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Chapter 1

Basics, examples, classification

In these notes we stick to the basic conventions IN := {1,2,3,...} and Ny := IN U {0}.

Terminology (for general PDEs). A partial differential equation (PDE) is an equation
for a function u in two or more (real) variables:

F(z,u(z), Du(z), D?u(z),. .., D™ tu(x), D™u(z)) = Ogum for all x € Q (%)
or, in short-hand notation,
F(-,u,Du,D?%u,..., D™ 1y, D™u) = Ogu in .
Here we denote . ..
e by m € N (if chosen minimal') the order of the PDE (x),

e by Q) an arbitrary open set in R,

e byu: Q— RN the unknown function (by Du(z) € L(R™,RYN) = RN*" its first deriva-
tive at the point x, regarded as linear mapping R" — RN or (N xn)-matriz, and more
generally by DFu(x) € Efym(R",]RN) its k-th deriwative at x, regarded as symmetric k-
linear mapping (R™)* — RN),

e by n € IN the number of (independent) variables, here generally n > 2,
e by N € IN the number of unknown (component) functions,
e by M € N the number of (component) equations,

o by F: QxRN x L(R™", RN) x £2_ (R™,RV) x...x L2~ (R™, RY) x £ (R™, RN) — RM

Sym sym sym

the given structure function of the PDE (x).

For N =1 the unknown is a scalar/single function, otherwise a vector function. In case
M =1 we speak of a scalar/single PDE, otherwise of a system of M PDEs. Finally, we
call u: Q@ — RN a solution of /to the PDE (x) if () holds for u.

'Minimality of m means that the PDE can see a difference in the m-th derivative only. In precise terms, this
means that there exist functions u, v, and a point z¢ € Q with D*u(zo) = D¥v(zo) for k = 0,1,2,...,m—1 but
still with F(zo,u(xo), Du(xo), D*u(xo), . .., D™u(x0)) = 0 # F(xo,v(0), Dv(20), D*v(x0), . . ., D™v(x0)).
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4 CHAPTER 1. Basics, examples, classification

We emphasize that the word ‘partial’ in the term ‘partial differential equation’ signifies
the occurrence of partial derivatives 0%u = 07'05? ...95"u with a € INj (which are the
components of Dy with k = |a| = ay4+as+...+a, < m) and is used to distinguish these
equations from ordinary differential equations (ODEs) for functions of a single variable.

Terminology (for linear PDEs). The PDE (x) above is termed linear if the structure function
F is an affine function of the u, Du, D?u, ..., D™ 'u, D™u variables, that is if it takes the
form

N
Z Z a (2)0%u;(z) = f7(x) forallz € Qandj=1,2,... M—-1,M (x%)

i=1 |al<m

with coefficients a?:Q > R and znhomogeneztzes fi:Q — R. The PDE () has con-
stant coefficients if all coefficients ag are constant functions; and it is homogeneous if all
inhomogeneities I vanish.

While linear PDEs are clearly a very basic type, a lot of advanced PDE theory has nowadays
been developed for cases which are not truly linear but linear in the highest-order derivatives
at least. Though not all authors use the same terminology for such equations, there is some
agreement that quasilinear PDEs are equations of the type

N
Z Z A (. u,Du,D%u, ..., D™ tu)d%; = GI(-,u, Du,D?u, ..., D™ 1)

i=1 |a|=m

and semilinear PDEs are equations of the somewhat more special type

N
Z Z 0%u; = GI( -, u,Du, D?u,..., D™ 1u).
i=1 |al=m

PDEs which are not even quasilinear are generally known as fully non-linear PDEs.

Examples (of PDEs and PDE systems). Consider an open set  C R"™ with n € IN>o.

(1) The Cauchy-Riemann system

ou_ov  ou_ o
oxr Oy’ oy Oz

is a first-order (m=1) linear system of M=2 PDEs for N=2 functions u,v:  — RY in n=2
variables. It corresponds to the case of the structure function F(z,w, ) = (€11 —022, l12+¥21)
for (z,w,?) € QxRZxR?*? in (¥).

If we identify R? with C, solutions (u,v):  — R? of the Cauchy-Riemann system turn out
to be precisely the holomorphic functions h: @ — C. Thus, the Cauchy-Riemann system
can be viewed as the underlying PDE system in complex analysis (at least in case of a single
complex variable). The Cauchy integral and the Poisson integral yield explicit formulas for
solutions.



(2)

The Laplace equation
div(Vu) =0

and the Poisson equation
div(Vu) = f

with non-vanishing f: Q — R, respectively, are scalar (M=1) second-order (m=2) linear
PDEs for a single (N=1) function u:  — R in an arbitrary number n of variables. On the
left-hand side these equations involve the Laplace operator A, defined by

0*u 0% 9%u 0%u

Ay = di =—+—+...F+ =+ ==
B (V) ox? N Ox2 et ox2 | * oz2

= Z O%u = trace(V?u)
i=1

(where D?u(z) is represented, in this scalar case, by the Hessian V2u(z) € R¢ym)- The Pois-
son equation corresponds to the case of the structure function F(z,u,?,q) = trace(q)— f(x)
for (z,u,l,q) € QxRxR"xRg; in (x), and clearly the choice f = 0 yields the Laplace
equation.

Solutions of the Laplace equation are known as harmonic functions and will be of central
interest in this lecture. For n=2 there is strong connection to (1), as harmonic functions of
two variables arise as the real and imaginary parts of holomorphic functions.

The Poisson equation in 2 = R3 serves as a model equation in electrostatics, which deter-
mines the electric potential u corresponding to the charge distribution f.

(Linear) Transport Equations take the form

0

ai:—kb-vxu-i-cuzo,
where the variables (¢,z) € @ C RxR" ! are split into a single ‘time’ variable ¢ and (n—1)
‘space’ variables z. Here, the non-vanishing time-dependent vector field b: @ — R™~! and
the coefficient ¢: Q@ — R are considered as given, and the equations are scalar (M=1)
first-order (m=1) linear PDEs for a single (N=1) function u:  — R in an arbitrary num-
ber n of variables. They correspond to the case of the structure function F(z,u,f) =
lo+b(2)-0'+c(2)u for (z,u,f) € AXRXR", £ = (Lo, ¢') € RxR" ! in ().
The case of constant b and c¢ is discussed in the exercise class.

Linear transport equations in n = 143 time-space variables model the mass transport in a
velocity field b.

The Heat Equation or Diffusion Equation

ou -

and the Wave Equation (for n = 2 sometimes called Equation of the Vibrating String)

0*u
ﬁ_A:BUEO7

respectively, involve once more time-space-split variables (t,7) € @ C RxR"'. These
equations are scalar (M=1) second-order (m=2) linear PDEs for a single (N=1) function
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CHAPTER 1. Basics, examples, classification

u: @ — R in an arbitrary number n of variables, and they correspond to the case of
the structure functions F(z,u,?,q) = {y— Z?;ll qii and F(z,u,l,q) = qoo— Z?;ll qi; for
(z,u,4,q) € AXRxR" xR, £ = (o, ') € RxR™ L, ¢ = ()i j=01.2,..n—1 in (x).

The heat/diffusion equation and the wave equation in n = 143 time-space variables consti-
tute basic physical models for the free propagation of heat/particles and waves/oscillations,

respectively.

The p-Laplace Equation with parameter p € [1,c0)
div(|Vu[P~2Vu) =0

is considered a scalar (M=1) second-order (m=2) quasilinear PDE for a single (N=1)
function u: Q@ — R, though, strictly taken, the equation does not possess the form (x).
However, by expanding the divergence it is brought into this form with the structure function
F(z,u,t,q) = ||~ %trace(q) + (p—2)|¢|P—* > i =1 Giglily for (z,u, €, q) € QXRXR"XRET.
In the only linear case p = 2 (which is also the only semilinear case), the p-Laplace equation
reduces to the Laplace equation from (2). In the general case, it plays the role of a natural
model case for quasilinear equations.

The Monge-Ampére Equation
det(V2u) = f

with right-hand side f: @ — R is a scalar (M=1) second-order (m=2) fully non-linear
PDE for a single (N=1) function u:  — R in an arbitrary number n of variables. It
corresponds to the case of the structure function F(z,u, ¢, q) = det(q)—f(z) for (z,u, ¥, q) €
OxRxR" xR in ().

The Monge-Ampeére Equation is a basic model case among fully non-linear equations and
has important applications in convex geometry and optimal transportation (of measures).

Many more PDEs and systems of PDEs occur in physics or geometry. Famous linear
examples are the Schrodinger equation, the Dirac equation, the equations of linear elasticity,
and the Maxwell equations. Famous non-linear examples are the Navier-Stokes equations,
the Einstein field equations, the minimal surface equation, and the Yamabe equation. Typ-
ically one has (as indeed it stands in all the mentioned examples) M = N and m € {1,2,4}.

In the course of this lecture, a couple of explicit integral formulas for solutions of model

PDEs will be shown. Nevertheless, in more general PDE theory such formulas are available only
in very rare cases and the focus of interest is more on the following basic questions and related
general principles:

(1)
(2)

(3)

Existence: Does a solution exist? Uniqueness: Is a solution unique?

Stability (usually asked only with uniqueness at hand): Does the solution depend on the
structure function/the coefficients/the data in a continuous way? Is the solution stable
under (small) perturbations of the structure function/the coefficients/the data?

Regularity: Do (higher) derivatives of solutions necessarily exist? Are all solutions smooth
functions?



Generally we may hope for positive answers to these basic questions only ...

(A) in case M = N, that is, if the number of (component) equations equals the number
of unknown (component) functions,

(B) if we add boundary conditions, that is, if we prescribe v and/or some of its derivatives
on 0f) (where they are defined e.g. after continuous extension from € to 2).

As a general rule of thumb, it often makes sense to impose %mN (real-valued) boundary
conditions.

Despite the common questions (1), (2), (3) and the common general principles (A), (B),
there is no successful common theory of all PDEs. Indeed, different types of PDEs
exhibit a very different behavior, and thus such a common theory cannot be reasonably expected.
Rather different (classes of) PDEs require their own theories and notions of (generalized)
solutions. We do not attempt to survey or compare the various known theories and approaches
but only mention the general guiding principles that linear PDEs are usually simpler than non-
linear ones and that problems with small values of m, n, M, N tend to be simpler than problems
with large values of these numbers.

Classification (of scalar linear PDEs). Consider an open set 2 C R" with n € IN>s.
(1) The general scalar linear first-order PDE on ) reads

n
Z Vo + cu = f or equivalently b -Vu + cu = f
i=1

with given non-vanishing vector field b = (b',...,b"): Q — R™, given coefficient c: Q — R,
and given inhomogeneities f: 2 — R. In principle, this PDE reduces to ODEs by a general
method, the method of characteristics, which we now roughly describe:

Under suitable regularity assumptions on the vector field b, one considers, for z € ), the
flux lines v,: I, — € of b, that is the maximal solutions of the ODE initial value
problem

() =b(()  (tel),

72(0) =
on the maximal existence interval I, around 0. One commonly thinks of each v, as the
time-t-parametrized trajectory of a particle, which moves in the velocity field b and passes
through the point x at time ¢ = 0. Anyway, the chain rule and the ODE give %u(’yx(t)) =
Yo () « Vu(y.(t)) = b(72(t)) - Vu(yz(t)), and in view of this formula the PDE reduces to
the ODEs

Cua(t) + b)) = felt)  (t€ L)

along the flux lines .. In well-behaved cases this allows to determine all PDE solu-
tions by prescribing values on a hypersurface which intersects each (equivalence class of
reparametrized) flux lines in exactly one point and by solving the ODEs above along the
flux lines.

The method of characteristics vastly simplifies in case of a constant field b, since then the flux
lines ~, are just (constant-speed parametrized) line segments. The treatment of cases with
irregular b and the extension of the method to non-linear first-order PDEs, however, turn
out to be much more involved and are partially topics of ongoing mathematical research.
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8 CHAPTER 1. Basics, examples, classification

(2) The general scalar linear second-order PDE on € reads

Lu := Z aij&-@ju + Z bioju+ cu = f (k)

ij=1 i=1

with given coefficients a'/,b’,c: 2 — R (among which at least one a”/ does not vanish) and
given inhomogeneities f: Q@ — R. In view of 9;0;u = 9;0;u (at least for C? functions u), we
can and do assume the symmetry condition a*? = a?*. Moreover, we call ...

e the operator L, casually defined in (#*x), a (linear) partial differential operator
(PDO),

e the polynomial p(z,§) == 371", a (x)&&+ Y0 bi(z)& + c(x) in € € R™ the symbol

of the PDO L (where, by the way, in this notation we can formally write L = p(z,d) =
p(xv 81) 82, s 7811))7
o the PDO Lo == > /', a9;0; the principal part (and the polynomial po(z,&) =

Z’Zj:l a(x)&;&; in € € R™ the principal part symbol) of the PDO L.

An alternative, sometimes very convenient form of scalar linear second-order PDEs is the
divergence form

> @iou) + Y ai(bu) + Y b+ Eu=f (oxx)
=1 i=1

ij=1

with coefficients @ ,Bi,l;i,éz ) — R (among which at least one @’ does not vanish) and
inhomogeneity f: 2 — R. Here, the name ‘divergence form’ stems from the possibility to
express the first two terms on the left-hand side as a divergence (namely the divergence of
the vector field whose i-th component is 3%, a 8ju+i)iu).

In case of C! coefficients, the forms (###) and (#*#*) turn out to be essentially equivalent —
with coinciding principal part coefficients a = a% if symmetry is assumed. More precisely,
by straightforward computations with the product rule one verifies: If a PDE is given in
the form (x+x) with o € CL(€), it can be brought in the form (x+#*) with @ = a¥,
b =0, b =b— Z?:l 9ja’’, ¢ = c. Conversely, if a PDE is given in the fo~rm (k) with
@, b" € C1(Q), it can be brought in the form (x*#) with a” = a¥, b* = b*+b' + > iy 0507,
c=cC+ Z?:l 8181

One usually classifies scalar linear second-order PDEs at hand of definiteness properties of
the symmetric matrix A(z) := (a(x))ij=1,2,...n € R"*™: The PDEs (¥#%), (x%%x) and the
PDO L, respectively, are called ...

(a) e negatively elliptic if A(x) is a positive matrix (i.e. A(x) has only positive eigenvalues)
for all x € €,
e positively elliptic if A(z) is a negative matrix (i.e. A(z) has only negative eigenval-
ues) for all z € Q,
e elliptic if it is either positively elliptic or negatively elliptic,
e uniformly elliptic if there exists a constant A € R~ such that either £ - A(x) >
Al€]? holds for all z € Q, £ € R™ or £ - A(z)€ < —A[¢|? holds for all z € Q, £ € R™.

As prototype elliptic equations we will study the Laplace and Poisson equations.

8



(b) parabolic if — possibly after change of variables — the PDE takes the form

%f[/(t)u:f in Q,
once more with time-space-split variables (¢, 2') € Q € RxR"! and with a ¢t-dependent
1-parameter family of negatively elliptic PDOs L(t) = p(t,2’,d.,) which involve only
derivatives with respect to 2’ but none with respect to ¢. In this case, the matrix A(x)
(which corresponds to the principal part —L(t) of L = %—L(t)) has one zero eigenvalue
and (n—1) negative eigenvalues.

As a prototype parabolic equation we will study the heat equation.

(¢) hyperbolic if — possibly after change of variables — the PDE takes the form
0%u ou

with coefficient by, time-space-split variables, and negatively elliptic PDOs L(t) =
p(t,2’,0,) as in (2b). In this case, the matrix A(z) (which corresponds to the principal

part g—;—L(t) of L = g—;+b0%—L(t)) has one positive eigenvalue and (n—1) negative
eigenvalues.

As a prototype hyperbolic equation we will study the wave equation.

In the next chapters we will discuss, one by one, the prototype equations of elliptic, parabolic,
and hyperbolic type.
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Chapter 2

The Laplace equation and the
Poisson equation

In this chapter, we investigate (scalar solutions of) the (scalar) Laplace equation
Au=0

and the (scalar) Poisson equation

Au=f

in an open (and often also bounded) set  in R"”, n € IN>9 with the previously mentioned
Laplace operator A :=divV =3>"" 8? = trace(V?) and given a non-vanishing inhomogeneity
f:Q — R. As discussed in the previous chapter, the equations then give rise to a uniquely
solvable, well-behaved problem only if combined with a boundary condition. The simplest
such conditions, which also turn out to be relevant in typical applications, are the Dirichlet

boundary condition
Ulpg = ¢

with prescribed ¢: 92 — R and the Neumann boundary condition

Oulgg =9

with prescribed ¢: 92 — R. In the latter condition, v: 92 — R™ denotes the outward unit
normal field of Q (defined only in case that 92 is sufficiently smooth), and the normal derivative
dyu(z) at x € 0 is nothing but the directional derivative 9, u(z) = v(x) - Vu(x).

However, we postpone the detailed treatment of boundary value problems (that is the com-
bination of PDE and boundary condition) to later sections in this chapter. First we record a
basic definition and discuss specific symmetric solutions:

Definition (harmonic function). Consider an open set 2 in R". We say that a function
u € C%(Q) is (classically) harmonic if it solves the Laplace equation in Q, that is, if Au =0
holds in €.

In the following sections we will see examples of harmonic functions.

11



12 CHAPTER 2. The Laplace equation and the Poisson equation

2.1 The fundamental solution

Here we consider a rotationally symmetric (scalar C2) function v on R™\ {0}, that is, a function

u € C2(R™\ {0}) which satisfies
w(@) =g(|z)  for z € R™\ {0}

with some C? function g: (0,00) — R. By a computation (to be discussed in the exercise class),
for the Laplace operator on such u, we obtain the formula

Au(x) = g"(Jz]) + n|;|19’(|~’6|) for z € R" \ {0}

If w is, in addition, harmonic on R™\ {0}, we infer that g satisfies the scalar linear second-order
ODE

gdr)=0 for r € (0,00),

which can also be seen as a scalar linear first-order ODE for ¢’. By a basic ODE formula (or
alternatively by rewriting the equation as < (r"~1¢/(r)) = 0), we deduce that solutions of the
ODE are characterized by ¢'(r) = ar'=" for r € (0, 00) with constant a € R or equivalently by

er?2 4 ifn>3

= for r € (0,
9(r) {c(log r)+d ifn=2 v € (0,00)

with two constants ¢,d € R (where, here and in what follows, log always denotes the natural
logarithm). Thus, we have shown that the rotationally symmetric harmonic functions on
R™ \ {0} are precisely the function u of the form

for z € R™"\ {0
c(log|z|)+d ifn=2 0

B {c|x]2”+d ifn>3
with constants ¢,d € R. In the case ¢ # 0 these functions exhibit an isolated singularity at the
origin and cannot be extended continuously to the whole space R™. (Thus, as a side benefit we
have also shown that the only rotationally symmetric harmonic functions on all of R" are the
constant functions obtained in case ¢ = 0).

Among the rotationally symmetric harmonic functions found above one singles out a specific
one by setting d = 0 and by a particular choice of ¢, which will be explained in the remark
below:

Definition (fundamental solution). The function F': R" \ {0} — R, given by

_ 1 2—n ; >3
F(a:) — { n(n—2)wn, ’53‘ an = fOT r e R \ {0}’

= log |z| ifn=2

is called the fundamental solution of the Laplace equation in R™. Here, w, = £"(B)
denotes the volume (in the sense of Lebesque measure) of the unit ball By := {zx € R™ : |z| < 1}.

12



Addendum on surface measures and surface integration 13

Remark (on the choice of the constant ¢). In order to arrive at the definition of F', the constant
¢ € R in the preceding considerations has been fixed such that the flux of the gradient vector
field VF through every sphere S, := {x € R™ : |z| = r} with center at the origin amounts to
1, that is (as it will be verified in the exercise class)

/ v-VEdH" 1 =1 for all r € (0, 00)
S,

with the outward unit normal field v(z) = fa7 to the ball B, := {z € R" : |z| < r} and the
(n—1)-dimensional Hausdorff measure H" 1.

In view of the divergence theorem, this formula for the flux and the fact that F' is harmonic
on R™\ {0} can be reasonably summarized by the here-only-heuristic equation “AF = §p” on
RR™ with the Dirac measure dp at the origin (and in some more advanced sense this equation can
actually be given a rigorous meaning). Remembering the interpretation of the Poisson equation
in electrostatics, we also express this fact by saying that the fundamental solution yields the
electric potential of a single unit point charge at the origin.

Addendum on surface measures and surface integration

The k-dimensional spherical Hausdorff measure H* assigns to every subset A of R a non-
negative number which measures the k-dimensional area of A (where the ‘k-dimensional
area’ is to be thought of as length, surface area, volume, and higher-dimensional extensions
for k =1, k = 2, k = 3, and k > 4, respectively). This concept differs from the more well-
known Lebesgue measure insofar that the k-dimensional measurement now concerns sets A in
R™, typically with n > k, and is no longer restricted to sets in the ambient space R¥ of the
same dimension. The definition of ¥ (which, by the way, makes sense even for subsets A of an
arbitrary metric space) rests on coverings with sets of arbitrarily small diameter and reads as
follows:

Definition (Hausdorff measure). Forn € IN and k € [0,00), the k-dimensional Hausdorff
measure H* is the set function on the power set of R™ given, for arbitrary A C R™, by

o0 . ) k o0
HE(A) = y\% (inf{Zwk<dlaglCz> G R, Ac |G, diamC; < 5}) € [0,00],
=1 =1

where diam C' := sup, ,cc |y—=| denotes the diameter of a set C C R" (with understanding
k

diam () = 0) and where we rely on the convention wy = F(gil) (which involves the I'-function
2

and reduces for k € IN to the earlier definition of wy as volume of the k-dimensional unit ball).

In order to understand this definition one should think of wk(%)k as the area of a
k-dimensional disc with the same diameter as C;. With this interpretation it then becomes
plausible that  >°, wkrf may yield a good approximation to the k-dimensional area of A — at
least in those cases where the above infimum is almost attained with each intersection C; N A
being similar to a disc with the same small diameter as C; itself.

13
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Properties (of Hausdorff measures H* on R™). We record, for n € IN, k € [0,00), in brief
summary and without proofs:

o-subadditivity: H* (U2, A;) < >.0°, H¥(A;) for arbitrary 4; C R™
o-additivity: H*(U2, 4i) = Y0, HF(A;) for disjoint Borel sets A; C R™.

special cases:
— HO is the counting measure, i.e. H°(A) is the possibly infinite number of elements of A,
— H" equals the Lebesgue measure £ on R",

— HF with k > n vanishes on all subsets of R™.

measures of balls and spheres:

— H¥BY () = wprk for a ball BY () = {y € V : |y—2| < r} in a k-dimensional affine
subspace V' of R"™ with radius r € R~ and center x € V in this subspace (specifically
of course L™ (B, (z)) = w,r™ for B,(z) := B*(z) := BR'(2)),

— H" (S, (x)) = nw,r"~! for a sphere S,.(x) = {y € R" : |[y—=z| = r} in R" with radius
r € R>g and center x € R".

scaling: H¥(rA) = rk¥Hk(A) for all A C R" and r € Rsy.

translation invariance and rotation/orthogonal invariance: H*(z+T(A)) = H*(A)
for all AC R", z € R" and T € O(R").

Lipschitz bound: H*(f(A)) < L*H*(A) for A ¢ R" and a Lipschitz map f: A — RY
with Lipschitz constant < L.

#HF-integration is a special case of the integration with respect to arbitrary measures
and yields a notation of (unoriented) k-dimensional surface integrals.

For a Borel set A C R*, a one-to-one mapping T € C*(U,R") on a neighborhood U of A
in R¥, and a Borel function g: T(A) — RY, the area formula asserts

/ gd?—[kz/(goT)JTda:
T(A) A

with the Jacobian JT'(z) := /det(DT(x)*DT(x)). This formula reduces the computation
of HF-integrals and, in the case ¢ = 1, of H*-measures to the computation of volume
integrals (i.e. integrals with respect to the Lebesgue measure) for which many standard
tools are available. In concrete situations, the formula is applied after parametrizing a
k-dimensional surface or parts thereof in the form 7'(A).

For every A C R™ there exists a uniquely determined d € [0,n] such that H*(A4) = oo
holds for all k € [0,d) and H*(A) = 0 holds for all k € (d,n] (while H%(A) can be zero,
a finite positive number, or infinity). This number d is called the Hausdorff dimension
of A and is compatible with usual intuitive ideas of dimension for ‘nice’ sets A. Still it is
well known (and not even too difficult to prove) that d can be non-integer (!) and that
in fact, for every n € IN and every d € [0,n], there exists a set A C [0,1]" of Hausdorff
dimension d.

14



2.2. Harmonic polynomials 15

2.2 Harmonic polynomials

Some basic examples of harmonic polynomials in x € R" are ...
e all affine functions Y 1" b'z; + ¢ with b’,c € R (or, in other words, all polynomials of
degree < 1),

e the degree-two polynomials z;x; and xf—x? with i # j in {1,2,...,n},

e the degree-three polynomial x?—?)xix? with i # 7 in {1,2,...,n}.
Here, harmonicity can be checked easily by direct computation of the Laplacian. Similar exam-
ples of higher degree can also be given; compare with the exercises.

Definition (spaces of homogeneous polynomials). For a € INfj, we write p,, for the mononomial
given by po(x) = z®. For k € Ny, we then introduce the space

Pk::{ anpa:caeR}

laf=k
of degree-k homogeneous polynomials on R™ and the space
Hyp :={h € Py : Ah=0 on R"}
of degree-k homogeneous harmonic polynomials on R"™. Moreover, for k € N>, we set
Qi :={q € Py, : q(x) = |z|*p(x) for all z € R"™ with some p € Py_s},
and we agree on the convention Q1 := Qg := {0}.
Theorem. For all k € Ny, we have P, = Hi, © Qi and dim H, = ("H,:_l) - (";ﬁ;g)
The proof will be treated in the exercise class. O

Corollary (solvability of the Dirichlet problem; case of polynomial boundary data).
Every polynomial on R™ coincides at S1 with a harmonic polynomial. Equivalently, whenever
the boundary datum ¢ is (the restriction to Sy of ) a polynomial on R", then the Dirichlet
problem for harmonic functions

Ah=0 in By,
h=¢ at S1
posseses a (polynomial) solution h.

Proof. The corollary is proved by induction on the degree k of the polynomial ¢: In the case
k <1 the claim holds trivially with h = ¢, since ¢ itself is harmonic. For the inductive step, we
consider a polynomial ¢ of degree k € IN>o and write ¢ = p+¢ with p € P, and a polynomial ¢
of degree < k—1. By the preceding theorem we can further decompose p(z) = h(z)+|z|?p(z) for
z € R™ with h € Hi and p € Pr_o. As p+@ has degree < k—1, the inductive hypothesis yields
a harmonic polynomial h on R™ which coincides with p+@ at S;. For z € Sy, that is |z| = 1, we
now observe

h(x) + h(z) = h(z) + B(z) + §(x) = h(w) + |o*B(z) + §(x) = p(x) + F(z) = (x).
Thus, the harmonic polynomial h+h coincides with © at S1, and the induction is complete. [

Remark. The hypotheses that the boundary datum be polynomial is by no means nec-
essary for existence of solutions to the Dirichlet problem. In fact, we will soon extend the
above result to general (continuous) boundary data ¢.

15



16 CHAPTER 2. The Laplace equation and the Poisson equation

2.3 Consequences of the divergence theorem

Definition (Gauss-Green domain). For us, a domain is a non-empty, open, connected set.
We call a bounded domain G in R"™ a Gauss-Green domain if we have H" 1 (0G) < oo and there
exists a Borel unit vector field va on 0G, then called outward unit normal field to G, such that
the divergence theorem

!/<ﬁdex:: VevedH !
G oG

holds for all V € CYHG,R")NC?(G,R") such that the left-hand integral exists in [—o0o, ). (Here,
the last-mentioned assumption means that either (divV)y or (divV)_ has to be in L}(G). If

the divergence theorem holds, then the right-hand integral exists in R and thus a posteriori div V
itself and therefore both (divV)y and (divV)_ are in L}(G) for all V admissible here.)

Remarks (on Gauss-Green domains).

(1) A standard version of the divergence theorem applies on bounded C! domains G (for fields
V as above). Thus, bounded C! domains are Gauss-Green domains in the preceding sense.

(2) The divergence theorem is also valid on cubes, cuboids, half-balls, triangles, and similar
domains with corners or cusps. Thus, these non-smooth domains are Gauss-Green domains
as well.

(3) All domains mentioned so far are also contained in a general class of Gauss-Green domains,
sufficient for most purposes, namely the bounded domains G with H"~1(0G) < oo which
are Cl-smooth near ‘H" !-almost every boundary point in 9G.

The next result is closely related to the divergence theorem, but is indeed valid without any
smoothness assumption on the underlying domain :

Lemma (on integration by parts). Consider an open set Q in R™ and u,v € C'(Q) such that
either sptu or sptv is a compact subset of ). Then, fori=1,2,...,n, we have

A@WWMZ—AU@MM.

Definition (support). We define the support sptu of a function u: Q — RY on Q C R” as
the closure of {x € Q : u(x) # 0} in R™.

Proof of the lemma. We assume, without loss of generality, that K := sptu is compact in 2 and
choose a Gauss-Green domain (e.g. a large ball) G such that K C G. Then, by taking V' := uve;
on GNQand V :=0 on G\ K we obtain a well-defined vector field V € C(G), and we get

/ Oi(uv)dz = / divVder = VevgdH"™ 1 =0
Q G oG

The claim then follows by using 0;(uv) = (Gju) v + u (9;v) and by rearranging terms. O

Applications (of the divergence theorem). In what follows we suppose that G is a Gauss-Green
domain with outward unit normal field v = vg.

(1) The divergence theorem for the vector field vVu gives Green’s first identity

/Vu-Vvdx—i—/vAudx:/ vO,udH !
G G oG

for u € C*(G) N CY(G) and v € C'(G) such that [, vAudz exists in [—oo, 0.

16



2.3. Consequences of the divergence theorem 17

(2)

Specifically for harmonic functions u € C*(G) N C!(G), we have the conclusions

dudH" 1 =0 and / wd,udH " = / |Vul>dz >0,
oG oG G

which follow by choosing v = 1 and v = u in Green’s first identity.

As important consequences of Green’s first identity we obtain the following twin uniqueness
theorems:

Theorem (uniqueness of solutions to the Dirichlet problem for Poisson’s equation).
For each f € C°(G) and each ¢ € C°(OG), the Dirichlet problem for Poisson’s equation

Au=f onG,
u=¢ ondG

has at most one solution u € C?(G) N CHG).

It will become evident in Section 2.4 that this first uniqueness statement remains also valid
for slightly less regular solutions u € C2(G) N C2(G).

Theorem (uniqueness of solutions to the Neumann problem for Poisson’s equation).
For each f € C°(G) and each ¢ € C°(0G), solutions u € C*(G) N CL(G) to the Neumann
problem for Poisson’s equation

Au=f onG,
ou=1v ondG

are unique up to additive constants.

Proof of both theorems. Consider two solutions u; and ug of the respective problem. Then
h := uy—usz is harmonic on G with h|y, = 0 and 9,h|,, = 0, respectively. By the second
identity in (2), we infer

/Vh|2dx:/ ho,hdH"™ =0.
G oG

Thus, VA vanishes everywhere on G, and u;—us = h is constant on G. In the Neumann
case this completes the proof. In the Dirichlet case, taking into account h|y, = 0, it even
follows that the constant is zero and u; equals uo. ]

The divergence theorem for the vector field vVu—uVwv gives Green’s second identity

/(UAu—uAv) da::/ (v Oyu—ud,v)dH" !
G oG

for u,v € C2(G) N C}(G) such that the left-hand integral exists in [—oo, oc].

17



18 CHAPTER 2. The Laplace equation and the Poisson equation

2.4 The mean value property and the maximum principle

Notation. Consider a measure space (2,97, ). Then, for A € & with 0 < pu(A) < oo and

h € L}L(A, RY), we call
1
hd ::/hd e RY
]{4 SO Pl

the mean value (integral) or the integral mean of h on A.

Theorem (mean value property). Consider an open set Q@ C R™, a harmonic function
h € C%(Q), and an arbitrary ball B.(a) C Q. Then, for the mean values on the ball B,(a) =
{z € R" : |z—a| <} and the sphere S;(a) = 0B,(a) = {x € R" : |x—a| =1}, we have

h(a) :][ hdx :][ hdH"™ .
By (a) Sr(a)

Proof. For arbitrary ¢ € (0,7), by the change of variables x = a+ow and the corresponding
integral transformation (which in turn follows from the invariance and scaling properties of the
Hausdorff measure) we have

][ h(x) dH" () —][ h(a+ow) dH" H(w) .
Sel(a)

S1

By differentiation of this equation, exchange of derivative and integral (here justified, since Vh
is locally bounded on ), and the chain rule we then infer

d d

AL @ ann @) = ][ A ot ow) dH L (w) = ][ w - Vh(a-+ow) dH" L (w) .
dQ Sel(a) S1 dQ S1

Moreover, by the reverse change of variables, the divergence theorem, and the harmonicity of h

we deduce

. a+ow W) = ra, T ”71x:; r)dz=0.
]élwwl( +ow) dH™ () ]ég(a) V() 4 a) Hnl(sg(a))/Bg(a)Ah()d 0

Combining the last two chains of equations, we can conclude that the continuous mapping
0 — fsg( a) hdH"~! has zero derivative on (0,7) and thus is constant on (0,7]. In addition,

continuity of h at a implies ‘fsg(a) hdH" ' —h(a)| < Sups, (a) [h—h(a)| g 0 and hence
0

lim hdH™ ' = h(a).
o078, (a)
Therefore, the constant value of g — fsg(a) hdH" ! is indeed equal to h(a), and the claim is

verified for spherical means.
With the help of spherical coordinates the mean value property on balls can now be deduced

as follows:
1 T
][ hdz = / / hdH" ' do
B, (a) wWnT™ Jo Js,(a)
- /an "Ua)ydo= - [ "L doh(a) = h(a)
= o J, e 0=1n J ¢ deh(a) = :
This completes the proof. ]

18



2.4. The mean value property and the maximum principle 19

Remarks and Definitions. Consider an open set ) in R".

(1) A function u € C?(Q) is called subharmonic' on  if Au > 0 holds on .

For subharmonic u on © and B,(a) C 0, an inspection of the above proof reveals that the
mean values on both B,(a) and S,(a) are non-decreasing functions of p € (0, r| and that the
mean value inequality

u(a) §][ udz S][ udH" !
Br(a) Sr(a)

is valid. If additionally it is Au(a) > 0, the mean values are even strictly increasing functions,
and also the mean value inequality holds in the strict form

u(a) <][ udx <][ wdH" L.
B, (a) Sr(a)

In the same way, superharmonic functions v are defined by the inequality Au < 0 and
satisfy the reverse mean value inequality.

(2) In fact, the respective form of mean value inequality even characterizes sub- and superhar-
monic functions, respectively, i.e. the converse to the assertions in (1) also holds. For the sub-
harmonic case this spells out as follows: If we have u € C%() and either u(a) < JCBT (o) W4T

or u(a) < JCST(a) udH" ! = u(a) holds for every ball B.(a) C €, then u is subharmonic.
Clearly, the combination of the assertions on sub- and superharmonicity implies that the
mean value property characterizes harmonic functions.

Proof of the statement for the subharmonic case. Assumme that the statement is false, that
is u(a) < f ,yude or ua) < fg ) udH"" for every ball B,(a) C Q, but still Au(zo) < 0
for some xg € Q. Then, by continuity of Au, we have Au < 0 on Bas(zp) C Q for some
sufficiently small 6 > 0. Hence, u is superharmonic in Bas(zg) with Au(zg) < 0, and (1)
yields u(zg) > fB5 ) U dx > 3[85 () U dH"~!. This contradicts the initial assumption on the
mean values and thus completes the proof of the claim. O

Theorem (weak maximum principle). Consider a bounded open set 2 in R™ and a sub-
harmonic function u € C?(Q) N C%Q). Then we have the bound

u < maxu in
o0

(or, clearly equivalent, supg u < maxpg u).

Theorem (strong maximum principle). Consider a domain Q in R"™. If a subharmonic
function u € C*(Q) attains its global mazimum in Q, then u is constant on Q.

Remarks (on the maximum principles).

(1) Roughly speaking, the weak maximum principle asserts that the maximum is attained at
the boundary, and the strong maximum principle asserts that it is attained only at the
boundary (apart from the case of constants).

!The reason for this choice of terminology will be explained later in this section; see Remark (2) on the
comparison principle.

19



20 CHAPTER 2. The Laplace equation and the Poisson equation

(2) Boundedness of €2 is essential for the above form of the weak maximum principle (but
compare with the later remarks on Phragmén-Lindel6f principles). Connectedness of €2 is
essential for the strong maximum insofar that otherwise u would merely need to be constant
on those connected components of 2 where the maximum is attained.

(3) Clearly, for superharmonic functions u, the weak minimum principle v > mingg u on 2
and the analogous strong minimum principle hold true. Specifically, for harmonic func-
tions h, both maximum and minimum principles hold, and particularly this implies
the maximum modulus estimate |h| < maxgq |h| for harmonic h on bounded €.

1% proof of the weak maximum principle. The boundedness of € implies that 0 is compact
and maxgou € R exists. We fix an arbitrary M € R with M > maxyq u and introduce the
auxiliary function v := (u—M)?% (with the usual abbreviation fi := max{f,0}). Since v is
the composition of u—M and the C! function z — xi on the real line, the chain rule gives
v e CHQ)NCO(Q) with Vv = 2(u—M)Vu on {u > M} and Vv = 0 on {u < M}. Moreover, the
definition of v and the choice of M imply sptv C {z € Q : u(x) > M} C Q. Using boundedness
of 2 once more, we deduce that sptv and {u > M} are compact subsets of 2. All in all, using
v ‘as a test function’ for the subharmonicity of v and integrating by parts, we arrive at

OS/UAudx:—/VU~Vudx:—2/ (u—M)|Vu|* dz .
Q Q {u>M}

From the resulting inequality we conclude Vu = 0 in {u > M}, and hence u equals some constant
> M in every connected component of the open set {u > M}. However, each such component,
as it is also open and contained in a compact subset of {2, posses boundary points in which the
value of u is < M. Hence, the existence of any connected component would lead to discontinuity
of w at its boundary and would thus result in a contradiction. This leaves {u > M} = (} as sole
possibility and yields © < M in ). Finally, sending M \, maxgq u, we arrive at the claim. [

2" proof of the weak maximum principle. We first assume that even Au > 0 holds in © and
prove that there is no maximum point for » in § (that is, in the case Au > 0 we even prove
the strong maximum principle). Indeed, if xg € Q is such a maximum point, the well-known
second-order necessary criterion for extremal points asserts that the Hessian VZu(zo) is semi-
negative, i.e. has only eigenvalues < 0, and in conclusion we get Au(xg) = trace(V2u(zg)) < 0.
This contradicts the initial assumption and proves the absence of maximum points. Under the
assumption that € is bounded, however, u does posses a maximum on the compactum €, and
thus we have shown u < maxgq u in 2.

Now we merely assume that u is subharmonic. For arbitrary positive €, we introduce an
auxiliary function ue by uc(z) := u(z)+e|z|? for x € Q and record Au. = Au+2ne > 2ne > 0.
Thus, the first part of the reasoning applies to u. and yields u. < maxgg ue on §2. Using u < u,
on the left-hand side of this estimate and writing out the definition of u. on its right-hand side,
we arrive at

u < max [u(a:)+5]:n|2] < maxu + £ max |z|? on ().
€02 o0 €0
Taking into account the boundedness of €2, we have max,csq |2|? < oo, and sending € \, 0 we
can conclude u < maxgo u on 2. ]

Proof of the strong maximum principle. We set M := supg u. By assumption, we have M € R
and {u = M} # (. Moreover, {u = M} is closed in Q. Next we demonstrate that it is also

20



2.4. The mean value property and the maximum principle 21

open. Indeed, for a € {u = M}, we fix a positive radius r with B,(a) C Q. Then, by the choice
of a and the mean value inequality for the subharmonic function u, we get

M =u(a) < ][ udx,
By (a)
but by the choice of M we also know u < M in B, (a). This is only possible if u = M holds in the
whole ball B, (a) and we thus have B, (a) C {u = M}. All in all, the set {u = M} is non-empty,
open, and closed in Q. Since 2 is a domain and thus connected this leaves {u = M} = Q as the
only possibility. We have thus shown that v is constant with value M on 2. O

Corollary (refined uniqueness statement for the Dirichlet problem). The uniqueness state-
ment in Section 2.3, Remark (3) for the Dirichlet problem to Poisson’s equation remains valid
on an arbitrary bounded open set Q in R™ (which replaces the Gauss-Green domain G) and for
solutions u € C?(Q) N C%(Q) which are merely continuous at the boundary.

Proof. Given two solution u; and us to the Dirichlet problem, the weak maximum principle
applies to the harmonic function u;—uy and yields u;—ug < maxgo(ui—u2) = 0, thus u; < ug
on §2. Exchanging the roles of u; and uo, we also get us < u; on 2. Hence u; and uo coincide. [

Corollary (continuous dependence for the Dirichlet problem). Consider a bounded open set
Q in R™, and define £ as the mazimum width of € in the sense of the smallest number £ € (0, 00)
such Q C {z € R" : |[v-(z—a)| < £¢} holds for some point a € R™ and some unit vector v € R™.
If u € C%(Q) N C°(Q) solves the Dirichlet problem

Au=fin Q, u =@ at OS2
and u € C?(2) N CY(Q) solves the Dirichlet problem
Ati=finQ, U= at 09,

then we have the estimate

max [i—u| < max|p—ep| + L sup |[f—f|.
Q oQ Q

Proof. Taking into account linearity of the Laplace operator A, we can assume u = 0, fz 0,
¢ = 0. Moreover, it can be checked that A is invariant under translations and rotations, and
thus we can also assume a = 0, v = ey, that is Q C (—%E, %f)an_l. We now abbreviate
M := supq |f| and set w(z) = u(x)+5Ma?. Then, in view of Aw = Au+M = f+M > 0 in
), we have that w is subharmonic on 2. By the weak maximum principle, together with the
choices of w and £, we get

maxu < maxw < maxw < maxu + 1 M max x%:maxgo—i—lﬁzM.
Q Q o) o0 2 1 o0 8
Q Q |z1|<Le

Applying the same reasoning to —u (and relying on —f+M > 0), we also get

1
inw > miny — —¢2M .
mﬁlnu = Igbngo 8

In conclusion we arrive at

1
< —0’M .
max|uf < o] + g
This is the claim. O
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Corollary (comparison principle). Consider a bounded open set 2 in R™ and u,v € C2(Q)N
C%(Q). Then, the inequalities

Au > Av in Q, u < v at df)

imply the inequality -
u < v even on €.

Proof. From A(u—v) = Au—Av > 0 in Q we see that u—v is subharmonic in 2. By the weak
maximum principle we infer u—v < maxpg(u—v) < 0 and thus v < v in Q. O

Remarks (on the comparison principle).

(1) Clearly, the assumption Au > Aw in § is satisfied if u is subharmonic and v superharmonic
in Q. This is the case in typical applications of the comparison principle. Often one of the
two functions is even harmonic.

(2) For a subharmonic function u in € the comparison principle guarantees u < h in € for
every harmonic function h which coincides with u at 9€2. In view of this property
the introduction of the term ‘subharmonic’ indeed makes sense.

Remarks (on Phragmén-Lindel6f principles). Here we always consider an open set (2 in
R™ and functions u € C?(Q).

(1) In general, on unbounded €2 the weak maximum principle does not hold in the
form of the preceding theorem. A very basic counterexample is given by the unbounded
harmonic function u(z) := 1 on the half-space (0,00) x R"~! with zero boundary values
on 9((0,00) x R"1) = {0} x R*~L.

However, if we regard the point corn of infinite distance as an additional boundary point,
the weak maximum principle stays valid in the following form:

u subharmonic in €2,
limsupu(x) < M at all a € 90Q U {oogn }

Qdx—a

} — u<MinQ. (%)

Proof. Assuming Q # (), we can find a maximizing sequence for u in Q, that is a sequence
(k) ke in Q with limg o u(xg) = supg u. It follows from the Bolzano-Weierstra$l theorem,

for instance, that a subsequence (wk[) s converges to a limit @ € QU {oogn }.

Next we dinstiguish two cases.

We start with the case a € Q. In this case, by continuity, we get u(a) = limy_, u(a:ke) =
supq u, and the strong maximum principle guarantees that u is constant = supgw in the
connected component of € which contains a. We conclude supg u < lim supgs,_, u(z) < M
whenever this component posseses a boundary point b. It remains to deal with the situation
that no such boundary point exists, which happens precisely for 2 = R™. However, in that
situation we get supg u < limsupgs, o, () < M simply by using cogn in place of b.

Finally, we come to the (simpler, but nonetheless more relevant) case a € 9Q U {oogn}. In
this case we directly infer supg v = limy_, u(xke) < limsupgs,_q u(z) < M by the choice
of () ren as a maximizing sequence and the assumption for the lim sup at boundary points.

Altogether, we have shown supg v < M in all cases and arrive at the claim. O
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2.4. The mean value property and the maximum principle 23

(2) Somewhat surprisingly it is often possible to weaken the assumptions made in (x)
at oo or at other ‘exceptional’ boundary points: Indeed, whenever there exist a
point ag € 92 U {oogrn} and a superharmonic comparison function v:  — (0,00) with?
limosy—a, v(z) = 00, then the growth condition limgs,—q, %*Tg) = 0 at ag suffices for the
validity of the maximum principle. In other words, if ay and v as above exist, then the

following weakened variant of (x) is valid:

u subharmonic in €2,

limsupu(x) < M at all a € (9QU {oorn}) \ {ao},
Q3z—a u+(x) _

Q>r—ag U (.%')

= uwu<Min Q. (%)

Proof. Consider an arbitary € > 0. Then, under the assumptions on the left-hand side of
the statement, we have limsupgs, ., (u(z)—cv(z)) < M for all a € (02U {oogrn}) \ {ao}
and

lim sup(u(z)—ev(x)) = limsup v(x) <u(:c)_€> < limsupv(z)(—ie) = —o0.
Q>z—ao Q>z—ao U(.%') Q>z—ap

Therefore, (x) applies to the subharmonic function u—ev and yields u—ev < M on .
Recalling that € > 0 is arbitrary, we then infer v < M on . O

Assertions of the type (#x*) are known as Phragmén-Lindel6f principles. They can also
be seen as non-existence results for subharmonic function which are unbounded only near
the point ag, but even near this point grow sufficiently slow.

The next few remarks provide concrete examples:

(3) For n > 3 and ap € 012, we now specialize (*x) by using the shifted negative v(z) =
—F(x—ap) of the fundamental solution F' as a comparison function. In this case, v is
positive and even harmonic on R™ \ {ap} D €. Hence, recalling the formula for F, we get

u subharmonic in €,

limsupu(z) < M for all a € (09) -4, U {ooRrn}, — u<Min@.
Qozr—a . n—2 N

lim  wuq(z)|z—agl" * =0
Q>5x—ag
In the case n = 2, the analogous principle with |z—ag|"~? replaced by — log |z—ag| holds
only on bounded 2. Indeed, this two-dimensional principle is deduced from (*x*) by choosing
v(z) = —F(x—ap)+C there, where the constant C needs to be taken sufficiently large to
keep v positive in €.
In particular, if a harmonic function h on 2 blows up slower than the fundamental
solution at an isolated boundary point ag of 2 (that is, {ag} is relatively open in 02
and limg,_,q, % = 0), then h is in fact bounded in a neighborhood of ag. Indeed, this

simply follows by applying the above principle to +h on a punctured ball B, (ag) \ {ao}

2An inspection of the following proof reveals that the assumption limosz—q, v(z) = oo is unneccesarry in
the case M > 0. However, our aim with (xx) is indeed to allow some growth near ag. Thus, we want v to be
unbounded at least near ao, and indeed limosq—q, v(z) = 0o will be satisfied in all upcoming applications.
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(with r suitably small that B,(ag) C 2 U {ag} and M larger than maxg, (4,) |7]). In a later
section we will actually improve on this result by showing that in this situation h can be
extended to a harmonic function in Q U {ap}.

(4) The classical Phragmén-Lindel6f principle originates from complex analysis and con-

cerns the case of n = 2 variables. It applies under the hypothesis that €2 is contained in
a sector® D, := {z € R?\ {0} : | Arg(21+iz2)| < $a} with opening angle o € (0, 27] and
then asserts:
u subharmonic in €2,
limsupu(z) < M for all a € 092,
Q3z—a i U+(x> B

Q3z—ro0p2 ‘:L"ﬂ'/a -

= u<Min©.

Indeed, the growth condition in this statement is optimal. This can be seen at hand of the
harmonic function hy, defined by he(z) := Re((x1+iz)™*) = |z|™/ cos(Z Arg(z1+ize))
and thus obtained as real part of a holomorphic function. Indeed h,, is positive on D, and
vanishes on 0D, but he(z) equals |z|™/® on the positive real axis and thus falls short —
though ever so closely — of the growth condition.

u4 (z)
|z|™/#

some 3 > «, then the claim follows along the above lines. Indeed, the harmonic function hg
considered right before satisfies hg(z) > d|z|™/? for = € D, with the fixed positive constant

u (x)
hg ()

= 0 is valid for

On the proof. If the slightly stronger growth assumption limosz—soop,

d := cos % Thus, the growth assumption implies limosz oo, = 0, and we can

deduce the claim from (xx) with the choice v = hg.

In the general case a more refined argument, based on an analysis of the quantity
m(r) = / w(re)ha(z) dH(z),
S1NDg

is needed. We do not go through the details here, but indeed one can closely follow the reasoning described below for
the case of the following Remark (5). O

(5) Another Phragmén-Lindel6f principle applies (now back to arbitrary dimension n > 2) when

Q is contained in a half-space (0,00) x R"~!. This principle says:

u subharmonic in
limsup u(z) < M for all a € 09,

QSz—a
im @) g
QSz—00Rn |:L‘|

— u<MinQ.

For n = 2 this is actually nothing but the case a = 7 of the previous Remark (4). Moreover,
the basic example of the harmonic function x; shows that the growth condition cannot be
further weakened.

Proof. W.l.o.g. we assume M = 0.

Following the basic approach of [1], we first give a proof of the principle in the case that Q equals the half-space
H, := (0,00)xR”"! and u € C?(H,) N C'(H,) is non-negative on H,. This, in combination with the above

3We write i for the imaginary unit in C. Moreover, for z € €\ {0}, we denote by Arg(z) the unique number

in (—3m, 37| such that z = |z| exp(i Arg(z)).
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Addendum on the technique of mollification 25

assumptions, implies that u vanishes on dH,. Writing B} := B, N H, and S} := S, N H, for the half-balls and
half-spheres in H,,, we proceed by analyzing the quantity

m(r) := /s* u(rz)z; dH" 1 (z)

1

(which, up to multiplication with a dimension-dependent constant, is a weighted mean value of u on Sj) As a first
step, we differentiate m (where exchange of derivative and integral is possible and m turns out to be continuously
differentiable, since Vu is bounded on H,) and use the divergence theorem? on Bir (where the term on the boundary

portion (8Bf’) \ Sf’ C 0H,, vanishes due to the presence of z1). In this way, we get
m'(r) = /+ 1 Vu(re) o dH 1 (z) = /+ divg (z1Vu(rz)) de for every r > 0.
Sl Bl
For the last integrand, via the product rule and the subharmonicity of u we get
divg (21 Vu(re)) = d1u(re) + re1Au(re) > d1u(re) = % divg (u(rz)er) .

By this estimate and another application of the divergence theorem on Bf’ (in view of u = 0 on OH,, once more with
vanishing boundary term on (8B} ) \ S C H,,), we then arrive at

1 1
m’(r) > 7/ divy (u(rz)er)de = 7/ u(re)er -z dH" "1 (z) = m(r) for every r > 0.
r Bir r Sir r
. . . 4 m(r) m’(r)—M
Via the quotient rule we infer = r— >0, and thus
m(r)

is a non-decreasing function of r € (0, 00) .
T

In addition, the growth hypothesis for u = u4 yields

1
lim sup m(r) = lim sup (7 /+ u(re)ry d’H"fl(:t))
r Jsi

7—00 s 7—>00

1
< H"H(ST) limsup (7 supu(y)) <H"Y(ST) limsup ul@) =0.

T—00 T S;f— Hy, 3z —ocoRn |J,’|

m(r)

Combining these properties of —-

we necessarily have m(r) < 0 for all » > 0. In fact, taking into account non-

negativity and continuity of u we even conclude m(r) = 0 and v = 0 on S for all # > 0. We have thus shown u = 0
on H, and have verified the claim in the situation at hand.

Finally, we turn to the general case and concisely describe how this case can reduced to the previously treated

one. However, we warn the reader that the reduction anticipates concepts and tools discussed in detail only in later

sections of these notes. This said, we recall that we now consider merely subharmonic u € CZ(Q) in open Q C Hy,
u ()

with limsupgs,_,, u(z) < 0 for all a € 99 and limos.—scogn el = 0, but without boundary-regularity or non-

negativity assumptions on u. We then define a non-negative function w € C°(R™) by setting w(z) := ut(x—e1) for
x € e1+Q (where e; denotes the first canonical basis vector in R™) and w(z) := 0 otherwise. It can be shown that w,
though possibly non-differentiable at some points, is subharmonic in R" in a generalized sense. Using the concept of
mollification, as discussed soon, for parameters € € (0, 1), we approximate w by certain we € C°°(R"™), which are still
we (x

Iaf(l :
proven statement applies and shows we = 0 also in H,. As, moreover, w is the pointwise limit of w. for € N\, 0, we
can finally deduce w =0 in H, and v < 0 in Q.

non-negative and subharmonic in R™ with we =0 in R™ \ H, D 0H,, and limz—cogn = 0. Now the previously

Addendum on the technique of mollification

Next we introduce and discuss a standard technical tool in the analysis of real functions. In
the subsequent section(s) it will turn out that this has important applications in the theory of
PDEs.

“In technical detail this application of the divergence theorem requires existence of fB+ divg (z1Vu(re)) dz in [—oo, oo].
1

However, the requirement is met, since the subsequent estimate uncovers a lower bound for & — divg (21 Vu(rz)) in L' (BY ).
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CHAPTER 2. The Laplace equation and the Poisson equation

Definitions (mollification).

e A mollifier or mollification kernel n on R™ is a C* function n: R" — [0,00) such

that
sptn C By and / ndr=1.
Occasionally one also requires that n is rotationally symmetric, and often one agrees on a
concrete choice such as n(x) := 0 for x € R™\ By and n(x) := ¢, exp(—ﬁ) forx € By,
. -1
with ¢, = (fBl exp(—ﬁ)dx) € (0,00).

e Given a mollification kernel n on R™ we define, for ¢ > 0, the corresponding scaled

kernels n.: R™ — [0,00) by

Ne(x) = ginn(g) forz e R™.

These satisfy sptn. C B. and fRn nedx = 1.

e Given an open set Q in R"™, u € LIIOC(Q,]RN), and a mollification kernel n on R™, we

define, for ¢ > 0, mollifications u. of u by setting’

ue(z) = (o) (z) = /Q ne(z—y)u(y)dy = / ey = / ne(2)ue—2)dz

Be

for all z € R™ with B.(z) C Q. Consequently, u.: Q. — RY is defined (only) in the subset

Q. :={zeR":B.(z) CQ}={z e R" : dist(z, R" \ Q) > e} = {x € Q : dist(z,09Q) > ¢}

of Q. The operators which map functions u to their mollifications u. (with fized € > 0)
are also called mollifiers.

Remarks (on mollification).

(1)

(2)

3)

Mollification is a central technique in analysis for approximating arbitrary functions
with smooth ones.

It is often illustrative to think of u.(z) as a weighted mean value of u on the ball B.(x)
with weight y ~ n.(z — y). In principle, the choice n = w,'1p, corresponds to a uniform
weight and thus gives the usual mean u.(z) = JCB7-(z) udy, but due to the discontinuity of
1, this choice is (at least formally) not admissible in the above definitions.

For € \, 0, the scaled kernels 7. approximate the Dirac measure at the origin in the
sense that we have n. > 0 in R"”, sptn. C B, f]Rn nedz = 1, and lim\ g 7. = 0 uniformly

®The notation vw is commonly used for the convolution (viw)(z) = [, v(z—y)w(y)dy of (suitably inte-
grable) functions v and w defined in all of R"™, and by a change of variables turns out to be a commutative
operation. The integral expressions for u. are in accordance with the notion of convolution if one thinks of using
an arbitrary extension of u to R™ and takes into account that 7. vanishes outside B.. We remark that, proceeding
in this way, we could indeed define u. in all of R", but that the values are independent of the chosen extension
and behave reasonably only in (..
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Addendum on the technique of mollification 27

on R™\ Bs and in L*(R"™ \ Bj) for every § > 0. With this approximation property or the
mean value interpretation in mind we naturally expect the convergence

li =1l =
51{% Ue E1\r‘]r(1) Nexu = u

in a sense to be made precise. Indeed, several statement in this direction are established in
the sequel.

(4) Under the above assumptions the integrals in the definition of u.(z) exist with finite value.
This is clear from boundedness of 7. on R" and the condition fBa (@) lu| dz < oo.

(5) We have (R™). = R™. Specifically for functions u defined on all of R", the mollifications u,
are thus defined, as a convenient feature, on the same domain R".

Theorem (on properties of mollifications). Consider an open set Q in R"™, a function
U € LllOC(Q7 RN), and a mollification kernel n on R™. Then the corresponding mollifications of
u have the following properties.

(I) Smoothness: We have us € C°(Q, RN) for all e > 0.

(II) Linearity: For fized ¢ > 0, the mollifier L (Q,RY) — C®(Q:,RY), u — u. is an
R-linear mapping.

(ITT) Preservation of (LP) bounds:
(a) In the case N =1, for arbitrary € > 0 and a,b € [—00, 00|, we have:

a <u<b holds L"-almost everywhere in Q@ — a <u. <bin Q..
(b) If u € LP(,RY) holds for p € [1,00], then we have
uellpa. < [lullpe for every e > 0.

Taking into account linearity this yields that the mollifier LP(Q, RV) — LP(Q., RY),
u — ug is a contraction (i.e. is Lipschitz continuous with Lipschitz constant < 1).

(IV) Preservation of moduli of continuity: If we have
lu(y)—u(z)| < w(ly—z[)  forallz,y €

with some fized function w: [0,00) — [0,00) (which, if it also satisfies w(0+) = w(0) = 0,
is called a modulus of continuity for u on ), then, for every ¢ > 0, we also have

ue(y)—ue ()| < w(ly—2l)  for all z,y € Q..
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28 CHAPTER 2. The Laplace equation and the Poisson equation

(V) Convergence for € ~\ 0:

(a) We have lime g ues(z) = u(z) for every Lebesque pointS x € Q of w with corresponding
Lebesgue value u(z). In particular, we have

limu, =u ZL"-almost everywhere in ).
e\

(b) For continuous u on ), we have

lim u, = locall ; ly in Q.
51\1‘1(1) U U ocally uniformly in

Moreover, if u is even uniformly continuous in 2, this convergence holds even uni-
formly (that is, globally uniformly) on € in the sense of lim\osupg_ [ue—u| = 0.
(c) For u € LP(Q, RN) with p € [1,00), we have

lim u. = u in LP(Q, RY)
e\0

in the more precise sense of limg\ g ||ue—ul|p.0. = 0. This statement does not carry
over to p = oo (since discontinuous functions in L°(Q, RYN) cannot be the uniform
limit of their continuous mollifications).

(VI) Mollification commutes with (partial) differentiation: Consider a multi-index
a € INg. If there holds u € C‘O‘l(Q,IRN), then, for every e > 0, we have

0%(ue) = (0%u)e in Q.
(VII) Gradient estimate for LP approximation error: In case of u € C'(Q,RY) with
Du € LP(Q,RN*") for p € [1,00] there holds
lue—u||p:0. < el|Dullpn for every e > 0.
(e.g. with operator norm on the target space RN*" of Du).

Proof of (I). For compact K C €, we record K. := {z € K : dist(z,0K) > ¢} C Q.. By
differentiation of the identity ue(x) = [} ne(z—y)u(y) dy for x € K., we then obtain

0% (us)(z) = /K 0% e (z—y)u(y) dy

for v € K. and all o € IN[j. Here, the differentiation under the integral is possible, since, for
all z € K., we have the z-independent bound |0“n:(x—y)u(y)| < (supgn |0*ne|)|u(y)| for the
pointwisely differentiated integrand with majorant |u| € L'(K). Relying on the same bound,
we also read off continuity of 9%u. on K. This proves u. € C°(K.,RY) and then, since every
r € €. is contained in the open set K. for some compact K C €, also u € C®(Q.,RY). O

SHere, we call z € Q a Lebesgue point or (strong) approximate continuity point of u if there exists some
v € RY with lim,~o fBT(m) lu—y|dy = 0. We then call v (which is easily seen to be uniquely determined)
the Lebesgue value of u at x and use notation w(z) for this value. Lebesgue values are a way to define point
evaluations of L? functions in ‘good’ points at least. Clearly, every continuity point of w is also a Lebesgue point,
but moreover a standard result from advanced measure theory (which we use without proof here) asserts for
arbitrary u € Li,.(Q, RY) on open Q@ C R™ that .#"-almost every point in  is a Lebesgue point for u and that
the Lebesgue value coincides with the value of an arbitrary representative of the Lebesgue class (i.e. ‘.Z"-almost
everywhere defined function’) u at .Z"-almost every point in Q. In this light, one also calls the function which
maps the Lebesgue points of u to their Lebesgue values (and takes arbitrary values in the non-Lebesgue points)
the Lebesgue representative of u.
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Addendum on the technique of mollification 29

Proof of (II). Thisis evident from the definition of the mollifier and the linearity of the Lebesgue
integral in the integrand. O

Proof of (III). The claims in (IIla) follow from

U () = /Qns(:v—y)U(y) dy < b/ﬂns(w—y) dy = b/Qns(Z) dz=b forzeQ.

and an analogous estimation which ensures u. > a on ().. Using, in addition, the triangle
inequality for integrals (in order to get the modulus inside), we can handle the case p = oo in
(ITIb) in the same way.

For the case p € [l,00) in (IIIb), we use Holder’s inequality or Jensen’s inequality” for
the weighted Lebesgue measure n.((-)—y)-£" (which is a probability measure) together with
Fubini’s theorem. In this manner we deduce

to. = [ tuepde= [ | [ nte-puty)ay
Q. Q

- Q
< /Q 8 /Q ne(z—y)lu(y)l? dy de

- / ()P / ne(a—y) dardy < / uf? dy = ull%q
Q Qe Q

(where we have exploited fQE Ne(z—y)dz < [p.n-(z—y)dz =1 in the penultimate step). O

P
dx

e

Proof of (IV). For e >0 and x,y € ., we infer

() ()] = ] [ =20 [ nou—s a:

€

< [ neluty—2)-u(e—2) dz < wlly=al) [ ned = wlly-al)

BE €
from the triangle inequality and the assumption for u. O
Proof of (V). For (Va), we fix a Lebesgue point = € € of u. Then, for sufficiently small € > 0,

we have z € ()., and we can estimate

Ne(x—y) dy‘
B:(z)

s (2)—u(z)| = ] / ) dy o) /
< /B ) (@)l dy

< (o)

e

- d
ju=u(a)|dy =0,

where in the last step we used that x is a Lebesgue point of u. This shows lim. o ue(z) = u(z).

"Jensen’s integral inequality can be stated as follows: Consider a probability measure p on a set X, that is, a
measure y on (a o-algebra over) X with p(X) = 1. Then, if &: C — R is convex on a convex set C' C R, there

holds
@(/Xde) g/X@(F)du

for all F € L*(X,R"Y; ) such that F' € C holds p-almost everywhere on X.
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30 CHAPTER 2. The Laplace equation and the Poisson equation

Turning to (Vb), we first treat the case that u is uniformly continuous on €. Proceeding
similar to the previous estimate and using uniform continuity in the end, we then infer

sup |ue—ul < Sup/ ne(z—y)lu(y)—u(z)|dy < sup  |u(y)—u(z)| — 0.
Qe 2€Qe JB.(x) ,yeQ, ly—z|<e eN0

This proves the claimed uniform convergence. If u is merely continuous in €2, a standard result
on continuous function on compact sets guarantees uniform continuity of v on every compact
subset of 2. It then follows from the previous consideration that the convergence limg\ g ue = u
is uniform on each such K and hence locally uniform in €.

The proof of (Vc), finally, is less straightforward. Indeed, we use the density of Cgpt(ﬂ, RM)
in LP(, RY) for p € [1,00) (proved typically in functional analysis classes). Given an arbitrary
x > 0, this density yields some v € C2 (2, RY) with ||v—ul,0 < X, and via (II) and (IIIb) we

cpt
deduce ||[ve—ucl|p;0 < x. In addition, by applying (Vb) to the continuous function v on Q, we
get

||’U€—UH£;QE < Z"(sptw) S&g |ve—v|P E@ 0.

Thus, using Minkowski’s inequality (i.e. the triangle inequality for the L? norm), we conclude

lim sup ||ue —ul[p;0. < limsup ||uc—ve||p:0. + lim [|ve—v||p0. + limsup [|[v—u|po < 2x.
e\o eNo eNo e\o0

Since x > 0 was arbitrary, this proves the claim. O

Proof of (VI). The proof is similar to the argument used for (I) and uses the notation K. for
compact K C €, as introduced there. This time, however, we proceed by differentiation of the
differently arranged identity u.(x) = fBE Ne(z)u(x—2z) dz for z € K.. We then obtain

0 (ue) () = / 0 (2)0%u(z—2) dz = (0°u).(x)

Be

for x € K., where the computation is justified, since 7. is bounded on R"™ and |0%u(x—z)| with
x € K, and z € B. is bounded by supy [0%u| < co. Since every x € ). is contained in some K.,
this proves 0%(u:) = (0%u). in €. O

Proof of (VII). We first assume p € [1,00). Using Holder’s inequality or Jensen’s inequality in
the same way as in the proof of (IIIb), we infer

Hug—qu;Qs S/ / Ne(2)|u(x—2z)—u(x) P dzdz.
Q. JB¢
By the fundamental theorem of calculus and again Hélder’s or Jensen’s inequality, we also get

La
/0 au(m—tz) dt

for all x € Q. and z € B;. Plugging this into the previous estimate and exchanging the order of
integration via Fubini’s theorem, we end up with

p 1 1
|u(z—z)—u(z)|P = < / |Du(z—tz)z|P dt < ap/ |[Du(x—tz)|P dt
0 0

1
||u5—u\|£_Q Sep/ / 775(2)/ |Du(x—tz)|P de dzdt.
o 0 JB: Q.
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2.5. Weakly harmonic functions and regularity of harmonic functions 31

By a change of variables, the innermost integral on the right-hand side equals ||Dul[}.,__., and
in view of Q.—tz C Q for all t € [0,1] and 2 € B it is thus controlled by |[Dul|? . Since this
bound no longer depends on ¢ or z, the integrals decouple, and we arrive at

1
lue—ullpe, << /0 d’f/B e dz[[Dullq = *lIDulq
€

This proves the claim for p € [1,00). The case p = oo, finally, can be handled by similar and
even slightly simpler estimates without integration in the x-variable. O

2.5 Weakly harmonic functions and regularity of harmonic func-
tions

Consider an open set 2 in R” and h € C%(Q2). From the fundamental lemma of the calculus of
variations (see the exercises) and integration by parts we obtain the following characterizations
of harmonicity:

h harmonic on ) <= / Ahpdz =0 for all p € CZ(2)
Q

cpt

= /Vh-Vnpda::OforallchCoo (Q)
Q

— /hALde:zOfor all p € CZ, ().
Q

cpt

Here, the conditions in the second and third line remain meaningful for non-C? functions and
can thus be taken as generalized definitions of harmonicity. In the second line, it also common
to replace Vh by a weak gradient field G which may exist for non-C' functions, and on the
precise technical level the definitions are then implemented as follows:

Definitions (weak gradient, (very) weak harmonicity). Consider an open set Q in R"™
and h € L (Q).

loc

(1) We call G € LL (2, R"™) a weak gradient of h in Q if we have

cpt

/hdiv@dxz—/G-@dx for all ® € CZ (2, R"™).
) Q

(2) We say that h is weakly harmonic in Q if h has a weak gradient G in Q such that there
holds

/G-Vgodx:O for all ¢ € CL ().
Q
(3) We say that h is very weakly harmonic in Q if we have

/hAgodx:O for all p € CL(2).
Q

Remarks.

(1) It is shown in the exercise class (without usage of the terminology at hand, however) that
the classical gradient of a C! function is also its (unique C") weak gradient.
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(2) From the definitions we infer
h harmonic = h weakly harmonic = h very weakly harmonic.

Here, the first implication is obvious by the above characterization (and by regarding the
classical gradient as a weak one). The second implication follows by plugging ® = V¢ into
the definition of weak gradient and then combining it with the definition of weak harmonicity.

(3) For suitably regular functions, the fundamental lemma and integrations by parts yield that
the implications in Remark (2) are indeed equivalences: So, every weakly harmonic C2
function is harmonic, and every very weakly harmonic function which posseses a weak
gradient (in particular, every very weakly harmonic C' function) is weakly harmonic.

Next we show that (very) weakly harmonic functions are automatically C* and thus turn out
to be classically harmonic even without any additional reqularity assumption. This non-trivial
fact may seem quite surprising at first, yet turns out to be typical in the theory of elliptic PDEs:

Theorem (Weyl lemma, C* regularity of harmonic functions). Consider an open set
Q in R™. Every very weakly harmonic function in Q is (possibly after modification on an £"
null set) automatically in C*°(Q2) and classically harmonic in Q.

Proof. We suppose that h € LL () is very weakly harmonic in € and rely on the following

loc
three facts, which will be verified in the exercises:

e The very weak harmonicity of h implies that the mollifications h, € C*(€2) with € > 0
are classically harmonic in €)..

e If — what is clearly possible and assumed in the remainder of this section — a rotation-
ally symmetric mollification kernel is used, then the spherical mean value property of a
classically harmonic function &k in 2 implies k. = k in €2 for every € > 0.

Detailed justification: Clearly, the rotational symmetry of the mollification kernel n implies rotational symmetry of
the scaled kernels 7., that is, n-(xz) = x<(|z|) for all z € R™ and suitable functions x.. Using, in turn, integration
in spherical coordinates, the spherical mean value property of k, and radial integration, we infer

€
ke(a) = / Ne(a—x)k(z) do = / Xe (r)/ kdH™ tdr
Be(a) 0 Sr(a)

—nwnagrr”_lr a) = = (2)dzk(a) = k(a
= /()x() dri(a) = [ n:()dz k(@) = k(a)

e

for every a € Q.. This shows the claim k. = k in Q..
e For u € L} (Q) and arbitrary £, > 0, we have (uc)s = (us). in (Qe)5 = Qs = (Q)...
All in all, we infer
he = (he)s = (hs). = hs in Qe

for arbitrary £, > 0, and thus h = lims\ o hs = he holds £"-a.e. in Q. for every ¢ > 0. Since
he is C*° and classically harmonic in the open set Qo. C ). and the union of all Q. with ¢ > 0
is ), this immediately yields the claim. O

Remarks (on the Weyl lemma and variants thereof).

(1) In particular, the Weyl lemma applies to classically harmonic functions. Even in this
case the improvement from C? to C* regularity may be considered as surprising,.

The proof, however, simplifies in the classically harmonic case, since the mean value property
of h directly leads to h = h. in Q. for every € > 0. Thus, h € C*(Q) follows without any
need of working with a second parameter J.
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2.5. Weakly harmonic functions and regularity of harmonic functions 33

(2) If b € C°(Q) has the mean value property, that is, either fBT(a) hdz = h(a) for all balls
B.(a) C Qor fST(a) hdH™ ' (z) = h(a) for all spheres S,(a) C B,(a) C Q, then, in some
literature, h is called generalized harmonic in 2. Occasionally this notion is even broad-
ened to functions h € L (2) which satisfy the mean value property for £*!-almost all
pairs (a,r) with B,(a) C Q. In any case, also generalized harmonic functions h in 2 satisfy
h = he in Q. (justified earlier in case of S,(a) mean values; for B, (a) mean values see below)
and thus turn out to be C*® smooth and classically harmonic (in the L  setting
after modification on an .Z™ null set).

loc

Deducution of h = he from the By(a) mean value property. We choose a rotationally symmetric mollification kernel
n on R™ such that the function x with n(z) = x(|z|) for z € R™ strictly decreases on [0,1]. For € > 0, this implies
that xe with n:(z) = x<(Jz|) for x € R™ strictly decreases on [0,¢]. Now we fix a € Q.. As a consequence of the
previous observations, the superlevel sets A¢ - (a) := {z € R"™ : n.(a—x) > t} are balls with center a and radius < e.
Now, for h € C°(Q), we argue with Fubini’s theorem (applied twice), the mean value property on the balls Ay (a),
and the normalization st ne dxz = 1 of the scaled kernels. In this way, we infer

ne (a—x) ne (0)
he(a) = / ne(a—x)h(z)de = / / dth(z)dz = / / z)dzdt
Be(a) (a) A, 5(‘7')

1e(0) ne (a—x)
/ / dz dt h(a) = / / dtdz h(a) = / ne(a—z) dz h(a) = h(a).
At,e(a) Be(a) Be(a)

This shows the claim for h € C%(Q). For h € L}

e (§2), the reasoning is, up to tracking of null sets, the same. |

(3) In conclusion, all concepts of harmonicity (classical, weak, very weak, generalized) coincide,
and one may wonder why we have entered into the discussion of the different concepts at
all. One answer is that the coincidence of the different definitions may and should indeed
be seen an indication that harmonic functions are very natural and interesting objects.
Another more practical answer is that both weakly harmonic functions and generalized
harmonic functions are useful in obtaining existence results for harmonic functions in the
sense of the original classic definition. In particular, existence of weakly harmonic functions
(and weak solutions to more general PDEs) can be approached by powerful methods of
functional analysis. Anyway, here we do not enter into such methods, but rather present a
more specific existence proof, which involves generalized harmonic functions:

Theorem (solvability of the Dirichlet problem for harmonic functions on balls). For
a€R", Re (0,00), ¢ € COSg(a)), the Dirichlet problem for harmonic functions

Ah=0 in Br(a),
h=e at Sgr(a)

has a solution h € C?(Bgr(a)) N CY(Bgr(a)) (which, by the maximum principle, is also unique).

Proof. W.l.o.g. we only treat the case a = 0, R = 1. By the Weierstrafl approximation theorem?®,
there exists a sequence (pg)ren of polynomials on R™ such that limg_, ., pr = ¢ uniformly at

8The Weierstral approximation theorem (in n» dimensions) asserts, for every continuous function on a compact
subset K of R", that there exists a sequence (pr)ren of polynomials on R"™ which approximates ¢ uniformly in
the sense of limg_ o0 pr = ¢ uniformly on K. For n = 1 this is commonly proved by rather elementary means. For
n > 2 the proof is often carried out in the setting of a general functional analysis principle, the Stone-Weierstraf3
theorem, which contains the Weierstrafl approximation theorem as a special case.
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S1. In view of the solvability result in Section 2.2, for every k € IN, we can find a (polynomial)
solution Ay of the Dirichlet problem

AthO inBl,
hk = Pk at Sl.

By the maximum (and minimum) principle for the harmonic functions hy—hy, we obtain

max |hy—hy| < max |pe—pr| for all k,/ € IN.
B1 1

Thus, the uniform Cauchy-property of (pi)ren at S carries over to (hx)ren on Bj and leads to
the existence of a uniform limit A := limy_,~ hy on Bi. Since uniform limits preserve continuity,
we obtain h € C°(B1) with h = ¢ on S;. In view of the uniform convergence it is easily verified
that h inherits the mean value property from hj, and thus h is generalized harmonic in B; in
the sense of Remark (2) above. As pointed out there, h is then C* in By and turns out to be
the classically harmonic solution of the Dirichlet problem on Bj. O

Remark. An alternative way of finalizing the proof above is worth pointing out: Instead of
relying on the notion of generalized harmonic functions one may also employ the WeierstraB3-type
convergence theorem treated in the subsequent Section 2.6.

2.6 Liouville and convergence theorems, Harnack’s inequality

For the remainder of Chapter 2 we generally assume (2 is an open set in R™. It has
been observed in the Section 2.5 that the mean value property of a harmonic function h in 2
implies the crucial identity

1

o) =hela) =2 | o

)h(x)dx: ! 77(

T‘nQ

a—x a—x

)h(ac) dz

T T

for B,(a) C Q provided that the mollification kernel 7 is rotationally symmetric. Differentiating
with respect to a and exchanging the order of differentiation and integration (justified as usual),

we infer
1 a—x

3 h(a) = M/Br(a)a 7](7)]’&(1’) dx

for every multi-index @ € INj. Once the kernel 7 is fixed, we have supgn. |0%n| < const(n, |a|)
for a constant const(n, |a|) € [0, 00) which depends solely on n and |a|. Thus, from the previous
expression for 9“h we deduce the important interior estimates for harmonic functions

t -
M!\hﬂl;&(a) , whenever h is harmonic in Q, B,(a) C ©, and o € INj.

0% h(a)] < =00

As a first application of these estimates, we establish the following result on entire (i.e.
everywhere-defined) harmonic functions on R".

Theorem (Liouville property of entire harmonic functions).

(I) If h is harmonic and bounded in all of R™, then h is necessarily constant in R™.

34
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(IT1) If h is harmonic in all of R™ with polynomial growth lim|x|_,oo|;‘L(Txll = 0 for some
m € Ny, then h is necessarily a polynomial of degree < m.

Remark. Consider an entire harmonic function h. Then boundedness of i implies its constancy
by the Liouville property in (I). This is sharpened by the case m = 0 in (II) which says that
already sublinear growth of h implies its constancy.

A refined Liouville property will be established later in this section.

Proof. In order to prove (I), we use the interior estimates in the case « = e;, 7 € {1,2,...,n} of
a first-order partial derivative. We obtain

const(n)

const(n
ouh(a)] < D ) < U

sup|h| — 0 for all a € R™,

R» T—00

where we have used the boundedness supg. |h| < oo of h in the last step. In conclusion, Vh
vanishes in R", and h is constant in R".

For proving (II), we apply the interior estimates for o € IN?, |a|] = m+1. In addition, we
rely on the weak maximum principle and the assumed polynomial growth. In this way, we get

const(n, m) const(n, m)

|0%h(a)| < WH]ZHLBT(@ = L ;U(E) |h
" for all a € R™.
const(n, m) |h(2)|
< —— 51 sup |h| = const(n,m) sup et 2 0
r Sr(a) z€Sr(a) ‘$| r—oo
Thus, D™k vanishes in R”, and h is a polynomial of degree < m. O

As a second application of the interior estimates we deduce compactness and convergence
results for sequences of harmonic functions:

Theorem. Consider a sequence (hi)kew of harmonic functions in Q.

(I) (Montel-type) compactness theorem: If the sequence is locally uniformly bounded in €,
that is, supyen SUpg |hi| < 0o for every compact K C Q, then it has a subsequence which
converges locally uniformly in €.

(IT) (Weierstraf3-type) convergence theorem: If the sequence converges locally uniformly in
Q, then the limit function h is harmonic in Q, and we have locally uniform convergence
of deriwatives limy_,o 0“hy, = 0%h in Q for arbitrary o € IN|}.

Remarks (on the compactness and convergence theorem).

(1) The compactness theorem resembles a version of the Montel compactness theorem in com-
plex analysis, which gives the same assertions for a sequence of holomorphic functions. Sim-
ilarly the convergence theorem resembles the Weierstrafl compactness theorem in complex
analysis. In the case n = 2, where harmonic functions are nothing but real/imaginary parts
of holomorphic functions, the above theorems are equivalent with their complex-analysis
counterparts.
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(2) For a sequence of harmonic functions in bounded €2, continuous up to 9f, its uniform
boundedness or uniform convergence merely at 92 implies by the weak maximum principle
its uniform boundedness or uniform convergence in all of £2. In this sense, the hypotheses
of the theorems follow from corresponding hypotheses at the boundary.

Proof of the compactness theorem. Given a convex” compact subset K of €, we can choose a

larger compact subset K of © such that r := dist(K, R"\K) > 0. Then the interior estimates
for the harmonic functions hy yield

const(n)

Vhi(a)| < const(n)

< WHhk”l;Br(a) < sup |fug| foralla € K and k € IN.
K

Thus, from uniform boundedness of (hy)rew on K (which we have by assumption) we infer uni-
form boundedness of (Vhg)rew on K, and this in turn implies that the hj, are equi-Lipschitz on
K. The Arzela-Ascoli theorem!? then yields a subsequence (hkz) el which converges uniformly
on K. Exhausting €} with countably many suitable compact subsets K and using the diagonal
sequence trick, one can then show the existence of one subsequence such that this convergence
actually holds for all compact subsets K of €. O

Proof of the convergence theorem. Given a compact subset K of {2, we choose a larger compact
set K C Q and r > 0 as in the proof of the compactness theorem. Then, by the interior
estimates, we obtain

const(n, |a)

|0%hy(a) — 0%hy(a)| < ol

sgp]hg—hk| foralla € K, a € Ny, and k,/ € IN.
K

Thus, from the uniform convergence of (hj)ew on K (which we have by assumption) we infer,
for every a € INfj, that (0%hg) ke is a uniform Cauchy sequence on K, thus uniformly convergent
on K, and locally uniformly convergent in €2. In this situation, a standard analysis result ensures
that the limits are the ‘correct’ ones, that is, limy_ oo %hr = 0%k locally uniformly in € for all
a € IN[. In particular, we get Ah = limy_,o Ahy, and thus h inherits harmonicity from hy. [

Theorem (Harnack inequality). For every non-empty compact subset K of a connected §2,
there exists a constant C = const(K,Q) € [1,00) such that

m[?xh < Cn}%n h holds for all non-negative harmonic functions h in ).

Proof. In a first step, we consider a ball B,(a) C © and arbitrary points z,y € B, 4(a) in the

smaller concentric ball B,./4(a). We observe B, /4(z) C B, /4(y) (and moreover that the closures
of both these balls are contained in B, (a) and §2). Using the mean value property (twice) and
non-negativity of h, we infer

1 / 1 /
1 hdz<3n 1 hdz = 3"h(y).
W (r/4)" B ja(x) w (3r/4)" Bar/a(y) )

9The convexity assumption is not restrictive. Indeed it suffices to verify the claim for all closed balls K in .
19The Arzela-Ascoli theorem can be stated as follows: If (fx)ren is a sequence of equi-continuous and pointwisely
bounded (and then automatically uniformly bounded) functions on a compact metric space X, then there exists a
subsequence (sz)ZE]N which converges uniformly on X. As in the case at hand, this is often applied to a sequence of
equi-Lipschitz functions f, i.e. to functions fi which are all Lipschitz continuous with a fixed Lipschitz constant.

h(z) =
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2.6. Liouville and convergence theorems, Harnack’s inequality 37

The resulting estimate is the Harnack inequality for K = B, /4(a).

In a second step, we carry over this estimate to the non-empty compact subset K from the
statement of the theorem. In view of the connectedness of €2 we can assume that K is connected
(for, if it is not, we can replace it with a larger compact subset which has this property). By
compactness of K we can moreover find a finite cover (B;);—1,2, v of K by balls B; = B,, /4(ai)
such that By, (a;) C €2 holds and the first step applies on B;. For the moment, we now fix v € K
and consider the auxiliary set S of points y € K which can be reached from z via a chain of
balls from the cover in the sense that there exist distinct indices i1,1i9,...,7¢ € {1,2,..., M}
with z € B;,, B;; N B, , # 0 for j =1,2,...,0—1, and y € B;,. It turns out that S is both
open and closed in K (since each z € S and = € K \ S, respectively, are contained in a ball
B, and then all points of this open ball belong to S and K \ S, respectively). Thus S equals
the connected set K, and the connecting chain of balls B;, in the preceding sense exists for all
z,y € K. Once we know this, we can choose arbitrary points z; € B;; N B and apply the
estimate of the first step along the chain of balls as follows:

ij41

h(z) < 3"h(xy) < 3%"h(xg) < 3% h(x3) < ... < 3EDPh(x,_1) < 37h(y).

In view of £ < M we infer h(z) < 3M"h(y) for arbitrary points 2,y € K. By taking the sup
in € K and the inf in y € K we then arrive at the claim with constant C' = 3M" (where M
depends only on the initial choice of the cover and thus only on K and Q). O

Remark (on invariance of the Harnack constant). The Harnack constant, that is, the opti-
mal constant in the Harnack inequality, is invariant under isometries and scaling. More
precisely, given (K, ) as in the theorem, a € R™, T' € O(R"), and r > 0, the Harnack inequality
holds for (a+rT(K),a+rT(2)) with the same constant as for (K, ) itself.

The proof of this claim is based on the observation that harmonic functions h in {2 correspond
to harmonic functions h in a+r7'(€2) through the transformation h(a+rTz) = h(z) for x € Q.

Corollary (one-sided Liouville property for entire harmonic functions).

(I) If h is harmonic in R™ and bounded from either above or below in R™, then h is necessarily
constant in R™.

(I) If h is harmonic in R"and either hy or h_ has polynomial growth lim, lZTET(i)l =0
with m € Ny, then h is a polynomial of degree < m.

u (z) 0
log || ’

(IIT) If u is subharmonic in R? and uy grows sub-logarithmically, that is limyz) o0

then u is necessariliy constant in R2.
Remarks (on optimality of the growth conditions).

(1) The growth condition in (II) is optimal in the following sense: There exist harmonic func-
tions h on R™ (e.g. homogeneous harmonic polynomials of degree m+1) which satisfy

lim sup|g| 00 %Txlll < oo (and thus lim|, o I»’Cl}’;(% = 0 for every 6 > 0), but are not
polynomials of degree < m. Clearly, this discussion also shows the optimality of the analo-

gous growth condition in the both-sided Liouville property from the beginning of the section.

(2) Similarly the restriction to two dimensions and the growth in (III) are also optimal. This
follows from the fact that max{F, —1} is a non-constant subharmonic harmonic function on
RR"™ in the generalized sense of the subsequent Section 2.7, and a mollification u thereof is even
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non-constant subharmonic in the classical sense. In dimensions n > 3 these functions are

additionally bounded (from above and below), while in dimension n = 2 they are bounded

u4 ()
log |z

from below and satisty limsup|,|_,« < 00.

Proof. For the proof of (I) it suffices to treat the case of boundedness from above, that is
M := supgn h < co. By the Harnack inequality for the non-negative harmonic function M —h
in R™, we then get

max (M—h) < Cmin (M—h) for arbitrary r > 0.
B, B,

Sending r — oo, we conclude

sup (M —h) < Cmin (M—h) =0
R R”
and read off h = M on R".

The proofs of (II) and (III) are discussed in the exercise class. O

Corollary (Harnack convergence theorem). Consider a domain Q in R™ and a sequence
(hk)ken of harmonic functions in  such that hy < hy < hy < ... holds in Q. Then, either we
have limg_,o hi(z) = 0o for all x € Q, or the sequence (hy)rew converges locally uniformly in
Q to a harmonic limit function.

Remark. In particular, if one knows limy_, o hi(z9) < oo at a single point xg € 2, the theorem
can be applied (and is commonly used in this way) to deduce locally uniform convergence in 2.

Proof. We assume limy_, o hi(z0) < 0o for some zg € . For £ < £ in IN and a compact subset
K C Q with zg € K, we then get

ml?x (h@—hk) S Cm&n (h@—hk) S C(hg(l’o)—hk(xo))

from the Harnack inequality for the non-negative harmonic function hy—hj in €. In view of this
estimate, the Cauchy property of (hy(xo))ken implies the uniform Cauchy property of (hx)ken
on K. This property induces locally uniform convergence of (hg)ren in 2. Harmonicity of the
limit function then results from the previously treated Weierstraf-type convergence theorem. [

2.7 Generalized sub/superharmonic functions

In Section 2.5 the concept of harmonicity has been extended to non-C? functions in two rather
different ways. On one hand, (very) weakly harmonic functions have been defined via integration-
by-parts formulas. On the other hand, a notion of generalized harmonic functions, based on
the mean value property, has been discussed. Both these approaches can be adapted in order
to explain subharmonicity and superharmonicity for non-C? functions. In contrast to
the harmonic case, however, one cannot expect that generalized sub/superharmonic functions
exhibit additional regularity, and thus the resulting concepts are truly more general than the
ones for C? functions.

Here we dispense with weak notions based on integration by parts (though also these are
common in PDE theory). Rather, with applications in the later existence theory of the Section
2.10 in mind, we turn directly to generalized notions based on mean value inequalities:
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2.7. Generalized sub/superharmonic functions 39

Definition (general sub/superharmonic functions). An upper semicontinuous function
u: Q) — [—00,00) is (generalized) subharmonic in Q if it satisfies the mean value inequality*!

u(a) S][ udz for all a € Q, r > 0 such that B,(a) C 2.
B, (a)

Similarly, a lower semicontinuous function u: Q — (—oo,00] is (generalized) superhar-
monic in § if it satisfies the mean value inequality

u(a) 2][ udx for all a € Q, r > 0 such that B,(a) C Q.
Br(a)

Remarks (on general sub/superharmonic functions).

(1) For u € C?(Q) it is clear from Section 2.4 that the generalized notions coincide with the
classical requirements Au > 0 and Awu < 0, respectively.

(2) Most previous results on sub/superharmonic C? functions extend verbatim to gener-
alized sub/superharmonic functions. Specifically, the next result shows that this is true for
the basic maximum and comparison principles of Section 2.4.

(3) A subharmonic or superharmonic function u in Q satisfies lim,\ o JCBT(a) |lu—u(a)| dz = 0 for all a € Q. (For R-valued

u this means that all points in Q are Lebesgue points and that w itself is the Lebesgue representative).

Proof. We consider the subharmonic case. The mean value inequality and upper semicontinuity yield the chain
of inequalities u(a) < liminf,~ g JCB (a)udx < limsup,~ o JCB (a>udw < limsupgs, ,q u(z) < u(a), and we infer
T T

lim,~_ o fBMa)(u—u(a))dx = 0. In addition, we have lim,\ o fB,y.(a>(u—u(a))+ dz < limsupgs, o (u(z)—u(a))4 =0
by upper semicontinuity. In view of |f| = 2f4 —f this is enough to conclude lim,~_ o JCBT(a) lu—u(a)| dz = 0. O

Lemma (characterizations of subharmonic functions). For an upper semicontinuous func-
tion u: Q@ — [—00,00), the following properties are equivalent:

(a) u satisfies the mean value inequality on balls, that is, u is generalized subharmonic on
Q in the sense of the above definition.

(b) w satisfies the mean value inequality on spheres

u(a) S][ wdH" ! for all a € Q, r > 0 such that B,(a) C .
Sr(a)

(c) u satisfies the comparison principle as follows:

G bounded open set in R", G C Q,
h e C?(G)NC%G) harmonic in G,y = u<hinG.
u<h at 0G

(d) u satisfies the mean value inequality on small balls, that is, for every a € Q, there
exists some (possibly small but positive) ro € (0,00] such that

u(a) §][ udz for all r € (0,74) such that B,(a) C Q.
B, (a)

HUpper semicontinuity of v implies its Borel measurability and boundedness from above in Br(a). Thus, the
mean value integral exists in [—o0, 00).
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Specifically, the lemma shows that generalized subharmonicity is, in fact, a local prop-
erty in the following sense: If (O;);cs is a family of open sets (over an arbitrary index set I)
with Uie ;1 O; = Q and u is subharmonic on O; for every i € I, then u is also subharmonic on
Q itself. While this locality principle is obvious for subharmonicity in the classical Au > 0
sense, for generalized subharmonicity it results only from property (d) in the lemma and is not
obvious from (a), (b), or (c) alone. We foreshadow that the locality principle for generalized
subharmonic functions will be very useful in establishing a basic existence result for harmonic
functions in the later Section 2.10.

Proof of the lemma. We first record that (a) implies (d) trivially.

Moreover, (d) implies (c), by the reasoning from the proof of the strong maximum principle
in Section 2.4. Indeed, this reasoning can be adapted to work on the connected components of
G and derives the weak maximum principle for u—h from the mean value property of u—h.

Next we show that (c) implies (b). To this end, we fix a ball B,(a) C €, we assume u # —oo
in B,(a), and we rely, for k£ € IN, on the often useful standard construction

or(z) == max (u(y)—klz—y|) € R for x € S;(a).
y€B;(a)

Here, compactness of B, (a) and upper semicontinuity imply that the maximum is attained.
Furthermore, we record:

e It is clear from the definition that ¢ > w and @i > @g4+1 hold at S,(a) for all &k € IN.

e The upper semicontinuity of v implies limy_,~ ¢x(x) = u(x) for all z € S, (a).
(Justification: In view of the above, limg_, o, pg(z) exists in [—00,00) and is > u(x). From the definition of ¢, we

infer g () < max{maxmm&s(z) U, maxg oy u — ké} for all k € IN, 6 > 0. Sending first k — oo, then 6 \ 0, we

infer first limg_ o0 o (z) < MAXE—oyp () Us then limy_, oo ¢ () < u(z) by upper semicontinuity of u.)

e For every k € IN, the function ¢y is the pointwise maximum of Lipschitz functions with
Lipschitz constant k, and thus also oy, itself is a Lipschitz function with Lipschitz constant
< k, in particular ¢, € C°(S,(a)).

By the existence theorem at the end of Section 2.5, we can then find, for every k € IN, a solution
hi to the Dirichlet problem for harmonic functions

hy, € C%(B,(a)) N C°(B,(a)), Ahy =0 in B,(a), hi = ¢k at S.(a).

By the comparison principle, the inequality u < ¢ = hy at S,(a) extends to u < hy in B, (a)
and specifically to u(a) < hy(a) for all K € IN. Applying this observation together with the mean
value property of hy on spheres S,(a) with 0 < ¢ < r (then B,(a) is contained in the domain
B, (a) where hj are harmonic), we conclude

u(a) < hg(a) < lim hy dH™ 1 :][ hy dH™ 1 :][ pdH™ L.
(a) Sr(a) Sr(a)

o/'rJs,

Finally, the monotone convergence theorem ensures limg_ .o JCST (a) Pk dH 1 = fST(a) wdH 1,
and thus the mean value inequality of (b) holds for S,(a).

Finally, from (b) we get back to (a) by a spherical integration argument, which closely follows
the last part of the proof of the mean value property in Section 2.4. O
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The concept of generalized subharmonic functions turns out to be very convenient also in
the treatment of the following (classes of) examples and basic principles:

Examples (‘many’ (generalized) subharmonic functions).

(1) If the fundamental solution F is extended by setting F'(0) := —oo, then — beside being
harmonic in R™\ {0} — it turns out to be subharmonic in all of R™. This can be verified
with the help of the previous lemma: Indeed, the harmonicity of F' in R™ \ {0} implies the
validity of property (d) for a € R™ \ {0} with 7, := |a|, while in view of F'(0) = —oo this
property holds trivially for a = 0 with rq := oo.

(2) Convex functions!? u: ) — [~00,0) in convex open sets ) C R" are subharmonic.

Proof. It follows from the definition of convexity that u is either constant = —oo or finite-
valued. In any case, u is continuous on 2 (trivially in the former and by a basic result of
convex analysis in the latter case). Moreover, Jensen’s inequality gives

u(a) = u<][ xdx) S][ u(z) dz whenever B, (a) C 2.
Br(a) Br(a)

By definition, this means that u is subharmonic on €. O

For example,y u(z) := |z| and u(z) := el give subharmonic functions v in Q = R™.

(3) If w and v are two subharmonic functions in an open set @ C R", also the pointwise
maximum max{u, v} is subharmonic in .

Proof. Whenever B,.(a) C 2, we clearly have u(a) < JCBT-(a) udr < JCB,.(a) max{u,v}dz and
a),

v(a) < fBT(a) vdr < JCB7-(a) max{u, v} dz, thus max{u(a),v(a)} < JCB7-(a) max{u, v} dz. O

This implies, for instance, that max{F, s} with the fundamental solution F' and s € R and
the positive part of any harmonic function are subharmonic on R".

As an obvious consequence, also the pointwise maximum of any finite family of subharmonic functions in Q remains
subharmonic in 2. Moreover, an analogous reasoning shows that even the pointwise supremum of an arbitrary family
of subharmonic functions on €2 is subharmonic on Q provided that this supremum is — what is not automatic in case
of an infinite family — still upper semicontinuous.

(4) The following interconnected assertions hold for open 2 C R™:

e If h is harmonic in €, then |h|* with any s € [1,00) is subharmonic in €.

e If h is harmonic on Q and ®: (a,b) — [—00, 00) is convex in an open interval (a,b) C R
such that h(€2) C (a,b), then ®(h) is subharmonic in .

o If H: Q — RY is a vector-valued harmonic function in © (that is, all its components
H; with i € {1,2,..., N} are harmonic in Q) and ®: C — [—00,00) is convex in a
convex open set C C RY such that H(2) C C, then ®(H) is subharmonic in €.

12Convexity of [—o0, c0)-valued functions u on convex sets C is defined by the usual convexity inequality
u(Az+(1-N)y) < du(z)+(1-N)u(y) for all z,y € C, X € [0,1].
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Proof. We prove the last claim, which contains the previous ones as special cases. As in
the proof of (2), ® is either constant = —oo or finite-valued, but in any case is continuous
in C. Thus, ®(H) is continuous in 2, and via the mean value property of H and Jensen’s
inequality we infer

®(H(a)) = <I><][ Hdm) S][ ®(H)dx whenever B,.(a) C Q2.
B;(a) B, (a)
By definition, this means that ®(H) is subharmonic in . O

For instance, this implies that u(z) := |x122|® defines, for every fixed s € [1,00), a subhar-
monic function v in 2 = R"”

(5) The following convergence theorems for subharmonic functions hold on open Q C R™:
(a) If ug are subharmonic in £ with ug \, u pointwisely in Q (i.e. u3 > ug > ug > ... and

limg 00 up = uw on §2), then w is subharmonic in Q.

(b) If ug are subharmonic in  with u; — w pointwisely in Q and ug < u in Q for k> 1
and if u is upper semicontinuous and finite-valued in €2, then u is subharmonic in €.

(¢) If ug are subharmonic in Q with limg_,o up = u locally uniformly in €2 for finite-valued
u, then u is subharmonic in €.

Proof. In all cases, we first justify upper semicontinuity of u: Under the assumptions of
(5a), it follows from u = infren ug. In (5b), it is assumed. In the situation of (5¢), it results
from the locally uniform convergence. Then we get

k—o0 k— o0

u(a) = lim wug(a) < lim sup][ ug dx S][ udx whenever B,.(a) CQ (%)
Br(a) Br(a)

with different justifications for having lim sup,,_, ., fBr(a) updz < fBT(a) udz: Inthe (5a) case,
it comes (even as equality) from the monotone convergence theorem (where SUPB, (q) U1 < 00
by upper semicontinuity). In the situation of (5b), it results simply from u; < u in 2 for
k> 1. In case of (5c), it follows (even as equality) from uniform convergence in B,(a). O

2.8 Green’s representation formula and the Poisson integral
In this section we come back to the Dirichlet problem

Au=f in 2,
U= at 00

for the Poisson equation on a bounded open set Q@ C R" (where f € C°(Q) and ¢ € C°(99Q) are
given). While uniqueness of solutions u has been shown in Section 2.4 in large generality, so far
we have solved the existence problem for solutions u only in specific cases, namely for f = 0
and balls €; see the end of Section 2.5. We now strive for establishing existence on general
bounded domains €2 on the basis of explicit formulas for solutions. Though in the end
the taken approach will be fully successful only for specific domains €2 (most prominently again
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2.8. Green’s representation formula and the Poisson integral 43

for balls), in this section we will lay some foundations for other approaches and gain insight on
harmonic functions and the Dirichlet problem.

As a first natural step we deal with explicit formulas valid for given solutions uw. Only
eventually we are then in position for the second step, namely to define solutions u by these
formulas. As a starting point in direction of the first step, we have:

Theorem (Green’s representation formula). Consider a Gauss-Green domain 2 in R™ and
a function u € C*(Q)NCH(Q). For each x € Q such that [, F(z—y)Au(y) dy ezists in [—o0, 0],
we have

u(x) = — /a Fla=y)duly) 4 (0) + /8 u(y)(By)y F (2 —y) dH™ (1) + /Q F(a—y)Auy) dy,

Q

where ' denotes the fundamental solution of the Laplace equation in R™.
Remarks (on the representation formula).

(1) The single terms on the right-hand side have interpretations in potential theory: The
term [, F(z—y)i(y) dH" '(y) is called a single-layer boundary potential, while the term
Jo0 ) (0y)yF(z—y) dH" ! (y) is a double-layer dipole potential. Finally, the volume po-
tential [, F(x—y)f(y) dy is known as Newton potential and is studied in more detail in
Section 2.11.

(2) The second and third terms on the right-hand side involve only the boundary values u|gq,
and the Laplacian Aw of u, which correspond to the prescribed data f and ¢ in the Dirichlet
problem. Thus, these terms are ‘good’ for defining u by a formula in terms of f and ¢ only.
However, the first term on the right-hand side is unfortunately ‘bad’ in the sense that it
contains the normal derivative 0,u|y(, which is not prescribed in the Dirichlet problem. We
will return to this point below and will develop a strategy to circumvent it.

(As a side remark we record that the situation slightly changes in case of the Neumann problem: Then the first and
third terms are ‘good’, while the second is ‘bad’.)

Proof of Green’s representation formula. We argue for fixed x € Q and for € > 0 small enough
that B.(z) C © holds. We start by applying Green’s second identity on the domain'® Q \ B.(z)
with boundary (02) U S.(z) to the functions v and y — F(z—y). In this way we get

/ F(z—y)Au(y)dy — / u(y)Ay F(r—y) dy
Q\B:(z) O\B. ()

— [ Fe-9)0u) @) - [ u)@,),F @0 )
0N 90

+ [ Fa 2V an ) - /S ) T ) 3 ),

where at y € S.(z) the outward unit normal v takes the form v(y) = *=¥. Here the second
integral on the left-hand side vanishes, since y — F(x—y) is harmonic on R™\ {z} D Q\ B.(x).

13 At this point, a marginal technical difficulty arises from the fact that only € has been assumed to be a
Gauss-Green domain but not Q \ B:(z). However, this can easily be overcome by cutting-off the singularity of F
in the sense that one chooses some F. € C*(R™) which coincides with F on R"™\ B.. Then one may apply Green’s
identity to u and y — F.(x — y) on both  and B.(x) and arrives at the above by subtracting the resulting
formula on B.(z) from the one on .
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Moreover, taking into account the explicit form of F', the third integral on the right-hand side
takes the form —ﬁfsa(x) £8.Vu(y) dH" ! (y) for n > 3 and e(log 5)3[55(36) £Y.Vu(y) dH (y)
for n = 2, respectively. In view of the e-prefactors, this integral will eventually disappear in the
limit € N\, 0. For the treatment of the crucial fourth integral on the right-hand side, we compute
AV F(r—y) = —m for y € Sc(x) and rewrite this integral as —fss(m) udH" 1. Thus, in
the limit € N\, 0 it turns simply into —u(z). Incorporating all these remarks and sending € N\, 0

in the above identity, we arrive at

/ F(z—y)Au(y) dy
Q

— [ )o@ a0 ) — [ uw)(@),F ) 1) + (o),
onN o

where on the left-hand side we made use of F' € L!(B.(z)) in order to guarantee the convergence

of the integrals on Q \ B.(z) to the limit integral on all of Q. By rearranging terms in the last

equation we easily arrive at the claim. O

Next we aim at removing the ‘bad’ first term in Green’s representation formula. This will
be approached by replacing the shifted fundamental solutions y — F(x—y) in this formula with
y — F(z—y)—hy(y), where the corrector functions h, are chosen as a harmonic functions on
Q2 such that y — F(z—y)—h,(y) vanishes on 9Q. With the properties of the resulting function
G(z,y) := F(x—y)—hz(y) in mind, we coin the following definition:

Definition (Green function). Consider an open set Q in R™. We call a 2n-variables function
G: {(z,y) € WxQ:y # z} — R the Green function of 2 (or, at length, the Green function
for the Dirichlet problem for harmonic functions in Q) if it satisfies the following two conditions:

(a) For every x € Q, the function y — F(z—y)—G(x,y) on Q\ {z} can be extended to a
harmonic function in €.

(b) For every x € Q, the functiony — G(x,y) vanishes at 05 in the sense of limasy—y, G(z,y) =
0 for every yo € 90 (and moreover limgsy oo G(x,y) = 0 in case of unbounded ).

Remarks (on Green functions).

(0) Clearly, the function y — F(z—y)—G(z,y) in (a) plays the role of the harmonic corrector
function h, mentioned before.

(1) For fixed x € Q it follows from (a) and the harmonicity of F' on R™ \ {0} that G(x, )
is harmonic in Q \ {z}. Moreover, the harmonic extension in (a) is continuous (and even
smooth) near x. This means that y — G(x,y) and y — F(x—y) have a singularity of the
same type at the point x and that the singularities cancel out when taking the difference.
All in all, “A[G(z, -)] = 6,” holds in © (in the same heuristic sense in which we observed
“AF = §p” in R™ in Section 2.1). In this light one may say that the Green function
consists of fundamental solutions with singularity at  and zero boundary values.

(2) The Green function is unique if it exists. This follows from uniqueness in the Dirichlet
problem solved by the corresponding harmonic corrector functions h, on Q (where unique-
ness, in turn, results from the weak maximum principle and holds even in case of unbounded
(), since oo is suitably taken into account).
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(3) Since the Green function has zero boundary values, the weak maximum principle implies
that the Green function is non-positive if it exists. In fact, in order to apply the
weak maximum principle here one may take two slightly different technical viewpoits. For
arbitrary x € 2, one may either extend G(z, -) by setting G(z,z) := —oo and view it as a
subharmonic function in all of © in the sense of Section 2.7, or one may view G(z, -) as a
harmonic function in © \ {z} only, but take into account lim, ,, G(x,y) = —oo < 0 at the
additional boundary point x of Q\ {x}.

(4) If a Gauss-Green domain € has a Green function G such that G(z, -) € C}(Q\ {z}) holds
for all x € Q, then — somewhat surprisingly — G is symmetric in the sense of G(y,z) =
G(z,y) for all z,y € Q with y # .

Proof. Similar to the proof of Green’s representation formula, we apply Green’s second
identity to the functions v := G(z, - ) and w := G(y, -) on 2\ (B:(x) UB.(y)) (where € > 0
is small enough that B.(x) and B.(y) are disjoint subsets of Q). Since both v and w are
harmonic in this domain and vanish at 02, we deduce

0= / (v ow —w 3,,7)) dH 1 + / (v Oyw — w 8,,1)) dnrt,
Se(x) Se(y)

where v(z) = £== for z € S (z) and v(z) = == for z € S.(y). Since v and Vv blow up at z in
the same way as z — F(x—z) and z — VF(x—z) (the differences just being bounded func-
tions), while w and 0, w are continuous at x, we can follow the proof of Green’s representation
formula to infer lim.\ o fss(m) vO,wdH" 1 =0 and lim. o fSE(x)(—w Ov) dH" ! = —w(z).
Clearly, the terms on S.(y) can be treated analogously, and thus we arrive at

0=—w(x)+v(y) =G(z,y) — Gy,z).

From this, the claim is immediate. O

If we assume that the Green function exists, then we indeed get the desired representation
formula:

Theorem (Green function representation). For a Gauss-Green domain ), assume that the
Green function G exists and satisfies G(x, -) € CHQ\{x}) for allz € Q. Foru € C*(Q)NCL(Q),
set f = Au and ¢ :=u|yq. Then, for all x € Q such that [, G(x,y)f(y)dy exists in [—oo, 0],
we have

u(z) = /a P0.),Glay) ) + /Q Glx,y) () dy.

Proof. We closely follow the proof of Green’s representation formula, but decisively replace
F(z—y) with G(z,y). Thus, we apply Green’s second identity on 2\ B.(z) for the functions
u and G(z, -). On one hand we then use that G(z, -) is harmonic in Q \ {z}. On the other
hand we exploit that G(z,y) = F(x—y) + he(y) and (0,),G(z,y) = (0v)yF(z—y) + Oy ha(y)
hold for y € Sc(z) with h, and Vh, bounded near x. Altogether this means that we can treat
the integrals resulting from Green’s second identity in the same way as in the proof of Green’s
representation formula, where the terms with h, and 0, h, on S.(z) will vanish in the limit £ N\ 0.
The only essential difference in the computation is that the term [, G(x,y)d,u(y) dH" !(y)
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now vanishes due to the zero boundary values of G(z, -) at 9. Rearranging terms as before,
we then arrive at the claim.

(In case that both hyAu and y — F(x—y)Au(y) are in L1(Q), which is ensured for u € C2(Q), for instance, one may
alternatively proceed as follows. One may then apply Green’s second identity on all of € for w and h; to find

0=~ he@ouman + [ uw)ohew ! + [ ha) Sutw)ay.

One then subtracts this equality from Green’s representation formula, takes into account F(x—y)—hz(y) = G(x,y) for
y € Q, and observes that the terms with d,u cancel out in view of even F(z—y)—hz(y) = G(z,y) = 0 for y € 0Q. This
confirms the claim once more.) O

Remarks (on the Green function representation).

(1) As the most important special case, for a harmonic function h € C%(Q) N CH(Q) with
@ = h|sq, the Green function representation reads

h(z) = /a AW)0),Clay) ) forallz e Q.

(2) The Green function representation remains true for functions u € C2(Q) N C°(Q) which are
not necessarily C' up to the boundary, and it also extends to suitable unbounded domains
Q provided that v and f = Au decay suitably at oo.

(3) Though the Green function representation has been established for given solutions u, in
principle it is suited for reversing the point of of view and making an attempt to establish
the existence of a solution u to the Dirichlet problem with given data f and . Under
strong assumptions on G, f, and ¢, this is indeed possible, that is, it can be verified that
the function w defined by the formula is a solution.

(4) However, it does not make sense to enter into the more technical details of (2) and the
existence program (3), since we are left with the more basic problem to secure the
existence of the Green function G at all. Indeed, proving existence of G is the same
as proving the existence of the corrector functions h,, which are themselves solutions of a
Dirichlet problem for harmonic functions. Thus, we are still faced with the existence issue
in a Dirichlet problem, and one may doubt that anything is won at all. Indeed, it will turn
out that the Green function representation does not (easily) lead to an existence theory for
general domains 2. Rather, there is a straightforward gain only for specific domains
Q) for which the Green function can be (more or less) explicitly determined. The most
prominent such case follows:

Theorem (Green function of balls).

(I) Forxz € R™\ {0}, we denote by x* := # the reflection of x at the unit sphere Si, and as
usual we write F for the fundamental solution of the Laplace equation in R™. With this
terminology the Green function Gg, of the unit ball By in R™ is given by

Gp,(z,y) = F(y—x) — F(lz|(y—x"))
— i =27 = (|2l ly—2*))* ] ifn >3

5= [log |y—x| — log(|z||y—=*|)] ifn =2

for y # x in By, where |z||ly—z*| = 1 is understood for y # 0 = z.
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(IT) The Green function Gy, (4 of an arbitrary ball Br(a) in R™ is given by

r—a a _
GBy(a)(T,y) = R* "Gy ( 7 ,%) fory # x in Br(a).

Remarks (on Green functions of balls).

(1) Since the fundamental solution yields the electric potential of a unit charge at the origin,
G, (z, - ) corresponds to the electric potential induced by two charges, a unit charge at the
point z and an antipolar charge |z|>~™ at the reflection point x*.

(2) By the general Remark (4) on Green functions, Gg,(, is symmetric in its two argu-
ments. However, symmetry of Gp, and thus Gp,(,) can also be deduced more elemen-
tarily: It is obvious that |y—z| is symmetric in (x,%), and the computation (|z||y—x*|)? =
|22 (|y|?—2y - 2*+|2*|?) = |2|?|y|*—2y - v+1 reveals the same symmetry for |z||y—z*|.

(3) A related useful observation is

2| [y—="| = [y—=| for y # z in R" with |y| = 1.

This results from (|z||y—z*|)? = |z|?|y|*—2y- w—i—l ]ac\Z 2y-z+y|? = |ly—x|*

Proof of the last theorem. We first check that the expression in (I) satisfies the defining prop-
erties (a), (b) of the Green function of Bj. Indeed, since F' is harmonic on R™ \ {0}, for every
fixed x € By, the function y — F(|z|(y—=z*)) is harmonic in B; (which does not contain z*),
and (a) is immediate. Moreover, Remark (3) above yields F(|z|(y—z*)) = F(y—=x) for y € Sy,
and (b) follows.

Next we verify the definition for the expression in (II). We fix 2 € Br(a) and record *z% € By.
Then the fact that F(u— ) GBI( 7 ,y) is, when extended for y = 5%, harmonic in y € By

implies that F(z—y)—R?* "Gp, (5%, 45%) = R2 n[F(3—450) - GBI( ¢ Y24 ]+C(n, R) is
logR

when extended for y = x, harmonic in y € Bg(a) (where C (n, R) actually equals forn =2
and is zero for n > 3). This shows (a). Moreover, from Gg, (%5%,y) = 0 for y € S1 we clearly
get R*"Gp, (5%, L5%) = 0 for y € Sg(a), and thus also (b) is valid. O

In order to make the Green function representation explicit — at least in the basic case of
balls — we need in fact the normal derivatives of the Green function at the boundary.
Thus, starting from the explicit formula for the Green function Gy, of B; and using Remark
(3), we compute for y € Sy:

_ 1 [y—r Jafy—a)
(8V)yGB1 ($,y) =Y VyGB1 (xay) =Y n |:y—ﬂf‘n |$’n’y—$*‘n

_ 1 PyP—x-y__leﬂyP—x*-yq

nwn | |y—z|" ly—z|"
_ 1 [@P—w-y_ﬂwP—x'y}
ly—z|™ ly—z|"
1 |yP—|zf?

" nwy, ly—z|™
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Moreover, from the formula for G, (,) and the chain rule we infer

_ R z—a y—an1 1 |y—af’—|z—af?
(0),C5(a) (,9) = B(0,), G, (75 )R_WnR p— for y € Sr(a)

which then leads to:
Definition (Poisson kernel). For every R € (0,00), the function Pr: BRxSg — R, given by

Loyl 1 R

= orx € Br, y € Sg,
nwp R |y—x|” nwp R |y—z|® 4 o U= Ok

PR(x7 y) =

is called the n-dimensional Poisson kernel for radius R.

With the normal derivative at hand we now restate the Green function representation on
balls in a more explicit way and obtain the following important formula for solutions of
the Dirichlet problem for harmonic functions on balls:

Main Theorem (Poisson integral formula (PIF)). Consider a ball Bgr(a) in R™.

(I) Suppose that h € C?(Bgr(a)) N CO(Bgr(a)) is harmonic in Bgr(a), and set o := RS p(a)-
Then we have

h(z) = / ©o(y) Pr(z—a,y—a) dH"(y) for all x € Bg(a).
Sr(a)

(I) Consider a given ¢ € C°(Sgr(a)). Then, by setting

hz) = / () Pr(z—a,y—a)dH*L(y)  for = € Ba(a)
Sr(a)

and h(z) = o(x) for x € Sg(a) we obtain a solution h € C*(Bgr(a)) N C*(Bg(a)) to the
Dirichlet problem
Ah =0 in Bg(a), u = at Sgr(a).

Remark. In particular, (I) implies uniqueness of solutions to the Dirichlet problem in (II).
However, we have established uniqueness already in the earlier Section 2.4.

Proof for Part (I) of the theorem. The definition of the Poisson kernel has been implemented
such that (0,)yGRy(a)(7,y) = Pr(z—a,y—a) holds for x € Br(a) and y € Sg(a). If we use
this and the harmonicity of h in the general Green function representation, we get the claim for
h € C?(Bg(a)) N CY(Bg(a)). If merely h € C?(Bg(a)) N C°(Bg(a)) is assumed, we can apply
the result of the previous consideration to the harmonic C?(Bg(a)) functions = ~ h(tz) with
parameter ¢t € (0,1). We infer h(tx) = fSR(a) h(ty) Pr(z—a,y—a)dH" 1(y) for z € Bg(a) and

then pass to the limit ¢ /1 in this equality. Since the uniform continuity of A on Bg(a) implies
lim; ~ h(ty) = h(y) = ¢(y) uniformly in y € Sg(a) and Pr(z—a,y—a) with fixed € Bg(a) is a
bounded function of y € Sg(a), the integrals converge suitably, and we arrive at the claim. O

Proof for Part (I1) of the theorem. We know from Section 2.5 that a solution h € C2(Bg(a)) N
C°(Bg(a)) to the Dirichlet problem exists. Then, Part (I) applies to h, and thus h is indeed
given by the integral formula on Bg(a) (and, as a solution to the Dirichlet problem, it also
coincides with ¢ at Sg(a)). O
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Though the preceding proof for Part (II) is fully valid, we have not quite followed the strategy
set out as principal aim of this section. Indeed, existence has not been achieved with the help of
the explicit formula, but rather we have simply cited the existence result obtained by a different
approach in a previous section. However, as we show next, it is also possible to follow the guiding
idea of this section and establish the existence of the solution by a direct and quite illustrative
analysis of the Poisson integral:

Alternative proof for Part (II) of the theorem (without usage of the earlier existence result).
For simplicity of notation we assume a = 0 and R = 1. We first record that P1(-,y) € C>(By)
is harmonic in By for each fixed y € S;. Indeed, this can be checked by explicit computation
of the Laplacian or, alternatively by the following more abstract argument: It follows from the
symmetry of G, that G, (z,y) is harmonic in « € By, and thus also P1(z,y) =y - V,Gg, (2, )
is harmonic in « € B;. In any case, the smoothness and harmonicity of P;(-,y) then imply (by
exchange of differentiation and integration with the usual justification) that the Poisson integral
defines a harmonic h € C>(By).

It remains to prove the attainment of the boundary datum

lim  h(x) = p(zg) for every boundary point xy € Sy, (BC)

Bi3z—xg
and this will be achieved by relying on the following crucial properties of the Poisson kernel:

e For every fixed « € By, we have P1(z, -) > 0 on S; (clear from the explicit formula for Py)
and fSl Pi(z, - )dH™ ! = 1 (by Part (I) applied to the constant harmonic function = 1). In
view of these properties we may understand the Poisson integral fSl hPi(z, - )dH" !
as a weighted integral mean of h with weight function Py (z, -).

e The weight functions P;(z, - ) concentrate at a boundary point zy € S; in the limit
Bi 3 z — x¢ in the sense that we have locally uniform convergence limp, 5,2, P1(z, -) =0
on S1 \ {zo} (which easy to check from the explicit formula for Py).

On the basis of these observations, for arbitrary xog € Sy, € By, § > 0, and for the function h
defined by the Poisson integral, we estimate

h(w)sa(xon:\ /S oPi(z, ) AH — (o) /S Py(z, -)dH"!

< /S o—p(a0)| Pa(z, -) AR
1

< 2max J¢| Pia, )AH" 4 sup fp-plan)| [ Pale, ) an !
S1 S1\Bs(zo) S1NBs(x0) S1

= 2max |g| Pl(;v,~)d7-l,”_1—|— sup  |p—p(xo)|.
S1 Sl\B(s(xo) S1NBs(xo)

Here, the first term on the right-hand side vanishes in the limit B; > x — x¢, and thus we have
Hm Supg, 5540 [P(@)—(20)| < SUPg, B, (20) [¢—¢(20)|- By continuity of ¢ at zp, the remaining
right-hand side vanishes when we send 0 N\, 0. Thus we have limp, 5,4, |h(z)—¢(x0)| = 0,
which is nothing but the boundary condition (BC). O
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Remark. As a side benefit of (a slight variant of) this last proof we indeed obtain the following
refined statement: For ¢ € L1(Sy;H" 1), the function h defined by the Poisson integral on B
is still smooth and harmonic, and it satisfies (BC) for all continuity points ¢ € S; of ¢ even if
@ 1s not continuous on the whole sphere Sy.

Remarks (on the Poisson integral formula).

(1)

(2)

With the Poisson integral formula we have an explicit integral formula for solutions at
hand. This is essentially the best possible situation for which one may reasonably hope in
the theory of PDEs.

The Poisson integral formula resembles the Cauchy integral formula from complex analysis,
and indeed on discs in R? these two formulas are essentially equivalent.

In more detail, the Cauchy integral formula — for simplicity of notation stated only in the case of center at 0 — asserts

H(z) = 2%” . Igi@ d¢ = ﬁ fSR Igﬁi ¢dHY(C) for z € B and a holomorphic function H in a neighborhood of the

disc Bg C C, where kg: [0,27) — Sg, t — Rel? is the standard parametrization of the circle Sg. Using the reflection
2* = R?2/|z|? = R?/z ¢ Br and subtracting the Cauchy integral for the holomorphic function ¢ H((z ¢ in Bg, the

C—z
formula can be rewritten as H(z) = ﬁ fSR [C%ziﬁ]H(O dH'(¢) (where, for z = 0 the term (7% should be
omitted). By computation one finds ﬁ [CEz _C*%] = ﬁ Re gtz = Pr(z,¢) for ¢ € Sg, and thus the rewritten

formula is nothing but the Poisson integral for the real and imaginary parts of H.

As a side benefit, we also record the representation H(z)—iconst = ﬁ ISR gti Re H(¢) dH'(¢) for 2 € By of the
holomorphic function H, up to a purely imaginary constant, in terms of boundary values of the real part only. This

representation follows directly from the Poisson integral formula ®e H(z) = ﬁ fSR (Re gfi) Re H(z) dH!(z) and the

fact that the real part determines the imaginary part of H up to a constant.

Many properties of harmonic functions are closely connected to the Poisson
integral formula.

For instance, since Pr(0,y—a) = m is constant in y € Sg(a), the evaluation of the
Poisson integral in the center x = a of the relevant ball Bg(a) gives just the ordinary mean
value. Thus, the Poisson integral formula for center points reduces to the spherical mean
value property.

Moreover, from the Poisson integral formula one can also read off the following special
Harnack inequality with sharp constants: If h € C?(Bg(a)) is a non-negative harmonic
function in Br(a) C R™, then it holds

R—|x—al
(R+|z—a|)"1

R+|x—al

n—2 -
R (R—Ja—a])"!

h(a) < h(z) < R"2 h(a) for x € Bgr(a)

and

R n
sup h < ( +T) inf A for r € (0, R).
B, (a) R—r) Bi(a)

The deduction of these inequalities and the optimality of the constants involved will be
discussed in the exercise class.

By exchange of derivative and integral (which is easy to justify) one can deduce the Poisson
integral formula for the derivatives: If h € C2(Bg(a))NC®(Bg(a)) is harmonic in Bg(a)
and o € INj is an arbitrary multi-index, then there holds

0%h(x) = /S ( )h(y) <88$>QPR(.T—CL, y—a) dH" " (y) for all z € Br(a).
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Remarks (Green function and Green function representation for other domains).
Here, by F' we always denote the fundamental solution of the Laplace equation on R™.

(1)

For n > 3, the full space R™ has the Green function Gg» given by Ggn(z,y) = F(y—=x)
for z,y € R™. In contrast, the two-dimensional plane R? does not have a Green function.

Proof. The first claim follows directly from the properties of F', where the decisive fact is
lim,| o F'(y) = 0 in dimensions n > 3. To show the non-existence claim on R?, suppose
the contrary. Then F—Gp2(0, -) would extend to a harmonic function hg on R?, and from
limy| 00 Gr2(0,y) = 0 we would get limy|_,o ho(y) = lim)y_,c F'(y) = co. Thus, hy would
posses an interior minimum point and would necessarily be constant by the strong minimum
principle. Clearly this contradicts limy_,. ho(y) = oo, and thus we have indeed shown the
non-existence claim. O

The half-space H,, := (0,00)xR"! in R™ has — this is easily verified from the definition
— the Green function Gy, given by

GHn(l',y) :F(y—l‘) _F(y_xi) for Jj??/eHn

with the reflection 2~ := x—2x1e; of z at OH,, = {0} x R"~L. Similar to the case of balls, also
Gy, (z, -) has an interpretation as the electric potential induced by a unit charge at = an an
antipolar unit charge at =. Moreover, we remark that F(y—x) and F(y—z~) individually
tend to zero for H, > y — oo in case n > 3, while in case n = 2 they tend to oo and only
their difference satisfies, due to cancellation, the requirement limy,5y—00 Gu, (z,y) = 0 on
the Green function.

The corresponding Green function representation for solutions h of the Dirichlet problem
Ah=01in H,, , h(0, -) = ¢ in R}

with ¢ € CO(R"™1) takes the form

2
Wt o)) = = / YW 4y for (t,2') € Hy, .
nwn Jre-t (82 4 Jy—a'[?)2

However, the representation only applies if the additional boundary point co is suitably
taken into account by imposing a decay condition on ¢ and h, respectively. Without such a
condition the integral need not converge and uniqueness in the Dirichlet problem need not
hold (where the basic non-uniqueness examples are given by h, (¢, z") := at, while uniqueness
holds under the assumptions of the Phragmén-Lindeldf principle on H,,).

The proof that the above formula indeed defines solutions of the Dirichlet problem can be
carried out in analogy with the case of the Poisson integral formula. Alternatively, one can
exploit a direct connection between the ball and the half-space case, which draws on the
observation that reflection of the domain at S; in the sense of Q — Q* := {2* : z € Q}
transforms (B 1 (Le1)) into (B 1 (1e1))" = e1+H, (where e is the first canonical basis vector
in R™) and on the Kelvin transformation. Indeed, for u: Q@ — R in Q@ C R™\ {0}, its
Kelvin transform u*: Q* — R in Q* is defined by u*(y) := |y|*> "u(y*) for y € Q*. It is easy
to check that this is an involutory operation (i.e. (u*)* = w), and with some more effort
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52 CHAPTER 2. The Laplace equation and the Poisson equation

one can also verify'* A(u*)(y) = |y|~*(Au)*(y) for u € C%(Q) and y € Q*. In particular,
this mean that the Kelvin transformation preserves harmonicity and carries solutions of
Dirichlet problems on B1(1e;) into solutions of Dirichlet problems on e;+H,. A deduction
of the Green function reE)resentation on H,, from this correspondence will be treated in the
exercises.

(3) For some simple domains with symmetries, the Green function G is a finite linear combina-~
tion of shifted fundamental solutions and corresponds to the potential induced by finitely
many charges placed at suitable reflection points. Indeed, the formulas for balls and half-
spaces can be adapted to obtain fully explicit formulas also for the cases of half-balls (4
charges), quarter-balls (8 charges), quarter-spaces (4 charges), and complements of
balls (2 charges), for instance. In these cases the charges and their positions can be guessed
from intuition and pictures. As an example, the case of the unit half-ball will be treated in
the exercises.

In a similar way, for cubes and infinite strips, one can think of infinitely many charges
and obtain a series expansion of the Green function at least.

(4) For general domains (2, in contrast, there is no hope for an ezxplicit representation
of the Green function Ggq, and not even its existence is clear. However, even if existence
of Gq were at hand, in order to obtain solutions via the Green function representation one
would need that (9,),Ga(x,y) exists for y € 0 and has properties similar to those of the
Poisson kernel needed in the PIF proof. These are complicated matters which cannot be
established without more background machinery. Thus, the Green function approach
is not well-suited for building an existence theory on general domains (2, and here
we give up on that approach. However, by a different strategy we will eventually establish
solvability of the Dirichlet problem for harmonic functions on quite general domains {2 in
the later Section 2.10. We remark that, once this is achieved, we obtain existence of the
Green function Gg and the Green function representation on € as side benefits (at least up
to discussion of C! up-to-the-boundary regularity of Gg(x, -)).

Remarks (Green functions of the second kind; Neumann problem). Consider a Gauss-
Green domain €2 in R™.

(1) For the Neumann problem
Au=f in Q, oyu =1 at o

with prescribed f € C°(Q2) and v € CY(0R), the second term in Green’s representation
formula is ‘bad’ in the sense that it involves the non-prescribed boundary values u|gq.
Thus, in connection with the Neumann problem one naturally attempts to eliminate this
second term rather than the first one, which is ‘bad’ in the Dirichlet but ‘good’ in the
Neumann case. In line with the previous approach, one may then hope to replace the normal
derivative (0, ), F(x—y) of the fundamental solution in this second term with (9, ), F(z—y) —
Oyhs(y), where, for fixed x € Q, the corrector function h, is harmonic in Q with d,h,(y) =
(0y)yF(x—y) for all y € 0. However, this cannot work out as stated, since we know from

MIndeed, the proof of this formula is elementary, but computations are more managable if one reduces to the
case of polynomials/mononomials first. For further details, see [3, Lemma 4.4, Proposition 4.6], for instance.
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2.8. Green’s representation formula and the Poisson integral 53

Sections 2.1 and 2.3 that it holds

Oyhe(y) dH" L (y) =0 but / (0))y F(z—y)dH" 1 (y) = 1.
o0 o0

Hence, we can hope at best that (0, ), F(z—y) and 0, h,(y) differ by the constant 7—[”71(89)71,
that is,

1

(0)y F(x—y) — Oyhy(y) = H" 1 (09Q)~ forallz € 2,y € 09.

(2) On the basis of the considerations in (1) we introduce the following terminology:

Definition (Green function of the second kind, Neumann function). We call a
function GN: {(z,y) € QxQ :y # 2} — R the Green function of the second kind for
Q or the Neumann function of € if it satisfies the following two conditions:

(a) For every x € Q, the function y — F(x—y)—GN(x,y) on Q\ {z} can be evtended to a
harmonic function in 2.

(b) For every x € Q, the function GN(x, -) € CHQ\ {x}) has constant normal derivative
8, (GN(z, -)) = H"1(09) " at H9.

(3) The Green function of the second kind is unique up to constants in the following sense: If
GN and GYN are Green functions of the second kind for ), then there exists constants C; € R
such that éN(x, y) = GN(z,y)+C; for all 2,y € Q. This follows from the observation that
the harmonic extensions of y — F(z—y)—GN(z,y) and y — F(z—y)—GN(z,y) solve the
same Neumann problem, in which the solution is unique up to constants; see Section 2.3.

Furthermore, if a Green function G of the second kind for €2 is chosen in such a way that
T [o0GN(2,y) dH" " (y) is constant in Q (where the constancy can always be ensured
by a suitable choice of the previously mentioned C,), then GV is symmetric in the sense
of GN(y,z) = GN(z,y) for all 2,y € Q with y # x. This follows by the same arguments
previously used in proving the symmetry of the Green function for the Dirichlet problem.

(4) If GN is a Green function of the second kind for 2, we can follow the reasoning in the
Dirichlet case once more (which essentially means that we apply Green’s second identity
on Q\ B.(z) for the functions v and GN(z, -)) to obtain the following Green function
representation: For u € C*(Q)NC!(Q), set f := Au and ¢ := d,u|,q. Then, for all z € O
such that [, GN(z,y) f(y) dH" ' (y) exists in [—o00, 00], we have

u() = ][ wd ' — [ G ) A ) + [ Ny fy) dH ().
o o0 oN

Here, the term JfaﬂudH”*1 is an z-independent constant whose occurrence is not at all
surprising, since the solution of the Neumann problem is unique only up to constants.

e Green function of the second kind for the unit ba 1 C 1s given by fully
5) The G f i Ggl f th d kind f h it ball B R" is gi by full
explicit formulas in dimension n = 2 and dimension n = 3. Indeed, one instance of
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such a Green function is given, for x,y € By with y # z, by

1 N .
GX\(2,9) = o= [1og ] +lo([e] [y—")) itn=2.
N (o) =~ |+ — _log(l-z-yt|o|y—z")|  ifn=3
' Am | ly—=| = |a] [y—=|
(with z* = ﬁ and convention |z||y—z*| = 1 for y # 0 = x, as used earlier). For n = 2,

this means that G§ (z,y) = F(y—=) + F(|z|(y—2*)) differs from the Green function in the
Dirichlet case only in the sign between the two terms, and clearly F'(|z|(y—x™*)) is harmonic
in y € B; as required by (2a) above. For n = 3, we have Ggl(ac, y) = F(y—z)+F(|z|(y—x*))
+ £ log(1—z-y+|z||[y—=z*|), where harmonicity of F(|z|(y—z*)) in y € By is evident, while
harmonicity of log(1—x - y+|x||y—z*|) in y € By can be checked by computation. Further-
more, in both cases one can verify the requirement (2b) for the normal derivative by explicit
computation. The above instance of Ggl also has the property that fS1 Ggl (z,y) dH"(y)
is constant in z € By (with value 0 for n = 2 and value —2+log 2 for n = 3; this follows from
the coincidence F'(y—x) = F(|z|(y—x*)) for y € S; and the spherical mean value property
for harmonic functions), and in accordance with (3) this choice of Ggl is symmetric.

For further background information, constructive derivations of the formulas in dimension
n € {2,3}, and series expansions of Ggl for n > 4, we refer to [7, Sections 2.10, 2.11, 2.12].

In order to write out the Green function representation and deduce an existence
result for the Neumann problem on B; C R™, n € {2, 3}, we first observe that the
formulas in (5) simplify for y € S; since |z||y—z*| = |y—=z| holds in this case. Plugging the
simplified formulas into the general Green function representation of (4), we obtain for the
harmonic case f = Ah =0 with fg hdH" ! = 0 or equivalently with 2(0) = 0:

Theorem (solvability of the Neumann problem on the 2d disc and the 3d ball).
Consider n € {2,3}, the unit disc/ball By C R"™, the unit circle/sphere S = 0B; C R",
and 1 € C°(Sy). Setting, for x € By,

h(z) = —i/s (log ly—=|)¥(y) dH (y) ifn=2,

'—i 2 — log(1—x- —x 2 ifn =
o) = 3= [ (G —lermmtly—s) Jol) i) i

we obtain a harmonic function h in By with imp, 53—z, © -Vh(z) = (x0) — fsl Y dH L for
all xg € S1. In particular, if Y has zero mean, i.e.

: YdH" =0, (%)

then h € C%(By) with h(0) = 0 solves the Neumann problem

Ah =0 in By, lim x-Vh(z) =(xg) for all z9 € Sy .

Bi3z—x
Sketch of proof. Harmonicity of h can be checked, as usual, by differentiation under the
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2.8. Green’s representation formula and the Poisson integral 55

integral. In order to verify the boundary conditions, one computes, for y € Sy,

1 1
x-vx<—1og|y—m|) —Py(ay) — itn—2,
s 2
Vo (2 tog(1—aytly—2])) = Py(a,y) — — £ — 3
€T - —_— — 10 —X —X = T _ 1IIr n =

and thus establishes a connection with the Poisson kernel P;. This readily gives

v hia) = [ Paeaotn) )~ f wa — i)~ f var
1 1 1
for zg € S1, where the convergence results from the known fact that the Poisson integral
solves the Dirichlet problem. Finally, from the above formulas one also reads off h(0) = 0 in
case n = 2 and h(0) = (2—log Q)fsl 1pdH? in case n = 3. This establishes all claims (with

the indicated simplifications in the particular case fSl PpdH L =0). O

We emphasize that the zero-mean hypothesis () above and the corresponding require-
ment |, s ¥ dH"! = 0 for general Gauss-Green domains ) are basic necessary and suffi-
cient conditions for solvability of the Neumann problem. Indeed, the sufficiency of
(x) for solvability on the 2d disc and the 3d ball is demonstrated by the preceding theorem,
while the necessity of the general condition for obtaining a harmonic h € C2(Q2) N CY(Q)
with d,h =1 at 0L is clear from the observation fag pdH L = f@Q dyhdH" 1 =0.

Further Remarks (Green functions of the second kind on unbounded domains).
Consider an unbounded open set Q in R"™ whose boundary 0 is C! in a neighborhood of
H"~l-a.e. boundary point.

(7)

For unbounded €2, the situation differs from the one described in Remark (1) above insofar
that |, o0 Ovh dH"! need no longer vanish for harmonic h but can take arbitrary values.
Thus, one may reasonably hope to find Green functions of the second kind whose boundary
normal derivative is not only constant but even zero, and indeed we coin the following
definition: We call a function GN: {(x,y) € QxQ : y # 2} — R the Green function of
the second kind for Q if, for every z € Q, the function y — F(z—y)—GN(z,y) extends
harmonicly to €2 and it holds 8, (GN(z, -)) = 0 at 9 together with limgsy 0o GN (2, y) = 0.

For the half-space H,, := (0,00)xR"! C R"” in dimension n > 3, the unique Green
function of the second kind ng in the sense of (7) is given by the explicit formula

GY, (z,y) = F(y—z) + F(y—2~)  fora,y € H,

(with fundamental solution F' and z~ := x—2xe, as used earlier). This function is easily
seen to satisfy the above conditions and differs from its Dirichlet counterpart only in the sign
between the two terms. The corresponding Green function representation for solutions
h of the Neumann problem on H,,, n > 3,

Ah=0inH,, Oh(0, -) = in R"1, lim  h(z) =0

H,>z—

with ¢ € CO(R"™!) reads

2
h(t,a') = / vy, for t € (0,00), 2’ € R"!
n(n—2)wn Rnr-1 (t2+‘y—.’L‘/|2)T
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and is valid under suitable assumptions on the decay of h and 1, respectively, at oco.

The half-plane Hs := (0,00)xR C R? in dimension 2, in contrast, does not have a
Green function of the second kind in the sense of (7). This follows by a simple reflection
argument from the earlier observation that the plane R? does not posses a Green function (of
the first kind). Still, the formula (which is more or less suggested by the higher-dimensional
considerations)

h(t,a') = % /Rw(y) log(t*+(y—a")?) dy for t € (0,00), 2’ € R

is a sort-of Green function representation for the Neumann problem on Hs and is
valid, once more, under suitable assumptions on A or . The solutions h obtained from this
formula cannot be expected, in general, to satisfy the decay lim, 5,00 A(x) = 0 at 0o, since
the integrand does not tend to 0 for (¢,2’) — co. However, in the special case le/de =0,
the formula can be rewritten as h(t,2’) = 5~ [ ¥(y) [log(t*+(y—a")?) — log(1+t*+2")] dy,
and then in view of limp, (1 /)00 [ log(t?+(y—2')?) — log(1+t°+2"?)] = 0 one may expect
the decay limp, 5500 h(z) = 0 again.

2.9 Isolated singularities, analyticity, and reflection principles

The first result of this section deals with removable singularities and singularities of fundamental-
solution type.

Theorem (on isolated singularities). Consider an open set  in R™, a point a € R", and a
harmonic function h in Q\ {a} (which is again open and has a as an isolated boundary point).

I) Remowvable-singularity theorem: If lim, ., M=) 0 holds, then h has an exten-
( g Y ;

) , o [F(z—a)] —
ston to a harmonic function in aoll of Q.

(IT) If either lim,_, |z —a|" *h_(x) = 0 or lim,_, |z — a|" 'hy(z) = 0 is satisfied, then there
exist a constant ¢ € R and a harmonic function hg in oll of Q such that there holds

h(z) = cF(z—a) + ho(x) for all z € Q\ {a}.

Remarks (on the isolated-singularity theorem).

(1) Part (I) says: If a harmonic function h grows at isolated singularity a slower than the
fundamental solution at 0, then the singularity is artificial and can be removed.

(2) Part (II) can be expressed as follows: If, for an harmonic function h, either h4 or h_ grows
at an isolated singularity less than one power faster than the fundamental solution at 0, then
h exhibits at this singularity, quite precisely, the behavior of a multiple of the fundamental
solution. Roughly speaking this means that a harmonic function i can only have an isolated
singularity ‘worse’ than the one of the fundamental solution if both hy and h_ tend to co
(at least along some sequences) at least one power faster than the fundamental solution.

(3) Specifically and most crucially, Part (II) applies to every non-negative harmonic function
on 2\ {a} (then ¢ <0) and every non-positive harmonic function on Q \ {a} (then ¢ > 0).
This case of the result is known as Bocher’s theorem.
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(4) The growth hypothesis in Part (II) is sharp in the sense that there exists a harmonic h with
isolated singularity at a such that limsup, ., |z — a|? !|h(z)| < co. Indeed, this happens
for any first-order derivative h(z) = 0;F(x — a) of the (shifted) fundamental solution.

The proof of the removable-singularity theorem in Part (I) combines solvability of the Dirich-
let problem for harmonic functions on balls and an earlier Phragmén-Lindelof principle as follows:
Proof of Part (I). We choose B,.(a) C Q and consider the solution hy € C?(B,(a)) N C°(B,(a))
of the Dirichlet problem Ahy =0 in B, (a) and hy = h at S,(a) (where existence of hg is known
from either Section 2.5 or Section 2.8). Applying an earlier Phragmén-Lindeldf principle (see
Remark (3) on such principles in Section 2.4) to both h—hg and hg—h on B,.(a) \ {a}, we deduce
from h—hy = 0 at S,(a) that h—hg = 0 holds also in B,(a) \ {a}. We now extend h by setting
h(a) := ho(a). Then h = hg is harmonic in B, (a), and by assumption A is harmonic in Q \ {a}.
Thus, the extended h is harmonic in all of €. ]

The proof of Part (II) combines several earlier results in an interesting manner:

Proof of Part (I1). We take a = 0 for simplicity, and we treat the case of lim,_, |#|* " th_(z) =0
only. We fix B, (a) C  and a cut-off function ) € CZ5(Q2) with ¢» = 1 in B,. Moreover, for
arbitrary ¢ € (0,7), we choose another cut-off function . € CZ5;(£2) such that we have . =1
near 0 and spt . C B.. Then the function (¢)—p.)h vanishes near 9Q U {0} and thus is (when

extended with value 0 at 0) in CZ(€2). Moreover, in view of )—¢p. = 1-0 = 1 in B, \ B,
the function ()—p:)h equals h in B, \ B and in particular is harmonic there. All in all, these
properties and Green’s representation formula yield

h(z) = (—p:)h)(z) = /QF(SU—@/)A(@—%)h)(y) dy = w(z) + ho(x)  for z € B, \ Be,
where we have set

we(z) = /mym((wg)h)(y)dy and  ho(z) = / Fla—y)Agh)(y) dy.
e Q\B,

In fact, the latter definitions yield a harmonic function w, in all of R™ \ B. (since y — F(z—y)
is smooth and harmonic near B, as soon as z ¢ B. and then Aw, can be computed as usual
by exchange of differentiation and integration) and a harmonic function hg in B, (for analogous
reasons). Moreover, the behavior of F' at infinity implies lim, o we(z) = 0 in case n > 3 and
limg o0 (we(2) —c.F(x)) = 0 for ¢, := fBg A((1—p)h)dy in case n = 2. Applying the preceding
for both € and € such that 0 < £ < e < r, we infer w. + hg = h = wz+ hg in B, \ Bc. Thus we
have wz = w. in B, \ B.. This, however, leaves us with an e-independent function w which is
harmonic in all of R™ \ {0} and satisfies

h =w+ hy in B, \ {0}.
Indeed, one way of defining w is setting w(z) := w, o(v) in case |z| > r/2 and w(x) := w.(x)
in case ¢ < |z| < r/2, where in the latter case the choice of ¢ does not matter. In addition,

we can also preserve the previously recorded limit behavior for z — oo (in case n = 2 with an
e-independent constant ¢ € R).
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We now continue the reasoning for the case n > 3 only. In that case, for w we have the
properties

w harmonic in R™ \ {0}, lim |z|"tw_(z) =0, lim w(x) =0,
z—0 T—00
where the behavior for x — 0 follows from the hypothesis on h and the fact that hy stays
bounded near 0. For the Kelvin transform w*, given by w*(y) = |y|* "w(y*) for y € R™\ {0},
one may check that the preceding properties imply

w* harmonic in R"™\ {0}, lim w=(y) =0, lim |y|"?w*(y) = 0
y—oo |y y—0

(where one should notice that y — oo means y* — 0 and vice versa). At this stage, recalling
|F'(y)| = m]y\%”, we may apply Part (I) of the theorem to deduce that the singularity
of w* at 0 is removable. Then, however, a one-sided Liouville property from Section 2.6 applies
and shows that w* is in fact constant in R™ \ {0}. By definition of the Kelvin transform, this
means w = cF in R™ \ {0} with a constant ¢ € R, and thus we arrive at h = c¢F + hg at first in
B, \ {0}. But clearly we can set hg := h — cF outside B, to achieve h = ¢F + hg in all of Q\ {0}
with hg harmonic in all of ). This is the claim.

Finally, in the case n = 2 the latter part of the reasoning works similarly, but requires a
number of adaptations due to the different limit behavior of w at oo and the logarithmic growth
of the fundamental solution F'. Details on these issues will be treated in the exercises. O

Remark. If one strengthens the growth assumption in Part (II) of the theorem to either
limsup,_,, |[z—a|""2h_(x) < co or limsup,_., |z—a|"2h; (x) < co (that means in other words
lim sup,, ~a Whi;(—xé)l)l < oo or lim SUD; g % < 00), one can a%so gina a completely different
proof. This alternative argument is essentially based on comparison with the fundamental so-
lution F' (which is implemented via several different applications of maximum and comparison
principles) and on Harnack’s inequality. Anyway, since the outcome is only a suboptimal version

of the statement, we do not go into the details of the alternative approach.

The next result shows that harmonic function are, in a sense, even better than C*.

Theorem (analyticity of harmonic functions). If h is harmonic in an open set Q in R",
then h is indeed real-analytic in ).

Remark (on analyticity in multiple variables). A function f:  — R is called (real-)analytic
in © or function of class C¥ in ) if every point a € 2 has a neighborhood U in which f can be
expanded as a (uniformly) convergent power series » aclNy Ca (x—a)® with coefficients ¢, € R and
center a in the precise meaning that limy o0 D -jq<pn Ca(z—a)® = f(z) converges (uniformly)
for x € U. If this is the case, then f is of class C* in €, and the power series is necessarily the

Taylor series of f at a, that is, its coefficients are the Taylor coefficients ¢, = m(ﬂ)a f(a).

We now record some consequences of analyticity:

Corollary (identity theorem). If h is harmonic in a connected open set 2 in R™ with either
h = 0 in a non-empty open subset of 2 or 0%h(xo) = 0 for all & € Ny at one point x¢ € €,
then h = 0 holds in all of .
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Proof. The set S :={x € Q : 0h(z) =0 for all @ € INj} is non-empty, since it contains either
the open subset or the point zg from the assumption. It is also open, since the Taylor series at
a € S is the null series, and thus, by analyticity, h vanishes in a neighborhood of a and that
neighborhood is contained in S. Finally, since all 9%h are continuous, S is also closed in 2. In
conclusion, S is non-empty, open, and closed in the connected set 2. This implies S = (. ]

Corollary (refined strong maximum/minimum principle). If h is harmonic in a con-
nected open set ) in R™ and if there exists a local maximum or minimum point of h in §2, then
h s constant in €.

Proof. Clearly, the local maximum/minimum point is a global maximum/minimum point for A
restricted to an open neighborhood of this point. By the strong maximum/minimum principle,
h is constant in the neighborhood, and by the identity theorem, h is constant even in 2. O

Finally, we turn to the proof of the analyticity result which is crucially based on estimates for
the derivatives of harmonic functions. Indeed suitable estimates can be obtained in (at least) two
ways: One can either rely on the Poisson integral formula for the derivatives and estimate the
derivatives of the Poisson kernel, or one can use a comparably elementary induction argument.
Here, we follow the latter approach whose outcome is summarized in the following lemma:s:

Lemma (refined interior estimates for harmonic functions). Consider a harmonic func-
tion h in an open set Q in R™ and a ball B,(a) C Q. Then, for every m € Ny, we have

m 2" (2nm\"™"
pra@l < 2 (2l o

nT™ r

where |D™h(a)| = SUDy,; ... ume

symmetric m-linear mapping D™h(a) € L,

g1 ID™h(a)(vi,v,...,vn)| denotes the operator norm of the
(R™).

Remark. The estimates in the lemma resemble those obtained in Section 2.6 by taking deriva-
tives of a mollification kernel 1. However, as the decisive advantage, the present lemma provides
better and more explicit constants. The underlying reason for this lies in the fact that mollifi-
cation kernels (with compact support) are not analytic themselves and thus cannot be expected
to yield constants which are suitable for a proof of analyticity. (In contrast, the Poisson kernel
is analytic, which is the basis for the alternative approach mentioned above.)

Proof of the lemma. We first show by induction on m € INg that, for By,,(a) C 2, we have

ID™h(a)| < <”>m sup |

0 Bmo(a)

Since this claim trivially holds for m = 0, we can directly proceed to the induction step, in
which we assume the estimate for D™h(a) with m € INg and establish it for D™*'h(a) in
case B(u41)0(a) C 2. To this end, we consider vy, vz, ..., vm, w € Srf_l and g := 0,,, ... Oy, Oy, h.
Using the mean value property and the divergence theorem for d,,g = div(gw), we find |0,,g(a)| =
ﬁ‘ fBg(a) dwg dz| < ﬁ fsg(a) gl dH" 1 < Zsupg,(q) |9/, and in view of the above choices we
infer [D™*17(a)| < % supg,(q

right-hand side of the last estimate by |D™h(b)| < (%)msumeg(b) |h| < (%)msupB(mH)g(a) |h]

at each point b € S,(a), and thus we arrive at [D™"!h(a)| < ( 1supB(mH)g(a) |h|. This

) |ID™h|. In view of the induction hypothesis, we can control the

+
)"
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completes the induction. Combining the outcome of the induction argument with ¢ = 5 and
the mean value estimate |h(b)| < mHhHl;Br(a) for b € B, /s(a), we finally end up with
D™ h(a)] < (252)" supp, () 17| < 225w (352) " 1R 18, 0) U

Proof of the analyticity theorem. Fix a ball By, (a) C 2. We estimate, for m € IN, the remainder
R 1h(z) == h(z) — S0 EDkn(a)(z—a,z—a,...,z—a) = h(z) — > lal<m—1 9%h(a) (x—a)® in

al
the Taylor formula. To this end, we use the well-known Lagrange estimate for the remainder

R™ 15, the estimate [D™h(z)| < -2 (Q”W)mHhHl;BQT(a) for x € By(a) from the preceding

wpr™ T
lemma and the observation'® that m! > ()™ for m € IN. We infer
_ x—al™ 2" (2en|r—al\"™
R (o)) < | sup [D"™h| < hlls,
Ry e < I s (D7 < 2 .

for x € B,(a), and thus we have shown lim,;, ;oo R™ 1h(x) = 0 in case |x—a| < 7/(2en) (and in

fact we can also read off that the convergence is uniform in z € B, /(3en)(a)). This means that
the Taylor series of h at an arbitrary point a € € converges (uniformly) in a neighborhood of a
and coincides with h itself there. So, we have established analyticity of h. O

As the final topic in this section, we discuss the extension of harmonic functions by reflection:

Theorem (reflection principles for harmonic functions). Consider an open set Q in R"™, and
decompose it into Q. :={x € Q:x1 >0}, Q_ :={x € Q: 21 <0}, and Qo := {z € Q: x; = 0}.
Moreover, assume that Q) is symmetric with respect to reflection at the hyperplane {0} xR"™1,
that is {x~ : © € Q} = Q with the notation = := x—2x1e1 = (—x1, T2, T3,...,Ty) for z € R™.
(I) Odd reflection principle: If h € C?(Q,) N C%Q. U Qo) is harmonic in 0, with zero
boundary values h =0 at g, then odd reflection

(2) = h(x) forx € QL UQ
" | =h(z") forze_

defines a harmonic function h in ).

(I) Even reflection principle: If h € C2(Q4)NCYHQL UQy) is harmonic in Q. with zero
boundary normal derivative O1h =0 at Qq, then even reflection

o) h(z)  forx € Q4 UQ
‘ h(z™) forxeQ_

defines a harmonic function h in €.
Remarks (on the reflection principles).

(1) In both reflection principles it is clear that h is harmonic in Q, U Q_ (simply by taking
into account A[h(z7)] = (Ah)(z7)). The essential and non-trivial claim, however, is C?
regularity of h across Qg (i.e. in an open neighborhood of € in ). With this regularity
is at hand it becomes evident that h is harmonic across Qg (by continuity of Ah) and then
also smooth and analytic across Qg (by earlier theorems).

15This observation can be proved by an induction argument (based on the estimate (1—&—%)7” <'e). Alternatively
it can be viewed — at least for m > 1 which suffices for our purposes — as a consequence of the famous Stirling
formula lim.,— oo L\/ﬁ = +/2m, which describes the growth of the factorials.

=
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2.9. Isolated singularities, analyticity, and reflection principles 61

(2) In particular, the reflection principles yield C“ boundary regularity of harmonic
functions in the cases considered: If h € C?(Q4)NC%(Q4+ Uy) is harmonic in 4, then we
already know analyticity h € C¥(€24) in the interior. Beyond that, in case of zero Dirichlet
boundary values on the boundary portion €0y, the odd reflection principle implies even up-
to-the-boundary analyticity h € C¥(Q UQp). Similarly, the even reflection principle yields
up-to-the-boundary analyticity in case of zero Neumann boundary values on the boundary
portion .

(3) For the even reflection principle, it suffices to impose only the slightly weaker hypotheses
h € C3Q4)NCYQy UQp), 01h € CO(Q4 UQp) instead of h € C2(24) N CL(Q24 UQg). This
will be clear from one of the proofs at least.

Next we provide two alternative proofs for the odd reflection principle.

1% proof for Part (I) of the theorem. Since h vanishes at g, we clearly have h € C°(€2). For
a €, we set ry :=|ai| > 0in case a € Q4 UQ_ and r, := oo in case a € y. With this choice of

re we claim fBr(a) hdz = h(a) for every ball B,(a) C Q with r € (0,7,). Indeed, in case a € Q4

this is immediate by the mean value property of the harmonic function A in Q. , since the choice
of 4 ensures By(a) C Q. In case a € Qo, we first find [p (g, h(@)dz =[5 ynq h(z7)dz,

by reflection of the x; variable, and then end up with fBr (@) hdz = 0= h(a). All in all, we have

shown that h € pO(Q) satisfies the mean value property on balls with radii r € (0,r,), and then
harmonicity of h in Q follows by the characterization lemma in Section 2.7. O

2™ proof for Part (I) of the theorem. Since h vanishes at g, we clearly have h € C°(Q). For
a € Qp and B,.(a) C Q, the Poisson integral formula

ho(z) = /S P

B / h(y)P(w,y) A" (y) — / h(y™)Pr(z,y) dH" " (y)
S (a)NQ4 S, ()N

for € B,(a) provides a harmonic function hg € C?(B,(a)) N C°(B,(a)) with hg = h at S,(a).
Specifically, for z € B,(a) N Qp, by reflection of the y-variable and the fact that P,(z,y~) =
P,(x,y) for 1 = 0 we infer that the integral on S,(a) N 4+ equals the one on S,(a) N Q_.
Thus, these integrals cancel out, and we read off that hg vanishes at B, (a) N Q. Consequently,
h—hg € C?(B,(a) NQ+)NCO(B,(a) N Q) is harmonic in B,(a) N+ with zero boundary values.
Applying earlier maximum /uniqueness principles on B,(a) N Q4, we conclude that h = hq is
harmonic in all of B, (a). Since every a € € is contained in a suitable ball B, (a), this proves
that A is harmonic across €. O

Here, the second proof of (I) can be adapted to establish the even reflection principle in Part
(IT) of theorem. This adaptation and also an alternative proof of (II) by reduction to (I) will
be treated in the exercises.

Further Remarks (on the reflection principles).

(4) Similar principles for the reflection at the unit sphere S; are based on the Kelvin transform
(defined by u*(y) := |y|> u(y*); see Remark (2) on Green functions in Section 2.8).
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62 CHAPTER 2. The Laplace equation and the Poisson equation

In detail, these principles apply on an open set 2 in R™ \ {0} which is symmetric with respect to reflection at S, and
on such Q they can be stated as follows:

0Odd reflection principle: If h € C2(Q N B1) N C%(Q N By) is harmonic in © N By with A = 0 at QN Sy, then

() = {h(w) for z € QN By

—h*(xz) for x € Q\B1

defines a harmonic function h in €.

Even reflection principle: If h € C2(Q NnB1)N CI(Q HE) is harmonic in Q@ N By with 9,h = 0 at @ N S1 (where v
denotes the outward unit normal to B1), then

() = h(z) forx e OE
h*(z) forz € Q\ By

defines a harmonic function & in €.

Sketch of proof. We first argue that we have the boundary regularity h € C'(2NB1) also in case of the odd reflection
principle. Indeed, this follows from the boundary regularity recorded in the above Remark (2) for flat boundaries,
since the Kelvin transformation connects the Dirichlet problem on (parts of) B1 to the one on (parts of) the half-space
H,; compare Remark (2) in Section 2.8 once more. With the regularity h € C2(2NB1)NC!(2NBy) at hand, it is then
straightforward to check by computations of derivatives of h* that h € C2(Q2\S1)NC*(Q) holds in the situation of both
principles. Moreover, since the Kelvin transformation preserves harmonicity, h is harmonic in Q\ S;. From Green’s
first identity we next obtain fQﬁBl Vh-Vodr = fQﬁSl OyhpdH™ ! and fQ\B—l Vh -V =— fﬂmsl dyhpdH" 1 for
all ¢ € CZ(22) (even with zero right-hand sides in the situation of the even reflection principle). Adding up these
two equations, we conclude that h is weakly harmonic and thus harmonic in . O

(5) There are reflection principles (with applications to boundary regularity) also for other
PDEs.

2.10 Perron’s method for the Dirichlet problem on general do-
mains

In this section we return to the existence issue in the Dirichlet problem for harmonic functions
Ah=0in Q, h = ¢ at 092, (DP)

on (quite) general domains 2. Indeed, in the sequel we will generally assume that 2 is a bounded
open set in R™. We will see, however, that this alone does suffice for solutions A to exist and
that more assumptions on €2 will come into play.

We now describe an elegant method, known as the Perron method, for solving the Dirichlet
problem on general domains. This method, which decisively draws on Section 2.7, has the
advantage that it produces a candidate (in fact the only candidate) for a solution very quickly:

Definition (subfunction for the Dirichlet problem). Consider a bounded open set 2 in R™ and
a bounded function p: 0Q — R. A subfunction u for the boundary datum ¢ is a subharmonic
function u € C°(Q) (in the generalized sense of Section 2.7) such that limsupgs,_,, u(z) < (a)
holds for all a € 02

Definition (Perron function). Consider a bounded open set Q in R"™ and a bounded function
p: 0Q — R. The Perron function h for ¢ is the function h: Q — R obtained as the pointwise
supremum of all subfunctions for y, that is,

‘h(x) = sup{u(z) : u is a subfunction for ¢} for all x € Q ‘
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2.10. Perron’s method for the Dirichlet problem on general domains 63

Remarks (on the definition of the Perron function). Consider a bounded open set 2 in R™ and
a bounded function ¢: 9Q — R.

(1) The supremum in the definition of the Perron function h is always finite, and indeed we
have
info <h<s in Q.
peshSompe

Proof. The left-hand inequality results from the fact that the constant function with value
infyq ¢ is a subfunction for ¢. The right-hand inequality follows from the observation that
every subfunction u for ¢ satisfies u < supyq ¢ on €2 by the weak maximum principle (in a
form recorded towards the end of Section 2.4). Ul

(2) If a solution hy € C?(2) N C%(Q) to the Dirichlet problem (DP) exists, then this solution
ho necessarily equals the Perron function h. Hence, the Perron function is a perfectly
reasonable candidate solution and indeed yields a solution whenever one exists at all.

Proof. Since hg is a subfunction for ¢, the Perron function h satisfies, by its very definition,
h > hg in . Moreover, by a comparison principle, every subfunction u for ¢ satisfies u < hg
in €, and from this we infer, again by definition, A < hg in 2. ]

Regardless of the preceding remark it is not evident and still needs to be proved under
suitable assumptions that the Perron function for ¢ actually solves the Dirichlet problem (DP).
One out of two major steps in this direction is addressed in the following theorem.

Theorem (harmonicity of the Perron function). Consider a bounded open set 0 in R"
and a bounded function p: Q) — R. Then the Perron function h for ¢ is harmonic in Q.

In order to approach the proof of this theorem we first establish an auxiliary lemmas:

Lemma (harmonic replacement). Consider an open set 2 in R"™, a ball Br(a) C Q, and
a subharmonic function u in  which is continuous on Sgr(a). Then there exists a function
h € C2(Br(a))NC°(Bg(a)) which is harmonic in Bg(a) and satisfies h = u at Sg(a). Moreover,
by setting

B {h(az) for © € Br(a)

u(x) =

u(x) forz € Q\Bg(a)
we obtain another subharmonic function @ in ) which satisfies w > u in Q.

The function @ in the lemma is sometimes called the harmonic replacement of u (with regard
to the ball Bgr(a)).

Proof of the lemma. The existence of h is known from Section 2.5 and Section 2.8, respectively.
Moreover, by the comparison principle of Section 2.7 we infer A > u in Bg(a) and thus @ > u
in . To complete the proof we show that @ is subharmonic. To this end, as seen in Section
2.7, it suffices to verify u(z) < JCBT(x)de whenever B,(z) C Q with » € (0,r,), where r, are

arbitrary positive numbers. Indeed, in case z € Bgr(a), for r < r, := R—|z—a|] > 0, we have
B,(z) € Bg(a) and u(z) = h(z) = JCBT(:::) hdy = fBT(z)Edy by the mean value property of h.
In case x € Q\ Bg(a), the subharmonicity of u implies u(z) = u(z) < JCBT(m) udy < JCBT(m) udy
even for arbitrary r < r, := oco. O
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Proof of the theorem. We fix an arbitrary ball Bg(a) C €. The definition of the Perron function
h yields a sequence (ug)ren of subfunctions for ¢ such that limg_,o, ux(a) = h(a). Possibly
replacing ug with the pointwise maximum max{ui, ug, ..., u;} (which is still subharmonic; see
Section 2.7), we can assume that the sequence is non-decreasing, that is, ux+1 > uy in Q for all
k € IN. Since subfunctions are continuous by definition, we can apply the lemma and consider
the harmonic replacements uy of wuy, here all taken with regard to the fixed ball Bg(a). By
the lemma, the @ are still subharmonic in €2 and hence are subfunctions for ¢. In particular,
the maximum principle yields the uniform bound @ < supyq ¢ in € for all £ € IN. Moreover,
since the comparison principle implies h1 < hy < hg < ... for the harmonic functions hj in
the definition of ug, we also get ur;1 > Uy in €2 for all £ € IN. Now, the Harnack convergence
theorem from Section 2.6 applies to the non-decreasing sequence (ug)ren and guarantees that
the in-Bg(a)-harmonic functions %y, converge for k& — oo to a harmonic limit function A in Bg(a).
Since the Perron function h lies above all the subfunctions %y, it also lies above h in Bg(a),
that is, h < h in Br(a). However, in view of h(a) = limg oo Ug(a) > limy oo ur(a) = h(a),
we have equality h(a) = h(a) at the center point a. Now we use a contradiction argument to
show h = h even in the full ball Bg(a). Indeed, assume that this is false and there exists some
x € Br(a) with h(z) < h(z). Then, by definition of the Perron function, h(x) < u*(x) holds for
some subfunction u* for ¢. Furthermore, the functions v} := max{us,u*} and their harmonic
replacements 17,;, still taken with regard to Bgr(a), are subfunctions for ¢ with m > 772 on {2
for all k € IN. As before, the Harnack convergence theorem then yields a harmonic limit function
h* = limg o0 u} in Br(a) which satisifies h*(a) = h(a). In view of uj > uy we have u} > uy
and h* > h in Br(a). Thus, h—h* is a non-positive harmonic function in Br(a) and satisfies
h(a)—h*(a) = h(a)—h(a) = 0. Hence, the strong maximum principle implies the coincidence
h = h* in all of Bg(a). With this, we finally arrive at h(z) = h*(x) > uf(z) > ui(z) > u*(z)
which contradicts the choice of u* above. In conclusion, we have proved that h = h is harmonic
in Br(a). Since this applies for an arbitrary ball Br(a) C €, the claimed harmonicity of the
Perron function A in € is established. O

The second step in the existence program consists in proving that the Perron function attains
the prescribed boundary values. In fact, the next theorem characterizes situations in which this
is the case with the help of some more terminology:

Definition (barriers and regular boundary points). Consider an open set Q in R™.

(I) A function b: Q — R is called an (upper) barrier for a boundary point a € 9Q on Q
if b is continuous on QU {a}, superharmonic in Q, and lower semicontinuous on 2 with

b>0 onQ\{a} and b(a) = 0.

(IT) We say that there exists a local barrier for a boundary point a € O if there exist some
r > 0 and a barrier for a on QN B.(a). A boundary point a € I is called (a) regular
(boundary point) for Q if a local barrier for a exists.

Theorem (regular boundary points and attainment of boundary values). For a bounded
open set Q in R™ and a boundary point a € L), the following assertions are equivalent:

(1) The point a is a regular boundary point for §, that is, there exists a local barrier for a.
(1) There exists a barrier for a on Q.

(2) For every ¢ € CO(0R), the Perron function h for ¢ satisfies limasz s h(x) = ¢(a).
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2.10. Perron’s method for the Dirichlet problem on general domains 65

(2") For every bounded p: 00 — R which is continuous at a, the Perron function h for ¢
satisfies limqs,—q h(z) = p(a).

Proof of the implication (1) = (1’). By assumption there exist some r > 0 and a barrier b
for a on QN By, (a). It follows from the lower semicontinuity of b on 2N By,(a) and b > 0 on

QN Bar(a)\{a} that by := MingSp—5\ B, (o) 0 €xists and is positive. We now claim that a barrier

b for a on €2 is obtained by setting b := min{b, by} on 2N Ba,(a) and b := by on 0\ B, (a) (where
both these sets are open in § and the definitions coincide on their overlap). Indeed, continuity,
superharmonicity, and lower semicontinuity carry over from b to min{b, by} and then, by locality,
to E; compare Section 2.7 for the operations with superharmonicity. Moreover, we clearly have
b>0onQ)\ {a} and b(a) = 0. So, b is a barrier for a on 2 as claimed. O

Next we establish the implication which is crucial for the existence theory.

Proof of the implication (1') = (2'). By assumption there exists a barrier b for a on Q. We
consider a bounded ¢: 92 — R which is continuous at a and an arbitrary € > 0. Thanks to the
continuity of ¢ at a we can fix > 0 such that

lp—p(a)] <e  inBsla)NQ.

Since supyg, || is finite and mingg\ g, (o) b is positive (the latter by lower semicontinuity of b and
b>0at 002\ {a}), we can next fix C' € [0,00) such that

2su <(C min b.
8Qp‘80’ T 00\Bs(a)

Finally, since b is continuous on Q U {a} with b(a) = 0, we can find some & € (0, 8] such that
Cb<e in Bz(a) N Q.

Now, the superharmonicity of b implies that ¢(a) — e — Cb is subharmonic in Q. In addition,
¢(a) —e—Cb is upper semicontinuous on { and < ¢ at 99 by the choices of § and C' above (and
the fact that Cb > 0 on Q). All in all, p(a) — ¢ — Ob is a subfunction for ¢, and analogously
o(a) + e+ Cb is a superfunction for ¢ (which can be defined by saying that —(¢(a) + & + Cb)
is a subfunction for —¢). For the Perron function h for ¢, these considerations yield

pla) —e=Cb<h<gpla)+e+Cb inQ,

where the left-hand inequality follows directly from the definition of the Perron function, while
the right-hand inequality combines the definition with the observation that every subfunction for
¢ stays below the superfunction ¢(a)+e+Cb. In other words, we have shown |h—¢(a)| < e+Cb
in , and taking into account the choice of § we end up with

|h —p(a)] < 2e in Bj(a) N Q.
Since we started with an arbitrary € > 0, we have indeed shown limgs,—q h(x) = ¢(a). O

At this stage, we record that the implication (2') = (2) is trivial. Thus, we can complete
the proof of the theorem by providing the following reasoning.
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Proof of the implication (2) = (1). Setting u(z) := |z — a| for z € R"™, we obtain a continuous
convex function v on R™. In particular, u is subharmonic in R™ and on €2 (compare Section 2.7)
and is a subfunction for its boundary values ¢ := |y, € C2(09). Consequently, the Perron
function h for ¢ satisfies h > u on ). Moreover, from the previous theorem we infer that h
is harmonic, thus superharmonic and continuous, in €2, and from the assumption (2) we get
limosg—q h(2) = u(a) = 0. Once we extend h by setting h(y) := liminfos,,, h(x) for y € 09,
then h is also lower semicontinuous on Q with A > u > 0 on Q and h(a) = 0. All in all, h is a
barrier for a (even) on (all of) Q. O

By combination of the last two theorems we indeed solve the Dirichlet problem for har-
monic functions on a bounded open set €2 in R” under a necessary and sufficient condition,
namely regularity, at the boundary 9€2. We summarize this situation and moreover provide
a first sufficient geometric criterion for regularity in the next theorem.

Main Theorem (Dirichlet problem for harmonic functions on general domains).
Consider a bounded open set € in R".

(I) The Dirichlet problem
Ah=01inQ, h = at 002

has, for every ¢ € CY(09Q), a (unique) solution h € C?(Q) N C°(Q) if and only if all
boundary points of ) are regular for ().

(II) If Q satisfies an exterior ball condition at a boundary point a € 98, that is, there exist
y € R™ and r > 0 such that B,(y) NQ = {a}, then the boundary point a is regular for Q.

In particular, if ) satisfies an exterior ball condition at every boundary point in 0S), then the
Dirichlet problem with an arbitrary continuous boundary datum has a (unique) solution.

Proof. We first prove (I). On one hand, if the Dirichlet problem is generally solvable, then
condition (2) in the previous theorem is satisfied for every a € 992, and that theorem yields that
all @ € 09 are regular for 2. On the other hand, if all points a € 9€) are regular for €2, then the
last two theorem imply that the Perron function h for given ¢ € C%(9Q) is harmonic in Q with
limgssq h(z) = p(a), that is, h extends continuously to £ and solves the Dirichlet problem.

In order to prove (II) it suffices to provide a local barrier for a. Indeed, using the ball B,.(y)
of the exterior ball condition and setting

b(x) P2 —|p—y> ™ ifn>3
—logr +loglz—y| ifn=2

for 2 € R" \ {y}, we obtain a harmonic function b in R™ \ {y}, which is strictly positive in
R™\ B,(y) and vanishes at S,(y) . In particular, in view of Q\ {a} C R"\ B,(y) and a € S,;(y),
this means that b is barrier for a (even) on (all of) €. O

With the preceding theorem at hand, the existence issue for the Dirichlet problem is reduced
to the question if the domain under consideration has only regular boundary points. Thus, we
now discuss the latter and still non-trivial question in some detail — without detailed proofs
and full background explanations, however.
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Remarks (on regular and irregular boundary points).

(0)

Regularity (and thus also irregularity) of a boundary point a € 02 for an open set 2 is a
local property of €2 near a, i.e. it depends only on QN B, (a) with arbitrarily small r > 0.

Moreover, regularity of a boundary point a € 99 for {1 is preserved when (2 is made smaller.
More precisely, if a is regular for {2, and Q is an open subset of €2 such that a € 8(2 then a
is regular for Q as well.

Both these properties are immediate from the definition of regularity, and the first property
may be seen as an advantage of using local barriers in the definition of regularity.

Convex domains 2 C R" satisfy an exterior ball condition at every point a € 9€2. In fact,
in this case there exists even a half-space H = {y € R" : v-(y—a) > 0} with v € S7™! such
that QN H = (), and as a consequence we have Q N B, (a+rv) = {a} for every r > 0.

An open set Q C R” has C? boundary if, for every a € 05, there exist 6 > 0, T € O(R™),
and f € C3(R"!) such that QN B,(a) = T{(z,y) € R" xR : y < f(z)}) N B,(a), that
is, Q coincides locally near a with the rotated subgraph of a C? function. Starting from
the observation that C? functions are locally majorized by parabolas, one can prove that C?
subgraphs and then also open sets in R™ with C? boundary satisfy an exterior ball condition
at every boundary point.

An open set Q C R” is called C2-quasiconvex if, for every a € 0f), there exist r > 0, a
convex open set C' in R™, and a C? diffeomorphism ® from R™ onto an open subset of R"
such that QN B, (a) = ®(C) N B,(a), that is,  coincides locally near a with the image of a
convex set under a C? diffeomorphism. This notion includes both convex domains and open
sets with C? boundary, and still C?-quasiconvex open sets in R"™ can be shown to satisfy an
exterior ball condition at every boundary point.

In conclusion, the preceding theorem therefore guarantees the solvability of the Dirichlet
problem for harmonic functions on all these domains €2 and thus on a quite rich class of {2s.

However, the exterior ball condition is only sufficient, not necessary for regularity and can,
in fact, be weakened as follows:

If an open set 2 C R"™ satisfies an exterior cone condition at a € 92, that is, there exists
a non-empty open cone'® C' C R™ with vertex at the origin such that QN (a+C) = {a}, then
a is still regular for €2. This can be proved by a refined reasoning based on the previously
treated cases, maximum principles, and scaling invariance of cones.

Specifically in two dimensions, a point a € 052 is even regular for an open set Q C R?, if
merely satisfies an exterior segment condition at a, that is, there exists y € R?\ {a} such
that the line segment from a to y does not intersect 2. In order to prove this, it suffices
to consider the basic case of the disc-with-a-cut D, := B? \ ((—00,0]x{0}). However,
the solvability of the Dirichlet problem on D, (and as a consequence the regularity of all
boundary points of D) follows from the solvability of the Dirichlet problem on the half-
disc D, := B2 N ((0,00)xR), since harmonic functions h in D, correspond via h(z) :=
h(z?—23,2x129) to harmonic functions h in D,. Here, the background reason for this
correspondency is that R? — R?, x + (22 —23, 22122) can be identified with the holomorphic
map C — €, z — 22, but clearly one can also compute Ah(z) = 4|x?Ah(z?—23, 27 22) and
in this way check the correspondency ‘by hands’.

Here a set C C R™ is a cone with vertex at the origin if = € C implies Rsoz C C.
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(3) Examples of irregular boundary points are isolated boundary points, points near which
the boundary is o-finite for "2, and in case n > 3 tip points of certain sharp inward cusps
(with a classical example of such a cusp in dimension n = 3 known as Lebesgue’s thorn).

(4) In principle, there is even a necessary and sufficient (though not always easy-to-check)
criterion for regularity, the Wiener criterion or Wiener test: A boundary point a € 052
is regular for an open set 2 in R™, n > 3, if and only if there holds

Z 2" =2k Cap, (By-x(a) \ ) = o0,
k=0

where the harmonic capacity or 2-capacity Cap, is the set function defined in case n > 3 by

cpt

Capy(K) := inf{/ |Vu?dz : we CL (R"),u>1on K} for compact K C R"™.

The theory of (this) capacity and the proof of the Wiener criterion are topics in (advanced)
potential theory and go beyond the scope of this lecture.

However, to provide a bit of background explanation, we mention that the capacity can be
estimated by

n

const(n)L"(K) < Cap,(K) < const(n)H" %(K) for compact K C R".

Thus, the 2-capacity of K is related to the measures #"(K) and H" 2(K) and may —
though it does not truly behave like a measure itself — be regarded as an indicator value for
a sort-of size of K. In this light, the Wiener criterion indeed expresses that the complement
B,(a) \ 2 of Q in B,(a) does not decrease, in way quantified via Caps,, too fast for r 0.

In dimension n = 2, Wiener’s test applies with slight technical adaptations. For instance, the above statement remains

valid if one uses relative capacity with respect to a fixed bounded open set Gy C R? such that Bi(a) C Gy, that is,
one understands Capy(K) := Capy (K, Go) := inf{fGO |[Vu|?dz : u € Cépt(Go)7 u>1on K} for compact K C Go.

For more details on the criteria mentioned above and on regularity and irregularity of boundary
points in general, we refer to [2, Chapters 6.6 and 7.7|, for instance.

Finally, we briefly mention that Perron’s method for solving the Dirichlet problem has a closely related predecessor
in Poincaré’s balayage method (where the French word ‘balayage’ signals that non-harmonicity is successively swept
out in this approach). Also this method work on bounded open @ C R™ and for a given a bounded datum ¢: 92 — R.
One writes Q = [J;2; B; as a countable union of balls B; such that B; C Q and such that the sequence (B;);c contains
each of its balls B; not only once, but rather the same ball occurs for infinitely many indices ¢. Starting from an arbitrary
subfunction u for ¢, one then defines u; as the harmonic replacement of u with respect to B1 and inductively defines ;41
as the harmonic replacement of u; with respect to B;41. While this clearly yields an increasing sequence of subfunctions,
one should observe that the harmonic replacement at a later step may evidently wreck harmonicity on a ball occurring
earlier if that ball intersects the currently relevant one. However, in view of the re-occurrence of each ball, one may hope
that non-harmonicity is successively swept out (as indicated by the name of the method), and indeed by a reasoning not
too much different from the one earlier in this section it can be shown that w; converge for ¢ — oo to a harmonic limit
function h in Q. Moreover, if suitable barriers are available, the subfunctions u; can be bounded from above by upper
barriers and may be modified to lie above certain lower barriers. Therefore, when suitably elaborating on the details one
can reach an existence theorem very much similar to the one in this section, and all in all it becomes clear that the main
advantage of Perron’s method over the balayage method lies mainly in the very convenient formula for directly writing
down the candidate solution, while otherwise the methods have quite a lot in common.
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2.

11 The Newton potential as a solution of the Poisson equation

We first introduce a class of function spaces, which serve as a decisive tool in this section.

Definition (Holder spaces).

(I) Consider a function g: X — RN on a metric space X and o € (0,1]. We say that g
is a-Hélder continuous or Hélder continuous with exponent o on X if there exists a
constant C € [0,00) such that

lg(y) — g(z)| < Cdx(y,x)* holds for all z,y € X .

The smallest possible constant

= W @I o
9o = e daly ) e 0o

in the inequality is called Hélder constant or (a-)Hélder seminorm of g on X. We
complement this definition for the case a = 0 with the convention that g is 0-Hélder-
continuous on X if it is continuous and bounded on X, with corresponding seminorm

[9lo.x = 0scx g := sup, yex |9(y)—g(x)] € [0,00).

(IT) Consider an open set 2 in R™, a non-negative integer k € g, and an exponent o € [0, 1].

The Hélder space CH(Q) consists of all functions u € CF(Q) such that 9Pu is bounded
on Q for all B € N§ with |B] < k and additionally a-Hélder-continuous in Q in case
|B| = k. This space is equipped with the C**-norm

Ul e a := ma (sup 65u>+ma 9Pul .
Jullcreey = max (sup[07u]) + mas (0]

The Hélder space CH*(Q,RN) of RN -valued functions u is defined analogously.

It is straightforward to verify that the Holder spaces are indeed Banach spaces with the

given norms, and thus we refrain from explicating any details on this.

Remarks (on Holder spaces).

(1)

(2)

(3)

Holder continuous functions with Holder exponent 1 are also called Lipschitz continuous.
Correspondingly, in this case the Holder constant is also known as Lipschitz constant.

The local Hélder space C%(2) consists of all u € C¥(€2) such that, for every = € €2, there

loc

exists an open neighborhood O of z such that u|, € C*%(0O). The space C’fp‘g‘(Q) consists

of all u € C»*(Q) with compact support in Q.

In case of convex € there holds'” C**+12(Q) c C*1(2), and an inductive application of this
fact shows that, for u € CH(Q), the lower-order partial derivatives 9°u with |3| < k—1 are
all Lipschitz continuous on Q. Specifically, CF*(Q) ¢ C*1(Q) holds even on arbitrary €.

loc loc

17To prove this assertion one reasons that boundedness of VO%u on € implies Lipschitz continuity of &*u on Q
by the standard estimate |9°u(y)—0%u(z)| = | fol VoPu(z+t(y—z))- (y—z) dt| < (supg |VOPul) ly—z|.
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70 CHAPTER 2. The Laplace equation and the Poisson equation

(4) The space C{CO’(C)(Q) is nothing but the standard space C¥(2) of k-times continuously differ-
entiable functions on .

Now we turn to a systematic treatment of the Poisson equation
Au=f in

with given right-hand side f: Q@ — R and unknown u:  — R. In the case Q = R", the last
term in Green’s representation formula from Section 2.8 provides a candidate solution, for which
we introduce a specific name:

Definition (Newton potential). For f € Lg (R"), the Newton potential Ny: R" — R of
f is defined as the convolution of f with the fundamental solution F, that is,

Nj@) = (Fef)@) = [ Fla-p)f)dy oz e R,

n

In this definition, the integral exists with finite value, since we have F € L{ _(R") and

f e LS&(IR”). In particular, thanks to the compact support assumption on f, the fact that

F ¢ L}*(R™) does not cause trouble.
Remarks (on basic solution properties of the Newton potential).

(1) The heuristic equation “AF = ¢y” from Section 2.1 suggests the heuristic computation
ANy (z) = X AF(z—y)f(y)dy = ; fx=2)AF(z)dz = X f(z=2)ddo(2) = f(x)

for € R™. Thus, one may conjecture (though not yet on a very solid basis) that N solves
the Poisson equation with right-hand side f, that is,

ANy =f imR"|

(2) The prediction of (1) is actually correct in many situations, and for
f € Cgpt(Q)

we now provide a fully valid quick proof: We first rewrite the definition of Ny as Ny(z) =
Jan f(z—2)F(2)dz for & € R™. Then, since the pure second derivatives 0?f are bounded
on R™ with compact support and F € Li. (R™) holds, the differentiation

loc

ANy (z) = - Af(x—2)F(z)dz = ;1{% -~ (A, f(z—2)]|F(z)dz

is justified. For fixed 2z € R™ we choose a radius R € (0, 00) such that x—spt f C Br. Then
the domain of the last integral can be replaced by Bg \ B, and from Green’isecond identity
(with vanishing boundary term on Sg) and the fact that AF =0 in Br \ B. we infer

/ (A, f(z—2)|F(z)dz
R"\B.
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Using the explicit form of F — as in the proof of Green’s representation formula in Section
2.8 — we see that the first integral on the right-hand side vanishes in the limit € ~\, 0,
while the second integral turns out to be the mean value integral fsg flz—2z)dH1(2).
Summarizing and using the continuity of f, we thus conclude

ANy (z) = hm][ flr—2)dH" 7 (2) = f(x) for all z € R™.

The C? assumption on the right-hand side f in (2) is artificial, since the Poisson equation
Au = f does not at all involve derivatives of f. However, if we merely assume

f € cht(Rn> )

o0

o (R") is generally a very weak

by similar arguments we can show at least that Ny € L
solution to the Poisson equation in the sense of

/ NiApdr = fodx for all p € CZ(R™).
n Rn

Indeed, in order to prove this, we fix ¢ € CZ5(R") and rewrite with Fubini’s theorem

/ Nngodaj—/ / (z—y) f(y) dy Ap(x) dz
Rn n n

N /nf(y) /R F(2)Ap(y+2)dzdy.

For arbitrary y € R™ we choose L € (0, c0) such that spt ¢ C Br(y). Then, based on Green’s
second identity, the harmonicity of F' on R™\ {0}, and the form of VF we compute, once
more in the spirit of Section 2.8,

F(2)Ap(y+2)dz
Rn

= lim F(2)Ap(y+2z)dz
8\‘0 BL\BE

= lm [— /S F(2) 5 Vly+z) dH" (2 )+/ G VE(2)e(ytz) dH" 7 (2)

— ii\ll%]ég P(y+2) dH" 1 (2) = o(y).

€

Inserting the result of the last computation into the preceding equality, we end up with

/ NtApdr = / fody for all p € C(R"),

that is, we arrive at the claimed weak solution property.

In the sequel we further refine these observations and reach natural results which do not
require the C? assumption for the right-hand side f, but still yield solutions in a better sense
than just the very weak one. These refinements, however, require more elaborate regularity
estimates in Holder spaces:
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72 CHAPTER 2. The Laplace equation and the Poisson equation

Theorem (regularity and solution properties of the Newton potential).

(I) Suppose
f e L (R™).

Then the Newton potential u := Ny satisfies

ue CHY(R™) for all a € ]0,1)

loc

with corresponding estimate
Hu”cl,a(ﬂ) < const(n, @, R)|| f||oc;rm

for all bounded open subsets Q of R™ with bound diam(Q2 Uspt f) < R < co. Moreover,
u is a weak solution to the Poisson equation Au = f in R™ in the sense of

— Vu-V@d:L‘:/ fedx for all o € C(R™).
R” R”

(IT) Suppose

fe CS&‘(R”) for some a € (0,1).

Then the Newton potential u := Ny satisfies
ue C2%(R")

loc

with corresponding estimate
lullcz.a () < const(n, @, R)| fllgo.amn)

for all bounded open subsets Q of R™ with bound diam(Q Uspt f) < R < co. Moreover,
u 18 a classical solution to the Poisson equation Au = f in R™.

Proof of Statement (I). We first show that we have u € C'(R") with gradient given by

Vu(z) = VF(z—y)f(y)dy for z € R™. (%)
]RTL

Here, the integral on the right-hand side exists with finite value in R"™, since we have VF €
Li (R",R™) and f € L (R™). We emphasize, however, that the identity (x) cannot be derived
directly from the definition of u as Newton potential of f by the usual exchange of differentiation
and integration, since there exists no z-independent majorant for the mappings y — VF(x—y)
with singularity at x. However, the problem can be circumvented by “cutting out” the singularity
as follows. We choose a C* function n: R — [0,1] such that n = 0 on (—o0,1] and n = 1 on
[2,00). Then, for € > 0, we set

wlo)= [ Fayn()f)dye R foroe R,

and we infer pointwise convergence lim\ u.(z) = u(x) for x € R™ from the dominated conver-
gence theorem with majorant y — |F(z—y)f(y)|. For uc, exchange of differentiation and integra-
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2.11. The Newton potential as a solution of the Poisson equation 73

tion is justified (since z — F(z)n(|z|/¢) is smooth in R™ and thus y — V,[F(z—y)n(lz—y|/e)]
is bounded on spt f). Therefore, we get

Vi) = | Va[Fla-pn(24)] 1) ey
= VF(x—y)n(w;y')f(y)deri/}RnF(x—y)n’( = >|x y /() dy

]Rn

Using this formula and taking into account " =0 on R™ \ Ba, it is not difficult to estimate

’Vug(x) -
Rn

VF(r—y) /() dy)

< Ux_sptf\VF(z)!)n('j')—l(deri/BQE \F\dz(s];{lfn'|>]ufuoom 0,

where the former integral vanishes in the limit by dominated convergence with majorant |V F,
while the latter term is controlled through the explicit form of the fundamental solution F'.
Indeed, with this we have shown

hi% Vue(z) = VFE(z—y)f(y)dy locally uniformly in z € R"
& R

(where “locally” stems from the fact that one occurrence of z in the domain of integration in
the previous estimate could not be eliminated). Combining the locally uniform convergence of
the gradients with the previously observed pointwise convergence lim.\ gu. = u, we conclude
that we have u € C1(R") and that Vu is indeed given by ().

With the knowledge that u € C'(IR™) holds, the claimed weak solution property follows via
a simple integration by parts from the very weak solution property obtained in Remark (3).
Alternatively, at this stage, one may deduce the weak solution property from Remark (2) by a
mollification argument, which is discussed in the exercises.

Finally, we turn to the C1'® estimate. For bounded open Q@ C R™ and z,Z € Q such that

= |Z—x| > 0, we obtain from (x) the initial estimate

[Vu(z) — Vu(z)| < / o IVE(z—y) = VF(z—y)[ dy | flloo;rm -

For y ¢ Boy(z), the line segment [z—y, z—y] from z—y ¢ Bay to T—y has length d and thus
stays outside Bj,_, /2. Taking into account that V2F is homogeneous of degree —n, we then gain
the control [VF(Z—y) — VF(z—y)| < dsup,_, 5y |V2F| < const(n)d|z—y|™™ for y ¢ Bog(x).
For y € Bag(z) C Bsgq(7), in contrast, since VF' is homogeneous of degree 1—n, we directly
get [VF(2—y) — VF(z—y)| < const(n)[|Z—y|'™" + |[z—y|'™"]. Using these two estimates and
observing also d < R and spt f C Br(x) (by the choice of R in the statement of the theorem),
we end up with

|Vu(z) — Vu(x)|

< const(n [d Ix—yl‘”dy+/ Z—y|' " dy+/ lz—y|" " dy ||| flloomn -
Bar(z)\Ba4(z B3q(T) Bag(x)
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Explicit computation of the integrals on the right-hand side in spherical coordinates then gives
|Vu(z) — Vu(z)| < const(n) [d logg + d} | flloomn < const(n, @) R'™*d%|| f||so:rn

for all exponents « € (0,1). Thus, we have shown a-Holder continuity of all partial derivatives
Oiu, i € {1,2,...,n} for all @ € (0,1) with corresponding gradient Holder estimate

[Oiu]as2 < const(n, O‘)Rl_aHf”oo;]R” .
We combine this with the (much) simpler estimates
ju(@)| S/ ( )IF(ﬂﬂ—y)\dyllflloo;Rn < const(n, R)| flloorn  for z €,
BR x

O,u(x)| < /B V=)l dy | fllmre < constn )|l for z €9
R\T

and arrive at the claim
[ullgraqy < const(n, a, R)|| f|loomn -

This completes the proof of Statement (I). O
Proof of Statement (I1). Here, we are first concerned with the claim that « € C?(RR"™) holds and
the second derivatives 0;0;u, i,j € {1,2,...,n}, of u are given by
0ij
0;0;u(x) = /B ( )(%(%F(x—y) (fy)—f(=z)) dy + #f(:r) forz e Q, (xx)
2R

where 2 and R satisfy the requirements from the statement, specifically spt f C Br(z). We
emphasize that one may not hope — though it is a tempting conjecture in view of the analogy
with () — for 0;0;u( fB on 8 0;F(x—y) f(y) dy, since 0;0;F is homogeneous of degree —n
and thus the latter 1ntegral does not even converge whenever f(z) # 0. In contrast, the integral
on the right-hand side of (#x*) does exist with finite real value, since we assumed f € CSp"g (R™) and
thus the integrand is majorized, up to a multiplicative constant, by the L' function y + |y—2z|*~"
on Br(z). In order to establish (x*) we proceed similar to the proof of Statement (I) and choose
once more a C* function n: R — [0,1] with = 0 on (—o0,1] and n = 1 on [2,00). Then, for
e > 0, we set

gl(x) = /132R( )3F(x y)n('x y')f(y)dy for z € Q.

The dominated convergence theorem, the inclusion spt f C B R( ), and the identity (x) from the
previous proof then yield pointwise convergence lim.\ G(x) = [gn O F (x—y) f(y) dy = Oju(x)
for x € Q. Moreover, on the level of gl we may dlfferentlate once more to obtain

&gﬁ(ﬂ?):/}g () ail {a Fz=y)n (m yl)]f(y)dy

:/B o o [orF @y (=22)] (1) - @)

s [ gnloreon()]
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2.11. The Newton potential as a solution of the Poisson equation 75

In order to simplify the last term for 0 < € < 1, we first apply the divergence theorem and then
take into account that in case ¢ < R it holds n(|z—y|/e) = 1 for y € Sar(z). In this way, we
find

fr e == [ areun(=2)]a
0ij

—— [ aFa-ypsma = pudi=Y,
/SzR(fC) ’ =2 S1 ! n

and in summary we get
() = O[5 Fla—un(lz= _ 0ij
&gg(‘r)_/}mm ;[0 @y (M21) [ (F@)~1(@)) dy + T 1),

Using this formula, computing the z;-derivative with the product rule, and taking into account
7' =0 on R™\ By, it is not difficult to estimate

i)~ [ 00sF ) ()1 @) dy =

< [ 0 () s

1
. / Fa—y)|
€ Bag(x)

—n 1 a-n
< const(n) [/ lz—y|* " dy + / lz—y|" T dy | [flamre
Boc () € JBae(z

< const(n, a)e[ flarn QJ) 0.
13

n’(“”%y'ﬂ |f(y)—f(x)|dy

Hence we obtain

lim 0;¢7 () = / 0;0;F(z—y)(f(y)—f(z)) dy + %f(a:) uniformly in x € Q.
e\,0 Bar(z) n

Recalling that we already know u € C!(R™) and lim~ o gg = Oju in Q, we thus conclude that
we have u € C?(R™) and that the second derivatives 9;0;u are indeed given by (¥x).

With the knowledge that v € C%(R™) holds, the very weak solution property of Remark
(3) implies in a standard way that u is a classical solution of the Poisson equation Au = f on
R™. Alternatively, at this stage, one may deduce the same from Remark (3) via a mollification
argument.

Finally, we turn to the C>® estimate. For bounded open Q@ C R"™ and z,7 € € with
d := |x—z| > 0, we first obtain from (*x) the initial estimate

10;0;u(x)—0;0u(z)| < Ty +Tr + T3

with the three right-hand side terms
T = ] / DT (W) ~1) - 007 E ) ()~ D)) ).
7, - | 100, Gy)| £ ()~ F(@)] dy.
Bapr(z)AB2R(T)

Tyi= | ()~ 1(@)
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(where we used the notation AAB := (A\B)U(B\A) for the symmetric difference of sets A and
B). Clearly, for T5 we have the simple estimate

T3 < const(n)d*[fla:r» -
Moreover, observing first Bog(2)ABar(Z) C Bag+d(Z) \ Bar—4(7) and d < R, we get
L (Bar(2)ABag(T)) < wp(2R+d)"—w,(2R—d)™ < const(n)dR" .

Thus, with the homogeneity of 9;0;F we can estimate

T < const(n)/ [Z=y|* " dy [famn
Bar(z)AB2r(7)

< const(n).L" (Ber() AB2g (%)) (2R—d)* ™[ flasmr
< const(n)dR* [ flarn < const(n)d®[f]amn -

For the main term 77, we first split the domain of integration into Bag(z) \ Bag(z) and Bag(x)
and then decompose it further as
T <T + T+ TP

with

T} = / |0:0;F (z—y) =00, F (T—y)| | f(y)— f ()| dy ,
Bar(x)\Bag(z)

)

T? ] / 010, F (G—y) dy| | F(2)— (@)
Bar(z)\Baqg(z)

T = / [10:0;F(e—)| |£ (v)— ()| — 10:0;FG—)]| f (9)—F @)|] dy.-
Bag(x)

In order to bound T, we consider y € R™\ Bay(x), and, by the same reasoning as in the proof of
Statement (I), we infer [0;0; F (x—y)—0;0; F(2—y)| < dsupz_y ) IVO0; F| < const(n)d|x—y[1~"
for such y. Thus, we obtain

T! < const(n)d/ lz—y|* " dy [ fla:re < const(n, a)d®[flarn -
R™\Baq(z)

For T?, an application of the divergence theorem on the annulus Bog(z) \ Bag() yields

2 < d / 0, F (F—y)| dy [ laskr
Soq(x)US2Rr(x)

de o
< — ’w_y‘l "dy [flame < 2"d%[flare
NWn JSy4(2)USar(x)
where in the last step we have taken into account |Z—y|'=™" < d'~" for y € Sgq(x) C R™\ By(7)
and |7—y[!™" < (2R—d)'™ < R'™™ for y € Sor(x) C R™ \ Bog_q(7). Finally, an estimation in
the spirit of the proof of Statement (I) leaves us with

Tf’ < const(n)/ Uw—y!afn + \5—%&7”] dy [flamn
Bag(z)

sConsun)[ [ et [ gl | e
Bog(z) Bsq(T)

< const(n, a)d®[ f]awrn -
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Collecting the estimates for Ty, Ty, T3, T{, T2, TP, we end up with
|0;0;u(x)—0;0;u(x)| < const(n, a)d*| flarn for all x,z € Q,
that is, with a-Holder continuity of all second-order derivatives 9;0;u of u and with the bound
[0;0ju]a;0 < const(n, @) flamrn -

In order to reach an estimate for the full C>®-norm we additionally record simple sup-estimates
for u, O;u, and 9;0ju. Indeed, the estimates

|u(z)| < const(n, R)sup |f|, |0;u(x)| < const(n, R)sup|f]| for z € Q
R™ Rn

have already been recorded at the end of the proof of Statement (I). Furthermore, rewriting
0;05u via (xx), we find

0,05u(x)| < / 10,0, F(z—y)| | £ () f(z)| dy + L1 £ ()]

BQR T
< const(n)/
Bar(x)
< const(n, o, R)[fla;rn +sup | f|
Rn

le—y|* " dy [ flamre + sup If]

for x € . Allin all, we have estimated the Holder seminorm [0;0;u]a;0 of 0;0ju and the suprema
of u, O;u, and 9;0ju on €2, and we get

||UHC2,Q(Q) < COIlSt(n, «, R)Hf”co,a(]Rn) .
This is the last claim, and thus the proof of the theorem is complete. O

Corollary (C**+2:< estimates for the Newton potential). Consider k € Ng and o € (0,1).
Then, for f € CEY(R™), we have N; e CET2e (R with

cpt loc
INfllcrtz.aq) < const(n, k, a, R)| fllcr.omny
for all bounded open subsets 2 of R™ such that diam(Q2Uspt f) < R < oco.

Proof. For every B € NI such that |3| < k, since 9°f € CY,:(R™) is bounded with compact
support and F' € Llloc(]R") holds, we can justify the necessary exchange of differentiation and
integration to get

9°(Ny) =Ngs;  inR".
Combining this with the C?® estimate from Statement (II) of the previous theorem, we find
(for © as in the statements)

INfllorsoay < > 10°Nfllcza@y = D INgssllczaoy < const(n, o, R) Y 1|0° fllco.amn) -
1BI<k 1BI<k 1BI<k

In addition, by distinguishing the cases |z—y| < 1 and |z—y| > 1 in the definition of the
Holder seminorm we see [g]co.a(grn) < 2SUpgn |g| + supgn [Vg| for arbitrary g € C>*(R"). As a
consequence we have

||aﬁf||co,a(mn) < 35};2) |0° f| + ZSI;P 98t f| < (n+3) 1 £ ll koo in case 8| < k-1,
i=1

7



78 CHAPTER 2. The Laplace equation and the Poisson equation

while we trivially have

107 lco.aqmny < I fllckaggn — in case |5 = k.

Using the last two estimates on the right-hand side of the estimate for [[N[|cr+2,0(q), we arrive at
Ck+2,0£

loc

the claimed estimate. Specifically, we read off Ny € (R™), and the proof is complete. [

Corollary (interior C*+% regularity for the Poisson equation). Consider an open set
Q in R™, k € No, and a € (0,1). Then, every u € C%(Q) such that Au € C{Z?(Q) satisfies in
fact u € CFT22(Q). Specifically, every u € C2(Q) such that Au € C®(Q) satisfies u € C®(1).

loc

Proof. For u € C%*(Q) such that Au € C{Z?(Q) and arbitrary x € Q, we choose ¢ > 0 and
fe Cflgot‘(]l{") such that Au = f in B.(z) C . By Statement (II) in the last theorem, we have
N; € C}(R™) and AN = f in R". Therefore, u—N is harmonic and thus C* in B.(z), while the
previous corollary gives that Ny is Ck+2 in B, (). So, we have u = u—N;+N; € Cﬁ:gzo‘ (Be(x))
and, all in all, also u € C}T*(Q).

For v € C%(Q) such that Au € C*®(1Q), the statement just proven applies for arbitrary
k € Ng, a € (0,1) and gives u € C¥*2(Q) for arbitrarily large k € IN. O

Remark. In rough summary the preceding corollary asserts that solutions v to the Poisson
equation Au = f in (2 are “two degrees better” than the right-hand side f. However,
some care is needed, since this applies only in Holder spaces with exponents « € (0, 1), but not
in the limit cases @ = 0 and a = 1. For instance, on the unit disc By C R2, a function
u € MNaepon) Cll(;(cx(Bl) with Au € C%(By), but 9?4 unbounded near 0 and thus u ¢ Cllo’i(Bl) and

u ¢ C2(By) is given by u(x) := (z3—13)\/—log|z| for x € By \ {0} and u(0) := 0.
The special solution Ny to the Poisson equation ANy = f in R" provides a starting point
for solving the general Dirichlet problem

Ay = fin Q, u = at 0.

Indeed, solutions u can be obtained as sums u = Ny + h of Ny and solutions h to the half-
homogeneous Dirichlet problem

Ah=0in Q, h = ¢ — Ny at 0.

However, the latter is just a Dirichlet problem for a harmonic function h (which corrects the
boundary values of N ;) and has been solved in a large generality in Section 2.10. So, all the tools
for solving the general problem are at hand, and the preceding idea can be worked out to obtain
the following statement on existence, regularity, and a-priori estimates for solutions u.

Main Theorem (on the Dirichlet problem for the Poisson equation). Consider a bounded
open set Q) in R™ such that all points in OS2 are reqular for ) in the sense of Section 2.10, k € Ny,
and o € (0,1). Then, for every ¢ € C°(0Q) and every f € C{CO?(Q) N L>(Q), there erists a
unique solution u € C2(2) N CY(Q) to the Dirichlet problem

Au=f in Q u=¢ at 09, (DP)

k+2,«

e () with interior a-priori estimate

and indeed this solution satisfies u € C

const(n, k,a, R — —
[ullorre.ay < d(’f+2+a ) (HfHCk,a(Qu) + sup |f| + sup ]g0|) whenever ' C Q" Q" C Q
Q o9

for open sets Q, ', Q" in R™ with d := min{1,dist(', R"™\ Q")} and diamQ < R < oc.
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2.11. The Newton potential as a solution of the Poisson equation 79

Before spelling out the proof, we put on record a basic observation which will be useful at
a couple of points: If, for d > 0, we denote by Uy/(£2) the (d/2)-neighborhood of an open set
Q C R™, then we have the auxiliary estimate

[9]as0 < 2d“sup|g| + d'=% sup Vg for g € Cl(L{d/Q(Q)). (2.1)
Q Uy/2()

Indeed, (2.1) is easily obtained from an elementary estimate for % in case |y—z| > d and

a straightforward estimate via the gradient in case |y—z| < d.

Proof. For a given solution u € C2(Q2) N C%(Q) of (DP), the regularity u € Cﬁtza(ﬁ) has
already been obtained in the preceding corollary. Next, we quantify the reasoning used there
in order to establish the interior a-priori estimate for such a given solution u. To this end, we
first choose a cut-off function n € CZ(R™) such that n = 1 in Uy/»(Q'), such that sptn C Q7
and such that ||[Dy||sern < const(n,£)d~¢ for all £ € INg. Such a function can be obtained, for
instance as mollification of the characteristic function of the 3d/4-neighborhood Usq/4(€Y') with
mollification radius d/5. With 7 at hand, we introduce fo := nf and observe || follcr.a@mn) <
const(n, k)d_k_anfnck,a(gu). We now set h := u—Ny, and rely on the auxiliary estimate (2.1)

(with d/2 in place of d) in order to derive

[ullertz.o@y < INg llcrrzaqry + [l crrze@ny

< const(n, k, a) (HNf0|]Ck+z,a(Q/) +d™® sup sup DAl +d"® sup ]DHSM) :
0<k42 Uy 4 ()

We further estimate the right-hand side via the estimates for the Newton potential in an earlier
corollary, the interior estimates for the harmonic function h on Uy, (Q2') (see Section 2.6), and

the previously observed control for the C*®norm of fy. This leaves us with

lullorranqary < const(n, ky o B) (1| foll ey +d 7727 sup 1)
const(n, k, a, R)
< = irara (I fllomen +supful +sup Ny ).

In addition, we have

sup |u| < const(R)(sup |f|+sup|¢]), sup [N, | < const(n, R)sup | fo| < const(n, R)sup|f|
Q Q Q Q R” Q

by the corollary on continuous dependence in Section 2.4 and an easy estimate for the Newton
potential (which is also contained in the first theorem of this section). All in all, we thus arrive

at
const(n, k, a, R)
lulloszaey < = giara = (1 lokean +sup|f] +sup o)

which is the claimed interior a-priori estimate.
It is left to prove, for f € C?O’S(Q) NL>®(Q) with a € (0,1), the existence of a solution u €
C2(Q)NCY(Q) to the Dirichlet problem. To this end, for each i € IN, we consider a cut-off function
n; € C*°(R™) such that Lo,, <n<lg,, in R"™ (where Q5 = {x € R" : dist(z, R" \ Q) > d}).
We then introduce f; :=n;f € Cgl’fz (R™) and obtain from the theorem on the Newton potential
that Ny, is a C? solution to
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and that Ny, satisfies
INfl[cre@) < const(n, o, R)| filloomn < const(n, o, R)|| f|loomn -

In particular, (N, );en is a sequence of equi-Lipschitz and pointwisely bounded functions, and the
Arzela-Ascoli theorem implies that a subsequence (N fi[) reN converges uniformly on 2. Taking
into account the regularity of all boundary points of €2, the main theorem of Section 2.10 provides,
for each i € IN, a solution h; € C2(Q) N C°(Q) to the Dirichlet problem

AhiEOinQ, hZ:go—NfZat(?Q
Consequently, u; := Ny, + h; € C?(Q2) N CY(Q) solves the Dirichlet problem
Au; = f; in Q, u; = @ at 09,

and we are led to discuss the convergence of these problems for ¢ — oco. Since the maximum
principle gives [|hi—hjlloo;0 < [N, =Ny, [loo;q for all i, j € IN, as a first step, the uniform Cauchy
property carries over from (Ny, Jeew to (hi,)een. As a consequence, the solutions (u;,)een
converge uniformly on 2. Since all u; are continuous up 92 and coincide with ¢ there, the
convergence is in fact uniform on € with limit function u € C°(Q) such that u = ¢ at 9Q.
Finally, we apply the case k = 0 of the by-now-established interior a-priori estimate to the
solutions wu; to obtain

const(n, a, R
il cmgery < 20T () ) o + sup |fi + sup o]

for all ¢ € IN and all open sets ', Q" which meet the requirements of the theorem. On the right-
hand side of this estimate, we uniformly bound supg, |fi| < supq, [f] for all i and || fil|co.e(qr) =
£l oy at least for i > 2/dist(2”,R™ \ Q). Thus, for every open € such that Q' C €, the
Holder norms [|u;||c2.«(qry stay bounded for i — oo, and the Arzela-Ascoli theorem ensures that
a further subsequence of the Hessians (VQuiz) reN converges uniformly on ©'. By a basic analysis
result, u is then C? in €', and the uniform limit is VZu. In particular, we may pass to the limit
i — oo (along the subsequence) in the solution property Au; = f; to infer Au = f in €. Since
each z € Q is contained in a suitable €, all in all we have shown that u € C2(Q)NC°%(Q) satisfies
Au = fin Q and u = ¢ at 99, that is, u is the searched-for solution to (DP). O]

2.12 On the eigenvalue problem for the Laplace operator

In close analogy to the notions of eigenvalues and eigenvectors in linear algebra, one introduces
eigenvalues and eigenfunctions related to (the Dirichlet problem for) the Laplace operator A,
and in the sequel we provide a basic discussion of these objects. For a reason that will explained
below we prefer, in fact, to coin the notions for the operator —A rather than for A itself.

Definitions (eigenvalue equation, eigenvalues, eigenfunctions). Consider a bounded open
set € in R™.

(I) The partial differential equation
—Au = du in §2

with parameter X € R is called eigenvalue equation for the operator —A on ) or Helmholtz
equation on Q. If this equation holds for A € R and u € C?(Q) which is not constant zero,
one calls A an eigenvalue and u an eigenfunction for the operator —A on Q.
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(IT) If both the eigenvalue equation and the zero Dirichlet boundary condition

—Au =\ in Q)
u=0 at 0N)

are satisfied for A € R and u € C?(2) N CY(Q) which is not constant zero, one calls A an
eigenvalue and u an eigenfunction to the Dirichlet problem for the operator —A on €.

Remarks (on the eigenvalue problem). Consider a bounded open subset Q of R".

(1) If u is an eigenfunction to the Dirichlet problem for —A on Q with corresponding eigenvalue

A, then we have
/|Vu]2dx——/uAud:U—/\/uzdx<oo,
Q Q Q

where the first equality is based'® on an integration by parts, the second equality results from
the eigenvalue equation, and the finiteness of the last integral follows from the requirement
u € C°(Q). In particular, this ensures Vu € L?(Q, R") for eigenfunctions u and A > 0 for
eigenvalues A. Moreover, by uniqueness in the Dirichlet problem for harmonic functions,
A =0 is not an eigenvalue, and we conclude that eigenvalues to the Dirichlet problem for
—A on  are always positive. In this sense of having only positive eigenvalues, —A is
a positive operator, and the intention of the initial sign convention is to work with this
operator rather than its “negative” counterpart A.

(2) In principle, one may admit complex eigenvalues and C-valued eigenfunctions in the above
definitions. However, the reasoning in Remark (1) can be adapted to show that, still, all
eigenvalues to the Dirichlet problem for —A are positive real numbers and thus the C-valued
eigenfunctions have R-valued eigenfunctions as real and imaginary parts. Thus, working over
C does not bring any truly new information, and we prefer to keep working over R.

(3) The eigenfunctions (to the Dirichlet problem) for —A on Q for a fized eigenvalue \, together
with the zero function, form a real vector space. This vector space is called the eigenspace
for the eigenvalue A.

(4) One can reasonably combine the eigenvalue equation with other homogeneous boundary
conditions than just the zero Dirichlet one. The most prominent such alternative is the zero
Neumann boundary condition.

8For a Gauss-Creen domain © and v € C?(Q) such that v = 0 at 99, the divergence theorem applies to the
vector field uVu € C'(Q) and shows directly [, |[Vu[?dz = — [, uAudz. The following reasoning yields the
same identity even in the generality of the remark: We set n(t) := 0 for t € [0,1], n(t) := (t—1)%/4 for t € [1, 3],
n(t) := t—2 for t € [3,00), and then extend to an odd function n € C*(R). Abbreviating n.(t) := en(t/e) for
t € R, we infer n:(u) € Cl,(Q) and V[0 (u)] = n.(u)Vu in Q for every e > 0. Thus, integration by parts for the

compactly supported test function n.(u) gives

/né(u)\VUFdx:/V[ng(u)]-Vudx:—/ng(u)Audm:)\/ Ne (u)u dz for every € > 0.
Q Q Q Q

At this point, the monotone convergence theorem and the observation that Vu = 0 holds Z"-a.e. on {u=0}
(which in turn follows since {u=0, Vu#0} is an (n—1)-dimensional submanifold of R™ and hence has zero £"
measure) yield limeso [, n(u)|Vul? de = Jo |Vu|? dz, while the dominated convergence theorem guarantees
limeo [, ne(u)udz = [ u?dz. In view of these two convergences we now pass to the limit € N\, 0 in the
preceding integral equality and arrive at the above claim.
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In the next theorem we summarize basic results on the Dirichlet eigenvalue problem for —A.

Theorem (on the Dirichlet eigenvalue problem for the Laplace operator). Fiz a bounded
open set  in R™. Then the eigenvalues, eigenfunctions, and eigenspaces in the Dirichlet problem
for —A on Q have the following properties:

(I) The eigenvalues are positive real numbers, the set of eigenvalues is at most
countable, and the set of eigenvalues has no cluster point in R (which, however,
leaves 0o as a possible cluster point).

(IT) The eigenspaces are finite-dimensional.

(ITIT) The eigenspaces are pairwise orthogonal to each other in the sense that

/uvdx:O:/Vu-Vvdx
Q Q

holds whenever u and v are eigenfunctions to different eigenvalues.
(IV) The eigenfunctions are C* functions on §.

We directly proceed to the proofs of all four parts of the theorem:

Proof of Part (IV). Fix an arbitrary a € (0, 1), for instance a = % Since an eigenfunction u
satisfies u € C?(Q) by definition, we trivially get u € CIIOS(Q) as well. The interior regularity
theory of Section 2.11 applies to the Poisson equation Au = —Au in  and yields that u is two
degrees better than —A\u € ol (Q), that is, u € C?OS(Q) However, then interior regularity also

loc

gives u € Cir’c;f (€2), and then even u € 01752‘ (€2). Inductively one concludes u € C*>(). O

Proof of Part (III). If u is an eigenfunction to an eigenvalue A\ and v is an eigenfunction to an
eigenvalue v, the eigenvalue equations and suitable! integrations by parts give

)\/uvdx:/(Au)v:/Vu-Vvdx:/uAvdx:V/uvdx.
Q Q Q Q Q

Thus, in the case A # v of different eigenvalues, we infer first [,uvdz = 0 and then also
Jo Vu-Vodz =0. O]

19Gimilar to the computation in Remark (1) above, the integrations by parts work easily for a Gauss-Green
domain © and u,v € C*(Q) with zero boundary values. However, they can also be justified without such extra
assumptions: Using 7. from Footnote 18 and the test function n.(v) € Cgpt (Q), we infer

_ . T _ — . / . — .
)\/qudxfgli%k/guna(v)dxfglg% Q( Au)ne(v) glir})/(zna(v)Vu Voudz /QVU Voudz,
where the convergences are ensured by dominated convergence. Specifically, the second convergence also draws on

#"-a.e. vanishing of Vv on {v=0} once more and on the fact that Remark (1) ensures first Vu, Vo € L*(Q, R")
and then also Vu - Vv € L*(Q). Moreover, testing with ne(u) € Cfpt(Q), we analogously get

/Vu-Vvdx:Z//uvdx,
Q Q

and all in all we end up with the claims made in the above proof.
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2.12. On the eigenvalue problem for the Laplace operator 83

Proof of Part (I). We already know from Remark (1) that the eigenvalues are positive real
numbers.

Moreover, once we show that they have no cluster point in R, the countability claim follows.
Indeed, assume that the set of eigenvalues were uncountable. Then, for some sufficiently large
n € IN, there would be infinitely many eigenvalues in (0, n]. However, by the Bolzano-Weierstrafl
theorem, these eigenvalues would necessarily have a cluster point in (0, n].

So, we are left to rule out the existence of a cluster point in R. In order to reach a contra-
diction, suppose the converse, that is, the existence of eigenfunctions wuy to eigenvalues Ay for all
k € IN such that A := limy_,,, A € R exists, but A\ # A holds for all £ € IN. In this situation,
since the eigenfunctions uy are not constantly zero, we have supg |ux| > 0 for all k¥ € IN. Then,
possibly passing from wuy to ug/supgq |ug|, which is still and eigenfunction to the eigenvalue Ag,
we can indeed assume supg, |ug| = 1 for all K € IN. We now introduce f; € L(R™) N C?(Q) by
setting f := —Agug in 2 and fi := 0 on R™\ Q and proceed in analogy with the last reasoning
in Section 2.11. Fixing an arbitrary « € (0,1), by Ch* estimates for the Newton potential, we
first bound

INg llcreqy < const(n, a, U)|| fillcorn < const(n, o, U)|Ag] kjo const(n, a, U)|A|

for any bounded open neighborhood U of €. The Arzela-Ascoli theorem then yields a subse-
quence such that (Ny, )ien and (VNy, )ien converge uniformly on €. Taking into account
Aup = fr, = ANy, in Q and up = 0 at 011, the functions hj := up—Ny, are harmonic
in Q with hy = —Ny, at 0. The maximum principle then ensures the Cauchy property
supg |hi; —hi,;| < supsq |kaj —Ny,.| = 0 for 4,j — oo, and we deduce uniform convergence of
(hg,)ien on Q. In conclusion, the C°(Q2) functions uy, = hy,+N F, with ug, = 0 at 9 converge
for i — oo uniformly on Q to a limit u € C%(Q) such that v = 0 at 9. Moreover, since
we assume supq |ug| = 1, we also get supq [u| = 1 and in particular v # 0 on Q. In addi-
tion, we infer from the Weierstrafl type convergence theorem in Section 2.6 that the gradients
Vhy, and thus also Vuy, converge for ¢ — oo locally uniformly on €2, and this in turn ensures
sup;ep [|ug, llco.e oy < oo for all open sets Q" with Q7 C Q. Now we employ the interior a-priori
estimate?® from Section 2.11. We find

el caner) < const(n, o, 2,0 (I fellcmar + sup el
< const(n, o, Q, ¥, )|\ (||uk\|co,am,,) n 1)

whenever 0, € are open sets with ' C Q" and 7 C Q. Since we have bounded the right-
hand side (at least along a subsequence), another application of the Arzela-Ascoli theorem yields
uniform convergence of (a further subsequence of) the Hessians V2uki to V2u and the Laplacians
Auy, to Au in every open Q' such that Q' C Q. This is finally enough to conclude u € C%(Q)
and pass to the limit £ — oo along subsequences in the eigenvalue equations —Aup = Agug in
Q. All in all, we end up with an eigenfunction u to a new eigenvalue A which differs from all Ag.
But then, involving the conclusion of Part (III), we arrive at

/u2dm: lim | upude=0.
Q

1—00 QO

20The a-priori estimate has been stated in Section 2.11 under the assumption that € has only regular boundary
points, but still, here we do not need this assumption. This can be checked by inspection of the earlier proof
(where the assumption was needed for existence only). Alternatively, it can be justified by applying the a-priori
estimate on a smooth domain slightly smaller than 2.
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This contradicts the earlier observation that u Z 0 on ) and thus completes the proof. ]

Proof of Part (II). We argue once more by contradiction and start by assuming the converse
of the claim, that is, the existence of an eigenvalue A and infinitely many linearly independent
eigenfunctions w1, ug, us, . .. to this eigenvalue. By the Gram-Schmidt process for the L? inner
product, we can assume fQ ugugdz = 0 for k # ¢ in IN. As in the proof of Part (I), we can
further arrange for supg |ug| = 1 and establish uniform convergence of a subsequence ug, on €2
to a limit u € C°(Q) such that u #Z 0 on 2. Then we observe

u?dz = lim up,udr = lim lim ug,up, de =0
) 1—+00 9} 1—00 J—00 [¢) J

=0 for j>1

and reach a contradiction to u Z 0 on 2. This completes the proof. O

Before closing the section, we add — without proofs or full details — some more comments
on the eigenvalue problem.

Further Remarks (on the eigenvalue problem). Consider a bounded open subset €2 of R"

(1) One can show that there are always infinitely many eigenvalues to the Dirichlet problem for
—A on Q and that there exists an orthonormal Hilbert space basis out of eigenfunctions in
L2(Q). Since the set of eigenvalues is countable C (0, c0) and has no finite cluster point, the
first assertion implies that the eigenvalues form a strictly increasing sequence (Ag)ren in
(0, 00) with infinite limit limy_,, Ay = 0o. In particular, we may speak of the first eigenvalue
A1. If  is connected, it can be further shown that this first eigenvalue A; is always simple
(that is, the corresponding eigenspace has dimensions 1) with eigenfunctions of constant
sign (that is, every eigenfunction to A; is either positive in all of 2 or negative in all of €2).

The proofs of these facts are typically carried out in a functional analysis framework and
are not addressed here.

(2) For special domains €2 such as balls or cuboids, the eigenvalues and eigenfunctions to the
Dirichlet problem for —A on €2 can be computed quite explicitly. This is partially explicated
in the exercises.

(3) A famous question asks whether the domain  is uniquely determined by the sequence of
eigenvalues to the Dirichlet problem for —A on (2. Since the eigenvalues have an interpre-
tation as resonant oscillation frequencies of an {2-shaped elastic membrane with clamped
boundary, the question may be roughly rephrased as ‘Can one hear the shape of a
drum?’. Indeed, answering this question has been a famous open problem for a while.
Nowadays it is known that the answer is ‘No!’ in general, but ‘Yes!” under the considerable
extra assumptions on 2 (e.g. if 2 is a 2-dimensional convex domain with analytic boundary).
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Chapter 3

The heat equation

In this chapter, we investigate (scalar solutions of) the (scalar) heat equation or diffusion
equation
Au—u; =0 in Qp

and its inhomogeneous variant
Au—us = f in Qp.

Here,  is an open (and often also bounded) set in R", and 7" € (0, o] is a given time horizon. In
addition, the right-hand side of the inhomogeneous heat equation is a given function f: Qr — R,
which is called inhomogeneity. Moreover, we will generally rely on the following notations
and conventions (in parts already used in stating the equations above):

e For arbitrary A C R™, we set A7 := (0,7) x A C R™"! and call Ay the space-time
cylinder over A with final time T (and initial time 0). For (t,2) € Qr C R"*! we regard
t € (0,7) C R as time variable and = € @ C R™ as space variable.

e Correspondingly, we understand the unknown u: 27 — R as function of n+1 variables,
1 time variable and n space variables, where n € IN is arbitrary (and also the case n =1
of a single space variable, but two variables in total is included). This differs from the
convention used when first mentioning the equation in Chapter 1 (n there is now n+1).

e We use the abbreviations

0
Up 1= 8—1: for the time derivative,
" 0%
Au = Agu = ) for the spatial Laplacian,
o
i=1 "t
ou O 0
Vu:=V,u= (—u, —u, e —u) for the spatial gradient,
Ox1 Oxo oxy,

dyu == (8,) u= v+ Vyu where v(t,x) := vo(z) for the normal derivative at (9Q)r .

In particular, even if not explicitly indicated, the operators A, V, and 0, act with respect
to the space variable = only.
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e The heat equation is usually coupled with boundary conditions posed on the parabolic
boundary
OpQ7 = ({0} X ﬁ) U (0Q)r.
In fact, 9,Qr us the disjoint union of bottom {0} x Q and lateral boundary (9Q)r of
the space-time cylinder 2y and in case T' < oo differs from the full boundary 8(QT) by
omission of the top {T'} x Q of the cylinder.

e The most basic boundary condition which prescribes the values of the solution itself at
O0p€r is usually considered as combination of an initial condition (IC)

u(0, -) = ug in Q with given up: Q@ — R
and a Dirichlet boundary condition (BC)
u=q at (0Q)r with given ¢: (0Q)r — R.

The combination of heat equation, initial condition and Dirichlet boundary condition
is then called an initial-boundary value problem (IBVP) and more specifically a
Cauchy-Dirichlet problem (where ‘Cauchy’ indicates the initial condition and ‘Dirich-
let’ the precise boundary condition). When replacing the Dirichlet boundary condition
with the Neumann boundary condition d,u = v at (0Q)r, one speaks of a Cauchy-
Neumann problem. In case 2 = R", the condition at the lateral boundary (0Q)p drops
out (or is replaced with conditions on the behavior for  — oo). Correspondingly, in this
case one calls the combination of heat equation and the initial condition an initial value
problem (IVP) or a Cauchy problem on full space R".

e The heat equation makes sense and is typically posed for solutions in the space
C% (QT) 1= {w € CI(QT) : Viw exists and is continuous in QT} ,

that is, solutions are required to be C? in the space variable(s) z, but only C! in the time
variable t. Correspondingly, the initial-boundary value problem makes sense for solutions
in C% (QT) nco (QT U 8pQT).

We now enter into the theory of the heat equation and will see many parallels to the
previously discussed theory of the Laplace and Poisson equations:

3.1 Consequences of the divergence theorem

Applications (of the divergence theorem to the heat equation). In what follows we suppose
that Q is a Gauss-Green domain and

ue CH(Qr) NCH((9),) NCO(Qr UdpQr)
is a solution to the heat equation Au — u; = 0 in Qp.
(1) For arbitrary fixed ¢t € (0,T"), we compute

4 u(t,x)dx:/ut(t,a:) dx:/Au(t,J:) dz = dyu(t,z) dH" (x),
dt Jo Q Q 0

where the first step is based on exchange of differentiation and integration (justified, since u
and wu; are continuous and thus bounded on the compact set {t} x €2), the second step uses
the solution property, and the third step works by the divergence theorem for the vector
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field Vu(t, -). In conclusion, we have

4 u(t,z)de = dyu(t,z) dH" () for allt € (0,7).
dt Jo 0

Specifically, in case of the homogeneous Neumann condition d,u = 0 at (092)r this shows
that [, u(t,z)dz and §, u(t, ) dz are constant functions of ¢ € [0,7T), and this goes well
along with physical intuition: In the heat equation interpretation, u models temperature,
and the constancy conclusion expresses that in case of perfect isolation the mean of tem-
perature is constant in time. In the diffusion equation interpretation, u models density of
particles, and the same conclusion now expresses that in a closed system of particles the
total mass in constant in time.

Again, for arbitrary fixed ¢t € (0,7T), we compute
—— | u(t,x)*de = [ u(t,x)w(t,z)de = [ u(t,z)Au(t,z)dz
= —/ \Vu(t,w)]de+/ u(t, z)Ou(t, r) dH" 1 (z),
Q oN

where we proceed analogous to the previous computation, this time with divergence theorem
for u(t, - )Vu(t, -). In conclusion, if either the homogeneous Dirichlet condition v = 0 at
(0Q)7 or the homogeneous Neumann condition d,u = 0 at (0Q)r is satisfied, then we have

d1
/ u(t,z)?da = —/ \Vu(t,z)|* dx for all t € (0,7,

and consequently [, u(t,x)?dz is a non-increasing function of ¢ € [0,7). If additionally
the homogeneous Cauchy condition (0, -) = 0 in € is in force, this observation necessarily
implies u = 0 in all of Q7.

The preceding point (2) directly implies a uniqueness result for solutions u € C? (QT) N
c! ((ﬁ) T) nco (QT U apQT) to the Cauchy-Dirichlet problem for the heat equation

Au—uy =0 in Qp, u(0, ) =wup in Q, u=p at (0Q)r

and an analogous uniqueness conclusion for the Cauchy-Neumann problem. Indeed, to see
this, it suffices to apply the conclusion of (2) to the difference of two solutions. (In the
Dirichlet case the comparably strong regularity requirement for the solutions up to (99)p
will be weakened in the later Section 3.3.)

Once more, for arbitrary fixed ¢ € (0,7"), we compute in a similar way (exchange of differ-
entiation and integration, divergence theorem for w;(t, - )Vu(t, - ), solution property)

dt2/ |Vu(t,z ]2dx—/Vut (t,x)+ Vu(t,z)dz
—/ut(t,x)Au(t,x)d +
Q

= x
—/ Au(t, z)? dfc+/ Uy
Q o0
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Specifically, if either u; = 0 at (0Q)r or d,u = 0 at (0Q)r is valid (that is, if either
the boundary values are time-independent or the Neumann condition is in force), then the
“energy” % [ |Vu(t,z)|?>dz is a non-increasing function of ¢ € (0,T). This puts
the heat equation into the realm of energy-dissipating equations or in brief dissipative
equations.

On a level of technical detail we point out that the computation just made is not directly valid under the above-made
regularity assumption for u, essentially v € C% (Qr)nct ((ﬁ)T), since this assumption does not even ensure existence
of the mixed second-order derivative Vu:. However, if not just w, but also wu: is in this space and in fact also if
one localizes the assumption in time by replacing (0,7) with (t—§,t+6) for some small § > 0, then the preceding
computation is fully justified and shows (with marginal reformulation due to u; = Aw)

d1

—7/ |Vu(t,;v)\2dac:—/ ug(t, )2 d:v—i—/ ui(t, 2)Byu(t, ) dH"(z) .
dt 2 Ja Q oQ

With the help of mollifications ue in the time-variable only one can then show that this equality stays valid for
solutions u such that merely u € C2(Q7) N C? ((ﬁ)T) Indeed, to this end one first observes that ue and (uc): (the
latter equally good as ue itself due to the mollification in ¢) satisfy the necessary assumptions as soon as € and d are
small enough to ensure [t—§,t+d] C (e, T—¢) and that therefore the preceding equality is valid for ue in place of u. In
addition, for € N\, 0 one gets uniform convergence Vu, — Vu and (ue): — ut on (t—0,t+0) x Q as well as 9, us — du
at (t — 6,t + &) x Q. This induces corresponding convergences for € N\, 0 for the three relevant integral terms in a
locally-uniform-in-t manner. Then, however, the analysis result on exchange of differentiation and limit under locally
uniform convergence of the derivatives can be applied to extend the claim to a solution u € C%(QT) nct ((ﬁ)T)

In case of either u; = 0 at (0Q)7 or dyu = 0 at (02)p, by another similar computation,

which is treated in the exercises, one checks
dzl/[v (t,z)*dz >0  forallt e (0,7)
—= u(t, x x or a
dt22 Jq ’ - ’

This confirms that the “energy” % Jo IVu(t, z)|? dx is a convex function of t € (0, T).

In the case T' = oo of infinite time horizon, the convexity observation in fact opens a way
for analyzing the long-time asymptotic behavior of solutions to the heat equation as follows.
The monotonicity (from point (4)) and convexity of the energy E(t) := 1 [, [Vu(t,2)[>dz
mean that E’ is a non-positive and non-decreasing function and therefore lim;_,~, E/(t) exists
in (—o0,0]. However, if the limit were negative, this would give the contradiction E(t) < 0
for t > 1. Thus, one deduces that necessarily lim;_,, E'(t) = 0 holds, and in view of point
(4) this gives

lim [ Au(t,z)?dz = — lim E'(t) = 0.

t—oo Jo t—o0
In other words, one finds limy oo Au(t, -) = 0 in L?(2). This may raise hopes for conver-
gence limy o0 u(t, - ) = h to a harmonic limit function, and indeed by using some L? theory
for the Poisson equation (which is not covered in this lecture) one can prove the follow-
ing: If Q2 has only regular boundary points and if the solution u fulfills a time-independent
boundary condition u(t,z) = () for all (¢,z) € (0,00) x I with ¢ € C%(9Q), then u(t, -)
converges for t — oo in L2(2) to the harmonic function h with h = ¢ at 9Q. We omit fur-
ther details. Rather we confine ourselves to adding the final remark that the last-mentioned
convergence principle and its variants for other PDEs directly connect elliptic and parabolic
theory and thus in some cases allow for studying the one by means of the other.

3.2 The fundamental solution and the mean value property

As mentioned earlier, harmonicity (i.e. the solution property for the Laplace equation) is in-
variant under isometries such as translations, rotations, reflections. In the same way also the
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3.2. The fundamental solution and the mean value property 89

solution property for the heat equation is invariant under isometries of the x vari-
able, that is, if u solves the heat equation in (0,00) x R", then, for every zy € R™ and every
T € O(R") also (t,z) — u(t,zo + Tx), solves the heat equation in (0,00) x R™. Additionally,
there is a scaling invariance, known as parabolic scaling:

If u solves the heat equation in (0, c0) x R"™, then, for every A > 0,
also (t, ) = u(A\%t, A\z) solves the heat equation in (0,00) x R™.

Proof for the parabolic-scaling property. If u solves and A > 0 is given, one straightforwardly
computes
d
(Am - &)U(A%, Az) = N2Au(A2, Aa) — N2uy(A2, Aa) = 0
for all (¢,z) € (0,00) x R™. O

At this point, when trying to adapt the idea of a fundamental solution from the case of
the Laplace equation to the case of the heat equation, it seems reasonable to look for a function
K € C2((0,00) x R™) which solves the heat equation, is rotationally invariant, and changes
under parabolic scaling only by a A-dependent constant. In terms of formulas this means that
we require

AK(t,z) — Ki(t,z) =0, K(t,z) = K(t,|z]), CN\K (Nt \z) = K(t,z)

for all (t,z) € (0,00) x R™ and each A > 0 with an auxiliary function K : (0,00) x [0,00) — R
and with A-dependent constants C()\) € R. Choosing A = 1/+/%, the latter two properties imply

s-e(3 (e 3) -

for all (t,z) € (0,00) x R™. In addition, we would prefer having a fast decay of K(¢,z) and it
spatial derivatives towards 0 for |x| — oo. If this requirement is met, then in spirit of point
(1) in Section 3.1 it should imply constancy of [, K(t,z)dz as a function of ¢ € (0,00), and
as a normalization we may even take [p, K(t,z)dz =1 for all t € (0,00). By bringing in the
previously found form of K and by the change of variables y = %, we then find

1:0(\2)/?{@'\2) dx:C(\}i)\/ﬁ/nk(l,\dey.

Since the last integral is independent of ¢, we infer that the constants C (1 / \/E) necessarily

depend on t in form of
( 1 ) c(1)
Cl— )= )
vt) Vi

So, abbreviating h := C(1)K (1, - ), we come out with

= ()

as a reasonable ansatz for the fundamental solution of the heat equation. As will be
discussed in the exercises, one may plug this ansatz into the heat equation to derive a second-
order ODE for A and may then solve this ODE explicitly to find

||
1 2 Vi
K(t,x) = NG exp <—EL> [C—i— d/lﬂ e? /gl da} for all (¢t,z) € (0,00) x R"
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with two constants ¢,d € R. Finally, for simplification and for ensuring the decay for |z| — oo
one takes d = 0 and may then determine ¢ from the normalization condition'. In this way we
arrive at the following definition.

Definition (fundamental solution). The function K: (0,00) x R™ — R, given by

jz?

K(t,x) := Mlm‘)” exp < — 4t> for (t,z) € (0,00) x R"

is called the fundamental solution of the heat equation in R"™ or the heat kernel on R".

Remarks (on the fundamental solution).

(1)

From the construction and the explicit formula one reads off that the fundamental solution
K is a positive solution to the heat equation AK — K; = 0 in (0,00) x R such that

0 forzeR™\{0}

R oo forz=0

K(t,z)de =1 forallt>0 and %i\r[r(l)K(t,x):{
In a sense this means that K solves the initial value problem for the heat equation on full
space R™ with the heuristic initial condition “K (0, - ) = dp in R™”, where dy denotes
once more the Dirac measure at the origin. In terms of physical interpretation, this initial
condition for time ¢t = 0 corresponds to zero temperature in R™ \ {0}, but a “unit amount of
heat” concentrated at the origin. However, since K (¢, -) is positive in all of R™ already for
arbitrarily small ¢ > 0, the temperature immediately starts to raise even at points arbitrarily
far from the origin — though there extremely slowly. In this sense the heat equation models
heat propagation with an infinite speed of propagation.

The fundamental solution K can be extended to a C® solution K of the heat equation in
((—o00,00) x R™) \ {(0,0)} simply by setting K := 0 on ((—o0,0] x R™) \ {(0,0)}. Indeed,
the C°° property of this extension follows essentially from the well-known fact that the
e /s for s >0
0 for s <0
then immediate. Moreover, in the same way as this single-variable function is not analytic
near 0, the extended fundamental solution is not analytic in ¢ near {0} x R™. Therefore, we
see that in general C*° solutions to the heat equation need not be analytic in the ¢
variable.

single-variable function s — { is C*° in R, and the solution property is

With the fundamental solution at hand, we now turn to a heat-equation version of the

mean value property which in fact works by taking mean values on the superlevel sets of the
fundamental solution.

Definition (heat balls). For (t,x) € (—oo,00) x R™, r > 0, one defines the heat ball
W, (t,x) C (—o0,t) x R" as

W, (t,z) :={(s,y) € (—oo,t) x R" : K(t—s,xz—y) >r "}

Y

Indeed, observe that \/ﬁ f]Rn exp (—%) dr = \/% fRn e lul? dy = 1 holds by the change of variables

\/% and the well-known formula for the value of the Gaussian integral (in arbitrary dimension n).
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3.2. The fundamental solution and the mean value property 91

Remark. It is decisive that by definition W,.(t, ) lies in the past of ¢, that is, W, (¢,z) C
(—o0,t) x R™. Moreover, bringing in the explicit formula for K and rearranging the defining
inequality of W,.(¢,z) one can also show for (s,y) € (—o0o,t) x R™ that

(5,9) € W, (t,z) <= |z—y|? < —2n(t—s)log <47T(:2_8)> :

Then one sees by standard calculus that the right-hand side of the rearranged inequality is
positive precisely for s > t——r and reaches for s = t——r the maximum value 2—7“ These
considerations yield in particular the inclusion

L 5
W, (t,z) C (t,t—ﬂr ) X B@T(JL‘)
with the usual Euclidean ball B+ (z) C R".

27e

Theorem (mean value property). Consider an open set  C R™ and a solution u € C3(Qr)
to the heat equation Au — uy = 0 in Qp. Then, for every heat ball W, (t,x) C Qr, there holds

1 —z?
alt,e) = - /W ) )u(s,w‘y " d(sy).

4rn (t—s)
where d(s,y) means integration with respect to the (n+1)-dimensional Lebesque measure.

Remark. There holds
1 ly—=|?

P d(s,y) =1,
drm Ny, 2y (t—5)?
and thus the integral in the theorem can and should be understood as a weighted mean value

1 |y—zl?
4rm (t—s)2 "

integral with respect to the weight (s,y) —

Sketch of proof for the normalization claimed in the remark. By a change of variables one can
reduce to the case (t,z) = (0,0) and r = 1. For treating this case, one first computes by Fubini’s
theorem (with sections of W1(0,0) determined by the previous remark) and radial integration

|yi2 2d d
—5 d(s,y - ly|” dy ds
W1(0,0) S 4i s
(2

2ns log —4ms)

n 2 n+2

an/ ) (—s)"z 2(—log(—47rs))Tds.

n+ _1
47

One way of computing the resulting integral is then using the change of variables n = —% log(—47s)
to transform the last expression into
o0
8wn / einnn;2 drr, :
0

(n+2)mn/2

where by definition and properties of the I' function it is

o0 nt2 n—+2 n+2 n+2 n+2 /2
n d — _— 1 = F = M .
[ et a=r(t ) <2 (1) < 1

All in all this gives

and thus confirms the claim. ]
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Proof of the theorem. By a translation we can reduce to the case (¢, z) = (0,0), and by mollifica-
tion we can reduce to considering solutions u € CQ(W,, ), where we abbreviate W, := W,.(0, 0).
Then, partially similar to the proof of the mean value property in Section 2.4, we set

1 ly|?

a(r) = u(s, )% d(s, )

4pm W,

and aim at computing the derivative of ®. To this end we first change variables (s, y) = (r%c,rv)

(where the Jacobian determinant can be expressed by formally writing d(s,y) = r"*2d(o,v)),
then compute the derivative via exchange of differentiation and integration and the chain rule,
and afterwards change variables back. In this way we find

d1 2

' (r) = d7'4/ 1 u(rlo, rv) ’5’2 d(o,v)
_1 [Vu(r?o,rv) - v + w(r?o, rv) 2ro] —|U|2 d(o,v)
- 4 ) ) t 5 o2 )

_ 1 lyl*y 2ly/?
- 4pnt1 /VVT I:vu(suy> s2 +’U,t(3,y) S d(S,y)

2|y[?
S

given by (s, y) = % —nlog(v/—s) — nlog @ for (s,y) € (—00,0) x R™. By rearranging the
defining inequality of the heat ball, we see in fact {¢ > 0} = W, and {¢p =0} = 9 W, \{(0,0)},
in particular ¢ has zero boundary values at 9 W, \{(0,0)}. We now exploit this fact several
times. In fact, in a first step we integrate by parts w.r.t. y in the just-rewritten term. In a
second step we integrate by parts w.r.t. s in the then-second term and at the same time exploit
divy y = n and the solution property for the heat equation. In a third step, we again integrate
by parts w.r.t. y in the then-third term, and in a fourth step we factor out Vu. This procedure
yields

At this point we conveniently rewrite = 4y - Vii(s,y) in terms of an auxiliary function

r 2
¥(r) = o [ [Tt 5 Vo) - 00s.9) = 40w, ) ) 5.0 s,

1 r 2
= gt /W Vu(s,y) - |y!2y + Vu(s,y) - 4y ve(s,y) — 4n Au(s, y) ¢(s,y)] d(s,y)

~ gl

r 2
[ [Tt LY Gutein) - ats.0) + 40 Vs - VG, s,

1 ly*y
:4rn+1 /VVT VU(S,y)[ 52 +4¢t(3,y)y+4nv¢(say) d(37y)-

On a level of technical detail, at this point we add the remark that the auxiliary function 1 is not defined at (0,0) and in
fact becomes singular there, specifically limg ~q 1 (s,0) = oco. Still, it can be checked that all singular factors in the above
integrals remain in L'(W,) (seen for |y|?/s? in the preceding remark; |y|/s and |y|log(y/—s) then controlled as well) and
also that the singular behavior at the single point (0, 0) is negligible for all relevant integrations by parts.

Coming back to the main argument, we next observe that the the terms inside the brackets in
the last line of the integral computation cancel out to zero by straightforward computation of
the derivatives of the explicit function ¢. Thus, we have verified ®'(r) = 0, and ® is in fact a
constant function of r. This, however, leads to

@(r) = lim ®(g) = u(0,0)
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3.3. Maximum principles 93

where the first equality results from the previous reasoning, the second one from the continuity
of u and the previous remarks which uncovered the nature of ®(p) as a weighted mean value
on the heat ball W,(0,0) which shrinks towards (0,0) for o N\, 0. All in all, we have shown
u(0,0) = ®(r), which is nothing but the claim for (¢,z) = (0,0). O

Remarks (on the mean value property).

(1) For subsolutions u € C%(QT) to the heat equation in the sense that Au —u; > 0 in Qp, an
inspection of the above proof shows the mean value inequality

1 / ly—az|?
u(t,r) < — u(s,y d(s,y
(t,z) 5 J e ( )(t_S)Q (s,y)

whenever W,.(t,z) C Qr, and in case of additionally Au(t,x) — ui(t,z) > 0 the inequality
is even strict. Clearly, for supersolutions one has the reverse inequality.

We remark that in establishing strict inequality it is in fact technically advantageous to set up the quantitative claim

12
that Au—u; > & > 0 in Wy (t,2) for some Wy (t,2) C Qp implies u(t,z) + C5 < 72 fwr(t ) u(s,y)% d(s,y)

for all » > 0 such that W, (¢t,z) C Qr, where Cs5 > 0 is a constant which depends only on n, §, ro, and r. This
can be verified for C? solutions along the lines of the preceding argument and in view of the quantification with Cj
independent of u also the initial reduction from C% solutions to C? solutions (or equivalently an eventual extension
from C? solutions to C? solutions) by mollification still works.

(2) By the same basic argument discussed earlier for the Laplace equation, one now finds that
the respective mean value property characterizes subsolutions, supersolutions and most
importantly solutions to the heat equation.

3.3 Maximum principles

We next turn to maximum principles for the heat equation. On basic level these principles
resemble the ones for the Laplace equation, but additionally the “one-sidedness” of the time
variable is taken into account and the true significance of the parabolic boundary is uncovered.

Theorem (maximum principles). For an open set Q in R"™, a time horizon T € (0, 00|, and
a function u € C3(Qr), the following principles are valid:

(I) If Au—w; > 0 holds in Qr, then u has no local mazimum point in Qr (and, what is slightly
more, even u restricted to (0, 7] x Q with arbitrary T € (0,T) has no local mazimum point).

(II) Weak mazximum principle: If Q) is bounded, if u is a subsolution in the sense of
Au —u; > 0 in Qp, and if additionally u € CO(Qr U 8,Qr) is continuous up to 0,Qr,
then there holds

u < sup u m Qp .
BpQr

(III) Strong maximum principle: Assume that Q) is connected, that u is a subsolution in the
sense of Au —ug > 0 in Qr, and that M := supg, u < oo holds. Whenever u(t,x) = M
happens for a point (1,x) € Qr, then necessarily u = M holds on (0,7] x Q. (Similarly,
in case T < oo, if limy_,oo u(y,x¢) = M happens for points (14, x¢) € Qr such that
limy_, o0 (70, X¢) = (T, x) for x € Q, this still implies that necessarily w = M holds in Qr.)
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94 CHAPTER 3. The heat equation

Remark. In general the conclusion of the strong maximum principle cannot be improved to
having v = M in all of Qp, since there exist solutions u to the heat equation in 7 such that
u=0in (0,7] x Q and v > 0 in (7,7) x Q for 7 € (0,7T) (whence —u = supq, (—u) = 0 in
(0, 7] xQand —u < 0in (7,7") xQ for the solution —u). Indeed, in case 2 # R", such a solution u
can be constructed from the extended fundamental solution K € C*(((—o0, 00) x R™)\ {(0,0)})
by choosing an arbitrary xp € R™ \ 2 and setting u(t,x) := K(t — 7,2 — o) for (¢t,x) € Qp C
((—o0,00) x R™) \ {(7,20)}. In case Q@ = R", the construction of an example will be addressed
at the end of this section. In any case, a basic interpretation of such examples is that a physical
system stays at zero temperature for a while, but after time 7 begins to heat up by external
influence, in simple but striking words at time 7 “a heating at 0f) is switched on”.

In principle, all three proofs of the maximum principle given in Section 2.4 can be adapted
to the heat-equation case: The 1% of these proofs based on a test function method gives the
weak maximum principle. The 2" proof based on calculus criteria for maximum points yields
first the assertion (I) above and can then be refined to reach the weak maximum principle once
more. Finally, the 34 proof based on the mean value property establishes the strong maximum
principle and as a corollary? also the weak maximum principle. In the sequel we only derive
the strong maximum principle by the mentioned adaptation of the 3'¢ proof. The details of the
other approaches will be addressed in the exercises.

Proof of the strong maximum principle. We first consider the case that u(r,x) = M = supq_. u
happens for (7,x) € Qp and aim at proving u(t.,x.) = M for arbitrary (t,,z.) € (0,7) X Q
(which then implies the claim by continuity). To this aim, we first exploit connectedness and
openness of €2, which imply that the two points y,x, € {2 can be connected by a polygonal
curve in €2, that is, there exist £k € IN and points x = xg, 1, T2, ..., Tp_1, Tk = T4 all in
such that also the line segment from z;_1 to x; is fully contained in  for all ¢ € {1,2... k}.
In addition, we choose arbitrary times 7 =ty > t1 > to > ... > t = t, and observe that by
construction the closed line segment S; from (t;—1,z;—1) to (t;,x;) is fully contained in Qp for
all i € {1,2,...,k}. With these choices at hand we now establish u(t1,z1) = M. Indeed, since
u is continuous and takes the value M at the endpoint (to, o) = (7, x) of Si, we may consider
the point (t,z) € S; with minimal ¢ such that still u(¢,2) = M. For r > 0 small enough that
W, (t,z) C Qp, the mean value inequality then gives

|2

1 ly—=x
M =u(t,x §/ u(s,y)——5 d(s,9),
(te) < 13 WT(m)( )(t_s)g (s,9)

but at the same time we also know v < M in W,(t,z) C Qp. Since the integral is indeed a
mean value (weight has integral 1), this is only possible if w = M holds on the whole heat ball
W, (t, ). Furthermore, the boundary of W, (¢, ) intersects the time axis orthogonally at (¢, z),
and therefore in case t > ¢1 there exist points in S N W,.(¢,2) with time coordinates slightly
smaller than ¢, which contradicts the assumed minimality of . Hence, the only option is ¢ = ¢1,
and we have shown u(t;, 1) = M. We then proceed by an entirely analogous reasoning along

2To see that the strong maximum principle implies the weak maximum principle, one first observes that there
is no loss of generality in assuming connectedness of 2, since one may deal with the connected components of
separately. Then, for each T' € (0,7T), one claims u < SUPy, o U in Qz. Indeed, the maximum of u € CO(QJ:)

on the compact set Qz is attained at a point (7,%) € Q7 C Qr Ud,Qr. In case (1,X) € Qr the strong maximum
principle enforces u(7,x) < SUPg o, U, while in case (7,x) € 9,Qr one directly has u(7,x) < SUPy, o U- Thus,

the preceding claim is valid in all cases, and by arbitrariness of T e (0, T) this means u < SUPy, 0. U in all of Q.
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3.3. Maximum principles 95

the line segment Sy and conclude next that also u(ta, z2) = M holds. Continuing iteratively, we
ultimately arrive at u(t., xs) = u(ty, xx) = M as required.

Finally, we turn to the case that T < oo holds and limy_, u(7s, x¢) = M happens for
(e, x¢) € Qp such that limy_, (7, x¢) = (T,x) for x € Q. In this case, we can fix a small
enough r > 0 such that W,.(7y, x¢) C Qp for £ > 1. Then, from the mean value inequality and
Fatou’s lemma we obtain

. . 1 ly—xel®
M = lim u(7y, x¢) < limsup — u(s,y)———= d(s,y
£—00 ( ) {—00 4rn W (70,x¢) ( )(Tg—S)Q ( )
1 ly—x/?
= U(Sa y) d(57 y) )
4 W (T,x) (T—$)2

where in controlling the lim sup via Fatou’s lemma we exploited that is bounded above by M and
the constant M is L' on the bounded subset {J;s; Wr (77, x¢) of Qp. The resulting inequality
can then replace the mean value inequality on the specific heat ball W,.(T', x) — even though
(T,x) ¢ Qr and u(T,x) is not defined — and with this inequality (plus of course the usual
mean value inequality for all other relevant heat balls) the previous reasoning via the polygonal
curve and the line segments S; can be rerun with (7, x) in place of (7, x). This reasoning yields
u(ts,xx) = M for arbitrary (t.,x.) € Qr, and the proof is complete. O

Remarks (on the maximum principles). Consider an open set € in R"™ and T € (0, o0].

(0) Clearly, there are also analogous minimum principles for supersolutions « in the sense of
Au—u; <0 in Qp. These follow by applying the maximum principles to —u.

(1) The comparison principle asserts that, for bounded Q and u,v € C2(Q7)NC(QrUdpQr),
that one has the implication

Au—up > Av — v in Qp,

= wu<wv in Q.
u <o at OpQr }
It follows by applying the maximum principle to the subsolution u — v.

(2) For bounded £, one infers uniqueness of solutions u € C3(Qr) N C%(Qr U d,Q7) to the
Cauchy-Dirichlet problem

Au—u; = fin Qp, u(0, - ) = up in u = at OQp

with arbitrary prescribed data f € C%(Qr), ug € C°(Q), and ¢ € CO((9Q)r). This is a direct
consequence of the comparison principle and in comparison with the uniqueness assertion
in the previous Section 3.1 comes out under a refined natural assumption for the solutions.

(3) For bounded €2 and solutions u € C3(Q7) N CO(Qr U 9,Q7) to the inhomogeneous heat
equation Au — u; = f, one has a-priori sup estimates of the two types

sup [u| < sup |u| + Tsup |f|
Qr

B Qr
and ( )2
Rq
sup u| < sup |u| + sup [f|,
Qr Q1 2n qr
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with Rg := min{R € [0,00) : Q C Bg(zg) for some xy € R"}. Here, the former estimate
has the better constant if T" is small, while the latter one has the better constant if €2 is small
and covers even for T' = co. Moreover, we stress that, for boundary data specified in the same
way as in the previous point, supy o, |u| may be written out as max{supg, [uo|, sup(ag), ¢}
and thus is an a-priori given quantity.

Proof of the sup estimates. Setting M := supq,_. |f| and w(t,z) = u(t,z) — tM, we have
Aw—wr=Au—ur+ M = f+ M > 0. Then, with the help of the maximum principle for
w we find

supu <supw+ sup tM < sup w+TM < sup u+ TM.

Qr Qr (t,x)eQr OpQr OpQr
In combination with the same estimate for —wu this gives the first claimed estimate. The
_ 2
proof of the second estimate is based on the choice w(t,z) := u(t,z) + %M (which
again satisfies Aw — w; > 0) and on an analogous estimation. O

By applying the preceding sup estimates to the difference of two solutions (with possibly
different inhomogeneity and boundary data) one straightforwardly reads off estimates ex-
pressing the continuous dependence of solutions to the Cauchy-Dirichlet problem for the
possibly inhomogeneous heat equation on the data f, ug, .

There exist also maximum principles for the heat equation over unbounded ), that is,
analogs to the Phragmén-Lindel6f principles for the Laplace equation. One such principle
(compare [9, Chapter 7.1(b)]) asserts, for arbitrary M € R,

ue CHQr), Au—uy > 0in Qp,
limsup  w(t,z) < M for all (7,x) € 0pQr, —  uw<MinQp,

QTB(t@)—)(T:X)
for each 7 € (0,7): u(t,z) < econst(r) (21 +1) fo; 411 (t,x) € Q

where const(7) € [0, 00) denotes an arbitrary 7-dependent constant (which in the worst case
may satisfy lim, 7 const(7) = 0o) and where the last assumption bounds the growth of u for
|z| — oo by exponential rates. In particular, whenever u solves the Cauchy problem on full
R™, that is, u satisfies Au —u; =0 in (0,7) x R™ and (0, - ) = up in R", and additionally
the growth assumption is valid, then there holds |u| < supp» |ug| in (0,77) x R™.

Sketch of proof. For the moment, we fix 7 € (0,7") and choose some o € (0 ) such

1
? 4const(T)
that mo = 7 for some m € IN. Then, it can be shown that the variant K of the fundamental

solution given by
Ki(ta) = —— ( Gl )
LX) = ex
o o= P\ 4(o—t)

solves the heat equation in €2,. For arbitrary € > 0, we now consider the subsolution u—cK}
in ),. By a reasoning with maximizing sequences, the strong maximum principle, and the
growth assumption (similar to the derivation of the basic Phragmén-Lindel6f principle in
Section 2.4) one can then verify supg_(u —eK}) < M, and in the limit € \, 0 this implies
supq, u < M. An analogous reasoning can be used iteratively to bound u next in (o, 20) x €,
then in (20, 30) x €2, and finally in ((m—1)o, mo) x 2. Altogether this means sup,_u < M.
Finally, in the limit 7 7T we infer supg,, u < M. O
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Remark. Without the growth condition from point (5) of the previous remark, the (weak)
maximum principle and uniqueness of solutions do not hold true for the heat equation over
unbounded €2 C R™. This will now be shown already for n = 1 and 2 = R by looking at
exemplary solutions u given in form of

00 .Cl?2k
_ kzzog(k)(t) ol for (t,x) € (—o0,00) x R

with a fixed g € C*((—00,00)). Indeed, if limy_,~ % = 0 holds and this convergence is faster

than exponential in a way® which is locally uniform in ¢ € (—o0, o), then one may differentiate
the preceding series term by term with result

2k—1)

ux:r(tax) - Zg 2 Zg k+1) 2]€) =0,

and thus u is a C* solution to the heat equation in (—oo, 00) x R.

Specifically, if one chooses g above as g(t) := e, one gets an explicit solution u given by

o
u(t, x) :etz o —etcosh:c for (t,x) € (—o0,00) x R.
k=0

More interestingly, however, one can verify that also g given by g(t) := e V¥ for t > 0 and
g(t) :== 0 for t < 0 is admissible. This latter choice in fact produces a C* solution u to the heat
equation in (—oo,00) X R such that w is constant zero in (—oo,0] x R, but non-constant in all
of (—o0,00) x R. This solution is known as Tychonoff’s exotic solution and can serve as a
counterexample in various regards.

To complete the construction of Tychonoff’s exotic solution it remains to confirm the earlier-mentioned convergence

hypothesis on g(¥) (t)/(2k)! for the last-mentioned choice of g such that g(t) := e~ 1/t for t > 0 and g(t) :=0fort <O0.
Here, a difficulty is that there is no straightforward explicit formula for 51%671/1&2 with arbitrary k € IN. However, by an

induction argument (which is not spelled out here) one can indeed check that, for every k € IN, there exist £1,%2,...,lor—1 €
{0,1,2,...,k— 1} and a1, a2,...,ask—1 € Z such that |a;| < 3¥k% for i =1,2,...,2*"1 and

ok—1
g B (t) = Z ti;l:l%%iefl/ﬁ forallt>0.
i=1 )
From this formula we read off the estimate
2k—1 )
lg® (1) 3kkL —1/¢2
Wfi:1me forallk € Nand ¢t >0.

Now we fix 7 > 1 and consider ¢ € (0, 7). In order to further bound the summands on the right-hand side of the previous

estimate, we use on one hand the standard bound == (t2 ) < e/ for the specific choice m := {%kféﬂ < %k*€¢+% <2k
(where fac] denotes the smallest integer > z) to get

71/t m|t2m<mmt2m<(2k)2k l+ t3k 221T<22kk‘2k €+2t3k 2217_

(2k)! > (i’“)

3The precise requirement meant here is that, for each 7 € [0, 00), one may bound % < M, (k) for all
t € (—7,7) and all k € INg by some M- (k) € [0,00) such that limy_, Mf(k)bk = 0 holds for every b € R.

on the other hand we use the well-known inequality
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98 CHAPTER 3. The heat equation

With the help of both these facts we then bound the single summands above by

3kk2i efl/tz < (362)kk1/2
(2k)!t3k—21{,; kk/2

(which the right-hand side no longer depends on ¢) and altogether arrive at the targeted estimate

9B @] _ (6622

@Ry S gz T Melk) o forallkeNandt€ (0,7).

Here, (662)kk‘1/ 2 grows at an exponential rate for k — oo, but decisively k¥/2 grows even faster than exponential for k — oo,
and thus M (k) tends to 0 faster than exponential for k — co. Since moreover g(¥)(t) = 0 holds for all k € IN in case t < 0,
the preceding suffices to verify the required (speed of) convergence.
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