. Since we have J(f;) = e; in our
basis for a = 0, the dual vectors satisfy e’ o J = f’. Therefore, the complex-valued form

Uy = b +igy = (e' —ie' o J)A (e —ie* o J) A (e® —ie 0 J)
— o1 2 _ B2 (1 — o120 — B2 — B

is a (3,0)-form with respect to J. By multiplying ¥, with a non-zero complex number
& + i&, we obtain all (3,0)-forms. Their real part is 1) = 19 — {a¢0. Considering that
all two-forms on both g; and g, are closed, we compute the exterior derivative of :

1 6 12¢23 1 4\ 2323 1 5 \ 31023
dy = _(5101,2 - 5205,6) N (5102,3 - 5205,6) e ™ — (5103,1 - 5205,6) e’ f
2 6 1231 2 4\ .23¢31 2 5 \ 3131
_<§101,2 - 5206,4) et — (5102,3 - 5206,4) e — (5103,1 - 5206,4) e f
3 6 12012 3 4\ ,.23¢12 3 5\ ,.31¢12
_<§101,2 - 5204,5) O <§102,3 - §2C4,5) e — (5103,1 - 5204,5) e

If & or & is zero we have obviously dy = 0 if and only if one of the summands is abelian.

By Lemma (1.1), the unimodularity of g, is equivalent to ¢f, = —c2,, ¢§5 = —ci5 and

3 4 = —cg 4. Therefore, if both & and & are different from zero, di) vanishes if and only

if the structure constants of g; and g coincide up to the scalar % and therefore g, = go.

13
This comprises all solutions under the assumption a = 0.
Type II: Assume now that the U(3)-structure satisfies a # 0. To improve readability,
the abbreviation b := v/1 — a? is introduced.

With this notation, we compute

1
St = a el g B Q1212 eI3f13 ) (2323
2
1
N _ A 5 3 12,123 6 4 3 130123
Ed(w ) = (04,6 + Cs6 — acl,Q) e ' + (665,6 - 604,5 - a01,3) ef
3 5 6 237123 1 2 6 123712
— (acy3 +bey 5 +beyg) et + (c13+ a3 —acys) e =°f

1 3 6 123¢13 6 2 3 123,23

We reduce our ansatz to the space of solutions of dw? = 0 by substituting

2 6 1 3 321 5 3 322 4
Co3 = QC5—C3 , Co3= b Cl2— abc4’5 y C13 = —b G2~ abc4’5 )
5 3 4 6 _ 124 2 6 _ 325 1
Cag = AC19—Cyg , Cag=07Cp5—abci, and cjq=—b"cis— abc,.
In our basis, we have e! o J = bf! + ae?, e? o J =3 and f? o J = —be? + af!. Using these

identities, we find the (3,0)-form Wy = ¥y + i¢y with
Yo = +DEB _pel3 4 o2 _ 6By g elf13 4 g o2,
do = —be'B 4 hel2 2 L o _ g o3 — g B2,

In the following, we work with the real part ¢» = &1y — {a¢ of an arbitrary (3,0)-form.
By possibly changing the roles of the two summands, we can assume that & is non-zero
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and we normalise our (3,0)-form such that £& = 1. The exterior derivative of 1 is, after

inserting the above substitutions:

dip) = ab 0275 e!f3 _&ab 0?72 12 b ( 62’5 +& 0?72) el2f12

+ o+ o+ o+

+( —Gabey —a*bet, —a’cy +&acy ;) e' 1

+ ( a’b C%,z —52(15 CiQ —£2a2ci5 _a3ci75) e2£123

+ ( fza?’cig —a2032 +ab 0375 +£2a2b 015175) 12371

+( a2ci72 +§2a3c§72 —&a%b 0375 +ab 6275) 012352

+( a2—-a)ep, +& i, U 5 ) o218

+ —& 61,2 +a(2 - a2) Ciz —b? 03,5 ) S

+( +ob'dy a2 —a®) +ig) e

T —Gba, —ch5  +Ea(2—a®) ;) @
( a Cig +&o 6%73 +&a 0376 +CZ5L,6 ) 13413
(fzaQCiQ —a cig —520573 —&a 0376 —Céﬁ +a20275) 23423
(a C?’Q —& 0%73 ta 033 _Ci,ﬁ +&2a Cé,e ) el
( —&2 0}73 +acy, —0376 +&adh +Eacl ) e

We need to determine all solutions of the coefficient equations of di» = 0. First of all, we

observe that the variables ci ,, ¢, ¢} and ¢ 5 are subject to eight linear equations and

claim that there is no non-trivial solution of this linear system. Indeed, the determinant
of the four by four coefficient matrix of the first four equations is a*(a?&3 +1)(a*+£3)(a® +
b?*)? = a*(a?¢2 +1)(a? +&2) and thus never vanishes for a # 0. To deal with the remaining
eight structure constants, subject to seven equations, we treat three cases separately.

(a) Assume first that b # 0 and & # 0, i.e. 0 < |a| < 1. Obviously, we have ¢}, = 0 and

0275 = 0 by the vanishing of the first three coefficients. Moreover, applying easy row
transformations to the remaining four equations, we observe that it holds necessarily
¢} 3 =cy3 and ¢} 4 = c5 5. Considering this, di) = 0 is finally satisfied if and only if
a(§3-1)c3 g—(a®+€3) ci 5 (63a°+1) c5 g+a(1-€3) e 5

&2(a?+1) ’ €2(a?+1)
Applying all substitutions, the set of solutions of the two half-flat equations is param-
eterised by the four parameters a, &,

— A = el
§i=Cyg = li=cy3=—

| _ A
p:=ci3 and q:=cg.

In order to determine the isomorphism class of g; and g, for all solutions, we apply
Propositions 1.3 and 1.4. We choose orientations on g; and g, such that e; X es = —eg
and e4 X e5 = —eg. Let Ly, and Ly, denote the matrices representing the endomor-
phisms defined in Proposition 1.3 with respect to our bases. On the set of solutions,
they simplify to

Ly=11-p -t O and Lg,=[—-s —q O
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The Jacobi identity is already satisfied. Both L, and Lg, are symmetric and in
consequence, both summands are unimodular. The eigenvalues of Ly, are 0 and
+4/p? + t? and those of Lg, are 0 and /52 4 ¢2. Hence, if p # 0 or ¢ # 0, the Lie
algebra g; @ go is isomorphic to e(1,1) @ e(1, 1) with two remaining parameters & # 0
and 0 < |a| < 1. If p=0 and ¢ = 0, the Lie algebra is abelian.
Now assume b # 0 and & = 0. In this case, the equations simplify considerably and
the only solution of dy) = 0 is given by

02,5 =0, 03,6 = ac§73 ) CZ,@‘ = _aci,za ) CEA';,G = _CLC%,:s ) CiQ = _Ci?, + 05,3-
As before, we rename the remaining parameters

p = 033 , qi= 053 and 1= 0173,

and have a closer look at

qg - 0 —ar —aq 0
Ly =1|—-r —p 0 and Lg,=|—-ap ar 0
0 0 -p+g 0 0 0

Again, the Jacobi identity is already satisfied. The first summand is always unimod-
ular, the second summand is unimodular if and only if p = ¢. If p = ¢, both matrices
are of the same type as in case (a) and g; @ go is isomorphic to e(1,1) @ e(1,1) or
abelian.

It remains to apply Proposition 1.4 to identify the isomorphism class of the so-
lutions with p # ¢. Without changing the isomorphism class, we can normalise
such that p = ¢ + 1. We need to find a vector X € go with tr(adx) = 2. Since
tr(adg,) = cjg+cl g = —a, we choose X = —2 f5. The unimodular kernel u is spanned
by fi and fy and the restriction of adx on u is represented by the matrix

~ —2q 2r . - 2
pr— = = — < .
Ly, ( o Agt 1)) with D =det(Lg,) = —4(q(q + 1) +7%) < 1

If I~/92 is not the identity matrix, the value of D determines the isomorphism class of
g2. However, the corresponding class of the unimodular summand g, varies with the
value of D. In fact, with 72 = —¢(¢ + 1) — iD, the eigenvalues of Ly, are —1 and
—% + %m Comparing with the lists in chapter 1, we find the remaining classes
listed in the theorem.

The last case to be discussed is b = 0 which corresponds to a = 1. Now, the equation
diyp = 0 is equivalent to

1 4 1 4 3 1 4 4 2
Coz = —&aCsg+ 82013+ Cug, 1o =280 3+ Cug— §2C56 — C1 3,
5 2 4 1 6 _ ¢ 4 P 4 1
Cpp= 03— 8§aCig — Crz, Cp5 =806+ 8§01 3+ Crg+ ¢ 3
Considering these substitutions, the Jacobi identity is satisfied if and only if
4 2 4 1 1 4 4 2
§aCyg+ &3+ gt i3 =0 or &3+ cye—E&acsg—ciz=0.

Writing down the matrices Ly, and Lg, for both cases, it is easy to see that they are
of the same form as in case (b). Therefore, the possible isomorphism classes of Lie
algebras are exactly the same as in case (b).

Since we have discussed all solutions of the half-flat equations, the theorem is proved. [
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3. Classification of direct sums admitting a half-flat SU(3)-structure

From now on, we will drop the additional assumption of orthogonality. In fact, we
have to develop a completely different method in order to solve the existence problem of
half-flat SU(3)-structures on direct sums of three-dimensional Lie algebras.

3.1. Obstructions to the existence of half-flat SU(3)-structures. To begin
with, we prove an obstruction to the existence of a half-flat SU(3)-structure on a Lie
algebra following the idea of [Con, Theorem 2].

We denote by ZP the space of closed p-forms on a Lie algebra and by W the annihilator
of a subspace W.

LEMMA 3.1. Let g be a siz-dimensional Lie algebra and g* =V & W a (vector space)
decomposition such that V is two-dimensional and such that

(3.1) 73 NVAW SV ANW.

Then, the subspace V' is J,-invariant for all closed stable three-forms p.

PROOF. Let p € Z3 be stable and o € V. Since dimV = 2, the assumption (3.1)
implies for all v € V°

vup EN VBV AW, aAp€NVAW DAV ANW.
Therefore, by the formula
(3.2) Joa(v)d(p) = an(vap)Ap, veV, aeV™,
which is proved in Proposition 1.5, it holds
0=aA(vip)Ap=Ja()d(p)
for all v € V° and, by definition of the annihilator, the subspace V is J,-invariant. U

PROPOSITION 3.2. Let g be a siz-dimensional Lie algebra and g* =V & W a decom-
position such that V' is two-dimensional and such that

(3.3) 73 NVAW @V ANW,
(3.4) 7t NV ANW SV ANW.

Then, the subspace V' is isotropic and J,-invariant for every half-flat structure (w, p). In
particular, the Lie algebra g does not admit a half-flat SU(3)-structure.

PROOF. Suppose that (w,p) is a half-flat structure on g, in particular p € Z* and
w? € Z* by definition. By Lemma 3.1, the subspace V is J,-invariant. Moreover, the
identity
* 2 1 3
(3.5) aNJBAw = gg(a,ﬁ)w
for all a, 8 € V was shown in Lemma 1.8. Thus, the assumption (3.4) and dimV = 2
imply that V' has to be an isotropic subspace of g*. This is of course impossible for definite
metrics and there cannot exist a half-flat SU(3)-structure. O
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DEFINITION 3.3. Let g be a Lie algebra. A decomposition g* = V @& W is called a
coherent splitting if

(3.6) dv c A%V,
(3.7) dW C AN VeV AW

REMARK 3.4. The definition can be reformulated into an equivalent dual condition:
(3.6) «= 0=do(X,.)=—0o([X,]) forall X € V0, o0 € V «— [V%g] c V",
(3.7) <= 0=do(X,Y)=—0([X,Y]) foral X, Y € VO o e W <= [V V°]cW’

In other words, a coherent splitting corresponds to a decomposition of g into an abelian
ideal and a vector space complement.

As elaborated in [Con], a coherent splitting with dim V' = 2 allows the introduction
of a double complex such that the obstruction conditions (3.3), (3.4) can be formulated
in terms of the cohomology of this double complex. However, in the situation we are
interested in, it turns out to be more practical to avoid homological algebra. Indeed, the
verification of the obstruction conditions can be simplified as follows.

LEMMA 3.5. Let g = g1 D g2 be a direct sum of three-dimensional Lie algebras.
(i) Letay € g1* and ay € go* be one-forms defining V = span(ay, o). Then g* = VoW
1s a coherent splitting for any complement W of V' if and only if the two one-forms
«; are closed and satisfy

(3.8) im(d: g; — A%g}) C aAg for both i.

(i) If both summands are non-abelian, every coherent splitting with dim'V' = 2 is defined
by closed one-forms aq € g1* and ag € go* satisfying (3.8).

(i1i) There exists a coherent splitting with dimV = 2 on g if and only if g is solvable.

() If g is unimodular, there is no decomposition g* =V @& W with two-dimensional V
satisfying both obstruction conditions (3.3) and (3.4).

PROOF. (i) Since both the exterior algebras A*g; are d-invariant, the condition (3.6)
is satisfied if and only if both generators are closed and (3.7) is equivalent to (3.8).

(ii) Assume that both summands g; are not abelian and let a coherent splitting be de-
fined by an abelian four-dimensional ideal V° and a complement. In consequence,
both the intersection V°Ng; and the projection of V° on g; are abelian subalgebras of
g; for both ¢ and thus at most two-dimensional. Since a one-dimensional intersection
V%N g; would require the projection on the other summand to be three-dimensional,
it follows that the intersections V° N g; have to be exactly two-dimensional. Equiv-
alently, the two-dimensional space V' is generated by two one-forms «; € gj and
as € g5. Now, the assertion follows from part (i).

(iii) On the one hand, if g is not solvable, one of the summands has to be simple, say
g1. However, the intersection of a four-dimensional abelian ideal with g; would be
zero or gy, both of which is not possible since dim g = 6 and since g; is not abelian.
On the other hand, inspecting the list of standard bases in tables 1 and 2 reveals
that any three-dimensional solvable Lie algebra f contains a closed one-form « such
that imd C a A h*. Therefore, if g is solvable, i.e. both summands are solvable, a
coherent splitting exists by part (i).
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(iv) Assume that g is unimodular and let W be an arbitrary four-dimensional subspace
of g*. It suffices to show that there always exists a closed three-form with non-zero
projection on A3W or a closed four-form with non-zero projection on A*W. If the
projection of W on one of the summands g; is surjective, every non-zero element of
A3g? is closed and has non-zero projection on A3W. Otherwise, the image of the
projection of W on either of the summands has to be two-dimensional for dimensional
reasons. In this case, there is always a closed four-form with non-zero projection on
A*W since all four-forms in A%g; A A%g; are closed by unimodularity. This finishes
the proof of the lemma.

O

LEMMA 3.6. Let g = g1 & g2 be a direct sum of three-dimensional Lie algebras and
let g =V @ W be a coherent splitting such that V = span(ay, ay) is defined by closed
one-forms oy € gi and as € g5 satisfying (3.8). Then, the obstruction conditions (3.3)
and (3.4) are equivalent to the condition that d is injective when restricted to AW and

AW

PROOF. The injectivity of d on AW and A*W is obviously necessary for (3.3) and
(3.4). With the assumptions, it is also sufficient since the coherent splitting satisfies
dW C VAW and dV = 0 such that the images of A3 and A*WW are linearly independent
from the images of the complements A2V AW @&V A A2W and A2V A AW &V A AW,
respectively. 0

3.2. The classification. Using the obstruction established in the previous section,
we obtain the following classification result.

THEOREM 3.7. A direct sum g = g1 & g2 of three-dimensional Lie algebras admits a
half-flat SU(3)-structure if and only if

(i) g is unimodular or
(ii) g is not solvable or
(111) g is isomorphic to ¢(2) Do @R ore(l,1) dty D R.

ProoOF. A standard basis of g = g1 & go will always denote the union of a standard
basis {e1,eq,e3} of g; and a standard basis {fj, fs,f3} of go as defined in tables 1 and 2.
For all Lie algebras admitting a half-flat SU(3)-structure, such a structure is explicitly
given in a standard basis in the three tables at the end of this section. We remark that
most examples are constructed exploiting the stable form formalism and with extensive
computer support. The non-existence on the remaining Lie algebras is settled as follows.

In most of the cases, the obstructions of section 3.1 can be applied directly.

LEMMA 3.8. The Lie algebra g = to @ R ® to @ R and all Lie algebras g = g1 D go
with g1 solvable and go one of the algebras vs, v3, , 0 < |u| <1, tgw, w >0, do not admit
a half-flat SU(3)-structure.

Proor. We want to apply the obstruction established in Proposition 3.2 and, given
any of the Lie algebras g in question, we define a decomposition

V =span{e', '}, W =span{e? e’ 3 3},
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in a standard basis of g*. By Lemma 3.6, it suffices to show that this is a coherent splitting
such that the restrictions djasy and djpsy are injective. In fact, the coherence can be
verified directly by comparing the conditions of Lemma 3.5, (i), with the standard bases
of the solvable three-dimensional Lie algebras.

If gy is one of the algebras v3, v3,, 0 < |u[ < 1 or vy ,, u > 0, the standard bases satisfy

df? #0, Ac e R:df* = cdf?, df*® #0.

Thus, considering again that the exterior algebras A*g! of the summands are d-invariant,
the image

d(A*W) = span{d(e*f?), d(e®*f?), d(e*f**), d(e*f**)}
is four-dimensional and the image

d(A*W) = span{d(e**{**)}

is one-dimensional. The same restrictions are injective for g = to & R & vo @ R, since in
this case de? # 0 and df?3 # 0. This finishes the proof. O

The obstruction theory cannot be applied directly to the two remaining Lie algebras,
although they admit coherent splittings and we have to deal with them separately.

LEMMA 3.9. The Lie algebra g = hzBto®R does not admit a half-flat SU(3)-structure.
Furthermore, there is no decomposition g* =V @& W with two-dimensional V' which sat-
isfies the obstruction condition (3.3).

Proor. We start by proving the second assertion. Let W C g* be an arbitrary four-
dimensional subspace. It suffices to show that there is always a closed three-form with non-
zero projection on A3W. If the projection of W on one of the summands g is surjective, a
generator of A3g} is closed and has non-zero projection on A>W. For dimensional reasons,
the only remaining possibility is that both projections have two-dimensional image in W.
However, since all two-forms in A?h% are closed and the kernel of d is two-dimensional on
to @R, there is necessarily a closed three-form in A%h3 A (to ®R)* with non-zero projection
on A*W. Therefore, the obstruction condition (3.3) is never satisfied.

However, we can prove that there is no half-flat SU(3)-structure by refining the idea
of the obstruction condition as follows. Suppose that (p,w) is a half-flat SU(3)-structure,
ie.p€ Z® and 0 = sw? € Z* and let {ey,...,f3} denote a standard basis of bz @ vo ® R.
We claim that

f'AT Ao =0
which suffices to prove the non-existence since f; would be isotropic by (3.5). First of all,
an easy calculation reveals that

fy Ao € span{fte!*f* fle!?*f3}

for an arbitrary closed four-form o. Thus, it remains to show that J;‘f1 has no component
along ¢ and f2 or equivalently that

x (3-2)
Tt ()e(p) =7 A (vap) Ap
vanishes for v € {es, fo}. This assertion is straightforward to verify for an arbitrary closed
three-form p. 0

For the last remaining Lie algebra, we apply a different argument.
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LEMMA 3.10. The Lie algebra g = vto®REBR? does not admit a closed stable form p with
A(p) < 0, in particular it does not admit a half-flat SU(3)-structure. Furthermore, there
is no decomposition g* =V & W with two-dimensional V' which satisfies the obstruction
condition (3.3).

PROOF. Suppose that p is a closed stable form inducing a complex or a para-complex
structure J,. Let {e1,es} be a basis of ty such that de? = e?!. Since p is closed, there are
a one-form 3 € (RY)*, a two-form v € A%(R*)* and a three-form ¢ € A3(R*)*, such that

p=c?AB+e Ay+o.

Therefore, we have
Kp(ez) = k((e20p) A p) = k(—e' ABNG)
with 3 A6 € A*(R*)*. However, this implies that J(e) is proportional to e, by (3.7)
which is only possible if A(p) > 0 and the first assertion is proven.
To prove the second assertion, it suffices to show that for every four-dimensional
subspace W C g*, there is a closed three-form with non-zero projection on A3W. This
follows immediately from the observation that dim(ker d) = 5 which implies that

dim(kerd N W) > 3
for every four-dimensional subspace W. OJ

The lemma finishes the proof of the theorem as all possible direct sums according to
the classification of three-dimensional Lie algebras have been considered. 0

We remark that the lemmas 3.9 and 3.10 give two examples of solvable Lie algebras
which show that the condition of [Con, Theorem 5], which characterises six-dimensional
nilpotent Lie algebras admitting a half-flat SU(3)-structure, cannot be generalised without
further restrictions to solvable Lie algebras.

Table 3: Unimodular direct sums of three-dimensional Lie algebras

Lie algebra Half-flat SU(3)-structure with w = elf! + e?f2 + e3f3
heab, p=1v2{el2 128 _ 25l _ o3f12 4 o12f3 4 312 4 M1 _ £123}
b unimodular g=(e")2+ (22 + ()% + (f1)? + ()% + (£3)?
h @ R p = el2f3 4 31f2 | o231 _ 123

h unimodular | g = (e!)? + (e2)? + (e3)% + (f1)2 + (f2)% + (£3)?
su(2) D sI2,R), | p=2F {Lel® 4 oBfl 4 312 1 o123 — olf28 _ o231 4 3f12 _ 2123}
0= VELE () 43 ()2 + 5 ()24 ()2 + ()2 + 3 (1)
+2elfl 42622 — 2¢3.f3}

su(2) @ e(2) p = —eBfl 312 _ o12f3 4 o231 | o3f12 4 £123
g= (e")?+(e2)? + (e*)2 +2(f1)* + (f2)* + (%)% — 2¢! -

Table 3 — continued on next page
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Table 3 — continued

Lie algebra Half-flat SU(3)-structure with w = elf! + e?f2 + e3f3

5[(2’ R) D 6(2) p= —9 eZSfl _ e31f2 _ e12f3 + ezf31 _ e3f12 + £123
g= (61)2 +9 (62)2 +92 (63)2 4 (fl)? + (f2)2 + (f3)2 + 262-f2 _ 263'f3

su(2) Be(l,1), | p= 2Bl — 32 o234 23l _ 312y {123
e(2) de(1,1) g= ()2 +2(e®)2+2(e®)? + (f1)2 + ()2 + (£3)? + 2212 — 233

SI2,R) @e(1,1) | p= —eBfl — 32 — 1263 1 231 4 &3f12 4 f123
g= (e")?+(e2)? + (e*)2 +2(f1)* + (f*)* + (%)% — 2¢! -

511(2) ) []37 p= —623f1 _ 2831f2 _ 612f3 + e3f12 + f123
¢(2) © bs 9= 7"+ ()2 + 7 () + (1) + () + (%)
—el fl —e2.f2 4 ¢3.13
5[(2’ ]R) D []37 p= _e23f1 _ 2631f2 _ el2f3 _ eSle 4 f123
e(1,1) @ b3 g=3()?+ ()’ + 5?2+ (') + 3 () + (%)

+elfl 4 e2.f2 — 3.3

Table 4: Solvable, non-unimodular direct sums admitting a half-flat SU(3)-structure

Lie algebra Half-flat SU(3)-structure

2@t ®R | w=ce!?+e3f! -2
p = eBf3 1 221 | o132 _ o131

g=(e")?+(e*)? + (e%)* + (f1)* + (f*)* + (f*)?

((1,L) D@ R | w=—elf’ —e3f? 4 2f! — 23
0= o233 _ 23l | o242 _ 3olf3l _ o3f12 4 9123

g:2(el)2+(e2)2+2(63)2—|—(f1)2+(f2)2+5(f3)2—261-f2—6e3~f3

Table 5: Direct sums which are neither solvable nor unimodular

Lie algebra Half-flat SU(3)-structure

su(2) O OR, | w=elfl — 23 4 22 4 33
sl(2,R) Dro @R | p=eBfl + 32 4 o123 4 e2f12 — £123
g= (") +(e*)? + (€%)” + (f1)* + 2(f*)* + (*)* — 2¢° -

su(2) @3 w =2 4?3 4 2elf!

Table 5 — continued on next page
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Table 5 — continued

Lie algebra Half-flat SU(3)-structure

p= %3%{e3lf2 _ ele3 _ 62f31 4 eSfSl + 62f12}
9= 3V3{2(e")? + (€%)% + (¢*)” + 2(f")? + (%)* + (f%)?
+2el-f1 —e2.e3 + 2.3}

s[(2) @3 w = elf! — 262 4 33 4 e2f2

p= %623f1 + 3631f2 + e31f3 + e12f2 + %emf3 _ 4e2f31 + §e3f31
436212 _ o3f12 _ 94123

g=3(")?+5(e*)* + (%) + 1i(fl)Q +94(f2)7 + 5 (F°)?

—8el f1 — geQ e3 + 5 3462.£2 4 166243 _ 16632 — %eg-f?’ + 23—4f2-f3
su(2) drg w= gqe'? + et — 32
0<p<1) — (At 1) 72 {el3f2 — €233 — pelfld — e2f12}

= p %{L(GI)Q + g (€2 + (€2)2 + u(fh)? + (1) + u(f%)}
sl(2) ® g, w= #He 3 4 elfl 4 f32

(1< pu<0) p= (—u)_Z(,u + 1)_%{e12f3 — el3f2 4 e2f12 — e3f13}

g=(—p) 2{(e"?+ ﬁ(e?)? — B (e3)2 — u(fh)? + (£2)2 — ()2}

2 +3 2 p(2u+3)
(-1<pu<0) ﬁf e
= M%l 1.23¢3 _ 9,13¢2 | 2p243u+2 12¢1
P = T 1) d u® f 2t 2(ut1)2 f

_%el2f3 —elf13 _ o3f13 | 902f12 4 9f123
2 4 3 2 2
o pftutls 1N\2 4p*420p° +29p° 41644 potp+1 o 3\2
=== (e)" — e)” — e
g p(pt1) (e9) dp(ut1)? (e%) p(pt1) (e%)

u+1 ()2 + 4:—3# (£2)2 Lﬂ(f3)2
242 4143u) 1 2p+2) o1 g2 27542 2 g3 | 2(ut2) o3 2
+ p(pt 1) 4 it @ f #(quul) f S

sl(2) @3, w= %elf?’ + et + 2 ﬁem +elf? + e3f3

O<p<l) p= 2%6123 +e23f2 _ ol3g1 4 %emf?, _ 313 4 plpl2 4 uTHf123

2
e S Co +<2g+1><e3>2+“%1<f1>2

1 1
+L+1(f3) +1+3,LL+2,u (fz) 6(251-11)26 Cn (2M:b)ti(1?;;:+1)e1,f2
+u((i/j:;ge 34 (2u+1)2 o2.f1 4+ (4+4/~L)63'f2+ 2(2“:1)7e3-f3

+ 2(2112‘1)? £2.43

su(2) @ g w = e*f? — 2uf? 4 33 + elf!

(,Uf > 0) p= e23f1 + e31f2 + e12f3 + e2f31 _ ue3f31 + Ne2f12 + e3f12

Table 5 — continued on next page
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Table 5 — continued

Lie algebra Half-flat SU(3)-structure

+(U2 _ 1)f123
g=(e")?+ ()2 + () + 2(f)? + (u® + 1)(*)* + (u* + 1) (£*)?
+2ebfl 4 240213 — 2pe3-f2

sl(2,R) oty , w = e2f? — 2uf? + 33 + elf!
(1> 0) p= %e23f1 + 26312 4 o123 4 262£31 4 ;0331
+2,ue2f12 _e3f12 (4M2 + %)f123
g=2(e") +5(e*)” + (%) + F(E')7 + (164 + ) (£*)°
+(202 4+ 2)(£3)? + 3el £ — 5e?-£2 — 2pe?-£3 — 8ped-£2 4 Hed 3

—10pf2-£3

4. Half-flat SU(1, 2)-structures on direct sums

An interesting question is whether the results proved in the previous sections for half-
flat structures inducing Riemannian metrics also hold for half-flat SU(p, g)-structures,
p+q = 3, with indefinite metrics. It suffices to consider SU(1, 2)-structures after possibly
multiplying the metric by minus one.

First of all, the obstruction condition of Proposition 3.2 does not apply since isotropic
subspaces are of course possible for metrics of signature (2,4). For instance, the Lie
algebra to @ R @ vy @ R does admit a half-flat SU(1, 2)-structure but no half-flat SU(3)-
structure. Indeed, the structure defined in the standard basis by

p o= —elB Q12 o122 9133 | (212 _ G313 4 128
w = elS _ e1f2 =+ 61f3 + 82f3 o f127
g = — () —2(f)? +2e" e + 22 4 262 — 22 4 2631 4 21113

is a half-flat SU(1, 2)-structure with V' = span{e’, '} .J,-invariant and isotropic.

In fact, the obstruction established in Lemma 3.10 is stronger and also shows the
non-existence of a half-flat SU(1, 2)-structure on g = to ® R & R3. It can be generalised
to the following Lie algebras.

LEMMA 4.1. Let g = g1 @ g2 be a Lie algebra such that g, is one of the algebras R?,
bz or va DR and gy is one of the algebras ts, t3,,, 0 < |u| <1, tg,u? > 0.

Every closed three-form p on one of these Lie algebras g satisfies A(p) > 0. In partic-
ular, these Lie algebras do not admit a half-flat SU(p, q)-structure for any signature (p, q)
with p+q = 3.

PRrROOF. The proof is straightforward, but tedious without computer support. In a
fixed basis, the condition dp = 0 is linear in the coefficients of an arbitrary three-form
p and can be solved directly. When identifying ASV* with R with the help of a volume
form v, one can calculate the quartic invariant A\(p) € R, for instance in a standard basis.
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Carrying this out with Maple and factorising the resulting expression, we verified A(p) > 0
for an arbitrary closed three-form on any of the Lie algebras in question.

As a half-flat SU(p, q)-structure is defined by a pair (p,w) of stable forms which satisfy
in particular A(p) < 0 and dp = 0, such a structure cannot exist and the lemma is
proven. 0]

We add the remark, that a result analogous to Lemma 2.1 for a pseudo-Hermitian
structure of indefinite signature would involve a considerably more complicated normal
form for w. Therefore, a generalisation of the proof of Theorem 2.2 to indefinite metrics
seems to be difficult.

5. Half-flat SL(3,R)-structures on direct sums

Finally, we turn to the para-complex case of SL(3,R)-structures. Recall that a half-
flat SL(3, R)-structure is defined by a pair (p,w) of stable forms such that J, is an almost
para-complex structure and

WAp=0, dw?*=0, dp=0.

As the induced metric is always neutral and A(p) > 0, neither Proposition 3.2 nor Lemma
4.1 obstruct the existence of such a structure. For instance, the Lie algebra to & R @ t3
does not admit a half-flat SU(p, ¢)-structure for any signature (p, q) with p+ ¢ =3, but

p o= 2623 22 4 12 _ B 4 128
wo= e QP 22 3 28
g = —2(e'e®— e+ el fP 4 27 4 1),

is an example of a half-flat SL(3, R)-structure.

When trying to generalise Theorem 2.2 to the para-complex situation, we find an
astonishingly similar result if we additionally require the metric to be definite when re-
stricted to one of the summands. We omit the proofs which are very similar to the original
ones due to the analogies explained in section 1.4.

LEMMA 5.1. Let (Vi,91) and (Va, g2) be Euclidean vector spaces and let (g, J,w) be
a para-Hermitian structure on the orthogonal product (V3 @& Vo, g = —g1 + go). There
are orthonormal bases {e1,eq,e3} of Vi and {f1, f2, f3} of Vo which can be joined to a
pseudo-orthonormal basis of Vi @ Vo such that

(5.1) w=ae?+V1+a2e'f' + V1 +a2e’f? 4 *f? 4 af'?
for a real number a.

In analogy to the Hermitian case, we call the para-Hermitian structure of type I if
a = 0 and of type I if a # 0.

THEOREM 5.2. A direct sum g1 ®gs of three-dimensional Lie algebras g1 and go admits
a half-flat SL(3,R)-structure (g, J,w, V) such that g and go are orthogonal with respect
to the metric g and the restriction of g to both summands is definite if and only if the
pair (g1, g2) is contained in the following list:

type I : a) @1 = go unimodular,
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b) g1 non-abelian unimodular and go abelian or vice versa,
type I = (e(1,1),e(1,1)),

(¢(2),R @ ra),

(su(2),v3,) for 0<p<lI,

(sl(2,R),v3,) for —1<p<O.

If we require, instead of orthogonality, that the SL(3, R)-structure is adapted to the
direct sum g; @ go in the sense that the summands g; and gy are the eigenspaces of J, we
find the following interesting relation to unimodularity.

PROPOSITION 5.3. A direct sum gy @ g2 of three-dimensional Lie algebras g1 and g
admits a half-flat SL(3, R)-structure (g, J, w, ¥) such that g1 and gs are the £1-eigenspaces
of J if and only if both g1 and go are unimodular.

ProOOF. Let (g, J,w, V) be an SL(3,R)-structure on g = g; & g such that g; is the
+1-eigenspace of J and g, is the —1-eigenspaces of J. Since ¢t = ReV is a stable form
inducing the para-complex structure .J, we can choose bases {e'} of g;* and {f'} of go*
such that ¢ = 123 + 123 is in the normal form (3.8). Thus, the real part 1" is closed as
we are dealing with a direct sum of Lie algebras. Due to the simple form of ¢, it is easy
to verify that the relation w A" = 0 holds for an arbitrary non-degenerate w if and only
if w has only terms in g;* ® go*. Now we are in the situation of Lemma 1.2 and conclude
that the only remaining equation dw? = 0 is satisfied if and only if both g, and g, are
unimodular. U



CHAPTER 5

Description of all half-flat structures on certain Lie groups

After solving the problem on which direct sums of three-dimensional Lie groups there
do exist left-invariant half-flat structures, the question arises how many there are on each
Lie group. A reasonable restriction in the left-invariant case is to describe all half-flat
structures modulo Lie group automorphisms. For a simply connected Lie group, it is
equivalent to describe all half-flat structures on the corresponding Lie algebra modulo Lie
algebra automorphisms. If the Lie group is not simply connected, it has to be distinguished
between inner Lie algebra automorphisms, which always lift to a Lie group automorphism,
and outer Lie algebra automorphisms, which do not necessarily lift to the group level.

In this chapter, the uniqueness problem for half-flat structures is studied in detail for
the compact Lie algebra su(2) @ su(2) and the nilpotent Lie algebra b3 @ b3 including also
the case of nearly half-flat structures. As this analysis turns out to be quite technical, we
do not attempt to complete the classification of all half-flat structures on direct sums of
three-dimensional Lie groups which had to be done for each of the 78 cases of direct sums
individually.

For the Lie algebra sl(2,R) & s[(2,R), we consider the following uniqueness problem
which can be solved by a similar method. As explained in the introduction, there is a
left-invariant nearly pseudo-Kéhler structure on SL(2,R) x SL(2,R) and we prove the
uniqueness of this structure in analogy to the case of the nearly Kéhler structure on
S3 x S3, see [Bul].

1. Half-flat structures on S3 x S3

Let g be a Lie algebra. By definition, the exterior differential
(1.1) d:g"— A*g*, 0—db, dd(X,Y) = —6(]X,Y]),

commutes with the action of the group of Lie algebra automorphisms Aut(g). For every
simple Lie algebra, d is injective on one-forms since the annihilator of the kernel of d, the
derived subalgebra [g, g], would be a proper ideal if the kernel would not vanish. Thus,
on the two three-dimensional simple Lie algebras su(2) = so(3) and s[(2, R), the mapping
(1.1) is a natural equivariant isomorphism of Aut(g)-modules.

Recall that we defined a standard basis of su(2) as a basis {ej, s, e3} such that the
Lie bracket is given on the dual basis by

d(el) _ e(i+1)(i+2)
with 7 € {1,2,3} and indices taken modulo 3. Given a standard basis, we will always

identify A%g* = R3 using the induced basis {es3,e31,€12}. With this convention, the
isomorphism (1.1) is represented by the identity matrix with respect to standard basis.
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Moreover, the automorphism group Aut(su(2)) with respect to this basis equals the stan-
dard matrix group SO(3,R) and acts by usual matrix multiplication on both g* = R* and
A%g* = IR3.

From now on, we consider g = su(2) @ su(2) with a standard basis which is defined
as the union of standard bases {e;} and {f;} of the summands. The group of Lie algebra
automorphisms with respect to this basis equals

(1.2) Aut(g) = SO(3)xSO(3) U £(SO(3)xSO(3))

0

where SO(3) x SO(3) is embedded diagonally in GL(g) and £ = <IL
3

13> .
0 1s an outer

automorphism exchanging the factors.
To begin with, we establish a normal form for a coclosed stable two-form w on g =
su(2) @ su(2).

LEMMA 1.1. On a Lie algebra g = g1 & g2 which is a direct sum of three-dimensional
simple Lie algebras, a non-degenerate two-form w satisfies dw? = 0 if and only if w €
91 ® 95

PROOF. Since d is an isomorphism on one-forms on both summands, all two-forms
in A%g; and A?g} are exact and thus closed. In particular, all four-forms in A?g} ® A%g;
are closed proving that w? is closed if w € g¥ ® g3. Conversely, no non-trivial four-form
in (A%gi @ g3) & (g7 @ A3g}) is closed. Thus, a two-form w with dw? = 0 satisfies either
w € gl ®gsorw e Ag; ® A%g;. However, the second case can be excluded since w is
non-degenerate and proof is finished. 0

LEMMA 1.2. On the Lie algebra g = su(2) @ su(2), consider the action of Aut(g) on
the set of non-degenerate two-forms on g with dw? = 0. In any standard basis, a minimal
system of representatives of the orbits under this action is given by

(1.3) {w:aelf1+ﬁe2f2+ve3f3 | 0<a§6§v}.

PROOF. By Lemma 1.1, every non-degenerate two-form w with dw? = 0 can be writ-
ten in a standard basis as w = s;;¢'f? for an invertible 3 x 3 matrix S = (s;;). An element
(X,Y) € SO(3) x SO(3) acts on w by the transformation S +— X*SY and the outer auto-
morphism ¢ acts by S +— —S. Now, the polar decomposition of S and the diagonalisation
of the symmetric part yield S = 0105 DO, for two orthogonal matrices O, 05 € O(3) and
a unique diagonal matrix D = diag(«, 8,7) with 0 < o < § < . Thus, every w is mapped
to a unique representative of the form (1.3) by applying the Lie algebra automorphism
defined by X' = £0,0! € SO(3) and Y = +£0} € SO(3) followed by & if necessary. [

A similar result can be obtained for three-forms as follows. An arbitrary three-form
can be written in a standard basis as

3 3
(1'4) p = a1e123—|— Z bike(z’+1)(z‘+2)fk+ Z Cikeif(k+1)(k+2) —|—a2f123
i,k=1 i,k=1

and we arrange the 20 parameters in a column vector A = (ay, az)" and two 3 x 3 matrices
B = (bix) and C = (c¢;). The action of an inner Lie algebra automorphism (X,Y) €
SO(3) x SO(3) on a three-form p defined by the triple (A, B, () is given by

(1.5) (A, B,C) w (A, X'BY, X'CY).
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Indeed, the invariance of A is due to the fact that both X and Y have determinant 1.
Moreover, as the equivariant isomorphism (1.1) is given by the identity matrix, both B
and C transform like a two-form in g7 ® g5 and the transformation rule for B and C
follows.

Due to the simplicity of this transformation rule, we are able to derive normal forms for
closed three-forms and compatible pairs of stable forms satisfying the half-flat equations.

LEMMA 1.3. Let the space of three-forms on g = su(2) @ su(2) be identified with
the space of triples (A, B,C) according to (1.4) in a standard basis. Then, a three-form
(A, B,C) is closed if and only C = —B. A minimal system of representatives of closed
three-forms under the action of Aut(g) is given by the closed subset

{(A7B7_B) | B = dia’g(b17627b3>7 bl 2 07 L= 17273}
of RS,

PROOF. The assertion that a three-form (A, B, C) is closed if and only if C'= —B is
obvious by definition of the standard basis. Since Aut(g) acts on (A, B, C) by the formula
(1.5), the matrix B transforms exactly as the invertible matrix S in the proof of Lemma
1.2. Considering the normal form of S and the fact that B is not required to be invertible,
the assertion on the normal form of (A4, B, —B) is immediate. O

The following theorem is the main result of this section and can be viewed as the
explicit description of the “moduli space” of left-invariant half-flat structures on S® x S3.

THEOREM 1.4. On the Lie algebra g = su(2) @su(2), consider the action of Aut(g) on
the compatible pairs (w, p) € A% g* x A3g* of stable forms satisfying the half-flat equations

dp =20, dw? = 0.
In any standard basis, a minimal system of representatives under this action is given by

(1.6) {(w,p) | w=ae'fl + e +ye’f?,
3
p= CL1e123 + Z b; (e(i+1)(i+2)fi . ez‘f(z‘+1)(z‘+2)> + a2f123,

(ay,a9,b1,by,b3,, B,7)" € R® such that X(p) # 0 and either
O<a<p<~yor

O<a=p,0<v, b <bor

O<a=p=7 b <b <bs}.

When identifying ASg* with R via the volume form v = 12346 the quartic invariant \(p)
associated to a stable three-form p in this minimal system is the homogeneous polynomial

(1.7) X = bl + b3+ b3+ 4b1bobs(ag — ay) — 26203 — 2b2b2 — 26202 + 2aa9 (b2 + b2 + b2) + a’a?

of order four in the five variables ay,as, by, by, bs. A pair (w,p) in the set (1.6) is nor-
malised such that ¢(p) = 26(w) if and only if

(1.8) 208y = Ve.

PRrOOF. We choose a standard basis and assume that w is in the normal form (1.3) with
0 < a < 8 < v which represents exactly the orbits of the coclosed two-forms under Aut(g).
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It remains to determine, for each triple (a, 8,7)", a minimal system of representatives of
closed compatible stable three-forms under the action of H := Stabayg) (w).

When parametrising a closed three-forms by a triple (A, B, —B) according to (1.4),
the six coefficients of the five-form w A p are

abiy — Bbar, aba — Bbia, abig — b3, abs; — bz, Bbaz —Yb3a,  [Bbzy — Ybas.
Thus, the compatibility w A p = 0 is satisfied if and only if

a a
(1.9) b1y = ébm = —by1, b3 = —biz= 1513, bz = 1532 = éb32-
a y o y

g g
By separating three cases, we determine all solutions modulo the action of H.

First of all, if 0 < a < 8 < 7, the equations are satisfied if and only if all b;; with i # j
vanish. Since the stabiliser H of w in Aut(g) is trivial in this case, there is no further
restriction on the parameters aq, as, by; = by, bag = b, b3g = b3 except for A # 0.

Secondly, if two of the three parameters are equal and the third is different, we can
achieve aw = (8 by reordering with the help of the Aut(g)-action. After this reordering, it
still holds o > 0, v > 0, but not necessarily a < ~. In this case, the equations are satisfied
if and only if bjs = by and b3 = b3y = bas = bzo = 0. In this case, the stabiliser H of w
in Aut(g) is SO(2) embedded in the upper left corner of SO(3) and then diagonally into
SO(3) x SO(3). Hence, we can diagonalise the symmetric upper left corner of B with the
action of H. The resulting eigenvalues b; < by uniquely characterise these types of orbits.

Thirdly, if @« = f = =, the equations are satisfied if and only if B is symmetric.
However, in this case, the stabiliser H equals SO(3) embedded diagonally into SO(3) x
SO(3). Recalling the transformation rule of B, (1.5), it is again possible to diagonalise
B as it is symmetric. The eigenvalues by, by, bs of B are possibly negative, but can be
ordered such that b; < by < b3 uniquely determine the remaining orbits.

This shows that the set (1.6) is a minimal system of the orbits under the Aut(g)-action
as we have discussed all solutions of w A p = 0. The computation of the corresponding
invariant A(p) is straightforward. The normalisation condition is immediate since ¢(p) =

A(p)| by definition and ¢(w) = tw? = afye!?3f12, O
6

For applications, it will be useful to have explicit formulas for the tensors induced by
such a pair (w, p).

COROLLARY 1.5. The tensors J = J,, p = J*p and g = g p) induced by a pair (w, p)
defined by (1.6) are given with respect to the eight parameters (aq,as, by, by, b3, a, B,7)

by the following formulas. We use the abbreviation K = —= and the formula Jop =

VeX
_5p(‘],0'7 K )
J(e1) = k(arag — b2 + b3 + b3) e + K(2a1by + 2bsbs) f;
J(eg = Kk(a1a2 + b% — bg + bg) € + :‘i(2a1b2 + 2b1b3) fg

) = A(

) = r(
J(es) = r(arag + b2 + b3 — b3) e3 + k(2a1bs + 2b1by) f3
J(f1) = k(2bras — 2babs) ey + K(—aray + b7 — b3 — b3) fy
J(f2) = K(2bgay — 2b1b3) ey + K(—ajay — b} + b3 — b3) £
J(f3) = K(2b3ay — 2b1by) e3 + K(—ajay — b2 — b3 + b3) f3
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J*p = —er { (—ai(ajay + b2 + b5 + b3) — 2b1bybs) '

+ (ag(arag + b3 + b3 + b3) — 2bybybs) £

— (ayaghy  + b3 — b1b3 — byb3 + 2agbybs) '
+ (a1agby — bob]  + by — byb3 + 2azbyb3) e* 1
— (a1asbs — bgb? — bgba  + bg + 2a9b1by) 312
— (ayaghy  + 0> — byb32 — bib2 — 2a,bsby) 1!
+ (a1aghy — bob]  + by — byb3 — 2a1b3b; ) e f?
— (ayaghs — bsb? — bsby  + b3 — 2a1byby) '3 }

g = —2¢ek { a(bobs + aiby) (e)? + B(bibs + a1by) (€*)* + Y(biby + ayb3) (e?)?
+ a(babs — agby) (F1)? 4 B(bibg — aghy) (£2)* + y(b1by — aghs) (£%)?
—alajay — b2 + 03+ b3 et - ' — Blajag + b2 — b3 + b3)e? - 2
—v(ajag + b3 + b5 —b3) e - 3 .
Similarly, we are also able to parametrise all left-invariant nearly half-flat structures

on S3 x S3. Recall that an SU®(p, q)-structure (w, p) is nearly half-flat if and only if there
is a non-zero constant v such that dp = vw?.

PROPOSITION 1.6. There is a one-to-one correspondence between left-invariant half-
flat structures and left-invariant nearly half-flat structures on S® x S3. More explicitly,
given a standard basis of g = su(2) @ su(2) such that the half-flat structures (w, p) modulo
Aut(g) are parametrised by the minimal system (1.6), the image of the mapping

W w, (A,B,—B)l—>(A,B,—B—)\diag(ﬁfy,a’y,aﬁ))

is a minimal system of representatives for the action of Aut(g) on the nearly half-flat
structures for the constant .

PROOF. We start by describing the orbits of nearly half-flat structure under Aut(g).
Since dw? = 0 for a nearly half-flat structure (w, p), we can choose, as before, a standard
basis such that w belongs to the minimal system of representatives given by (1.3) and
such that

(1.10) w? = —2af e — 20y e'3f13 — 237y B2,

[s is easy to see, that a three-form p, given by a triple (A, B, C') with respect to this stan-
dard basis by formula (1.4), satisfies dp = 4w? if and only if C' = —B — A diag(87, av, af3).
However, the diagonal entries of B do not appear in the coefficients of the five-form w A p.
Thus, the compatibility condition w A p = 0 is satisfied if and only the six equations (1.9)
are satisfied. In particular, the solutions modulo Aut(g) are exactly described by the
image of the mapping given in the proposition and the assertion follows. 0J

Recall that a double half-flat structure (w, p) has been defined as a half-flat structure
satisfying additionally

(1.11) d(J3p) = pw?
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for a constant u € R*.

PROPOSITION 1.7. A half-flat structure of the form (1.6) is double half-flat if and only
if there is a constant p € R* such that
paf = ek (b3b] +bsby  — b3 + biby(a; — az) — ajagzbs),
poary = ek (bob?  — by + bobs + bibs(ay — az) — arashsy),
By = ek (=b} 4+ bbs 4+ bib3 + bobs(ay — az) — ajashy).

Notice that, since «, 8 and ~ are different from zero and neither of them appears on
the right hand side, the three equations always eliminate three parameters.

PRrROOF. An explicit formula for the induced three-form J*p is given in Corollary 1.5
such that it is straightforward to compute the exterior derivative

(1.12) d(Jrp) = —2ek (bsbi +bsb; — b3 + biby(ar — az) — aragbs) €1

—2ek (beb]  — b3 + bob3 + bibs(ar — ag) — ajaghy) e

—2ek (b3 4 bybs + byb3 + babs(a; — ag) — ajaghy) e** 1%,
Comparing this four-form with w?, given by formula (1.10), the assertion follows. 0

As another application of the stable form formalism and the formula for the action of
Aut(g) on three-forms, we solve the following problem concerning left-invariant complex
structures on S® x S3.

PROPOSITION 1.8. There is no left-invariant integrable SL(3, C)-structure on S* x S3.
Equivalently, a left-invariant complex structure J on S*xS? does not admit a left-invariant
holomorphic (3,0)-form.

REMARK 1.9. However, there do exist left-invariant complex structures J on S3 x S3
constructed in [CE] using the Hopf fibration S — S% — 52 see also [KN], Ex. 2.5
in ch. IX. It is shown in [Dau] that these structures exhaust all left-invariant complex
structures on S* x S3.

Proor. By Proposition 1.3, both assertions are equivalent and it suffices to prove
that there is no closed left-invariant complex volume form. Due to the properties of
stable three-forms in dimension six explained in chapter 1, section 3, we can equivalently
show that there is no left-invariant real three-form p which satisfies A(p) < 0 and

dp =0, d(J;p) = 0.

Let p be an arbitrary closed stable three-form on the Lie algebra su(2) & su(2). We
choose a standard basis and express p as a triple (A, B, —B) according to formula (1.4).
As Aut(g) preserves the exterior system, we can assume that B = diag(by, bs, b3) for three
non-negative real numbers by applying Lemma 1.3. Due to the necessary stability of p,
we can moreover assume that A(p) # 0, i.e. Kk = \/L;\ # 0. The induced almost complex
structure J, and the three-form J7p are exactly those computed in Corollary 1.5. The
exterior derivative d(J;p), see (1.12), vanishes if and only if

(1.13) bs( b} + b3 — b3 — aiaz) + biba(ar —az) = 0,
(114) bg( b% — b% + bg — alag) + blbg(al — CLQ) = 0,
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(115> bl(—b% + b% + b?)) - alag) + bgbg(al — ag) = 0.

We claim that A(p) > 0 for all solutions of this system of algebraic equations which is
obviously symmetric in by, b and b3. First of all, if at least two of the three b; vanish, say
by and by, then A(p) = (b2 +ajaz)* > 0 by factorising the expression (1.7) for A. Secondly,
if exactly one of them vanishes, say b, we can add the first equation divided by b3 and
the second equation divided by by. The resulting equation is a;as = 0, which implies that
Ap) = (by — b3)?(by + b3)* > 0.

Finally, we assume that all three b; are different from zero. Multiplying (1.13) by by
and subtracting (1.14) multiplied by b3, we obtain

(bg — bg)(?blbgb?) + b%(al - ag)) = 0.
Similar manipulations yield

(b§ — b%)(2b1b2b3 + bg(al — ag)) = O,

(b% — b%)(lebeg + bg(al - ag)) = 0.

We claim that it always holds b? = b2 after possibly permuting the b;. Indeed, if b? # b2
and b? # b3, subtracting the last two equations implies that b3 = b3 since a; = ap would
contradict the assumption that the b; are different from zero. Thus, we can assume that
by = £by. When we insert this into (1.15), we find

bl(bg —aias = bg(al — (12)) = bl(bg + al)(b3 + ag) = 0.

Therefore, all solutions of the system are given by b3 = Fa; or b3 = Hay. The first
solution simplifies the expression (1.7) for A such that

A = a] — 4bsay(ay — ay) — 4b3a3 + 2a1a2(2b3 + a) + ajas = ai(a; + az)? > 0.

Similarly, the second solution, i.e. b = +by and by = +as, yields A = a3(a; + as)? > 0.
As we have shown A(p) > 0 for all stable forms inducing an integrable J,, the propo-
sition is proved. 0

EXAMPLE 1.10. In contrast to SL(3, C)-structures, there is a trivial example of a left-
invariant integrable SL(3,R) x SL(3, R)-structure on S* x S%. In a standard basis, we can

123 + f123

choose for instance p = e such that the induced almost para-complex structure

J,, is obviously integrable since the two S*-factors are real eigenspaces for .J,,.

In fact, a similar method has been used in [Bul] to prove the uniqueness of the nearly
Kahler structure on S* x S3. This result is extended in [SSH] as follows.

PROPOSITION 1.11. On the Lie groups G x H with Lie(G) = Lie(H) = su(2), there
15 a unique left-invariant strict nearly Kahler structure up to homothety and equivalence
of left-invariant U(3)-structures. Moreover, there is neither a left-invariant strict nearly
para-Kdhler structure with ||V J||? # 0 nor a left-invariant strict nearly pseudo-Kdihler
structure with an indefinite metric.

ProoOF. By Theorem 5.5, chapter 3, and the usual Lie theory arguments, left-invariant
nearly e-Kéhler structures on G x H with ||[VJ||*> = 4 are in one-to-one correspondence
with half-flat structures (w, p) on the Lie algebra su(2) @ su(2) satisfying the algebraic
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exterior system
(1.16) dw = 3p,
(1.17) d(Jrp) = 2w

Applying a homothety, i.e. rescaling the metric by a possibly negative number, ||V.J||? = 4
can always be achieved for a strict nearly e-Kahler structure (with [|[V.J||? # 0). Further-
more, since an inner Lie algebra automorphism always lifts to a Lie group automorphism
which is in particular an automorphism of left-invariant U(3)-structures, it suffices to
show that this exterior system has a unique solution on the Lie algebra.

Because of dw? = 0, we can choose a standard basis such that

w = ae'ft + Be?f? + ~ye3f3
as usually. Thus, the first equation (1.16) is satisfied if and only if
3p = dw = a(e23f1 o elf23) + 6(e3lf2 . erSl) + ’}/(612f3 o 63f12).

As this pair (w, p) happens to be in our normal form (1.6), we can simplify the expressions
for w?, (1.10), and d(J*p), (1.12), in order to explicitly write down the second equation
(1.17). It is explicitly shown in [Bul], see also the English version [Bu2], that the resulting
algebraic system has only one solution given by a = =~ = %\/g By substituting this
into our formula (1.7) or into formula (18) in [Bu2], we obtain that the quartic invariant
A is negative for this solution and the non-existence of nearly para-Kéahler structures is
proved. A nearly pseudo-Kahler structure with an indefinite metric cannot exist either,
since the induced metric is positive definite, see the second part of Lemma 2.3 in [Bu2],
or substitute the solution into the formula given in Corollary 1.5. This finishes also the
proof of the uniqueness assertion. 0

REMARK 1.12. We like to point out that there are half-flat SU(3)-structures (w, p) on

S? x 5% inducing non-isometric metrics g, ,. On the one hand, the metric induced by
the half-flat structure (w, p) defined in a standard basis by

w = e'f' +e*f?e’f?

p = %\/5(6123 ol 231 3f12 4 1243 | (B1g2 | (2p1 f123)
in chapter 4 is such that the standard basis is orthonormal. In other words, the induced
metric is the Riemannian product of two copies of the bi-invariant Einstein metric on S3.
In particular, this Einstein metric is not isometric to the nearly Kahler Einstein metric
induced by the half-flat structure given in the proof of Proposition 1.11.
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2. Half-flat structures on H; x H;

In this section, we focus on the Lie group Hs x Hs with Lie algebra g = b3 & h3 where
Hj denotes the three-dimensional Heisenberg group. Apart from describing all half-flat
structures on the Lie algebra, we give various explicit examples and prove a strong rigidity
result concerning the induced metric of a large subclass of half-flat structures. Finally,
we show that there are no nearly half-flat structures on this Lie algebra. FExcept for
the observation on nearly half-flat structures, the results of this section are contained in
[CLSS].

In analogy to the case of su(2) @ su(2), the starting point is a normal form modulo Lie
algebra automorphisms for stable coclosed two-forms w € A?g*. Recall that we call a basis
{e1, €2, €3, f1, f2, f3} for h3 @ b3 a standard basis if the only non-vanishing Lie brackets are
given by

de® = e'?, df? = f12.
The connected component of the automorphism group of the Lie algebra h3 & b3 in the
standard basis is

A 0 0 0
t t
(2.1) Auto(hs@hs) = ‘(L) detO(A) 5 8 , A,B € GL(2,R), a,b,c,d € R?

d 0 b det(B)

We denote by g;, ¢ = 1,2, the two summands, by 3; their centres and by 3 the centre of g.
The annihilator of the centre is 3° = ker d and similarly for the summands by restricting
d. With this notation, we have the decompositions
0 5EHD 5O o,
31 32

Ngt = Mo (FAZ2)eGINAZ)SEAT)DGIAT) D GIA ).
31 32 32 31 31 39
131 to t3 EZ

By w* we denote the projection of a two-form w onto one of the spaces &, i = 1,2, 3,4,
defined as indicated in the decomposition. We observe that £ = A2(§—;) and w" = 0 if
and only if w(3,3) = 0.

LeEMMA 2.1. Consider the action of Aut(hs @ bh3) on the set of non-degenerate two-
forms w on g with dw? = 0. The orbits modulo rescaling are represented in a standard
basis by the following two-forms:

wy = elf! 4 e?f? + e3f3, if wh #£ 0,

Wy = 22 4 o134 13, Fdw=0 = wh =0, wt =0, wh =0,
w3 = elf3 + 2?2 + e3f1, ifwh =0, w2 #£0, W™ #£0, W =0,

wy = e 2 el el 8 ifwh =0, w2 #£0, W #£0, W #£0,

Wy = elf3 + 2 4 el3 4 13 otherwise,

where f € R and p # —1.
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PROOF. Let

W= Z aie(i+1)(i+2) + Z Bif(i+1)(i+2) + Z%Jeifj

be an arbitrary non-degenerate two-form expressed in a standard basis. We will give in
each case explicitly a change of standard basis by an automorphism of the form (2.1) with
the notation

A= (a1 a2) , a' = (as,a6), B = <b1 bz) B = (bs,bg), ¢ = (c1,¢0), d' = (di, dy).

az aq bs by

First of all, if w® # 0, the term 3 3¢3f3 is different from zero and we rescale such that
73,3 = 1. Then, the application of the change of basis

ap = 1, a2 =0, a3 =0, as =1, a5 = —713, a6 = —723,

bi = o2 —723Y32 — 1B, by = —y12 — s + Y3273, b3 = —v21 + 731723 — Be0ur,
by = m1— b — 73731, bs = =172 + 1310081 + 32721 + V320200,

be = 31712 T 1318102 — V32711 + V320202,

a1 = Bavaa— Prresyse + firer — G112, di = —ag,

e = —Paviz+ B2ys2ns — Bivia + Bivisvsa, da = au,

transforms w into @ = ;1 (e'f' + €22 + 3f3) 4 age'? + B5f'2, 41, # 0. This two-form
satisfies do? = 0 if and only if a3 = 0,33 = 0 and the normal form w, is achieved by
rescaling.

Secondly, the vanishing of dw corresponds to w* =0, w' =0, W =0 or 133 =713 =
Y23 = Y31 = 732 = 0 in a standard basis. By non-degeneracy, at least one of o; and
a is not zero and we can always achieve ay; = 0, # 0. Indeed, if ay # 0, we apply
the transformation (2.1) with a1 =1, as = 1, ay = g—i, B =1 and all remaining entries
zero. With an analogous argument, we can assume that 5, = 0, 8 # 0. Since 729 # 0
by non-degeneracy, we can rescale w such that y22 = 1. Now, the transformation of the
form (2.1) given by

ay =1, aa =0, a3 =0, ag=—P2, by =1, by =0, b3 =0, by = —ay, a5 =0,
T N S C N 5
Q2 B2 Q2
maps w to a multiple of the normal form ws.
Thirdly, we assume that w is non-degenerate with w' = 0, i.e. 733 = 0 and both
w' #£ 0, i.e. y130r Yo3 # 0, and w* # 0, i.e. 735 or 732 # 0. Similar as before, we can
achieve o3 = 0, v13 # 0 by applying, if 723 # 0, the transformation (2.1) with a; = 1,
as =1, ay = e B =1 and all remaining entries zero. Analogously, we can assume
v32 =0, v31 # 0 and rescaling yields v, 2 = 1, which is non-zero by non-degeneracy. After

this simplification, the condition dw? = 0 implies that o; = $; = 0 and the transformation

o33 — 73,171,2
73,1

g = , Co = —71.2, diy =0, dy = 2,1,

ap =1, aa =0, a3 = ;s ="13, a5 =0, ag =0, by =1, by =0,

_ B2tz — Y1372,1 - 271,372,131 — 71,171,3731 — Qa0i3/3233 N
b3 — ) b4 = 73,1, bS - D) ) bﬁ - 07
71,3 Y1,373,1

¢ =0, C2=ﬁ3, dy =0, dy = —as,
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maps w to @ = e'f3 4+ 22 + 31 + dued + Bof3!. The condition w™ = 0 corresponds
to @y = 0, By = 0, i.e. normal form ws. If w' # 0, we can achieve &y # 0 by possibly
changing the summands. Now, the transformation

ap=1,a2=0, a3=0, as=——, a5 =0, a6 =0, &1 =0, 2 =0,
(%)
1 1
bi=——, ba=0, b3=0, by=——, b5 =0, bg=0, d; =0, dy =0,
Qo %)

maps @ to the fourth normal form wy.

The cases that remain are w® = 0 and either w* # 0,w® = 0 or w® = 0,w* # 0.
After changing the summands if necessary, we can assume w® = 0 and w® # 0, i.e.
V31 = 7Yz2 = 733 = 0 and at least one of ;3 or 723 non-zero. As before, we can

1,3

=, Evaluating dw? = 0
yields a; = 0. Now, non-degeneracy enforces that g; # 0 or 8, # 0, and after another

achieve 753 = 0 by the transformation a; = 1,a2 = 1,a4 =

similar transformation 5, = 0. Finally, the simplified w is non-degenerate if and only if
V220235 # 0 and, after rescaling such that 95 = 1, the transformation

2 2
— o
ap = 1, aa =0, a3 =0, a4 = ——71’3, as =0, ag = 7173(%7372’12 3ﬁ2)7
B2 04262
b= TN b0, by =0, by= —ap by=0, by = — %2,
B2 B
1,282 + 71,353 V1,1 Vi 3721
1 = 07 Cy = — : . ) dlz__77 d2: : )
B B 33

maps w to a multiple of the fifth normal form ws. O

Using this lemma, it is possible to describe all half-flat structures (w, p) on b3 @ b3
as follows. In a fixed standard basis such that w is in one of the normal forms, the
equations dp = 0 and w A p = 0 are linear in the coefficients of an arbitrary three-form
p. Thus, it is straightforward to write down all compatible closed three-forms for each
normal form which depend on nine parameters in each case. The stable forms in this nine-
dimensional space are parametrised by the complement of the zero-set of the polynomial
A(p) of order four. One parameter is eliminated when we moreover require the pair (w, p)
to be normalised. We remark that the computation of the induced tensors .J,, p and
J(w,p) May require computer support, in particular, the signature of the metric is not
obvious. However, stability is an open condition: If a single half-flat structure (wo, po) is
explicitly given such that wy is one of the normal forms, then the eight-parameter family of
normalised compatible closed forms defines a deformation of the given half-flat structure
(wo, po) in some neighbourhood of (wy, po).

For instance, the closed three-forms which are compatible with the first normal form

(2.2) w = e'f! + e*f* 4 &’f?
in a standard basis can be parametrised as follows:
(2.3)p=play,...,a9) = aye'® +ay ™ +aze'f? + ay ™ + a5 ¥ + ag !>

+ay (e*? — e'f'?) 4 ag (e — e3f'?) 4 ag (e — e'3f1).
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The quartic invariant A\(p) depending on the nine parameters is
Mp) = (2aasa3 + 2a1a2a3 + 2a3asas — dasazag — dagasas — dagasag + dazaga,

2 2 2 2 2 2 2 4
+ 4daragag + aja; + agay + azaz + ag — 2agasazas + 4asaragas + 4agasacar

— dasasagas + 4dasagaiaz — dagasaar — 2a1a2a604 — 2a1a2a305) (6123f123)®2.

EXAMPLE 2.2. For each possible signature, we give an explicit normalised half-flat
structure with fundamental two-form (2.2). The first and the third example are taken
from chapter 4. To begin with, the closed three-form

1
94 (o123 123 1423 | 231 (2481 | (3142 (3412 | (1243
(2.4) p \/5( )
induces a half-flat SU(3)-structure (w, p) such that the standard basis is orthonormal.

Similarly, the closed three-form
1
925 (o123 123 1423 (2301 4 (2031 (312 (3012 (123
(2.5) p \/5( )
induces a half-flat SU(1, 2)-structure (w, p) such that the standard basis is pseudo-ortho-
normal with e; and e4 being spacelike. Finally, the closed three-form

(2.6) p = \/5(6123+f123),

induces a half-flat SL(3,R)-structure (w,p) such that the two hs-summands are the
eigenspaces of the para-complex structure .J,, which is integrable since also dp = 0. The
induced metric is

g = 2(e'-et+e? e e’ ef).

In fact, half-flat structures with Riemannian metrics are only possible if w belongs to
the orbit of the first normal form.

LEMMA 2.3. Let (w, p) be a half-flat SU(3)-structure on h3®hs. Then it holds w* # 0.
In particular, there is a standard basis such that w = w; = e'f! 4 {2 + 33,

PROOF. Suppose that (w,p) is a half-flat SU(3)-structure on b3 & bz with w® = 0.
Thus, we can choose a standard basis such that w is in one of the normal forms ws, ..., ws
of Lemma 2.1 and p belongs to the corresponding nine-parameter family of compatible
closed three-forms. We claim that the basis one-form e! is isotropic in all four cases which
yields a contradiction since the metric of an SU(3)-structure is positive definite. The
quickest way to verify the claim is the direct computation of the induced metric, which
depends on nine parameters, with the help of a computer. In order to verify the assertion
by hand, the following formulas shorten the calculation considerably. For all one-forms «,
B and all vectors v, the e-complex structure J, and the metric g induced by a compatible
pair (w, p) of stable forms satisfy

. 1
anNT BN = gla, B)Zw’,
Joa(v)p(p) = anpA(vip),
by Lemma 1.8 and Proposition 1.4 of chapter 1. For instance, for the second normal
form ws, it holds e' A w3 = —2e!?f123. Thus, by the first formula, it suffices to show that

Jrel(es) = e'(Jye3) = 0 which is in turn satisfied if
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e Ap A (e3up) = 0 due to the second formula. A similar simplification applies to the
other normal forms and we omit the straightforward calculations. 0

Moreover, the geometry turns out to be very rigid if w® = 0. We recall that simply
connected para-hyper-Kahler symmetric spaces with abelian holonomy are classified in
[ABCV], [Cor]. In particular, there exists a unique simply connected four-dimensional
para-hyper-Kahler symmetric space with one-dimensional holonomy group, which is de-
fined in [ABCV], Section 4. We denote the underlying pseudo-Riemannian manifold as

(N4, gPHK)-

PROPOSITION 2.4. Let (w,p) be a left-invariant half-flat structure with w* = 0 on
Hj3 x Hj and let g be the pseudo-Riemannian metric induced by (w, p). Then, the pseudo-
Riemannian manifold (Hz x Hs, g) is either flat or isometric to the product of (N*, gprx)
and a two-dimensional flat factor. In particular, the metric g is Ricci-flat.

PROOF. Due to the assumption w® = 0, we can choose a standard basis such that
w is in one of the normal forms ws,...,ws. In each case separately, we do the following.
We write down all compatible closed three-forms p depending on nine parameters. With
computer support, we calculate the induced metric g. For the curvature considerations, it
suffices to work up to a constant such that we can ignore the rescaling by A(p) which is dif-
ferent from zero by assumption. Now, we transform the left-invariant co-frame {e!, ..., 3}
to a coordinate co-frame {dxy,...,dys} by applying the transformation defined by

(2.7) el =dxy, € = dxy, & = dry + r1das, {1 = dyy, 2 = dys, I dys + y1dys,

such that the metric is accessible for any of the numerous packages computing curvature.
The resulting curvature tensor R € I'(End A>T'M), M = H? x H?, has in each case only
one non-trivial component

(2.8) R(0y, N\ Oy,) = cOyy N Oy,

for a constant ¢ € R and R is always parallel. Thus, the metric is flat if ¢ = 0 and
symmetric with one-dimensional holonomy group if ¢ # 0, for H3 x H3 is simply connected
and a naturally reductive homogeneous metric is complete.

Furthermore, it turns out that the metric restricted to TN := span{0y,, Ouy, Oy, , Oy } 18
non-degenerate and of signature (2,2) for all parameter values. Thus, the manifold splits
in a four-dimensional symmetric factor with neutral metric and curvature tensor (2.8) and
the two-dimensional orthogonal complement which is flat. Since a simply connected sym-
metric space is completely determined by its curvature tensor and the four-dimensional
para-hyper-Kahler symmetric space (N, gpix) has the same signature and curvature
tensor, the four-dimensional factor is isometric to (N4, gpyx). Finally, the metric g is
Ricci-flat since gpp i is Ricci-flat. O

EXAMPLE 2.5. The following examples define half-flat normalised SU(1, 2)-structures
with w® = 0 in a standard basis. None of the examples is flat. Thus, the four structures
are equivalent as SO(2, 4)-structures due to Proposition 2.4, but the examples show that
the geometry of the reduction to SU(1,2) is not as rigid.

W=y, p= e 4 2P 4 e 4 oBf _ 312 4 2
g=—(e2)?— ()2 +2ele® —2v2e 5 +2v/263 1 — 2113,



2. HALF-FLAT STRUCTURES ON Hs x Hs3 93

(Ricci-flat pseudo-Kéhler since dw = 0, dp = 0);
Ww=ws, p= e123 + e12f3 =+ 613f2 + e1f12 o 2e1f23 + e2f13 o 63f12,
g=—(e*)?—2(f*)* +2e"f1 +2e" > + 22 — 263 f1 — 2f1.£3
(dw # 0, J, integrable since dp = 0);

+1 1-B-1
W= ws, p — ﬁeleg _ 5613f2 —l—ﬁelf% + Bﬂg eZSfl ‘l‘ ﬁ 56 e2f13
— e — (82 +28) 1, (dw 0, dj #0),
I 2 /¢2\2 2 1 ¢3 2 501 28'+6+1) 4 4
=—— () =p()Y+268e - e’ f — — P2
9=—p &) -5 (L) BE 1) 2
w=uws, p=-e?>el3f? _elfP ! — 12 4 123 (dw # 0, dp # 0),

g=—(e*)?—2(f*)*+2e" e’ + 2% + 2 £,

EXAMPLE 2.6. Moreover, we give examples of half-flat normalised SL(3, R)-structures
with w® = 0. Again, none of the structures is flat.

w=wy, p=+v2(e¥ ), (dw = 0, dp = 0),
g=2ec"e® —2e% 2 — 2117

W= w;, p:\/5(612f3+613f2+elf12_e3f12), (dw # 0, dp # 0),
g=—2(e")Y? +2e'e® —2e! -2 4 26212 — 213,

w=wy, p=—/20+2(e — e 4 213 _ &3f12), (dw #£ 0, dp # 0),
g=—-2(f)?+2e-e’ +2e' 3 + 222 — 2 -f1 — (28 +4) -3

w=ws, p=v2(e12) (dw # 0, dp = 0),

g=2e'-f3 42212 4+ 2631,

Finally, we deal with the case of left-invariant nearly half-flat structures on Hz x Hj.
LEMMA 2.7. There are no nearly half-flat structures on bhs @ b3.

PROOF. By definition, an SU®(p, q)-structure (w, p) is nearly half-flat if and only dp =
vw? for a non-zero constant v. However, none of the five normal forms of Lemma 2.1 is
exact which is easily proved in a standard basis. Alternatively, it is not hard to verify
in a standard basis (ey,...,eg) that every exact four-form is degenerate. For instance,
the six-vector (dp_e;. ¢)® is quickly computed by a computer and turns out to vanish for
every three-form p. 0
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3. Nearly e-Kéahler structures on SL(2,R) x SL(2,R)

The main result of [SSH] is the proof of the uniqueness of the nearly pseudo-Kéhler
structure on SL(2,R) x SL(2,R). Although the main idea of the proof is essentially the
same as that of the proof of the uniqueness of the nearly Kahler structure on S® x S3,
see also Proposition 1.11, the technical difficulties turn out to be much more delicate for
the non-compact form than for the compact form. For this reason, we do not attempt a
complete analysis of the left-invariant half-flat structures on SL(2,R) x SL(2,R). In fact,
it is not hard to show that there exist large families of half-flat structures analogous to
those existing on S3 x S3, however, the exact description of the orbit space modulo Lie
algebra automorphisms is expected to be very technical.

In the following we present the proof given in [SSH] with minimal modifications.

THEOREM 3.1. Let G be a Lie group with Lie algebra sl(2,R). Up to homothety
and equivalence of left-invariant U(3)-structures, there is a unique left-invariant nearly
e-Kahler structure with |[VJ||* > 0 on G x G. The nearly e-Kdihler metric is of signature
(2,4). In particular, there is no left-invariant nearly para-Kdhler structure.

REMARK 3.2. The proof also shows that there there is a left-invariant nearly e-Kahler
structure with ||V J||> # 0 on G x H with Lie(G) = Lie(H) = sl(2,R) if G # H which is

unique up to homothety and exchanging the orientation.

Proor. Completely analogous to the proof of Proposition 1.11, it suffices to show the
existence of a solution of the algebraic exterior system (1.16), (1.17) on the Lie algebra
g = sl(2,R) & sl(2,R) = s0(1,2) & so(1,2) which is unique up to inner Lie algebra
automorphisms and exchanging the summands. Notice that the outer automorphism
exchanging the summands of course lifts to the corresponding Lie group, if the two three-
dimensional factors are the same.

Again, we search for a normal form of coclosed stable two-form w modulo Lie algebra
automorphisms in a fixed standard Lie bracket. In order to improve the readability of the
technical proof, we break the main part into three lemmas, step by step simplifying w.
Recall that we denoted a basis {e1, €2, e3} as a standard basis of so0(1, 2) if the Lie bracket
satisfies

de! — _623’ de? — e317 ded — e!2.

With respect to this basis, an inner automorphism in SOg(1,2) acts by usual matrix
multiplication on so(1,2).

LEMMA 3.3. Denote by (R2, (-, -)) the vector space R® endowed with its standard Min-
kowskian scalar-product and denote by SOg(1,2) the connected component of the identity
of its group of isometries. Consider the action of SOg(1,2) x SOy(1,2) on the space of
real 3 x 3 matrices Mat(3,R) given by

@ : SOy(1,2) x Mat(3,R) x SOp(1,2) — Mat(3,R)
(A,C,B) ~ A'CB.
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Then any invertible element C' € Mat(3,R) lies in the orbit of an element of the form

a x oy 0 8 =z
0 8 =z or a x oy
0 0 v 0 0 ~

with o, 8,7y, z,y,z € R and afvy # 0.

PROOF. Let an arbitrary invertible element C' € Mat(3,R) be given. Denote by
{e1, €9, e3} the standard basis of R12. There are three different cases:

1.) Suppose, that the first column ¢ of C' has negative length. We extend ¢ to a Lorentzian
basis {l; = ¢/a,ly,l3} with o := \/|{¢,c)|. The linear map L defined by extension
of L(l;) = e; is by definition a Lorentz transformation. The transformation L can be
chosen time-oriented (by replacing 1 by 41[;) and oriented (by replacing I3 by +13).
With this definition we obtain

O(LH,C 1) = (

(% *x

0o

Using the polar decomposition we can express C' = O S as a product of O; € SO(2)
and a symmetric matrix S in Mat(2, R) and diagonalise S by Oy € SO(2). If we put

1 0 1 0
Ll_(o 05101‘1) andLQ_(O 02>

CI)(Lia CI)(Lta C, 1)7 LQ) =

) with an element C’ € Mat(2, R).

we obtain

o O Q
o™ R

Y
0
g

2.) Next suppose, that the first column ¢ of C' has positive length. Again, we extend ¢ to
a Lorentzian basis {l1,ly = ¢/a,l3} with o := \/|{c, c)|. The linear map L defined by
extension of L(l;) = e; is by definition a Lorentz transformation. The transformation
L can be chosen time-oriented (by replacing {1 by +1[;) and oriented (by replacing [3
by +13). We get

0 =
O(L',C,1)=| a C' | with an element C' € Mat(2, R).
0

The first column of this matrix is stable under the right-operation of

L= ( L0 ) with Oy € SO(2)

0 O
and there exists an element O; € SO(2) such that it holds
0 B =z
(I)(IL,CI)(Lt7C’I[)’L1) = a Ty
0 0 v

3.) Finally suppose, that it holds (c¢,¢) = 0. Then there exists an oriented and time-
oriented Lorentz transformation L such that L(c) = k(e; +e2) with k # 0. Afterwards
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one finds as in point 2.) an element O € SO(2), such that it holds

K ¢ *
C'=d(L"C,0)=| Kk co *
0 0 =«
Let
cosh(q) sinh(g) 0
B(q) :== | sinh(q) cosh(q) 0
0 0 1

Claim: There exist q1, ¢ € R such that

an <

a x
(I)(B<Q1)t70/>B<Q2)) = 0 g
0 0 ~v
To prove this claim let us first consider the right-action of B(q) on
"= (B(ql)t7 Cl7 ]]-)
! cosh(q) + ¢y sinh(q)
@ (1,C",B(q)) = | ¢ coshlq) + clysinh(q) *
0 0
We choose g9 such that ¢, cosh(ge) + ¢, sinh(gs) vanishes. This is only possible if
—ch,/chy is in the range of coth, i.e. |chy/ch| > 1.
In the sequel we show, that this can always be achieved by the left-action of an element
B(q1) on € and that ¢J; # 0. In fact, it is

for ¢ € R.

* % ¥

Cyo = cysinh(qy) + ¢z cosh(qy)

¢y = k(sinh(q) + cosh(qy)) = ke®

Chy c1+ e LTy

sy 2K 2K '
We observe, that ¢; # s, since the matrix C' is invertible. Therefore we can always
achieve |c},/c5,| > 1. This proves the claim and finishes the proof of the lemma.

O

LEMMA 3.4. Let g = b =s0(1,2) and let {e*,e?, 3} be a basis of g* and {e*,¢° ¢} a
basis of b* such that the Lie brackets are given by

and de* = —e°,  ded =%, deb =P

Y

(3.1) de' = —e*, de® =€, de’ =re'?

for some T € {&1}. Then, every non-degenerate two-form w on g @ b satisfying dw* =0
can be written

(3.2) w = ae+ B8+ v +axe® +yel® 4 ze®

for a, B,y € R—{0} and z,y,z € R modulo an automorphism in SOy(1,2) x SOy(1,2).

PROOF. We choose standard bases {e!, e? e} for g and {e?, e®,e5} for h. Due to the
assumption dw® = 0 and Lemma 1.1, we may write w = 3. =1 cije'U+3) for an invertible

matrix C' = (¢;;) € Mat(3,R). When a pair (A4, B) € SOg(1,2) x SOy(1,2) acts on the
two-form w, the matrix C' is transformed to A'‘C'B. Applying Lemma 3.3, we can achieve
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by an inner automorphism that C' is in one of the normal forms given in that lemma.
However, an exchange of the base vectors e; and ey corresponds exactly to exchanging the
first and the second row of C. Therefore, we can always write w in the claimed normal
form by adding the sign 7 in the Lie bracket of the first summand g. O

LEMMA 3.5. Let {e',... €%} be a basis of s0(1,2) x s0(1,2) such that
(3.3) de' = —e®, de* =, de* =e'? and de* = e, de® =e%, def =eP.

Then the only SU*(p, q)-structure (w,¥™) modulo inner automorphisms and modulo ex-
changing the summands, which solves the two nearly e-Kdhler equations (1.16) and (1.17),
18 determined by

(3.4) w= \1/—5(614 +e® +e%).

PROOF. Since dw? = 0 by the second equation (1.17), we can choose a basis satisfying
(3.1) such that w is in the normal form (3.2). In order to satisfy the first equation (1.16),
we have to set

3t —dw = —a e 4 el — g5 g elt0 _y 26y ol
B el 4 BoH0 _ o130 _ 5 o215 4 1o o126 o o305,
The compatibility w A 9T = 0 is equivalent to d(w?) = 0. It remains to determine all
solutions of the second nearly e-Kéhler equation (1.17) modulo automorphisms.

For the sake of readability, we identify A%(gh)* with R by means of !?3*5¢. Supported
by Maple, we compute

Kyi(er) = (22492422 —a? + B2+ m)es — (208 + 292)es
— 277yes + 277 e,

Kyr(ea) = 228+ 2y2)er + (—2° — 3> — 2° + a® — %+ 79%)ey
— 27vzes + 2Tyxey — 2T0YES,

Ky+(e3s) = 2yvyer —2z2yes + (—2° —y* + 22 + o + 32 — m9%)es
+ (2yfB — 2x2)ey + 2azes — 2afeg,

Ky+(es) = —2B8ver +2xyes + (2yf — 2xz2)es
+ (@ 4+ — 22+ a? - B2 — 1myHes — 2axes — 2ayes,

Ky+(es) = 2ayes — 2azes + 2azey

+ (=2 ==+ B —1y)es + (282 — 2zy)es,
Ky+(es) = 2afes+ 20yeq
@B 2gles+ (2= g+ —a? = P e

We assume that A(¢)7) # 0 and check this a posteriori for the solutions we find. Hence,
. 1 _ . + . * + . .
we can set k = YOS and Jy+ = kKy+. Since ¢ +i.Jj, 4" is a (3,0)-form with

respect to Jy+, we have ¢~ = J7, 9" = eip™(Jy+.,.,.) which turns out to be
27
e Y = 2rafye® 4 2ryay e + 21y (xy — B2) ! — 2(xf + y2)a e

+ Ty~ + 9y — 22+’ + B - 1yP) e
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— {B(? =y =2 +a® = B+ 77%) + 2y} '
+ {z(2® =92 + 22— o + B2+ 79%) — 22yB} !
— {y(—2® —y* + 22 +a? - B2+ 79%) + 2228} '
— {e(@+y"+ 22— = F +79") —2zp} '
— @’y - et 4 Ty
— a4 42— Pt B4 TR) P
— {2(@®+ P+ 22— = B+ 197) — 2z} P
+ {y(—2® —y* + 22 + o® — B2 + 79%) + 2028}
— {z(2? — y + 22 —a? + B2+ 197) — 22yB} 2
— {B(z* —y* = 22+ a® = B2+ 79°) + 2ayz} O
+ (=P + P -2+ P+ B -1 e

— 2(2B +yz)ae® — 2y(zy — B2) 30 —2yaye

e156

356 4 20‘5’7 e456

Furthermore, we compute the exterior derivative

52—k7d¢_ = —dryay e —dry(zy — B2) ' 4 da(xf + yz) e
+ 2ry(—2® + y2 — 22+ a’+ B — 1) et
+ 2{B(2?* =y — 22+ a® — B2+ 77) + 2xyz} 1O
+ 2z + P+ 22— o + BE 4+ 1P) — 22yB) B
+ 2{y(—2® —y* + 22+ a? — 2+ 79%) + 2228} 2
+ 2x(2® +y? + 22— o — B+ 197) — 2y23} 20
4 20(2? 4P+ 22— Q%+ P 4 72) 2
and
W= 2((yf — 12) €2 — az e _ gy 136 _ 05 6125 _ gy o136 _ gy 62956,

The second nearly Kéhler equation (1.17) is therefore equivalent to the following nine
coefficient equations:

(afB —2Tek ™ y)x = —ayz, (e1356)

(Tya — 27ek™'B) y = —2Tek™'zz, (e1259)

(18y —27ek ') z = TYXY, (el246)

P+ +2 -+ 5+ = 5dek~1E1 (e7350)
AP 2t Bt ?) = —28yu, (e1345)
Py =P’ =47y = BekTIg —2mE (e!)
Y22 — P+ 2 a?— B try?) = 928z, (2345)
e T B L 54Tek‘1a7ﬂ, (el245)
w2 — g — a4 R —7?) = —28y=. (2316)

Recall that a, 8,7+ # 0 because w is non-degenerate. We claim that there is no solution if
any of x, y or z is different from zero.
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On the one hand, assume that one of them is zero. Using one of the first three
equations respectively, we find that at least one of the other two has to be zero as well.
However, in all three cases, we may easily deduce that the third one has to be zero as well
by comparing equations 4 and 5 respectively 6 and 7 respectively 8 and 9.

On the other hand, if we assume that all three of them are different from zero, the
bracket in the first equation is necessarily different from zero and we may express x by a
multiple of yz. Substituting this expression into equations 2 and 3, yields expressions for
y? and 2? in terms of ,3, v and k. But if we insert all this into equation 4 (or 6 or 8
alternatively), we end up with a contradiction after a slightly tedious calculation.

To conclude, we can set © = y = z = 0 without losing any solutions of the second
nearly Kéhler equation which simplifies to the equations

o —ap? —ray? —bdek™'By = 0,
B2 — 1692 — Ba® — Bdek'ya = 0,
v —1va? — 1yB% = bdek o = 0.
Setting ¢; = o? + 32 + 792 and ¢, = bdek LSy, these are equivalent to
20t — 1t — ey = 0,
(3.5) 28 — 1t —cy = 0,
29t — 17y — ¢y =

To finish the proof, we have to show that all real solutions of the system (3.5) are

isomorphic under SOy (1,2) x SOy(1,2) to
V3
a=pF=v= 18 T=1.

Since o?, B2 and 74? satisfy the same quadratic equation, at least two of them have to
be identical, say a? = 2. However, if 792 was the other root of the quadratic equation,
we would have a? + 79% = 1¢; and by definition of ¢; at the same time 2a% + 792 = ¢;.
This would only be possible, if v was zero, a contradiction to the non-degeneracy of w.
Therefore 7 has to be +1 and «, and v have to be identical up to sign. By applying one
of the proper and orthochronous Lorentz transformations

1 0 0 1 0 0 10 0
0O -1 01, 0o 0 1], 0 0 -1
0 0 -1 0 -1 0 01 O

on, say, the second summand, it is always possible to achieve that the signs of «, S and
~ are identical.
So far, we found a basis satisfying (3.3) such that

w = ale! +e® 4 ),

It is straightforward to check that the quartic invariant in this basis is
Ly

(3.6) A(%dw) = ot
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Therefore, there cannot exist a nearly para-Kéahler structure and we can set ¢ = —1.
Inserting k = i\/% = +3v/3a72 into equations (3.5) yields

H4 1
20% —3at £ o’ = =13
o — 3a 3\/§a 0 < « 18\/5

Finally, we can achieve that « is positive by applying the Lie algebra automorphism
exchanging the two summands, i.e. €; — €;13 mod ¢ and the lemma is proven. [

In fact, the uniqueness, existence and non-existence statements claimed in the theorem
follow directly from this lemma and formula (3.6). O

We summarise the data of the unique nearly pseudo-Kahler structure in the basis
(3.3), in particular the signature of the induced metric is easily seen to be (2,4):

1
w = 1_8\/§(e14+ ¥ 4 &%)

1
bt = 5_4\/§ (6126_ Q35 | Q186 _ (231 | (246 e345)
b= = _5%(2 o123 4 o126 G135 (156 234 (246 8345+26456)
1 2 2 1
Je) = —3V3e—V3ea, Jle)= Vie+gVie
1 2 2 1
J(ez) - _§ 362+§\/§ €5 5 J(QS) = _§ 3€2+§\/§ es
1 2\/— 2 1\/—

( (81)2 o (62)2 o (63)2 4 (64)2 o (65)2 o (66)2 - el _e4 o e2 . e5 o 63 . 66).



CHAPTER 6

Hitchin flow

In the final chapter, we discuss the evolution of half-flat and nearly half-flat structures.
All results in this chapter are part of [CLSS].

1. Half-flat structures and parallel Gg*) -structures

For compatibility reasons, we use the following notation introduced in [CLSS]. By
He®™, we denote the real form of SL(3,C) corresponding to the standard basis defined
in section 4.1 of chapter 1, i.e. H- %' = SU(3) C SO(6), H %! = SU(1,2) C SO(2,4),
H%' = SL(3,R) C SO(3,3). Let G*7 denote the corresponding real form of GS in which
H*®™ is embedded, i.e. G711 = Gy € SO(7), and G™171 = G = G € SO(3,4).

Due to Proposition 3.3, chapter 3, a normalised H*"-structure on a six-manifold M
can be identified with a pair (w, p) € 22M x Q3M of stable forms which are compatible,

(1.1) wAp=0 = w(,J,.)=-wl,.,.),

and normalised,

(1.2) Tphp=cut = 6lp) =20(w)

In this chapter, we will assume that all H*"-structures are normalised.

Now, let M be an orientable hypersurface in a seven-manifold N with G*7-structure
¢ and induced metric g,. There is a natural H*7-structure (w,p) on M which can be
defined by applying pointwise the algebraic construction of 4.5, chapter 1, as follows. In
the Riemannian case, this relation seems to appear first in [Cal]. Choosing a unit normal
vector field £ € X(N) with ¢,(£,&) = —¢, the pair (w, p) given by

(1.3) w=—elQ)rm, P = Py

defines indeed an H®7-structure on the hypersurface M which is normalised for the right
choice of £&. Obviously, the stable three-form ¢ satisfies

such that Lemma 4.4 of chapter 1 yields
A . 1

(1.5) (*o0)iTM = —5(5" ANp+w) = —g(Eb NJop+ éwz).
In consequence, if the G*7-structure ¢ is parallel, i.e. dp = 0 and d * ¢ = 0, the induced
He7-structure on the hypersurface M is half-flat. For the compact forms, a complete
analysis of the relation of the intrinsic torsions of the Go-structure and the SU(3)-structure
on the hypersurface is carried out in [MC3].

Conversely, certain one-parameter families of half-flat structures define parallel Gg*)—
structures.
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PROPOSITION 1.1. Let H®™ be a real form of SL(3,C), G=" the corresponding real
form of GS and (p,w) a one-parameter family of H®-structures on a siz-manifold M
with a parameter t from an interval I. Then, the three-form

p=wAdt+p

defines a parallel G5 -structure on M x I if and only if the H=" -structure (p,w) is half-flat
for all t and satisfies the following evolution equations

(1.6) p = dw
(1.7) o = dp
with o = w2,

2

PROOF. Let (p,w) be an H®"-structure and ¢ = w A dt + p a stable three-form on
M := M x I. By Lemma 4.4, ch. 1, the Hodge-dual of ¢ is given by

xp=c(pNdt—o).
Denoting by d the differential on M and by d the differential on M we calculate
(1.8) dp = doNdt+dtAp+dp = (dw—p)Adt+dp
(1.9) dxo = e(dpNdt—dt NG —do) = e(dp— &) Adt — edo
Thus, ¢ defines a parallel G="-structure if and only if the evolution equations (1.6) and

(1.7) and the half-flat equations are satisfied. O

The evolution equations (1.6) and (1.7) are the Hitchin flow equations, as found
in [Hil] for SU(3)-structures, applied to H®"-structures. Their solutions (p,w), called
Hitchin flow, have to satisfy possibly dependent conditions in order to yield a parallel
Gg*)—structure: the evolution equations and the compatibility equations for the family of
half-flat structures. The following theorem shows that the evolution equations together
with an initial condition already ensure that the family consists of half-flat structures.
A special version of this theorem was proved in [Hil] under the assumption that M is
compact and that H = SU(3).

THEOREM 1.2. Let (po,wp) be a half-flat H=" -structure on a siz-manifold M. Fur-
thermore, let (p,w) € B3M x QM be a one-parameter family of stable forms with
parameters from an interval I satisfying the evolution equations (1.6) and (1.7). If
(p(to),w(ty)) = (po,wo) for aty € I, then (p,w) is a family of half-flat H®™-structures. In
particular, the three-form

(1.10) p=wAdt+p

defines a parallel G5 -structure on M x I and the induced metric

(1.11) 9o = g(t) — edt?,

has holonomy contained in G=7, where g = g(t) is the family of metrics on M associated
to (p,w).

ProoF. Differentiating the evolution equations (1.6) and (1.7) gives dp = do = 0. As
the initial structure (pg,wp) is half-flat, this implies

(1.12) dp =20, do =0
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for all t € I. Hence, in order to obtain a family of half-flat structures we have to verify
that the compatibility condition (1.1) holds for all ¢ € I.

LEMMA 1.3. Let M be a siz-manifold with H®7-structure (p,w), ¢ : Q3M — QSM
defined pointwise by the map ¢ : AST;M — AGT;M given in Proposition 3.4, chapter 1,
and p defined by dg,(&) = pAE for all £ € QM. If Lx denotes the Lie deriative, then

Lx(¢(p)) =p N Lxp.

PROOF. First note that the GL(n, R)-equivariance of the map ¢ : A*T*M — AST>M
implies that the corresponding map ¢ : *M — Q°M is equivariant under diffeomor-
phisms. Indeed, if ¢ is a (local) diffeomorphism of M we get that

VH(d(p)) = (V7).
Let ¢; be the flow of the vector field X. Then the Lie derivative is given by

Lx(6(0) = L (50(0) o = 6065 p)lco = dy(Lxp).

implying the statement. 0
LEMMA 1.4. A stable three-form p € Q®*M on a siz-manifold satisfies for any X €

X (M)

(1.13) pxNp = —pApx,

(1.14) @p)x Ap = pA(dp)x,

where px denotes the interior product of X with the form p.

PRrROOF. The first identity is in fact (1.11), ch. 1, when considering that p + i.p is an
e-complex volume form due to Lemma 3.6, ch. 1. In order to prove the second identity,
we compute, using Lemma 1.3 in the second step,

(do)x Np—pA(dp)x = —dpApx+pAd(px)—pALxp
= —d(pNpx)— Lx(o(p))
—d(p N px + d(p)x)

. R
—§d(ﬂ Apx + px A p).
Hence, the first identity (1.13) implies (1.14). O

(3:2)

Using this lemma, we calculate the ¢-derivative of the six-form wxy Aw A p=o0ox Ap
for any vector field X:

) . .
a(ax/\p) = ox ANp+ox Ap
COLD p)x A p+ ox Adw
"2V p A (dp)x +wx Ad(w?)

Together with the initial condition wy A pg = 0 this implies that ox A p =0 for all t €
and for all vector fields X. Since w is non degenerate, the product of any one-form with
w A p vanishes and thus, the compatibility condition w A p = 0 holds for all ¢.
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The preservation of the normalisation (1.2) in time is shown in [Hil], in the final part
of the proof of Theorem 8. The idea is to compute the second derivative of the volume
form assigned to a stable three-form. In fact, the proof holds literally for all signatures
since all it uses is the first compatibility condition we have just proved. 0

COROLLARY 1.5. Let M be a real analytic siz-manifold with a half-flat H®™ -structure
that is given by a pair of analytic stable forms (wy, po).

(i) Then, there exists a unique mazximal solution (w, p) of the evolution equations (1.6),
(1.7) with initial value (wo, po), which is defined on an open neighbourhood 2 C Rx M
of {0} x M. In particular, there is a parallel G*7-structure on §).

(i) Moreover, the evolution is natural in the sense that, given a diffeomorphism f of M,
the pullback (f*w, f*p) of the solution with initial value (wo, po) is the solution of the
evolution equations for the initial value (f*wo, f*po).

In particular, if f is an automorphism of the initial structure (wo, po), then, for
allt € R, f is an automorphism of the solution (w(t), p(t)) defined on the (possibly
empty) open set Uy = {p € M | (t,p) € Q and (t, f(p)) € Q}.

(i7i) Furthermore, assume that M is compact or a homogeneous space M = G/K such
that the H®™ -structure is G-invartant. Then there is a unique maximal interval I > 0
and a unique solution (w, p) of the evolution equations (1.6), (1.7) with initial value
(wo, po) on I x M. In particular, there is a parallel G="-structure on I x M.

PRrOOF. If the manifold and the initial structure (wp, po) are analytic, there exists a
unique maximal solution of the evolution equations on a neighbourhood €2 of M x {0}
in M x R by the Cauchy-Kovalevskaya theorem. The naturality of the solution is an
immediate consequence of the uniqueness due to the naturality of the exterior derivative.
If M is compact, there is a maximal interval I such that the solution is defined on M x I.
The same is true for a homogeneous half-flat structure (wy, po) as it is determined by
(wos po)jp for any p € M. O

We remark that, for a homogeneous half-flat structure (wo, po), the evolution equations
reduce to a system of ordinary differential equations due to the naturality assertion of
the corollary. This simplification will be used in Section 5.2 to construct metrics with
holonomy equal to Gy and G3.

1.1. Remark on completeness: geodesically complete conformal Go-metrics.
The Gé*)—metrics arising from the Hitchin flow on a six-manifold N are of the form

(IXNadt2+gt)

with an open interval I = (a,b) and a family of Riemannian metrics g; depending on t € T
(formula (1.11) in Theorem 1.2). As curves of the form ¢ — (¢, ) are geodesics for this
metric, they are obviously geodesically incomplete if a or b € R.

For the Riemannian case and compact manifolds N, we shall explain how one easily
obtains complete metrics by a conformal change of the Gy-metric.

LEMMA 1.6. Let N be a compact manifold with a family g, of Riemannian metrics.
Then the Riemannian metric on R x N defined by h = dr? + g, is geodesically complete.
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PRrROOF. Denote by d the distance on R x N induced by the Riemannian metric h =
dr? + ¢, and by d, the distance on N induced by g,. For a curve v in M = R x N we
have that the length of v(t) = (r(t), z(t)) satisfies

/\/ 2 4 g (i(t), 2(2))dt > /0 [#(6)ldt > [r(1) = r(0)].

As the distance of two points p = (r,z) and ¢ = (s,y) is defined as the infimum of the

lengths of all curves joining them, this inequality implies that
(1.15) d(p,q) > |r — sl.

Note also that a curve y(t) = ((s — r)t + r,x) joining p = (r,z) and ¢ = (s,z) in R x {z}
has length /() = |r — s| and thus, for such p, ¢ we get that d(p,q) = |r — s|. On the
other hand, for p = (r,z) and ¢ = (r,y) with the same R-projection r we only get that
d(p,q) < d.(z,y).

Since h has Riemannian signature we can use the Hopf-Rinow Theorem and consider
a Cauchy sequence p, = (r,,x,) € R x N w.r.t. the distance d. Equation (1.15) then
implies that the sequence r, is a Cauchy sequence in R. Hence, r, converges to r € R.
Since N is compact, the sequence z,, has a subsequence z,, converging to x € N. For
p = (r,x) and g, := (r, x,,) the triangle inequality implies that

d(p7pnk) S d<p’an)+d(an?pnk) S dr(xvznk)“‘d(anapnk) = dr($,$nk)+|r—rnk|.

Hence, p,, converges to p. As p, was a Cauchy sequence, we have found p as a limit for
Pn. By the Theorem of Hopf and Rinow, M is geodesically complete. 0

The lemma can be used to obtain the desired result.

PROPOSITION 1.7. Let (M = I x N, h = dt*+g;) be a Riemannian metric on a product
of an open interval I and a compact manifold N. Then (M, h) is globally conformally
equivalent to a metric on R X N that is geodesically complete. The scaling factor depends
only on t € I and is determined by a diffeomorphism ¢ : R — 1.

PROOF. Let ¢ : R — I be a diffeomorphism with inverse r = ¢~
coordinate t to r, the metric h on I x N can be written as

b= GO+ g = P07 (a2 pe )

Hence, h is globally conformally equivalent to the metric dr? + ( 2 Je(r) O R x N. By

Changing the

the lemma, this metric is geodesically complete. 0

Regarding the solution of the Hitchin flow equations, we obtain the following conse-
quence of Theorem 1.2, Corollary 1.5, and Proposition 1.7.

COROLLARY 1.8. Let M be a compact analytic siz-manifold with half-flat SU(3)-
structure given by analytic stable forms (po,wo). Then there is a complete metric on
R x M that is globally conformal to the parallel Go-metric obtained by the Hitchin flow.

In Example 5.9 of Section 5.2 we will construct explicit examples of this type. Finally,
note that due to the Cheeger-Gromoll splitting Theorem, see for example [Bes, Theorem
6.79], one cannot expect to obtain by the Hitchin flow irreducible Go-metrics that are
complete without allowing degenerations of g;.
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2. Nearly half-flat structures and nearly parallel Gg*) -structures
Recall that a Gg*)—structure © on a seven-manifold N is called nearly parallel if

(2.1) dp = p g,
for a constant p € R*. Nearly parallel Go- and Gj-structures are also characterised by
the existence of a Killing spinor, refer [FKMS] respectively [Kal].

Given an orientable hypersurface M in an almost seven-manifold N with nearly parallel
G{-structure ¢, the induced H*"-structure (1.3) satisfies the equation dp = —sepw? =
—epw due to the formulas (1.4) and (1.5). In order to remain compatible with [CLSS],
we call a H®"-structure satisfying

A
(2.2) dp = 50.;2 = Ao

nearly half-flat for the constant A € R* (and not for the constant % as in chapter 3).
In other words, the induced H*7-structure on the hypersurface is nearly half-flat for the
constant —epu.

In [FIMU], nearly half-flat SU(3)-structures have been introduced in the context of
evolution equations on six-manifolds M leading to nearly parallel Go-structures on the
product of M and an interval. For compact manifolds M, it is shown in [St] that a solution
of these evolution equations which is a nearly half-flat SU(3)-structure for a time ¢t = ¢,
already defines a nearly parallel Go-structure. In the following, we extend the evolution
equations to all possible signatures and give a simplified proof for the properties of the
solutions which also holds for non-compact manifolds.

PROPOSITION 2.1. Let H®™ be a real form of SL(3,C), G=7 the corresponding real
form of GS and (p,w) a one-parameter family of H®™-structures on a siz-manifold M
with a parameter t from an interval I. Then, the three-form

p=wAdt+p

defines a nearly parallel G5 -structure for the constant pu # 0 on M x I if and only if the
He™-structure (p,w) is nearly half-flat for the constant —ep for all t € I and satisfies the
evolution equation

(2.3) p = dw—eup.

ProOF. The assertion follows directly from the following computation, analogously
to the proof of Proposition 1.1:

dp = doNdt+dtNp+dp = (dw—p) Adt+ dp,
pwxp = eu(pANdt—o).
0

The main theorem for the parallel case generalises as follows. Recall (3.3) that for a

stable four-form o = 1w? = @, the application of the operator o — & yields the stable

1
2
two-form

1

=0 =—-w.
2

E»
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THEOREM 2.2. Let (pg,wq) be a nearly half-flat H® -structure for the constant A # 0
on a siz-manifold M. Let M be oriented such that w3 > 0. Furthermore, let p € Q*M be
a one-parameter family of stable forms with parameters coming from an interval I such
that p(ty) = po and such that the evolution equation

. 2~ .
(2.4) po= ydldp)+Ap

is satisfied for allt € I. Then (p,w = %3;) 1s a family of nearly half-flat H®™-structures
for the constant . In particular, the three-form

p=wAdt+p

defines a nearly parallel G5 -structure for the constant —eX on M x I.

ProoF. First of all, we observe that dp is stable in a neighbourhood of the stable form
dpy = Aoy, since stability is an open condition. Furthermore, the operator dp — 8; is
uniquely defined by the orientation induced from wg. Therefore, the evolution equation is
locally well-defined and we assume that p is a solution on an interval I. The only possible
candidate for a nearly half-flat structure for the constant \ is (p,w = %8;) since only this
two-form w satisfies the nearly half-flat equation 0 = w = %dp. Obviously, it holds

(2.5) do=0=dwAw.

By Proposition 2.1, it only remains to show that this pair of stable forms defines an H*"-
structure, or equivalently, that the compatibility conditions (1.1) and (1.2) are preserved
in time. By taking the exterior derivative of the evolution equation, we find

1
A
which is in fact the second evolution equation of the parallel case. Completely analogous
to the parallel case, the following computation implies the first compatibility condition:

(2.6) 6= —dp=dp

0 . :
a(ax/\p) = ox Np+ox Ap

G (15w Ap+ox Ndw+ Nox A p

(1'14£(2'2) ,6 A (dp)X +wx ANwA dw + (dp)X N ﬁ

@y

The proof of the second compatibility condition in [Hil] again holds literally since the
term p A p = p A dw is the same as in the case of the parallel evolution. U

The system (2.4) of second order in p can easily be reformulated into a system of
first order in (w, p) to which we can apply the Cauchy-Kovalevskaya theorem. Indeed, a
solution (w, p) of the system

(2.7) p=dw+Xp, &=dp

with nearly half-flat initial value (w(ty), p(to)) is nearly half-flat for all ¢ and also satisfies
the system (2.4). Conversely, (2.4) implies (2.7) with o = & = 1dp.
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Therefore, for an initial nearly half-flat structure which satisfies assumptions analogous
to those of Corollary 1.5, we obtain existence, uniqueness and naturality of a solution of
the system (2.7), or, equivalently, of (2.4).

3. Cocalibrated Gg*)-structures and parallel Spin(7)- and Spin,(3, 4)-structures

In [Hil], another evolution equation is introduced which relates cocalibrated Go-
structures on compact seven-manifolds M to parallel Spin(7)-structures. As before, we
generalise the evolution equation to non-compact manifolds and indefinite metrics.

As we have already seen in Section 4.3 of chapter 1, the stabiliser in GL(V') of a four-
form @y on an eight-dimensional vector space V' is Spin(7) or Spin,(3,4) if and only if it
can be written as in (4.12) of chapter 1 for a stable three-form ¢ on a seven-dimensional
subspace with stabiliser Go- or G, respectively. Thus, a Spin(7)- or Sping(3, 4)-structure
on an eight-manifold M is defined by a four-form ® € Q*M such that ®, € A*TM has
this property for all p. By formula (4.13) of chapter 1 for the metric g induced by ®, an
oriented hypersurface in (M, ®) with spacelike unit normal vector field n with respect to
go carries a natural Go- or Gj-structure, respectively, defined by ¢ =n_®.

A Spin(7)- or Sping(3, 4)-structure @ is parallel if and only if d® = 0. We remark that
the proof for the Riemannian case given in [Sa2, Lemma 12.4] is not hard to transfer to
the indefinite case when considering [Br1, Proposition 2.5] and using the complexification
of the two spin groups.

Due to this fact, the induced G(z*)—structure @ on an oriented hypersurface in an eight-
manifold M with parallel Spin(7)- or Sping(3, 4)-structure ® is cocalibrated, i.e. it satisfies

(3.1) dx,p=0.

Conversely, a cocalibrated Gg*)—structure can be embedded in an eight-manifold with
parallel Spin(7)- or Spin, (3, 4)-structure as follows.

THEOREM 3.1. Let M be a seven-manifold and ¢ € Q©3M be a one-parameter family
of stable three-forms with a parameter t in an interval 1 satisfying the evolution equation

(32) O (reg) = dp.

If ¢ is cocalibrated at t = ty € I, then ¢ defines a family of cocalibrated Go- or Gg*)—
structures for all t € I. Moreover, the four-form
(3.3) O =dt N+ *,0

defines a parallel Spin(7)- or Spiny (3, 4)-structure on M x I, respectively, which induces
the metric

(3.4) 9o = g, + dt*.

PROOF. Since the time derivative of d* ¢ vanishes when inserting the evolution equa-
tion, the family stays cocalibrated if it is cocalibrated at an initial value. As before, we
denote by d the exterior differential on M := M x I and differentiate the four-form (3.3):

d® = —dt A dp + d(xp) + dt A %(*gp)
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Obviously, this four-form is closed if and only the evolution equation is satisfied and the
family is cocalibrated. The formula for the induced metric corresponds to formula (4.13)
of chapter 1. [l

As before, the Cauchy-Kovalevskaya theorem guarantees existence and uniqueness of
solutions if assumptions analogous to those of Corollary 1.5 are satisfied.

REMARK 3.2. We observe that nearly parallel Go- and Gj-structures are in particular
cocalibrated such that analytic nearly half-flat structures in dimension six can be em-
bedded in parallel Spin(7)- or Spin,(3,4)-structures in dimension eight by evolving them
twice with the help of the Theorems 2.2 and 3.1.

4. Evolution of nearly e-Kéahler manifolds

In order to illustrate the results of the previous sections, we discuss the evolution
of nearly e-Kahler manifolds. The explicit solution of the Hitchin flow yields a simple
and unified proof for the correspondence of nearly e-Kéahler manifolds and parallel Gg*)—
structures on cones. We complete the picture by considering similarly the evolution
of nearly Kahler structures to nearly parallel ng)-structures on (hyperbolic) sine cones
and the evolution of nearly parallel Gé*)-structures to parallel Spin(7)- and Spin,(3,4)-
structures on cones. Our presentation in terms of differential forms unifies various results
in the literature, which were originally obtained using spinorial methods, and applies to
all possible real forms of the relevant groups.

4.1. Cones over nearly s-Kahler manifolds. Recall that we proved in chapter
3, Theorem 5.5, that a nearly e-Kéhler six-manifold with |[V.J||? = 4 is equivalent to a
normalised H®7-structure (w, p) which satisfies

(4.1) dw = 3p,
(4.2) dp = 46,

In particular, nearly e-Ké&hler structures (w,p) in dimension six are half-flat and the
structure (w, p) is nearly half-flat (for the constant A\ = 4).

PROPOSITION 4.1. Let (M, hy) be a pseudo-Riemannian siz-manifold of signature
(6,0), (4,2) or (3,3) and let (M = M x R*,g. = hy — &dt®) be the timelike cone for
e = 1 and the spacelike cone for ¢ = —1. There is a one-to-one correspondence be-
tween nearly e-Kdhler structures (ho, J) with ||V J||* =4 on (M, ho) and parallel Go- and
Gj-structures ¢ on M which induce the cone metric ..

PRrROOF. This well-known fact is usually proved using Killing spinors, see [Bér|, [Grul]
and [Ka2]. We give a proof relying exclusively on the framework of stable forms and the
Hitchin flow. For Riemannian signature, this point of view is also adopted in [ChSa] and
[Bu2].

The H®7-structures inducing the given metric hg are the reductions of the bundle of
orthonormal frames of (M, hy) to the respective group H=7. Given any H®"-reduction
(wo, po) of hg, we consider for t € RT the one-parameter family

(4.3) w=txwy, p=t’po,
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which induces the family of metrics h = t?hg. By formula (1.11), the metric g, on M
induced by the stable three-form ¢ = w A dt + p is exactly the cone metric g..

It is easily verified that the family (4.3) consists of half-flat structures satisfying the
evolution equations if and only if the initial value (w(1),p(1)) = (wo, po) satisfies the
exterior system (4.1), (4.2). Therefore, the stable three-form ¢ on the cone (M, g.) is
parallel if and only if the H="-reduction (wy, pg) of hg is a nearly e-Kéhler structure with
IV = 4.

Conversely, let ¢ be a stable three-form on M which induces the cone metric g.. Since
0y is a normal vector field for the hypersurface M = M x {1} satisfying g(d;, 0;) = —¢,
we obtain an H®7-reduction (wy, po) of hg defined by

(4.4) wo = (0= )T po = P|TMm

with the help of Proposition 4.5 of chapter 1. Since the two constructions are inverse to
each other, the proposition follows. 0

EXAMPLE 4.2. Consider the flat (RG% \ {0}, (.,.)) which is isometric to the cone
(M¢ x R*,#2h, — edt®) over the pseudo-spheres M® := {p € RGY | (p,p) = —¢}, ¢ = £1,
with the standard metrics h. of constant sectional curvature —e and signature (2,4) for
e = —1 and (3,3) for ¢ = 1. Obviously, a stable three-form ¢ inducing the flat metric
(.,.) is parallel if and only if it is constant. Thus, the previous discussion and Proposition
4.5 of chapter 1, in particular formula (4.11), yield a bijection

SO(3,4)/ G5 — {e-complex structures J on M¢® such that (h., J) is nearly e-Kéhler}
o = J with  J,(v) = —p x v, Vpe M

where the cross-product x induced by ¢ is defined by formula (3.14) of chapter 1. In other
words, the pseudo-spheres (M¢, h.) admit a nearly e-Kéahler structure which is unique up
to conjugation by the isometry group O(3,4) of h.. In fact, these e-complex structures
on the pseudo-spheres are already considered in [Li] and the nearly para-Kéhler property
for € = 1 is for instance shown in [Bej].

4.2. Sine cones over nearly e-Kahler manifolds. For Riemannian signature, it
has been shown in [FIMU] that the evolution of a nearly Kéhler SU(3)-structure to
a nearly parallel Go-structure induces the Einstein sine cone metric. This result can be
extended as follows. We prefer to consider (hyperbolic) cosine cones since they are defined
on all of R in the hyperbolic case.

PROPOSITION 4.3. Let (M, hy) be a pseudo-Riemannian siz-manifold.

(i) If ho is Riemannian, or has signature (2,4), respectively, there is a one-to-one corre-
spondence between nearly (pseudo-)Kdhler structures (hg, JJ) on M with ||V J||* = 4
and nearly parallel Go-structures, or Gi-structures, respectively, for the constant
= —4 on the spacelike cosine cone

T

(M x (—g, E)’ cos?(t)hg + dt?).

(11) If ho has signature (3,3), there is a one-to-one correspondence between nearly para-
Kdhler structures (hg, J) on M with |V J||?> = 4 and nearly parallel G}-structures
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for the constant u =4 on the timelike hyperbolic cosine cone
(M x R, — cosh®(t)hy — dt?).

ProOOF. (i) Starting with any SU(3)- or SU(1, 2)-reduction (wo, po) of hy, the one-
parameter family

w = cos?(t)wo, p = — cos’(t)(sin(t)po + cos(t)po)

with (w(0), p(0)) = (wo, —po) defines a stable three-form ¢ = w A dt + p on M x
(=35, %)- Since 2Wy = z(py +ipo) is a (3,0)-form w.r.t. the induced almost complex
structures Jre (2w, for all z € C*, the structure J, = J,, is constant in ¢. Thus,
the metric g, induced by ¢ is the cosine cone metric. Moreover, it holds p =
— cos?(t)(sin(¢)po — cos(t)pg) due to Corollary 3.7.

It takes a short calculation to verify that the one-parameter family is nearly half-
flat (for the constant A = —4) and satisfies the evolution equation (2.3) if and only
(wo, po) satisfies the exterior system (4.1), (4.2). Thus, applying Proposition 2.1, the
three-form ¢ = w A dt + p defines a nearly parallel G*7-structure on M x (=%, %)
(for the constant u = —4) if and only if (hg, J,,) is nearly e-Kahler with |[V.J||* = 4.

The inverse construction is given by (4.4) in analogy to the case of the ordinary
cone.

(ii) The proof in the para-complex case is completely analogous if we consider the one-
parameter family

w = cosh?(t)wy , p = — cosh®(t)(sinh(t)py + cosh(t)po)

which is defined for all £ € R. We note the following subtleties regarding signs. By
Proposition 3.4 of chapter 1, we know that the mapping p — p is homogeneous of
degree 1, but not linear. Indeed, by applying Corollary 3.7 of chapter 1, we find

sinh(t)po/qi\cosh(t)ﬁo = —sinh(t)po — cosh(t)pp.

Using this formula, one can check that J, = J;, = —J,, is constant in ¢ such that
the metric induced by (w, p) is in fact h = — cosh®(t)hy.
O

The fact that the (hyperbolic) cosine cone over a six-manifold carrying a Killing spinor
carries again a Killing spinor was proven in [Kal]. By relating spinors to differential
forms, these results also imply the existence of a nearly parallel Gg*)—structures on the
(hyperbolic) cosine cone over a nearly e-Kéhler manifold.

EXAMPLE 4.4. The (hyperbolic) cosine cone of the pseudo-spheres (M€, h.) of Exam-
ple 4.2 has constant sectional curvature 1, for instance due to [ACGL, Corollary 2.3],
and is thus (locally) isometric to the pseudo-sphere S** = {p € RU4Y | (p,p) = 1} =
Sping(3,4)/ G3.

4.3. Cones over nearly parallel G{"-structures. By Lemma 9 in [Bér], there
is a one-to-one correspondence on a Riemannian seven-manifold (M, go) between nearly
parallel Go-structures and parallel Spin(7)-structures on the Riemannian cone. In order to
illustrate the evolution equations for nearly parallel G3-structures, we extend this result
to the indefinite case by applying Theorem 3.1. This is possible since nearly parallel
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Gj-structures are in particular cocalibrated. Again, the fact that the cone over a nearly
parallel G3-manifold admits a parallel spinor can be derived from the connection to Killing
spinors as observed in [Kal].

PROPOSITION 4.5. Let (M, go) be a pseudo-Riemannian seven-manifold of signature
(3,4). There is a one-to-one correspondence between nearly parallel G5-structures for the
constant 4 which induce the given metric go and parallel Spiny(3, 4)-structures on M x RT
inducing the cone metric g = t2gy + dt?.

PROOF. Let ¢y be any cocalibrated G3-structure on M inducing the metric go. The
one-parameter family of three-forms defined by ¢ = t3¢, for t € RT induces the family of
metrics g = t?gy such that the Hodge duals are ,p = t*%,, ©o. By (3.4), the Spin, (3, 4)-
structure W = dt A ¢ + *,0 on M x RT induces the cone metric g. Conversely, given a
Sping (3, 4)-structure ¥ on the cone (M x RT,g), we have the cocalibrated G%-structure
wo = 0, 1V on M, which also induces the given metric gy. Since the evolution equation
(3.2) is satisfied if and only if the initial value ¢ is nearly parallel for the constant 4 and
since the two constructions are inverse to each other, the assertion follows from Theorem
3.1. O

EXAMPLE 4.6. We consider again the easiest example, i.e. the flat R4*) \ {0} which is
isometric to the cone over the pseudo-sphere S3*. Analogous to Example 4.2, the propo-
sition just proved yields a proof of the fact that the nearly parallel G-structures for the
constant 4 on S are parametrised by SO(4,4)/ Spiny(3, 4), i.e. by the four homogeneous
spaces (4.14). In particular, these structures are conjugated by the isometry group O(4,4)
of §34,

Summarising the application of the three Propositions 4.1, 4.3 and 4.5 to pseudo-
spheres, we find a mutual one-to-one correspondence between

(1) nearly pseudo-Kahler structures with ||[VJ||* # 0 on (S*%, gean),

(2) nearly para-Kihler structures with |[VJ||* # 0 on (53, gean),

(3) parallel Gi-structures on (RGY| g.q,),

(4) nearly parallel Gi-structures on the spacelike cosine cone over (S*?, g ),

(5) nearly parallel Gj-structures on the timelike hyperbolic cosine cone over (53, gean),
(6) nearly parallel G3-structures on (5%, geqn) and
(7) parallel Sping (3, 4)-structures on (R4, g.qn).

This geometric correspondence is reflected in the algebraic fact that the four homogeneous
spaces (4.14) are isomorphic.

5. Evolution of half-flat structures on nilmanifolds I'\ H3 x Hj

In this section, we will develop a method to explicitly determine the parallel Gg*)—
structure induced by an arbitrary invariant half-flat structure on a compact nilmanifold
'\ H3 x H3 without integrating. In particular, this method is applied to construct three
explicit large families of metrics with holonomy equal to Go or Gj, respectively.

5.1. Evolution of invariant half-flat structures on nilmanifolds. Given as ini-
tial value a half-flat structure on a Lie algebra, the evolution equations

(5.1) p=du, G=4dp,
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reduce to a system of ordinary differential equations and a unique solution exists on a
maximal interval I. Due to the structure of the equation, the solution differs from the
initial values by adding exact forms to o¢ and pg. In other words, an initial value (oq, po)
evolves within the product [og] X [po] of their respective Lie algebra cohomology classes.

Every nilpotent Lie group N with rational structure constants admits a cocompact
lattice T and the resulting compact quotients I'\N are called nilmanifolds. Recall that
a geometric structure on a nilmanifold T'\N is called invariant if is induced by a left-
invariant geometric structure on V.

Explicit solutions of the Hitchin flow equations on several nilpotent Lie algebras can
be found for instance in [CF] and [AS]. In both cases, a metric with holonomy contained
in Gy has been constructed before by a different method and this information is used to
obtain the solution. For a symplectic half-flat initial value, another explicit solution on
one of these Lie algebras is given in [CT]. In all cases, the solution depends only on one
variable.

At least for four nilpotent Lie algebras including b3 @ b3, a reason for the simple
structure of the solutions has been observed in [AS]. Indeed, the following lemma shows
that the evolution of o takes place in a one-dimensional space. As it is common practice in
the literature, we define a nilpotent Lie algebra by giving the image of a basis of one-forms
under the exterior derivative, see for instance [Sa2]. The same reference also contains a
list of all six-dimensional nilpotent Lie algebras.

LEMMA 5.1. Let p be a closed stable three-form with dual three-form p on a siz-
dimensional nilpotent Lie algebra g.

(i) If g is one of the three Lie algebras
(0,0,0,0,e'%,e3) | (0,0,0,0,e™® +e*? e +2%),  (0,0,0,0,e'%, ™ + 2),

then dp € A*U for the four-dimensional kernel U of d : Alg* — A%g*.
(ii) If g is the Lie algebra
(0,0,0,0,0,e* + &),
then dp € A*U for the four-dimensional subspace U = span{e', e? e* e*} of kerd.

REMARK 5.2. The assertion of the lemma is not true for the remaining six-dimensional
nilpotent Lie algebras with b; = dim(kerd) = 4 or by = 5. In each case, we have
constructed a closed stable p such that dp is not contained in A*(ker d).

In fact, this lemma can also be viewed as a corollary of the following lemma which we
will prove first.

LEMMA 5.3. Let p be a closed stable three-form on one of the four Lie algebras of
Lemma 5.1 and let U be the four-dimensional subspace of ker d defined there. In all four
cases, the space U is J,-invariant where J, denotes the almost (para-)complex structure
induced by p.

PROOF. For A(p) < 0, the assertion is similar to that of [AS, Lemma 2]. However,
since the only proof seems to be given for the Iwasawa algebra for integrable J in [KeS,
Theorem 1.1], we give a complete proof.
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Let g be one of the three Lie algebras given in part (i) of Lemma 5.1 and U = kerd.
Obviously, the two-dimensional image of d lies within A*U in all three cases. By J = J,
we denote the almost e-complex structure associated to the closed stable three-form p.

We define the J-invariant subspace W := U N J*U of g such that 2 < dimW < 4.
In fact, dim W = 4 is equivalent to the assertion. The other two cases are not possible,
which can be seen as follows. To begin with, assume that W is two-dimensional. When
choosing a complement W' of W in U, we have by definition of W that

V=WeW eJW.

We observe that, for ¢ = 1, the +1-eigenspaces of J restricted to W’ & J*W’ are both
two-dimensional. Therefore, we can choose for both values of ¢ a basis

{e',e?, 3 et = Jrel, e’ = Je? ef = J e’}
of V such that e',e® e and e* are closed and de®,de® € A*U. Since p +i.J}p is a (3,0)-
form in both cases, it is possible to change the basis vectors e!, e* within W C ker d such
that
ptiJip=(e" +ie') A(e? +ie’) A (€’ +ief)
and thus
D= ' p 2ol _ o216 | o35

By construction of the basis, we have that
0=dp=—ce' Nde® Ne® +ece' AeP ANde® + a

with a € A*U. As the first two summands are linearly independent and not in A*U,
we conclude that both e! A de® and e A de® vanish. Thus, the closed one-form e! has
the property that the wedge product of e! with any exact two-form vanishes. However,
an inspection of the standard basis of each of the three Lie algebras in question reveals
that such a one-form does not exist on these Lie algebras and we have a contradiction to
dim W = 2.

Since a J-invariant space cannot be three-dimensional for ¢ = —1, the proof is finished
for this case. However, if ¢ = 1, the case dimW = 3 cannot be excluded that easy.
Assuming that it is in fact dim W = 3, we choose again a complement W’ of W in U and
find a decomposition

V=weWaeJWaoWw"
with J*W"” = W”. Without restricting generality, we can assume that J acts trivially
on W”. Then, we find a basis for V' such that the +1-eigenspace of J is spanned by
{e' et + €5 €%} and the —1-eigenspace by {e? e e* — ¢°}, where e',e? e and e* are
closed and e® = J*e. Since the given closed three-form p generates this .J, it has to be
of the form
p=ae' A(e*+e”) Aeb 4+ be® A (e —€°)

for two real constants a,b. The vanishing exterior derivative

dp = ae' A d(e™®) mod AU

leads to the same contradiction as in the first case and part (i) is shown.
In fact, the same arguments apply to the Lie algebra of part (ii). The four-dimensional
space U C ker d spanned by {e!, ..., e'} also satisfies imd C A?U. Going through the above
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6 may be closed. However, at least one of

arguments, the only difference is that e® or e
them is not closed and its image under d generates the exact two-forms. Again, there is
no one-form 5 € U such that § A~ = 0 for all exact two-forms v and the arguments given

in part (i) lead to contradictions for both dim W = 2 and dim W' = 3. O

PrOOF OF LEMMA 5.1. Let p be a closed stable three-form on one of the four nilpo-
tent Lie algebras and U C kerd as defined in the lemma. For both values of £, we can
apply Lemma 5.3 and choose two linearly independent closed (1,0)-forms E' and E?
within the J,-invariant space U ® C.. Considering that p +i.p is a (3,0)-form for both
values of ¢, there is a third (1,0)-form E? such that p +i.p = E?3. Since dp = 0 and
imd C A%U, it follows that the exterior derivative

dp = ei.d(E'?) = ei. B AN dE?

is an element of A*U. O

5.2. Solving the evolution equations on Hj3 x Hz. Due to the preparatory work of
Lemma 2.1, chapter 5, and Lemma 5.1 of the previous section, it turns out to be possible
to explicitly evolve every half-flat structure on h3 @ b3 without integrating.

PROPOSITION 5.4. Let (wy, po) be any half-flat H= -structure on bs @ bs with wy' = 0.
Then, the solution of the evolution equations (5.1) is affine linear in the sense that

(5:2) o(t) = oo+ tdpo, p(t) = po +t dwo
and is well-defined for all t € R.

PROOF. Let {ey,..., f3} be a standard basis such that wy is in one of the normal forms
Wa, ..., ws of Lemma 2.1 which satisfy wgl = 0. By Lemma 5.1 and the second evolution
equation, we know that there is a function y(t) with y(0) = 0 such that

1
o(t) = o0 + (1) = Sk + y(t)e 1,

For each of the four normal forms, the unique two-form w(t) with fw(t)? = o(t) and
w(0) = wp is
w(t) = wo —y(t)e' 1.

However, the two-form e!f! is closed such that the exterior derivative dw(t) = dwy is
constant. Therefore, we have p(t) = pg + t dwy by the first evolution equation. Moreover,
the two-form w(t) is stable for all ¢ € R since it holds ¢(w(t)) = ¢(wp) for each of the
normal forms and for all ¢ € R. It remains to show that dp(t) is constant in all four cases
which implies that the function y(¢) is linear by the second evolution equation.

As explained in section 2 of chapter 5, it is easy to write down, for each normal form
wo separately, all compatible, closed three-forms py, which depend on nine parameters.
For p(t) = po + tdwy, we verify with the help of a computer that A(p(t)) = A(po) is
constant such that p(t) is stable for all ¢ € R since py is stable. When we also calculate
Joy and p(t) = J7, p(t), it turns out in all four cases that dp(¢) is constant. This finishes
the proof. 0

We cannot expect that this affine linear evolution of spaces which have one-dimensional
holonomy, due to Proposition 2.4, ch. 5, yields metrics with full holonomy G3. Indeed,
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due to the following result the geometry does not change significantly compared to the
six-manifold.

COROLLARY 5.5. Let (wo, po) be a half-flat Ho"-structure on bhs @ b with w' = 0
and let g, be the Ricci-flat metric induced by the parallel stable three-form ¢ on M x R
defined by the solution (5.2) of the evolution equations with initial value (wo, po). Then, the
pseudo-Riemannian manifold (M x R, g,) is either flat or isometric to the product of the
four-dimensional para-hyper-Kdihler symmetric space (N*, gprx) and a three-dimensional
flat factor.

PRrROOF. By formula (1.11), the metric g, is determined by the time-dependent metric
g(t) induced by (w(t), p(t)). All assertions follow from the analysis of the curvature of g,
completely analogous to the proof of Proposition 2.4, ch. 5. U

The situation changes completely when we consider the first normal form w; of Lemma
2.1, ch. 5.

PROPOSITION 5.6. Let (wo, po) be any normalised half-flat H=™-structure on b3 @ b3
with wgl # 0. There is always a standard basis {ey, ..., fs} such that wy = e f! + €*f? +
e3f3. In such a basis, we define (w(z), p(x)) by

plz) = po+a(e?f?—ef1),
w(z) = 2 (z—:r@(m))_% ( iem(w) e f! + %EK(%) efP+ef? ) ,

where k() (2 f123)%2 = X(p(x)). Furthermore, let I be the mazimal interval containing
zero such that the polynomial k(x) of order four does not vanish for any x € I. The
parallel stable three-form (1.10) on M x I obtained by evolving (wo, po) along the Hitchin
flow (5.1) is

p = %\/sﬁ(x) w(z) Adzx + p(x).

The metric induced by @, which has holonomy contained in G=7, is by (1.11) given as

(5.3) 9o = 9lx) — grla)da,

where g(x) denotes the metric associated to (w(x), p(x)). The variable x is related to the
parameter t of the Hitchin flow by the ordinary differential equation (5.6).

PROOF. Since wgl # (0, we can always choose a standard basis such that wy = e f! +
e?f2 + €3 f3 is in the first normal form of Lemma 2.1. Then py is of the form (2.3), ch. 5.
Moreover, by Lemma 5.1, there is a function y(¢) which is defined on an interval
containing zero and satisfies y(0) = 0 such that the solution of the second evolution
equation can be written
o(t) = oo +y(t)e? f12.
The unique w(t) that satisfies w(0) = wy and sw(t)* = o(t) for all ¢ is

e e O e
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Since

(5.4) @lt) = e 1),

there is another function z(t) with z(0) = 0 such that the solution of the first evolution
equation can be written

(5.5) p(t) = po+a(t)(ef* = *f1).
This three-form is compatible with w(t) for all ¢, as one can easily see from (2.3), ch. 5.
Furthermore, the solution is normalised by Theorem 1.2, which implies

\/r = 20(w(t)) = _2\/7 123 £123

Hence, we can eliminate y(t) by
1
y(t)y=1-— Z—lsm(a:(t)).
We remark that the normalisation of py = p(0) corresponds to x(0) = 4e. Comparing
(5.4) and (5.5), the evolution equations are equivalent to the single ordinary differential
equation

2
er(x(t))

for the only remaining parameter z(t). In fact, we do not need to solve this equation
in order to compute the parallel Gg*)—form when we substitute the coordinate ¢ by x via
the local diffeomorphism z(t) satisfying dt = §/ex(z(t)) dz. Inserting all substitutions
into the formulas (1.10) and (1.11) for the stable three-form ¢ on M x I and the induced
metric g,, all assertions of the proposition follow immediately from Theorem 1.2. [l

(5.6) i =

EXAMPLE 5.7. The invariant x(x) and the induced metric g(z) for the three explicit
half-flat structures of Example 2.2, ch. 5, are the following.
If (wo, po) is the SU(3)-structure (2.4), it holds

Kz) = (x—v2)P3x+V2), I =(—V2,V2),
o) = (1= 3V20) () + (P —4n(a) " () 4 (2 + () —dn(a) ()
b VEa(l— V) (et 4 e 4 dn(a) ).
If (wo, po) is the SU(L, 2)-structure (2.5), we have
Ka) = (z—V2)(z+V2)*, I=(-v2,v2),
o) = (L+ 3vE2) ()~ () + an(a) (@ + () — (2 + dn(e) ("))
— V2z(1+ %ﬁx) (e +e®-e® + 4r(z) e € .
And for the SL(3, R)-structure (2.6), it holds

k(z) = (24 222, I =R,
glx) = (2+ 27 (61-64 + 62'65) +4(2 — 2 k(x) tePef + 4\/§:m(:17)_1 ((63)2 — (66)2) )
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THEOREM 5.8. Let (w(x), p(x)) be the solution of the Hitchin flow with one of the
three half-flat structures (wg, po) of Example 2.2, ch. 5, as initial value (see Proposition
5.6 for the explicit solution and Example 5.7 for the corresponding metric g(x), defined
forxel).

Then, the holonomy of the metric g, on M x I defined by formula (5.3) equals Gy for
the SU(3)-structure (wo, po) and G} for the other two structures.

Moreover, restricting the eight-parameter family of half-flat structures given by (2.3),
ch. 5, to a small neighbourhood of the initial value (pg,wo) yields in each case an eight-
parameter family of metrics of holonomy equal to Gy or G3.

PRrOOF. For all three cases, we transform the left-invariant frame into a coordinate
frame as explained in the proof of Lemma 2.4, chapter 4, and calculate the curvature R
of the metric g, defined by (5.3). Carrying this out with the package “tensor” contained
in Maple 10, we obtain that the rank of the curvature viewed as endomorphism on two-
vectors is 14. This implies that the holonomy of g, in fact equals Gy or G3.

The assertion for the eight-parameter family is an immediate consequence. Indeed, by
construction, the rank of the curvature endomorphism is bounded from above by 14 and
being of maximal rank is an open condition. 0

To conclude this section we address the issue of completeness and use the Riemannian
family in Example 5.7 and Corollary 1.8 to construct a complete conformally parallel
Go-metric on R x (I'\H3 x Hj).

EXAMPLE 5.9. Let H3 be the Heisenberg group and N = I'\ H3 X H3 be a compact
nilmanifold given by a lattice I". Let us denote by = : I — (—\/5, \/5) the maximal
solution to the equation

2

V2 =20 @) +v2)

with initial condition x(0) = 0, defining the ¢-dependent family of Riemannian metrics

\/i—x(t) 12 212 4\2 5\2 14 2 5

9= s (PP () )+ a(t) (V2-a() (e et et o)
22 3)2 1 (o6)2) _ 4z (1) . b

W ren v ) T e v

If o : R — [ is a diffeomorphism, then the metric

1
P

#(t) =

dr? +

is globally conformally parallel G, and geodesically complete.
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Zusammenfassung

Eine SU(3)-Struktur auf einer sechsdimensionalen Mannigfaltigkeit ist definiert durch
ein Paar von globalen Differentialformen (w, p) € Q*M x Q3M, die mehrere Kompatibi-
litdtsbedingungen erfiillen. Eine SU(3)-Struktur heifit halbflach, falls die beiden definie-
renden Formen das duflere Differentialgleichungssystem

dw?> =0, dp =0

16sen. Halbflache Strukturen wurden 2001 von N. Hitchin als natiirliche Startwerte einer
geometrischen Evolutionsgleichung eingefiihrt, wobei die Losung der Evolution Metri-
ken mit Holonomie G5 induziert. In der Physik werden halbflache Strukturen als interne
Mannigfaltigkeiten bei Kompaktifizierungen von zehndimensionalen Superstringtheorien
studiert.

In der vorliegenden Dissertation werden linksinvariante halbflache SU(3)-Strukturen
auf sechsdimensionalen Liegruppen studiert, insbesondere auf Produkten von dreidimen-
sionalen Liegruppen. Das Hauptergebnis der Arbeit ist die vollsténdige Klassifikation der-
jenigen Produkte von zwei dreidimensionalen Liegruppen, die eine linksinvariante halb-
flache SU(3)-Struktur zulassen. Eine &hnliche Klassifizierung wird unter der Zusatzbedin-
gung bewiesen, dass die beiden Faktoren orthogonal zueinander sind.

Desweiteren wird auf den Liegruppen S* x S? und Hj; x Hj das Problem studiert,
wieviele linksinvariante halbflache SU(3)-Strukturen modulo Liegruppenautomorphismen
existieren. In beiden Féllen wird das Problem vollsténdig durch die explizite Parametrisie-
rung dieser Strukturen gelost. Auf der Liegruppe SL(2,R) x SL(2,R) wird mit dhnlichen
Methoden die Eindeutigkeit der bekannten linksinvarianten nearly pseudo-Kéahlerstruktur
nachgewiesen, die insbesondere auch halbflach ist.

Im letzten Abschnitt der Arbeit wird ausfiihrlich der Hitchinfluss behandelt. Unter
anderem wird ein neuer Beweis fiir Hitchins Hauptresultat gegeben, der auch fiir indefinite
Metriken und nichtkompakte Mannigfaltigkeiten angewendet werden kann. Auf Hs x Hj
wird der Hitchinfluss explizit gelost fiir alle zuvor parametrisierten halbflachen SU(3)-
Strukturen. Dabei werden auch Beispiele von neuen Metriken mit Holonomie gleich G,
und gleich G% konstruiert.
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