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ABSTRACT. Extending earlier results of Nesetiil and Rodl [Selective graphs and hyper-
graphs, Ann. Discrete Math. 3 (1978), 181-189], we show that for every ordered graph F
there exist an ordered graph H and a system % of induced copies of F' such that every
colouring of the edges of H yields a canonically coloured copy of F' from ¢ and any two
copies from ¢ intersect either in a vertex or an edge or not at all.

As a consequence, this allows us to construct, for any given ordered graph F', canonical
Ramsey graphs H enjoying additional structural properties. In particular, H can have the
same clique number as F' and, provided F' is not bipartite, the same odd girth. Moreover,
if ' is connected, then the copies of F' from % are not only induced, but their pairs of

vertices also have the same distances in H as in F.

§1 INTRODUCTION

1.1. Structural Ramsey theory. Following Erdés and Rado [12,13] we use the shorthand
notation
H— (F), (1.1)

for graphs F' and H and some number of colours r to signify the Ramsey property that
every r-colouring of F(H) yields a monochromatic and induced copy of F' in H. Without
requiring the monochromatic copy of F' to be induced, the existence of H would be a
consequence of Ramsey’s theorem [28] for (finite) graphs. Henson [16] asked whether the
induced version holds as well. This was answered affirmatively independently by Deuber [4],
by Erdés, Hajnal, and Pésa [9], and by Rédl [30,31]. In particular, those authors established
the induced Ramsey theorem asserting the existence of a graph H satisfying (1.1) for any
given F' and r.

Structural Ramsey theory aims at a better understanding of unavoidable properties that

such a Ramsey graph H must display. A first general result in this direction is due to

2020 Mathematics Subject Classification. 05D10 (primary), 05C55 (secondary).
Key words and phrases. Ramsey theory, canonical colourings, induced Ramsey theorem, clean

intersections.
The first author was supported by ANID and DAAD under ANID-PFCHA /Doctorado Acuerdo Bilateral

DAAD Becas Chile/2023-62230021. The fourth author was supported by NSF grant DMS 2300347. The

fifth author was supported by ANID Becas/Doctorado Nacional 21221049.
1



2 M. AZOCAR, A. BASU, CHR. REIHER, V. RODL, G. SANTOS, AND M. SCHACHT

Folkman [14], who addressed a question of Erdés and Hajnal [6] and showed that for two
colours there exist Ramsey graphs H for the clique K with the minimal possible clique
number, i.e., w(H) = k.

Around the same time Galvin (see [7]) formulated the more general question of the extent
to which restricted classes of graphs are closed under the Ramsey property. He specifically
asked this question for the class of triangle-free graphs. This problem was addressed by
Nesetfil and Rodl [20] by showing that for every triangle-free graph F' and every number
of colours r there exists a triangle-free graph H satisfying the Ramsey property (1.1).
This result was further extended in two directions: firstly, for graphs with given clique
number [21], which generalises Folkman’s theorem, and secondly, for graphs without odd
cycles up to a given length [24].

Since then quite a few results in structural Ramsey theory have emerged and we point
the interested reader to the surveys of Nesetfil [19] and of Hubicka and Konec¢ny [17] and
the references therein. Many of the proofs in the area are based on the partite construction
method introduced by NeSetril and Rédl [25]. In more advanced applications of that
method a careful analysis of the distribution of the copies of F' in the constructed Ramsey
graph H is essential. Putting trivial cases aside (e.g., graphs F' with at most one edge), it
is easy to see that the copies of F' in any Ramsey graph H cannot be edge disjoint. Erdos,
Nesetril, and Rodl (see [5]) asked whether all other pairwise intersections can be avoided
in carefully constructed Ramsey graphs for I’ being a clique; this was verified in [25]. For
general graphs F' this leads to the following concept of clean intersections, which appeared
in [26, Proposition 2.3].

We say two graphs F' and F’ have a clean intersection (or they intersect cleanly) if
V(F)nV(F) <1 o V(F)nV(F')e E(F)n E(F').

Moreover, a family of graphs has clean intersections if any two distinct members intersect
cleanly. Note that for disconnected F' no Ramsey graph H can have the property that
all copies of F' in H pairwise intersect cleanly, since copies of the components of F' may
combine into copies of F' violating this property. For that reason we consider Ramsey
systems, i.e., distinguished families of copies 7% of F' in H witnessing the Ramsey property.
Ramsey systems with clean intersections are not only interesting in their own right, as
they exhibit the minimal possible pairwise intersections—they also turned out to be useful
for obtaining further results in structural Ramsey theory.

In this work we employ the partite construction method to obtain systems of copies 7%
of any given graph F' with clean intersections that possess the canonical Ramsey property.
These constructions of systems of copies with clean intersections will allow us to establish
analogues of the structural Ramsey results discussed above in the canonical setting (see
Theorems 1.1 and 2.4 below).
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1.2. Canonical colourings. The canonical Ramsey theorem of Erdés and Rado [11]
generalises Ramsey’s theorem to an unbounded number of colours. Obviously, with this
relaxation we can no longer ensure the appearance of monochromatic copies of the target
graph F'. However, Erd6s and Rado characterised all canonical colour patterns that are
unavoidable in such colourings of edge sets. As it turns out, the ordering of the underlying
vertex set plays a role in that context and, hence, we consider ordered graphs with totally
ordered vertex sets. We recall that a colouring ¢: E(F) — IN of an ordered graph F' is

canonical if one of the following four patterns arises:

(i) @ is monochromatic, i.e., all edges of F' have the same colour;
(ii) @ is min-coloured, i.e., for e, ¢’ € E(F) we have ¢(e) = p(¢’) «= mine = min¢’;
(#ii) @ is max-coloured, i.e., for e, ¢’ € E(F) we have ¢(e) = p(¢) < maxe = max¢/;
(iv) ¢ is rainbow, i.e., all edges of F' have distinct colours.
For graphs F' and H we denote by (I;) the set of all induced copies of F'in H. If H and F
are ordered, then we naturally restrict (I;) to the ordered induced copies of F'in H.

For ordered graphs F' and H we write
H = (F)

to signify that H has the canonical Ramsey property for F', i.e., for every colouring
¢: E(H) — N there exists a copy F. € () such that ¢ restricted to E(F,) is canonical.
Moreover, we write
Hp — (F)

for a system of copies 5% < (g) to signify that the guaranteed canonically coloured copy
is always an element of 7.

An induced version of the canonical Ramsey theorem with preserved clique number was
obtained by Nesetfil and Rodl [23]. We strengthen this result by showing that we can

further restrict to a system of copies 7 < (H) with clean intersections. When F' is a

F
clique, such a result was recently obtained by Kamcev and Schacht [18] by considering
(appropriate subgraphs of) sparse random graphs. The proof presented here is constructive
and in addition we also maintain the same odd girth. We recall that og(F'), the odd girth
of a graph F', is defined as the length of a shortest odd cycle in F' if such a cycle exists
and we set og(F') = oo for bipartite graphs F'. With this notation at hand our main result

can be stated as follows.

Theorem 1.1. For every ordered graph F there exist an ordered graph H and a system of
copies Hp < (g) with clean intersections such that 7 —— (F'). Moreover, the graph H
has the same cliqgue number as F' and, in case F is not bipartite, it also has the same odd
girth. Finally, if F' is connected, then any two vertices of any copy Fy € % have the same

distance in H as in F,.
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We remark that in general for ordered bipartite graphs F' we cannot insist that H is
bipartite as well. For example, the path P of length three with vertices u < v < w < w’
and edges uv, vw, ww' is clearly bipartite, but for any given ordered bipartite graph H
with vertex partition X v Y we may colour the edges xy with x € X and y € Y by the
colour x. Since every copy of P in H has two vertices in X, this colouring induces exactly
two colours on any copy of P, while every canonical colouring of P is either monochromatic
or uses exactly three colours. However, our proof shows that we can require the odd girth
of H to be arbitrarily large, if F' is bipartite (see Theorem 2.4 below).

Our proof of Theorem 1.1 falls short of maintaining the girth itself. Such a result likely
requires more delicate control over the systems of copies arising throughout the construction.
For example, such copies would need to expand and not create short cycles themselves.
In the non-canonical context, this level of control was recently established by Reiher and
Rédl [29] and we believe that similar results also hold for the canonical Ramsey property.

Furthermore, Theorem 1.1 provides a system 7% of copies of F' and leaves open when
this system can be taken to consist of all copies, that is, when 77 = (I;) can be achieved.
For cliques such a result follows from the probabilistic proof of Kaméev and Schacht [18]
and is also delivered by the constructive proof presented here. In general, it is plausible

that such a strengthening of Theorem 1.1 holds for most sufficiently connected graphs F'.

§2 OVERVIEW OF THE PROOF

In this section we decompose the proof of our main result into two steps—a preliminary
construction and a statement from structural Ramsey theory, where instead of edges we
colour subgraphs of a fixed isomorphism type.

For a fixed graph F', by an F'-system we mean a pair (B, %) consisting of a graph B
and a set A of induced copies of F' in B. Similarly, for an ordered graph F' an ordered F-
system (B, %) has an ordered underlying graph B and the copies in % need to respect
the vertex ordering.

In the first step of our proof we construct for every ordered graph F' an auxiliary
ordered F-system (B, %r) with several desirable properties. We begin with a property of

edge colourings, which connects the two parts of our argument.

Definition 2.1. Given an ordered graph F' and an ordered F-system (B, %), an edge
colouring ¢: F(B) — N is Br-homogeneous if for any two copies I, Iy € A the strictly
increasing map n: V(Fy) — V/(F,) (which is an isomorphism between Fy and F}) preserves

the relation of having the same colour, i.e., for all edges e, f € E(F}) the following holds:

ple)=w(f) = (pon)ie)=(pon)(f).
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So, intuitively speaking, ¢ is Zr-homogeneous if ¢ induces the same colour pattern on
any two copies of F' in $r.

In order to preserve the odd girth in our main result, we sometimes need to work with
copies that are not only induced but also inherit bounded distances from their host graph.

This is made precise by the following concepts.

Definition 2.2. Let F' be a subgraph of another graph B.
(i) We call F' a distance preserving subgraph of B if any two vertices of F' have the

same distance in B as in F’; the set of distance preserving copies of F' in B is
denoted by (?) dp

(7) For a natural number n, we say that F' is n-induced in B provided that the following
holds: If for two distinct vertices x,y € V(F) there is an z-y-path P in B which is
not contained in F' and whose length is at most n, then the distance of x and y
in F is strictly smaller than the length of P. Moreover, we write (?)n for the set

of n-induced copies of F' in B.

Clearly, distance preserving copies must be induced and we have the monotone inclusions

(5= (2) 22 () =(5) =
NG =), =)

and, if F'is connected, then we also have

()= (5. &

The following definition encapsulates the desired structural properties for the ordered F-

Moreover,

system (B, Zr) we intend to construct.

Definition 2.3. For an ordered graph F' and an integer n > 1, we say that an ordered F-
system (B, Br) is n-conform if
(7) the copies in A have clean intersections,
(i) w(B) = w(F),
(7i) og(B) = min{og(F'),2n + 1},
(iv) and Br < (F)n

For preserving the odd girth one may expect that part (7i7) in the definition above
should simply be og(B) = og(F). However, as discussed before, such a strong version of
Theorem 1.1 is false for bipartite graphs, which have infinite odd girth. In this case we can

still guarantee canonical Ramsey graphs of arbitrarily large odd girth and this leads to the
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formulation chosen in part (777 ) of the definition. The strong version of Theorem 1.1 can

now be stated as follows.

Theorem 2.4. For every ordered graph F and every integer n = 1 there exists an n-
conform F-system (H, #%) such that #w —— (F).

In view of the inclusion (2.1), Theorem 2.4 applied for connected graphs F' and with
n = diam(F') yields a system % of distance preserving copies of F. In the context of
Ramsey’s theorem such a structural result was obtained by Dellamonica and Rédl [3].

Clearly, Theorem 2.4 implies Theorem 1.1: it suffices to apply it with
n = max{diam(F), %, 1},

where the terms diam(F') and % are only taken into account if F' is connected or not
bipartite, respectively. Moreover, 7 —— (F') entails ¢ # &, so H contains an induced
copy of F' and, hence, also og(H) < og(F'). The rest of this work is devoted to the proof
of Theorem 2.4. For that we first establish the following result in §3.

Proposition 2.5. For every ordered graph F and every integer n = 1 there exists an
ordered n-conform F-system (B, Br) with Br # & such that for every Br-homogeneous

colouring ¢: E(B) —> IN all copies in Br are canonically coloured.

Roughly speaking, our intended way of using this result is that if for any ordered graph H
we have an arbitrary edge colouring ¢: E(H) — N, then each copy in (I;) receives one of
boundedly many colour patterns. Indeed, the number of possible colour patterns agrees
with the number of equivalence relations on E(F'), which is a function of e(F'). Thus
when H is constructed in such a way that (g) is “sufficiently rich”, then there exists a copy
B* e (g) such that the corresponding F-system (B*, %}.) isomorphic to (B, %) receives
a Ap-homogeneous colouring, meaning that its copies of F' are canonically coloured.

We shall now introduce some language that will allow us to present this plan in a more
precise form. An F-system (B, %) is said to be an induced F-subsystem of another F-
system (H, #%) if B is an induced subgraph of H and, furthermore,

B
%FZ%H(F>

We write (((gj;? ))) for the set of all induced F-subsystems of (H, . #%) which are, in the
obvious sense, isomorphic to (B, %r). By a (B, %r)-conglomerate we mean a triple
(H, #p, #7) such that (H, #%) is an F-system and 5 < (((gj;i))) Given such a
conglomerate and a number of colours r the partition relation

%—) (‘87%1’)5‘
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indicates that for every colouring ¢: 7 — [r] there exists a copy (B*, #5) € 55 such
that %% is monochromatic with respect to .

These concepts extend to ordered graphs and systems in the expected way. Most
importantly, if F' is an ordered graph and (B, %r), (H, #%) are ordered F-systems,
then (((g‘gg ))) only contains copies of (B, %r) that are ordered correctly; similarly, for an
ordered (B, Br)-conglomerate (H, #3, #%) the copies in % and 3 need to respect the

vertex orderings of F', B, and H.

Proposition 2.6. For every ordered graph F', every n = 1, every ordered n-conform
F-system (B, %r), and every number of colours r, there exists an ordered (B, Br)-
conglomerate (H, 7%, #%) such that

(a) Hp — (B, Br);

(b) and (H, %) is an n-conform F-system.

The proof of this proposition employs the partite construction method and is deferred to
§§4—6. We conclude this section with the proof of Theorem 2.4 assuming Propositions 2.5
and 2.6.

Proof of Theorem 2./. Fix an ordered graph F' and an integer n > 1. By Proposition 2.5,
there exists an n-conform ordered F-system (B, %r) with Br # & such that every
A r-homogeneous colouring of F(B) colours all copies of F'in #p canonically.

Let r be the number of equivalence relations on E(F'), which equals the number of colour
patterns that any edge colouring can induce on a copy of F'. We apply Proposition 2.6
with (B, Zr) and r to obtain an ordered (B, #r)-conglomerate (H, #3, #%) satisfying
properties (a) and (b) of the proposition. In particular, (H, %) is an n-conform F-system
by assertion (b). We now argue that 7 — (F) holds.

Given any edge colouring ¢: F(H) — N, each copy F, € S inherits from ¢ an
equivalence relation on E/(F,), determining one of the r colour patterns. This defines a
colouring ©: #% — [r] of the copies of F'. By assertion (a ) of Proposition 2.6, there exists
a copy (B*, B}) € #p such that B}, is monochromatic under 1. Consequently, ¢ induces
the same colour pattern on every F, € %5, i.e., ¢ is HBjp-homogeneous. Since (B*, %},)
is isomorphic to (B, %r), Proposition 2.5 implies that every copy of F in %} < H%
is canonically coloured by ¢. In particular, as Zp # @, the set H}. is non-empty and,

hence, % indeed contains a canonically coloured copy of F, i.e., 7% —> (F). O

§3 CONFORM SYSTEMS BEING CANONICAL ON HOMOGENEOUS COLOURINGS

This section is devoted to a constructive proof of Proposition 2.5. For that we first study

in §3.1 simple operations on systems of copies that preserve conformity. In §3.2 and §3.3
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we utilise these operations to obtain the desired conform F-system (B, %), for which

homogeneous colourings induce canonical copies of F.

3.1. Extensions of conform systems. We study simple operations on conform systems
that keep conformity intact. For example, it is easy to check that removing a copy F’
of F' from an n-conform F-system (consisting of at least two copies), where we only
remove vertices and edges that are only contained in F’ and no other copy of I, results
in an n-conform system. Below we analyse the situation when an n-conform system is
enlarged.

The first observation shows that the union of conform F-systems intersecting in exactly

one copy of F'is again conform.

Lemma 3.1. Suppose (B, #Br) and (B',#%) are two n-conform F-systems satisfying
Bn B € Brn A Then the union (B B', Br v By) is again an n-conform F-system.

Proof. Obviously, (B u B', Br v #}) is still an F-system with
w(B U B') = max {w(B),w(B")} = w(F)

and the copies of F'in Br U A}, have clean intersections.

Concerning the odd girth, suppose C'is a shortest odd cycle in B U B’. We may assume
that C' is neither contained in B nor in B’. Let vy, ..., v, be the vertices of the unique
shared copy F, € Br n A} appearing on the cycle C' in cyclic order. For i € Z/kZ let P,
be the corresponding v;-v;,1-subpath in C'. By our choice of C' there are 7 # j such that P;
contains a vertex from V(B) \ V(B’) and P; contains a vertex from V(B’) N\ V(B). Let ¢;
and ¢; denote the lengths of these two paths and suppose ¢; < ¢;.

If ¢; = n, then the length of C' is at least 2n + 1 and we are done. Assuming ¢; < n
allows us to appeal to the n-inducedness of (B, %), which yields a shorter v;-v;;1-path Q;
within F,. If (); and P; have the same parity, then replacing P; by @; in C' leads to a
shorter closed odd walk in B U B’ contradicting the minimal choice of C. Otherwise the
union of P; and @); forms a closed odd walk W with

length of W = length of ); + length of P, < 2¢; < {; + {; < length of C,

which leads to the same contradiction.

For the n-inducedness we consider an z-y-path P of length m < n in B u B’ connecting
two vertices in a copy Fy € $Br, but such that P & Fy. If P is contained in B, then
the n-inducedness of (B, %r) implies that the distance in Fj is less than m. Otherwise,
any maximal segment aPb with all inner vertices from V(B’) \ V(B) has the property
that a and b are both contained in the unique shared copy F, € Zr n By. Consequently,
the n-inducedness of (B’, #}.) asserts that the segment aPb can be replaced by a shorter
path contained in F, < B. 0
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Other simple extension operations concern adding a single copy of F' to a conform system
with restricted intersections. For example, it is easy to see that adding a single copy of F,
which only intersects the given system in a single vertex or a single edge, has no effect on

the conformity, which we summarise in the following fact.

Fact 3.2. Suppose (B, #Br) is an n-conform F-system and F' is a copy of F' such that
V(F)nV(B)|<1 or V(F)nV(B)e E(F)n E(B).
Then the extension (B v F', Br v {F'}) is also an n-conform F-system. O

The following lemmata analyse the situation when the added copy intersects a conform
system in three or four vertices. For that we recall the following standard graph-theoretic
concepts. For a graph B = (V,E) and z, y € V we denote by distg(x,y) the length
of a shortest z-y-path in B if such a path exists and oo otherwise. More generally, for
sets of vertices X, Y < V we write distp(X,Y’) for the minimum of distg(x,y) over all
x € X and y € Y. In particular, distg(X,Y’) = o0 if one of the sets X or Y is empty. For
vertices v € V, edges xy € E, and subgraphs F, € B we also simply write distg(v, F,) and
distg(zy, F,) instead of distg({v}, V(F})) and distg({z,y}, V(FL)), respectively.

The first lemma addresses the case when the added copy of F' intersects the given

conform system in a vertex and an edge.

Lemma 3.3. Suppose (B, Br) is an n-conform F-system with an edge ab e FE(B) and a
vertex y € V(B) \ {a, b} satisfying B =) Br and

distg(ab, F,) + distp(y, F.) > max {3, min{og(F) — 1,2n}, n + 1} (3.1)
for every F, € ABr.

Then for every copy F' of F satisfying V(F') n V(B) = {a,b,y} and ab € E(F') the

extension (B U F', Br u {F'}) is an n-conform F-system.

The next lemma deals with a very similar case, when the single vertex y is replaced by
an edge xy disjoint from ab. Below we shall only prove that version of the lemma, since

the same reasoning yields Lemma 3.3.

Lemma 3.4. Suppose (B, Br) is an n-conform F-system with disjoint edges ab, xy € E(B)
satisfying B = | ) Br and
distp(ab, F,) + dist(zy, F.) = max {3, min{og(F) — 1,2n}, n + 1}
for every F, € Br.
Then for every copy F' of F' satisfying V(F') nV(B) = {a,b,x,y} and ab, xy € E(F")

the extension (B v F', Br v {F'}) is an n-conform F-system.
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Proof. Property (i) of Definition 2.3 concerns clean intersections and for the extended
system ABr U {F'} this is a direct consequence of the distance assumption, since it prevents
any copy F, € B from containing a vertex from {a, b} and {x,y} at the same time. In
particular, this also shows that all copies of F' in the extended system % u {F'} are still
induced in B U F’, regardless of whether F” contains an edge with one vertex in {a, b} and
one in {z,y}.

Next we address property (i7) of Definition 2.3. For that we suppose for a contradiction
that there is a clique K,, € B u F’ with m > w(B) = w(F).

If V(K,,) € V(B), then K, contains an edge uv € E(F’) with u € {a,b} and v € {z,y}
and another vertex w € V/(B) \ {a,b,z,y}. Since B = | J % there is some copy F,, € Br

containing w and owing to the distance assumption we have
dist g(u, w) + distg(v, w) = distg(ab, F,,) + distg(zy, F,,) = 3.

Hence, one of the edges uw or vw must be missing in B, as well as in B u F’, ruling out
this case.

In the other case K, must contain vertices w € V(B) \ V(F') and v’ € V(F') \ V(B),
which contradicts the fact that ww' ¢ E(B u F').

For property (7i) of Definition 2.3 we consider a shortest odd cycle C'in B U F’ not
contained in B and not contained in F’. Such a cycle C' must contain at least two distinct
vertices from the set {a, b, x,y}. In fact, C' contains a u-v-path P with u, v € {a, b, z,y} and
all internal vertices from V' (B) \ V(F”). If uv equals the edge ab, then either C'= P + ab
contradicting that C' is not contained in B or ab is a chord in C'. However, such a chord ab
either contradicts the minimal choice of C' or it reveals that the length of C is at least
min{og(B),og(F)} and we are done.

Consequently, it remains to address the case u € {a,b} and v € {x,y}. In this case P

contains some internal vertex w contained in some copy F,, € %r and we arrive at

|E(C)| > |E(P)| = distg(u, w) + distg(v, w)
> distp(ab, F,) + distg(xy, F\y) = min{og(F) — 1,2n},

which concludes the verification of property (7ii) of Definition 2.3.

Finally we turn our attention to the inducedness properties of the extended system.
For that we first consider a copy F, € A and two vertices u, v € V(F,) for which there
exists a shortest u-v-path P in B u F”’ of length at most n. Moreover, we can assume
that P contains some edge from E(F") \ E(B). In particular, P must contain two vertices
from {a,b,z,y} and appealing to the minimality of P we infer that P contains a vertex
from {a, b} and a vertex from {x,y}, since otherwise we may use one of the edges ab or xy to

locate a shorter path (), which either contradicts the choice of P or it is already contained
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in B allowing us to appeal to the assumption that (B, %F) is n-induced. However, with P

containing a vertex from {a, b} and from {x,y}, we can invoke the distance assumption
|E(P)| > distg(ab, F.) + distg(zy, Fi) = n+ 1,

which contradicts the choice of P.

It remains to consider the case when u, v are vertices of the added copy F’. However, in
this case the reasoning above applies again: a shortest u-v-path of length at most n not
contained in F” either admits a shortcut through one of the edges ab, zy € E(F’), or it
meets both {a, b} and {x,y} and has length at least n + 1. d

The last lemma addresses the situation when the extended copy intersects the given
system in two edges sharing a vertex y. For the statement we consider distances in the
given graph with y removed. For a graph B = (V, F), distinct vertices x, y € V, and a
subgraph F' € B we set

distp_y(z, F) = distp/(z, V(F) \ {y})

for the induced subgraph B’ of B induced on V'~ {y}. Note that we make no assumption

on whether the considered subgraph F' < B contains the vertex y or not.

Lemma 3.5. Suppose (B, #Br) is an n-conform F-system with edges xy, yz € E(B)
satisfying B = | ) #r and

distp_y(z, Fy) + distg_, (2, Fi) = max{3, n + 1} (3.2)

for every F, € Bp.
Then for every copy F' of F satisfying V(F') n V(B) = {z,y, 2} and zy, yz € E(F’)

the extension (B u F', Br u {F'}) is an n-conform F-system.

The proof of Lemma 3.5 parallels the proof of Lemma 3.4 and the main difference

concerns proving property (#7) of Definition 2.3.

Proof. Again the distance assumption ensures that no copy of F' in & can contain both
vertices  and z. As a result all copies of F' in the extended system % u {F'} are induced
in B u F’. Moreover, since no copy of F'in %y contains x and z, the extended system still
enjoys clean intersections.

For property (i) of Definition 2.3 we again have only to consider cliques K,, contained
in V(B) that appeared by adding the edge zz to B. However, the distance assumption
combined with B = | #F ensures that at least one of the edges wx or wz must be missing
in B for every w € V(B) \ {z,y, z}.

Regarding the odd girth in form of property (iii) of Definition 2.3, we may assume that
xz ¢ E(F"), since otherwise og(F') = 3 and property (7ii) is trivial. We consider a shortest

odd cycle C' in B U F’ and we may assume that it is neither contained in B nor in F’. The
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vertices of {x,y, z} traversed by C split it into at least two segments whose internal vertices
avoid {z,y, z}. Consequently, every such segment lies completely in B or completely in F’
and its endvertices form one of the pairs {x,y}, {y, z}, or {z, z}. Now we fix one segment
and replace every other segment by the edge xy, the edge yz, or the 2-edge path z-y-z,
respectively, all of which are available in both B and F’. This results in a closed walk,
which is not longer than C' and which is completely contained in F” or in B, and a parity
check shows that the kept segment can be chosen such that this walk is odd.

It is left to show that (B u F', ZFr u {F'}) is n-induced. For that we first consider a
copy F, € B and two vertices u, v € V(F,) for which there exists a shortest u-v-path P
in B U F’ of length at most n. Moreover, we can assume that P contains some edge from
E(F')~ E(B). In particular, P must contain two vertices from {z,y, z} and owing to the
minimality of P we infer that V/(P) n{z,y, z} = {, 2}, since otherwise we locate a shorter
path contained in B allowing us to appeal to Zp < (?)n. Consequently, the distance
assumption yields the contradiction |E(P)| > distp_,(z, Fy) + distg_, (2, F¥) = n + 1.

It remains to consider the case when u, v are vertices of the added copy F’. However, in
this case the reasoning above applies again: a shortest u-v-path of length at most n not
contained in F” either admits a shortcut through one of the edges xy, yz € E(F’), or it
contains a segment from z to z avoiding y that passes through a vertex w € V(B) \ V(F")

and, considering the copy F, containing w, has length at least
distp_,(z, Fi) + distg_y (2, Fi) =2 n+1,
which is absurd. This concludes the proof of Lemma 3.5. O

3.2. Conformity of cycles of copies. Next we consider special systems resembling the

structure of a cycle of copies of a given graph F.

Definition 3.6 (cycles of copies). For £ > 3 let S = (Vs, Eg) be a graph with no isolated
vertices and ¢ edges, which is either an f-cycle or a family of pairwise vertex disjoint paths.
Let Es = {ey,...,e;} be an enumeration of the edges such that only consecutive edges
(modulo ¢) share a vertex.

We say an F-system (Z, Z%) with Z = | ] ZF is an S-cycle if there is an enumeration
Zr = {F1,..., Fy} such that we have

(i) E(F;) n Es = {e;,e;11} and V(F;) n Vg = e; U ;41 for all i € Z /U7

(i) and V(F;) n V(F;) = (e; U €i41) N (e; U e;41) for all distinct i, j € Z/VZ.

For an S-cycle (Z, ZF) we refer to S € Z as its skeleton.

It follows from part (i) of this definition and the structural requirement on S that for
all i, j € Z/0Z we have

VIF)NV(F)#@ — je{i—2i—1ii+1,i+2}.



CLEAN CANONICAL RAMSEY THEOREM 13
Moreover, for ¢ > 5 part (i) implies for all distinct i, j € Z/(Z
V(E)nV(Fj)|=2 = jef{i—1,i+1}and V(F) nV(F}) € Eg.

In particular, for ¢ > 5 such S-cycles have clean intersections. Moreover, for sufficiently

large ¢ such systems will be n-conform.

Lemma 3.7. For every integer n = 1 and for every S-cycle (Z, ZF) the following holds.
If |E(S)| = max {10, min{20g(F) + 2, 4n + 4}, 2n + 6}, then (Z, Z%) is n-conform.

Proof. For the proof we assume that the skeleton S of the given S-cycle (Z, ZF) is a graph
cycle of length ¢ = |E(S)|. The proof for the case when S is a collection of paths is almost
identical.

Let Es = {e1,...,e} and 2% = {F1,..., F,;} be the enumerations exemplifying that
(Z, ZF) is an S-cycle. Appealing to ¢ — 3 applications of Fact 3.2 tells us that the F-system
(Z__, % ") given by 2 = {F1,...,Fys}and Z__ =) % is n-conform.

€r—3 €r—2 €r—1 €y €1 €2
o —————0—© o—————0—©
a b y
Fo_s Fyp_o Fyq Fy

FIGURE 3.1. Adding F,_; to (Z__, %% ) in the proof of Lemma 3.7,

For the extension of %5~ by F;_; we shall appeal to Lemma 3.3 applied for the unique
vertex y in e; N e, and the edge ab = e,_1. For that we consider a copy F; with i € [{ — 2]
and verify that it meets the distance assumption given in inequality (3.1). Since the vertex
set of every edge e; with j € {2,...,i — 2} separates the vertex y from the vertex set of F}
in Z__, every y-F;-path in Z__ has at least (i — 3)/2 internal vertices, i.e.,

1—1

5

Applying the same reasoning for paths connecting F; with e,_; in Z__ implies
&%Z(%Fw+dwgmhﬂ)2121+€;225—2
and the assumption on ¢ = |E(S)| yields inequality (3.1). Consequently, the F-system

(Z_, %7 ) givenby Z_=7Z__ 0 Fy_y and 25 = {Fi,...,Fi_1} is n-conform.

distz__(y, Fi) =

€r—1 € €1 €2
r— 0 ——0—O0
T y z
Foy Fy Iy

FiGurke 3.2. Closing the S-cycle in the proof of Lemma 3.7. The copy Fy

added last is drawn in red.
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Finally, we add Fj to (Z_, 2% ) (see Figure 3.2) and for that we shall appeal to Lemma 3.5
applied for the edges e, = zy and e; = yz. In fact, the distance assumption (3.2) follows by
the same argument, since in Z_ —y still the vertex set of every edge e; with j € {2,...,1—2}

separates z from the vertex set of the copy F;. O

3.3. Forcing canonical patterns from homogeneous colourings. For the proof of
Proposition 2.5 we shall consider several constructions—one for each of the six ordered
two-edge graphs. Roughly speaking, for T' € {seee veas, eam oo} we will add a family of
copies of F' such that if the edges of some copy of T" in a homogeneous colouring have
the same colour, then every copy of F' will be monochromatic. Moreover, for T being <
or «= it may result in a common relaxation of monochromatic or min- or max-coloured
copies. However, this restriction will be strong enough to guarantee canonical copies in
combination with the other cases (see proof of Proposition 2.5 at the end of this section).
In the complementary case, when no two edges in F' are monochromatic, the homogeneous
colouring restricted to any copy of F' must be rainbow.

We have to ensure that the final F-system is n-conform. However, the constructions
for different pairs of edges can be carried out “independently” and we shall only consider
unions of systems that intersect in a copy of F'. Owing to Lemma 3.1 the union of all those

systems will preserve n-conformity, if we ensure that each single system is n-conform.

3.3.1. Forcing equal colours with «« and «=~. We start with the case T' = «+, which pivots

on the following construction.

Definition 3.8. Let Fj be a copy of an ordered graph F' with edges e, € = z1y; € E(Fp)
forming an ordered copy of eses, i.e., maxe < x1 < y;. For an edge f € E(Fp) \ {e, €'} and

an integer k > 1 we define the system 2% (e, e’; f) on Fy as follows:
()1 Add new vertices ws,...,zry1 and yo,. .., yry1 defining the edges e; = x;y; for
i€{2,...,k+ 1} and obeying the ordering
max V(Fp) <@g <ys <3 <Yz < -+ < Tpy1 < Ygs1 -

(=)o Let S = (Vg, Eg) be the graph with enumerated edge set Eg given by

ES: {eozfael 26/7627637"'76k+1}‘

(esee)3 Let (Z, ZF (e, €; f)) be an S-cycle with 2k (e, e'; f) = {Fy, Fi, ..., Fry1} (see Fig-
ure 3.3), where for every i # k + 1 the edges e; and e;,; are contained in F; playing
the roles of e and €’ in Fy, while for F},,; the edge ey = f plays the role of e and ey

plays the rdle of €’. So, with an obvious notation, we ensure

(Fo,e,e') = (Fy, e ei01) = (Frtn, fo€h41)

for every i € [k].
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The ordering of the remaining vertices of the copies of F' is not essential and any linear
extension is suitable.
We also define the union of these systems over all suitable choices of f in the fixed
ordered graph F and set
B (Fy,e,€) = U ZrE(e e f).
feE(Fo)~{ee'}
This is meant to be a free amalgamation over Fy, i.e., for different edges f, f' € E(Fy)~{e, €'}

the cycles 2% (e, e/; f) and ZF¥ (e, €’; f') are supposed to intersect only in the copy Fjp.

Fiq1 (see)
= = ¢/ e e: e ek ek
eo=f @ er=e 22 >3 4 k k+1
—o —eo —e —e —eo —e - o—o —o
z Y1 T2 Y2 T3 Y3 Tg Y4 T Yk Tk+1 Yk+1
Iy Fy (see) Fy (seee)

FIGURE 3.3. Construction of 2% (e, ¢’; f) for e and ¢’ forming a copy of sees
(see Definition 3.8) with the copies Fy, Fy, Fy, and Fy; shaded in grey. The
coloured copies of «+ next to the labels indicate the roles played by the

corresponding pairs of skeleton edges.

The relevance of this construction is given by the following lemma.

Lemma 3.9. For every ordered graph F and all integers k,n = 1 the following holds:
If the edges e and €' form a monochromatic copy of we in a B (Fy, e, e')-homogeneous
colouring p: E(B) — N for B = | #%(Fy, e, €), then o is monochromatic on every copy
of F in BL(Fy,e,e).

Moreover, if we have k > max {8, min{20g(F), 4n + 2}, 2n + 4}, then the F-system
(B, BY(Fy, e, ¢')) is n-conform.

Proof. Combining the assumption p(e) = ¢(¢’) and invoking the &% (Fy, e, ¢')-homogeneity
restricted to 2 (e, ¢; f) on the skeleton Sy with edge set {e} = f,ef = ¢, e}, ..., ef,,} for
a fixed edge f yields

ple) = (€)= ple]) = p(e]) = = plef,) = le) = o(f).
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Since BE(Fy, e, ¢’) = Urerm)fe.e ZE(e, € f), we infer that ¢ is monochromatic on Fy,
and by homogeneity, on every copy of F in B%(Fy,e,¢').

For the moreover-part, we note that the skeletons of the cycles 2%(e, ¢/; f) have size k + 2
and, hence, Lemma 3.7 implies that all those cycles are n-conform. Since any two of
these cycles in B (Fy, e, e’) share only Fy, Lemma 3.1 tells us that also %% (Fy,e,e’)

is n-conform. ]

We remark that the proof above also shows that ¢ is monochromatic on all edges of B,
i.e., every copy of F' in &% (Fy,e,e’) is monochromatic with the same colour, but we make
no use of this information.

Next we turn to the ordered matching of type «==s. In fact the corresponding construction
of Zk(e,e'; f) is almost identical and the only difference appears in the ordering of the
additional vertices xo,ys, ..., Tri1, Ypr1. More precisely, given a copy of «=s by edges e and
e/ = w1y, with

r1 < mine < maxe <y,

and another edge f of Fp, we replace (~«); in Definition 3.8 by the following:

(/)1 Add new vertices xa, ...,z 1 and yo,. .., yrr1 defining the edges e; = z;y; for

i€{2,...,k+ 1} and obeying the ordering
Tpy1 < - <x3<xo <minV(Fp) <max V(Fy) <yo <y <+ < Ygs1-
Having defined the cycle of copies 2% (e, €’; f) this way, for e and ¢’ fixed we again set
By(Foe,d)= ) Zhedip).
feE(Fo)~{ee'}

This way we obtain a version of Lemma 3.9 for copies of «= by an identical proof and we

omit the details.

Lemma 3.10. For every ordered graph F and all integers k,n = 1 the following holds:
If the edges e and ¢’ form a monochromatic copy of «=~ in a Br(Fy, e, e')-homogeneous
colouring p: E(B) — N for B = | ) B (Fy, e, €'), then o is monochromatic on every copy
of F in BE(Fy, e, e).

Moreover, if we have k > max {8, min{2og(F'), 4n + 2}, 2n + 4}, then the F-system
(B, BY.(Fy, e, e')) is n-conform. O

3.3.2. Forcing equal colours with «=. Next we focus on the ordered matching of type «e.

As in the previous two matching cases we construct a cycle of copies.

Definition 3.11. Let Fj be a copy of an ordered graph F' whose edges e, €' = z1y; € E(Fp)
form an ordered copy of <=, i.e., mine < x1 < maxe < y;. For an edge f € F(Fy) \ {e, €'}

and an integer k > 1 we define the system 2% (e, ¢’; f) on Fy as follows:
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(/) Add new vertices ws, ..., x5y and yo,. .., yry1 defining the edges e; = x;y; for

i€{2,...,k+ 1} and obeying the ordering
1 <xo <y <maxV(Fy) <x3<yo<xy <ys<-+ < Tpr1 <Yk < Ygs1-
In addition we add the edge ey 9 = g oysio satisfying

min f < T < max f and  ZTpr1 < Yrgo < Ykt -

(een)2 Let S = (Vs, Es) be the graph with enumerated edge set Es given by

Es = {60 = fie1=¢ ez e3,. .. >€k+176k+2}-

()3 Let (Z, ZF(e,€¢’; f)) be an S-cycle with 2% (e, ¢; f) = {Fo, Fi, ..., F1o} (see Fig-
ure 3.4), where for every i € [k] the edges e; and e;,1 are contained in F; playing
the roles of e and €’ in Fy while for Fj,; the edge ex,o plays the role of e and ey
plays the role of €/, and for Fj,o the edge f = eg plays the role of e and ey, o plays

the 16le of ¢’." In other words, for every i € [k] we ensure

(Fo,e, €)= (Fi e eiv1) = (Frgts €hi2, k1) = (Flras [ €r42) -

Moreover, fix some linear extension of the partial order of the vertices defined above.
Finally, we define the union of these systems over all suitable choices of f in the fixed
ordered graph Fy and set
'%II?T'(Fanael) = U gFl?(eael;f)‘
fEE(Fo)~{e,e’}

This construction yields an analogous variant of Lemmata 3.9 and 3.10 for «=.

Lemma 3.12. For every ordered graph F' and all integers k,n = 1 the following holds:
If the edges e and €' form a monochromatic copy of e in a B (Fy, e, e')-homogeneous
colouring p: E(B) — N for B = | #B%(Fy, e, €), then o is monochromatic on every copy
of F in BL(Fy,e,e).

Moreover, if we have k > max {8, min{20g(F), 4n + 2}, 2n + 4}, then the F-system
(B, BY(Fy, e, ¢')) is n-conform.

Proof. Owing to the assumption ¢(e) = p(€'), the B (Fy, e, ¢')-homogeneity of ¢ restricted
to the skeleton Sy of Z%(e, ¢'; f) with edge set {f = e}, ¢/ =¢],... ef,,} yields

ple) = p(e) = p(e]) = p(ed) = -+ = plef,y) = w(ed) = o(f).

Since #5.(Fy, e, e') = Urer(ry)fee ZFE(e, e f), we infer that ¢ is monochromatic on Fy
and, by homogeneity, it is monochromatic on every copy of F' in %% (Fy, e, ).

fComparing with the constructions for «« and «=, we note that the cycle %, K(e,€; f) for = consists
of k + 3 copies of F (instead of k + 2 copies) and the roles of the edges are “reversed” twice, for the

copies Fj41 and Fj4o (instead of just once).
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€L42

Tpy2 T T2 Y1 r3 Yz T4 Y3 Tk+1 Yk Yk+2 Yk+1
Fk+2 (rm) Fy Fy (r?‘h) Fy (-’77‘-)

FIGURE 3.4. Construction of 2% (e, ¢’; f) for e and ¢’ forming a copy of «w
(see Definition 3.11) with Fy, Fy, Fy, and Fj,o shaded in grey. The white
circles indicate that x, and x,.9 are not vertices of Fj and the coloured

crossings next to the labels indicate the roles played by the skeleton edges.

Since (B, %% (Fy, e, ') is the union of sufficiently long cycles of copies of F' intersecting

in the fixed copy Fj, the conformity follows from Lemmata 3.1 and 3.7. U

This concludes the discussion for the pairs of edges forming a matching and it remains

to address the situation when the two edges share a vertex.

3.3.3. Forcing equal colours with . The definition of the construction in this case is
somewhat similar to that for <. Roughly speaking, the following construction arises from
Definition 3.11 by identifying z; 1 with y; for every i € [k] and, in addition, yx = Tx11 = Yki2
and max f = x,,9. However, due to these identifications the resulting system is not a
cycle of copies in the sense of Definition 3.6 and we therefore omit the second step in the

construction below.

Definition 3.13. Let Fjy be a copy of an ordered graph F' with edges e, €/ = z129 € E(Fp)
forming an ordered copy of «, i.e., maxe = x; < xo. For an edge f € E(Fp) \ {e, ¢’} and
an integer k > 1 we define the system %% (e, ¢’; f) on Fy as follows:
(ws<)1 Add new vertices z3, ..., Tx 2 and edges ¢; = x;x;1 for i € {2,... k + 1} obeying
the ordering

max V(Fy) <z < x4 <+ < Tpy1 < Tpyo-

We also add the edge ex, 2 joining max f with x5, and we set eg = f and e; = €',
(ee)3 Let @k (e,e's f) = {Fy, Fu, ..., Fiy1, Fran} be a system of copies of F (see Fig-
ure 3.5), where for every i € [k] the edges e; and e;,1 are contained in F; playing

the roles of e and €’ in Fy, while for F} 1 the edge e; o plays the role of e and ey 4
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plays the role of €/, and for Fj o the edge f = eq plays the role of e and e, o plays

the role of /. So we guarantee
(Fo,e,¢') = (Fiyei,ei1) = (Frpr, rys €hi1) = (Fryo, f, erp2)

for all ¢ € [k]. Moreover, besides the necessary intersections given above, all those

copies are as vertex disjoint as possible.
The ordering of the remaining vertices of the copies of F' is not essential and any linear
extension is suitable.
We also define the union of these systems over all suitable choices of f in the fixed
ordered graph F and set
%g(ﬁb,e,d) = U gff(ea e/;f) :

feE(Fy)~{e,e'}

€L42

Fiop1 (o)
eo=f Ck+1
D
T Z2 €3 T4 Ts5 Tk Th4+1  Tk+2
Fo o Fi(es)  Fy(es) Fle (e0)

FIGURE 3.5. Construction of ##(e,¢'; f) for e and ¢’ forming a copy of
(see Definition 3.13) with the copies Fy, Fy, Fy, Fy, Fyi1, and Fj o shaded
in grey. The coloured copies of «- next to the labels indicate the roles played

by the corresponding pairs of skeleton edges.

Even though the construction above is not a cycle of copies of F', this still yields an n-
conform F-system for sufficiently large k. In fact we shall derive the following lemma for

this construction.

Lemma 3.14. For every ordered graph F and all integers k,n = 1 the following holds:
If the edges e and ¢ form a monochromatic copy of s in a B (Fy,e,e’)-homogeneous
colouring p: E(B) — N for B = | ) B%(Fy, e, €'), then o is monochromatic on every copy
of F in BE(Fy,e,e).

Moreover, if we have k = max {9, min{20g(F) + 1,4n + 3}, 2n + 5}, then the F-system
(B, % (Fy, e, €')) is n-conform.
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Proof. The proof of the first part is identical to that part of the proof of Lemma 3.12. In
fact, owing to the assumption p(e) = (¢’) the fact that ¢ is B (Fy, e, ¢')-homogeneous
restricted to the set {f = el, e/ = ¢, ... ,e£+2} in Zk(e,e; f) yields

ple) = p(e) = ple]) = pled) = - = plef,s) = w(ed) = o(f).

Since B (Fo,e,€') = Ufepm) ey 2 (e, €5 f), we infer that ¢ is monochromatic on Fy
and, by homogeneity, it is monochromatic on every copy of F' in %% (Fy, e, ¢’).

For the proof of the moreover-part we first note that in view of Lemma 3.1 and the
definition of B (Fy, e, €') it suffices to establish the conformity of #4¥(e, ¢; f). Even though
Wk(e,e'; f) is not a cycle of copies, below we shall parallel the proof of Lemma 3.7 to
derive the conformity with an adjusted choice of k.

Let f e E(Fy) ~ {e, €'} be fixed. Clearly, {Fy} is an n-conform F-system. Owing to the
construction in step («)3 in Definition 3.13, we note that by adding F; sequentially for
every i € [k] we can invoke Fact 3.2. Consequently, the system {Fy,..., Fj} is n-conform.

Next we employ Lemma 3.3 to extend {Fy,..., Fy} by Fiy1, where ab = e,; and
y = max f. For that we appeal to the assumed lower bound on k, to verify the required
distance assumption (3.1) of the lemma in a similar way as in the proof of Lemma 3.7.
We remark that the worst case for the assumption on k occurs when the vertex max f
coincides with 5.

Finally, we extend {Fy, ..., F), Fx11} by Fji2 in a similar way by appealing to Lemma 3.5
applied to the edges f and e, o, which share the vertex max f. O

3.3.4. Forcing non-strict patterns with e and <. In the remaining case we consider
monochromatic pairs of edges isomorphic to < or «» and by symmetry it will be sufficient
to address it for «». While the general strategy is very similar, there are two main differences:
firstly, the construction yields a family of copies more resembling the structure of a star
instead of a cycle (see the construction in Definition 3.15 below). Secondly, homogeneous
colourings of the system may result in non-strict min-coloured copies of F', which is a
common relaxation of monochromatic and min-coloured copies. More precisely we relax
the equivalence in the definition of min-colourings and we say a colouring ¢: E(F) — IN

is mon-strictly min-coloured if for all edges e, ¢’ € E(F') we have
mine = mine’ = p(e) = ¢(¢).

Roughly speaking, in non-strictly min-coloured copies of F' all stars whose centres are
smaller than all their leaves are monochromatic, but some of these stars may use the
same colour. The notion of non-strictly maz-coloured colourings is defined analogously

(with max in place of min).
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Definition 3.15. Let Fj be a copy of an ordered graph F with edges ey = yxy and
e1 = yx; € E(Fy) forming an ordered copy of &, i.e., y < 29 < x1. For another copy of «
given by fo = aby, fi = ab; € E(Fp) with a < by < by and an integer k > 1 we define the

system Zf(eg, e1; fo, [1) on Fy as follows:
()1 Add new vertices za,..., x5y and edges e;.; = yx;41 for i € [k] obeying the
ordering

InaXV(Fo) <Xy <+ < Ty -

()3 Let ZE (e, e1; fo, f1) = {Fo, F, ..., Fpy1} be a system of copies of F' where for
every i € [k] the edges e; and e; 4, are contained in F; playing the roles of ey and e,
in Fy while for Fj,q the edge ey plays the role of fy and ex,; plays the role of f;.

In other words, we ensure
(£, €0, €1) = (I €5, €141) for every i € [k] and (F1, €0, ex11) = (Fo, fo, f1) -

Moreover, besides the necessary intersections given above, all those copies are as

vertex disjoint as possible.

The ordering of the remaining vertices of the copies of F' is not essential and any linear
extension is suitable.
We also define the union of these systems over all choices of copies of «» given by suitable

edges fo = aby and f; = ab; in the fixed ordered graph Fy and set

@?(F{),Go,el) = U yﬁ(eo,el;abo,abl) .

abo ,abl EE(FQ)
a<bo <b1

As before, the construction is not a cycle of copies of F' in the sense of Definition 3.6,

but for sufficiently large k it still yields an n-conform F-system:

Lemma 3.16. For every ordered graph F' and all integers k,n = 1 the following holds:
If the edges eq and e, form a monochromatic copy of e in a B (Fy, eq, e1)-homogeneous
colouring ¢: E(B) — N for B = | | B%(Fy, eo,€1), then ¢ is non-strictly min-coloured on
every copy of F in BE(Fy, eq, e1).

Moreover, if we have k = max{3, n + 1}, then the F-system (B, #%(Fy, e, €1)) is n-

conform.

Proof. Owing to the homogeneity of ¢ we may assume that the monochromatic copy of e
is contained in F{, say on edges ey = yxro and e; = yr; with ¥y < zo < x;. Note that
being non-strictly min-coloured is equivalent to the property that all copies of e in Fj are
monochromatic.

For any given pair of edges fo = aby and f; = ab; in Fy with a < by < by we consider

the system .#f(eg, e1; fo, f1). It follows from the construction in Definition 3.15 combined
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with the homogeneity of ¢ that all edges ey, ..., ery1 in S5 (eq, €15 fo, f1) have the same
colour. In particular, the pair of edges playing the roles of fy and f; in the (k + 1)-st copy
of Fin #E(eg, e1; fo, f1) have the same colour. Appealing once more to the homogeneity
of ¢, this implies ¢(fo) = @(f1). Therefore, ¢ is non-strictly min-coloured on Fy and, by
homogeneity, on every copy of F' in %% (Fy, e, e1).

For the moreover-part we again exploit Lemma 3.1 and the definition of %% (Fy, e, e1),
which reduces the conformity of %% (Fy, eg, e1) to the conformity of .#E(eq, e1; fo, f1). For
that we start with {Fp}, which clearly is an n-conform F-system. Owing to the construction
in step ()3 in Definition 3.15, we note that by adding F; sequentially for every i € [k] we
can invoke Fact 3.2. Consequently, the system {Fy,..., Fy} is n-conform.

Finally, we extend the system {Fy, ..., Fy} by Fj41 by applying Lemma 3.5 over the edges
eo = yxo and egy1 = yxry1, which share the vertex y. For the verification of the required
distance assumption (3.2) fix two vertices u, v € V(F;) for some i € {0, ..., k}. Observe
that every u-zo-path avoiding y must contain the vertices zg, x1, ..., z;. Consequently, it
has length at least 7. Similarly, every v-z;,1-path avoiding y must pass through the vertices
Tiy1, ..., Tk, Try1 and has length at least & — i. Consequently, for S’ = Fy U --- U F}, the

lower bound on £ yields
distgr_y(zo, F;) + dister_y(zg41, F;) = k = max{3,n + 1}
and, hence, .7K(eg, e1; fo, f1) is n-conform by Lemma 3.5. O

We close this section with a final construction dealing with the situation when both a
copy of e and a copy of «= in Fj are monochromatic. In this situation, by alternating
between both types of cherries, we can transfer the colour to other edges of F', since the
centres of the stars are no longer fixed. Consequently, we can enforce monochromatic

copies of I again (see Lemma 3.18 below).

Definition 3.17. Let F{ be a copy of an ordered graph F' with edges ey = zgx1, €1 = xo22,
ey = xyry, and €| = z(ah € E(Fp) such that eg, e; form an ordered copy of e, and ¢, €}
form a copy of «», meaning zy < x; < x5 and x, < 2} < (. Additionally, for an edge
f e E(Fy) ~ {eo, €1, 122} with min f # xy and an integer £ > 1 we define the system
ZE(eg, e1, €y, €l; f) on Fy as follows:

(&), Fix a vertex y; in {71,722} \ f and add new vertices ya,...,y2x—1 obeying the

ordering
Yoo < -+ <ys <yo <minV(Fy) <y <maxV(Fy) <ys <ys < - < Yap_1 -

Moreover, we introduce edges é; = zgy; (which coincides with either ey or e;),
€ir1 = Yiliy1 for i € [2k — 2], €y joining min f with yor_1, and gy = f.

(3), Let S be the graph with enumerated edge set Fg = {él, €o,...,65_1, Cox, é2k+1}.
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€ok—1

~ / ! !
Y2k —2 Ya Y2 Eory1=[f x5 ) Lo Lo T1 Yy1=72 Y3 Ys Y2k—3 Y2k—1

Fy(a)  Fop () Fy Fy ()

FIGURE 3.6. Construction of Z%(eo, e1, €}, €}; f) with the copies Fy, Fy, Fb,
and Fy, shaded in grey. The coloured cherries next to their labels indicate
the roles played by the corresponding pairs of consecutive skeleton edges and

here y; = x5 is a suitable choice.

(), Let {F1,..., Fy} be a system of copies of F' where for every i € [2k — 2] the edges é;
and €;,, are contained in F; playing the roles of
e ¢, and €} in Fj for odd ¢
e and eg and e; in Fy for even i,
while for Fy_; the edges é,—1 and éq;, play the roles of €] and ef, and for Fy, we

have that é;, and f play the roles of e; and eg. In other words, we ensure

(Fb, €0, €1) = (Fi, €94, €2i11) = (Fog, f, €21)
and
(Fo,ep,€)) = (Fai1, €21, €9;) = (Fog_1, €ok, €ox_1)

for all i € [k — 1]. Moreover, besides the necessary intersections given above, all
those copies are as vertex disjoint as possible from each other and from Fy. Finally,
note that adding Fj to the family {F}, ..., Fo;} defines an S-cycle, which we denote
by 2k (eg, e1,€), €5 f) (see Figure 3.6).

The ordering of the remaining vertices of the copies of F' is not essential and any linear

extension is suitable.



24 M. AZOCAR, A. BASU, CHR. REIHER, V. RODL, G. SANTOS, AND M. SCHACHT

We also define the union of these systems over all suitable edges f = ab in the fixed

ordered graph Fy, i.e., f ¢ {eg = o1, €1 = Tox2, 122} and min f # x and set

k AN k 1.
B (Fo, ep, €1, €y, €]) = U P (eo, e1, €y, €15 ab) .
abe B(FY)
a<b

Lemma 3.18. For every ordered graph F' and all integers k,n = 1 the following holds:
If the edges ey and ey form a monochromatic copy of e, and the edges e and €| form a
monochromatic copy of « in a Br(Fy, eo, €1, €j, €;)-homogeneous colouring ¢: E(B) — IN
for the graph B = ) B%(Fy, eo, e1,€h,€,), and if ¢ is in addition non-strictly min- and
non-strictly max-coloured on Fy, then ¢ is monochromatic on every copy of F from
BE(Fy, ep, €1, €, €}).

Moreover, if k > max {5, min{og(F) + 1, 2n + 2}, n + 3}, then the resulting F'-system

(B, BY(Fy, ep, €1, €, €})) is n-conform.

Proof. Owing to the homogeneity of ¢ we may assume that the monochromatic copies
of & and «= are contained in Fj, say on edges ey = xor1 and e; = xoxs with 19 < 21 < 2o,
and e}, = )y} and €| = xyz, with 2}, < 2} < zJ.

For any suitable edge f = ab in Fy with a < b we consider the system 27 (e, e1, €}, €}; f).
It follows from the construction in Definition 3.17 combined with the homogeneity of ¢
that all edges eg, €1, ..., €2, €2x1 = [ have the same colour, since any consecutive pair
either forms a copy of ey, e; or a copy of €}, €| in some copy of F' from 2% (e, ey, eh, €}; f).
In particular, this implies ¢(eq) = ¢ (f) for every suitable edge f.

For the remaining cases, when min f = zq or f = z129 (which are excluded in Defin-
ition 3.17) we appeal to the additional assumption: if min f = zg, then ¢(f) = ¢(ep),
since ¢ is non-strictly min-coloured, and for f = x1x5 we have max f = o = maxe; and
the non-strictly max-coloured assumption yields ¢(f) = p(e1) = ¢(eg). Consequently, ¢ is
monochromatic on Fy and, by homogeneity, on every copy of F in %5 (Fy, eq, e1, €p, €}).

For the moreover-part, note that 2% (eq, €1, €p, €}; f) are S-cycles and that their skel-
etons (as described in (£),) have size |E(S)| = 2k + 1 for any fixed edge f. Hence,
Lemma 3.7 implies that all those cycles are n-conform. Since any two of these cycles
in B (Fy, eo, €1, ¢p,€;) share only Fy, Lemma 3.1 tells us that also %5 (Fy, eq, €1, €p, €})

is n-conform. O

We close this section with the proof of Proposition 2.5, which is a simple consequence of
Lemmata 3.9, 3.10, 3.12, 3.14, 3.16, and 3.18.

Proof of Proposition 2.5. If e(F') < 1, then every colouring of a copy of F' is canonical and
the F-system (F,{F'}) has all required properties. Hence, we may assume e(F') > 2.
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Given F' and n > 1, let k be sufficiently large so that we can appeal to the lemmata

from this section. In fact, in that direction Lemma 3.14 is most restrictive and we set
k = max {9, min{20g(F) + 1,4n + 3}, 2n + 5} .

We fix some copy Fy of F'. If Fy contains both a copy of < on edges eq, e; and a copy of «=

on edges e, €, then let
%F(mam) = %ﬁ«"(FO) €0, €1, €6a 6/1) )

which is provided by Definition 3.17, and otherwise ZBr(av,en) = &. Next we define
the F-system

Br = U {%}?(Fme, ¢'): e e € E(Fy) and e # e’} U Br(ar, ),

where we appeal to the other constructions for all T € {ses, voon) e oo, e @} laid out
in this section. Since Fj is fixed, it follows from Lemma 3.1 combined with Lemmata 3.9,
3.10, 3.12, 3.14, 3.16, and 3.18 that the F-system (B, %) with B = | J #F is n-conform.

It remains to consider a #p-homogeneous colouring ¢: F(B) — IN. Obviously, if no
two edges in Fj have the same colour, then ¢ is rainbow on Fy and we are done. Hence,
we assume there are two edges e and ¢’ in I such that ¢(e) = ¢(€).

In case e and €’ form a copy from {sses, «sos, ee», oo} then ¢ is monochromatic on Fj
owing to the corresponding lemma among Lemmata 3.9, 3.10, 3.12, and 3.14.

In the remaining case, we may assume that F contains a monochromatic copy of <
(the case of a monochromatic copy of « is symmetric) and in view of Lemma 3.16 the
colouring ¢ is, possibly non-strictly, min-coloured. We shall show that either Fj is in fact
(strictly) min-coloured or it is monochromatic.

Suppose Fj is not min-coloured. This gives rise to two edges f and f’ of the same colour,
which do not form a copy of «». From the discussion above we can also assume that f
and f’ do not form a copy from the set {ees, <=, &= e} and, therefore, they form a copy
of «». Consequently, Fj contains a monochromatic copy of & and a monochromatic copy
of «. Therefore, by Lemma 3.16 the colouring ¢ is non-strictly min- and non-strictly
max-coloured on Fy. Moreover, the system Zp(e, ) # & and, therefore, we conclude

with Lemma 3.18 that ¢ is monochromatic on Fj. U

§4 THE HALES—JEWETT CONSTRUCTION

Our proof of Proposition 2.6 is based on the partite construction method introduced by
Nesettil and Rodl [25], which has found many applications since then (see, e.g., [17,29] and
the references therein). This method allows us to decompose the proof of Proposition 2.6
into several easier problems. One of these subproblems, treated in the present section,

deals with partite structures. Therefore all systems and conglomerates appearing in this
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section will be “partite” in some sense, while vertex orderings will be irrelevant for now. In
fact, the first moment they become relevant again is in §5.3.

The first partite lemma we obtain will be derived from the Hales-Jewett theorem [15],
which we recall below. Roughly speaking, it asserts that for every set A and every r € IN
every r-colouring of a sufficiently high-dimensional discrete space over A has a monochro-
matic line. It will be convenient to identify for every set A and every dimension n € IN the

Cartesian power A" with the set of all functions from [n] to A.

Definition 4.1. Given a set A and a dimension n let [n] = C' v M be a partition with
M # @ and let g: C —> A be a function. Defining g: [n] x A — A by

g(i) ifieC
a ifieM

g@? CL) =

we call the map
ng:A— A", a— (?(1,@),...,§(n,a))

a combinatorial embedding and its image L, = n,[A] the associated combinatorial line.

We think of the elements of C' as “constant coordinates”, while the coordinates in M are
“moving”. For instance, if A = [3], n =4, and M = {2,4}, then L, = {2111,2212,2313} is
the line corresponding to the function ¢: {1,3} — [3] defined by ¢g(1) = 2 and ¢(3) = 1.

Theorem 4.2 (Hales & Jewett). For every finite set A and every number of colours r
there exists a dimension n such that for every colouring p: A" — [r] there exists a

monochromatic combinatorial line. O

Let us fix any (not necessarily ordered) graph F. By an F-partite graph we mean a

graph L together with a distinguished partition

V(L) = ) Va(L)
2V (F)
of its vertex set into independent sets such that for every edge v,v, of L with v, € V(L)
and v, € V(L) the pair zy is an edge of F. In other words, the projection from L to F'
sending each vertex class V(L) to x is demanded to be a graph homomorphism.

When viewing F itself as an F-partite graph we always have the partition V,.(F') = {z}
in mind. For two F-partite graphs L and N the former is said to be an F'-partite subgraph
of the latter if it is a subgraph in the ordinary sense and, moreover, V(L) < V,(N) holds
for every x € V(F'). We write (]E) P for the set of all F-partite copies of L in N, i.e., for
the set of all induced F-partite subgraphs of N which are isomorphic to L as F-partite
graphs. In particular, this defines (];) P for every F-partite graph N.
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By a partite F-system we mean a pair (L, Zr) consisting of an F-partite graph L and

a subset %y < (}L;,

if both L and % come with an F-partite structure. As expected, (L,.Zr) is called an

)pt. In other words, an F-system (L, %r) is called a partite F-system

induced partite F-subsystem of another partite F-system (N, A%) if

e [ is an induced F-partite subgraph of N
e and Ly = Np N (é)pt.

(N, M)
(ijF)
of (N, AF%) which are—in an obvious sense—isomorphic to (L, Zr). Finally, a partite

(L, £r)-conglomerate is an (L, %r)-conglomerate (N, A7, Ar) such that A7, < (g;g)pt

The Hales—Jewett construction, which we describe in steps (1)-(5) below, associates

Furthermore we write ( )pt for the collection of the induced partite F-subsystems

to every partite F-system (L, Zr) and every number of colours r a partite (L, %Zr)-
conglomerate HJ, (L, Zr) = (N, A7, A7) such that A7 — (L, Zr)%.

In the degenerate case || < 1 we simply set (N, A%) = (L, ZF) and A7, = {(L, LFr)}.
Assuming | -Z¢| = 2 from now on, we intend to satisfy the desired partition relation, roughly
speaking, by taking (N, 4%) to be a sufficiently high-dimensional power of (L, %) and

letting .47, correspond to the combinatorial lines in the associated discrete space over Zp.

(1) Let n denote the dimension delivered by Theorem 4.2 applied to A = % and r.
In other words, n is chosen so large that for every r-colouring of .Z} there exists a
monochromatic combinatorial line.

(2) The vertex classes of the new graph N are the n'™ Cartesian powers of the corres-
ponding vertex classes of L, i.e., we set V,(N) = V,(L)" for every z € V(F).

(3) Similarly, the edges of N are defined such that the entire graph N is, in the following
sense, a Cartesian power of L. Two vertices (uq, ..., u,) and (v,...,v,) of N are
declared to be adjacent if w;v; € E(L) holds for every i € [n]. In particular, N is
indeed an F-partite graph.

(4) The set A% is constructed together with a canonical bijection \: Lp — Np.

Given an n-tuple F' = (F,..., F,) € £} we need to specify a corresponding
copy A(F) e (]}[)pt, which we intend to put into A4%. To this end we denote for

all pairs (i,z) € [n] x V(F) the unique vertex in V(F;) n V(L) by u;. This
defines the vertex (g, ..., uUns) € Vi(L)" and we define A(F) to have the vertex
set {(Uiz, ..., Ung): ¢ € V(F)} € V(N). The definition of F(L) in Step (%)
immediately implies that this set induces a partite copy of F'in N and justifies the
definition A = {\(F): F € £}

(5) Finally, we implement the idea that the copies in .47, should correspond to combinat-
orial lines. Resuming the notation of Definition 4.1 we suppose that n: £ — Z¢
denotes the combinatorial embedding corresponding to the partition [n] = C' v M

with M # @ and the function g: C — Z. For each i € C the graph g¢(i) is
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a partite copy F; of F' in L and thus its vertex set can be written in the form
V(g(i)) = {uy: x € V(F)} with u;, € V(L) for every x € V(F'). These vertices can
be used to define combinatorial embeddings 7, : V(L) — V. (V) associated again
to the partition [n] = C'v M and to the functions

Ge: C— Vi(L), i+ uy.
In more explicit terms this means that we set
e (02) = (G0 (L, 02), -+, Gu(n,02))
for every v, € V,(L), where

Uiy ifie C,

vy, if1e M.

gz(za U:c) =

As we shall verify in the claim below, for every combinatorial embedding 7 the
union () ey (py 72[Vz(L)] induces an F-partite copy of the system (L, Zr) in (N, AF).
We write .47, for the collection of all such copies as 1 varies over the combinatorial
embeddings from Zr to .

Having thus completed our description of the construction HJ, it remains to address
the assertion in Step (5) on induced subsystems. The following claim provides more

information than would be required for this purpose.

Claim 4.3. In the notation of Step (5), the vertex set (), ) 7:[Va(L)] induces a copy

(L", L) e (gﬁ; )pt such that L is distance preserving in N. Moreover, for every F, € Af

there is some F7 € £} such that V(L") n V(F.) < V(F)).

Proof. Stage A: First we note that, since the set of moving coordinates is non-empty, the
mapping 7e = )y (p) 7 i an injection from V(L) into V/(IV). Next we convince ourselves
that 7, sends edges of L to edges of N. So given any two adjacent vertices v, € V(L)
and v, € V(L) we need to show n,(v,)n,(vy) € E(N), which due to the definition of N in
Step (3) means that g,(4,v,)g, (i, v,) € E(L) holds for every i € [n]. Indeed for i € M this

is equivalent to v,v, € E(L) and for i € C' we have
gw(iayx)gy(i>vy) = UigUiy € E(E) < E(L) )

where F; € £k is given by F; = ¢(i). Thus 1, maps L to an isomorphic subgraph L" of N,
but we have not checked yet that this graph L" is induced in N.
Stage B: Our next step is to show L" € (V) .

an induced subgraph of N. To this end we pick an arbitrary moving coordinate ¢ € M,

which implies, in particular, that L" is
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let m;: V(N) — V(L) be the projection to the i®® coordinate, and define the map
0: V(N) — V(L") by
o(ve) = (1 © mi)(vz)

whenever v, € V,(N) and x € V(F'). This is the composition of the graph homomorphisms

N " " n,

Therefore, o maps paths in N to walks in L7. In particular, any shortest path in N
connecting two vertices of L7 € N is mapped to a walk within L7. Combined with the
observation that p is the identity on L7, this implies that L" is distance preserving in .

Stage C: Next, for every copy F' € ZF the copy (Aon)(F') € A (see Step (4)) has
the set of vertices

V(Aon)(F") = {n.(vs): x € V(F) and v, € V(F') n Vo (L)} = n [V (F")]. (4.1)

Setting .Z5 = (A on)[-ZLF] this tells us that (L", Z2) is a partite F-subsystem of (N, %),
which is isomorphic to (L, ZF), but we have not checked yet that it is induced, i.e., that
Lo (LFT7 )pt N A% holds as well. As this follows from the moreover-part of our claim by
applying it to any F, € (LF'7 )pt N A, it suffices to establish the latter statement.

Stage D: So let any copy F, € A% be given. Owing to Step (4 ) there exists an n-tuple
F=(F,...,F,) € £¢ such that F, = \(F). Picking an arbitrary index i € M we contend
that F}' = (A on)(F;) has the desired property V(L") n V(F,) € V(F!). To see this, we
consider any vertex in V(L") n V(F,) and write it in the form 7, (v,) with z € V(F') and
v, € V(L). In the i® coordinate of 1,(v,) € V(F,) we see the statement v, € V(F};). By

the first equality in (4.1) applied to F; in place of F” this leads to n,(v,) € V(F]). O

The next proposition summarises all properties of the Hales—Jewett construction we

need in the sequel.

Proposition 4.4. For every partite F-system (L, Zr) and every number of colours r the
partite conglomerate Hl,.(L, £Lr) = (N, N1, NF) satisfies

(a) A —> (L, Zp);,

N

() A< (1) gy

(¢) w(N) =w(L),

(d) og(N) = og(L),

(e) and if for some m € N we have Lp < (é)m, then N (g)m follows.

Furthermore, if the copies in £ have clean intersections, then

(f) so do the copies in Ng;
(g) and for every (L", £Lp) € N7, and every F, € N\ L} the intersection of F, and L"

1s clean.
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Strictly speaking, there is some abuse of language in clause (b ), because in reality .47,
consists of copies of the form (L", Z}), and what we claim is that their underlying graphs L”

are distance preserving in N.

Proof. In the degenerate case | -Zr| < 1 we have (N, %) = (L, ZLFr) and A, = {(L, ZF)},
so that all seven statements are clear. It remains to discuss the case |.ZF| = 2, where the
conglomerate (N, 47, Ax) is defined according to the five Steps (1)—(5) described above.

The partition relation (a) follows from the fact that every colouring ¢: A — [r]
induces, via A™!, an r-colouring of the discrete space .£%. By our choice of n in Step (1)
this colouring contains a monochromatic combinatorial line, which translates back to a
copy (L", Z}) € A7, such that £7 is monochromatic with respect to ¢.

Part (b) was already obtained in Claim 4.3. The statements (¢ ) and (d) follow from the
fact, implicit in Stage B of the proof of Claim 4.3, that there exists a graph homomorphism
from N to L combined with A4} # &.

Proceeding with (e) we assume Zp < (f,)m for some m € IN and consider any copy
F, = XF,...,F,) € A#r. Let P < N be a path which connects two vertices u, w € V(F,),
which is not completely contained in F,, and which has length at most m. Take an arbitrary
vertex v € V(P) \ V(F,), write it as an n-tuple v = (vy,...,v,), and notice that due to
v ¢ V(F,) there is a coordinate direction i € [n] such that v; ¢ V(F;).

Now for each j € [n] the projection 7;: V(N) — V(L) to the j™ coordinate is a
graph homomorphism from N to L. In particular, m;[P] < L is a walk connecting the

L)m, this leads to

vertices m;(u) and 7;(w) of F; and passing through v;. Since F; € (5

a m;(u)-m;(w)-path Q; < F;, which is strictly shorter than P.

Next, the projection ¢: V(L) — V(F') mapping each vertex class V(L) to « is a graph
homomorphism as well. As 1|y (g, is a graph isomorphism between F; and F it sends Q;
to a (¢ om;)(u)-(¥ o m;)(w)-path Q < F. For each j € [n] the graph isomorphism 9|y (x;)
between F; and F' pulls @ back to a mj(u)-mj(w)-path @; < F;. In the same way as
the n-tuple (Fy,..., F,) corresponds to the copy F, € (]}[)pt, the n-tuple (Q1,...,Qn)
corresponds to a u-w-path @, < F, of the same length as ). This completes the proof
of F, € (];)m and, hence, of clause (e).

Throughout the remainder of the argument we suppose that the copies in % have clean
intersections. For Part (f) we consider two distinct n-tuples (F,..., F,) and (F},..., F)
in £ such that the copies Fy, = \(Fy,..., F,) and F,. = A(F],..., F)) in A% have a set e
of at least two vertices in common. We need to show that e is a common edge of these two
copies.

To this end we pick an index i € [n] such that F; # F/. Every x € V(F) with
en V,(N) # @ needs to satisfy V(F;) n V(F!) n V(L) # @. This can hold for at most

two vertices x € V(F'), because by our hypothesis on (L, ZF) the intersection of F; and F}
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is clean. Together with |e| = 2 this shows that there are two vertices of F, say x and y,
such that V,(N) and V() are the only vertex classes of N intersected by e.

Using again that the intersection of F; and F} is clean, we see that the vertices in
V(F;) n V(F]) n V(L) and V(F;) n V(F!) n V,(L) are adjacent. In particular, zy is an
edge of F. Exploiting the product structure of F(N) (cf. Step (2)) it is now easy to
confirm that e is an edge from V,(N) to V,(N) belonging to E(F,) n E(F..).

Concluding with (g) we refer to the moreover-part of Claim 4.3, which yields a copy F}
in Z such that V(L") n V(F,) < V(FY). Due to F, ¢ £ we have F, # F]', so according
to (f) the intersection of F, and F} is clean. It follows that the intersection of F, and L"

is clean as well. O

§5 CLEAN RAMSEY CONGLOMERATES

Our goal in this section is to establish a version of Proposition 2.6 not addressing
distances and odd girth yet, but preserving clean intersections and the clique number. For

that we define an adequate notion of clean intersections for conglomerates.

Definition 5.1. Given a graph F' and an F-system (B, %r) with clean intersections, a
(B, Br)-conglomerate (H, 73, #7F) is said to be clean provided that

(7) the copies in % have clean intersections;
(i) for every (B*, B}.) € H#5 and every F,, € 7 ~\ X} the intersection of B* and F,,
is clean;
(7i1) and for all distinct (B*, $5.), (B**, $3) € #3 the intersection of B* and B** is

either clean or a copy of F' belonging to #; n %}.

The following proposition yields clean conglomerates that preserve the clique number

and enjoy the Ramsey property for colouring copies of F.

Proposition 5.2. For every ordered F-system (B, Br) with clean intersections and every

number of colours r there exists a clean ordered (B, #r)-conglomeratet
Tr(l)(BN@F) = (Hﬂ’}fB"%?)
such that #5 — (B, Br) and w(H) = w(B).

The proof involves two applications of the partite construction method. In a first major
step we obtain the so-called clean partite lemma—an improved version of the Hales—Jewett
construction which yields clean partite conglomerates (see Proposition 5.6). Armed with
this result and utilising the well-known fact that ordered graphs and induced embeddings
form a Ramsey category (quoted as Theorem 5.8 below) we can then derive Proposition 5.2

by means of a second partite construction.

'The superscript in Tr(l) indicates it is the first member of a family of constructions TT(") defined in §6.
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5.1. Pictures. Before starting a partite construction, one needs to define an appropriate
notion of pictures and clarify how they amalgamate. For reasons that will become apparent
later, we need to work with a slightly relaxed version of conglomerates to this end.

For a fixed graph F', an F-system (B, %) is said to be a semi-induced subsystem of
another F-system (H, 7¢r) if B is an induced subgraph of H and % < €. So in contrast
to induced subsystems the reverse inclusion Br 2 % N (?) is not necessarily satisfied.
Triples (H, #%, #%) such that (H,.#%) is an F-system and %% is a collection of semi-
induced copies of (B, #r) in (H, #7%) will be referred to as weak (B, Ar)-conglomerates.

Definition 5.3. Suppose that F' is a graph, (B, Zr) is an F-system, and (G, 9g, %r) is a
weak (B, Br)-conglomerate. A picture over (G,9g,¥r) is a triple (II, Zp, Pr) consisting
of a G-partite graph II and subsets Pp < (g), Pp < (Eg‘gi ;) such that the projection
: V(II) — V(G) sending each vertex class V,(II) to z maps each copy in &F to a copy

in ¥ and each copy in &g to a copy in ¥p.

We would like to emphasise that the map v, called the canonical projection of 11, is
uniquely determined by the G-partite structure of II. The vertex classes V,(II) of a
picture are also called its music lines. In figures, they are usually drawn horizontally. For
each copy F, € 9r we define the constituent of (I, P, Pr) over F, to be the following
partite F,-system (IT1F*, 22F+).

e The underlying graph of IT** is the subgraph of II induced by Uxev( £ V.(IT) and
the vertex classes determining its F,-partite structure are the music lines V, (II).

e The set 2+ consists of all members of & projected by 1 onto F,. Equivalently,
we set P = {F, e Pp: V(F,) < V(IIF)}.

Notice that each copy in &r belongs to a unique constituent, while vertices and edges
of II can belong to many constituents.

The picture every partite construction begins with, called picture zero, can be defined over
every weak (B, #p)-conglomerate (G, %5, %r). This picture (Ily, 2 5, Po.r) is obtained
by taking vertex disjoint copies of (B, %r), one for each member of ¥5, and placing them
onto the music lines in such a way that the canonical projection vy of Il sets up a bijection
between the set &, g of these copies and ¥5. As an F-system (Ily, Z r) is the disjoint
union of the F-systems constituting &, p. For clarity we point out that picture zero

satisfies
V()| = [V(B)| - 98], |E(Iy)| = |E(B)| - 98],
and

| P0.8| = 98], | Po.r| = |Br| - |95



CLEAN CANONICAL RAMSEY THEOREM 33

Given a picture (II, Pg, Pr) over a weak (B, Br)-conglomerate (G, 95, 9r), a copy
F, € 9 and a partite (I1'*, 22'*)-conglomerate (H, #4r., #7,) we define the picture

(EugBagF) = <H7°@37‘@F)*<HJ%FU%-)

to be the result of the following amalgamation procedure.

e Recall that each copy (IIf*, 2f+) € J4r. is a partite F,-system isomorphic to the
constituent (IT¥*, 221*) of (II, Zp, Pr) over F,. Thus each of these copies can be
extended to a copy (Il,, 2%, Z%) of this picture. We suppose that these extensions

are constructed as disjoint as possible, so that we have
V(Ho) N V(Hoo) = V(HOF.) M V(HOF;;)

for all distinct (I1F, 22F) (I1E: ) 2L+) € 4k, .
e As a graph, ¥ is the union of H with all graphs II, obtained in this way. Moreover,
the G-partite structure of ¥ is defined by setting

W{Ve(Il): (I, 2F) e Hyw}, it a ¢ V(F)

V(Z) = V.(H), it e V().

o Put

2p = | f7p: (U, 21) € e} 0 A,
and

2p = | {2y (U, 2L%) e Ay}

It is straightforward to check that (X, 2p, 2F) is indeed a picture over (G,9p,¥9r). The
copies (Il,, 225, #%) of the given picture (II, Zp, Pr) constructed in the first bullet are
called the standard copies of (I, g, Zr) in (X, 25, 2r).

5.2. The clean partite lemma. The partite conglomerates produced by the Hales—
Jewett construction have properties (i) and (4i) of Definition 5.1, but they are capable
of violating (7ii), so that they are usually not clean. Our first application of the partite
construction method leads to another partite lemma, which gives better control over the
intersections of two copies.

Let us point out that when we have a picture (II, g5, Pr) over a weak (B, %Br)-
conglomerate (G,%g,%r), then by “forgetting” the G-partite structure of Il we can view
this picture as a (B, Zr)-conglomerate (which, however, by Definition 5.3 cannot be “only
a weak one”). Accordingly, we can also speak of clean pictures. For instance, picture
zero is clean as soon as the copies in Zr have clean intersections. Next we show that,

under suitable assumptions, which are satisfied when (G, ¥, ¥r) is obtained by means of
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the Hales—Jewett construction, being clean is preserved by partite amalgamations. This

observation can be traced back to [2, Lemma 2.12] (see also [29, Lemma 4.5]).

Lemma 5.4. Let F' be a graph, (B, %Ar) an F-system with clean intersections, and
(G,98,%r) a (B, Br)-conglomerate such that

(a) the copies in 9r have clean intersections;
(b) and for every (B', #%) € 9p and every F, € Gr \ B}, the intersection of B' and F,
is clean.
If we have
(X, 25, 2r) = (I, Zp, Pr) * (H, Hr, HF,)

for two pictures (Il, g, Pr), (8, 2p, 2r) over (G,95,9r), the copies in H#z, have clean
intersections, and the picture (11, Pp, Pr) is clean, then so is (%, 2p, Dr).

Proof. Stage A: Let ¢: V(X) — V/(G) be the canonical projection of (¥, 25, 2F). The

following projection argument will often be used implicitly.

Claim 5.5. Let Z be a subgraph of ¥ that either belongs to £ or underlies a member
of Zp. If for some copy F' € ¥r we have V(F’) & ¢[V(Z)], then the constituent of ¥

over I’ has a clean intersection with 7.

Proof. By our assumptions (a) and (b ), the intersection of the graphs [ Z] and F" is clean,
whence Y[V (Z)] n V(F') contains at most two vertices, and if there are two, then they

form an edge of [ Z]. Since 1|y (z) is a graph isomorphism, this entails our claim. O

We need to show that the new picture (X, 25, Zr) satisfies clauses (7)— (#7) of Defini-
tion 5.1.

Stage B: Beginning with (¢), we consider two distinct copies F,, F,, € Zp. If their
projections [ Fy], Y[ Fis| € ¥ are distinct, they have a clean intersection by assumption (a )
and, hence, the intersection of F,, Fi, is clean. So we may assume F’ = ¢[F,]| = [ F.]
for some F' € 4 from now on. If F’ = F, is the copy over which the amalgamation occurs,
we appeal to the assumption that the copies in %, have clean intersections. Turning
now to the case F” # F, we let (ILl,, 2%, 25%), (oo, F, Z%) be the standard copies
of (I, Zp, Pr) satistying F, € Z5 and F,, € 2y, respectively. If I, = I, our claim
follows from & having clean intersections, so the interesting case is Il, # Il.,. Now we
have

V(F) nV(Fw) < V(IL)nV(Il,) € V(H),
whence Y|V (F,) "V (F..)] € V(F') nV(F,). The clean intersections of ¥z imply that this

intersection has at most two elements. Moreover, Claim 5.5 applied to Z = F,, F, and F,
here in place of F” implies that V(F,) n V(Fi.) € E(F.) n E(Fi.), it |V(F) nV(F.)| = 2.
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Stage C: Continuing with (i7) we need to show that for every F-system (B*, #}) € Zp
and every copy F,, € Zr \ %} the intersection of B* and F,, is clean. Let (B, #}.) € 95
and F’ € 9 denote the projections of (B*, #%) and F,,, respectively. If F' ¢ 9B we just

need to invoke assumption (b ) and Claim 5.5, so suppose F’ € %}, from now on.
First case: F' = F,

This is equivalent to Fy, € 7#%,. Now F, = F' € A}, leads to a copy F, € B} n HF,; due
to Fi. ¢ A} this copy is distinct from F,, and, therefore, the intersection of F\, F,. € 5%
is clean. Together with V(B*) n V(F..) = V(F.) n V(F.,) this shows that the intersection

of B* and F,, is clean.
Second case: F' # F,

Now there are standard copies (Il,, 223, Z5) and (Iloo, 2%, #3°) such that F,, € 2y
and (B*, #y) € Z%. In the special case II, = I, our claim follows from the fact that
(IT, Pp, PF) is a clean picture. On the other hand, if I, # Il.,, then

Y[V(B*) nV(Fu)] € V(F') nV(F,)

has at most two elements and by another application of Claim 5.5 the intersection of B*

and F,, is indeed clean. This proves assertion (i) of Definition 5.1.

Stage D: Proceeding with part (7ii) of Definition 5.1 we consider two F-systems
(B*, #5) and (B**, #7r) in Zp and standard copies (Il,, 5%, 2%.), (lleo, 2%, #3°) such
that (B*, #}.) € Z5 and (B**, #B7r) € Py . If these standard copies coincide, we just need
to exploit that (II, g, Pr) is clean. So suppose II, # I, from now on, which yields

V(B*) A V(B*™) < V(H).

Let (B', #}) and (B”, #}.) be the projections of (B*, #},) and (B**, #3*) in 5. In the
special case F, ¢ B hypothesis (b) shows that B* meets H in at most two vertices and
thus the intersection of B* and B** is clean, by another application of Claim 5.5.

So we can henceforth suppose F, € A} and, for the same reason, F, € #Y.. This means
that there are copies F, € A} and F.,, € B} projecting to F,. Moreover, due to II, # Il
the graphs B*, B** have the same intersection as Fj, Fi.. So either F, # F,, and this
intersection is clean, or the intersection in question is F, = F,., and thus a member

of #B}. n B3+, This proves (iii) and, hence, the lemma. O

Suppose now that a graph F, a partite F-system (B, %) with clean intersections, and a
number of colours r are given. The partite construction we have in mind produces a clean
partite (B, %r)-conglomerate (H, #%3, #7) with #5 — (B, %r)E. This conglomerate
will be denoted by CPL, (B, %ZFr), where CPL abbreviates “clean partite lemma”; it is

constructed as follows.
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e Set (G,93,9r) = HJ,.(B, Zr) and enumerate ¥ arbitrarily as

e Starting with picture zero we recursively define a sequence (Ha, P, P, F)a N of
pictures over (G, 95, %r). If for some « € [N] the picture (Ha,l, Po1.B, ?a,l,F)
has just been constructed, we subject its constituent over F'(a) to the construc-
tion HJ,(-), thereby obtaining a conglomerate (Ha, %pnfﬁ?’%(a))’ and then we

set
(Hau gZa,Ba <gza,F) = (Ha—h gZa—l,B; gZa—l,F) * (Haaﬁg(fi)ajfl’(a)) 5 (51)

where the amalgamation occurs over F(«).
e This recursive construction ends with a terminal picture (H Ny PN.Bs PN, F) As Iy
is a G-partite graph, while G itself is an F-partite graph, we can define an F-partite

structure on Il by setting

Vo(Ty) = [ J{V(Ty): y € Vi (@)}

for every x € V(F'). Owing to the fact that (G,%r) is a partite F-system, we can
view (Ily, Zn r) as a partite F-system as well. For a similar reason we can regard
(Ily, PN, PN ) as a partite (B, Ar)-conglomerate. This partite conglomerate
will henceforth be denoted by CPL,.(B, ZF).

Proposition 5.6. For every graph F, every partite F-system (B, %) with clean intersec-

tions, and every number of colours r the partite (B, Br)-conglomerate
CPL,(B, %) = (H, 53, %)

is clean and satisfies

(a) #p — (B, Br);,

(0) 5 < () 4

(¢) w(H) = w(B),

(d) as well as og(H) = og(B).
Proof. Clearly, picture zero is clean. Repeated applications of Lemma 5.4 show that
all pictures (Ha, P, Pa, F) defined in the course of the partite construction are clean.
Indeed, the vertical system (G, ¥p, ¥9r) fulfils the assumptions (a) and (b ) of Lemma 5.4
due to Proposition 4.4. Similarly, for every a € [IV] the copies in the sets () appearing
horizontally have clean intersections, provided that in the previous picture the copies

in #,_1 r have clean intersections. In particular, the final picture (H Ny PN.B:s PN, F) and
thus the conglomerate (H, %%, #%) is clean.
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The partition relation 2y g — (B, Br)L follows from a standard argument in the area,
so we shall be brief about it. The main point is that an easy induction on a € {0, 1,..., N}

discloses that

for every colouring ¢: P, p —> |r] there is a copy (ﬁo, %73, %F) of
picture zero in (Ha, LB, @a’F) such that for every 3 € [«] the constituent
of (ﬁo, %,B, %,F) over F(f) is monochromatic®.

This statement is vacuously true for @ = 0 and in the induction step from o — 1 to «
one exploits that the constituent of picture a over F(«) is obtained by means of the
Hales—Jewett construction (cf. (5.1) and Proposition 4.4(a)).

In particular, for &« = N we learn that for every colouring ¢: &Py p — [r] there
is a copy (ﬁo, %, B, %, F) of picture zero all of whose constituents are monochromatic.
This gives rise to an auxiliary colouring x: [N] — [r] such that for every § € [N]
all copies of F' belonging to the constituent of (ﬁo, %73, %p) over F(f3) have the
colour x(3). Now we apply the partition relation 95 — (B, %r)E, which follows from
the construction of (G,¥5,%r) in the first bullet and from Proposition 4.4(a ), to the 7-
colouring F(3) — x(p) of ¥r. Thereby we find a monochromatic copy (B’, #}.) € 9p.
Now, if (B*, %}.) denotes the copy in %,B C P g projected to (B, #}), then Ay, is
monochromatic with respect to ¢, which completes the proof of (a).

For the remaining three statements we need the canonical projection ¢ from Iy to G.
Since % is a graph homomorphism, (¢ ) and (d) follow from the analogous properties of
the Hales—Jewett construction established in Proposition 4.4.

It remains to address (b) and to this end we consider any copy (B*, #}) € P p together
with a path P in [Iy connecting two vertices  and y of B*. By Proposition 4.4(b)
sends B* to some B’ € (g) 4 Thus there is a Y(z)-1(y)-path @ < B’ whose length is at
most the length of P. The graph isomorphism |y g+ between B* and B’ allows us to
pull @ back to B*. O

Remark 5.7. Tt seems less obvious that the clean partite lemma also satisfies property (e )

B
F

T C (I;)m follows (provided that % has clean intersections). We shall return to this

of Proposition 4.4, meaning that if Zr < ( )m holds for some natural number m, then

statement, which is central to our ability to preserve odd girth, in Corollary 6.3 below.

5.3. The second partite construction. The following strengthening of the induced
Ramsey theorem was proved independently by Abramson and Harrington [1], and by
Nesetril and Rodl [22].

$More precisely, if (ﬁ§ (8 ), 5551(;’8 )) denotes that constituent, we mean that all elements of @75;,5 ) have

the same colour.
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Theorem 5.8. For all ordered graphs F and B and every number of colours r there exists
an ordered graph G satisfying

G — (B)f>
which means that for every colouring ¢: (g) —> [r] there exists a copy B* € (g) such
that (%) is monochromatic. U

This result is sometimes expressed by saying that ordered graphs form a Ramsey class
or a Ramsey category. We do not introduce the corresponding abstract language here and
refer the interested reader to the preface of [29].

By choosing G according to Theorem 5.8 and setting ¥r = (g) one sees that for every
ordered F-system (B, %p) and every number of colours r there exists an ordered F-
system (G, ¥F) such that for every colouring ¢: ¥ — [r] there is a semi-induced copy
(B*, #3.) of (B, Ar) such that %} is monochromatic. In several respects this is weaker
than Proposition 5.2 and thus we run another partite construction, this time with the clean
partite lemma. The advantage of horizontal clean intersections is most clearly spelled out
in [29, Lemma 4.7] and [29, Lemma 4.14]. Here is a straightforward adaptation of the basic

ideas to our current situation.

Lemma 5.9. Suppose that (G,95,%9r) denotes a weak (B, Br)-conglomerate for some F -
system (B, Br) and that we have

(EugBagF) = <H793792F)*<H7%F'7%-)

for two pictures (I, Py, Pr), (¥, 25, 2r) over (G,95,%r) and a partite (117, 2%+)-
conglomerate (H, 7w, #7,). If (1, P, Pr) and (H, Hqr., Hz,) are clean, then so
18 (E,QB,QF).

Proof. Again we need to check that (X, 2p, 2F) satisfies the three clauses (7)— (i) of
Definition 5.1. As usual, we denote the canonical projection from ¥ to G by .

Stage A: Starting with (7) we consider two distinct copies Fy, Fix € Zp. If Fy, Fo\ € 5,
we appeal to the assumption that 7%, has clean intersections. So we can assume F, ¢ %,
from now on, so that there is a unique standard copy (Il,, 2%, £5) of (I, Pg, PF)
with F, € Z5.

First case: F,, ¢ Fx,
This means that there also exists a standard copy (Ile., 2%, #5°) with F,, € 2. If

II, = Il,, we use that & has clean intersections; so we can assume II, # Il,, from now
F,

(e]e]

on, which implies that the constituents II1f* and IIf* intersect each other either cleanly or

in some copy of Fe H,. In the former case

V(F,) nV(F.,) € V(L) n V(Il,.) = V(IIE*) n V(IIE) (5.2)
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immediately yields |V(F,) n V(F..)| < 2 and we are done. If, on the other hand, the
aforementioned copy F' exists, then (5.2) tells us V(F,) n V(F..) € V(F) and our assertion

follows from the fact that F has a clean intersection with each of F,, F...
Second case: F,, € HF,

If F,. e &5 we exploit that the copies in Z; have clean intersections and otherwise

property (ii) of (H, ., #%,) being clean yields
V(F) nV(Fa)| < VIR A V(FL)| < 2.

Stage B: Moving on to the verification of (i) we consider two copies (B*, %}.) € Zp
and F,, € 2p \ %}, and need to show that the intersection of B* and F,, is clean.
Let (Il,, 2%, #%) be a standard copy of (II, Zp, #r) with (B*, %)) € 5. Since
(IT, Zp, Pr) is clean, only the case F,, ¢ Py is interesting. If Fi, € A% ~\ P5 we
know that F,, intersects the constituent II** cleanly and our claim follows again. So it
remains to discuss the case that some standard copy (Il.., 2%, %) satisfies 11, # Il

and F,, € Py \ HA%,. Now we have
V(B*) n V(F.) € V(III*) n V(IIE) .

So if the graphs I1f*, TI* have a clean intersection we are done immediately and if they
intersect in some copy Fe P n Py we can exploit that F , F,, have a clean intersection
due to the already established statement (7).

Stage C: Finally addressing (74 ) we consider two distinct copies (B*, %5.) and (B**, Z})
in 25 and take two standard copies (Il,, 223, Z3), (.., 2F, %) with (B*, #}.) € 5%
and (B**, B3r) € 2%, respectively. As usual, it suffices to treat the case Il, # Il., so that
we have

V(B*) nV(B™) < V(IIE) n V(ITE).
If the intersection of II¥* and IIf: is clean, everything is clear, and we can assume from
now on that this intersection is some copy F € Ppn Py, As long as F¢ By N B it
follows from the already established statement (i) that F intersects one of B* and B**
cleanly, which causes the intersection of B* and B** to be clean as well. In the remaining

case, ' € B} n B3, the second outcome of (iii) occurs. O

We are now ready to describe the construction 7" promised at the beginning of this
section. As mentioned earlier, the proof is rendered by a partite construction and parallels
the proof of the clean partite lemma—Proposition 5.6. In fact, we shall use the clean partite
lemma here. The other difference concerns the initial conglomerate (G, %5, %r) underlying
the pictures in the construction. In the context of Proposition 5.2 the conglomerate
(G,9p,%9r) will be provided by Theorem 5.8 on Ramsey classes. As a result we have less

control over the structural properties of (G, 95, %r) and this is reflected in the conclusion
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of Proposition 5.2. In particular, the delivered conglomerate (H, 7%, #%) falls short of
preserving distances and odd girth. These shortcomings will be addressed in §6 by another

application of the partite construction method.

Proof of Proposition 5.2. Given an ordered F-system (B, %r) with clean intersections and

a number of colours r we proceed as follows.

e By Theorem 5.8 there exists an ordered graph G satisfying G — (B)f. Set
G = (I(j:), let ¥5 be the collection of all semi-induced ordered copies of (B, Zr)
in the ordered F-system (G, %r), and observe that (G,¥5,%r) is an ordered weak
(B, #r)-conglomerate. Choose an arbitrary enumeration ¥y = {F'(1),...,F(N)}
of 9.

e Starting with picture zero we recursively define a sequence (Ha, Lo, Pa, F)a <N

of clean pictures over (G,95,%r). If for some a € [N] we have just constructed

the clean picture (Ha,l, Po-1.B: ,@a,l,p), then we know that the copies of F

belonging to its constituent over F'(«) have clean intersections. By Proposition 5.6

the clean partite lemma CPL,(-) applied to this constituent yields a clean partite

conglomerate (Ha, %F(a),%(a)). By Lemma 5.9 the picture
a—1
(Haa ‘@a,Ba @a,F) = (Hoe—la @a—l,Ba L@oz—l,F> * (Haaﬁgﬁ)a%(a)) 5

where the amalgamation occurs over F(«), is clean again and, therefore, our
construction continues.

e This recursive process culminates with a final picture (H Ny PN PN, F). We order
the vertices of Iy in such a manner that each music line becomes an interval and the
ordering of these intervals reflects the vertex ordering of the ordered graph G. Since
the copies in Py p U PN F intersect each music line at most once, this ensures that
these copies are ordered correctly in I1y. So we have converted (H N, PNB, PN, F)

into an ordered (B, ZF)-conglomerate.

The partition relation Py p —> (B, Br)! follows from the same standard argument
we have already presented in the proof of Proposition 5.6 and we omit the details.

It remains to address the preservation of the clique number. To this end, we prove
w(Il,) = w(B) by induction on o < N. The base case o = 0 is trivial; in the induction
step we assume w(Il,_;) = w(B) for some a € [N] and consider a clique K in II,. If K is

completely contained in H,, then its order is at most
w(H,) = w(II}'9) < w(lly_1) = w(B)

by Proposition 5.6(¢).
Otherwise there are a standard copy II_, of II,_; and a vertex v in K such that
ve V(IIS_,) N\ V(H,). Since v is adjacent to all other vertices of K, we have K < IIS_,
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and, consequently, the order of K is at most w(Il,_1) = w(B). This proves w(Il,) < w(B)

and the reverse inequality is obvious. 0

§6 CONFORM RAMSEY CONGLOMERATES

For the proof of Proposition 2.6 we recall that 7,(!) from Proposition 5.2 already provides
a clean conglomerate (H, #%, 7%) preserving the clique number. In particular, this
conglomerate already satisfies property (a) of Proposition 2.6 and parts (i) and (i)
from Definition 2.3 required by property (b). Consequently, only parts (1) and (iv) of
Definition 2.3, which concern the odd girth and n-inducedness, are missing. For n = 1 these
two missing properties are trivial and, in fact, Tr(l) provides the base case for an inductive
proof. For the inductive step, we run a partite construction, where we employ 7"~V
vertically and the clean partite lemma CPL, from Proposition 5.6 horizontally. Since the
standard construction of picture zero consists of disjoint copies, it clearly preserves odd
girth and n-inducedness.

Roughly speaking, the following picturesque statement rendered in Lemma 6.1 shows that
these properties are kept during the partite construction described above (see statements (a )
and (b) of the lemma). However, we remark that in Lemma 6.1 we also require n-induced
copies of F' provided by the partite lemma, which is not stated to be a property of the

clean partite lemma in Proposition 5.6; but we shall address this issue in Corollary 6.3.

Lemma 6.1. Given a graph F, let (B, AF) be an F-system and let (G,95,9r) be a weak
(B, Br)-conglomerate. Suppose further that we have

(3,25, 2r) = (I, P, Pr) * (H, H1r., H7,)

for two pictures (11, P, Pr), (¥, 2, 2r) over (G,95,%r) and an F,-partite (I1F+, PT+)-
conglomerate (H, 7. , #7,) with Hr. < (Hi{
that 9 < (5), ..

(a) We have 2p < (?)n provided that
(1) Prc (3), and A, < ().,
(2) the copies in 9 have clean intersections,
(3) and for all copies (1>, PF) € Hr. and F, € S, ~ P the intersection
of I1E* and F, is clean.

(b) If og(G) = 2n —1, og(Il) = 2n + 1, and og(H) = 2n + 1, then og(¥) = 2n + 1.

)dp. Finally let n = 2 be an integer such

Proof. Starting with property (a) we consider a copy F, € Zr and a path P & F, of length
at most n that connects two vertices x and y of F,. We need to find some z-y-path R < F,
which is shorter than P. The canonical projection v of ¥ sends F, to some copy F” in the

system 9.
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First case: F' = F,

Suppose first that no inner vertex of P belongs to H. Now the entire path P is contained
in a single standard copy (Il,, 23, #5) of (Il, Pp, Pr). So if F, € P} we just need to
appeal to the hypothesis Zr < (E)n On the other hand, if F, ¢ 5, then by (3) the
intersection of I, and F, is clean, so that xy is an edge of F, and can play the rdle of the
desired path R.

It remains to deal with the case that P is of the form P = xP'zP"y, where z is an inner
vertex of P belonging to V(H) connected to = and y by the paths P’ and P”. Let the
music line through z intersect the copy F\ in z,.

We contend that there is an z-z,-path Q' < F, whose length is at most the length of P’.
To see this, we look at the (x)-1(z)-path ¥[P’] in G. If it is contained in F,, we just
need to pull this path back to F,. Otherwise, F, € ¥r < (g) yields a 1(z)-1(z)-path
S’ € F, that is even shorter than P’ and the existence of Q)" follows again by pulling this
path back.

The same argument also yields a z,-y-path Q" < F, whose length is at most the length
of P”. The x-y-walk zQ’z,Q"y is contained in F, and has at most the length of P. If this
walk fails to contain the desired path, then P’, @)’ have the same length, and so do P”, Q)”.
But then the entire path P is contained in A and the assumption J¢, < (g)n from (1)
leads to the desired path.

n—1

Second case: F' # F,

Let II, denote the unique standard copy of Il containing F,. If P crosses H in at most
one vertex, then we have P < II, and F, € (I};)n leads to the desired path.

As we traverse P from x to y, we can therefore assume that there are a first vertex u
and a last vertex v belonging to H, and that these vertices are distinct. We write
P = zP'uP"vP"y, where the paths P’, P” < I, might degenerate to single vertices (in
case x = u or v = y), while P” has at least one edge.

Suppose first that P” € H. Since I1'* is distance preserving in H, there exists a u-v-path

Q" < TIE* of at most the same length as P”. Now zP'uQ"vP"y is an z-y-walk in I, of

1L,

at most the same length as P and F, € ( s

)n leads again to the desired path. So we can
assume P” ¢ H in the sequel.

Suppose next that u = x and v = y. By (2) the intersection of F’ and F, is clean;
as ¥(x), ¥(y) belong to both graphs, we have ¥ (z)y(y) € E(G). Consequently, xy is an
edge of F, and our claim is again clear. So we can assume from now on that P” has length

at most n — 1.

By F, € (g) ., applied to the ¥ (u)-1(v)-walk [ P"], which is not contained in F\, there

is a ¥(u)-y(v)-path R” < F,, which is shorter than P”. Now ¢[zP'u]R"{[vP"y] is a

¥ (z)-1(y)-walk in G and shorter than P. Due to ' € 9 < (ch)n_1 this entails that some
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(x)-(y)-path S < F’ is shorter than P as well, wherefore the desired z-y-path R < F,
exists again.

Having thereby proved (a) we proceed with (b). Assume towards a contradiction that X
contains an odd cycle C' whose length is at most 2n — 1. The projection 1 sends C' to an
odd closed walk D in G of the same length as C. Due to og(G) = 2n — 1 this implies that
both C' and D are cycles of length 2n — 1. If C' intersects H in at most one vertex, then C
has to be contained in a single standard copy of II, contrary to og(II) = 2n + 1. Thus we
can assume that s = |[V(C) n V(H)| is at least 2. Consequently, C' is of the form

OZ,ZElPl...ZESPS, (61)
where V(C) nV(H) = {x1,...,zs} and P, is an x,-x,.1-path for every p € Z/sZ.

Claim 6.2. If for some ¢ € Z/sZ the length of P, is at most n — 1, then this path is

contained in H.

Proof. Assume contrariwise that the length of P, is at most n— 1, while P, & H. Since 1 is
injective on V' (C), the image ¥[P,] is a ¥ (x,)-1(xp41)-path in G. Together with [ P,] & F,
and F, € (g) . this shows that there exists a 1(x,)-1)(7,41)-path Q < F, whose length is
strictly smaller than the length of P,. Both

QU|xog11Pps1 ... x,] and w[%PgIgH]Q*l )

where Q! denotes ) traversed in reverse order, are closed walks in G whose lengths are
at most 2n — 2. Moreover, the parities of their lengths are different and, therefore, one of

them is odd. Thereby we reach a contradiction to og(G) = 2n — 1. U

Since og(H) = 2n + 1 implies C' & H, it follows that one of the paths Pi, ..., P, has
length at least n. This path needs to be unique and the other paths are contained in H. For
these reasons we can rewrite (6.1) as C' = 2 PyQ, where z,y € V(C)nV (H), the z-y-path P
has no inner vertices in H, and the y-z-path Q < H has length at most n — 1. Clearly, P
is completely contained in a single standard copy (Il,, 5, £5). As the constituent of this
picture over F, is distance preserving in H, it contains an z-y-path R whose length is at
most the length of (). Now

rRyQ and aPyR™!
are closed walks in H and Il,, respectively, whose lengths are at most 2n — 1. Moreover,

their parities are different, so that one of them is odd. Thus we get a contradiction either
to og(H) = 2n + 1 or to og(Il,) = 2n + 1. O

Keeping a promise made in Remark 5.7 we can now easily deduce a further property of

the clean partite lemma.
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Corollary 6.3. Let (B, %r) be a partite F-system with clean intersections. If for some
natural number n we have Br < (?)n, then for every number of colours r the clean
conglomerate CPL,.(B, Br) = (H, #3, #7) satisfies Hr < (H)n

F

Proof. This is clear for n = 1, so we can assume n > 2 from now on. Let us recall that
(H, 73, 77F) is obtained by means of a partite construction. We keep using the notation
from the explanation of this construction given immediately before Proposition 5.6.
Owing to the items (e) and (f) of Proposition 4.4 we know ¥ < (g)nq and that
the copies in ¢ have clean intersections. We want to establish &, p < (1};*

non-negative integer o < N by induction on a. The case a = N of this assertion will then

)n for every

prove our corollary.

The base case a = 0 is clear, because picture zero is just a disjoint union of copies of
(B, #r) and Br < (?)n is assumed. Suppose now that we already know &,_1 p < (H‘g‘l)n
for some o € [N]. Utilising Proposition 4.4 one easily checks that all assumptions of

Lemma 6.1(a ) are satisfied for the partite amalgamation
(Hom @a,Ba L@oz,F) = (Ha—h @a—l,Ba @a—l,F> * (Hom %F(fi)a%(a))

and thus we have indeed &, p < (r;.?‘)n O

We conclude by establishing the following strengthening of Proposition 2.6.

Proposition 6.4. For every ordered graph F and every integer n = 1 there exists a
construction Y™ which, given an ordered F-system (B,%r) with clean intersections
satisfying Br < (?)n and a number of colours r, yields an ordered (B, Br)-conglomerate
Y"N(B,%r) = (H, #%3, 54) such that
(a) Hp — (B, %r)!,
(b) (1) e < (3),
(2) w(H) = w(B),
(3) og(H) = min{2n + 1,0g(B)},
(¢) and the (B, Br)-conglomerate (H, 75, 7% ) is clean.

)

Before proving Proposition 6.4 we note that it implies Proposition 2.6. First we observe
that the assumptions of Proposition 6.4 are less restrictive. Indeed, given an n-conform
ordered F-system (B, %), as assumed in Proposition 2.6, conditions (7) and (i) of
Definition 2.3 ensure that (B, %r) has clean intersections and Br < (?)n

Concerning the conclusion of Proposition 6.4, we note that the ordered (B, %p)-
conglomerate Y\" (B, Br) = (H, #3, #7) clearly satisfies the Ramsey property (a) of
Proposition 2.6. Moreover, part (¢) of Proposition 6.4 implies that % has clean inter-

sections. The other three requirements needed for the n-conformity of (H, %), asserted
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in part (b) of Proposition 2.6, follow directly from the three properties in part (b) of

Proposition 6.4 combined with the assumption that (B, %) is n-conform itself.

Proof. We argue by induction on n, using the construction Y® provided by Proposition 5.2
as a base case. Assuming now that for some n > 2 we have the construction 71 at
our disposal and that an ordered F-system (B, %) with clean intersections such that
Br < (?)n as well as a number of colours r are given, we perform the same partite
construction as in the proof of Proposition 5.2, the only difference being that vertically

r(n_l)

we use the conglomerate (G,9p,9r) = (B, #r). Again this yields a sequence
(Ha, Lo, Pa, F)a N of clean pictures and the last of them can be converted into a clean
ordered (B, %r)-conglomerate, which we shall denote by \"(B, 8y) = (H, %, #7)
from now on. In particular, (H, 73, #%) satisfies property (¢ ) of Proposition 6.4.

The partition relation (a) holds for the usual reason. Assertion (2) of part (b) follows
from arguments already presented in the proof of Proposition 5.2, which we do not repeat.

Next, a straightforward induction on « based on Lemma 6.1(a ), Proposition 5.6, Corol-

Mo

lary 6.3, and our induction hypothesis on 71 reveals Por S ( "

)n for every a < N.
The case a = N of this assertion proves (1) of part (b).

Finally, (3) only requires attention if og(B) > 5. Now m = min{n, 5(og(B) — 1)}
is at least 2 and we can apply Lemma 6.1(b) with 7 instead of n. This allows us to
show og(Il,) = 2m + 1 for every @ < N by induction on «, and thus we have indeed

og(H) = og(lly) = 2m + 1. O

§7 CONCLUDING REMARKS

7.1. Generalisations of the main result. The first generalisation concerns the girth
of the canonical Ramsey graph H in Theorem 1.1. It seems likely that, as long as F' is
not a forest, Theorem 2.4 remains valid when we add the demand that H and F' should
have the same girth. In the non-canonical setting, such a result was obtained recently by
Reiher and Rodl. In fact, the proof of their result provides a system .77 of copies of F
in H, which itself contains no short cycles (see [29, §5]), and we believe that those results
extend to the canonical setting.

The second generalisation concerns hypergraphs. The proof of Theorem 1.1 presented
here can be partly extended to linear hypergraphs. For hypergraphs the clique number is
replaced by the size of the largest subset X of vertices such that any two vertices in X are
contained in a hyperedge. However, it is perhaps less clear what the analogous concepts of
odd girth, n-inducedness, and distance preservation for such hypergraphs are. It seems
plausible that versions of Theorems 1.1 and 2.4 hold for general hypergraphs.

The last generalisation we briefly mention concerns a common generalisation of our result

and Theorem 5.8 in the context of Ramsey classes, when we colour arbitrary subgraphs.
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In that context an induced canonical Ramsey theorem with maintained clique number was
provided by Préomel and Voigt [27] and it would be of some interest to establish a result

subsuming both their work and Theorem 2.4.

7.2. Classical versus canonical Ramsey theory. As it turned out, many results in
Ramsey theory can be paralleled in the canonical context. For example, it follows from the
work of Erdés, Hajnal, and Rado [10, §16.4] (see also reference [8, (4.2)]) and of Shelah [34]
that in terms of the number of exponentiations the canonical Ramsey number and the
non-canonical Ramsey number (for at least four colours) for cliques in hypergraphs display
the same behaviour. Another example, in the somewhat different context of random graphs,
concerns the threshold for the corresponding Ramsey properties. For graph cliques with
at least four vertices those thresholds coincide, which follows from the work of Rodl and
Rucinski [32,33] and of Kamcev and Schacht [18]. A far-reaching generalisation of these
parallel developments would be an affirmative answer to the question of whether having
the Ramsey property for sufficiently many colours yields the canonical Ramsey property as

well. For graphs this naive question reads as follows.

Question. Given an ordered graph F', does there exist an integer r such that for every
ordered graph H that satisfies the relation H — (F'), we also have H —> (F)?

Note that for graphs F' with at most two edges this question is trivial, since any colouring
of such small graphs is canonical.

More interestingly, by applying the machinery developed in [29] we can answer this
question in the negative when we replace H by a system .77 of copies of an ordered graph F’
with at least three edges. For such graphs there are at least five equivalence relations
on E(F) and, hence, at least one of them corresponds to a non-canonical colouring. We fix
such a non-canonical equivalence relation, say =%, and let r € IN be given.

With the notation developed in [29] the pair (F, =) is a pretrain and [29, Proposition 9.1]
applied to (F, =) and r yields a pretrain system (H,=", ) with the Ramsey property
M — (F),. Moreover, the restriction of = to copies of F in % is identical to =F. So,
we can colour F(H) in such a way that no copy of F' from 7% is canonically coloured.

Consequently, the version of the question for the system 7% has the expected negative
answer. Moreover, if F' = K} for some k£ > 3 (and for certain other graphs F'), the
constructions involved in the proof of [29, Proposition 9.1] yield %, = ( Ié ) This answers
the question posed above negatively for such instances.

Nevertheless, in light of the discussion above one may wonder whether these parallel
developments in canonical and non-canonical Ramsey theory are just anecdotal or whether

there is some profound connection.
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