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@ Global gauge anomalies

o Gauged Wess-Zumino-Witten models
@ Gauge invariance obstructions

@ No-anomaly condition in coset models
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Outline

@ Global gauge anomalies
@ Gauged Wess-Zumino-Witten models
@ Gauge invariance obstructions
@ No-anomaly condition in coset models

© Classification of anomalies
@ Caseh =g
@ Regular subalgebras
@ R- and S- subalgebras
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@ Field g : ¥ — G with

- ¥ Riemann surface

- G compact and connected Lie group, G = G/Z, Lie(G) = g
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@ Field g : ¥ — G with
- ¥ Riemann surface

- G compact and connected Lie group, G = G/Z, Lie(G) = g
e Action : S[g] = So[g] + Swzlg]
—— ——

o-model  topological
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Gauged Wess-Zumino-Witten models

@ Field g : ¥ — G with
- ¥ Riemann surface 5
- G compact and connected Lie group, G = G/Z, Lie(G) = g

@ Action : S[g] = 52[5.1 + Swzlg]

o-model  topological

e 2d conformal invariance + chiral rigid symmetry : g — h g hg "
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Gauged Wess-Zumino-Witten models

@ Field g : ¥ — G with
- ¥ Riemann surface 5
- G compact and connected Lie group, G = G/Z, Lie(G) = g

@ Action : S[g] = 52[5.1 + Swzlg]

o-model  topological

e 2d conformal invariance + chiral rigid symmetry : g — h g hg "
gauging ?
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Gauged Wess-Zumino-Witten models

@ Field g : ¥ — G with
- ¥ Riemann surface 5
- G compact and connected Lie group, G = G/Z, Lie(G) = g

o Action : S[g, Al = Solg] + Swzlg] + Silg. Al
~—— ~—— ~——
o-model  topological  gauge coupling

for A : g-valued 1-form

e 2d conformal invariance + chiral rigid symmetry : g — h g hg *

gauging?
Yes, but only for hg = w(h.), w € Aut(G)
otherwise local gauge anomaly
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Gauged Wess-Zumino-Witten models

@ Field g : ¥ — G with
- ¥ Riemann surface 5
- G compact and connected Lie group, G = G/Z, Lie(G) = g

o Action : S[g, Al = Solg] + Swzlg] + Silg. Al
~—— ~—— ~——
o-model  topological  gauge coupling

for A : g-valued 1-form

e 2d conformal invariance + chiral rigid symmetry : g — h g hg *

gauging?
Yes, but only for hg = w(h.), w € Aut(G)
otherwise local gauge anomaly

@ In the following, w = Id (untwisted) to start with

Clément Tauber (LPENSL) Global gauge anomalies... Thursday 14th 2013
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Let HC G and Lie(H) = h C g

[ Dg DA SleAl

with

g:X2G6G=G/Z Z=2Z(6)
A : b-valued 1-forms on ¥

«O» «F>» «Z» «E>» = Q>




waQ

)]
i
it



@ Gauge invariance of the Feynman amplitudes

exp [iS(hg,hA)] = exp [iS(g,A)}
for
h:¥ = H/(HN2Z),

hg = hgh™t,

ha = hAR™! + hdh™1
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Gauge invariance

@ Gauge invariance of the Feynman amplitudes

exp [iS(hg,hA)] = exp [iS(g, A)]

for
h:¥X = H/(HNZ), g =hgh™t, "A = hAh= + hdh™!

e Always true for “small” gauge transformations (= homotopic to unity).

@ For “large” gauge transformations, topological obstructions to gauge
invariance can occur — global gauge anomaly

@ = Destructive interferences in the coset model partition function
which lead to inconsistent theories.

[Ref] K. Gawedzki, R. R. Suszek, K. Waldorf, Global gauge anomalies in
two-dimensional bosonic sigma models, Commun. Math. Phys. 302 (2011)

Clément Tauber (LPENSL) Global gauge anomalies... Thursday 14th 2013 5 /22
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Using B = #tr(g 'dg(h*dh)+ (dg)g th *dh+g~'(h~'dh)g(h~dh))]
exp [iSWZ(hg)} _
exp [ISWZ(g) +1i [5(g,h)*B]




No-anomaly condition in coset models

Using B = #tr(g 'dg(h™*dh)+ (dg)g h tdh+g ' (h~'dh)g(h*dh))]

exp [iS"*('g)]
exp [iISWZ(g) +i [x(g.h)*B]

It is enough to check it for ¥ = S* x S! and
h(eial’eiag) — eiO’lM 7 g(eialveiaz) — eiazM
for M, M € PV(g) such that

=™ cHnNZ and z=e&™Mc 7.

N
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No-anomaly condition in coset models
Using B = #tr(g 'dg(h™*dh)+ (dg)g h tdh+g ' (h~'dh)g(h*dh))]

exp ['5 "2 ("))

=1
exp [ISWZ(g) +1 [5(g,h)*B]
It is enough to check it for ¥ = S* x S! and
h(eigl,eigz) — eiUlM 7 g(eicrl’eiog) — eiazM

for M, M € PV(g) such that

=M cHNZ and z=e*Mc 7.
No anomaly condition
ktr(MM)eZ — YM,Mec PY(g), ze€Z,zeHNZ J

Clément Tauber (LPENSL) Global gauge anomalies... Thursday 14th 2013 6 /22



Equivariant gerbes interpretation

Feynman amplitudes :

exp [i5"%(g)] = Holg, (g)
where G, is a bundle gerbe with unitary connection over G

e Gauge invariance < Existence of a H-equivariant structure on Gy

Remark : Let J, be the WZW simple current associated to z € Z, then
no-anomaly condition < monodromy charge Q,(Jz) € Z for
zeZ,ze HNZ

Clément Tauber (LPENSL) Global gauge anomalies... Thursday 14th 2013
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Classification of anomalies

No-anomaly condition

ktr(MM)eZ — VYM,Mc PY(g), ze€Z,2e€¢HNZ

o Specify g simple Lie algebra (using Dynkin diagram classification)
— G
@ Specify ZC 7 - G = G/Z
Remark : If G = G (Z = {1}), there is no global gauge anomaly.
e Specify h C g semisimple subalgebra — H C G
o Compute k tr(MM)

Classification = forbidden levels k corresponding to anomalous models
(k tr(MM) ¢ Z)

Clément Tauber (LPENSL) Global gauge anomalies... Thursday 14th 2013 8 /22
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The easy part

e For g = g, f4, and eg, the centre is trivial : Z = Z(G) = {1}.

e For g = B,, C,, and ey, restrictions on k for the absence of anomaly
follow for the admissible levels of the underlying WZW model.

Proposition

The coset models corresponding to Lie algebras g = B;, C,, g2, fa, ¢7, or
eg and any subalgebra h) do not have global gauge anomalies.

Conclusion : Anomalies occur only for g = A,, D, or ¢
(N.B. : they are all simply laced)

Clément Tauber (LPENSL) Global gauge anomalies... Thursday 14th 2013 9/ 22
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Case h = g : the example of ¢g

2 73, the only non trivial subgroup is Z = 7

° 7
e M, M € PV(eg) can be described in a subspace of R such that

a a —ba a

M=|—-, ..., -, —,— Z v
66 6 +q9 ac€Z,ge Q(e)

~ 2 a —ba 2

M=|—- ... -, —,— e, acZ,aq v .
6’ 367 6 7\& +q ac ,qGQ(96)

o No anomaly if  k tr(MM) = k7a is an integer.

Proposition
The coset models corresponding to Lie algebra g = ¢, Z = Z3 and
subalgebra h = g do not have global gauge anomalies iff k € 3Z.

Clément Tauber (LPENSL) Global gauge anomalies... Thursday 14th 2013

10 / 22
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Case h =g : A, and D,

@ Same kind of computation for A, and D, — full classification of the
anomalous levels k for h = g.
Remark : the centre corresponding to D, depends on the parity of r
(X Z4 or Zy X Zp) — different anomaly condition.

@ Proper subalgebras hh C g will relax (or not) the constrains on k for

the non anomalous models by imposing some restriction on M in
k tr(MM) € Z

Clément Tauber (LPENSL) Global gauge anomalies... Thursday 14th 2013 11 / 22
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Regular subalgebras

Canonical decomposition of g :

gC:t§@< o Cea>
aElg

The subalgebra h C g is regular and semisimple if

e =5 @ ( o (Cea>
OéEAhCAg

where t; C t; is a Cartan subalgebra of h and
@ xc Ab = —Q € Af)
@ o € Ay span t‘hc

Clément Tauber (LPENSL) Global gauge anomalies...

Thursday 14th 2013
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Regular subalgebras : construction

Take the extended Dynkin Diagram of g (0 = —¢ is the lowest root)

Arm g, O-» er @o@%w@
o

B, po—0—0--c» f1 o-o-aC®-e egmo&@%

C, «&0—0---C® e

D, O)o—o——o—(g %

Remove one or several roots and take the extension of the subdiagrams.

o%%g@o O*}g@ )4 @gg@ X @g 32( 0 X
)4 - X - )4 - h-¢
e Ds extended D A3 ® AL ® A

Ex : ¢g, D5 and Az @ 2A; are regular subalgebras of ¢s.

Clément Tauber (LPENSL) Global gauge anomalies... Thursday 14th 2013
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@ Regular subalgebras of A, :

m

h=A,&...0A,,

Z(ri—i—l)gr—i—l

i=1
@ Regular subalgebras of D, :

m n
h=AL©®.. ®A, OD,&...®D;, Y (i+1)+) s<r
i=1 i=1
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Regular subalgebras of classical algebras

@ Regular subalgebras of A, :

m
h=A,&...BA,, d(i+1)<r+1
i=1
@ Regular subalgebras of D, :
m n
h=A,®...0A, ®Ds ®...0D;, Y (i+1)+> s<r
i—1 i—1

Requiring e2miM ¢ 1 for each b in k tr(MM) € Z leads to a specific
condition on k without anomalies.
Ex : Anomalies disappear if the rank inequality is strict.

Clément Tauber (LPENSL) Global gauge anomalies... Thursday 14th 2013 14 / 22



Regular subalgebras of classical algebras

@ Protection property : h1 C ha C g regulars with h, leading to non
anomalous model = by is also a non anomalous model.

@ Subalgebras related by inner or outer automorphism, or by Weyl group
transformations : same anomaly problem.

One obtains a full classification of the anomalous models for regular
subalgebras b of classical algebras

Clément Tauber (LPENSL) Global gauge anomalies... Thursday 14th 2013 15 / 22



Regular subalgebras of ¢g

Proposition
Coset models built with h regular subalgebra of ¢ — no global gauge

anomaly for k € Z, except for
Rank 6 : ¢6, A5 D A1, Ao D Ay D A

Rank 5 : As, A> @ A> ® A k € 3Z
Rank 4 : A, @ As
The other models are anomalous. )

Clément Tauber (LPENSL) Global gauge anomalies... Thursday 14th 2013 16 / 22
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R- and S- subalgebras

R(h) = mnin {mCg| hCmcCgand m regular.}

@ R(h) =g = bhisan S-algebra
e R(h) & g=bhis an R-algebra
Different subalgebras h may be isomorphic as algebras.

Ex : h = A; C ¢ has 1 regular embedding, 2 S- and 17 R- embeddings.

Clément Tauber (LPENSL) Global gauge anomalies... Thursday 14th 2013 17 / 22



R- and S- subalgebras of ¢g

@ Explicit embedding is needed in the no-anomaly condition to find
zeH.
@ Equivalent embeddings leads to the same anomaly problem.

@ There exists inequivalent embeddings for the same h and R(b)

= Full classification of the anomalous coset models for g = ¢¢ and
arbitrary semisimple nonregular subalgebra b

Clément Tauber (LPENSL) Global gauge anomalies... Thursday 14th 2013 18 / 22



R- and S- subalgebras : classical case

@ No explicit embedding classification for g = A, or D, with arbitrary r.

@ No conceptual difficulty to find the anomalous models for a fixed r,
but no general result for arbitrary r as for the regular case.

Clément Tauber (LPENSL) Global gauge anomalies... Thursday 14th 2013 19 / 22
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Let's twist the coset models

o Twisted gauge invariance : g — hgw(h)~!
@ Inequivalent twisted models only for w € Out(G) / Inn(G) = Dynkin
diagram symmetries of g

@ At most one non trivial w except for D,, r > 4 even (2
automorphisms) and Dy (3 automorphisms)

@ No anomaly condition becomes :

Gzt &xp [ — 2irktr(Mw(M))] = 1
———
€Hom(Z2Z,U(1))

where )
s=e™MczNH and z=e&™"Mc 7.

@ The classification of anomalous twisted models computed the same
way as for the untwisted case.

Clément Tauber (LPENSL) Global gauge anomalies... Thursday 14th 2013 20 / 22



Summarizing

Classification of the anomalous models (twisted and untwisted)
List of forbidden levels k for coset models built with :
@ a simple classical Lie algebra g and its semisimple regular subalgebras b

@ Lie algebra ¢s and arbitrary semisimple subalgebra b

Remark : Anomalies occur only for g = A,, D, and ¢g in the untwisted
case, and for g = D,, r even in the twisted case.

[Ref] P. de Fromont, K. Gawedzki, C. Tauber, Global gauge anomalies in
coset models of conformal field theory (arXiv :1301.2517)

Clément Tauber (LPENSL) Global gauge anomalies... Thursday 14th 2013 21 /22



o Global gauge anomalies in T-dual models ?

o Global gauge anomalies in supersymmetric coset models?
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o Global gauge anomalies in T-dual models ?

o Global gauge anomalies in supersymmetric coset models?

Thank you.
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