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Outline

1. Scattering amplitudes, multiple polylogarithms and symbols
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Scattering amplitudes

— Amplitudes

Scattering amplitudes are fundamental observables, quantities which
can be measured, that give the probability for certain outcomes in the
interaction of fundamental particles.

p1, h1 P2, h2

Niklas Henke (ZMP Seminar 2021) Scattering amplitudes & cluster algebras 02.12.2021 4/61



Scattering amplitudes
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— Computing amplitudes

Conventionally, amplitudes are computed as a perturbative expansion:
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Scattering amplitudes

— Amplitudes

Scattering amplitudes are fundamental observables, quantities which
can be measured, that give the probability for certain outcomes in the
interaction of fundamental particles.

p1, h1 P2, h2

— Computing amplitudes

Conventionally, amplitudes are computed as a perturbative expansion:

O + OO0 + 000 +

But: The leading term of eg. g+ g — 8g requires millions of diagrams!
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Modern amplitudes methods

Computing amplitudes (efficiently)

Scattering amplitudes have intricate mathematical structures, that can
be exploited to skip the perturbative expansion entirely!
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Modern amplitudes methods

— Computing amplitudes (efficiently)

Scattering amplitudes have intricate mathematical structures, that can
be exploited to skip the perturbative expansion entirely!

— Amplitudes & maths

In this way, amplitudes bridge from experimental and theoretical physics
to pure mathematics, by eg. asking the questions:

e What numbers / functions can appear?
@ What are the algebraic / analytic properties of these functions?

@ Can general mathematical statements about the functions in turn
be used to compute amplitudes?

@ Do (geometric) structures exist, that capture the amplitude without
relying on a perturbative expansion?
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Planar N' = 4 super Yang-Mills

N = 4 super Yang-Mills theory

We consider the gauge theory with color group SU(N,), coupling con-
stant g, and maximal amount of A/ = 4 supersymmetries — the simplest
interacting gauge theory — to answer these questions.
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Planar N' = 4 super Yang-Mills

— N = 4 super Yang-Mills theory

We consider the gauge theory with color group SU(N,), coupling con-
stant g, and maximal amount of A/ = 4 supersymmetries — the simplest
interacting gauge theory — to answer these questions.

— Planar limit

Taking the number of colors N. — oo while keeping the 't Hooft coup-
ling A\ = g?N, constant, only planar Feynman graphs contribute to the
amplitude — which makes our job much less complicated!

1 4 1 4

N
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Amplitudes of N = 4 pSYM

For N' =4 pSYM, the color-ordered amplitude is given by

oo n—4

Ap o ZZ (8N LA,,k (x1,---,X3n-15)

L=0 k=0

where
n — number of particles
L — number of loops / order in pertrubative expansion
k — helicity configuration (all but k + 2 particles with positive helicity)
xj, i =1,...,x3,_15 — variables of the space of kinematics
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Kinematics of N’ = 4 amplitudes & Grassmannians

— Momentum twistors

The kinematics can be parameterised in terms of momentum twistors
Zi € CP3, i=1,...,n. These transform in the fundamental represent-
ation of SL(4, C), which corresponds to dual conformal symmetry. The
basic SL(4, C)-invariants are the Pliicker variables

(ijkl) = eacpZ{*ZP Z£ ZP = det (2,22, 2))
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Kinematics of N’ = 4 amplitudes & Grassmannians

— Momentum twistors

The kinematics can be parameterised in terms of momentum twistors
Zi € CP3, i=1,...,n. These transform in the fundamental represent-
ation of SL(4, C), which corresponds to dual conformal symmetry. The
basic SL(4, C)-invariants are the Pliicker variables

(ijkl) = eacpZ{*ZP Z£ ZP = det (2,22, 2))

— Kinematic space

The kinematic space is the configuration space of n points in CP3, or
Conf(P?) ~ Gr(4, n)/(C*)"* =: Gr(4, n),

with the Grassmannian Gr(k, n) being the space of k-dimensional planes
in a n-dimensional vector space.
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Functions of N’ = 4 pSYM loop amplitudes

Observation

(AII known L-loop amplitudes are multiple polylogarithms of weight 2L.
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Functions of N’ = 4 pSYM loop amplitudes

— Observation

All known L-loop amplitudes are multiple polylogarithms of weight 2L.

— Definition (differential)

A multiple polylogarithm (MPL) F,, of weight w is recursively defined
as
dFw = Fu_1-dlogpa,
Pa

for a collection of rational functions ¢, and MPLs FJ_; of weight w—1.
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Functions of N’ = 4 pSYM loop amplitudes

— Observation

All known L-loop amplitudes are multiple polylogarithms of weight 2L.

— Definition (differential)

A multiple polylogarithm (MPL) F,, of weight w is recursively defined
as

dFw = Fu_1-dlogpa,
Pa

for a collection of rational functions ¢, and MPLs FJ_; of weight w—1.

— Definition (integral)

Multiple polylogarithms can equivalently be defined as iterated integrals.
A weight w MPL [, is given by

aw+1 dt
lw(a0; a1, .., aw; aw+1) = / lw—1(a0; a1, ..., aw—1;t) ,
20 t—ay
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Symbols and alphabets

— Definition

The symbol map on polylogarithms is defined via

S[Fu] = ZS [ vav—l] ® log pa

with the letters ¢, encoding the branch-cut structure of the function.
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Symbols and alphabets

— Definition

The symbol map on polylogarithms is defined via

S[Fu] = ZS [ vav—l] ® log pa

with the letters ¢, encoding the branch-cut structure of the function.

— Example

The dilogarithm is of weight 2 and is given by

Liz(x) = —/OX log(1=t) 4y

t

The symbol of the dilogarithm is

S [Liz] = —log (1 — x) ® log(x) .
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Hopf algebra

— Definition

A coalgebra is a K-vector space V, which is equipped with a coproduct
A:V = V®V and counit e : V — K satisfying

((deA)o A =(A®id)o A (1)
(id®e)o A =id = (e®id) o A 2)
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Hopf algebra

— Definition
A coalgebra is a K-vector space V, which is equipped with a coproduct
A:V = V®V and counit e : V — K satisfying

((deA)o A =(A®id)o A (1)
(d®e) o A =id = (c®id) o A 2)

— Definition
A Hopf algebra is a K-vector space H which is both an algebra and a
coalgebra, with certain compatibility conditions such as

A(a-b) = A(a) - A(b),

and is further equipped with an antipode map S : H — H satisfying

S(a-b)=S(b)-S(a), uid®S)oA=pu(S®id)oA=0.
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Hopf algebra of MPLs

— Claim

The space of all MPLs H forms a Hopf algebra graded by weight

H=EDHn,
n=0

where Ho = Q and H,, consists of MPLs of weight n.
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Hopf algebra of MPLs (shuffle product)

— Shuffle product formula

The product of two MPLs of weight n and m is given by

In(a;z1, ..., 20 b) - Im(8; Znt1, - - -, Zngm b) =
Z /n—i-m(a; Z5(1)s -+ » Zo(n+m)s b)
O'GZm,n

where ¥, , are all permutations that separately respect the ordering of
1,...,nand n+1,....,n4+ m.
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Hopf algebra of MPLs (shuffle product)

— Shuffle product formula

The product of two MPLs of weight n and m is given by

In(a;z1, ..., 20 b) - Im(8; Znt1, - - -, Zngm b) =
Z /n—i-m(a; Z5(1)s -+ » Zo(n+m)s b)
O'GZm,n

where ¥, , are all permutations that separately respect the ordering of
1,...,nand n+1,....,n4+ m.

— Example

The product of a generic weight-2 with a weight-1 MPL is given by

h(a; z1,z0; b) - h(a; z3; b) =
3(a; z3, 21, z0; b) + k(a; z1, z3, 22; b) + 13(a; 21, 22, z3; b)
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Hopf algebra of MPLs (coproduct)

— Coproduct
The coproduct on MPLs is defined as

A(I(ag; a1, .., an any1)) =

Z I(ao;ail,...,a;k;anﬂ)@

0=i1 < <igy1=n
k

p=1

H I (ai,; @415 -5 Ajpy—15 py1) -
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Hopf algebra of MPLs (coproduct)

— Coproduct

The coproduct on MPLs is defined as
A(I(ag; a1, .., an any1)) =

Z I(ao;ail,...,a;k;anﬂ)@

0=i1 < <igy1=n
k

H / (a,-p; Qjpt1y - Aippr—15 ap+1) .
p=1

— Example

The coproduct of the Dilogarithm Lix(x) is given by

A (Liz(x)) = 1 ® Lia(x) + Lia(x) ® 1 — log (1 — x) ® log(x)
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Symbol map

Coproduct & grading
The coproduct respects the grading of the algebra of MPLs

A:H,— @HP@)Hq, A= Z Ap,q
p+q=n p+q=n
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Symbol map

— Coproduct & grading
The coproduct respects the grading of the algebra of MPLs

A:H,— @HP@)Hq, A= Z Ap,q
p+q=n p+q=n

— Iterative application

Applying the coproduct multiple times, we split up the MPLs as

A®|d

Ho D P Ho@He °2% P Ho@Hq@H,

p+q=n p+q+r=n

ARid®id
id®i
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Symbol map

— Coproduct & grading

The coproduct respects the grading of the algebra of MPLs

A:H,— @HP@)Hq, A= Z A/:),q
p+q=n p+q=n

— Iterative application

Applying the coproduct multiple times, we split up the MPLs as

Ho D P Ho@He °2% P Hp@HeoH, 22005

p+q=n p+q+r=n

— Symbol

The symbol is the (1,...,1)-component of the (n — 1)-fold application
of the coproduct

S = A17_._,1 mod 7
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N = 4 pSYM loop amplitudes & cluster algebras

Key observation

The letters ¢,, of N' =4 pSYM loop amplitudes for n = 6,7 are cluster
A-variables of the cluster algebra associated to Gr(4, n).
[Golden, Goncharov, Spradlin, Vergu, Volovich '13]
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N = 4 pSYM loop amplitudes & cluster algebras

Key observation

The letters ¢,, of N' =4 pSYM loop amplitudes for n = 6,7 are cluster
A-variables of the cluster algebra associated to Gr(4, n).
[Golden, Goncharov, Spradlin, Vergu, Volovich '13]

Crucial input for cluster bootstrap:
1. "Guess" the collection of letters, the alphabet, of the amplitude
2. Construct the space of all weight 2L symbols
3. Fix amplitude with consistency conditions and physical constraints
4. "Integrate" the symbol to obtain the amplitude as a function

see eg. [2005.06735, 1108.4461, 1111.1704, 1308.2276, 1402.3300, 1407.4724, 1412.3763,
1612.08976, 1812.04640, ...]
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N = 4 pSYM loop amplitudes & cluster algebras

Key observation

The letters ¢,, of N' =4 pSYM loop amplitudes for n = 6,7 are cluster
A-variables of the cluster algebra associated to Gr(4, n).
[Golden, Goncharov, Spradlin, Vergu, Volovich '13]

Crucial input for cluster bootstrap:
1. "Guess" the collection of letters, the alphabet, of the amplitude
2. Construct the space of all weight 2L symbols
3. Fix amplitude with consistency conditions and physical constraints
4. "Integrate" the symbol to obtain the amplitude as a function

see eg. [2005.06735, 1108.4461, 1111.1704, 1308.2276, 1402.3300, 1407.4724, 1412.3763,
1612.08976, 1812.04640, ...]

Cluster algebra structures at the level of the integrand were previously
discovered by Arkani-Hamed et al in [1215.5605].
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Grassmannian cluster algebras

(1234)

Gr(4, 6) ~ A3
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Grassmannian cluster algebras

Gr(4, 6) ~ A3

Gr(4, 7) ~ E6

Niklas Henke (ZMP S

(1234)
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| N N BN
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(1236)

—

(1256)

—

(1456) |

(3456)
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(2345)

(1236) — (1256) — (1456) —f
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(3456)

(1237)

—
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Grassmannian cluster algebras: a simple example

Gr(2, 5) ~ A2

ar — a2
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Grassmannian cluster algebras: a simple example

Gr(2, 5) ~ A2

ar — a2

Hay

1+an
a - “a
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Grassmannian cluster algebras: a simple example

Gr(2, 5) ~ A2

ar — a2

Hay

IU’aQ
a — aa a -+

1+an
ai
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Grassmannian cluster algebras: a simple example

Gr(2, 5) ~ A2

ar — a2
ads <— d4
Hay
Mas
IU’aQ
a — a4 a -+ 1;“—132
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Grassmannian cluster algebras: a simple example

Gr(2, 5) ~ A2

as — a1 ap — a2
Hay
ads <— d4
Hay
Haz
az — ay P a > 1;“—132
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Grassmannian cluster algebras: a simple example

Gr(2, 5) ~ A2

Has
as — adi _ dp — a2
Hay
ads <— d4
Hay
Has
IU’aQ
a — a4 a -+ 1;“—132
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Cluster polytope

Ao

as — a1

/

as <— aa

ap — az

a — a4 az <— a2

The cluster polytope is a geometric description of the cluster algebra,
where

Vertex <— Cluster
Edge «+— Mutation / (n — 1)-dim subalgebra

Facet «— Variable / 1-dim subalgebra
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Cluster polytope & fan

Ao

a5 —y a1 — A&

8a, 8a

B — —
8

B2

Definition

The normal fan to the cluster polytope is the cluster fan, with associ-
ations
clusters «— cones, variables +— rays

see also [Fomin, Zelevinsky '01]
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Outline

3. Six- and seven-particle amplitudes
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Cluster algebra of Gr(4,6)

(1234) (1234) (2345)

e
(1235) — (1245) — (1345) ~{ (2345) | |, . (1235) — (1245) «—p
N N A N & N A B
‘ (1236) H (1256) H (1456) H (3456) \ \ (1236) H (1256) H (1456) H (3456) \
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Cluster algebra of Gr(4,6)

(1234) (1234) (2345)

e
(1235) — (1245) — (1345) ~{ (2345) | |, . (1235) — (1245) «—p
N N A N & N A B
‘ (1236) H (1256) H (1456) H (3456) \ \ (1236) H (1256) H (1456) H (3456) \

Using the mutation rules, the new variable p is given by
(1245) (3456) + (1456) (2345)
(1345) '

Niklas Henke (ZMP Seminar 2021) Scattering amplitudes & cluster algebras 02.12.2021 23 /61



Cluster algebra of Gr(4,6)

(1234) (1234) (2345)

e
(1235) — (1245) — (1345) ~{ (2345) | |, . (1235) — (1245) «—p
N N A N & N A B
‘ (1236) H (1256) H (1456) H (3456) \ \ (1236) H (1256) H (1456) H (3456) \

Using the mutation rules, the new variable p is given by
(1245) (3456) + (1456) (2345)
(1345) '

However, the Pliicker variables are related by Pliicker relations such as

(1245) (3456) + (1456) (2345) — (1345) (2456) = 0
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Cluster algebra of Gr(4,6)

(1234) (1234) (2345)

e
(1235) — (1245) — (1345) ~{ (2345) | |, . (1235) — (1245) «—p
N N A N & N A B
‘ (1236) H (1256) H (1456) H (3456) \ \ (1236) H (1256) H (1456) H (3456) \

Using the mutation rules, the new variable p is given by
(1245) (3456) + (1456) (2345)
(1345) '

However, the Pliicker variables are related by Pliicker relations such as

(1245) (3456) + (1456) (2345) — (1345) (2456) = 0

so that we conclude that

p = (2456) .
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Cluster algebra of Gr(4,6)

(1235)

(1234)

(1245) (2356)

(1235) — (1245) — (1345) —| (2345)

N N
| (1236) || (1256) [ (1456) | (3456) |

)
Tonq
(1246)

(2456)
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Cluster algebra of Gr(4,6)

@ The cluster variables of Gr(4,6) are the 14 Plicker variables, split into
the 9 unfrozen variables

{(1235) , (1245) , (1345) , (1246) , (1346) , (1356) , (2346) , (2356) , (2456) }
and the 6 frozen variables

{(1234) | (1236) , (1256) , (1456) , (3456) , (2345)}
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Cluster algebra of Gr(4,6)

@ The cluster variables of Gr(4,6) are the 14 Plicker variables, split into
the 9 unfrozen variables

{(1235) , (1245) , (1345) , (1246) , (1346) , (1356) , (2346) , (2356) , (2456)}

and the 6 frozen variables

{(1234) | (1236) , (1256) , (1456) , (3456) , (2345)}

@ Out of these 15 variables, we can form the 9 dual conformally invariant
cross ratios

(1456) (1234)  (1256) (2345)
(1346)(1245) *  (1245)(2356) ’
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Cluster algebra of Gr(4,6)

@ The cluster variables of Gr(4,6) are the 14 Plicker variables, split into
the 9 unfrozen variables

{(1235) , (1245) , (1345) , (1246) , (1346) , (1356) , (2346) , (2356) , (2456)}

and the 6 frozen variables
{(1234) , (1236) , (1256) , (1456) , (3456) , (2345) }

@ Out of these 15 variables, we can form the 9 dual conformally invariant

cross ratios
(1456) (1234) (1256) (2345)

(1346)(1245) *  (1245)(2356) ’

Hexagon alphabet

The 9 DCl-invariant letters from Gr(4,6) precisely correspond to the
alphabet known to describe six-particle amplitudes!
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Steinmann relations & cluster adjacency

@ With the knowledge of the hexagon alphabet, as well as physical
constraints, the six-particle amplitude was bootstrapped with up to
seven loops

Niklas Henke (ZMP Seminar 2021) Scattering amplitudes & cluster algebras 02.12.2021 26 /61



Steinmann relations & cluster adjacency

@ With the knowledge of the hexagon alphabet, as well as physical

constraints, the six-particle amplitude was bootstrapped with up to
seven loops

@ One powerful class of constraints are the Steinmann relations, which
pose limits on the appearance of double discontinuities of the amplitude
(see eg. the review [2005.06735])
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Steinmann relations & cluster adjacency

@ With the knowledge of the hexagon alphabet, as well as physical
constraints, the six-particle amplitude was bootstrapped with up to
seven loops

@ One powerful class of constraints are the Steinmann relations, which
pose limits on the appearance of double discontinuities of the amplitude
(see eg. the review [2005.06735])

@ In terms of the symbol, which describes the singularities of its function,
these relations translate to conditions on which letters can appear next
to each other.
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Steinmann relations & cluster adjacency

@ With the knowledge of the hexagon alphabet, as well as physical
constraints, the six-particle amplitude was bootstrapped with up to
seven loops

@ One powerful class of constraints are the Steinmann relations, which

pose limits on the appearance of double discontinuities of the amplitude
(see eg. the review [2005.06735])

@ In terms of the symbol, which describes the singularities of its function,
these relations translate to conditions on which letters can appear next
to each other.

Cluster adjacency

Two letters can only appear next to each other in the symbol, if there
exists a cluster that contains both of them. Geometrically, these pairs

correspond to codimension-2 faces of the cluster polytope.
(see eg. [1710.10953, 1810.08149])
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Cluster adjacency (example)

(1234)

(1235) — (1245) — (1345) —f (2345)

LS LS L
| (1236) | (1256) | (1456) |+ (3456) |

(1235)

(2456)
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Cluster adjacency (example)

(1234) (1234) (2345)
e
(1235) — (1245) — (1345) ~{ (2345) |, = (1235) — (1245) « (2456)
LS LS L — L] T
| (1236) | (1256) | (1456) |+ (3456) | | (1236) |- (1256) | (1456) |- (3456) |

(1245) (2356)

(2456)
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Heptagon alphabet

o Initial cluster of Gr(4,7) cluster algebra is given by
(1234)

N

(1235) — (1245) — (1345) —| (2345)

N N AN

(1236) — (1256) — (1456) —f (3456)

| N A N N

(1237) b (1267) | (1567) | (4567)
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Heptagon alphabet

o Initial cluster of Gr(4,7) cluster algebra can be brought into the Eg form
a13

|

a4 — ds] —» dp2 <— d41 <— a33

see eg. [1412.3763, 1612.0876, 1812.04640, ...]
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Heptagon alphabet

o Initial cluster of Gr(4,7) cluster algebra can be brought into the Eg form
a13

|

a4 — ds] —» dp2 <— d41 <— a33

@ The (homogeneous) A-coordinates contain the Pliicker variables as well
as bilinears such as
(1356) (1247) — (1237) (1456)
(1234) (1567)

a1 =

see eg. [1412.3763, 1612.0876, 1812.04640, ...]
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Heptagon alphabet

o Initial cluster of Gr(4,7) cluster algebra can be brought into the Eg form
a13

|

424 — d51 — 62 <— 41 <— 433
@ The (homogeneous) A-coordinates contain the Pliicker variables as well
as bilinears such as
(1356) (1247) — (1237) (1456)
(1234) (1567)

a1 =

Heptagon alphabet

Together with the cyclic images a; obtained from the shifts Z, —
Zm+j—1, the alphabet of seven-particle scattering consists of the 42 A-
coordinates of the cluster algebra.

see eg. [1412.3763, 1612.0876, 1812.04640, ...]
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Recap

1. Scattering amplitudes are experimentally relevant and mathematically
beautiful
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ultimately the actual function of the amplitude
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Recap

1. Scattering amplitudes are experimentally relevant and mathematically
beautiful

2. The functions of N' =4 pSYM amplitudes are given by MPLs

3. Cluster algebras give the symbol alphabet for n = 6,7

4. Cluster adjacency further restricts how letters can appear next to each
other in the symbol

5. Together, this provides crucial information to compute the symbol and
ultimately the actual function of the amplitude

Long-standing open questions

1. Cluster algebras of Gr(4, n) become infinite for n > 8 = no boot-
strap

2. Cluster algebras cannot describe non-rational letters known to ap-
pear in alphabets for n > 8
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1. Scattering amplitudes, multiple polylogarithms and symbols
2. Cluster algebras

3. Six- and seven-particle amplitudes

4. Tropical cluster algebras

5. Eight-particle & nine-particle amplitudes

6. Infinite mutation sequences

7. Conclusions & Outlook

8. Bonus material



Tropical geometry: definition

In essence

Tropical geometry is the algebraic geometry over the tropical semifield
(RU{o0},®,®), where

a®db=min(a,b), a®b=a+b.
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Tropical geometry: definition

— In essence

Tropical geometry is the algebraic geometry over the tropical semifield
(RU{o0},®,®), where

a®db=min(a,b), a®b=a+b.

— Definition

The tropical polynomial Trg for some polynomial g is obtained by repla-
cing addition with taking the minimum and multiplication by addition:

g= E Ca-Xpteooxin — Trg=min{ay - x1 + -+ ap - Xn}
a
a
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Tropical geometry: definition

— In essence

Tropical geometry is the algebraic geometry over the tropical semifield
(RU{o0},®,®), where

a®db=min(a,b), a®b=a+b.

— Definition

The tropical polynomial Trg for some polynomial g is obtained by repla-
cing addition with taking the minimum and multiplication by addition:

g= E Ca-Xpteooxin — Trg=min{ay - x1 + -+ ap - Xn}
a
a

— Definition

The tropical hypersurface V(Trg) is given by the points, where Trg
passes between regions of linearity. The tropical variety of a polynomial
ideal is the intersection of all tropical hypersurfaces.
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Tropical geometry: example
Tropicalise the polynomial g:

g(x,y) = 2x3 —1—x_1y — y2 — Trg =min(3x,—x +y,2y)

The tropical hypersurface is given by the union of the equations:

3x=-x+y<2y, 3x=2y<-x+y, 2y=-x+y<3x.

The affine variety of g on the left, the tropical variety on the right:

6 V
4
2

2

~
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Kinematic space (revisited)

Definition

The Grassmannian Gr(k, n) is the space of k-dimensional planes through
the origin in an n-dimensional space.
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Kinematic space (revisited)

— Definition

The Grassmannian Gr(k, n) is the space of k-dimensional planes through
the origin in an n-dimensional space.

— Definition

Can be realized as k x n matrices Z modulo GL(k). The minors of Z
are the Pliicker variables

Pir....i, = det(Z, --- Z;,) ,
which obey the Pliicker relations

=0.

Piy i livs1oic Pireedrs1lirro-i
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Kinematic space (revisited)

— Definition

The Grassmannian Gr(k, n) is the space of k-dimensional planes through
the origin in an n-dimensional space.

— Definition

Can be realized as k x n matrices Z modulo GL(k). The minors of Z
are the Pliicker variables

Pir....i, = det(Z, --- Z;,) ,
which obey the Pliicker relations

Piy i livs1 i Pivecdgrailirio gk — 0.

— Definition

The positive kinematic space a+(k, n) is obtained by quotiening out
rescalings of columns and restricting to p; .. ; > 0.
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Parameterising the positive kinematic space

— Theorem

a+(k, n) can be parameterised in terms of (k—1)(n—k—1) independent
parameters x; by the web-parameterisation [Speyer, Williams '05].

— Example

Consider for example E;vr+(2, 5), which is of dimension 2. The matrices
Z € Gr(2,5) can be parameterised as

7 — 1 0 -1 —l—Xl —1—X1—X1X2
~\0 1 1 1 1 '

This implies a parameterisation for the Pliicker variables, eg.

pos =1+ x3 + x1x0.
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Tropicalising the positive kinematic space
1. Start with the parameterisation of G+(k, n), e.g. for G+(2,5)

ps =1+ x1 +x1x.
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Tropicalising the positive kinematic space

1. Start with the parameterisation of G+(k, n), e.g. for G+(2,5)
ps =1+ x1 +x1x.

2. Tropicalise (any subset of) the Pliicker variables pj;, eg.

addition — minimum

. . — wos = min (0, xq, x X
multiplication — addition P25 25 (0, x1, x1 + x2)
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Tropicalising the positive kinematic space

1. Start with the parameterisation of G+(k, n), e.g. for G+(2,5)
ps =1+ x1 +x1x.

2. Tropicalise (any subset of) the Pliicker variables pj;, eg.

addition — minimum

. . — wos = min (0, xq, x X
multiplication — addition P25 25 (0, x1, x1 + x2)

3. Tropical kin. space: union of all tropical hypersurfaces, given by eg.

wos :x1 =0<x1+x Va=x14+x<0Vx+x=0<x.
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Tropicalising the positive kinematic space

1. Start with the parameterisation of a+(k, n), e.g. for G+(2,5)
ps =14+ X1+ x1x0..

2. Tropicalise (any subset of) the Pliicker variables pj;, eg.

addition — minimum
multiplication — addition

P25 — Wos = min (O,Xl,Xl JrX2)
3. Tropical kin. space: union of all tropical hypersurfaces, given by eg.
wos :x1 =0<x1+x Vxa=x1+x<0Vxx+x=0<x.

Tropical fan

Tropicalising (a subset of) all Pliicker variables gives the fan (p)F , of
(p)Tr4(k, n), whose cones are the regions, where all tropicalised Pliickers
are linear.
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Tropical kinematic space & cluster algebras

Cluster fan of Gr(2,5): Fan F,5 of Tre(2,5):
as a1
as a
a3

see eg. [Speyer, Williams '05], [Drummond, Foster, Girdogan, Kalousios '19]
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Tropical kinematic space & cluster algebras

Cluster fan of Gr(2,5):

as

ai

as

a2

Observation

The cluster fan triangulates the tropical fan, in this case they are equi-

valent!

Fan F,5 of Tre(2,5):

see eg. [Speyer, Williams '05], [Drummond, Foster, Girdogan, Kalousios '19]

Niklas Henke (ZMP Seminar 2021)

Scattering amplitudes & cluster algebras

02.12.2021
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Outline

5. Eight-particle & nine-particle amplitudes
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Finite selection rule for infinite cluster algebras

Problem

(Cluster algebra of Gr(4,8) predicts infinitely many singularities for Asg.
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Finite selection rule for infinite cluster algebras

— Problem

Cluster algebra of Gr(4,8) predicts infinitely many singularities for Ag.

— Solution

The positive tropical kinematic space 'Fr+(4, 8) comes to the rescue via
a selection rule for the cluster algebral!
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Finite selection rule for infinite cluster algebras

— Problem

Cluster algebra of Gr(4,8) predicts infinitely many singularities for Ag.

— Solution

The positive tropical kinematic space 'Fr+(4, 8) comes to the rescue via
a selection rule for the cluster algebral!

Revisiting the triangulation of F
@ The cluster fan triangulates the tropical
fan.

@ This triangulation may contain redundant

rays, infinitely triangulating an already
triangular cone.
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Finite selection rule for infinite cluster algebras

— Problem

Cluster algebra of Gr(4,8) predicts infinitely many singularities for Ag.

— Solution

The positive tropical kinematic space 'Fr+(4, 8) comes to the rescue via
a selection rule for the cluster algebral!

Revisiting the triangulation of F

@ The cluster fan triangulates the tropical
fan.

@ This triangulation may contain redundant
rays, infinitely triangulating an already
triangular cone.

Selection rule

Stop mutating the cluster algebra, whenever you encounter a cluster
containing redundant rays.

Niklas Henke (ZMP Seminar 2021) Scattering amplitudes & cluster algebras 02.12.2021 38/61



Rational alphabet of eight-particle amplitudes

@ 70 (70 for partial tropicalisation) letters of degree one, the Pliickers (ijk/),
@ 120 (120) letters of degree two, e.g.

(1457) (2367) — (1237) (4567)
@ 132 (90) letters of degree three, e.g.
(1236) (1578) (3457) — (1237) (1578) (3456) — (1235) (1678) (3457) ,

@ 32 (0) letters of degree four,
@ 10 (0) letters of degree five.
Rational 8-particle alphabet

These form 356 (272) dual conformally invariant rational letters. All
known rational letters appearing in eight-particle amplitudes included in
the partial alphabet.

[NH, Papathanasiou '19], [Drummond, Foster, Giirdoan, Kalousious '19], [Arkani-Hamed, Lam,
Spradlin '19], [Zhang, Li, He '19]
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Rational alphabet of nine-particle amplitudes

Infinite cluster algebra

Similar to eight particles, the cluster algebra of Gr(4,9) is infinite but
now also contains infinitely many inequivalent quivers.
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Rational alphabet of nine-particle amplitudes

— Infinite cluster algebra

Similar to eight particles, the cluster algebra of Gr(4,9) is infinite but
now also contains infinitely many inequivalent quivers.

— Finite subset

Using the same selection rule as before, with the partial tropicalisation
Eﬁ+(4, 9) : tropicalise {(ii + 1jj +1),(jj — 1j+ 1)},

we obtain a finite subset with 3078 rational letters in 24,102,954
clusters.

Niklas Henke (ZMP Seminar 2021) Scattering amplitudes & cluster algebras 02.12.2021 40 /61



Rational alphabet of nine-particle amplitudes

— Infinite cluster algebra

Similar to eight particles, the cluster algebra of Gr(4,9) is infinite but
now also contains infinitely many inequivalent quivers.

— Finite subset

Using the same selection rule as before, with the partial tropicalisation
B'ﬁJr(47 9) : tropicalise {(ii + 1jj +1),(jj — 1j+ 1)},

we obtain a finite subset with 3078 rational letters in 24,102,954
clusters.

— Rational 9-particle alphabet

Our proposed rational alphabet for 9-particle scattering amplitudes con-
tains 3078 letters, which include the 531 rational letters known in the
literature [He, Li, Zhang '20].
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Outline

6. Infinite mutation sequences
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Square roots in the alphabet

— Cluster variables

A-variables of a cluster algebra are always rational functions of the initial
variables (eg. Pliicker variables (jjkl)) due to the mutation relation

Hi—»j aj + Hj—>i aj
aj

I_
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Square roots in the alphabet

— Cluster variables
A-variables of a cluster algebra are always rational functions of the initial
variables (eg. Pliicker variables (jjkl)) due to the mutation relation

Hi—»j aj + Hj—>i aj
aj

I_

— Square-root letters
Cluster algebras hence cannot describe square-root letters, such as \/Ajj
whereas
2
Ajj = (fiifiy — fucky — fafi)” — dfiifafufy,

which is known to appear in the symbol of eight-particle amplitudes!
(see eg. [He, Li, Zhang '19'20; Li, Zhang '21])
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Infinite mutation sequences & square-root letters

For the infinite mutation sequence of the affine A(ll) cluster algebra

1 H2 K2
a=a — B — BB —

we get a recursion relation for the variables a;, which can be solved for

aj

lim (1 + x1 + x1x0 + \/ 1+x +x1x0)2 — 4x1x2> ,
aj—1 2 a

where x; = 1/a§,x2 = a%. [Canakei, Schiffler '16]
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Infinite mutation sequences & square-root letters

For the infinite mutation sequence of the affine A(ll) cluster algebra

1 H2 K2
a=a — B — BB —

we get a recursion relation for the variables a;, which can be solved for

. aj
lim

(1 + X1 + x1x2 + \/ 1+ x4+ x1x0)2 — 4X1X2> ,
aj—1 2 a

where x; = 1/a§,x2 = a%. [Canakei, Schiffler '16]

Square-root letters

Including (the limit of) infinite mutation sequences, we obtain general-
ised cluster variables that correspond to the square-root letters of the
amplitude.

(see eg. [NH, Papathanasiou '19],[Arkani-Hamed, Lam, Spradlin '19],[Drummond, Foster,
Giirdogan, Kalousios '19])
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Algebraic alphabet of eight-particle amplitudes

— Origin clusters

In the cluster algebra of Gr(4,8) truncated by Bﬁ+(4, 8), we find 3200
A(ll) origin clusters of the following type

*b1—931§b2*

:324—>b3

Of these origin clusters, 32 are distinct with respect to the limit for each
of the 2 limit rays.
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Algebraic alphabet of eight-particle amplitudes

— Origin clusters

In the cluster algebra of Gr(4,8) truncated by Bﬁ+(4, 8), we find 3200
A(ll) origin clusters of the following type

*b1—931§b2*

1
v 32— b3

Of these origin clusters, 32 are distinct with respect to the limit for each
of the 2 limit rays.

— Algebraic 8-particle alphabet

The 64 origin clusters give rise to 128 algebraic letters which can be
reduced to the 18 multiplicatively independent algebraic letters pre-
viously found.

[NH, Papathanasiou '19], [Drummond, Foster, Giirdoan, Kalousious '19], [Zhang, Li, He '19]
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Revisiting frozen variables

Consider the following As cluster algebra with two frozen variables fi, f>.

dp — a2
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Revisiting frozen variables

Consider the following As cluster algebra with two frozen variables fi, f>.
fi f;
o

a — a2 a1 «— a

After mutating at the node of a2, we get the new variable a} as

fiai +h

ay =
an
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Revisiting frozen variables

Consider the following As cluster algebra with two frozen variables fi, f>.
fi f;
o

a — a2 a1 «— a

After mutating at the node of a2, we get the new variable a} as

fiai +h

ay =
an

Had we chosen different frozen variables, the new variable aj would be

Al e, [&] [

_ ] a//_al"’_flf2
= =
a — a al<—ag a
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Revisiting frozen variables

Consider the following As cluster algebra with two frozen variables fi, f>.
fi f;
o

a — a2 a1 «— a

After mutating at the node of a2, we get the new variable a} as

fiai +h

ay =
an

Had we chosen different frozen variables, the new variable aj would be

Al e, [&] [

_ ] a// a1 + f1f2
A S
a — a al +— ag a
= Using so-called coefficients instead of frozen variables solves this issue!
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Cluster algebras with coefficients

— Coefficients
For a cluster with variables a1, ..., a, and frozen variables f, 11, ..., fotm,
and adjacency matrix bj;, the coefficients y1,...,y, are
n+m
_ bji
vi= II -
j=n+1

— Mutation (coefficients)

When mutating at node j, coefficients mutate as

— 0,bj;i ~ —bji ... .
i =yt v vy O (18y) T i #

where the cluster-tropical addition is defined on the frozen variables as

[IH& 1@ = T
J

i i
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Cluster algebras with coefficients

— Coefficients

For a cluster with variables ay, . . ., a, and frozen variables f,11, ..., fotm,
and adjacency matrix b, the coefficients yi,...,y, are
n+m
_ bji
vi= 11 £
j=n+1

— Mutation (.A-variables)

The mutation rule of the A-variables under a mutation at node j is
changed to

by bij

Yl A1 a0

aj = =
! (18y;)
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Cluster algebras with coefficients (example)

a — @ a — a
The coefficients of the initial cluster are given by
n=f yp=Ah", n=f' wp=fi'6",
18y =1, 18y=£f" 1y = £1, 1by =16
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Cluster algebras with coefficients (example)

. RF BT 0
_ _

a] — a2 ap «— aj a] — a» al «— a)
The coefficients of the initial cluster are given by
n=r" yp=~Aah", n=rt yp=11hH",
=" 1dp=>f" 1y =f" 10p=f'6"
After mutation, we get the modified coefficients as
% =y1(1®y2) =f ! I =y1(1®y2) =fit,
o=y =fh o=y, =hh
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Cluster algebras with coefficients (example)

. RF BT 0
_ _

a] — a2 ap «— aj a] — a» al «— a)
The coefficients of the initial cluster are given by
n=r" yp=~Aah", n=rt yp=11hH",
=" 1dp=>f" 1y =f" 10p=f'6"
After mutation, we get the modified coefficients as
% =y1(1®y2) =f ! I =y1(1®y2) =fit,
o=y =fh o=y, =hh

and the new A-variable as

/ }/231—|-1 ﬁ31+f—2
ar = =

_ S y2a1 +1 :31+f1f2
a (18y2) a 27 2 (18y) a
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Affine rank-2 cluster algebra Agl)

Y2;,0  Y1;0 Yij  yzj Y2.j+1 Y1;j+1
C=0 = - =5 0=0 — O=0 =
ao 41,0 ayj @z a2;j+1 91;j+1

— Recursion relation

The variables and coefficients along the sequence are related by
2
g = 2y
2+l = A, A4l = 3y
J al;j 1@_)/1,] ’ J I
2
. y2;jy1;j . 1
Yl = s Y21 = (1)
(16y1y)

We also introduce the auxiliary sequence
AL A -1
v = 18y1,Oy1y (vi;-1)
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Affine rank-2 cluster algebra Agl)

Y2;,0  Y1;0 1 1 Yuj o Y2y 1 Y2,j+1 Y1;j+1 1
o= — - — O0=0 — O=0O —
a0 a10 ayj  aj 92;j+1 d1;j+1

cf. [NH, Papathanasiou '19], [Canakci, Schiffler '16], [Reading '17], [Fordy, Marsh '09]
Niklas Henke (ZMP Seminar 2021) Scattering amplitudes & cluster algebras 02.12.2021
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Invariants and solution of Agl)

— Invariants

Along the sequence, the following two quantities are invariant
Ki = (70%-_156151) [1+ %1y + x50 = 14 a0 + xuox20,
“1a-15)° -1
Ky = <’>’0’Yj Bo ﬁj) [x1;(x1;j-1) "] = x1.0%20,

with respect to the two X-variables x3, x> of A(ll) within the origin
cluster.
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Invariants and solution of Agl)

— Invariants

Along the sequence, the following two quantities are invariant
Ki = (70%-_156151) [1+ %1y + x50 = 14 a0 + xuox20,
“1a-15)° -1
Ky = <’>’0’Yj Bo 51') [x1;(x1;j-1) "] = x1.0%20,

with respect to the two X-variables x3, x> of A(ll) within the origin
cluster.

— Solution

The recursion relation is solved for aj;; by
a1 = (o vj-1) [C+(B+Y + C-(B-)] ,

:|:2:FK1—|-\/K12—4K2 32;0K1:|:1/K12—4K2

Ct = a1 , = —

+
2,/K2 — 4K, 310 270
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Infinite mutation sequences & square-root letters

— Algebraic letters

Given some infinite Agl) mutation sequence, we associate to it the two

algebraic letters
C, Ki—2+4 4/ K? — 4K,
¢1:C7: )
- K1—2—1/K12—4K2
5 C‘+ K1—2K2—|—\/K12—4K2
D= =— = .
C Ky —2Ky — /K2 — 4K,
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Nine-particle alphabet: new obstructions

Rational alphabet

1. Much more complicated rational letters, with some being polynomi-
als with tens of thousands of terms.

2. Bootstrap becomes infeasible, as the linear spaces the approach is
based on are of size (# letters)2L .
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Nine-particle alphabet: new obstructions

— Rational alphabet

1. Much more complicated rational letters, with some being polynomi-
als with tens of thousands of terms.

2. Bootstrap becomes infeasible, as the linear spaces the approach is
based on are of size (# letters)2L .

— Algebraic alphabet

1. Infinite sequences of the type Agl) yield 324
rays in addition to the rational rays.

2. 27 rays of ;T/rJr(4, 9) are not accessible from
the cluster fan.

3. The cluster fan now has higher-dimensional
"holes".
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Conclusions & Outlook

Cluster algebras predict singularities of planar N = 4 SYM n-particle
amplitudes, but:

@ infinitely many for n > 8, so no bootstrap!

@ only rational letters appear, missing the known square-root letters!
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amplitudes, but:

@ infinitely many for n > 8, so no bootstrap!

@ only rational letters appear, missing the known square-root letters!

However, taking a closer look at cluster algebras, we find:
@ The relation to tropical Grassmannians provides a finite selection rule

@ Including infinite mutation sequences, we obtain the square-root
letters from their limits

@ These ideas are successfully applied to obtain the alphabet for
n = 8,9, which is in agreement to the literature!
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Conclusions & Outlook

Cluster algebras predict singularities of planar N = 4 SYM n-particle
amplitudes, but:

@ infinitely many for n > 8, so no bootstrap!

@ only rational letters appear, missing the known square-root letters!

However, taking a closer look at cluster algebras, we find:
@ The relation to tropical Grassmannians provides a finite selection rule

@ Including infinite mutation sequences, we obtain the square-root
letters from their limits

@ These ideas are successfully applied to obtain the alphabet for
n = 8,9, which is in agreement to the literature!
Some questions remain:
@ Which geometry actually describes loop amplitudes of A" = 4 pSYM?
@ How can bootstrapping the amplitudes made feasible?
@ Is there a way to access the 27 still missing rays?
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Kinematics of N’ = 4 pSYM amplitudes

p1, h1 p2, ho

~

- Xn X3
Tl X4

— Definition

Instead of the massless momenta p;, parameterise the kinematics in
terms of the dual variables x; € R13 defined by

Xi — Xi+1 = Pi -

— Dual conformal symmetry

A hidden symmetry of the theory, which is not present on the level of
the Lagrangian, that acts on the dual variables and reduces their degrees
of freedom. See eg. [0807.1095, 1012.4002].
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Momentum twistors

1. Represent the dual variables x; € R as projective null vectors
XM e R24, with X2 =0, X ~ A\X.
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2. Equivalently, consider the SO(2,4)-vector XM as an antisymmetric
representation X of SU(2,2).
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Momentum twistors

1. Represent the dual variables x; € R as projective null vectors
XM e R24, with X2 =0, X ~ A\X.

2. Equivalently, consider the SO(2,4)-vector XM as an antisymmetric
representation X of SU(2,2).

3. The antisymmetric representation X can be constructed out of two
copies of the fundamental representation Z/ of SU(2,2).
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Momentum twistors

1. Represent the dual variables x; € R as projective null vectors

XM e R?# with X2 =0, X ~ AX.

2. Equivalently, consider the SO(2,4)-vector XM as an antisymmetric
representation X of SU(2,2).

3. The antisymmetric representation X can be constructed out of two
copies of the fundamental representation Z/ of SU(2,2).

4. Parameterise the kinematics in terms of the momentum twistors Z',
which after complexification transform in the fundamental of SL(4, C).
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Momentum twistors

1. Represent the dual variables x; € R as projective null vectors

XM e R?# with X2 =0, X ~ AX.

2. Equivalently, consider the SO(2,4)-vector XM as an antisymmetric
representation X of SU(2,2).

3. The antisymmetric representation X can be constructed out of two
copies of the fundamental representation Z/ of SU(2,2).

4. Parameterise the kinematics in terms of the momentum twistors Z',
which after complexification transform in the fundamental of SL(4, C).

ﬁ.z/
“ Xatl

X3 Pa—-1

\-\ Xa—2

Za—2
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Zy, [0905.1473, 1012.6032]
/ Xa—I\ Pa+1
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Cluster algebras: definition

— Clusters

A cluster algebra of rank r consists of clusters

Y =((ar,--»ar), 1, ¥0), Q)

containing the cluster A-variables a;, their coefficients y; and the quiver
Q@ with adjacency matrix b, encoding the connectivity of the variables.

based on [Fomin, Zelevinsky '06]
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Cluster algebras: definition

— Clusters

A cluster algebra of rank r consists of clusters

Y =((ar,--»ar), 1, ¥0), Q)

containing the cluster A-variables a;, their coefficients y; and the quiver
Q@ with adjacency matrix b, encoding the connectivity of the variables.

— Mutation

Mutation takes a cluster into another cluster, p1; : ¥ — Y/, eg.

7%

ioy2 p v @
H,

Y3

based on [Fomin, Zelevinsky '06]
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Cluster algebras: definition

— Mutation (quiver)

Mutation takes a cluster into another cluster, p; : ¥ — Y/, eg.

7%

i Y2 0y p Yi @
H,

Y3

— Mutation (variables)

Mutation takes a cluster into another cluster, p; : ¥ — Y/, eg.

/ year + a3 / A / Y2
@p—oanp=""T—, n1on=n(loy), y3Iry3z=y=—,
a2 (10y2) 1Dy2
where & is an addition on the field of coefficients.
based on [Fomin, Zelevinsky '06]
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Cluster algebras: definition

— Mutation (quiver)

Mutation takes a cluster into another cluster, p; : ¥ — Y/, eg.

7%

n

20 » s vi @
OXOROR-NO®
() v4

— X-variables
To each node in a cluster, we also associate a X'-variable, given by eg.

1
a2

a1

X1=—"Y1, X2=—"Y2,

as

X3 =ax-y3.

based on [Fomin, Zelevinsky '06]
Niklas Henke (ZMP Seminar 2021)

Scattering amplitudes & cluster algebras

02.12.2021
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Hexagon alphabet

@ The symbols known to appear in six-particle amplitudes (the hexagon
alphabet) are functions of the cross ratios

2.2 2 .2 2 .2
_ X13%46 _ XoaX51 _ X35%62
U="52 V=752 W=75">5>

X14%36 X25X41 X36X25

where x7 = (x; — x;)? are Lorentz-invariant distances of dual variables.

see eg. [1108.4461, 1111.1704, 1308.2276, ...]
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Hexagon alphabet

@ The symbols known to appear in six-particle amplitudes (the hexagon
alphabet) are functions of the cross ratios

2 .2 2 2 2 2
_ X13%46 | _ X24%51 _ X35%62
U="52 V=752 W=75">5>
X14%36 X25X41 X36X25
where x7 = (x; — x;)? are Lorentz-invariant distances of dual variables.

@ The entire alphabet consists of the nine letters

{uv,v,w, 1 —u,1—v,1 —w,yu,, Vv, Yw} »

see eg. [1108.4461, 1111.1704, 1308.2276, ...]
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Hexagon alphabet

@ The symbols known to appear in six-particle amplitudes (the hexagon
alphabet) are functions of the cross ratios

2 .2 2 2 2 2
_ X13%46 | _ X24%51 _ X35%62
U="52 V=752 W=75">5>
X14%36 X25X41 X36X25
where x7 = (x; — x;)? are Lorentz-invariant distances of dual variables.

@ The entire alphabet consists of the nine letters
{uv,v,w, 1 —u,1—v,1 —w,yu,, Vv, Yw} »

where the variables y,, y,, y, are defined as

u—2zy

Yu = )
u—=z_

1
2y =5 A+ut+v+wEVAl, A=1-u—v—w)?—duww

see eg. [1108.4461, 1111.1704, 1308.2276, ...]
Niklas Henke (ZMP Seminar 2021) Scattering amplitudes & cluster algebras 02.12.2021 59 /61



Hexagon alphabet (cont'd)

@ When parameterised in terms of the momentum twistors 73, ..., Zs, the
cross ratios are given by
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Hexagon alphabet (cont'd)

@ When parameterised in terms of the momentum twistors 71, ..., Zs, the
cross ratios are given by
(1236) (3456) (1456) (1234) (1256) (2345)

u= vV = w =

(2356) (1346) '~ (1346) (1245)’ (1245) (2356)

@ Also, in terms of the momentum twistors, A is a perfect square given by

(3456) (1256) (1234) + (1456) (1236) (2345)

VA=< (2356) (1346) (1245) ’

whereas the two signs are related by the spacetime parity transformation,
ie inversion of the spatial components of the momenta (p;)* — —(p;)¥
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Periodic clusters and sequences

Definition
A quiver Q is said to be cluster mutation-periodic of period p, if there
is a sequence of p mutations that results in a quiver isomorphic to Q.
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Periodic clusters and sequences

— Definition

A quiver Q is said to be cluster mutation-periodic of period p, if there
is a sequence of p mutations that results in a quiver isomorphic to Q.

— Recursive sequence

Due to periodicity, we can repeat the mutation infinite times and thus
get sequences (a;);y of cluster variables and (y;);y of coefficients with
the same mutation rule at each position i € N, ie. a recursion relation.
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Periodic clusters and sequences

— Definition

A quiver Q is said to be cluster mutation-periodic of period p, if there
is a sequence of p mutations that results in a quiver isomorphic to Q.

— Recursive sequence

Due to periodicity, we can repeat the mutation infinite times and thus
get sequences (a;);y of cluster variables and (y;);y of coefficients with
the same mutation rule at each position i € N, ie. a recursion relation.

— Example

Consider the affine rank-2 cluster algebra of A(ll) Dynkin type. After
mutating any of its nodes, the quiver is the same as before up to switch-
ing the labels of the nodes:

yioy2 " noys e va ¥3' " 7 pa
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