Every Monotone 3-Graph Property is Testable
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Let k£ > 2 be a fixed integer and P be a property of k-uniform hyper-
graphs. In other words, P is a (typically infinite) family of k-uniform hyper-
graphs and we say a given hypergraph H satisfies P if H € P. For a given
constant 7 > 0 a k-uniform hypergraph H on n vertices is n-far from P if no
hypergraph obtained from H by changing (adding or deleting) at most nn*
edges in H satisfies P. More precisely, H is n-far from P if no hypergraph G
with |E(G)AE(H)| < nn” satisfies P. This is a natural measure of how far
the given hypergraph H is to satisfy the property P.

We consider randomized algorithms which for an input hypergraph H on
the vertex set V(H) = {1,...,n} are able to make queries whether a given
k-tuple of vertices spans an edge in H. For a given decidable property P
and a constant n > 0, such an algorithm will be called a tester for P if it
can distinguish with, say probability %, whether H satisfies P or is n-far from
it. If a property P has a tester whose number of queries is bounded by a
function of n and P but is independent on the number of vertices of the input
hypergraph H, the property is called testable. Perhaps surprisingly, many
natural properties can be proved to be testable.

The general notion of property testing was introduced by R. Rubinfeld and
M. Sudan in [13]. In [8], O. Goldreich, S. Goldwasser and D. Ron initiated
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the study of property testing for combinatorial structures. They showed that
several graph properties, including t-colorability, are testable.

Some ideas of property testing were already implicitly present long before
the notion of a tester was actually defined. Thus several results of property
testing take their roots in classical graph or hypergraph theorems. For exam-
ple, the testability of triangle freeness is a consequence of a well know result
of I. Z. Ruzsa and E. Szemerédi [14]. The result from [10] implies that ¢-
colorability is testable (see also [1]). The property of not containing a fixed
graph F' as a non induced subgraph also falls into this category. It was indi-
rectly proved to have a tester by P. Erdds, P. Frankl and V. Rédl [5]. The
proof from [14], as well as, its generalization in [5] are based on Szemrédi’s
regularity lemma [15].

Note that the property of being t-colorable as well as the property of not
containing a fixed graph F' as a (non induced) subgraph are monotone. Here
we call a property P monotone, if it is closed by taking (not necessarily
induced) sub-hypergraphs. In other words if H satisfies P, then any sub-
hypergraph of H satisfies P as well. In this case, for H to be n-far from P, it
is enough to verify that no sub-hypergraph G of H with |E(H)\ E(G)| < nn*
satisfies P.

Another example of a testable, but not necessarily monotone property, is
the family of all graphs not containing a fixed graph F' as an induced subgraph.
The testability of those properties for a given graph F' was proved by N. Alon
et al. [2]. This is harder to prove than the non induced version and the proof
relies on a strengthened version of Szeméredi regularity lemma. For more
results on property testing see e.g. [6,7,12].

Although many of the combinatorial results on testing were proved for
graphs, some problems have been studied for k-uniform hypergraphs. For
example in [4], the authors prove that t-colorability for uniform hypergraph
is a testable (monotone) property. Y. Kohayakawa, B. Nagle and V. Rodl
considered in [9] an analogous result to [2] for 3-uniform hypergraphs.

Recently, N. Alon and A. Shapira [3] proved that every monotone graph
property is testable. The tester built in their proof has the further property
that, for any H € P, it confirms with probability 1 that H satisfies P. In
other words, whenever the input graph H satisfies P, the algorithm will be
correct with probability 1. This type of tester is said to have one-sided error.
Altogether the result in [3] means that for any monotone property P there
exists a tester which after at most f(n,P) queries, comes to the following
conclusion:



(i) If H € P, then the tester confirms it with probability 1.
(ii) If H is n-far from P, then the tester outputs that H ¢ P with probability
2

5
The proof of N. Alon and A. Shapira is also based on the strengthened version
of the regularity lemma used in [2].

In [3], the authors raised the question whether it is possible to extend
their result to k-uniform hypergraphs. The aim of this note is to announce a
positive answer for 3-uniform hypergraphs.

Theorem 0.1 Any monotone property of 3-uniform hypergraphs is testable
with one-sided error.

Monotone properties can be described by a family of forbidden hyper-
graphs, i.e., for a monotone property P there exists a family of hypergraphs
F = Fp such that P = Forb(F), where Forb(F) is the family of those hyper-
graphs not containing any element of F as a sub-hypergraph. Theorem 0.1 is
an immediate consequence of the following result.

Theorem 0.2 Let F be a family of 3-uniform hypergraphs and P = Forb(F).
For all n > 0 there are constants C' and ny € N such that the following holds:

If H is a 3-uniform hypergraph on n > ng vertices which is n-far from
satisfying P, then there exists a hypergraph Fy € F with |V (Fy)| < C such
that the number of copies of Fy in H is Q(nlVF0)),

The main philosophy of our proof of Theorem 0.2 is similar to [3]. How-
ever, instead of Szeremédi’s regularity lemma, we use a hypergraph regularity
lemma from [11]. Using this lemma in the case k = 3, we develop an analogue
for 3-uniform hypergraphs to the strengthened variant of Szeméredi regularity
lemma proved in [2]. Currently our proof is fairly involved and we believe that
to extend it to general k is more a technical than a principle issue. This is
partly supported by the fact that the crucial hypergraph regularity was proved
for general k-uniform hypergraphs.

References

[1] N. Alon, R. A. Duke, H. Lefmann, V. R6dl and R. Yuster The algorithmic
aspect of the reqularity lemma. Proc. 33" IEEE FOCS, Pittsburgh, IEEE
(1992), 473-481. Also: J. of Algorithms 16 (1994), 80-109.

[2] N. Alon, E. Fisher, M. Krivelevich, and M. Szegedy, Efficient testing of



large graphs. Proc. of 40" FOCS, New York, NY, IEEE (1999), 656-666.
Also Combinatorica 20 (2000), 451-476

[3] N. Alon and A. Shapira, Every monotone graph property is testable. Proc.
of the 37 ACM STOC, Baltimore, ACM Press (2005), to appear.

[4] A. Czumaj and C. Sohler Testing hypergraph coloring Theoretical
Computer Science, 331(1):37-52.

[5] P. Erdés, P. Frankl and V. R6dl The asymptotic number of graphs not
containing a fized subgraph and a problem for hypergraphs having mo
exponent. Graphs Combin. 2 (1986), no. 2, 113-121.

[6] E. Fischer, The art of uninformed decision: A primer to property testing.
The Computational Complexity Column of The Bulletin of the European
Association for Theoretical Computer Science 75 (2001), 97-126.

[7] O. Goldreich, Combinatorial property testing-a survey. Randomization
Methods in Algorithm Design (P. Pardalos, S. Rasjasekaran and J. Rolim
eds.), AMS-DIMACS (1998), 45-60.

[8] O. Goldreich, S. Goldwasser and D. Ron. Property testing and its connection
to learning and approzimation. Proc. of 37" Annual IEEE FOCS, (1996),
339-348. Also, JCAM 45(4): 653-750 (1998).

[9] Y. Kohayakawa, B. Nagle and V. Roédl Efficient testing of hypergraphs
(extended abstract). Automata, languages and programming, 1017-1028,
Lecture Notes in Comput. Sci., 2380, Springer, Berlin, 2002.

[10] V. Rodl and R. Duke, On graphs with small subgraphs of large chromatic
number. Graphs and Combinatorics 1 (1985), 91-96.

[11] V. Rédl and M. Schacht, Regular partitions of hypergraph. Submitted.

[12] D. Ron, Property testing. P. M. Pardalos, S. Rajasekaran, J. Reif and
J. D. P. Rolim, editors, Handbook of Randomized Computing, Vol. II,
Kluwer Academic Publisher, 2001, 597-649.

[13] R. Rubinfeld and M. Sudan, Robust characterization of polynomials with
application to program testing. STAM J. on Computing 25 (1996), 252-271.

[14] I. Z. Ruzsa and E. Szemerédi, Triple systems with no siz points carrying
three triangles. Combinatorics, Keszthely, 1976, Coll. Math. Soc. J. Bolyai
18 Vol.IL., pp.939.945.

[15] E. Szemerédi, Regular partitions of graphs. Proc. Colloque Inter. CNRS (J.
C. Bermond, J.C. Fournier, M. Las Vergnas and D. Sotteau, eds), 1978,
399-401.



