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ABSTRACT. We estimate Ramsey numbers for bipartite graphs with small bandwidth
and bounded maximum degree. In particular we determine asymptotically the two and
three color Ramsey numbers for grid graphs. More generally, we determine asymptotically
the two color Ramsey number for bipartite graphs with small bandwidth and bounded
maximum degree and the three color Ramsey number for such graphs with the additional

assumption that the bipartite graph is balanced.

§1. INTRODUCTION

For graphs Gy, ...,G,, the Ramsey number R(Gy,...,G,) is the smallest integer n
such that if the edges of a complete graph K, are partitioned into r disjoint color classes
giving r graphs Hi,..., H,, then at least one H; (1 < i < r) contains a subgraph iso-
morphic to G;. The existence of such an integer follows from Ramsey’s theorem. The
number R(Gy,...,G,) is called the Ramsey number of the graphs Gy, ..., G,. Determin-
ing R(G1,Gs,...,G,) for general graphs appears to be a difficult problem (see, e.g., [9]
or [19]). For r = 2, a well-known theorem of Gerencsér and Gyarfas [8] states that

an — 2
-

where P, denotes the path with n > 2 vertices. In [13] more general trees were considered.

R(P,,P,) = {

For a tree T', we write t; and ty, with t5 > t;, for the sizes of the vertex classes of T
as a bipartite graph. Note that R(T,T) = 2t; + to — 1, since the following edge-coloring
of Koy, 1+¢,—2 has no monochromatic copy of 7. Partition the vertices into two classes V)
and V5 such that [Vi]| = t; — 1 and |V3| = t; + t3 — 1, then use color “red” for all edges

inside the two classes and use color “blue” for all edges between the classes. A similar
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edge-coloring of Ky, » with two classes both of size ¢, — 1 shows that R(T,T) = 2ty — 1.
Thus

R(T,T) > max{2t, + ts, 2ts} — 1. (1)

Haxell, Luczak and Tingley provided in [13] an asymptotically matching upper bound for
trees T with A(T) = o(t).

We partially extend this to bipartite graphs with small bandwidth and a more restrictive
maximum degree condition. A graph H = (W, Ey) is said to have bandwidth at most b, if
there exists a labelling of the vertices by numbers 1, ... n such that for every edge ij € Ey

we have |i — j| < b. We focus our attention on the following class of bipartite graphs.

Definition 1.1. A bipartite graph H is a (5, A)-graph if its bandwidth is at most G|V (H))|
and its mazimum degree is at most A. We say that H is a balanced (B, A)—graph if it has
a proper 2-coloring x: V(H) — [2] such that ||x ' (1) — 2| < BIx1(2)

For example, it was shown in [5] that sufficiently large planar graphs with maximum
degree at most A are (3, A)-graphs for any fixed 5 > 0. Our first theorem is an analogue
of the result in [13] for (8, A)-graphs.

Theorem 1.2. For every v > 0 and natural number A, there exist a constant 5 > 0 and
natural number ng such that for every (5, A)-graph H on n > ng vertices with a proper
2-coloring x : V(H) — [2] where t; = |x 7' (1)] and ty = |x 71 (2)], with t; < t5, we have

R(H,H) < (14 ) max{2t; + to, 2ts}.

For more recent results on the Ramsey number of graphs of higher chromatic number and
sublinear bandwidth, we refer the reader to the work of Allen, Brightwell and Skokan [1].

For r > 3 colors less is known about Ramsey numbers. Let T be a tree and consider ¢,
and ty, with t; < to, the sizes of the vertex classes of T' as a bipartite graph. For r = 3
colors the following construction gives a lower bound for R(T,T,T'). Partition the vertices
of Ky, 43,3 into four classes, one special class Vy with [Vy| = t; and three classes V;, V3
and V3 of size to — 1. The color for edges inside VO is arbitrary. Use color 7 inside the
classes V; and color i between V; and V; for 1 < i < 3. Finally, use color k € [3] \ {4, j}
for edges between the classes V; and V; for 1 < ¢ < j < 3. It is easy to check that this

coloring yields no monochromatic copy of 7. Thus

R(T,T,T) = t; + 3t — 2. 2)
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Proving a conjecture of Faudree and Schelp [6], it was shown in [10] that this construction

is optimal for large paths, i.e., for sufficiently large n we have

2n — 1 for odd n,

R(PumPn) =
2n — 2 for even n.

Asymptotically this was also proved independently by Figaj and Luczak [7]. Benevides
and Skokan [2] proved that R(C,,C,,C,) = 2n for sufficiently large even n. Our second
result extend the two above ones asymptotically to balanced (3, A)-graphs.

Theorem 1.3. For every v > 0 and every natural number A, there exist a constant 5 > 0
and natural number ng such that for every balanced (8, A)-graph H on n = ng vertices we

have

R(H,H,H) < (2+7)n.

In particular, Theorems 1.2 and 1.3 give the asymptotics for two and three color Ramsey
numbers of grid graphs. The 2-dimensional grid graph G, is the graph with vertex set
V' = [a] x [b] and there is an edge between two vertices if they are equal in one coordinate
and consecutive in the other. Note that any grid graph G, on ab vertices has bandwidth
at most min{a, b} and satisfies A(G) < 4. Moreover, G, is a balanced (3, 4)-graph for
any fixed § > 0 and sufficiently large ab. Consequently, Theorems 1.2 and 1.3 combined
with (1) and (2) give the following corollary.

Corollary 1.4. For grid graphs G, we have

R(Gap, Gap) = (3/2+ o(1))ab
and

R<Ga,b7 Ga,ba Ga,b) = (2 + 0(1))ab,
where o(1) tends to 0 as ab — .

We remark that similar bounds follow for bipartite planar graphs with bounded degree
and grids of higher dimension.

This paper is organized as follows. We first give the necessary tools in Section 2 and
then present a detailed proof of Theorem 1.3 in Section 3. The proof of Theorem 1.2 is

very similar and here we only present an outline, in Section 4.
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§2. AUXILIARY RESULTS

The main purpose of this section is to present the tools for the proof of Theorem 1.3. A
main tool in the proof is Szemerédi’s Regularity Lemma [22]. We discuss the Regularity
Method in Section 2.1. In Sections 2.2 and 2.3 we give some results that allow us to make

use of the regularity method.

2.1. The Regularity Method. Given an graph G on n vertices, the density of G is given
by dg = e(G)/ (g) Furthermore, if A, B < V(G) are non-empty and disjoint, we denote
by eq(A, B) the number of edges of G with one endpoint in A and the other in B and
ea(A, B)
Tl B = i
is the density of G between A and B.

The bipartite graph G = (A, B; E) is called e-regular if for all X < A, Y < B with
| X| > ¢|A| and |Y| > €| B| we have

lde(X,Y) —da(A, B)| <e.

We say that G is (e, d)-regular if it is e-regular and dg(A, B) = d. An e-regular bipartite
graph (A, B; E) is called (e, d)-super-regular if we have deg.(a) > d|B| for all a € A and
also degq(b) > d|A| for all b e B.

For a graph G = (V,FE), a partition (V;)[s) of V is said to be (e, d)-reqular (resp.
super-regular) on a graph R with vertex set contained in [s] if the bipartite subgraph of
G induced by the pair {V;, V;} is (e, d)-regular (resp. super-regular) whenever ij € E(R).
We say that a graph R on vertex set [s] is the (e, d)-reduced graph of (V;)e[q (or of G) if
ij is an edge of R if and only if the bipartite graph defined by the pair {V;,V;} is (e, d)-
regular in G. The proof of Theorem 1.3 is based on the following three color version of

the Regularity Lemma.

Lemma 2.1 (Regularity Lemma). For every ¢ > 0 and every integer kg > 0 there is a
positive integer Ko(e, ko) such that for n = Ky the following holds. For all graphs Gy, G
and G3 with V(Gy) = V(Gy) = V(G3) =V, |V| = n, there is a partition of V into k + 1
classes V.= Vy, Vi, Vo, ..., Vi such that

(1) ko < k < Ko,
) Vil = Vo] = - = [Vil,

(#i) |Vo| < en,
)

(7

(iv) apart from up to at most e(g) exceptional pairs, the pairs {V;,V;} are e-reqular
m Gl, G2 and Gg.
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For extensive surveys on the Regularity Lemma and its applications see [14,17]. A key
component of the regularity method is the Blow-up Lemma [15] (see also [16, 20, 21] for
alternative proofs). This lemma guarantees that bipartite spanning subgraphs of bounded
degree can be embedded into super-regular pairs. In fact, the statement is more general
and allows the embedding of r-chromatic graphs into the union of r vertex classes that
form (’2") super-regular pairs.

Here we will use a version of the Blow-up lemma that allows us to embed graphs H of
bounded-degree in a graph G when G and H have “compatible” partitions, in the sense
explained in the definition below. In our proof we will embed H in parts, considering
a partition of a monochromatic subgraph G of Ky with corresponding reduced graph
containing a tree T' that contains a “large” matching M, where the bipartite subgraphs

of G corresponding to the matching edges are super-regular pairs.

Definition 2.2. Suppose H= (W, Ey) is a graph, T = ([s], Er) is a tree, and M = ([s], Ex)
is a subgraph of T where Eyr is a matching. Given a partition (W;)e[s) of W, let U;, for
i € [s], be the set of vertices in W;, with neighbors in some W; with ij € Er ~ Ey and
set U=\JU; and Ul = Ng(U) n (W; \U).

We say that (W;)ie[s is (¢, T, M)-compatible with a vertex partition (V;)[s) of some
graph G = (V| E) if the following holds:

(1

(1T
(111
IV

xy € Ey for x € W; and y € W; implies ij € Ep for all i,j € [s],
Wil < |Vi| for all i€ [s],

\Ui| < e|V;| for allie[s],

\Ui], |Uj| < emin{|Vi|, |Vj]} for allij € Ey.

~— — — —

We remark that for connected graphs H and for every vertex ¢ of T" which is not covered
by M we have U; = W, and U] = @.

The following corollary of the Blow-up Lemma (see [3]) asserts that in the setup of
Definition 2.2 graphs H of bounded degree can be embedded into G, if G admits a partition

being sufficiently regular on 7" and super-regular on M.

Lemma 2.3 (Embedding Lemma [3,4]). For all d,A > 0 there is a € = e(d,A) > 0 such
that the following holds.

Let G = (V,E) be an N-vertex graph that has a partition (V;)ic[s) of V with (e, d)-reduced
graph T on [s] which is (g, d)-super-reqular on a graph M < T'. Further, let H = (W, Eg)
be an n-vertex graph with maximum degree A(H) < A and n < N that has a vertex
partition (W;)ies) of W which is (e, T, M)-compatible with (V;)ie[s). Then H < G.
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We close this section with two simple facts. They follow easily from the definitions of

regular and super-regular pairs.

Fact 2.4. Let B = (V1,V4; E) be an e-regular bipartite graph, let o > €, and let V] < V;
and V3 < Vy be subsets with |V]| = o|Vi| and |VJ| = a|V3|. Then for & = max{e/a,2¢}
the graph B' = (V{,V3; Eg(V{,V3)) is &'-reqular with |dg(V1,Va) — dp(V{, V)| < e.

Fact 2.5. Consider a graph G = (V, E) with an (e, d)-regular partition (V;)ic[s) of V' with
\Vi| =m for 1 <i<s. Let T be a graph on vertex set [s| contained in the corresponding
(e,d)-reduced graph of (V;)ic[s) and let M be a matching contained in T. Then for each
vertex i of M, the associated set V; in G contains a subset V' of size (1 —er)m such that
for every edge ij of M the bipartite graph (V{,V}; Ea(V{,V})) is (¢/(1 —er),d — (1 +7r)e)-
super-reqular.

2.2. Regular blow-up of a tree. In this section we show, in Lemma 2.8, that for any
coloring of F(Ky) there exists a dense, regular, monochromatic subgraph of Ky with
some structural properties that allow us to embed H into this subgraph. Here the notion
of a connected matching in the reduced graph (originating in [18], see also [7,10-12]) plays
a central role. A connected matching in a graph R is a matching M such that all edges
of M are in the same connected component of R. The following lemma, proved in [7],
states that in a 3-colored almost complete graph we can always find a connected matching

that covers almost half of the vertices and it is contained in a monochromatic tree.

Lemma 2.6. For cvery 0 > 0 there exist an €9 > 0 and a natural number ko such that for
every € < g9 and k = ko and for every 3-edge colored graph R on k vertices with density at
least (1 —¢) there exists a matching M with at least (1 —0)k/4 edges in R that is contained

in a monochromatic tree T < R.

This lemma can be found in a stronger structural form in [10]. In fact, there it is proved
that either there is a monochromatic connected matching covering more than half of the
vertices, or the graph R is close to one of two extremal cases. It is not hard to see that
in both extremal cases there is a monochromatic connected matching M of size at least
(1 —0)|V(R)|/4. We will also make use of the following simple fact.

Fact 2.7. If a tree T' contains a matching M with ¢ edges then the vertices covered by the
matching can be labelled in such way that Ey = {x;y;: 1 = 1,...,0} and z; and z; are at

an even distance inT for all 1 <i < j < /.

Indeed, consider a proper two-coloring x: V(T') — [2]. Label those endpoints of the
matching edges with x; that are in x~!(1) and label the other endpoints by y;. Clearly,

the distance in 7" between any z; and z; is even, since they belong to the same color class.
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Given a coloring xk,: F(K,) — [3], we denote by G; the spanning subgraph of K,
such that ij € E(Gy) if and only if x gk, (1)) = 1.

Lemma 2.8. For every vy > 0 there exists an g9 > 0 such that for every e € (0,¢), there
exists a natural number Ko such that for all N = (2 4+ vy)n = Ky and for every coloring
Xky: E(Kn) — [3], there exist a color (say color 1), integers €, 0 k with £,¢' < k < K,
and 0 = (1 —~v/4)k/4, a tree T on vertex set {xy,...,To, Y1, Yty 21, ..., 20} containing
a matching M with edge set Eyy = {x;y;: i = 1,... £} with an even distance in T between
any x; and x; for all i and j, such that there exists a partition (V;)ic of V(Kn) such
that Gy is (g,1/3)-regular on T and |Vi| = ... = |Vi| = (1 — )N /k.

Proof. Fix v > 0 and set 6 = /4. Let g9 and kg be the constants obtained from Lemma 2.6
applied with §. Fix ¢ < ¢y and let K be obtained by an application of the Regularity
Lemma (Lemma 2.1) with parameters ¢ and kq. Finally let N = (2 + v)n > K, be given.

Consider an arbitrary 3-coloring x g, : F(Ky) — [3] of the edges of Ky and spanning
subgraphs G, Gy and G3 of Ky where ij € G, if and only if xk, (ij) = s, for s = 1,2, 3.
Owing to the Regularity Lemma, there is a partition Vy, Vi, ..., Vi of the vertices of Ky
such that |V;| =m = (1 —e)N/k for 1 <i < k and more than (1 — 5)(’;) pairs {V;, V;} for
1 <1< j <k are e-regular in GG, G5 and G3, where ky < k < K.

We define the following reduced graph: let R be the graph with vertex set [k], which
contains the edge ij if and only if {V;,V} is e-regular in each of Gy, G2 and G3. Thus,
IE(R)| = (1 —¢)(%). We know that R is a graph on k vertices with density at least (1—¢).
Now we define a coloring xg: E(R) — [3] of the edges of R such that xg(i,7) = sif s € [3]
is the biggest integer in [3] such that |Eq, (Vi,V;)| = |Eq, (V;, V)| for 1 < r < 3, ie., the
edge ij receives one of the colors that appears in most edges of Ex, (Vi, V;) with respect
to the coloring xk, of E(Ky). If xr(ij) = s, then |Eq, (V;,V;)| = |Vi||V;]/3.

Since k > ko and the density of R is at least (1 — ¢), by Lemma 2.6, we know that R
contains a monochromatic tree 7' that contains a matching M of size ¢ > (1 — §)k/4.
Without loss of generality we may assume that the edges of T" are colored with color 1.
By Fact 2.7 we can label M = ({z;,y;}); such that x; and z; are at even distance in T for
every 1 <v < j < /(.

Let {z1,...,2¢} be the vertices of T that are not covered by edges of the matching M.
Since all the edges of T are present in R we know that, for all 7j € E(T), the pairs {V, V}}
are e-regular in G with |Eq, (Vi, V;)| = |Vi||V;|/3. Thus we are done, since we can consider
the graph composed of the classes V; for every ¢ € V(T') and with edge set Eq, (Vi,V})

between every pair. 0
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2.3. Balanced intervals. By definition, given 5 > 0 and a natural A, a balanced (3, A)-
graph H has a 2-coloring of its vertices that uses both colors similarly often in total, but
this does not have to be true locally. In this section we show how to balance H so that
the two colors appear in approximately the same number of vertices also locally.

Given a graph H = (W, E) with W = {wy, ..., w,}, let x: W — [2] be a 2-coloring. De-
fine the function C; such that if W’ < W then, fori = 1,2, we have C;(W') = |x (i) n W|.
We say that x is a 5-balanced coloring of W if 1 — 5 < C1(W)/Cy(W) < 1+ 8. A subset
I < W is called interval if there exists p < ¢ such that I = {w,, wp+1,...,w,}. Finally, let ¢/
and ¢ be positive integers with ¢ < ¢ and let ¢ : [¢'] — [{] be an injection. Consider a par-
tition of W into a set of intervals Z = {Iy,...,;}. We define Ci(Z,0,a) = >3j_, Ci(I5(;))
for i = 1,2. If it is clear what partition we are considering then we write C;(o,a) for
simplicity.

Given a graph H = (W, E), let ¢: W — [2] be a coloring of W such that H is globally
balanced. Roughly speaking, the next lemma states that every partition of W into intervals
of almost the same size can be rearranged in some way that, after the rearrangement, if we
remove the “last” intervals, then, in the subgraph of H induced by the remaining vertices,
the difference between the number of vertices w with ¢(w) = 1 and those w with ¢(w) = 2

is “small”.

Lemma 2.9. For every integer { =1 there exists ng such that if H= (W, E) is a graph
with W = {wy, ..., w,} withn = ng, then every 3-balanced 2-coloring x of W with < 2/2,
I;| < |Ii| + 1 there

and every partition of W into intervals I, . .., I; with sizes || < ... <

exists a permutation o [(] — [{] such that for every 1 < i < { we have

C1(0,0) — Co(,d)] < & + 1.

~ 3

Proof. Fix? > 1 and set ng = 203. Let H = (W, E') be a graph such that W = {wy,...,w,}
with n > ny. Fix a -balanced coloring x of W and a partition of W into intervals Iy, ..., I;
with [I| < ... <|[;| < || + 1 where 8 < 2/1.

Let us construct the permutation o iteratively. We can take any integer on [¢] to be o (1),

A

because the size of the intervals is at most n/f + 1. Suppose o(1), ..., 0(i) were defined
in such a way that |Cy(0,4) — Cy(0,4)] < n/l + 1, where i </ — 1.

If Cy(0,i) = Cy(0,1), then clearly o(i + 1) can be defined as being any of the remaining
integers on []. So, w.l.o.g. assume that Cy(o,i) = Cy(0,i) + k, with 1 < k < n/l + 1. But
since Cy(0,7) + Cy(0,) < i(n/l + 1), we can conclude that

L
Co(o,i) < = d

S5 9 (3)
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We will prove that there exists some r € [(] ~ Ué‘:1 o(j) with Cy(1,) = k/2. Suppose
by contradiction that Cy(1,) < k/2 for all integers r € [/] U;‘=1 o(j). This fact together
with (3) implies the following.

~ mn ~

(W) < Caloi) + (I —i)5 = o4 (=i = 1) +%

i—1\n 0 [n(l-1)+0? ()
<|l—|z+z=|—F—]=,
I 2 2 nt

where the last inequality holds because k < n/@ +landi</?—1.
Since C1 (W) + Co(W) = n, using (4) we know that

aw) n 2(n — 02)
CoV) ~ Co(T) 1>1+—n(€_1)+€2>1+6,

where the last inequality follows by the choice of ng, because g < 2 /@ . But this contradicts

o |

|3

the S-balancedness of the coloring y of W. Therefore, there exists r € [/] ~ U;=1 a(7)
with Coy(I,.) = k/2. Set (i + 1) = r. Then

Cl<0',i + 1) = Cl(U,i) + Cl(L«) < (CQ(O',i) + k?) + (Tg + 1-— ];:)

= (Cg(a,z‘)Jrl;) +Z+1<Cg(a,z'+1)+;;+1.

Since Cy(0,i 4+ 1) = Cy(o,i + 1) — (n/l + 1), we conclude from the lat inequality that
|Cy(0,i+1) — Cy(o,i+ 1) <n/l +1. O

Let H = (W, E) be a graph with W = {wy,...,w,} and let x: W — [2] be a coloring
of W. Consider a partition of W into a set of intervals Z = {Iy,...,I;}. We define
Ci(I,0,a,b) = Zila Ci(15;)) for i = 1,2. If it is clear what partition we are considering

then we write C;(o, a, b) for simplicity.

Corollary 2.10. For every z'ntegerf > 1 there exists ng such that if H = (W, E) is a graph
with W = {wy, ..., w,} withn = ng, then every -balanced 2-coloring x of W with f < 2/@,
and every partition of W into intervals I, . .., I; with sizes || < ... < |I;| < |I| + 1 there

exists a permutation o: [(] — [{] such that for every pair of integers 1 < a <b < ¢,
|C1(0,a,b) — Cy(o, a,b)| <2<2+1) : (5)

Proof. Fix ¢ > 1 and let ng be obtained from Lemma 2.9 applied with /. Let H = (W, E)
be a graph with W = {wy,...,w,} with n = ng. Now fix a f-balanced 2-coloring x
of W and a partition of W into intervals Iy, ..., I; with |I;| < ... < |[;| < |1] + 1, where
B<2/i.
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Let o be the permutation given by Lemma 2.9. Fix integers 1 < a < b < / and suppose
w.l.o.g. that C}(o,a,b) = Cy(0,a,b). Therefore

Cy(0,a,b) = Cy(a,b) — Cy(0,a — 1)
< (Cy(o,b) + nfl +1) — (Co(o,a — 1) — (n/l + 1))
= Cy(o,a,b) + 2(n/l +1).
O

The next result, the main result of this subsection, guarantees the local balancedness

that we need.

Lemma 2.11. For every & > 0 and every mtegerf there exists ng such that if

> 1
H = (W,E) is a graph with W = {wy,...,w,} with n = ng, then for every (B-balanced
2-coloring x of W with § < 2/@, and every partition of W into intervals Iy, ..., 1I; with
| < ... < || <|L|+1 there exists a permutation o: [(] — [£] such that for every pair
of integers 1 < a <b < { withb—a > 7/€, we have

|C1 <U7 a, b) - 02(07 a, b)| < 502(0-7 a, b>7

Proof. Fix constants £ > 0, /> 1 and let ng be obtained by Corollary 2.10 applied with
(. Let H = (W, E) be a graph with vertex set W = {wy,...,w,} for

n = ng = max{ny, ((4 + 26)/(3 — 26))}

and fix a 8-balanced 2-coloring x of W and a partition of W into intervals Iy, ..., I; with
L] <...<|I;] <|L| + 1 where 8 < 2/

Let o be the permutation given by Corolary 2.10. Fix integers 1 < a < b < { such that
b—a > 7/¢. Note that, by Corollary 2.10,

|Cy (0, a,b) — Cs(o,a,b)| < 2(n/l + 1). (6)

The above inequality and the fact that C, (o, a,b) + Cy(0,a,b) = (b — a)(n/f) implies

Csy(o,a,b) = (b ; a> 75 — (n/l +1).
By the choice of a, b and ngy, we have
Co(0,a,b) = (2/6)(n/l +1). (7)

Putting inequalities (6) and (7) together we conclude the proof. O
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§3. PROOF OF THE MAIN RESULT

Before going into the details of the proof of Theorem 1.3 we give some brief overview
discussing the main ideas of the proof and explaining how to connect the results of Sec-

tion 2.

Qverview of the proof of Theorem 1.3. For every v > 0 and sufficiently large n, given an
arbitrary edge coloring of Ky with 3 colors for N = (2 4+ v)n we want to prove that if H
is a (5, A)-balanced graph on n vertices, then we always find a monochromatic copy of H
in Ky.

The strategy to prove Theorem 1.3 is to apply the Embedding Lemma (Lemma 2.3)
to find the desired copy of H in Ky. In order to do this we use Lemma 2.8 to find
a monochromatic subgraph G of Ky composed of sufficiently dense regular pairs. So,
using Facts 2.4 and 2.5 it is easy to see that deleting some vertices of G we can find a
monochromatic graph G’ < G which has a regular partition containing super-regular pairs
covering (1 + o(1))n vertices.

In the second part of the proof we carefully construct a partition of V(H) and, since H
has small bandwidth, we make use of Lemma 2.11 to show that this partition is com-
patible with the partition of G’. Then, we can apply the Embedding Lemma to find the

monochromatic copy of H, concluding the proof.

Proof of Theorem 1.3. Let v > 0 and A > 1 be given. Lemma 2.8 applied with ~ gives .
Next we apply Lemma 2.3 with d = 1/4 and A to get €1. Set

e = min{eg, £1/2,v/19}.

Since £ < gy, Lemma 2.8 gives to us a natural number K. Fix £ = 7/304 and let ny be

obtained by an application of Lemma 2.11 with parameters £ and K. Set
B =ef(1+ 2€)/36AK;.

Let H = (W, Ey) be a balanced (5, A)-graph on n vertices. Now put N = [(2 + v)n|,
where N > max{ng, Ko}. Consider an arbitrary coloring xx, : E(Kx) — [3] of the edges

of K. We want to show that every such coloring yields a monochromatic copy of H.

Partitioning the vertices of K. Next we find a monochromatic and sufficiently regular
subgraph G’ of K. By Lemma 2.8, there are a color (say color 1), integers ¢, ¢, k with
0V <k< Kyand l = (1—v/4)k/4, atree T on vertex set {1, ..., Ze, Y1, Yo, 21, .-, 20}
containing a matching M with edge set Eyy = {x;y;: i = 1,...,¢} with an even distance
in T" between any z; and z; for all 7 and j, such that there exists a partition (V})ie[k]
of V = V(Ky) such that K} is (g,1/3)-regular on T and |V;| = ... = |Vi| = m, where



12 G. O. MOTA, G. N. SARKOZY, M. SCHACHT, AND A. TARAZ

m = (1 —e)N/k. Let Gr be the subgraph of K} induced by the classes in (V})ief
corresponding to the vertices of T'.

In order to apply the Embedding Lemma, we need the classes of G that correspond
to the matching edges to form super-regular pairs and the other pairs of classes should be
sufficiently regular. We can ensure this by deleting some vertices of G7. In fact, applying
Fact 2.5 and, after that, Fact 2.4, it is easy to see that we find a subgraph G' < Gr
with classes Ay, ..., Ay, By,..., By, C1,...,Cp of size at least (1 — €)m corresponding,
respectively, to the vertices xy,...,xs,y1,...,Ye, 21, .., 20 of the tree T, such that the
bipartite graphs induced by A; and B; are (2¢,1/3 — ¢)-super-regular and the bipartite
graphs induced by all the other pairs are (2¢,1/3 — ¢)-regular. Furthermore, let D, be
the set with the smallest cardinality among the sets in Ay,..., Ay, By, ..., By, C1,...,Cp.
Since e < v/19, N = |(2+ y)n|], m = (1 —e)N/k and £ = (1 — ~/4)k/4, one can see that

| Dinin| = (1 +7/152)n/2¢. (8)

Partitioning the vertices of H. Now it is time to construct a partition of W ready for
the application of Lemma 2.3. Since H is a balanced (B, A)—graph, there exists a coloring
xm: V(H) — [2] such that |[x~"(1)] @) < BIx'(2)

Let wyq,...,w, be an ordering of W such that |1 — j| < Bn for every w;w; € Ey and
let / be the smallest integer dividing n with ¢ > (7Ky/¢) + ¢ = ((7/€ + 1). Consider the
partition of V(H) into intervals Iy, ..., I; with || = ... =

into account, i.e., I; = Wi _1ynjis1s > Wingd fori=1,... ,é. By Lemma 2.11, since 8 < 2/@,

I;| = n/l taking this ordering

there exists a permutation o: [{] — [{] such that
|Cl (Ja a, b) - 02(0-7 a, b)| < 502(0-7 a, b)

for all integers 1 < a < b < { with b—a > 7/¢. Define a; = (i — 1){/0 + 1 and b; = il /¢
and consider the blocks J; = {Is(a,)s Lo(a;+1)s - - - s Loy} fori = 1,..., €. We write Cy(J;) for
Ci(o,a;4,b;) and Cy(J;) for Cy(o, a;,b;). Thus, fori =1,... ¢, since b; —a; = €/€+ 1=7/¢,
we have

C1(Ji) = Coi)| < €C5(0), (9)

Recall we have found a tree T on vertex set {z1,...,%¢ Y1, ,Ys, 21,- .., 20} contain-
ing matching edges Ey = {z;y;: 1@ = 1,...,¢} such that the distance in T between
any z; and x; for all 7 and j is even. Our partition of W will be composed of clusters
X, .., X, Y, Y 2y, ..., Zy corresponding to Ty, ..., T, Y1, Yoy 21y ey 200

For every i = 1,...,¢, we will put most of the vertices of J; in the clusters X; and Y;,
depending on the color they received from ypy. The remaining vertices will be distributed

in order to make it possible to “walk” between the matching clusters.
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We divide each interval I; in two parts. The first one, called link of I;, is denoted by L.
The links are responsible to make the connections between the matching clusters. For the
last interval, we set L; = @. For 1 <i < /- 1, if I; and I;,; are in the same block J,,
then L, = @.

Suppose that I; € J, and I;;; € J, with r # sand 1 < ¢ < /—1. Let Pr(r,s) be
the path of T' between z, and x, and consider the path P (r,s) = Pr(r,s) obtained by
excluding the vertices of the set {x,,y,, z,, ys} from Pp(r,s), i.e., P®(r, s) is the “internal”
part of the path of T that one should use to reach x, from z,. For a lighter notation
set t.5 = |PP(r,s)|. We divide the (¢, + 1)3n last vertices of I; in ¢, + 1 “pieces” of
size fn, respecting their sequence in the interval, where the j-th piece is denoted by L;(j)
for 1 <j <t s+ 1, that is,

Li(j) = Wi (t, s+2—5)BOn/i+1> > Wi (t, s+1—5)Bl)n/i"

We put L; = {L;(1),..., Li(t,s), Li(t,s + 1)}.

Since we have described the links, we can now define the main part of the intervals. We
define KE; = I; \\ L; as the kernel of the interval I;, which will be placed on the matching
clusters X; and Y;.

We have to construct the clusters that will compose the partition of H. Initially, let each
cluster in {Xy,..., Xy, Y1,...,Y,, Z1,..., Zy} be empty. Consider the block J; for every
1 <@ < (. For each interval [, € J; we include in X; all the vertices w of the kernel KE,
with xg(w) = 1 and we include in Y; all the vertices w of KE, with xp(w) = 2.

The next step is to accommodate all the links. Consider the interval I; for 1 < i < /-1
and assume that [; is in J,. and [;;; is in J; with r # s, otherwise the link we are looking
for is empty and there is nothing to do. Denote the internal path Pi*(r,s) of Pr(r,s)
by {u1,...,u, } and let up and u, 1 be, respectively, the vertices of T' connected to uy
and tuy, , in Pp(r,s).

14

Now we will show how it is possible to “walk” between the matching clusters. note
that ug can be either x, or y,.. Without loss of generality we assume that ug = x,. For
1 <j <ts+ 1, we put the vertices w of L;(j) with xg(w) = 1 in the corresponding
class of u;_; if j is even, and in the corresponding class of u; if j is odd. For those w
with xg(w) = 2, we do the other way around, i.e., we put them in the corresponding
class of u; if j is even, and in the corresponding class of u;_; if j is odd. Since z; and z;
are at an even distance for all 1 < ¢ < 7 < £ and the links have size Sn, we know that
there is no edges inside the clusters and if there is an edge between two clusters, then the

corresponding edge is present in 7.
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Applying the Embedding Lemma. Here we will show that the vertex partition of W is
(2e1, T, M )-compatible with the partition of V(G’) we constructed before. Thus, we can
apply the Embedding Lemma to find the desired monochromatic copy of H in Ky.

The first step is to bound by above the size of each cluster in the partition

{Xla'"7Xf7}/'17"'>)/r€7Z17'">ZZ’}

of W. Note that, for every 1 < i < ¢, we have C1(J;) + Cy(J;) = n/l. Using this fact
and (9) one can easily obtain that, for every 1 <i < ¢,
n
(1—5)@ < Gi(), (i) < (L + &) (10)

By the construction, every set X; (resp. Y;) is composed only of vertices v with x(v) = 1
(x(v) = 2). Furthermore, these vertices can come from one kernel and at most two pieces
of each link. Then,

Xl Vil < (1+ €5 +208n = (1+ € +4008) 2 < | D, (1)

where the last inequality follows by inequality (8) and the choice of &, § and ‘.

For the clusters Z;, for 1 < i < ¢, we know that they are composed only of vertices in
at most two pieces of each link. Thus,
n

12| < 208n = (4608); < €2|Dmin|, (12)
)

and the choice of g and /.

Now we can check that the partitions of W and V(G’) are compatible. Based on
Definition 2.2 we define the sets U; and U} for 1 < j < 2¢+ ¢ with respect to the partition
{Xq,..., X, Y1,...,Y Zy, ..., Zp} of W. Define VV] =X;iftl<j<t,W; =Y,_,if
(+1<j<2l,and W; = Z;_9,if 20 +1 < j <20+ {'. Then, we will verify that the four
conditions of Definition 2.2 hold:

where the last inequality follows by inequality (8

(7) By the construction of the partition of W, if there is an edge between two clusters,
then the corresponding edge is present in 7.

(i) Owing to (8) every set D in the partition {Ay,..., Ay, By,..., B, Ch,...,Cp}
of V(G') has size |D| = (1 + v/152)n/2¢. So, inequalities (11) and (12) show that
condition (II) holds.

(79) Fix 1 < j < 20 + {'. Define U; as the set of vertices of W, with neighbors in
some Wy with j # k and {j, k} ¢ M. We divide in two cases:

(a) 204+1<j<20+{": Wehave U; = Z;_op. By (12), |U;| < |Dpin|/A.

(b) 1 < j < 2¢: In this case, U; is composed only of neighbors of vertices in
exactly one set of {Z1,..., Zp}. Thus, since A if the maximum degree of H,
by (12), we conclude that |U;| < | Dpin|/A.
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Thus, for every j = 1,...,2¢ + ' we have
€
Uj| < K[ Duminl, (13)

which shows that condition (III) holds.
(iv) Define the set U; = Ny (U)n(W;~\U), where U = U?ﬁg, U;. Consider the following
cases.
(a) 204+ 1 < j <20+ (" Note that since every vertex of Z;_o, belongs to U;, we
have U; = @. Thus, it is obvious that [UJ| < [Dpn|-
(b) €+1<j < 2: Here, U; € W; =Y. Then, U is composed only of neighbors
of Uj_y = X;j_4. Then, using (13), we have |Uj| < AJU;_¢| < €| Dyin.

(¢) 1 < < ¢ This case is analogous to case (b).

Since we proved that the four conditions of Definition 2.2 hold, the partition
(X1, Xo Y, Yo Zase o Zo)
of W is (2e, T, M )-compatible (then, it is clearly (e, T, M)-compatible) with
{A,..., Ay, By,...,By,Cy,...,Cp},

which is a partition of V(G’). Then, by Lemma 2.3, we conclude that H < G’. This

finishes the proof, since G’ is a monochromatic subgraph of Ky. U

§4. SKETCH OF THE PROOF OF THEOREM 1.2

We show that for every v > 0 and natural number A; there exists a constant 8 > 0 such
that for every sufficiently large (8, A)-graph H with a proper 2-coloring xg: V(H) — [2]
where t; = |x5 (1)| and to = |x5 (2)|, with t; <, we can find a monochromatic copy
of H in every edge coloring of E(Ky) with N = (1 + ) max{2t; + 2, 2t2}. Let H be such
a graph and assume 2t; > ¢, (the complementary case can be solved in a similar way).

The proof of Theorem 1.2 is very similar to the proof of Theorem 1.3. Here we also
embed H in parts, considering a partition of a monochromatic subgraph G of Ky. The
partition we need is composed of a special cluster W and clusters Xi,Y:,..., X.., Y.
corresponding to a “large” matching M with matching edges Ey = {z;,y;: i =1,...,m}
such that for every i = 1,...,m the pairs {X;, Y;} are super-regular and the pairs {X;, W}
are regular. The special cluster W is needed to allow us to “walk” between the clusters
X, Y, 0, X0 Y.

The problem in the preparation of the host monochromatic graph G is the fact that H
is not as balanced as it is in the setup of Theorem 1.3. So, in order to embed H in G we
need that |Y;|/|X;| = to/t;. Fortunately, by [13, Theorem 3], since t5/t; < 2 in the case we
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are considering, we can find such a monochromatic graph . Using Fact 2.5 we can easily
make the matching pairs super-regular.

Now we have to prepare the graph H for the embedding. We consider the ordering of its
vertices respecting the bandwidth condition and divide the set of vertices into intervals.
Thus, we can find a permutation of such intervals such that blocks of intervals fit into the
super-regular pairs of G. Then, using few vertices we can “walk” from one super-regular

pair to another as done in the proof of Theorem 1.3 and we are done.
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