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Introduction

Parallel transport on a sphere |

Suppose we were given a tangent vector on a sphere.
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Introduction

Parallel transport on a sphere Il

Parallel-transporting the vector around a loop on the sphere
doesn’t bring it back to the original starting vector in general.
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Introduction

Parallel transport on a sphere Il

Can one transform a given vector at a point into any other vector
at the same point by parallel-transporting it around some loop?

As long as length of the vector is unchanged, yes.
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Introduction

Parallel transport on a plane

On the other hand, we have parallel transport on a plane.

The vector undergoes no change at all!
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Introduction

Holonomy groups |

As loops based at a point can be composed, the transformations a
vector undergoes under parallel-transport wrt any connection form
a group—the holonomy group.

When the connection is Levi-Civita wrt a Riemannian metric on a
manifold of dim m, this is a subgroup of O(m).

What are all the subgroups of O(m) that can actually occur as
holonomy groups of Riemannian manifolds?
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Introduction

Holonomy groups I

A few observations:

e If M has noncontractible loops, then Hol(M) may not be
connected.

o If M is isometric to M; x M, then
Hol(M) = Hol(M;) x Hol(M>).

e If M is locally isometric to a symmetric space G/H, then
Hol(M) = H.
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Introduction

Holonomy groups IlI

Theorem (Berger)

Excluding the cases in the previous slide, only the following groups
can arise as holonomy groups of a complete orientable Riemannian

manifold.
dim(M) Holonomy group Name
n SO(n) orientable
2n U(n) Kahler
2n SU(n) Calabi-Yau
4n > 4 Sp(n) -Sp(1)  quaternionic Kahler
4n > 4 Sp(n) hyperkahler
7 Go —
8 Spin(7) —
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Introduction

A brief history

More generally, QK manifolds may be defined to have holonomy
contained in Sp(n) - Sp(1) but not in Sp(n).

@ Wolf: Classified symmetric spaces that are QK.

o Alekseevsky, Cortés: Classified homogeneous but
nonsymmetric spaces that are QK.

@ LeBrun—Salamon: Conjectured that all complete QK
manifolds with positive scalar curvature are symmetric spaces.

@ LeBrun: The moduli space of QK deformations of HIH” is
infinite-dimensional.

The goal is to describe some of these QK deformations as explicitly
as possible. Ideas from physics have proved very helpful.
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Background

Almost quaternionic Hermitian manifolds

The definition in terms of holonomy groups is hard to work with,
so we'll introduce an alternative definition.

Definition
An almost quaternionic Hermitian (AQH) manifold (M, g, Q) is a
(pseudo-)Riemannian manifold (M, g) with a distinguished

subbundle @ C End(TM) locally spanned by three almost
Hermitian structures Ji, J», J3 satisfying the following equation:

o = J5. (1)

The quaternion algebra follows from

hds == btz = —Ji(hh)s = —hJ3 = 4. (2)
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Background

Quaternionic Kahler manifolds

Definition

A quaternionic Kihler (QK) manifold (M, g, Q) is a non-Ricci-flat
AQH manifold (M, g, Q) such that the quaternionic bundle Q is
parallel with respect to the Levi-Civita connection V& associated
to g and satisfies

[%, Q* Aidr-pm] = O, (3)

where % € [(End(A?T*M)) is the Riemann curvature map, and
Q* C End(T*M) is the transpose of Q.

This extends the definition of QK manifolds to include
4-dimensional, pseudo-Riemannian, non-simply connected or
incomplete manifolds.
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Background

Properties and consequences

Dimension is forced to be 4n.
The vanishing of [#Z, Q* A idT+p] is automatic for n > 1.

The manifold is Einstein i.e. has constant reduced scalar
curvature v := scalg /4n(n + 2).

@ The curvature of the bundle Q is given by the following local
expression:

(Vi = Vi)A= 3 D s(hu Al ()
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Background

Hyperkahler manifolds

Ricci flatness = @ is flat = d frame of local parallel sections
Definition

A (locally) hyperkahler (HK) manifold (M, g, H) is an AQH
manifold (M, g, H) such that the quaternionic bundle H admits a
(local) oriented orthonormal frame (/1, >, I3) of Kahler structures

i.e. Hermitian structures parallel with respect to the Levi-Civita
connection V& associated to g.

Denote g(/;-,) =: w;.
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Background

Killing fields

Killing fields on (locally) HK manifolds are either triholomorphic or
can be scaled to be rotating.

Definition

A Killing field Z of a locally HK manifold (M, g, H) is said to be
triholomorphic if it preserves every local Kahler section of H.

Definition

A Killing field Z of a locally HK manifold (M, &, H) is said to be
rotating if there is a local oriented orthonormal Kahler frame
(h, I, I3) such that

.iﬂzll =0, fz/z = I, 32/3 = —b. (5)
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Background

QK/HK and HK/QK correspondence

Haydys: correspondence between 1-parameter families of
quaternionic Kahler manifolds with a circle action having v > 0
and Riemannian hyperkahler manifolds of the same dimension with
a rotating circle action.

Alekseevsky—Cortés—Mohaupt: correspondence between
1-parameter families of quaternionic Kahler manifolds with a circle
action having v < 0 and pseudo-Riemannian hyperkahler manifolds
of the same dimension with a rotating circle action.

Discovered in parallel by physicists Neitzke—Pioline. The

1-parameter family has interpretation as perturbative quantum
correction coming from string theory.
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Background

Elementary deformation

Macia and Swann reformulated the HK/QK correspondence as a
composition of two operations: elementary deformations and
twists.

Definition

An elementary deformation of an AQH metric g by a vector field Z
is a metric of the form

hlgHQZi + thHQZ7 (6)
where hy, hy are nowhere vanishing functions.

An elementary deformation of an AQH metric is again AQH.
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Background

Twist construction |

Goal: Given a manifold with a circle action M, construct a new
manifold with a circle action M such that invariant tensor fields on
M and M are in a bijective correspondence.

M«—P—M
Idea:

@ Introduce a circle bundle P on M.
@ Lift the given circle action on M to a circle action on P.

o Quotient out the lifted circle action on P to get M with a
circle action inherited from the principal circle action on P.

Twist data: a vector field Z, a closed 2-form w, and a nowhere
vanishing function f such that df = —iyw.
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Background

Twist construction |l

Theorem (Swann)

Given twist data (Z,w, f) on M such that Z generates a circle
action on M and w is integral, there exists a circle bundle P — M
with connection 7} having curvature w and fundamental vector field
Xp such that the lift 7+ fXp of Z, where Z is the fl-horizontal lift
of Z, acts properly on P and so defines a well-defined quotient
manifold

M = P/(Z + fXp). (7)

Furthermore, the 7j-horizontal lift of any Z-invariant vector field on
M and the pullback of any Z-invariant function on M to P descend
to a well-defined vector field and function on M respectively.

Note: Once P is fixed, only integer shifts of f are allowed.
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Background

Twist realisation of HK/QK

Theorem (Macia-Swann)

Let (M, ) be HK with rotating Killing field Z Hamiltonian wrt
Kahler form =y with nowhere vanishing Hamiltonian f;. Then the
twist of the “standard hyperkahler elementary deformation”

K f
7

B = 7 Eln,21+ 77 Elnz (8)

;’“‘ Xt

with respect to twist data
(Z,6n, ) == (Z, k(@1 +d o 138), k(A + &(Z,2)),  (9)

is QK. Moreover, these are the only QK cgmbinations of 5
elementary deformations by Killing fields Z and twists wrt (Z,...).
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Reformulation of the twist
Twist r ation of QK/HK

Results Symmetries and curvature under HK/QK

Today we will be discussing three classes of results:
@ Reformulation of the twist construction
e Twist realisation of the QK/HK correspondence

e Symmetries and curvature under HK/QK
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Reformulation of the twist
Twi isation of QK/HK
Results Symmetries and curvature under HK/QK

Local twist data

For the reformulation, we first augment the twist data to flocal
twist data.

Definition

Local twist data is a tuple (U, Z,w, f,n) where
@ Z is a nowhere vanishing vector field,
@ w is a closed 2-form,
@ f is a nowhere vanishing function such that df = —/zw,
@ U is an open set on which w is exact,

@ 7 is a 1-form on U such that dyp = w and f — n(Z) is nowhere
vanishing.
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ion of the twist
ation of QK/HK
Results Symmetries and curvature under HK/QK

Local twist map

Definition

The local twist map twz ¢, with respect to local twist data
(U,Z,w,f,n) is a graded C>°(U)-linear map of tensor fields,
compatible with tensor products and contractions, whose action on
an arbitrary function h and 1-form « is given by

a(Z
twzrn(h) =h, twzsp(a)=a— f) n. (10)

Example

For u a vector field, we have

twz fp(u) =u+ ) Z. (11)
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Reformulation of the twist
Twist ion of QK/HK
Results Symmetries and curvature under HK/QK

From Swann twist to local twist

Choice of 1-form n on U

= choice of closed 1-form 7 — 7*n on P|y

= choice of submanifold transverse to P — M and P — M
= identification of U C M with open set U - M.

Local twist map then is simply the twist correspondence under the
identification U = U.

Note: Tranversality to P — M follows from nonvanishing of
f—n(2).
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ion of the twist
ation of QK/HK
Results Symmetries and curvature under HK/QK

From local twist to Swann twist |

Proposition (AS)

When restricted to Z-invariant tensor fields in an open set U
around a given point p, the local twists with respect to two
different choices of auxiliary 1-forms g and n; such that f — no(2Z)
and f — n1(Z) have the same sign, are related by a diffeomorphism
of local neighbourhoods Vg, Vi C U of p.

In fact, if w is integral, we can always find an open neighbourhood
U of any point so that at least for certain g, 71, the sets Vp, V4
can be taken to be U itself.

Idea: Glue open sets Up with modified transition functions to get a
new manifold M such that local twist maps agree on overlaps,
giving a global twist map T.
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Reformulation of the twist
Twist realisation of QK/HK
Results Symmetries and curvature under HK/QK

From local twist to Swann twist Il

Given twist data (Z,w, f) on M, the global twist (M, Z,T) is a
tuple consisting of

@ a manifold M with circle action generated by a vector field Z,

@ a linear map T sending Z-invariant tensor fields on M to
Z-invariant tensor fields on M and in particular, —fZ to Z,

such that there exist

e open covers {Upr} of M and {Un} of M and diffeomorphisms
{Ya : Un — Unp}, all indexed by the same set {A},

o local twist data (Up, Z,w, f,np) satisfying for any Z-invariant
differential form «

VAT ()l g, = twz s (alu,)- (12)



ion of the twist
ation of QK/HK
Results Symmetries and curvature under HK/QK

From local twist to Swann twist Il

Proposition (AS)

Given a manifold M with twist data (Z,w, f) and a circle action

generated by Z, then local twist maps on M may be consistently
glued together into a global twist map T only if there is a double
surjection M < P — M having the properties of the Swann twist.

Idea behind proof: Assume M exists. Then P is the set of pairs of
points (p, p) € M x M such that for all Z-invariant functions h on
M, we have h(p) = T(h)(p).
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Reformulation of the twist
Twist realisation of QK/HK
Results Symmetries and curvature under HK/QK

Technical advantages |

Local twists are globally equivalent to Swann twists. However...

@ We get to work directly with open sets on M without having
to first lift tensor fields to P.

@ Technical difficulties associated with ensuring properness of
group actions on P can be entirely avoided. In particular,
can be shifted by any real constant as long as it is still
nowhere vanishing.

@ We can work with tensor fields which are not Z-invariant to
verify local properties that the twists of certain tensor fields
need to satisfy.
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ion of the twist

Results Symmetries and curvature under HK/QK

Technical advantages |l

The following algebraic structure on the space of (local) twist data
is much clearer.

Proposition (AS)
Let (U, Z,w, f,n) and (U, Z,&', ', i) be local twist data where

= 1
Z = —? tWny’n(Z). (13)

Then the composition of local twist maps tw 7 7 otwWzfy is itself
a local twist map with respect to the local twist data

(U, z,", " 0" = (U, Z d( ii'), ff f'n —i').
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Reformulation of the twist
Twist realisation of QK/HK
Results Symmetries and curvature under HK/QK

Dual twist data

Definition
Given local twist data (U, Z,w, f,n), its dual twist data is the
local twist data

7 o f R — 1 1 179
(U7 Z,w, f, T]) = (U, ?th,f,'f](z)7?th,f,n(w)7?,?) .
The two sets of twist data satisfy

thfﬁ otwzfy=twzsy,o0 tWZ,f,ﬁ =id. (14)
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Reformulation of the twist
Twist realisation of QK/HK
Results Symmetries and curvature under HK/QK

Quaternionic moment map

In order to introduce twist data on QK manifolds, we first recall...

Definition (Galicki—Lawson)

The quaternionic moment map p# of a quaternionic Kahler
manifold (M, g, Q) wrt a Killing field Z is a section of @ satisfying
for any vector field u

VELS == g(hiZ,u)d;. (15)

This exists and is given by the explicit expression
2 1
o= =2 pro(VEZ) = o 3 eiwldi (V3 = L))k (16)
ik
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Reformulation of the twist

Twist realisation of QK/HK

Results Symmetries and curvature under HK/QK

Let b € R a constant. When p? is nowhere vanishing, we can
choose an oriented orthonormal frame (J1, J2, J3) of Q such that
p? = ||p?|h and (Jp, L7J3) + b is nowhere vanishing.

In fact, it can be chosen to be any (nonzero) constant
a = b— a e R. This means that we have

fz./l = 0, gz./g = 3J3, .iﬂz./3 = —aJ2. (17)
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Reformulation of the twist
Twist realisation of QK/HK
Results Symmetries and curvature under HK/QK

Quaternionic local twist data

Proposition (AS)
Let wq,nq, fq be given by

il ) = =€ ( 28 ) (u,v) = vg(dau, v) + (VE I, Jy o VEL),

2]l
Z,u
UQ(U) = _g|TMZ||) _ <J27V§J3>7 (18)
g(sz) V4
fo =— — vl
2]l

When fq + b is nowhere vanishing, (U, Z,wq, fq + b,1q)
constitutes local twist data on a QK manifold.

Note: fQ +b— UQ(Z) = <J2,.,%2J3> + b #0.
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Reformulation of the twist
Twist realisation of QK/HK
Results Symmetries and curvature under HK/QK

Twist realisation of QK/HK and one-loop deformation

Theorem (AS)

The metric

1 fQ + b
T2 = b ezt

- G ) 0

tWZ fo+b.mq (
is locally hyperkahler with rotating Killing field when b = 0 and
quaternionic Kahler otherwise. Moreover, these are up to an overall
scaling the only combinations of elementary deformations by Killing
fields Z and twists with respect to local twist data of the form
(U,Z,w, f,n) that produce other quaternionic Kahler metrics.
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Reformulation of the twist
Twist realisation of QK/HK
Results

Symmetries and curvature under HK/QK
Comparison with Macia—Swann

standard quaternionic elementary deformation
£ &qQ
QK /HK
twist ‘twist
HK/QK
& standard hyperkahler elementary deformation g

1 5 K S K 1
V=——">=, =tws . =z ﬁ/ N = ==, f—T
8K K 7 onifa pH 1 [l P Q 7
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Reformulation of the twist
Twist realisation of QK/HK

R Symmetries and curvature under HK/QK

HK manifolds are easier to study than QK ones.

We can use the twist realisation of HK/QK to express symmetries
and curvature on the QK side in terms of those on the HK side.

Basic idea: The twist map preserves algebraic relations but not

differential ones. Knowing how differential relations are affected
can give us control over Killing fields and curvature.

1 1
dotwz (o) =twzr, (da — 7 w A Lzoé> + 7 nAZLza. (20)
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Reformulation of the twist
Twist realisation of QK/HK
R Symmetries and curvature under HK/QK

Killing vector fields |

Proposition (AS)

Let (Z,w, f) be twist data with dual twist data (Z,&,f). If Sis a
Z-invariant tensor field annihilated by a w-Hamiltonian vector field
v with Z-invariant Hamiltonian function f,,, then the twist of S is
annihilated by the twist V of

f,+1
f

Z. (21)

Furthermore, v is Hamiltonian with respect to & with Z-invariant
Hamiltonian function

fo = — il (22)
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Reformulation of the twist
Twist realisation of QK/HK
R Symmetries and curvature under HK/QK

Killing vector fields Il

Theorem (Cortés—AS—-Thung)

Let (M, g, Q) be a quaternionic Kahler manifold that is the
HK/QK dual of a locally hyperkahler manifold (I\7l,§, H) with
associated data as in Macia—Swann. If V is a zo;-Hamiltonian
triholomorphic Killing field of g that preserves fy. Then, ¥ admits
a Z-invariant Hamiltonian function fr, wrt Oy, and the twist v of

fo+1 5
Ay (23)
fu

with respect to the twist data (Z, Oy, fiy) is a Killing field of g.
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Reformulation of the twist
Twist realisation of QK/HK
R Symmetries and curvature under HK/QK

Riemann curvature

Theorem (Cortés—AS—Thung)

Let (M, g, Q) be a quaternionic Kahler manifold that is the
HK/QK dual of a locally hyperkahler metric g with associated
data as in Macia—Swann. Then its Riemann curvature g o R® is
the twist of

> 3

K. . 1 (. . ) )
FEOR 4+ — (gH ®gH+Z(gHO/i)®(gHO/i)>
1

K 1 3
_ e onoan+ > (@) (@nol) ],
8kf1fH<H H ;(H ) © (&n ))

with respect to the twist data (Z, &y, fH).
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Twist realisation of QK/HK
R Symmetries and curvature under HK/QK

Alekseevsky decomposition

® and O are projections of (S2(T*M))®? and (A?(T*M))®?
respectively to the space of abstract curvature tensor fields.

In particular, we have a refinement of Alekseevsky decomposition
for QK metrics that arise as HK/QK duals:

curvature of HP" (o sp(1) part)

f"“\l 3
—— tw <—§H O g — Z(EH © /i) @ (g’H © /i)>
i=1

K K 1 3
+tw| = FoRE— ——— [y DOn + Oy o) ® (g o l;
(e iy (oo oo men))

curvature of hyperkahler type (sp(n) part)



Reformulation of the twist
Twist realisation of QK/HK
R Symmetries and curvature under HK/QK

Example: Quadratic-prepotential Ferrara—Sabharwal

Consider SU(n,2)/S(U(n) x U(2)) with coordinates
p>0, TER/2rZ, X5, €C, S071|Xp> <1, and metric

2

[ [ jax)? ‘Z‘E XadXa
2K ﬁ + n—1 2 2
AU ETEERE T (1ot )

n—1 d¢o + 32721 X,d¢
1 1 ‘ 0 a—=1 \alGa
+ o= | —ldGol® + D e | + = —

2p ( ol a:1| | po1= 0T X

2
1 (dr =
+ 47;)2 <2R + Im (COdCO - ZﬁadC3>>

a=1

2
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Reformulation of the twist
Twist realisation of QK/HK
R Symmetries and curvature under HK/QK

Example: One-loop-deformed quadratic-prepotential FS

Performing the one-loop deformation by 0, with b = v//4c on the
region p > ¢ and then redefining p — p — ¢ gives

1 n—1
| 1 p+2c,, ptc|x |dX,|? a=1
K| gz o+ > e STVAT 5
pep L Rl e g V0 (1 — sl |Xb|2)

p+c\dco+2;’ 1 Xadcs|

déol? dé,|?
< [do] +Z| C|) 2 - b:1|Xb|2

2
1 p+c (dr & 2cIdeXa) =
— | dCy — d
+4/)2,<H-2c< 1- 301X, |2+m Cod<o ZC"’ Ca

a=1 a=1
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o} wist
n of QK/HK
R Symmetries and curvature under HK/QK

Example: 1ld gp FS as HK/QK dual of T*C" |

This is the HK/QK dual of an open subset of T*C" given by
|20/2 — 327~ |za]? > ¢, with standard HK structure:

n—1
g = —(ldzo]> + |dwo|?) + D (dza|* + [dwa[?),
a=1
i n—1
wy = — (—dzo A dZg — dwy A dwg + Z(dza ANdzZ, 4+ dw, A dwa)> ,
a=1
. n—1
I _ _ _ _
@2 = 5 (dzo Adwy — dZg A dwg + Z(dza Adw, —dz, A dwa)> ,
a=1
n—1
1 _ _ _ _
@3 =5 (dzo Adwg + dzg A dwg + Z(dza Adw, +dz; A dwa)> .
a=1
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Reformulati twist
of QK/HK
Results i curvature under HK/QK

Example: 1ld gp FS as HK/QK dual of T*C" Il

Rotating Killing vector field:

n—1
2 = —i (Zoazo - ?O&Zo + Z(Zaaza - 238§a)> :

a=1

Choice of zoi-Hamiltonian:

1 n—1
=3 <|zo|2 = |z - c> > 0.
b=1
Change of coordinates:
p:f e, =X P:lc € Ci
Zb:l | Xo[? 1- Eb:l | Xo[? V2
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Twist realisation of QK/HK
R Symmetries and curvature under HK/QK

Example: Curvature norm of 1ld gp FS

The curvature of T*C" identically vanishes, so the curvature of 1ld
gp FS is just the twist of

3
= <§H DB+ Y (Bnol) D (Buo h))

8K i=1

13

okgz‘ 2

3
L (wH OB+ D> (@noh) O (@no /,-)) .

lfH i=1

Curvature norm of 1ld qp FS is just the curvature norm of the
above. This gives us an injective function of p for p,c > 0:

2 P’ (n—1)p\° p° (n—1)p*
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Reformulati twist
of QK/HK
Results i curvature under HK/QK

Example: Killing fields of 1ld gp FS |

Start with the following Killing fields on the HK side:

if = Re(2,0; + 200z, — W0Ow, — Wa0g,), V4 = Re(Ow,), Vi = Re(dw,).
i; = |m(zaaz() +?Oa§a - Woﬁwa - Waawa)v Vo = Im(awo)v a — Im(aWa)'

They are Oy-Hamiltonian. Choose the Hamiltonians to be

-k -k

fg; = E Re('(WaWO - ZaZO)) -1, i = 5 Im(i(WaWO - ZB?O)) -1,
-k k .

for = 5 Re(iwp) — 1, for = > Re(—iw,) — 1,

-k .k

fVO* ) Im(iwo) — 1, f,- = 5 Im(—iw,) — 1
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Reformulation of the twist
Twist realisation of QK/HK
R Symmetries and curvature under HK/QK

Example: Killing fields of 1ld qp FS Il

Following the prescription given earlier, we obtain the following
Killing fields on the QK side:

n—1
uy =Re (— D XaXodx, + 0%, — Gode, — C,0¢, + 2ichaaT> :
b=1

V(;r = \@Re(aCo + iRZOaT)a V;L = \@Re(aCa - iRZaaT)7
n—1

uy =Im ( D XeXoOx, + Ox, — Gode, — Co0g, + 2ikcxaaf> :
b=1

V(; = \/Elm(aC[) + iRZOar)a Va_ = \/ilm(ac.a - IRZaaT)

Along with 0;, these act transitively on the constant p
hypersurfaces.

Conclusion: 1ld gp FS metrics have cohomogeneity exactly 1.
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Reformulation of the twist
Twist realisation of QK/HK
R Symmetries and curvature under HK/QK
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Details: From Swann twists to local twists

Let # : P — M denote the quotient of P by Z + fXp. The twist of
a Z-invariant 1-form o on M is a 1-form o/ on M such that the
pullbacks m*a: and 7*a/ on P agree on #-horizontal vector fields.
So if & is the horizontal lift of u, we have

a(8) = a(u), -
L o(2).

~ 1 ~
7*a/(Z + Xp) — ?ﬁ'*o/(Z) =—za V4

ﬁ*a’(ﬁ) — ¥
7*a/(Xp) = E
PP ¥

Let 8 =17 — w*n. This is a closed 1-form defining integral
submanifolds in P. We identify one such submanifold Up with U.
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Details: From Swann twists to local twists

The tangent vectors to Up are elements of the kernel of 6. We
may check

0(d + n(u)Xp) = n(u)i(Xp) — =*n(a) = 0. (26)

The vector fields i + n(u)Xp are thus tangent to Up and may be
identified with u on U.

To obtain the local twist of «, we need to pull back 7#*a’ on P to
Up along the inclusion. We now see that

1

a8+ n(u)Xp) = alu) = - A Z)n(u) = (twz,£.4(a))(v). (27)
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Details: n-independence

We use Moser's trick. On a contractible open set in U introduce
interpolating 1-forms

ne = (L —t)no + ty =: mo + tdh, (28)
let o), = twz 7, () and Z; = —Ltwz 7, (Z). When o is
Z-invariant, it satisfies

do/
L300 = d—tf (29)
The diffeomorphism ¢1 s.t. ¢jag = ] is a solution to the
following differential equation for ¢, : Vo — V4.
. dos 1w 5
¢0 — IdVo7 E (¢t (p)) - h(p)Zf,P‘ (30)
s=t
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Details: Gluing local twists

Philosophy: M — B < M instead of M < P — M.

Let 75 : M — B denote the quotient by the Z-action and let
T € R/Z be the fibre coordinate so that

w =:df Adr + mpwb. (31)

wB is closed. Because Z = 0, is Hamiltonian, w is integral iff w®

is integral. Choose open sets Uy = ﬁgl(U,’\g) with UB contractible
and
na =: (f +1)dr + 75np. (32)

Note that in this case Z = Z = Or.
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Details: Gluing local twists

Let hpy be functions defined on U,'\3 N Ug (and hence by pullback
on Up N Us) such that

Ix — g = dhps. (33)
Then for o a Z-invariant form on M, we have on Uy N Us
twz, £ (@) = Pastwz £ s (), (34)

where the diffeomorphism ¢as sends (7, p?) to (7 4+ has(p?), pB)
for all pB € U,‘? N UE. Integrality of w® implies that we can always
choose hyp so that they satisfy the cocycle condition on the triple
overlap U,’f N UZB N UHB:

hsn — han + has =0 (mod 1). (35)
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Details: P C M x M is a submanifold

Lemma. If (p,p) € P and hg is a Z-invariant function on M that
is identically zero in some open nbhd V > p, then T(hg) is
identically zero in some open nbhd V 3 j that is independent of
what hg is outside V.

Proof. Assume wlog that V is Z-invariant. Then 3 a Z-invariant
function hy s.t. hi(p) # 0 and supp(h1) C V. Thus hohy is
identically zero on M, and so T (hg) T(h1) = T(hoh1) is identically
zero on M. But T(h1)(p) = hi(p) # 0 by hypothesis. Since T(hy)
is continuous, 3 a nbhd V 3 5 on which T(hy) is nowhere
vanishing. But since T(hg) T(hy) is identically zero on V/, so must

be T(ho)
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Details: P C M x M is a submanifold

Corollary. If (p,p) € P and h, i’ are Z-invariant functions on M
that coincide on some open nbhd V' > p, then T(h), T(h')
coincide on some open nbhd V > p independent of h, K.

Let N/ C M be a submfld of dim n — 1 that contains p and is
transversal to Z so that every Z-flowline intersects it at most once.
Let N be an open set of N’ containing p. Let h,|y be n—1
coordinate functions on N. These can be extended to n — 1
functions h,|ps with compact support on N’. Then we define the
value of the function h, at any other point p’ € M to be equal to
the value of the function h,|ys at p” if the Z-flowline through p’
intersects N’ in some point p” and equal to zero if the Z-flowline
through p’ does not intersect N’. This extends the coordinate
functions h,|y on N to n — 1 Z-invariant functions h, on M.
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Details: P C M x M is a submanifold

Wilog, take (h,) to yield a diffeomorphism ¢ : N — R"~1. Given
any Z-invariant function h on M, this yields a map
Fp:R"™1 = R, given by F, = h|y o ¢~ L.

Construct a new Z-invariant function h' = Fp(h,) := Fp(h1, h2,...)
on M that restricts to h on N. If we let Vy be the (Z-invariant)
open nbhd of p in M given by the union of all the Z-translates of
N, h and h" agree on V). By Corollary, T(h), T(h") agree on some
open nbhd Vy that is independent of h, h'.

Local twist = T(Fx(hs)) = Fa(T(ha)). So if a point

(p/, ') € Vy x Vy satisfies h,(p') = T(h,)(F) for all the h,, then
it satisfies h'(p') = T(H). Thus for (p', 5') € Viy x Vi, we have
ha(p') = T(ha)(B') iff h(p') = T(h)(5') for all b
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Details: P C M x M is a submanifold

Upshot: Given (p/, ') € Viy x Vi, we have h,(p') = T (h,) () iff
(#.5) € P.

To check P is a submanifold of M x I\;I it is enough to check that
its intersection with an open nbhd of an arbitrary (p, 5) € P in
M x M is a submanifold.

Define a map Viy x Vy — R"! sending (p/, 7') to

(ha(p’) — T(hy)(P')). Its differential at (p, p) is surjective as h, are
coordinate functions on N. By the implicit function theorem, its
vanishing set i.e. PN (Vy x V) is a submanifold of codimension
n—1.
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Details: 7on P C M x M

Tangent vector fields on P are C°°(P)-linear combinations of
vector fields of the form u @ (T (u) + aZ) where a is a constant.
Let the evaluation of #} on these be a. The fj-horizontal lift of u on
M is then u & T(u). So if ZL,v=w

fﬁo = -’S/ﬂuv @gT(u) © T(V) =wD (T(W) - w(u? V)Z)

=w-00w(uv)Z, (36)
"gOEBZ‘I}:‘”E/ﬂZO T(V) =0.

Thus, we have

It follows that dfj = 7*w.
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Details: QK/HK via the twist

Let the tuples of twist data (U, Z,w, f,n) and (U, Z,&, f, ) be
dual. Then any tensor field S satisfies

fz o tWZ’f’n(S) = — tWZ,f,n(agZS)- (38)

1
f—n(Z)

In particular, if we choose a local oriented orthonormal frame
(1 = p?/||? ||, J2, J3) of Q such that

Lrh =4k, Lz/3=-h
then their twists I; = twz r, . (J;) satisfy

.,%2/1 = O, jz/z = /37 .,%2/3 = —b.
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Details: QK/HK via the twist

We need to show I, b, I3 are Kahler. By a lemma of Hitchin, it is
enough to show that w; = g o I; are all closed. Let

v fQ
go =K (IIuZH gluazs ~ 22 g“““) (39)

and 0; = gq o Ji. Then w; =twz f, 5, and we find after some
computation

K (J;, V8 k)
== jd | L |- 4
w3 e () 0
Moreover Z is wo1-Hamiltonian:

K
V4 V4
1]



Details: Normalisations

Note that

1 fQ
— K12 B - . (42
s0 = (g o~ ] o 1ez) - 69

With this choice of normalisation, Macia—Swann and our result are
inverses when

i K .1 -1
f1:T<—>, K=-=, k=—. (43)
I K

14 14
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Details: Uniqueness of one-loop deformation

The QK manifold (M, g, Q) is twist of an elementary deformation_
of a locally HK manifold (M, g, H) by some rotating Killing field Z
given by QK/HK.

As we can compose twists, (M, g’, Q") would then be the twist of

)

some elementary deformation of (M, g, H) by Z.

Macia—Swann then implies that this is necessarily a one-loop
deformation of (M, g, Q) by Z.
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Details: One-loop deformation

Consider the elementary deformation

1 14 % fq
8= T acizy 8ozt + oz 8lHez: (44)
L—dc|p?] =707 (L= 4ceflu®])2 =7

Then the one-loop deformation is given by g€ = th,fQ+4l,nQ(g|—)
for a suitable choice of 1q. Moreover, the associated data is

ZC = 71 tWZ f v (Z) H/LZC — 7‘“1/2”
L 1—dc|p?||”
. (45)
W§ = e Wz s 2 (W) =
Q Z Z,fo+z=m\*¥Q),  'Q Z
1+ jc fQ 4 1+ 7C fQ

The dual to (Z,wq, fq + 2) is (—€ Z€, 4 we (1 — 4 fg)),

v
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Details: Abstract curvature tensor fields

A (0,4)-tensor field C is said to be an abstract curvature tensor
field if it satisfies for all vector fields s, t, u, v the following
equations:

C(s,t,u,v) =—C(t,s,u,v) =—C(s,t,v,u),

46
C(s,t,u,v)+ C(t,u,s,v)+ C(u,s, t,v) =0. (46)

Given a quaternionic bundle @, such a tensor field is additionally
said to be of hyperkahler type if

C(s,t,u,v) = C(s,t,Ju,Jv) (47)

for any section J € I(Q) such that J2 = —id.
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Details: Kulkarni-Nomizu and Riemann products

The Kulkarni-Nomizu product @ of two (0, 2)-tensor fields g, h is

given by
(g ® h)(s,t,u,v) = g(s,u)h(t,v) — g(s, v)h(t,u) (48)
—g(t,u)h(s,v) + g(t,v)h(s, u),
The Riemann product @ of two 2-forms «, 3 is given by
aDB=adB+2a®B+28% . (49)

For any two symmetric bilinear forms g, h and any two 2-forms

a, B3, the tensor fields g ® h and oo @ § are abstract curvature
tensor fields.
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Details: The curvature formula

The Levi-Civita connections V& and V& are related via
VE oT(v)=T <V§v—|— SEQV) ,

where u and v are Z-invariant vector fields on M, T is the global
twist map realising HK/QK and SHQ is given by

3
1 1 5 1
sHey — > > <fH On(lou, v)InZ — 7 (Ma(t)ly 0 hv + )\a(v)lallu)) :

a=0

with Iy = idy and A\, = gr(/aZ, -). The curvature formula then
follows from

g _ T V5+SHQ7l~ g5 HQ
R T(R waH(z@(v 7+ Y )>
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Details: The curvature formula

It is clear that gy is symmetric while wy and gy o /; are
antisymmetric. So gy ® gn, On O OH, (8n o l;) © (8n o I;) are
abstract curvature tensor fields.

Consider the endomorphism field Iy = I, + 2V&Z. The Killing
equation for Z along with the fact that Zis rotating can be used
to show that /y is skew-symmetric and commutes with all the /;.
Then it follows that

On(liu,v) = g(hliu,v) = =g(liu, lyv) = g(u, i o lyv)

50
=g(u,lqoliv)=g(lyoliv,u) =u(liv,u). (50)

So (Wy o I;) ® (&n o ;) is also an abstract curvature tensor field.
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Details: CH?

Let C1? denote C3 endowed with the standard Hermitian inner
product of signature (1,2) (minus signs first). Then, CH? is the
space of complex lines of negative norm. The line spanned by
(20, 21, 22) is assigned the coordinates

(p,T,C)=< i L Im(ZO‘Zl) ‘@) (51)

|20 + z1]?’ 20+z) 2+

This is a diffeomorphism from CH? to R<g x R x C with inverse

1—(p+I¢P —ir) v2¢
1(p|<|2i7)’1(p|<2i7)>' 2

(paTa C) — (CX . (15
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Details: CH?

The noncompact Fubini—Study metric in the horospherical
coordinates becomes

1

1,7 (dp2 +2p[d¢[* + (d7 + Im(¢ dZ))2> .

Its one-loop deformation is

1 (p+2c pt+c
c dp? + 2(p + 2¢)[d¢|* +
(Z22% a2+ 200+ 20)l0cp + 255

8= 47

(d7 +Im(¢ dg))2> .

For ¢ > 0, this is defined for all p > 0. For ¢ < 0, one has to
restrict the domain.
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Details: CH?

For |c| < p < 2|c|, we in fact get a metric of positive scalar
curvature! Redefining p +— p + |c| and getting rid of an overall
minus, we get

1
4(p + Il

- (|C|p— 240 +2(|c| - p)IdcP + L (dr + |m(<d<))2) -

P
el =p
Setting |c| = 1/b, redefining 7 — 7/b and getting rid of the

overall constant factor of b, we get

1
4(bp + 1)2

(1_pbp dp? +2(1 — bp)|d¢? + (d7+b2|m(<d0)z>'

p
1—bp

In the b — 0 limit we get the flat metric as the coordinate change
p = r? shows.
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Supplements: Przanowski—Tod Ansatz

Any QK metric of dimension 4 with v # 0 and at least one Killing
field 9, locally admits the Przanowski—Tod Ansatz:

1

§= 42 (Pdp + 2Pe|d¢[* + (dT—l—@) ) (53)
where P and u are d.-invariant smooth functions, and © is a

Or-invariant 1-form satisfying

1 2
OcO-u=—=02(e"), P==(pdyu—2)>0,
¢ 2P v P (54)

do =i ((agp d¢ — 0P dZ) Adp — 8,(Pe")d¢ A dZ) .
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Supplements: Przanowski—Tod Ansatz

Its QK/HK dual wrt Killing field 0. is the Boyer—Finley Ansatz:

K 1 2
2K (0,u)(dp? + 2€“|d¢?) + % (dr =5 (Byudx— 8Xudy)> (55)
P
Meanwhile one-loop deformation followed by a reparametrisation
amounts to replacing u by its pullback v’ under the diffeomorphism
(p, ¢, 7) — (p+ ¢,, 7). This too satisfies the continuous Toda
equation:

1 5
agazu’:—iag(e ). (56)
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Supplements: Przanowski—Tod Ansatz

The following is a solution of the continuous Toda equation:

v ap® +bp+c
(1+3I¢17)?

Substituting this into the Przanowski—Tod Ansatz gives the metric

(57)

e 1 < bpt2c 5 2bp+20)ldC[?
ap® +bp+c (1+ 31¢P)?

bIm(Cdg‘))2> | (58)

2up?

—ZdT‘i‘i

ap®> +bp+c
2 1+ 3[¢I?

bp + 2c
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Supplements: Przanowski—Tod Ansatz

This generically is of cohomogeneity 1. It is at most 1, because we
have the transitive action of the following isometries on the
constant p hypersurfaces:

b — V3V
(p,7.¢) = <p77+7’+ialm (In <\/EVC+W>> ’%> ’

where v, w € C and satisfy |v|? + |w|?> = 1. Geometrically, we can
interpret ( as the stereographic coordinate on a Riemann sphere
with (v, w) parametrising rotations of the sphere.
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Supplements: Przanowski—Tod Ansatz

Meanwhile, its curvature norm is given by

6
tr(%?) = 612 (1 + b?((b? — 2ac)? + 4a°c?) (p—il—gc> ) )

This is an injective function of p > 0 whenever

b?((b* — 2ac)® + 4a°c®) #0, ¢ #0.
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Supplements: Przanowski—Tod Ansatz

When a, b > 0, we can carry out the following change of
coordinates:

pzi(; ) \fg, =2 (s9)

Note that this is invertible when 0 < o < 1, with the inverse
coordinate transformation given by

0= ”2ap+b \/7@ 9:—7-. (60)
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Supplements: Przanowski—Tod Ansatz

,C

The metric g% in these coordinates becomes

-1 1+ko® 5 a2, 2y, C(1+kd") 5
d 1+k —_
where k is given by
4ac
k — ? - ].,

and <1, 6,53 are SU(2)-invariant 1-forms on S wrt the Hopf
parametrisation:

M Im (e?dg) 1 Im(¢ d€)

TR 2T 1rep - "

S :
1 2 1+
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Supplements: Przanowski—Tod Ansatz

When b < 0 < a and 2ap + b < 0, the same change of coordinates
works but we get o > 1 as can be seen from

b |b]

= >1
2ap+ b |b| —2ap

In particular, for k = 0, we get the real hyperbolic 4-space metric:

—1
do? 4 21 21 2)
7y(1792)2( oGt t+s)
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Supplements: Przanowski—Tod Ansatz

When b < 0 < a and 2ap + b > 0, we instead set

p:_zba<912 > \/>g, r:—a. (61)

The inverse of this change of coordinates is

\/ 2ap+b \/74’ 9_77— (62)

The metric now becomes

1 1—ko® 5 5 o2 oy, O(1+kd") ,
d 1—k -
u(1+02)2<1+k94 Crel kg et e e )

Note that k = 0 gives the standard metric on the 4-sphere.
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Supplements: Przanowski—Tod Ansatz

The vanishing of k amounts to the vanishing of the discriminant
b? — 4ac of the quadratic polynomial ap® + bp + c. This means
that it can be written as a(p + C)2.

Under the (reparametrised) one-loop deformation by 0., p is
replaced by p + ¢’ for some constant ¢’. Since the discriminant
(and hence k) is still zero, it follows that the 4-sphere and
hyperbolic 4-plane are fixed points of the one-loop deformation.
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Supplements: Przanowski—Tod Ansatz

Meanwhile setting k = —1 (which corresponds to ¢ = 0) gives

1 do® 2 N2, 2 2 2\ 2
+o°(1+ +65)+ 0°(1 — .
V(1 + 02)? <1 — 2 (1 +07°)(sf +3) + 0°(1 — 0%)s3

This is the Fubini-Study metric on CP? (with ¢=2 = 2||z|| 72 + 1).
The vanishing of ¢ means that ap? + bp + c takes the form

ap(p + C). Carrying out a one-loop deformation amounts to
replacing this by a(p + ¢’)(p + ¢’ + C) so that

4c'(C+ )

k="A-TC)
(C +2c')?

In the ¢/ — oo limit, this becomes zero, and we get the S* metric.
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Supplements: Przanowski—Tod Ansatz

To study the kK — oo limit, set k = 1/¢ and carry out a coordinate
redefinition (&,€) — (VL& VLE) to get

1 L+ 0?

v(1+0%)2 \{+ o

d2 2€ 2 2 2
o°+ o (04 07)(s1” +°) + 1+ o2 <3

92(€ +0%) /2)
where ¢1,¢), <4 are given by

Im(¢ d€)
1+ 0€1%

/

1= A

Re (eiedf)
S =

14 £¢

Im (eld¢) , 1
_— =—-do+/

The ¢ — 0 limit is now well-defined. Carrying out a change of
coordinates p? = 2r gives us

1 do? sgere 00 0\ 4r2 ) s 1,
V(1+Qz)2<92 +otae? + G a6 ) = o (o jaeP £ e )
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Supplements: One-loop flows

Naive one-loop flow:

dgc 8 c c Z¢ c 4gC(ZC7ZC) c
B g e g T ey

dc ~ o' vz e

dZC 4 C (o} (o} (o}

de :_;(fQ_nQ(Z ))Z,

dQc 4 dné 4

ac = [@0Re 2 gl =

Undeformed metric: g°.
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Supplements: One-loop flows

Reparametrised one-loop flow:

di([:] = Lyugld - *ng]bz[]g[]
+4H“Z[C] [ _ ;‘é’[cl}(f[;dz[c])g 20
di.C] = Lya 2l - g (fg] — ng](z[cl)> zlel,
ddQC[c] e g [Q[CL e Z[c]} |
dZ[CC] Ll — g £l il

where WId = 42| 271 /glel(Z14, Z1€),
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Supplements: One-loop flows

Rescaled one-loop flow:

d 20 (1) ‘ . 70 :
78 =Tzl + (LIt ) gt

/ g(t)(z(t)’z(t)) (t)‘

Lo HuZ“’H ot 20
S DL
%Q(t [ ®Z(f)]
%”g) - _Lf(t) 5)’7&)’

Undeformed metric: lim_,_oo e ¢tg(t).
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Supplements: Completeness under one-loop deformation?

Consider the elementary deformation

1 | N 1+% 1, |
L= 7 ElHpzt T an..zZine 8lHeZ-
1 —4e|lp?]| =0 (1 — 4cflp?])? = ¢

Then the one-loop deformation is given by g€ = th,fQ+4—Z,nQ(gL)
for a suitable choice of 1q. Consider also the endomorphism fields

L= WP"HQZL"F WPFHQZ, tw_tWZ,fQ+ﬁﬂ7Q

and let M = M| My,. Then

g%(u,v) = g°(Mu, Mv) = g°(u, M€ Mv).
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Supplements: Completeness under one-loop deformation?

Let the pointwise minimum eigenvalue of the self-adjoint
endomorphism field M8 M be bounded below by a constant
C > 0. Then for all vectors u

g (u, u)
g(u,u) S

For C positive, we have g€(u, u) > Cg(u, u) for some C > 0.
Then, completeness of g(u, u) = completeness of g°(u, u).

For reparametrised one-loop deformation, a similar argument would
work with an extra factor:

g0 u) . (8w u)\ 9w, v))
) % ( 2(u, ) ) 2(u, )
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Supplements: Completeness under one-loop deformation?

In the case of the positive ¢ one-loop deformation of CH?

1 /fp+2c
42

+
dp? 4+ 2(p + 20)|dc? + L E

- . (dT+|m(Cd<))2>,

the minimum eigenvalue is realised by Z = 0, and we have the
following inequality:

g u) _ gZ2.2) _ ptc
gluu) = g2.2) prac

>1
X

Guess: Z works in general. So we try to show

gl(z,2)

g[C](U7 u) > m g(u, u).

This is work in progress.
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