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Abstract

The notion of the center of an algebra over a field k has a far reaching generalization to
algebras in monoidal categories. The center then lives in the monoidal center of the original
category. This generalization plays an important role in the study of bulk-boundary duality
of rational conformal field theories.

In this paper, we study functorial properties of the center. We show that it gives rise to a
2-functor from the bicategory of semisimple indecomposable module categories over a fusion
category to the bicategory of commutative algebras in the monoidal center of this fusion cat-
egory. Morphism spaces of the latter bicategory are extended from algebra homomorphisms
to certain categories of cospans. We conjecture that the above 2-functor arises from a lax
3-functor between tricategories, and that in this setting one can relax the conditions from
fusion categories to finite tensor categories.

We briefly outline how one is naturally lead to the above 2-functor when studying rational
conformal field theory with defects of all codimensions. For example, the cospans of the
target bicategory correspond to spaces of defect fields and to the bulk-defect operator product
expansions.
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1 Introduction

The full center of an algebra A in a monoidal category C is a commutative algebra Z(A) in
the monoidal center Z(C) of C, defined in terms of A via a universal property [Da]. When C is
the category of finite-dimensional vector spaces over a field k, we have Z(C) = C and the full
center coincides with the usual center of an algebra over k. The full center shares in particular
the following property with the latter: if two algebras A, B € C are Morita-equivalent, then
their full centers Z(A) and Z(B) are isomorphic, and under additional assumptions on A, B and
C, the converse holds as well [KRI) [Dal. The full center was first introduced in the context of
two-dimensional rational conformal field theory (CFT) to capture the relation between boundary
fields and bulk fields [Fj, [KR2]. In [Dal, the construction of the full center was formulated in a
way applicable to algebras in monoidal categories in general.

In this paper we study functorial properties of the full center. Note that even the classi-
cal center construction is not functorial in a straightforward way. Indeed, let k be a field and
Vecty, the category of vector spaces over k. Consider the category Alg(Vecty) of algebras in
Vecty, (as objects) and algebra homomorphisms (as morphisms). With respect to this cate-
gory, the assignment A — Z(A) is not functorial because a homomorphism of algebras A — B
does not induce in general a homomorphism of their centers Z(A) — Z(B). In this paper we
propose to remedy this by enlarging the spaces of morphisms between commutative algebras.
In more detail, we will introduce a bicategory CAlg(Vecty) whose objects are commutative k-
algebras and whose categories of morphisms are certain categories of cospans of algebras. The
assignment A — Z(A), together with properly defined maps on morphisms, gives a lax functor
Z : Alg(Vect) — CAlg(Vecty). The vector space example, together with its physical meaning
in two-dimensional topological field theory, was explained in detail in [DKR2]; we summarize the
results in Sections [[11

In the present paper we generalize the domain category first to Alg(C) for a monoidal category
C, and then further to (a subcategory of) the bicategory Mod(C) of C-modules (as objects),
C-module functors (as 1-morphisms) and C-module natural transformations (as 2-morphisms).
The codomain category is generalized first to CAlg(Z), where Z is an abelian braided monoidal
category Z with right exact tensor product, and then further to a bicategory CALG(Z) which is
truncated from a conjectural tricategory CALG(Z). Our main result (Theorem is that the
full center construction provides a lax 2-functor

Z: M(C) — CALG(Z(C)) , (1.1)

where M(C) is a suitable sub-bicategory of Mod(C). The construction of Z is summarized in
Section We believe that the lax 2-functor Z can be lifted to a lax 3-functor from Mod(C) to
CALG(Z(C)) if all internal homs exist, but we do not address this question in the present paper.
We prove that Z in becomes a non-lax 2-functor in (at least) the following two situations:

o if we restrict the domain to the maximal 2-groupoid M(C)* inside of M(C) (Theorem ,
and

e if C is a fusion category and we take M(C) = Mod®(C), the full sub-bicategory of Mod(C)
consisting of only semisimple and indecomposable C-modules (Theorem [7.10]).

As explained in [DKR2], the lax functor Z : Alg(Vecty) — CAlg(Vecty) arises naturally
in two-dimensional topological field theory. In the application to rational conformal field theory,
Vecty, gets replaced by a modular tensor category C, which is the category of modules of a rational
vertex operator algebra (VOA) (i.e. a VOA that satisfies the conditions in [Hu]). The various
ingredients of the lax 2-functor Z have natural interpretations in rational CFT with defect lines
and defect fields. This is outlined in Section [[.3]



1.1 The center of an algebra over a field

Fix a field k; all algebras in this subsection will be unital associative algebras over k. Recall that
the center of an algebra A is the commutative subalgebra:

Z(A)={z€ A|za=azVa € A}.

An algebra homomorphism f : A — B does in general not give an algebra homomorphism from
Z(A) to Z(B), e.g. take the inclusion of diagonal 2x2-matrices into all 2x2-matrices. To remedy
this, we will use certain cospans as morphisms between commutative algebras. This is motivated
by the following construction: The centralizer of the image of f defined by

Z(f) = C(f(A)) ={z € B|2f(a) = f(a)z Va € A} (1.2)

is also an algebra. Note also that Z(B) is a subalgebra of Z(f), and f maps Z(A) into Z(f), and
both Z(B) and f(Z(A)) are in the center of Z(f). We summarize this by the following diagram
(a cospan in the category of k-algebras)

L~ 20 ~_ (1.3)
Z(A) Z(B)

Given two successive algebra homomorphisms A 4y B % € we obtain the commutative diagram

g _Z(9f) 14

_— T~ 7

\ 9/7' \
Z(A) Z(B) Z(C)

which shows that there is an algebra homomorphism from the push-out Z(f) ®z) Z(g) to

Z(gf). This structure suggests a bicategory CAlg(Vecty) as follows:

m Objects: commutative algebras C, D, ... in Vecty.

® 1-morphisms: A l-morphism C' — D in CAlg(Vecty) is a triple (5, ¢, d), where S is an algebra
(not necessarily commutative) in Vecty and ¢ : C — S and d : D — S are homomorphisms of
algebras, whose images lie in the center Z(S) of S. This is represented by the following diagram

S) —S<—7( S (1.5)
The composition of ¢ > p L=7), B i defined by the pushout (C SepTym7), E):
S®pT
/—/ S \ / T \ (1.6)
C D E
m 2-morphisms: a 2-morphism between two cospans C u D and C u D is a

homomorphism of algebras S I T such that the following diagram commutes:

S

/\
V.



Our goal — to make the assignment of the center functorial — is now achieved. More precisely,

we obtain a lax functor Z : Alg(Vecty) — CAlg(Vecty) by assigning A — Z(A) and (A ER B) —
cospan (|1.3]), and defining the unit transformation by identity 2-morphisms and the multiplication
transformations by the following 2-morphisms:

Z(f) ®zm) Z(9)

/ \

Z(4) Z(B) .

/

Z(gf)

The proof of this claim can be found in [DKR2, Thm. 4.12], but it is also a special case of the
general construction we turn to now.

1.2 The full center for module categories

Motivated by the application in rational CFTs, we generalize the full center construction in
two steps. First we extend the category Alg(Vecty) to the bicategory Alg(Vecty) of k-algebras
(as objects), bimodules (as 1-morphisms) and bimodule maps (as 2-morphisms), and then we
generalize further to Mod(C) for a monoidal category C. Each step brings a modification to the
previous constructions.

For an object A in Alg(Vecty), the notion of the center can be defined equivalently by
Z(A) = HOmA®Ao}) (147 A) s

where Hom 4 400 (A, A) is the space of A-A-bimodule maps from A to A, and End(id o-mod) the
space of k-linear natural transformations from the identity functor to itself. Therefore, for an
object A in Alg(Vecty), we can assign its center, i.e. A+ Z(A).
For a 1-morphism A M, Bin Alg(Vecty), i.e. an A-B-bimodule M, we define the value of
the center functor on M by:
Z(M) = HOmA®AoP(M, M) (18)
It fits into a cospan:
Z(M)
7 ~_ (1.9)
Z(A) Z(B)
where, using Z(A) = Homag 400 (A, A), the two algebra maps in the cospan are defined by
(A5 A) = (M~AeyM2E89N, 4w, M~ M),
(B B) » (M~M&pB 2% Meg B~ M).

Similar to , we assign the cospan to a 1-morphism A M, Bin Alg(Vecty,).

Note that for a 2-morphism ¢ in Alg(Vecty), i.e. a bimodule map ¢ : M — N, there is
no algebra map from Z(M) to Z(N) associated to ¢ unless ¢ is invertible. So 2-morphisms in
CAlg(Vecty) must be replaced by something else in order to obtain a functor. As we show in
Section the intuition from defect junction in RCFT provides a solution to the problem. More
precisely, one can consider the following diagram:

/ i[M’VN (1.10)



where [M, N| := Homagaer (M, N), [M,¢] := ¢ o — and [¢p, N] := — o ¢. We show in later
sections that the above diagram is actually commutative, and [M, ¢] is a right Z(M)-module
map, and [¢, N| is a left Z(N)-module map, satisfying additional properties. This leads us to a
new definition of a 2-morphism in the target category. We give the precise definition of such a 2-
morphism, called a 2-digram, in Deﬁmtlon 2l Together with appropriate 3-morphisms between
such 2-diagrams (see Definition 7 we conjecturally obtain a tricategory CALG(Vecty) and
a lax 3-functor from Alg(Vecty) to CALG(Vecty). Now we look at the second generalization,
where we replace Vect; by more general monoidal categories.

Let C be a monoidal category. Instead of working with the bicategory of algebras, bimodules
and bimodule maps, we pass to the bicategory Mod(C) of C-module categories. For a monoidal
category C, the notion of a module category over C or a C-module is simply the categorification
of the notion of a module over a ring [Os]. In more detail, a left C-module is a category M
together with a bifunctor C x M — M and associator and unit transformations subject to
coherence conditions (see Definition . The notion of a C-module functor and that of a C-
module natural transformation can be defined accordingly (see Definition[A.2|and[A-3)). Mod(C)
is the bicategory of C-modules (as objects), C-module functors (as 1-morphisms) and C-module
natural transformations (as 2-morphisms).

For a given monoidal category C, one cannot define the notion of full center for a C-algebra
(or for a C-module) as an object in C because C is not braided in general. But what one can do
is to define the center as an object of the monoidal center Z(C) of C. A definition of full center
for a C-algebra (or a C-module) was introduced in [Da]. In particular, for a C-module M, the full
center Z(M) is defined by an internal hom [id ¢, id rq] valued in Z(C). This definition also works
for any C-module functor F' : M — A. Namely, we can define the centralizer of a C-module
functor F' as an internal hom Z(F) := [F, F] valued in Z(C). This generalize both and
. We recall the definition of [F, F'] in Section Therefore, the cospan is generalized
to a new cospan:

Z(F)
7 ~_ (1.11)
Z(M) Z(N) .

In this case, the construction of 2-diagrams is similar (see the right diagram in ([1.12))). Altogether,
our full center construction can be summarized in the following multilayered assignment:

N o / wh

Z: M (%) N —
\_/

G Nq /

With a proper definition of 3-morphisms between 2-diagrams (see Definition [£.12), we believe
that we obtain a tricategory CALG(Z(C)) of commutative Z(C)-algebras (as objects), cospans
(1.11) (as 1-morphisms), 2-diagrams (as 2-morphisms) and properly defined 3-morphisms, and
that leads to a lax 3-functor from Mod(C) to CALG(Z(C)) with appropriate assumptions
on C and Z(C). We do not deal with the 3-category extension in this paper. Instead we prove
in Section that we obtain a bicategory CALG(Z(C)) if take 2-morphisms to be equivalence
classes of 2-diagrams, and in Section [5] that Z defines a lax 2-functor.

(1.12)

1.3 Relation to two-dimensional field theory

Physical motivations for the definition of CALG(Z(C)) and the full center construction Z comes
from two-dimensional rational CFTs. A natural way to compare two CFTs (or any two field
theories of a given dimension), is to study domain walls between them. These are codimension 1



submanifolds on a two-dimensional surface on which the CFTs are defined. Similarly a natural
way to compare two domain walls between a fixed pair of CFTs is to study domain walls between
domain walls. These are codimension 2 submanifolds which lie inside the codimension 1 domain
walls. For two-dimensional theories we have now reached dimension zero, and we have to stop
here. For higher-dimensional field theories one can go on to higher codimensions (see for example
KK, [FSV] [Ko2]).

Let us describe CFTs with domain walls in more detail and show the relation to CALG and
the full center construction. In doing so we gloss over a number of subtleties, which we briefly
comment on at the end of this section.

m CFT without domain walls: A CFT can be defined in terms of its correlation functions,
which are subject to certain consistency conditions called sewing constraints. We use an axiomatic
approach via the representation theory of vertex operator algebra (VOA), see for example [Kol]
for more details and references therein.

To an oriented compact closed Riemann surface ¥ with an ordered list of marked points (a
point on X together with a local coordinate and labelled ‘in’ or ‘out’), a CFT assigns a multilinear
map C(X) : B x -+ x B* x --- = C, called the correlator. Here B is a vector space (graded
by scaling dimension), called the space of bulk fields, and B* is its graded dual. The domain of
the correlation function C(X) has one factor of B for each marked point labelled ‘in’ and one
factor B* for each point labelled ‘out’. The consistency conditions arise via gluing surfaces by
identifying neighborhoods of an in-going and out-going marked point using the local coordinates.

To make the connection to the construction in Sections[I.1] and we will consider rational
CFTs. In these cases, the subspace of holomorphic fields contains a rational vertex operator alge-
bra (VOA) Vi, and the subspace of antiholomorphic fields contains a rational VOA Vj called the
left- and right-moving chiral symmetry algebrasﬂ . (Anti-)holomorphic fields have the defining
property that any correlator involving such a field depends (anti-)holomorphically on the corre-
sponding marked point. By a rational VOA we mean a VOA satisfying certain conditions such
that the category Rep(V) of V-modules is a modular tensor category [Hu|. We set Rep(V); :=
Rep(V) and Rep(V)_ to be the same category as Rep(V') but with braidings and twists replaced
by anti-braidings and anti-twists, respectively. It is clear that Rep(V)_ is also a modular tensor
category. For two rational VOAs Vj, and Vg, the Deligne product Rep(Vy)+ K Rep(Vr)—, is also
a modular tensor category. We abbreviate D = Rep(V},)+ X Rep(Vg)—. The space of bulk fields
B is an object in D.

The correlation functions endow B with an additional structure, for example the Riemann
sphere with three marked points labelled ‘in’, ‘in’, and ‘out’ defines an associative product on B
in the category D, and the sphere with one out-going marked point provides a unit, turning B
into a (unital, associative) commutative algebra; for more details see for example [FRS| [Kol].
Thus a CFT without domain walls with chiral symmetry Vi, ®c Vg gives an object in CALG(D).

m CFT with domain walls: A CFT with domain walls assigns correlators to Riemann surfaces
¥ with marked points that in addition have an embedded smooth oriented submanifold A of codi-
mension 1, whose connected components are called domain walls or defect lines. For the present
exposition we restrict our attention to situations where the submanifold has empty boundary,
and where the surface is bicolorable in the following sense. To each connected component of
¥\ A we assign one of two possible colors, say ‘1’ and ‘2’, such that ‘to the left’ of each defect
line we have color 1 and ‘to the right’ we have color 2 (the orientation of the surface and the
submanifold determines ‘left’ and ‘right’). A marked point may lie in an area of color 1 or 2, or it
may lie on a defect line. The correlators are again subject to sewing constraints. A formulation
of CFT with defect lines similar to the functorial approach by Segal [Se] has been given in [RS]
and [DKR2].

2A VOA is defined in terms of formal variables. One can chose to replace the formal variables by holomorphic
complex variables 21, 22, - - - (or its complex conjugate z1, Z2, - - - ) to obtain holomorphic fields (or anti-holomorphic
p ) p jug s 1% 1%
fields).



Figure 1: In these figures we cut out little discs around the marked points and mapped the
picture to the plane. Figure a) shows the surface which provides the multiplication on the space
D. Namely, it gives rise to a morphism D ® D — D in the category D = Rep(Vy )+ KRep(Vg)-.
Figure b) shows the surface that defines the morphism B; — D.

Here we restrict our attention to such CFTs with domain walls, for which correlators depend
on the position of the embedded submanifold only up to homotopy El Such domain walls are
called ‘topological’ (in the same sense that a field theory is called ‘topological’ if its correlation
functions depend on the marked points only up to homotopy).

Depending on wether a marked point lies in an area of color 1 or 2 or on a defect line, the
corresponding argument of the correlator lies in one of three state spaces (or their duals), which
we denote by By, Bs, and D, respectively; D is called the space of defect fields. Note that if the
Riemann surface contains no defect lines (i.e. the embedded submanifold is empty), we can color
the entire surface either by 1 or 2. Thus a CFT with domain walls contains as a part of its data
two CFTs without domain walls.

In the setting of rational CF'T we demand in addition that B; and By contain the same chiral
symmetry, i.e. they are both objects in D, and we demand that the defect lines are ‘transparent’
to VL, ®c Vg (the defect line can cross a marked point without affecting the value of the correlation
function if the corresponding argument is taken from Vj, ®c Vg), which then implies that also D
is an object in D.

The correlators endow the state spaces with an additional structure. As before, By and B»
are commutative associative algebras, and D is a (not necessarily commutative) algebra. For
example, the multiplication on D is obtained from a sphere with a defect line placed on the
equator and three marked points on the equator labelled ‘in’, ‘in’, and ‘out’, see Figure [[]a.

Consider once more the sphere with an equatorial defect line, and take the upper and lower
hemispheres to be of color 1 and 2, respectively. Putting an in-going marked point on the north
pole and an out-going marked point on the equator defines a map By — D (Figure b); the
sewing constraints imply that this has to be an algebra map (place two marked points in the
upper hemisphere and decompose the surface in different ways — see Figure [2)). Similarly one
obtains an algebra map By — D.

Thus a CFT with topological domain walls and chiral symmetry V;, ®c Vg gives a cospan

/D\ (1.13)

By By

i.e. a 1-morphism in CALG(D).

m CFT with domain walls between domain walls: Next we enlarge the allowed decoration
data of Riemann surfaces to which a CFT assigns correlators by including also codimension 2
submanifolds lying inside the codimension 1 submanifolds, i.e. distinguished points on the defect
lines. These distinguished points are different from the marked points: they do not carry a local

3The homotopy is required to keep marked points fixed, and the submanifold must not intersect itself or cross
marked points during the homotopy.



Figure 2: Surfaces can be sewn together using the local coordinates around an in- and out-going
marked points. We symbolize this procedure in the above pictures by the dashed circles. For
example, figure a) shows a sphere with two in-going and one out-going marked point which has
been obtained by sewing two copies of the spheres in Figure [I]b to the in-going punctures of the
sphere in Figure [[Ja. The two decompositions at different points in the moduli space shown in
figure a) and b) above result in the statement that the morphism B; — D in D is compatible
with the multiplication on By and D.

coordinate and they do not give rise to a factor in the product of vector spaces that forms the
domain of the multilinear map given by the correlator.

We demand that the defect lines are bicolorable in the following sense. Denote the two colors
by ‘a’ and ‘b’, say. Each connected component of a defect line minus the marked and distinguished
points carries color ‘a’ or ‘b’. The color may change across a distinguished or marked point from
‘a’ to ‘b’ or vice versa.

As above, we restrict our attention to topological domain walls, and to topological domain
walls between domain walls, i.e. the correlators do not depend on the position of the distinguished
points on the defect lines, as long as one does not move a distinguished point past a marked point.

For such a CFT we already have a rather long list of state spaces: B; and By for marked
points in areas of color 1 or 2; D, and D, for marked points on a defect line with color a or b on
both sides of the marked point; D,;, for a marked point on a defect line across which the color
changes from ‘a‘ to ‘b’; Dy is called the space of defect changing fields. Note also that a CFT
with domain walls between domain walls contains as part of its data two CFTs with domain
walls, namely we can color defect lines without distinguished points by ‘a’ or ‘b’.

The correlators endow the state spaces with addition structure. As before we have cospans
By, - D, + By and By — D, + B>. In addition, take a sphere with equatorial defect,
hemispheres colored ‘1’ and ‘2’, and the defect itself split into two semicircles colored ‘a’ and 'b’.
These are joined by a distinguished point (for the transition from ‘a’ to ‘b’) and by an out-going
marked point (for the transition from ‘b’ to ‘a’). Placing an additional in-going marked point on
the semi-circle colored ‘a’ (resp. ‘0’) gives a map D, — Dy (resp, Dy — Dgp). These maps can
be collected in the diagram

By Dy Bs (1.14)

The sewing constraints imply that D, is a D,-Dp-bimodule and that the above diagram satisfies
all the defining properties of a 2-diagram (see Definition . Therefore, a CFT with chiral
symmetry Vi, ®c Vi and with topological domain walls between domain walls, considered up to
isomorphism, gives a 2-morphism in CALG(D).

So far we have outlined how the bicategory CALG(D) appears in the study of CFT in the
presence of domain walls. It turns out that the full center construction also arises in this context,



type of CFT algebraic data in Rep(V)

without domain walls A, a (special symmetric Frobenius) algebra. In this case the
space of bulk fields is B = Z(A) € D, the full center of A.

with domain walls (A1, Ay, M), where Ay, Ay are (special symmetric Frobe-
nius) algebras, and M is an A;-As-bimodule. The space
of defect fields D is the internal hom [F,F] € D, where
F = (—-)®a, M is a functor from A;-mod to As-mod. Both
categories are left module categories over D.

with domain walls (A1, A, My, My, &), where Ay, A are as above, M,, M,

between domain walls are Aj-As-bimodules, and ¢ : M, — M, is a bimodule in-
tertwiner. The map ¢ provides a natural transformation
between the functors F = (—)®4, M, and G = (=) @4, M.
The space of defect changing fields D,y is the internal hom
[F,G] € D.

Table 1: Different types of CFTs and the algebraic data needed to define them in the description
via 3d TFT. Since the full center Z(A) of A only depends on the Morita class of A [KR1l [Da],
we can replace A; by M := A;-mod and Ay by N := Ay-mod. The relations between the above
data then organize themselves into the two diagrams given in .

as we now describe. Examples of the three types of CFTs discussed above can be constructed
with the help of three-dimensional topological field theory (3d TFT). For this construction to
apply, the chiral symmetry of the CFT needs to obey V = Vi, where V := V; = Vg is
a rational VOA. In this case, the Deligne produce D = Rep(V); K Rep(V)_ is canonically
equivalent to the monoidal center Z(Rep(V)) of Rep(V) [Mi]. The 3d TFT in question is the
one associated to the category Rep(V') via the construction of Turaev [Tu]. CFT correlators are
constructed as invariants of three-manifolds (with non-empty boundary) and embedded ribbon
graphs [FRS| [Fr, [FFS|. The coloring of the ribbon graph depends on additional algebraic data
in RepV as listed in Table[I] and the relations between these pieces of data are exactly as given
in . From this we see that the 3d TFT construction of rational CFTs in the presence of
domain walls contains within it the full center construction.

Remark 1.1. It is curious to note that, on the one hand, the functoriality of full center needs
defects of all codimensions; on the other hand, the simple statement of this functoriality also
summarizes all local structures in an RCFT with topological defects efficiently. This functoriality
of full center in rational CFT is not an isolated phenomenon. A categorification of it [Ko2], which
is associated to the extended Turaev-Viro topological field theories, is still conjectural but obvious
by physical intuition. In [Ko2|, it was conjectured that this functoriality (with additional nice
properties) holds for all extended topological field theories. A related but different 2-functor was
constructed in [ENOQ9]. Another related result is presented in [Lu, Cor. 2.5.13], where to an E[k]-
algebra (in a symmetric monoidal co-category) one assigns its center, which is an E[k+1]-algebra
in the same category.

This ends our short exposition of the relation between CFT and the full center construction.
To conclude let us just list — without comment — some of the issues we have left aside to keep
the presentation short. For higher genus surfaces one either has to include a line bundle over the
moduli space of Riemann surfaces or content oneself with obtaining rays of multilinear maps as
correlators (this is due to the conformal anomaly; it can be avoided at genus 0). The formulation
of the sewing constraints for CFTs with domain walls requires the introduction of defect junctions
of higher valencies, whereas above we have restricted ourselves to valency 2. The construction of
correlators via 3d TFT is proved only for surfaces of genus 0 and 1, for surfaces of higher genus,
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it relies on the conjectural equivalence of two modular functors, one obtained from conformal
blocks and one from the 3d TFT.

The rest of the paper is organized as follows. In Section [2] we review the notion of action
internal hom; in Section [3| we will review the notion of full center of an algebra in a monoidal
category C and set our notations; in Section [4| we will construct two bicategories: CAlg(Z) and
CALG(Z); in Section [5] we will present the full center construction; in Section [6] and Section
we restrict the domain of the full center construction to Mod™ (C) and Mod®(C), respectively,
and show that we obtain non-lax 2-functors in both cases.

Acknowledgement: We would like to thank Victor Ostrik for explaining some of his earlier
works to us. AD thanks Max Planck Institut fiir Mathematik (Bonn) for hospitality and excel-
lent working conditions. LK is supported by the Basic Research Young Scholars Program and
the Initiative Scientific Research Program of Tsinghua University, and NSFC under Grant No.
11071134. AD and IR thank Tsinghua University for hospitality during a visit where part of this
work was completed. IR is supported in part by the German Science Foundation (DFG) within
the Collaborative Research Center 676 “Particles, Strings and the Early Universe”.

2 Action internal homs

In this section we recall the definition of action internal homs. Some of their properties are best
stated in the language of enriched categories and we will therefore also use this language, even if
enriched categories do not feature in the rest of this paper. Most of the results collected in this
section can be found e.g. in [JK] [Os].

2.1 Module categories and internal homs

Let C be a monoidal category with tensor product ® and tensor unit 1¢ and let M be a left
module category over C (or a C-module, for short). We briefly review the definition of module
categories, module functors and natural transformations between them in Appendix Action
internal homs are defined by a universal property as follows.

Definition 2.1. For M, N € M the action internal hom [M, N] is an object of C equipped with
amap evys : [M, N]*x M — N such that ([M, N],evy) is terminal among the pairs (U, f), where
UeCand f:U=+M — N is a morphism in M. That is, for each such pair there is a unique
morphism f : U — [M, N] which makes the diagram

UsxM-—-—-—"=——>[M,N|«M (2.1)

commute. Equivalently, the action internal hom [M, N] is the terminal object in the comma-
category Ap; L N, where Aps : C — M is the functor sending X € C to X x M.

The notion of action internal homs is a generalization of that of internal hom of a monoidal
category. The latter one corresponds to the regular action of a monoidal category on itself. For
brevity, we will refer to both as ‘internal hom’.

Remark 2.2. (i) The assignment f + f in Definition gives a natural isomorphism

Homa (X * M, N) = Hom¢(X,[M, N]). (2.2)
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This shows the equivalence of our formulation to that used in [Os|, where the internal hom
functor [M, —] : M — C was defined as the right adjoint of —* M : C — M.

(ii) Let Vecty be the monoidal category of (not necessarily finite dimensional) vector spaces over
a field k. There is a canonical isomorphism Hom(U ® V,W) = Hom(U, Hom(V,W)). Thus,
if we consider Vect; as a module category over itself, the internal hom is just the usual hom,
[U,V] =Hom(U,V).

(iii) Internal homs may or may not exist. For example, consider a monoidal category C as a
module category over itself, and let G be the full monoidal subcategory of C of invertible objects
(or even just the tensor unit itself). Then C is also a G-module, but may not have internal homs
in G. For example, this happens for Vect; where G consists of 1-dimensional vector spaces.

Definition 2.3. A subcategory N'C M of a C-module M is called C-closed iff the internal hom
[M, N| exists for all M, N € N. (N is not itself required to be a C-module; it is understood that
the condition (2.1)) — or (2.2)) — is to be applied to all morphisms in M, not only to those in N.)

Remark 2.4. (i) The above definition allows to select a sub-class of objects in M for which
internal Homs exist, the condition of being C-closed is independent of the morphism sets in N
(but of course not of those of M and C). This is helpful because we will be interested mainly in
module categories that in turn arise as categories of C-module functors between given C-modules,
and we may want to single out certain sub-categories of functors. For example, if G denotes
the sub-category of invertible such functors with invertible natural transformations, we can say
‘assume G is closed’ rather than ‘assume that the class of objects in G is a closed sub-class’ or
‘assume that the full subcategory containing the same objects as G is closed’. Note that in this
example, G will typically not itself be a module category.

(ii) The above example also shows that for a C-closed C-module M, it is possible to have a
monoidal subcategory C’ of C such that M is not C’-closed.

Convention 2.5. In order not to make the commutative diagrams unnecessarily large, we adopt

the following conventions.

(i) We write f1 as an abbreviation for f *id or f ®id, and fg for f xg or f ® g.

(ii) We will usually not spell out the associator and unit isomorphisms in monoidal categories or

module categories. For example, given amap f : V«M — N we may write (UQV )« M A, UxN
—1 i

instead 0f(U®V)*MM>U*(V*M) v, U« N

Lemma 2.6. If M is a C-closed subcategory of a C-module, the internal hom [—,—] gives a
functor from the product category M°P x M into C.

Proof. We start by construction two families of functors, [M, -] : M — C and [—, M] : M°P? — C
for all M € M. On objects both are given by the internal hom.

Let f: N — N"and g : M — M’ be morphisms in M. We define [M, f] : [M, N] — [M, N']
and [g, N]: [M', N] — [M, N] via the universal property,

[M7N}*M77‘7L7>[M7N/]*M [MlvN]*M 77777 >[M7N}*M
levM ieka \ng levlw (2.3)
N ! N’ [M', N] % M/ — =2 N

Using the uniqueness requirement in the universal property, one checks that [M,idy] = idj, Ny,
[ldM7N] = 1d[M,N]7 [Ma f]o[va/] = [M7fof/] and [gl,N]o[g7N} = [gOg/,N] where f/ :N'"— N"
and ¢’ : M' — M".
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Next we will show that the two functors commute in the sense that [g, N'] o [M’, f] = [M, f]o
[, N1, where both are maps [M’, N| — [M, N']. Consider the diagram

[g,N]1

[M',N] + M [M,N] + M
\ y
[M',N]« M' 2~ N
(2.4)
M, f11 [M"f]ll f (M, 1
[M/,Nq ” M/eVM’ N’

(M, N « M oI

[M,N'] + M .

All but the leftmost square commute by the commutativity of the two diagrams in . The
commutativity of the leftmost square follows from the statement that * is a functor C x M — M.
Thus the two maps [M’, N] « M — N’ defined by the outer square (composed with evys) are
equal and the universal property implies [g, N'] o [M’, f] = [M, f] o [g, N].

Altogether this shows that the two families of functors [M, —] and [—, M] define a functor
MP x M — C (cf. [Mall, Sect.IL.3, Prop. 1]). O

In Vecty, there is a canonical homomorphism X ® Hom(L, M) — Hom(L, X ® M) taking 2 ® f
to the map [ — z ® f(I). This map is an isomorphism if X is finite dimensional (choose a basis
of X), but in general it is not (take X and L infinite dimensional and M = k). General internal
homs behave similarly. For X € C and L, M € M, we have a map

x: X @ [L,M] = [L, X * M| (2.5)

defined by the universal property of the internal hom:

(X@[L,M)*L-— - 22" C o[, X« M|« L
\ / (2.6)
XM

Here the arrow labelled 1evy makes sense in view of Convention For f: X — X', the
universal property implies commutativity of the diagram

X (L, M] —X = [L, X * M]
1 J{[L,fl] (2.7)
X' @ [L, M] 2~ [L, X"« M],

so that + is a natural transformation from (—) ® [L, M] — [L,(—) x M], both of which are
endofunctors of C.

An object of Vecty, has a right (or left) dual iff it is finite-dimensional. For general internal
homs we have the following

Lemma 2.7. Let M be a C-module, and let X € C have a right dual XV. Suppose that the
internal homs [L, M|, [L, X * M|, [L, XY « M], [L, (XY ® X) * M| exist. Then vx : X ® [L, M] —
[L, X * M] is an isomorphism.
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Proof. The following identities for v(_y follow immediately from the universal property:
Yie = idiz My, Yxey = 7x o (idx ®7y). (2.8)

Denote by e 2% X @ XV and XV @ X %5 1¢ the duality maps. We have the commutative
diagram

[L, X % M] %L o~ X« M
bxlll bxlli \
(X@XVRLX*M)+L —""  _(XeoxVeX)sM 2 = (2.9)
1wxvli / /
(X ® [L, (XV@X) « M]) « L 2 (x o0, M)

Thus, if we define the map Jx : [L, X * M| - X ® [L, M] as Jx := (1[L,dx1]) o (1yxv) o (bx1),
the above commutative diagram implies commutativity of

[L,X « M]*L

/ \ (2.10)

levy,

(X ® [L, M]) X« M .

The universal property of the internal hom immediately gives vx o yx = id[;, xgu- For the
composition in the opposite order, we compute (again not writing out associators and unit
isomorphisms)

—~
~—

1[L,dx1]) o (Iyxv) o (bx1) oyx
1[L,dx1]) o (Iyxv) o (11vx) o (bx11)
l[L,dXI]) o (l’yXV®X) (bxll)

1710) 0 (1dx1) o (bx11) 2 idyg o - (2.11)

Ixovx =

—~
N
—

—~
w
=

—~
g

(
(
(
(

Here step 1 is the definition of 7, step 2 is functoriality of the tensor product of C, step 3 uses
(2.8), step 4 is the naturality (2.7) of -y, and step 5 follows from 7;, = id and the properties of
duality maps. 0

As we have seen, in Vecty internal homs are just homs, which can be composed. Analogously,
for general internal homs the universal property allows to define a composition morphism

C]\/[ECN7]W7LI [M,L}@[N,M]—)[N,L] (212)
in terms of the commutative diagram

([MaL]® [NaM])*Nf -——=- >[NﬂL} * N
llevN levN (213)

evpr

[M, L]« M

Lemma 2.8. Let M be a C-module, and let K, K/, L, L', M, N € M.
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(i) If all internal homs in (2.14)) exist, the composition morphism Cj; can be factorized as

[N, [M, L] * M] (2.14)

y W\]

[M,L]® [N, M] O

[N, L]

(ii) If all internal homs in (2.15]) exist, the composition morphisms are associative in the sense
that the diagram

(IM,N]® [K, M) ® [L, K] i [M,N]® ([K,M]® [L, K]) (2.15)
CMll/ \L1CK
(K, N]® [L, K] —<X [L, N] M 1M, N]® [L, M]
commutes.

(iii) Suppose all internal homs in (2.16)) exist. Then for f : M — M’ and ¢g : K’ — K we have
the commuting squares

L, MoK, 1) — 2 n e[k, 1) (L, MK, I —25 L e[k, 1)

lm %L kL im
(K, /] lg,M]

[K, M] [K,M'], (K, M] [K', M].
(2.16)

Note that, while the proof of Lemma required more internal homs to exist than just the
ones appearing as source and target of the map vx : X ® [L, M] — [L, X % M], the proof of
Lemma 2.8 only needs the existence of the internal homs appearing explicitly in the diagrams

E1). (£19). and (E10)

Proof. (i) By the universal property of internal homs it is enough to check that the two maps
evy o (Cpy1) and evy o ([N, evar]l) o (yarg,ry1) from ([M,L] ® [N, M]) * N to L agree. This in
turn can be quickly verified by inserting the definitions (2.3)), (2.6) and (2.13)) of [N, —], v and
C.

(ii) Tt suffices to check that the two morphisms from (([M, N]® [K, M]) ® [L, K]) * L to N given
by a = evp o (Cprl) 0 (1Ck1) and b = evy, o (Ckl) o (Cps11) agree. This can be checked by
substituting the definition (2.13) twice into a, while for b one needs to use (2.14]) to replace
(Car11). It is then straightforward to verify a = b from the definition of yjps, N7 and [L,evy].

(iii) The first identity follows from the universal property together with the commutativity of

7y

(we omit ‘®’, ‘«” and brackets)

L, M][K, LK A L, MK, LIK (2.17)
w* 1ev;<J/ Cr1
Co1 i, v —2 (K, M'|K
l J/ eV
evpy, evyp
(K, MK — % M ! M

w\ evi

(K, M'| K
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The commutativity of the individual cells holds by definition of [K, f], [L, f] and Cr. The second
square can be checked analogously. O

Recall the notation f from . From 1¢ « M RN V' (using Conv. we get the map
idar 2 1¢ — [M, M], and it is straightforward to check that it makes the following diagram
commute,

Cn Cm

[N,N]® [M,N] —— [M,N] <—— [M,N]| ® [M, M] (2.18)
le ® [M, N] [M,N]® 1¢ .

Remark 2.9. (i) An immediate consequence of the above observations is that if the internal
hom [M, M] exists, ([M, M],Cas,idar) is an algebra in C. Analogously, [N, M] is a left-[M, M]
and right-[ N, N] module.

3y _ S L o DLE
(i) If f: M — N and f': M’ — N’ are isomorphisms in M, then by Lemma [M,M'] ——

[M,N'] and [M,N'] A, [N, N'] are isomorphisms in C. One can also show that the mor-

phism [f~1 f] : [M, M] — [N, N] is an algebra isomorphism, but we will not need this result.

2.2 Enriched categories

It is possible to summarize above structures using enriched categories (see [Ke| for definitions).
We define a category MC whose objects are given by objects in M and whose morphisms are
internal homs, Hom (M, N) := [M, N]. The compositions is given by the composition mor-
phism and the identity is idas. The commutative diagrams and simply say
that M® is a category enriched over C, or a C-category for short.

Let M and M’ be C-closed subcategories of two C-modules M and M, respectively. Let
F: M — M be a C-module functor (see Appendix for definition and conventions), which
maps M to M.

There is a canonical map [F|ja, n : [M, N] — [F(M), F(N)] given by

2 _
[Flarny = Flevar) o (B a0 ™ (2.19)
i.e.
Hl[F][M,N]l
[M,N]* F(M) - — == — > [F(M),F(N)]« F(M) (2.20)
\L(F[(J\Q/I),N],M)l levF(M)
F(eva)
F([M,N]* M) F(N) .

Sometimes we abbreviate [F][as, 5] = [F]. It is clear that when the functor F" is the identity, then
[F][ar,n) s the identity map on [M, N].

Lemma 2.10. [F];_ _; satisfies the following functorial properties. For ¢ : K — L and ¢ : M —
N, the following diagrams

i, ] L (P, PO and  [L, M] -2 (F(L), F(M)] (2.21)
[L,w]l J/[F(L)’F(w)] [¢’M]l J{[F(@,F(M)]
1L, N] 2L [F(L), F(N)] &, M) 2 [P(K), F(M))

are commutative.
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Proof. To prove the first property in (2.21)), we consider the following diagram (omitting *):

[F1

(L, M]F(L) [F(L), F(M)]F(L)
wA [F(L),F ()
(L, NJF (L)~ [F(L), F(N)|F(L)
(F(2))—1 (F<2))—1i iev ev
F(L,NIL) — . p(w)
D F($)
F(ev)

F([L, M]L)

By and the first commutative diagram in , all subdiagrams, including the outer square,
except the subdiagram on the top are commutative. Hence, we have ev o ([F|1) o ([L,¢]1) =
evo ([F(L), F(1)]1) o ([F]1). The first property in follows by the universal property of the
internal hom.

The proof for the second property in is entirely similar, we only mention the difference.
Consider the following diagram (omitting x*):

(L, M]F(K) Sk [F(L), F(M)]F(K)

[#,M]1 [F(#),F(M)

K, M]F(K) —25% [F(K), F(M)|F(K) 1F(9)

(F®)H—1 (F(2))1\L lev
F(ev) ev

F(K,M|K) ——— F(M)<=— [F(L), F(M)]F(L)

F([é,M]1
(¢.M] TF(EV) [F]1

F(1¢)

(L MIE) F(L ML) L MIF(L)
Since F?) o F(1¢)(F®)~1 = 1F(¢), it is easy to see that the outer square is commutative. Then

running the same argument as the proof of the first property, we obtain the proof of the second

property in (2.21]). O
Lemma 2.11. [F]_ _; defines a C-functor F© : M® — M’€. Equivalently, the two diagrams
le (2.22)
[Fliar,an
(M, M] [F(M), F(M)]
[N, P] @ [M, N] s M, P| (2.23)

\L[F]Q?[F]
Crn)

[F(N), F(P)] @ [F(M), F(N)] —————— [F(M), F(P)]

commute for all M, N, P € M. In particular, the morphism [F]: [M, M] — [F(M), F(M)] is an
algebra homomorphism.
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Proof. The commutativity of (2.22)) follows from the commutative diagram

idps1 F 1
Lo % F(M) ——=2 (A, M) w F(M) — D0t

F(idy1)
(FEH)

F([M, M] « M)

[F(M), F(M)] * F(M) (2.24)

iF(CV}\/j)
(M)

together with the universal property of [F'(M), F(M)]. To check commutativity of (2.23), con-
sider the diagram (we omit all ® and x and brackets)

[N, P [M, N] FM Hrh [N, P|[FM, FN] FM — X _ [FN, FP|[FM, FN| FM

levin
1 F(evas) [F]1

cnxt| [N, P|F([M,N]M) ———> [N, P| FN —— [FN, FP] FN

iF(CN)o(F(Q))l CrnN1

(F@)H~1
[M,P]FM —>F .
VFN

(M, P] M)
eveEn FpP eVrEM

[FM,FP|FM [FM,FP)FM .
Here all but the central pentagon are immediate consequences of the definition of C, Fj_ _) and of
the fact that F' is a C-module functor. The central pentagon is also easily checked by substituting
these definitions. O

Lemma 2.12. Let £, M and N be C-modules and F': £L = M and G : M — N be C-module
functors. If the three internal homs in the following diagram exist, then the diagram commutes,

i, M) — 2 (P (M), P (M) (2.25)
[GoF] J{[G]

[GF(M),GF(M")] .

Proof. As usual, this can be seen by composing with (=) * G(F(M)) and showing the cor-
responding identity of morphisms [M, M'] « G(F(M)) — G(F(M’)). The latter follows in a
straightforward way when inserting the definitions of [F], [G] and [G o F] from (2.20). O

Analogously to the definition of F in the beginning of this subsection, let G : M — M’ be a
another C-module functor which maps the C-closed subcategory M to the C-closed subcategory
M. Given a C-module natural transformation F 2 G, the map 1¢ * F(M) LZIN G(M) induces
a morphism ¢y : 1¢ = [F(M),G(M)] as in (2.1). There are two equivalent ways to realize ¢,
namely

ou = (1Cm>[F(M),F(M)]M[F(M),G(M)])7
o (1C idoan [G(M),G(M)]M[F(M),G(M)]), (2.26)

Both identities can be checked by composing with (—) * F(M) and substituting the definitions.
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Lemma 2.13. The following diagram commutes,

(M, N] Gl [F(M), F(N)] (2.27)
[G]i \L[F(M)MbN]
(M), GNY] —22EDN p ), G(v)

Proof. Composing with (=) x F'(M) and inserting the definition of [¢ar, G(N)] and [F(M), ¢n],
one finds that commutativity of the above square follows from commutativity of

/W\

(2.28)

[M,N]* F(M ([M,N]* M)
(F[MN M)_l F(evM)
1 ¢M\L \Ld’[M N]*M \L¢N
( E?} NI, M)_l G(evM
[M,N]* G(M ([M,N]* M)

The commutativity of the two triangles amounts to the definition of [F] and [G]. The left square
is condition (A.5) on a C-natural transformation, and the right square is the naturalness of ¢. O

Lemma 2.14. ¢) defines a C-natural transformation #¢ : F¢ — GC. Equivalently, the diagram

le ® [M,N] ——— [F(N),G(N)] ® [F(M), F(N)] (2.29)

m
[F
\ y
= [Gl®om

[M;N]©1e ——— [G(M), G(N)] @ [F(M), G(M)]

is commutative.

Proof. Making use of the identities , we see that the lemma will follow once we establish

commutativity of all cells in the dlagram (we omit ‘®’, ‘«” and brackets)
(F] idpy1
[M, N] [FM, FN] ———— [FN, FN][FM, FN]
FN,pn]1
l[G] \le \
[GM,GN] [FM,FN] [FN,GN][FM,FN)]
\Llidc]w\ [FM,qu]l -
[6n,GN]
[GM,GN][GM,GM] —— [GM,GN] ————— [FFM,GN]

W\%

[GM,GN][FM,GM)
(2.30)
The two triangles amount to the identity and the two outer squares are special cases of
Lemma (iii). The central square (which looks like a hexagon) commutes by Lemma O
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In the case that the C-closed subcategory M is already the entire C-module, the above results
can be summarized into the following Theorem.

Theorem 2.15. Let C be a monoidal category. The assignment M +— M, F  FC¢ and
¢+ ¢° defines a functor (—)¢ from the 2-category of C-closed C-modules into the 2-category of
C-categories.

3 Module categories and the monoidal center

In this section, we recall the construction of the full center for a module category over a monoidal
category C and the centralizer of a C-module functor. We will also prove some basic properties
of them. In particular, the commutativity proved in Proposition[3.7] will be important for the
constructions in later sections.

3.1 The full center of a module category

The full center of an algebra A = (A, m4,t4) in a monoidal category C is a commutative algebra
in the monoidal center of that category. Instead of the algebra A one can use its category of
(right, say) modules C4 as the input. Note that C4 is an example of a (left) C-module. More
generally, the full center can be defined for arbitrary C-modules via a universal property.

To start with, let us recall the definition of the monoidal center (see [JS| Ex.2.3] or [Ka)
Sect. VIIL.4)).

Definition 3.1. Let C be a monoidal category. A half-braiding for an object Z € C is a natural
isomorphism z : Z® (=) — (=) ® Z such that z;, = idz and zpgy = (idy ® zv) o (zy ® idy ) for
all U,V € C (recall Convention [2.5/(ii)). The monoidal center Z(C) of C is the category where

- objects are pairs (Z, z) where Z € C and z is a half braiding for Z,

- morphisms f : (Y,y) — (Z,z) are morphisms f : Y — Z in C such that for all U € C:
zv o (f®idy) = (idy @ f) o yu,

- composition and identities are those of C.

The monoidal center has two important properties. Firstly, there is a natural functor Z(C) —
C, namely the forgetful functor taking (Z, z) to Z. Secondly, Z(C) is monoidal and braided (see
[Kal, Thm. VII1.4.2] for a proof). The tensor product and braiding isomorphisms of Z(C) are

(Y,y)®(Z,2) = (Y ® Z,y|lz) where (y|z)v = (yv ®idz) o (idy ® 2v) (3.1)
and
C(Y,y),(Z,Z) =Yz : (Y7 y) & (Z7 Z) — (Z5 Z) & (Ya y) . (32)

Given a left C-module M, a-induction [BEK] [Os] is a monoidal functor a from Z(C) to the
category C}, of C-module endofunctors of M. The functor sends an object (Z,z) € Z to the

functor
alZ): M—=-M, o(Z)M)=Zx*M. (3.3)

with the C-module structure (cf. Definition |A.2)

le

Zx(X*M)——= (ZX)+M — (XQZ)«x M —= X x(Z+x M) .
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Following [ENOOQ5], we denote the category Func(M, M) of C-module functors from M to
M by C},. It is a monoidal category with tensor product giving by the composition of functors.
We denote the monoidal category with the same underlining category and but with the opposite
tensor product by C}.

Proposition 3.2. The a-induction o : Z(C) — Cj, factors through Z(C%,), i.e. the following
diagram of monoidal functors commutes

Z(Ch)
/ wet
Z(C) o Ci

Proof. Define a half braiding dz r : a(Z) o F — F o a(Z), for F' € C}, by

FHONE )

Oz r)m = (a(Z) oF(M)——Z*xFM)——=F(Z+«M)——=F o«a(Z)(M) (3.5)

It is clear that (07 7)a is natural in M. That éz p is even a natural transformation of C-module
functors amounts to commutativity of the following diagram:

(0z,F)x«M

a(Z)(F(X « M)) F(a(Z)(X « M))

T~ _—

ZxF(X*M)<——F(Z (X *xM))

(2)
Fyxem

LF,, F(az,x,m)

Z* (X xF(M)) F(Z® X)*x M)

Foxm
Az X, F(M) / F(zar*1)

(Z® X) % F(M) F((X ® Z) * M)

zx *1 F(a;(lz.M)
) .z,
XZ,M

(X @ Z) + F(M) F(X # (Z % M)
a;(‘lZ,M F)(?,)Z*M
(2)

zZ,M

X+ (Z % F(M)) =22 X 4 F(Z + M)

M))/ \

X« F(a(2)(M))

X xa(Z)(F( XeGaron

Here the horizontal arrows of the outer square are half braiding isomorphisms for «(Z), while

the vertical arrows are the C-structures of the compositions a(Z) o F and F o a(Z).
The hexagon axiom for the half braiding follows from the definition of the composition of
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C-module functors:

(82, Foc) M

(a(Z)o FoG)(M)

Zx F(G(M)) ——2" F(G(Z * M)

FZ% A,M)

F(ZxG(M))

(Foa(Z)oG)(M)

(6z,F)a(m) F((6z,c)m)

The monoidal structure for the functor Z(C) — Z(Cj,) is exhibited by the associativity of the
action:

ZUIV]

a(Z@U)M)—=—(ZoU)xM —=Zx(UxM) (a(Z) o a(U))(M).

The fact that this is an isomorphisms of objects in Z(C},)
(a(Z®U),bzv,-) = ((Z) o (U), b2, |0v,-) = (a(Z),0z,-) @ (a(U), bv,-)
amounts to commutativity of the outer square of the following diagram:

16, - )

1*6UF 52 F¥l
Z)Fa(U)
(U x M))

U*F

((Z)a(U)F Z)a(U))(M)

1*F<2> F;zj*M

az,U,F(M) Z*F(U*M) F(az,u,m)

((ZU)F)(M)

(0zu,F)Mm

which follows from the coherence properties of F(?), The morphism associated to units o/(1)(M) —

idpq (M) is given by 1+ M =» M. Tt is straightforward to check that all coherence conditions are
satisfied. 0

It is worthwhile to point out that the monoidal functor & does not respect the braiding.
It maps the braiding of Z(C) to the antibraiding of Z(Cj3,). By slightly modifying the target
category, we obtain a braided monoidal functor & : Z(C) — Z(Cy,) [EQ]. Let Funejcy, (M, M)
be the category of C-C¥,-bimodule functors. It is clear that there are canonical functors [EQI:

Z(C) % Funejey, (M, M) <24 Z(CYy).
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Then it is an easy exercise to show that the following diagram:

Funejey, (M, M) (3.6)

Z(C) = Z(CYy)-

is commutative. This commutative diagram and Proposition[3.2] will be used in the proof of
Lemmal[7.8

Definition 3.3 (see [Dal, Sect. 6]). Let C be a monoidal category and let M be a C-module. The
full center Z(M) of M is the terminal object in the category of pairs (Z, f) where Z € Z(C)
and f: a(Z) — ida is a C-module natural transformation. Equivalently, Z(M) is the terminal
object in the comma-category « | idpg.

That f is a C-module natural transformation means that it is a natural transformation of
functors M — M such that fy.r = (idy * far) o (2p *idyy) for all U € C and M € M, cf.
Definition [AZ3] The full center of a module category may or may not exist. In fact, its existence
is linked to that of an internal hom: the monoidal functor a : Z(C) — Cji, turns C}, into a
Z(C)-module, and for id a4 the identity module functor on M we have

Z(M) = [idpq, id ] - (3.7)

Indeed, [idaq,idaq] is equally the terminal object in the comma-category «lidag, cf. Def.
Accordingly, from (2.2) we get a family of isomorphisms of hom spaces, natural in Z € Z(C),

Homz(c) (Z, Z(M)) = HOHle\A (Oz(Z), ldM) . (38)

By Rem.[2.9|(i), Z(M) is an algebra in Z(C). In fact, Cor.[3.9 below will show that it is even
a commutative algebra (see also [Dal Prop. 6.1]). The full center of an algebra A € C is defined in
terms of the category C4 of right A-modules as Z(A) = Z(C4). There is also a direct definition
of Z(A) in terms of the algebra A, see [Dal, Sect.4 & Thm.6.2]. In the case that C is a modular
tensor category, the present definition of Z(A) coincides with the original one [Fj, Def.4.9], cf.
[Dal, Sect. 8].

3.2 The centralizer of a module functor

Let M, N be left C-modules and F : M — N a C-module functor. The category Func(M,N)
of C-module functors from M to N is a left Ende(N)-module and a right Ci,-module. The
a-inductions a,r : Z(C) — Ende(N) and apy : Z(C) — Ch, provide the category Fune(M,N)
with a structure of a left and right Z(C)-module. The left and right actions are equivalent in the
sense that for all Z € Z(C) and F € Fune(M,N) we have an equivalence of C-module functors

ZxF:=any(Z)oF = Foam(Z)=F=xZ. (3.9)
More precisely, we have the following

Lemma 3.4. Let F' : M — N be a C-module functor. Then there is a natural isomorphism
¢(F) between the functors

Z(C) (3.10)
Cj\/l - Ildc(./\/) .



Proof. To define ((F) we need to give, for each Z € Z(C), a morphism

C(F)z:Foam(Z) = an(Z)oF (3.11)

of C-module functors, i.e. each ((F')z is a C-module natural transformation (cf. Definition [A.3)).
We define its specialization (((F)z)y on M € M to be the morphism

(2)
Flam(Z2)(M)) = F(Z « M) g F(M)

an (Z)(F(M)) -, (3.12)

where ng)w is the C-module structure of F'. The fact that for each Z € Z, ((F')z is a C-module
natural transformation follows from the commutativity of the diagram

C(F)z)x+Mm

F(am(Z)(X*M)) an (Z)(F(X*M))
S~ o2, =
F(Z%(X*M)) = ZxF(X*M)
F(az,m\.\
Flam(2) Py F((ZX)xM) -,
7 %’M 1F)((2,)Z\/I D‘N(F)(E,)M)
F(Xxapm(Z)(M)) (ZX)«F(M)
\ F(zx1) W(M)
F(X#(Z*M)) Zx(X+F(M))
WXM) zx1 \
F(X2)+M) an (Z)(X+F(M))
o P T~
(X Z)+F(M)
1R TLEren N () p
X+F(ZxM) zM X+(Z+F(M))
= S~
XxF(am(Z)(M)) Xxan(F(M)) .

1(C(F)z)m

It remains to check that ((F) is a natural transformation, i.e. that for all f : Y — Z in Z(C) the

square
Foau(y) —2D _poau(2) (3.13)
icmy iC(F)Z
an(Y)o F —2UIE _  (Z) o F

of C-natural transformations commutes. Evaluating on M € M, this boils down to the identity

£ )
(F(Y*M) My ra) L Z*F(M))

which holds because F' is a C-module functor.

(F(Y « M)

FUD, Bz M)

F{y
BLCIN/ F(M)) ,

O

By the above lemma we loose nothing if we restrict ourselves to the left (say) action of Z(C)
on Fung (M, N), so this will be the Z(C)-module structure on Fune(M,N) we use below.

Definition 3.5. Let F' : M — A be a C-module functor. The full centralizer Z(F') of the functor
F is defined to be the internal hom [F, F] (valued in Z(C)) with respect to the Z(C)-action on

Fune (M, N).
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As the full centralizer is defined in terms of an internal hom, it may or may not exist depending
on the choice of F (and C, M, N). By Rem.2.9|(i), if it exists, Z(F) is a (not necessarily
commutative) algebra in Z(C). The reason for the name ‘full centralizer’ is the relation to the
centralizer Z(f) discussed in Sectionf we will return to this point with more details in Section

E.3 below.
Fix a C-module functor F' : M — AN, and fix a third C-module P. The left and right
composition with F' defines functors

Fo—: Func(P,M) = Func(P,N) , —oF :Func(N,P)— Func(M,P) . (3.14)
The following lemma shows that these are in fact Z(C)-module functors.

Lemma 3.6. F'o— and — o F with Z(C)-module structure

(Fo)Qy = C(F)xoH : Foam(X)oH — an(X)oFoH,

(3.15)
(—o )y = idaycomr @ an(X)oHoF — an(X)oHoF
are Z(C)-module functors.

Proof. We have to check compatibility with associator and unit isomorphisms. For (— o F)(2)
this is trivial. For (F o —)?), the associator condition reads

Foam(X®Y)oH (3.16)

Foapm(X)oapm(Y)oH an(X®Y)oFoH

N
a‘X,Y,FHT

an(X)oan(Y)oFoH

lC(F)xO(aM(Y)H)

aN(X)OFOaM(Y)OH an (X)o((F)yoH

Applying this to some P € P and substituting the definition of ¢ in (3.12)), this becomes precisely
the associator condition for F(2). The unit compatibility follows along the same lines. O

Let G,G': N - P, HH :L— Mand F: M — N be C-module functors. By the above
lemma, (=)o F and Fo(—) are Z(C)-module functors so that the construction in (2.20]) provides
us with morphisms

[— OF][G7(;/] : [G, G,] — [GF7 G/F] and [FO _}[H,H’] : [H, H/] — [.F.[.‘I7 FH/] (317)

in Z(C), provided that the internal homs appearing as source and target exist. These morphisms
satisfy a ‘commutativity’ relation stated in the following proposition, which will be instrumen-
tal in the further discussion. The commutative diagram below can be visualized as a sewing
constraint when interpreted in the CFT setting briefly discussed in Section [1.3] see Figure

Proposition 3.7. Let C be a monoidal category, let £, M, N be C-modules, and let F, F' : L —
M and G,G" : M — N be C-module functors such that all the internal homs in (3.18) exist.
Then the diagram

[G,G'| @ [F, F'| = [GF',G'F'| ® [GF,GF']

Cepr

(G, G'],[F,F'] [GF,G'F' (3.18)
Cerp

[F,F']®|G,G| —2—~ [G'F,G'F'| @ [GF,G'F|

commutes. Here a = (= o F') g, ® (G o —=)pp) and b= (G’ o =) (p,p) @ (— 0 F)g.¢-

25



S
L N
GF
G'F’
S
L N
GF

Figure 3: The CFT sewing constraint corresponding to in the conventions used in Sec-
tion We consider a CFT with three possible colors for the world sheet, given by the three
C-modules £, M, N, and four different defect conditions labelled by the functors F, F’,G,G'.
The internal homs [F, F'], etc., give the space of defect (changing) fields. The composition of
functors amounts to the ‘fusion’ of topological defect lines. The sewing shown in figure a) cor-
responds to the upper path in , and the sewing in figure b) to the lower path. In words it
says that [F, F'] and [G, G’] can both be interpreted as subspaces of the space of defect changing
fields from the fused defect GF to G'F’, and that fields in these subspaces mutually commute.

Proof. By the universal property of internal homs, it is enough to verify the identity of the
upper and lower path in the diagram after applying (=) * GF to both sides and composing with
evgr. The resulting morphism from the upper path can be rewritten as shown in the following

commutative diagram (we abbreviate L = Go — and R = — o F)
[R]11
G, G ([F, F'] + L(F)) —— [GF', G'F'] + ([F, F']  L(F))
WL o )70 O =
[G,G'] % L([F, F'] * F) [GF',G'F'] « L([F, F'] x F) [GF',G'F'] « (|GF,GF'] * GF)
1 L(evp) lL(evF% \LCGF/
[R]1
G, G+ GF ——— S [GF',G'F'] x GF’ [GF,G'F'] + GF
(RE?}),G/],G)71 Cv(i%
’ R(evg) )
R(G,G'] + Q) G'F

The diagram commutes by functoriality of * in both arguments, and by the definitions (2.13]),
(2:20) of C and [R], [L]. Inserting the definitions (3.15) of L(2) and R®), we find that the lower
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path in the above diagram is equal to

[G,G'] % ([F, F'] « (GF)) M [G,G'] % (Go ([F, F'] x F))

(3.19)
1G(evp)
_—

G, G'] + (GF') 2y v o
An analogous calculation for the lower path in (3.18)) yields the morphism (omitting associators)

(G, G 5 ([F, F') + (GF)) 2S00 1 1) (G, GY) + (GF))
. 3.20
1(evgoF) &) g oF =0

[F, F'] « (G'F) G([F, F'| + F) Sy v o

To establish commutativity of (3.18]), it hence remains to verify that (3.19) and (3.20) are equal,
i.e. that the following diagram commutes,

([G, G ® [F, F'])) % (GF) —— =[G, G'] « [F, F']  (GF) (3.21)
CERUR IR 16(G) [ )
([F, F'| ® [G,G]) * (GF) (G, 6]« (G(IF, ')+ F)) L2 (G, GV + GFY
[F, F'] % ([G,G'] % G) 0 F) —2> (|G, G'] % G) o ([F, F'] + F) 2~ ([G, G']  G) o F'
levgl C(G,)[_F{F/] evgl . ievgl
[F,F'|«G'F G'o([F,F|«F)— >~ G oF

where z = (([G, G’]*G)[F sy and the map (([G, G'|*G)p,pr is defined in . By the definition
(3.4)) of the C-module structure on «(Z), the natural transformation ¢(« ([G G 1))iF,F) is given by
the braiding cig,¢,(r F/] T herefore upper-left subdiagram commutes. Substltutlng (G, G =

Q)i = (G, G] * G) - and (G p ) = G[FF,] _, we see that the commutativity of
the lower-left subdiagram is due to the fact that [G,G] *x G =% G’ is a C-module natural
transformation (see condition ) Altogether, it follows that ( commutes. O

Recall from (3.7) that the full center Z(M) of a C-module M is the internal hom [id a4, id aq]
in Z(C). The following two special cases of Proposition will be useful.

Corollary 3.8. For two given C-module functors F,G : M — N, the diagrams

[—0G]fia,iq11

2\ o [F,d] 2@ e [R.)

G
CZ(N),[F,G] [F,G] (3.22)

1[—oF]jid,iq] C/F/

[F,Gl® Z(N) [F,G]® Z(F)

and

1[Fo—]{id,ia

[F,G] ® Z(M) ———~ [F,G] © Z(F)

F

CIF,G1,Z(M) [F,G] (3.23)

/

[Go—{ia,iaqrl Cg
—_ s

Z(M)® [F,G] Z(G) ® [F,G]

are commutative, provided all internal homs exist.
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Let F': M — N be a C-module functor. Recall that Z(M), Z(N) and Z(F) are all algebras.
By Lemma the morphisms in the cospan

[FO—]W W] lid,id]
(3.24)

Z(M) Z(N)

are algebra homomorphisms in Z(C). The images of these two morphisms are central in Z(F) in
a sense which we will now describe.

The left center C(B) (resp. right center C,.(B)) of an algebra B in braided monoidal category
Z is the terminal object in the category of morphisms f : Y — B such that the diagram

YyeB—'~BeB ) BeY -~ BeB )
CcYy,B > B <resp. CB,YJ/ > B ) (325)
BOY ——~B®B g Y®B—>B®B 8

commutes, where p is the multiplication on B. The left and right centers — if they exist —
have unique algebra structures in Z such that the morphisms C;(B) — B and C,(B) — B are
algebra homomorphisms in Z [Dal Prop. 5.1]; these algebra structures on Cy(B) and C,.(B) are
commutative.

Corollary 3.9. Suppose that the internal homs Z(M), Z(N) and Z(F) exist, and that the
left and right center of Z(F') exist. Then the algebra homomorphism Z(M) — Z(F') (resp.
Z(N) — Z(F)) factors through the right center (resp. left center), i.e. the following diagram of
algebra homomorphisms commutes,

Cr(Z(F)) — Z(F) <— Ci(Z(F))
N
Z(M) Z(N) .

In particular, for F' = idq we obtain that Z(M) is commutative.

Proof. By Cor.[3.8] the right (resp. left) morphism in the cospan (3.24) satisfies the defining
property (3.25)) in the category of arrows characterizing the left and right center. They therefore
have a unique morphism into the terminal object, viz. the left/right center. O

4 Bicategories of commutative algebras

In this section we define two bicategories built from cospans of algebras which will serve as the
target for the full center functor to be defined in Section [5] below.

The first bicategory is CAlg(Z), for Z a suitable braided monoidal category. In CAlg(Z),
objects are commutative algebras in Z, 1-morphisms are cospans and 2-morphisms are homo-
morphisms between cospans. This category will be the target for the full center if we take the
source to be Alg(C), the category of algebras and algebra homomorhisms in a monoidal category
C (Definition below), and Z = Z(C) is the monoidal center.

The second bicategory is CALG(Z), where objects and 1-morphisms are as for CAlg(Z2),
but now 2-morphisms are defined in terms of certain isomorphism classes of cospans of bimod-
ules. Conjecturally, by leaving bimodule maps as 3-cells, one obtains a tricategory CALG(Z).
The bicategory CALG(Z) will serve as target for the full center if we take the source to be an
appropriate subbicategory of C-modules.
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4.1 Coequalizers

To set the stage, we start with some technical preliminaries. Throughout Section 4, we assume
that Z is a braided monoidal category which has certain coequalizers, and that these coequalizers
are compatible with the tensor product. More precisely, we make

Assumption 4.1. The category Z is a braided monoidal category such that
(i) given two morphisms L, R : U — V in Z such that there is a common right inverse 7 : V' — U,
i.e. LoT =1idy = Ro 7, the following coequalizer C' exists in Z,

L
U——=v-LsC .
R

(ii) the tensor product preserves the coequalizers of (i) in the sense that for all X € Z also
L1 pl 1L 1p
U X VX —C®X and XU ZXQV—XeC
R1 IR
are coequalizers in Z.

For example, the assumption holds if the braided monoidal category Z is abelian with right
exact tensor product; in particular it holds for Z = Vecty. We have the following useful lemma,
whose proof we include for the convenience of readers.

L L
Lemma 4.2. Let U = ZV — Lo C and U’ — zZV —25 ¢ betwo coequalizers satisfying

the conditions of Assumption [4.1](i). Then also
Lr op'
UU VeV —C0a
RR’
is a coequalizer satisfying the conditions of Assumption (1)

Proof. Clearly, L ® L' and R® R’ have the common right inverse 7 ® 7/, so that we only have to
verify the universal property of the coequalizer. The construction is summarized in the diagram

LL ’
U®W“?V®W4£>C®W—£?C®O (4.1)
RR’ s
i“” Fo
R 1Y)
Yeo

which we now describe step by step. Suppose that z o (LL') = x o (RR’). Composing from the
right with 17/ we see that z o (L1) = z o (R1). By Assumption [.1](ii), p1 is a coequalizer, and
its universal property gives the existence of a unique ¢. But, using that also zo(1 L) = zo(1 R'),

6o (1LY o(pl)=do(pl)o(IL)=zo(IL) =zo (1R) =do (1R)o(pl).  (42)

The universal property of p1 implies ¢ o (1 L') = ¢ o (1 R’). Once more by Assumption [4.1|(ii),
we have the coequalizer

/ 14Ll> ;10 ’
CoU' —=ZC0eV' —2=CoC (4.3)
1R’

and its universal property guarantees the existence of a unique 1 such that ¢ = ¢ o (1p').
Altogether we have found a unique ¢ such that z = o (pp’). O
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Figure 4: Here we use the same conventions as in the figures in Section Figures a), b) and
¢) above show how the sphere with two in-going and one out-going marked point as shown can
be obtained at two different points in moduli space from sewing the building blocks in Figure
The resulting identity of morphisms in the category D = Rep(Vy, ®¢ Vi) is the first diagram in
([.4) with A= B; and T = D.

4.2 Cospans between commutative algebras

In this subsection we define cospans of algebras and their composition.

Definition 4.3. A cospan between commutative algebras in Z, or cospan for short, is a triple of
algebras A, B,T, where A and B are commutative, together with two algebra homomorphisms

such that the diagrams

TQA2>T®T ) BeT-‘sTeT )
cr,A > T and cB,T > B (44)
AGT ——>T®T TeB—=TaT

commute.

Remark 4.4. (i) Comparing to conditions (4.4)) and (3.25)), it follows that if the right and left
centers of T' exist, the morphisms a and b in a cospan factor through them

P

(ii) Let us recall the reasoning behind the definition of cospans of commutative algebras from the
introduction. There we saw that this structure naturally appears in three (related) examples: It
describes how the centers of two algebras are related by the centralizer of an algebra map as in
; it gives the relation between the full centers of module categories via the centralizer of a
module functor as in ; it appears naturally in the context of conformal field theory in the
presence of domain walls as in (L.13). For example, in the CFT setting, the commutativity of
the first diagram in is obtained from the sewing constraint illustrated in Figure

(iii) The reason that we do not allow all algebra maps a and b in the cospan A % T & Bis
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two-fold. Firstly, in the three examples mentioned in (i), the algebra maps that occur all satisfy
the centrality condition (for the first two examples this will be proved in Section . Secondly,
we want to define a composition of cospans (see below), and to this end we need an algebra
structure on a fibered tensor product T ®p S of two algebras. For this we need the action of B
to commute with the multiplication of 7" and S, as we will see in more detail below.

If A is an algebra in Z, M is a right A-module and N a left A-module, Assumption
guarantees the existence of the fibered tensor product M ®4 N as the coequalizer

L
M@ARN—ZM@N—L>M®sN |, (4.6)
R

where L = pps ®idy, the right action of A on M, and R = idj; ® py. The common right inverse
of Land RisT=1idy ® 14 ® idy.
The aim of this subsection is to define a composition of cospans as in

/ T \b b/f s \ Teps |

: S ~ p (4.7)
A B C A — T~ c

For notational convenience we have written the pair of cospans on the left hand side in the

opposite order as indicated by Cosp(B,C) x Cosp(A, B). The action of B on T and S is defined
via the algebra homomorphisms b and ¥, and the two morphisms « and ~ are given by

a:(AﬁTﬁT@@S&T@BS), 72(035%T®S&T®BS). (4.8)

That the composed cospan satisfies the properties of Definition [£.3] will be established in three
steps. First we define an algebra structure on T ®p S (Lemma — that this can be done at
all is ensured by the centrality conditions satisfied by b and b’. Next we show that o and
v are algebra homomorphisms (Lemma . Finally we verify that o and 8 make the diagrams
(4.4) commute (Lemma.

Given two algebras T" and S in a braided monoidal category, the tensor product T'® S can
be given an algebra structure with multiplication prg and unit vpg given by

pirs = [(T@S)@(T@S) S TRTeS®S Lrhs, T®S] , g = |1z 5 T®5] - (4.9)

Alternatively one could use the inverse braiding c;’ls; this leads to an in general inequivalent
algebra structure on 7' ® S. In the present paper we always choose the multiplication (4.9)) on
T®S.

Lemma 4.5. With the notation of (4.7)), the fibered tensor product T®p S has a unique algebra
structure such that the coequalizer T ® S 2 T ®p5 S becomes an algebra homomorphism.

Proof. Write

L = (T@B@S%T@T@S“L%T@S),
R = (T®B®S£>T®S®S£>T®S). (4.10)

Note that L and R have the common right inverse 7 = idy ® tp ® idg, so that we may apply
Lemma iteratively to obtain the three coequalizers (these are all we need)

L
TOB®S — 2 T®S —2= Teps , (4.11a)
R
LL
(T®B®S)®2 —=(T®5)%2 2~ (TwsS)®? | (4.11b)
RR
LLL
(T®B®S8)® —= (T®8)® L5 (Twg 9)®3 . (4.11c)
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The multiplication morphism yu : (T ®p S)®? — T ®p S will be constructed via the universal
property of the coequalizer (4.11b)). Namely, consider the following diagram,

LL
(T®B®S)®? —= (TS 2~ (TwgS)?

RR |

HTBSi I—LTS\L | Np (4~12)
L P Y

TRS—T®pS

T®B®S

R

We will show momentarily that the two overlaid squares on the left commute. But before that
let us see how this completes the proof. Since the horizontal diagrams are coequalizer diagrams,
and since the commutativity of the overlaid squares implies that po upgo(LL) = pourso (RR),
by the universal property of the coequalizer pp we get the existence and the uniqueness of p.
Commutativity of the right square means that p respects the multiplication. The unit of T ®pg S
is ¢ = po(trts), so p respects the unit by definition. To see that p is associative, compose
the associativity condition prs o (urs 1) = prs o (1 urs) of the algebra T'® S with p from the
left. Using the commutativity of the right subdiagram of , we can show po (ul)o (ppp) =
o (1p)o (ppp). By ([@11d), ppp is a coequalizer, and from its universal property we conclude
po (pul) = po (lu), ie pis associative. Similarly, the unit condition for T'® S implies that of
T®gS.

We now turn to commutativity of the two overlaid diagrams in (4.12). We will show the
equality purg o (LL) = Lo prps; the equality purs o (RR) = R® urps follows analogously. One
first convinces oneself (possibly by using the standard graphical notation) that it is enough to
check that

o(1b))®?
(T ® B)e2 12U 7 o2 (4.13)

/J‘TB\L J{ﬂT
pro(1b)

T&B——T

commutes. This in turn is implied by the commutativity of the diagram

(1)

i
T2 T4 (TB)?
1pl % %
TBT?
T3 llcl lel (4.14)
N TQBT
n
4 2 R2
po(pl) T 11bb "B
lltli Lt
T 7 T2 1b TB

The inner pentagon commutes because by definition b satisfies the second condition in (4.4). This
completes the proof. O

Lemma 4.6. With the notation of (4.7]), the maps a and v are algebra homomorphisms.

Proof. This is clear, as by Lemma the map p is an algebra map, and so according to (4.8)),
« and « are compositions of algebra maps. O

Lemma 4.7. With the notation of (4.7, the maps o and ~y satisfy condition (4.4).
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Proof. We will verify that the first of the two diagrams in (4.4]) commutes; the second one can
be checked analogously. One quickly convinces oneself that the diagram

1lacts

TSA TSTS

TAS TTSS nrs (4.15)

crs.A TTS

cr,al TTS /
KT BS
- TTSS prs
ATS TSTS

atsll

commutes. In particular, the central pentagon commutes because by definition, a makes the first
diagram in (4.4) commute. Composing the resulting equality of morphisms (T® S)® A - T® S
with p, using that p is an algebra map and substituting the expression (4.8]) for «, we obtain

TeS)eA—2"  ~ (TopS) oAt (Toys)®? (4.16)
*
pl T®BS
CTQpS,A %

(T®pS)® A A® (T®pS) 2t (Top S)®?

Since by Assumption p®idy is a coequalizer, we obtain commutativity of the first diagram
in (4.4) (with T ~» T ®p S and a ~ ). O

This completes the proof that the composition (4.7 is well-defined. We summarize this in
the following proposition.

Proposition 4.8. Given two cospans A = T &L Band B Y S <& C between commutative
algebras, then also A = T®p S Lo , with o and ~y as in (4.8)), is a cospan between commutative
algebras.

Finally, we state and prove the following lemma, which we will need later.

Lemma 4.9. With the notation of (4.7), the pair of algebra homomorphisms T M T®p
S M S is initial among all pairs of algebra homomorphisms 7' — C' <~ S which make the
following two diagrams:

vRW

SRT—CxC

\b g and csr K (4.17)
e

T C

A

wRu

TRS —CxC

. B
N
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commute. That is, for any such T —s C' <= S, there is a unique algebra homomorphism T®p5 S —
C such that the diagram

po(1 1 ®

o e
.
e H/S (4.18)

T
Y
C
comimutes.

Proof. We first check that the palr T # T®RpS +—— polil S itself satisfies the properties (4

The defining property of p from (4.10) and (| m is

(TBS 15 TS M5 TS B TepS) = (TBS XL 1SS M5 TS LT @ S) . (4.19)

Precomposing this with ¢ 1tg implies the first condition in (4.17)). For the second condition
in (4.17)), one verifies that the two composed morphisms S ® T — C = T ®p S in the second
diagram in (4.17) are both equal to p o cg . For example, for the upper path

po((po(lis)) @ (polirl))) =poprso(lisirl) =pocsr (4.20)

using that p is an algebra map (Lemma and the definition of urs.

Next we construct the map u : T ® S — C and prove that it has the required properties.
Because v, w are algebra homomorphisms and the first diagram in @ is commutative, we
have f10 (w®v) oL = po (w®v)o R, where L and R are as in (4.10). Therefore the universal
property of p implies that there exists a unique u which makes the square in

L
T@BRS ———— =TS —>TxzS (4.21)
R
wvl A
u A
CoC——=C

commute. Precomposing the commuting square with 1tg (resp. ¢tp1) and using that v, w are
algebra maps gives commutativity of the left (resp. right) triangle in . As the unit of T®p S
is po(trLg), precomposing the above square with treg shows that u preserves the unit. To prove
that it preserves the multiplication, we consider the following diagram:

X2
(T ® 8)®? £ (T ®p S)®? (4.22)
HTS \
(wv)®? TS ——"—>T®pS
p®2 lwv
(C®0)® Cc®?
e \

in which the left and right lower square are commutative because of , and the upper
subdiagram is commutative because of . Using the second commutative diagram in ,
it is easy to show that the middle pentagon commutes. Therefore, we obtain that the outer
subdiagram in is commutative. By the universal property of pp (which is a coequalizer by
Lemma , we obtain wo g = po (u®u). Thus u is an algebra homomorphism.
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It remains to show that the solution u to (4.18]) is unique. By the uniqueness statement
in (4.21)), it is enough to show that any algebra homomorphism u making (4.18) commutative
satisfies w o p = po (w ® v). This follows from the commuting diagram

w v

T®S———F—T®9)% — = (T®s8)% >CaC (4.23)

\l ”p )

TS ——T®pS——C,

where the upper cell commutes by (4.18]) and the bottom squares commute since p and u are
algebra homomorphisms. O

4.3 The bicategory CAlg(Z) of commutative algebras

In this subsection we introduce the bicategory CAlg(Z), whose objects are commutative algebras
in Z. The morphism category between two such algebras A, B is the category Cosp(A, B), which
we proceed to describe.

Definition 4.10. Given two commutative algebras A, B in a braided monoidal category Z
satisfying Assumption Cosp(A, B) is the following category:

e objects are cospans A — T < B of commutative algebras as in Definition [4.3

e a morphism from a cospan A — T < B to a cospan A — T’ + B is an algebra map
f :T — T’ such that the following diagram commutes:

T
A/>/‘;Q\B (4.24)

e the unit morphism for A — T <+ B is the identity map idy, and the composition of
morphisms is the composition of algebra maps.

T/

We remark here that in the next subsection we will define a bicategory Cosp where objects
are as above but morphisms will be categories of certain bimodules.

The data and conditions defining a bicategory are listed in Definition [A-4} we give the ingre-
dients of CAlg(Z) in the same order as stated there. The objects of CAlg(Z) are commutative
algebras in Z. The identity morphism 14, for A € Z, has image in Cosp(A4, A) given by

id A . (4.25)

The composition functor ®4 p.c : Cosp(B,C) x Cosp(A, B) — Cosp(A, C) acts on objects and
morphisms as

T S T®pS
f B g C ~ A f®ng c . (420)
AREER > S T'ops "
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Here we make use of the composition of cospans as stated in Proposition[d.8] where also the
morphisms starting at A and C' in the right diagram are given. Recall from below that
our convention for the order in which we write the composition: T ®p S is the composition
©a,8,c(5,T).

The associativity natural isomorphism aa g cp : ®a.5.p° (®p,cp X id) = ®4,¢,p o (id x
©®4,B,c) between the two functors

Cosp(C, D) x Cosp(B,C) x Cosp(A, B) — Cosp(A, D) (4.27)

acts on objects and morphisms as the canonical natural isomorphisms of the iterated fibered
tensor product,
(aBep)rRSsT T @ (S®cR) — (T®pS)®cR . (4.28)

The unit isomorphisms 4 p : @4, 50 (1p xid) > idand ra p: ®4,4,50(id x 14) — id in turn
are the canonical isomorphisms

(lA’B)T:T@)BB—)T and (TA’B)TZA®AT—)T. (429)

It is then standard to check that these satisfy the coherence conditions of Definition [A24] Alto-
gether, we obtain the following result.

Theorem 4.11. Let Z be a braided monoidal category satisfying Assumption Then the
following data defines a bicategory, which we call CAlg(Z2):

e objects are commutative algebras A, B, ... in Z and the category of morphisms from A to
B is given by Cosp(A, B),

e identity, composition, associator and unit isomorphisms are as in (4.25)), (4.26)), (4.28]), and
[@.29).

4.4 The bicategory Cosp(A, B) of cospans

In this subsection we define a bicategory Cosp(A, B) obtained from the category Cosp(A, B) by
replacing the morphisms in Definition by the category of 2-diagrams, which we proceed to
define.

Definition 4.12. (i) A 2-diagram from a cospan A — S < B to A — T «+ B is a triple

SNy V] T, where M is a T-S-bimodule, f is a right S-module map and g is a left T-module
map such that the following three diagrams commute:

S Ao M- TeM BoM-2%TeoMm
N | !
f act act
A M B v ena M > cBM M : (4.30)
\QT / Tact Tact
as b2
T MeoA" Mes MeB- " MeS

(ii) A 3-cell between two 2-diagrams S LM & Tand § L5 M & T is a T-S-bimdule map
0 : M — M’ such that the following diagram commutes:

I

T

!

(4.31)
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Invertible 3-cells define equivalence classes of 2-diagrams. We will call such an equivalence class
a 2-cell.

(iii) The category of 2-diagrams Diagap (S, T) has 2-diagrams as objects and 3-cells as morphisms.

The identity 3-cell for the object S i> M & T is the identity map on M, the composition of
3-cells is given by composition of bimodule maps.

Next we will define a composition functor ®g g1 : Diagap(S,T)xDiagap(R,S) — Diagap(R,T)
on objects and morphisms as

— A NeosMZZENeosMm B (4.32)

u = (R%S@M&N@M&N@SM), (4.33)
v o= (TMN@S%N@M&N@SM), (4.34)

and analogous for ' and v’. That this assignment is functorial (i.e. compatible with units and
composition of 3-cells) amounts to the observation that idy ®gidy = idygen and (¢ o @) ®g
(B 0B) =(¢/®s ) o(a®s B). It remains to check that the 2-diagrams and the 3-cell occurring
on the right hand side of obey the conditions of Definition This is accomplished in
the following two lemmas.

Lemma 4.13. In the notation of (4.32)), the following is a 2-diagram:

by
A N ®g M B

XJ} % (4.35)

Proof. Since all maps in the definition of u in (4.33]) are right R-module maps, so is u. Anal-
ogously, v is a left T-module map. The commutativity of the left subdiagram in (4.35)) follows
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from that of

(gou) 1
R—>M 55— NM
VL A el
A o g7y 599 2L Now N g M
y\ l\l i / (4.36)
g pnl act 1 s
1
T_hoN SS— % Nm
1(fou)

The commutativity of the right subdiagram in (4.35)) can be checked similarly. To see that the
second diagram in (4.30) commutes first note that

a311

ANM —=TNM

act 1l

c;rlAl act 1 NM 14
lazl — T
NAM —“>NSM_ | , NesM (4.37)
\ /
il cEIlA 1 act NM

11laq

NMA——- NMR

commutes. Since p is a bimodule map, this diagram implies the identity given by the second

diagram in (4.30]), but precomposed with A® (N®@ M) 12 A® (N®gM). The universal property
of the coequalizer 1p now gives the desired identity. The commutativity of the third diagram in
(4.30) follows analogously. O

Lemma 4.14. In the notation of (4.32)), the following is a 3-cell:

T

NogM— "2 Nt og M (4.38)
\T /

Proof. Immediate from the definition of u and v in (4.33]) and (4.34]), and from the fact that o
and S in (4.32)) are 3-cells. O

The image of the unit functor 15 : 1 — Diagap(S,S) is

S
a b
A/JS‘“\B
EN P (39

Proposition 4.15. Let Z be a braided monoidal category satisfying Assumption [4.1] and let
A, B be commutative algebras in Z. Then the following data defines a bicategory, Wthh we call
Cosp(A4, B):

e objects are cospans (A — S « B), (A = T + B), ...between the commutative algebras
A and B, and the morphism category S — T is given by Diag(S,T),
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o identities and composition are given by (4.39) and (4.32)),

e the associativity isomorphism ©¢g r1 © (@r,sr X id) = ©g.s71 © (id X ©@¢g,r,s) is the
canonical isomorphisms (N ® s M) ®r L - N ®¢ (M ®p L),

e the left and right unit isomorphisms ®g 7 o (17 x id) — id and ®g g1 o (id x 1g) — id
are the canonical isomorphisms 7' ®p M — M and M ®g S — M.

To establish the proposition it remains to check the coherence conditions. As in the previous
subsection, these are immediate implications from those for the fibered tensor product.

4.5 Composition of cospans

In this subsection we will define a (non-lax) 2-functor
C=Cy . :Cosp(B,C) x Cosp(4, B) — Cosp(4, C).

To this end we will give the data and verify the conditions as stated in Definition
The objects of Cosp(B,C) x Cosp(A4, B) are pairs of cospans. The first piece of data of the
2-functor is a map on objects; in this case it is just the composition of cospans defined in (4.7)),

S®pT

S T
c: of NN a v 4.40
A B c A/ \C’ (440

where the ordering convention (putting the element of the second category in the product
Cosp(B,C) x Cosp(A4, B) in front of the first) is that already used in (4.7); we will abbre-
viate such a pair as (S,7T). The right hand side is a cospan by Proposition

Objects in the morphism category Mor((S, T), (S’,T’)) are pairs of 2-diagrams, and mor-
phisms are pairs of 3-cells. The second piece of data is a collection of functors Cg 7y (s/ 77y :
Mor((S, T), (S’,T’)) — Mor(C(S, ), C(S’,T’)). They are given on objects and morphisms as
follows

ISR, [N

M*>M’ B N*>N’ A M®gN ——— M'@pN'
\SZANLS NG
a’ b’ d’ c
S’ T o S'@pT’ '

(4.41)
It is clear that the 3-cell on the right hand side is well-defined (i.e. the two triangles involving
¢ ®p1» commute), but for the two 2-diagrams the verification is more involved and is the content
of Lemma [£.16] below.

In any case, it is clear that C(g 1) s/, 7y defines a functor: the identity (i.e. the pair consisting
of two identity 3-cells) gets mapped to the identity 3-cell, and compatibility with composition
amounts to the identity (¢’ o ¢) @ (V' o)) = (¢' ®p Y') o (¢ ®p 1), which is a property of ®p.

The third piece of data are the unit transformation, a collection of 3-cells i(s ) : 1c(s,7) —
Cs,1),(s,1) © 1(s,1)- One quickly checks that both sides are equal to the 2-diagram

S®pT

/N

A SepT C (4.42)

N %
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and we will choose
is,r) = dsgpT - (4.43)

The fourth and last piece of data are the multiplication transformations, a collection of natural
transformations m from

SQ T Ty
/ LN V \ / V N S V AN
C(5,73),(55Ts) M’ B © C(5,71),(S2T2) B C (4.44)
\ [N ¢ / \ 4 PEERN 4 Ve
Sg T3 T2
to
S1
\
C(SlTl)»(SsT.a) ( A /M®SQ\ /]\[,@Tz\ ) (4'45)
3
That is, we have to provide a collection of 3-cells
S1@pTh (4.46)

T T

(M'N"),(
(M' @5 N') ®s,051, (M ®p N) ——22 o (M @5, M) @5 (N’ @1, N)

\/

S3®p T3

natural in M, N, M’, N'. The morphisms By nv),(vn) are defined via coequalizers in the
diagram

M'N'MN LBPE. PBPB (M/ ®p N/) (M ®5 N) pSQ@BTZ(M/ ®p N/) ®SZ®BTQ (M ®B N)
I
llcN, ul | 3B Ny, (M) (4.47)
A
M'MN'N 272 (M7 @5, M) @ (N' @7, N) —22> (M’ ©5, M) ©p (N' @1, N) .

In Lemma @ we will prove existence of 8(yrn+),(m ) and show that it is an isomorphism and
a 3-cell.

For the rest of this subsection we will go through the announced lemmas in turn, leading to
the proof that C is a 2-functor between bicategories (Propositionf4.18]).

Lemma 4.16. In the notation of (4.41]), the diagram

S®pT (4.48)

N

A M®p N C

el S

S/ ®B T v

is a 2-diagram in the sense of Definition

40



Proof. The requirements for a 2-diagram are as follows.

m M ®pNisasS ®gT'-S®pg T-bimodule:
The right action of S ®p T on M ®p N is defined via coequalizers by the following diagram:

LL
M®BRN®SQBIT ————> MONQSIT 2> (M@pN) @ (S®pT)
RR |
Rssrl RSTl |3 Rse 5 (4.49)
L A
M®B®N M@N—— > MepN
R

where Rgpr is the right action of S® B®T on M ® B® N. It is defined by using cpgn,s to
braid S past B ® N and then acting on M, and analogously for B (acting on B) and T (acting
on N). The right action of S®T on M ® N is denoted by Rgy. The proof that the two overlaid
squares (one involving LL and L, and the other RR and R) commute and that o indeed defines
an action is parallel to that of Lemma and we omit the details; we just mention that it also
uses the fact that commutativity of the L-part of the left square uses the left-center property
of the right B-action, and the commutativity of the R-square requires (the middle
diagram with A replaced by B and M by N) — the easiest way to see this is to write out the
conditions in the standard graphical notation.

The left S’ ® g T'-action is found analogously, and one checks that the two actions commute.

B f®pghis aright S ®pg T-module map, and g ®p k is a left S’ @ g T'-module map:

With Rgr as above and pgr as in , one easily checks that the two morphisms (f®g¢g)ousr and
Rsro(f®g®idsgr) are equal as morphisms SRTRS®T — M®N. Using the universal property
of (—)®p (—) (as defined via coequalizers), one finds (f®p g)opu = Rsgsro ((f ®p9)®idsg ;1)

(with g from (4.12)) and Rsg 7 from (4.49))), as required. The corresponding property for g®p k
follows along the same lines.

m The first diagram in (4.30) commutes:

Commutativity of the left sub-diagram in (4.30]), which in the present case is the left sub-diagram
in (4.48)), follows from commutativity of

SIL>S®T*p>S®BT

o

A MoN—"s>MogN (4.50)

\ Tgk? TQ@BIC
N 1

Lpr

S ST — L S 2T .

To see that the hexagon in the above diagram commutes, one uses that S LM & Sisa
2-diagram by assumption (see (4.41])), and that h ot = ko tp. The latter identity is obtained
by composing the first diagram in (4.30) with the unit of A (say), together with the fact that a;
and ao are algebra maps.

Commutativity of the right sub-diagram in can be verified similarly.

® The second and third diagram in (4.30) commute:
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Consider the diagram

a vyl
AOMON —2"" ST @ M®N
ileT’
_ 4.51
CMlN,A M N ( )
TRST
1lacr
M®@N®A MRNRS®T

Using that S — M <« S’ is a 2-diagram, one quickly checks that the above diagram commutes
(again the standard graphical notation is helpful). Via the universal property of coequalizers
one then shows the corresponding statement with M ®p N, S ®p T and S’ @ T’. This gives
commutativity of the second diagram in . The arguments for the third diagram are analo-
gous. O

Lemma 4.17. (i) There exists a unique morphism By ny,(arny, such that commutes.
(ii) Bcar N7y, (v vy is an isomorphism for all M, M', N, N'.

(iii) The diagram defines a 3-cell.

(iv) B(mrnvy,(m Ny is natural in (M, N) and (M', N').

The proof of above lemma is long (but straightforward) and irrelevant to the rest of this
paper. So we moved it to Appendix[A.3]

Proposition 4.18. C as given above is a (non-lax) 2-functor.

The proof of this Proposition is moved to Appendix As a consequence (recall Remark
IA.7), the 2-functor C automatically defines a 1-functor

C = Cy, . : Cosp(B,C) x Cosp(4, B) — Cosp(4,C).

4.6 The bicategory CALG(Z2)

Consider two commutative algebras A, B'in Z and let A — S + B and A — T + B be two
cospans between commutative algebras. Two 2-diagrams from S to T are isomorphic iff there
is an invertible 3-cell between them. Recall from Definition [£:12] the definition of the category
Diagap(S,T) of 2-diagrams and 3-cells. We will denote the set of isomorphism classes of 2-
diagrams, i.e. the set of 2-cells, by Diagap(S,T).

Similarly, we denote by Cosp(A4, B) the category obtained from the bicategory Cosp(A4, B)
by taking the same objects but replacing the category of morphisms Diagap(S,T) by the set
Diagap(S,T). With these ingredients, we can now list the data of the bicategory CALG(Z):

e The objects are commutative algebras A, B,--- € Z and the category of morphisms from
A to B is given by Cosp(A4, B).

e The identity morphism 14 : 1 — Cosp(A, A) has image

A
A//X\\A
St 7 : (4.52)
A

e The composition functor is induced by the functor Cy4 p ¢ from Proposition We
use the same symbol to denote the resulting functor C : Cosp(B,C) x Cosp(A4, B) —
Cosp(A,C). Note that C is well-defined on isomorphism classes of 2-diagrams because, in
the notation of , if ¢ and 1 are isomorphism, so is ¢ ®p .
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e Denoting an object of Cosp(C, D) x Cosp(B,C) x Cosp(A, B) by
T S R 153
SN N N (4:53)
A B C D

the associativity morphism from the image under Co(C xid) to the image under Co(id x C)
is a 2-cell given by the associator of the fibered product as (cf. (4.28))

T®p (S®cR)

/ la\ : (4.54)

A (T®pS)®c R D

S

T®BS ®Rc R

e The unit isomorphisms Ir : T®p B — T and rp : A® 4T — T are two 2-cells given by the
unit isomorphisms of the fibered product (cf. (4.29)

T®p B A®aT

A/ :ﬁg\ B A/ :ﬁg\ B - (4.55)
N N

The associativity and unit coherence conditions are again implied by those of the fibered product.
Altogether, we have

Theorem 4.19. Let Z be a braided monoidal category satisfying Assumption Then the
data listed above defines a bicategory, which we denote by CALG(Z).

The reason for the notation CALG(Z) is the following conjecture, which we aim to return to
in future works.

Conjecture 4.20. If we take objects to be commutative algebras in Z and the bicategories
Cosp(—, —) as morphisms with composition 2-functor defined as in Proposition}4.18} for a suit-
able choice of coherence morphisms we obtain a tricategory CALG(Z) in the sense of [GPS| [Gul.

Remark 4.21. Although it seems natural to consider all 4-layer of structures in CALG(Z) as
a conjectured tricategory mathematically, a 3-cell does not seem to have any natural physical
meaning. For applications in 2-dimension RCFT, it is enough to focus our attention to the
bicategory CALG(Z).

Let us compare the bicategory CALG(Z) defined in this section to the bicategory CAlg(Z)
defined in Section Passing from CAlg(Z) to CALG(Z) amounts to an enlargement of the
morphism spaces in the sense that there is a locally faithful, but in general not locally full,
2-functor (cf. App.[A.2] for definitions)

E: CAlg(Z) - CALG(Z) . (4.56)
Its data — in the order of Definition — is given by:

e On objects F is the identity map, F(A) = A.
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e The functor E(4 p) : Cosp(A, B) — Cosp(A, B) is given by

T T
“/’ ‘\b A/;/f‘\bB

Eap + A f B

"1 PNy

(4.57)

e The unit transformation between the two functors 1 — Cosp(A, A) and the multiplication
transformation between the two functors Cosp(B, C') x Cosp(A, B) — Cosp(A, C) are both
given by identity morphisms.

The coherence conditions are then trivially satisfied. Since 7 and m are isomorphisms, E is indeed
a 2-functor, not just a lax 2-functor.

5 The full center as a lax functor

In this section, we will present the complete full center construction. In other words, we will put
together all the ingredients that is needed for the functoriality of the full center construction Z.
In Section [5.1] we construct the restriction of Z on Hom categories and prove its functoriality.
In Section we construct the multiplication transformation of Z. In Section [5.3] we state the
functoriality of the full center construction Z in a simple situation when C = Vecty as a warm-up
to the general cases. In Section [5.4] we give a general statement of the functoriality of the full
center.

Throughout this section, we assume that C is a monoidal category such that Z(C) satisfies

Assumption

5.1 From module functors to cospans

Let C be a monoidal category and let M, N be C-modules. Recall from Section [3.2] that the
category of C-module functors Fune (M, N) from M to N is a Z(C)-module. Let

Fmn C Fune(M,N) (5.1)

be a subcategory of Func(M,N') which is Z(C)-closed (recall Definition [2.3); in particular,
Fmn need not be full or a Z(C)-submodule). We consider Faqa as a bicategory by adding
identity 2-morphisms (the associativity and unit isomorphisms are hence also identities).

The aim of this section is to construct a lax 2-functor Z = Zxq n from Faq n to the bicategory
Cosp(Z(M), Z(N)) defined in Section[.4] To a module functor F' € Fq it assigns the cospan
(13.24):

Z(F)
Z(F) — [Fo—][id/ ‘[\(’F][id,id] . (5.2)
Z(M) Z(N)

That this is indeed a cospan between commutative algebras, i.e. that it obeys the conditions in
Definition follows form Lemma (showing that the two arrows are algebra maps) and
Cor.[3.8|in the case F' = G (showing that the two diagrams in commute).

For each pair F,G € Func(M,N) denote by Nate (F,G) the set of C-module natural trans-
formations from F' to G. We will understand Nat¢(F, G) as a category with only identity mor-
phisms. If F,G € Faqn, we can define a functor Zp ) : Nate(F,G) — Diag(Z(F),Z(G)) via
the following
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Lemma 5.1. Given ¢ € Nat¢(F,G), the diagram
Z(F)

/

Zro) () = z(Mm)

Z(G)
is a 2-diagram (recall Definition [4.12]).
Proof. By Rem.[2.9|(i), [F, G] is naturally a Z(G)-Z(F)-bimodule. By Lemma [2.§|(iii), the map
[F, ¢] is a right [F, F]-module map (set K = L = F, M = G and f = ¢), while the map [¢, G|
is a left [G, G]-module map. The commutativity of (5.3 follows from Lemma and the last
two properties in (4.30) hold by Cor. O

In order to define the multiplication transformation, we need the following construction. By
the universal property of the coequalizer and the associativity of the composition (Lemmal2.8](ii))
there exists a unique morphism C which makes the diagram

R e
lc 3@ (5.4)

[, H]

commute. We can use the coequalizer property of [H, H|®([G, H|®g ¢ [F, G]) and (|G, H]|®¢,q
[F, G)®[F, F] (recall Assumption to define a [H, H]-[F, F]-bimodule structure on [G, H]|®|q ¢
[F,G]. Along the same lines, one verifies that

C: [G, H] ®[G,G] [F, G] — [F, H] (55)

as defined by (5.4)), is a morphism of [H, H]-[F, F]-bimodules. Let now F 2 ¢ L H be two
C-module natural transformations and consider the diagram

\\

&

Z(M) (G, H] ®|¢,q) [F,G] [F, H] : (5.6)
where u' = [F,1¢ o ¢] and v/ = [¢p o ¢, H]. The maps u and v are obtained from the composition

of 2-diagrams Zp g)(¢) and Zq,m)(¢) as in and ( -
Lemma 5.2. The diagram (5.6) commutes.

Proof. It only remains to show that the two triangles involving C commute. Substituting the
definition of w in (4.33)), the upper triangle amounts to commutativity of the diagram

[F ]

[F, F] ——

[F,G] —— [G G][F, G] [G HJ|[F,G]

[G,H] ®¢,q) [F,G] (5.7)
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Here, the left triangle is the unit property (2.18) of C, the middle square is Lemma [2.8](iii),
and the right triangle is just the definition of C. Commutativity of the lower triangle in (5.6]) is
checked similarly. O

Proposition 5.3. The map Zu n on objects in (5.2) and the collection of functors Zp q)

on morphisms in (5.3) with identities as unit transformations, and with C as multiplication
transformation (recall (5.5) and (5.6])) defines a lax 2-functor of bicategories

Zpmy : Fmn — Cosp(Z(M), Z(N)) . (5.8)

Proof. The unit conditions in Definition [A-6] follows from the definition of the unit isomorphisms
of Cosp(Z(M), Z(N)) given in Proposition[d.15] It remains to verify the associativity condition
in Definition This amounts to the statement that the two morphisms C o (id ® C) and
Co(id®C) from [H, K| @,m |G, H] ®(c,¢1 [F, G to [F, K] (omitting associators) are equal. As
C is defined in terms of C, this in turn is a consequence of the associativity of C. O

Recall Remark We have the following result.

Corollary 5.4. If the morphisms C in (5.5]) are isomorphisms for all F, G, H € Faq n, then Zpq nr
gives a (non-lax) 2-functor Moreover, we obtain a 1-functor Z v nr between two 1-categories:

Zpuw © Fan — Cosp(Z(M). Z(N)) . (5.9)

5.2 Compatibility with composition
For this subsection, we fix three C-modules £, M, N and three Z(C)-closed subcategories
Fem C Fung(L,M) , Fun C Fung(M,N) , Fray C Fune(L,N) (5.10)

of which we demand in addition that the image of the composition Faq n X Fz am — Fune(L,N)
lies in F, or. We want to establish a compatibility condition of the lax 2-functor Za n defined
in Proposition and the composition of functors and of cospans (see Section . Namely, we
will give a natural transformation m between the (lax) 2-functors

ZMNXZLL,m

Fmn X Frm Cosp(Z(M), Z(N)) x Cosp(Z(L), Z(M))
(-)M-)l m,/ iczw),zuw),z(/\/) . (5'11)
Fen Cosp(Z(L), Z(N))

Zo.Nn

According to Definition such a transformation assigns a 1-morphism mg ) to each pair
£ 5 M G N We will take this 1-morphism to be

Z(F) @z(m) Z(G)

/ immj\ (5.12)

MFG) = z(L) Z(GoF) ZN)
Tl T
Z(GoF)

where mp ¢ will be defined in (5.16) below, and we will verify the properties of a 2-diagram in
Lemma Note that ay,as, b1, by are fixed by (5.2]) and the composition rule in (4.7)) — explicit
expressions will be given in ([5.20]) below.
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The second piece of data, which corresponds to the data o4 (or {o¢}) in (A.11)), is a collection
of 2-morphisms (i.e. 3-cells, cf. Definition |4.12)) between two compositions of 2-diagrams. In the
present case this boils down to the following: Let F,F' : L —+ M and G,G" : M — N. For a
given pair (F LN e RN G’) in Nate(F, F') x Nate(G,G') we need a 3-cell my ) between
the compositions

Z(F) ®z(M) Z(G) Z(F) Qz(M) Z(@Q)
[F,0]® z(a) [G ¢ mp,G
[F,F'] ®@zm) [G,G] Z(GF)
(6, F'1®za) [¥,G'] m 1
(¢,%)
—
Z2(L) — Z(F") @ z(my Z(G') =<— Z(N) Z(L) Z(GF) Z(N)
mp,G! [GFY¢)]
Z(G'F") [GF,G'F’]
1 Yé,G'F']
Z(G'F") Z(G'F")
(5.13)

where the left diagram corresponds to op o F(f) in and the right diagram corresponds
to G(f) ooy in . Also, we have not yet carried out the composition of 2-diagrams; this,
together with the construction of m4 ) will be done below.

The data mp,) and m, ) have to satisfy the conditions stated in Definition @ This is
the content of Proposition[5.10] below.

To construct m(p gy and my ) we first introduce the auxiliary map npg r g,g- which is
defined by the following coequalizer diagram,

L P

[F,F'|®@ Z(M) ® [G,G"] [F,F'|® [G,G"] [F, F'] @z(m) (G, G']

"’ \L[GIO_][F,F/] ® [-oF)|a,an AMnppae (5.14)
[G'F,G'F'| ® [GF,G'F] -~——~ [GF,VG’F’]
where the composite morphism at the bottom satisfies the coequalizer property:
Co([G"o—]ipr ® [-0Fliggn) oL =Co([G'o~]pr ® [-0Flga))oR.
This follows from the commutative diagram (2.23]) and the associativity of C (Lemma .

Lemma 5.5. Given C-module functors F, F' € Fz pm, G,G' € Fpn and H,H' € Fyr p, the
morphism n satisfies the following associativity condition:

np gl

([F,F' ] ®@zm) (G, G']) @z [H, H]

(GF,G'F'| @z [H, H']

\LlnG,G’,H,H’ "GF‘G'F',H,H'l (5.15)

Np F!' HG,H'G'

[F, F'] @ z(m) [HG, H'G') [HGF, H'G'F']

Proof. 1t follows easily from the commutative diagram (2.23)), the associativity (2.15)) and the
universal properties of tensor products ®z(aq) and ®@z(n)- O
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We define the map mp ¢ in to be
mpc =nrrac @ Z(F) ®@zm) 2(G) — Z(GF) . (5.16)
For the remainder of this section, it is convenient to abbreviate
Y :=Z(F)®Qzm) Z(G) and Y':=Z(F')@zm) Z(G') . (5.17)

Lemma 5. 6 (i) mp,¢ is an algebra homomorphism.
(ii) Eqn. (5.12) defines a 2-diagram.

Proof. (i) Consider the diagram

[id a4, idd]
[OFy/ [Go—l{id,iq)
[F, F] . G.G] (5.18)
[GO% /l{F][G,G]
(GF,GF)

where x = [G o (—) o Fl[jq,iq)- According to Lemma all ﬁve maps in the diagram are algebra
maps The two triangles involving x commute by Lemma This shows that the first diagram
in commutes. The second diagram in is commutatlve because of the commutative
diagram in Proposition[3.7] (with F = F’ and G = @’). Thus we can apply Lemma
which provides us with a unique algebra map u : Y — Z(GF). From the construction of w in

(4.21)) we see that in fact u = mpq.

(ii) The object Z(GF') in Z(C) becomes a Z(GF)-Y-bimodule by using the algebra map mp ¢
to define the Y-action. It is then clear that mp ¢ is a right Y-module map (and in any case 1 is
a left Z(GF)-module map). Consider the diagram

Y

Z(F) Z(GF) Z(G)

1

a2 Z(GF) b

Fo—]ia,i —0G](ia,i
2(0) [Fo—]pa.ia) [FoGlia,ial ZN) (5.19)

where the maps a1, as, b1, by are those in (5.12)); explicitly they are given by

a = (z(0) Tz 1 2R 0 2(G) LY )

a = (Z(@MZ(GF)%

b= (zW) 2, 26y L 2R e 2(G) LY ) |

by = (W) 2D, Gy Y (5.20)

The triangles in (5.19) involving a1,b; commute by definition. Those involving as, by commute
by Lemma The remaining cells commute by the observation u = mp ¢ in part (i), as they
just amount to (4.18). This establishes the first of the three diagrams in (4.30). The second

48



condition in (4.30)) follows form the commutativity of the diagram

Z2(L) Z(GF) — 21~ 7(GF) Z(GF)

C
- /1> 2(GF)Z(GF) S— Z(GF) (5.21)
lmF’GT .

1a1

Z(GF) Z(L) Z(GF)Y

The commutativity of the upper square is the statement of Cor.[3.8] the commutativity of the
bottom left triangle is equivalent to that of the left square in (5.12)), which we already proved.
The bottom right triangle is just the definition of the Y-action on Z(GF'). The third condition

in (4.30) can be proved similarly. O

By Lemma [£.16} [F, F'] ®z(m) [G,G'] is a Y'-Y-bimodule. On the other hand, [GF,G'F'] is
a Z(G'F")-Z(GF)-bimodule. Since by Lemma the maps mpg : Y — Z(GF) and mp: ¢ :
Y’ — Z(G'F’) are algebra maps, we also obtain a Y’'-Y-bimodule structure on [GF,G'F’].

Lemma 5.7. The map np p.q,¢ in (5.14) is a Y’'-Y-bimodule morphism.

Proof. The proof is exactly parallel to that of u in being an algebra map in the proof
of Lem@ but with u replaced by np r.q,c. We only sketch the idea. Consider a diagram
similar to . The two maps p leading to the bottom right corner are replaced by the left
module action [G'F',G'F'] ® |[GF,G'F'] — |GF,G'F’], and the commutativity of the central
pentagon follows form . Then we obtain the commutativity of the outer subdiagram. By
the universality of p®2, we are done. O

Having completed the definition of mp ¢y in (5.12), we now turn to myg 4 in (5.13). To
start with, we work out the compositions of 2-diagrams implicit in (5.13). From this we see that
m, ) needs to provide a 3-cell for

Y

u u

_ mew (5.22)

Z(G'F") ®y ([FF ®Z(M) G, G [GF,G'F’) ®Z(GF) Z(GF)

\/

G/F/

The explicit form of the maps wu,u,v,v’ follows from (4.33)) and (4.34) depending on the pair
(¢,9). To construct the morphism mg4 4, consider the coequalizer diagram (we abbreviate
Q = [F7 F/] ®Z(M) [GvG/D

L
Z(GFYQY' Q _—ZZ(G'F)®Q Z(G'F') @y Q

R
ll Ul N eNel ﬂ'mF F.G,G! (523)

Z(G'F') ® [GF,G'F'| [GF, G’F’]

For A an algebra and M a left A-module, denote by r the isomorphism A ® 4 M — M, so that
rl=M“% A9 M 25 A®, M. We define

Mg F GG = rlo mlF,F’,G,G" (5.24)
We finally define my ) in (5.22)) by
my y) ‘= MEFF GG = r1lo mlF,F’,G,G’ . (525)
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Remark 5.8. Notice that the definition of mg4 4 in (5.25)) is independent of the pair (¢,).
This is due to the speciality of our definition of Z(p g)(¢) in (5.3)). For this reason, we will also use
the notation mp r/ g g for my ) in a few places when we want to emphasize this independence

of the pair (¢, ).

Following a parallel argument as in the proof of Lem it is easy to see that mp r/ g,¢’ is
a Z(G'F")-Y-bimodule map.

Lemma 5.9. Eqn. (5.22) defines a 3-cell.

Proof. It remains to show that two triangles in (5.22]) are commutative. For the upper triangle,
using ([5.23)), we obtain that

mer o ou=r"'onpp gae o ([F,¢ @zm) [G,Y]). (5.26)

On the other hand, it is easy to show that ' = 771 o [GF,¢¢] o mp . Therefore, it is enough to
show that

nr a0 ([F 9] @zmy (G, Y]) = [GF, ¢l ompg.
Composing both sides by p: Z(F) ® Z(G) — Y and using (5.14]), we obtain

npraa o ([F, ¢ @z (G ) ep = nppaaopo(F,¢]@[G¢])
= Co([¢"o—]@[-oF])o([F ¢ ®[G,9]),
[GF.¢¢lompgop = [GF¢¢loCo([Go-]® [0 F]). (5.27)

Therefore, it is enough to prove
Co([G'o=]®[—0oF])o([F,¢]®[G,]) = [GF,¢p|oCo ([Go—]®[-o F]). (5.28)

Consider the following commutative diagram:

[F,F]+«G'F (5.29)
y &
[G'o—]1 1xpF

[F,F]« GF — = [G'F,G'F| « GF —~> [G'F,G'F] «x G'F

[Go]ll [wF,G’F]l\L iev

[GF,GF] *GF[CMI[GF7G/F} *GF(EV%G/F

GF

where the left square is just (2.27). The right and bottom square commute by definition, see

(2.3). Using the first commutative diagram in (2.21)), the first commutative diagram in (2.3)
and the commutativity of outer subdiagram in (5.29), one can show the commutativity of the

following diagram:
([F, F]® |G, G]) * GF —— GF (5.30)

([F’d)]@[GM)li J{w
(IF, F'| ® [G,G']) * GF —= G'F"

which implies (5.28]) immediately. Thus we have finished the proof of the commutativity of upper
triangle in ([5.22]).
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For the lower triangle in (5.22)), expanding the definition of v,v’,mp p ¢ @, it is enough to
prove the commutativity of the following diagram:

Z(Q'F) —= Z(G'F') @ (Z(F') @ z0m) Z(G")) (5.31)
ll(w’aF/]@Z(M)[d)le])
[v$.G'F'] Z(G'F') & ([F, F']@z(m) |G, G'])

ilnF’F/;G'G/

C

[GF,G'F"] Z(G'F') ® [GF,G'F'].

Using the first commutative diagram in (2.21)), the first commutative diagram in (2.3)) and the
commutativity of outer subdiagram in (5.29)), we obtain the following commutative diagram:

([F', F| 2 [6", &) « GF ~22 ([P P © [¢, G']) + G'F"

([@F'Hw,c'])ll i
([F, Fo[G,G) «GF G'F

which, together with the following commutative diagram:

1
(Z(F') @z(m) Z(G)) x GF Y (2 ®zm) 4(G)) * G'F'
"LF/'G/li mpr gl
Z(G'F') « GF Hwe) Z(G'F') « G'F’
[7/)¢7G/F/]1i evagrp/
[GF,G'F'| « GF frer G'F.
implies the following identity:

nNrF,G,G"° ([d), F/} [’(ﬂ, G/]) = [¢¢, G/F/] ocmpgr g (532)

Applying (5.32)) to diagram (5.31]) and using the fact that [¢)¢, G'F’] is a left Z(G'F’)-module
map and m g gy preserves the unit, we obtain the commutativity of (5.31) immediately.
Therefore, we have proved that my ) = mr r g,¢ is a well-defined 3-cell.

We have now gathered all the ingredients to state the main result of this section.

Proposition 5.10. Let C be a monoidal category and let £, M, N be C-modules. Let
Feom C Fung(L,M) . Fun C Fung(M,N) . Fra C Fune(L,N)

be Z(C)-closed subcategories such that the composition Faqn X Feom — Fune(L,N) lies in

Fre - The data (5.12), (5.16]) and (5.22)), (5.25) defines a natural transformation m between the
5.1).

lax 2-functors stated in (|

Proof. It remains to show that properties (A.13]) and (A.14)) hold. Because two i maps in (A.14])
are identity maps in this case, the condition (A.14]) is reduced to the condition mp rc.c = r~lol
for F' = G = id oy, which holds obviously. For the property (A.13)), we consider C-module functors

FF.F'":L— Mand G,G',G" : M — N, and natural transformations F 2 B 2 B and
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GL G LG Let Y = Z(F")®z(am) Z(G"). Then the property (A.13) amounts to showing
that the following composition of maps:

Z(G"F") @yn ([F, F'] @zm) [G', G"]) @y ([F, F'l ®@z(0m) [G. G'])
285 2(G"F") @y (I, F') @70y [F, F') @200y (G, G") @206y [G, G)

1® ”6®ZM6
Y (M) Z(

G//F//) Ry [F, F//] ®Z(M) [G, G//]
[GF,G"F"] @zar) Z(FG) , (5.33)

where 3 := B((r pr),(c,c),(1F,F,[c,c) (recall (4.46) is constructed explicitly in equals to
the following composition of maps:

Z(@"F") @y (', F") € 500 [G. C')) ©v ([F, F') @00 (G, G')

Mg pit gt G//l

Mg p! G,G"

(G'F',G"F"| @z(crrny Z(G'F') @y ([F, F'] @zm) (G, G])
Imp pr g6 Il Il /!
G'F',G"F"| @z ry [GF,G'F'| @ z(ary Z(GF)

L (GF.G"F") @5 cry Z(FG) (5.34)

Using the commutativity (3.21]), it is easy to check that both maps are induced from the same
natural map: (Z(G"F")® [F',F"|® [G',G"] ® |[F, F'|®|G,G']) * GF — G"F". O

Recall Remark We have the following result.

Corollary 5.11. If the categories Fz am, Famn, Fon all meet the conditions of Cor. and
if the m( ) in (5.25) are all isomorphisms, then m in Proposition[5.10| defines a natural trans-
formation m of functors between (1-)categories as in (note the underlines)

Zpm N XL, m

Fmn X From Cosp(Z (M), Z(N)) x Cosp(Z(L), Z(M))
(—M—)i m lczwmzwyzuw (5.35)

Frn Cosp(Z(£), Z(N)) -

Zo N

Here m is just a collection of equivalence classes of 2-diagrams as shown in (5.12)) for all G € Faqnr
and F' € Fz pm.

5.3 The full center as a lax 2-functor, I

Definition 5.12. For a monoidal category C, let Alg(C) be the category whose objects are
unital associative algebras in C and whose morphisms are unital algebra homomorphisms. If C is
braided, we define Calg(C) to be the full subcategory of Alg(C) consisting of only commutative
C-algebras.

In this subsection, we will construct a lax 2-functor Z from Alg(C) to CAlg(Z(C)). For
concreteness, we start by taking the monoidal category C to be Vecty. In this case, the monoidal
center Z(C) = Vecty, satisfies Assumption and all the internal homs appearing below exist
and can be defined set-theoretically. A more extensive discussion of Z in the vector space case
can be found in [DKR2] Sect.4.3].

We will consider Alg(Vecty) as a 2-category whose only 2-morphisms are identities. We
proceed to give the data of a lax 2-functor

Z : Alg(Vecty,) — CAlg(Vecty);

the statement that this indeed provides a lax 2-functor is the content of Theorem below.
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1. On objects A € Alg(C) we set
Z(A) := Z(A-mod) € Vecty, (5.36)

where A-mod is the category of right A-modules, understood as a left Vectg-module, and
Z(A-mod) € Vecty is its full center as in Definition In this case, the full center
Z(A-mod) is nothing but the ordinary center of an algebra A, i.e.

Z(A-mod) = Z(A) = {z € A|za = az,Va € A}. (5.37)

To see this, note that for any z € Z(A), assigning to a right A-module M the A-module
endomorphism m — m.z gives a natural transformation of the identity functor. Conversely,
given such a natural transformation, evaluating it on A produces an element in the center
of the algebra.

2. For a linear map f : A — B consider the functor (—) ®4 B : A-mod — B-mod. Here ;B
is B equipped with the structure of an A-B-bimodule where B acts by multiplication and
A acts by composing with f and then multiplying. We set

Z(f) =7Z((—)®a tB) € Cosp(Z(A),Z(B)) , (5.38)
with Z((—) ®4 ;B) as defined in (and for Cosp see Definition [1.10). In this case, Z(f)
is the cospan (Z(A) ER Z(f) <> Z(B)), where Z(f) is the centralizer defined as follows:
Z(f)={z € Blzf(a) = f(a)z,Ya € A} , (5.39)
which is nothing but Z(yB) := Homagper (B, yB).

3. The unit transformation is just the canonical isomorphism Z(ida.mod) =~ Z((—) ®4 A),

induced by the natural isomorphism idA-moq = (—) ®4 A between the two endofunctors
A-mod — A-mod.

4. The multiplication transformation of Z: given two morphism A ENY B NN, , let F =
(—)®arBand G = (—)®p4C, there is a natural isomorphism from GoF = (—)®4 ;BRp,C
to (=) ®c goyC. This induces an isomorphism Z(G o F) = Z(g o f). The multiplication
transformation of Z is defined by composing this isomorphism with mpg ¢ in . Namely,
it is a collection of linear maps (as 2-morphisms in CAlg(Vecty)) defined by the composed
morphisms:

2(F) @23 2(9) = Z(F) ©(8) Z(G) =5 Z(G o F) % Z(go f)
for A,B € Alg(Vecty) and algebra homomorphisms A i) B % (. In this case, above
morphism is nothing but a linear map defined by
Z2®zm) 7+ g(z) - 2 (5.40)
for z € Z(f) and 2’ € Z(g), see [DKR2, Lem. 4.11].

The associativity property follows from Lemma 5.5 and the unit property is straightforward.
One can also use the set-theoretical definition given in (5.37)), (5.39)) and (5.40) to check these
properties directly. Thus altogether we have the following result:

Theorem 5.13. The assignment Z : Alg(Vecty) — CAlg(Vecty) defined above is a lax 2-functor.

For general C we define Z in the same way, that is, via (5.36)) on objects and via (5.38]) on
morphisms. We then have:

Theorem 5.14. For a monoidal category C such that Z(C) satisfies Assumption [4.1] if all above
internal homs exist in Z(C), then the assignment Z : Alg(C) — CAlg(Z(C)) is a lax 2-functor.
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5.4 The full center as a lax 2-functor, II

We present the main result of this paper. It simply says that the full center construction gives a
lax 2-functor under a few natural conditions.

Theorem 5.15. Let C be a monoidal category such that Z(C) satisfies Assumption Let
M(C) be a locally full sub-bicategory (see App.[A.2) of Mod(C) such that

1. for all M, N € M(C), the functor sub-category Hompy(c)(M,N) is Z(C)-closed.
2. for all F,G,H € HomM(c)(M,N), the morphism C in is an isomorphism.
3. for all F,F’ € Hompg(cy(M,N) and all G, G’ € Hompy(cy(M,N), and for all F 2y F' and
o G’, the morphism mp g ¢ ¢ in is an isomorphism.
Then the full center construction:
- on objects: Z(M) = Z(M) as defined in Definition [3.3]

- on morphism categories: Z @ Hompyc)(M,N) = Cosp(Z (M), Z(N)) between mor-
phism categories where Zq s is given in Cor.

[Fo—]fia,id] [—oFjia,ia)
o / WF;N

Z: M N 5.41
e 2 - o

G \\i’ Gl ? /
[Go—]fid,ia [—0oG]ia,ia)

together with the multiplication transformation given by m defined in Cor.[5.11] and the unit
transformation given by the identity, defines a lax 2-functor:

i.e.

Z : M(C) — CALG(Z(C)) (5.42)
between two bicategories. If in addition m is invertible, Z is a (non-lax) 2-functor.

Proof. We need to show that the associativity (A.8)) and unit properties (A.9)) and - ) hold.
Recall that the multiplication transformation m is determined by a collectlon of morphisms
{m )} (or equivalently {mpg}) defined in , and the unit isomorphisms ! and r in
CALG(Z(C)) are defined in (4.55). The unit properties and amount to prove that

Miq,,rm) = lzr) and  Mpid,) = 72(F)

which are obvious.
The property (A.8) amounts to the commutativity of the following diagram:

(Z(F) @ 20m) Z(G)) ® zx) Z(H) "2 Z(GF) @ 550 Z(H) 2S5 Z(HGF) (5.43)

1me. o

Z(F) @z (Z(G) @z Z(H)) —= Z(F) @ z(my Z(HG) e Z(HGF)

which follows from Lemma O
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Remark 5.16. 1) We use the same notation Z for the two distinct lax 2-functors defined in
Theorems and This is justified by the following commutative diagram:

Alg(C) 2~ CAlg(2(C))
lMod EJ( (5.44)

M(C) ——2—= CALG(Z(C)),

assuming both Z are well-defined. Here the functor Mod acts on objects and morphisms as

A+ Amod and A & B to (—) ®a §B; we assume that the locally full subcategory M(C) of
Mod(C) is large enough to contain the image of the functor Mod. The 2-functor E is given in
(4.56)). Note that the horizontal arrows are lax, while the vertical arrows are non-lax. In any
case, both, the upper and lower path in the diagram give

(4L B) — (Z(Amod) ZE4D),

where Z is the cospan in (5.2).

In Sections [0] and [7, we will give two cases, in which the conditions in Theorem[5.15] are
satisfied, so that we obtain Z as a (non-lax) 2-functor. In general, however, these conditions, in
particular the condition 2 and 3 in Theorem [5.15] are not satisfied. Therefore, we must work
with 3-cells and tricategory in general. We propose the following conjecture.

Conjecture 5.17. Without assuming the condition 2. and 3. in Theorem for M(C), the
assignment Z: M — Z(M), and , together with the lax 2-functor m given in Propo-
sition[5.10} can be extended (by adding other coherence morphisms properly) to a lax 3-functor
between M(C) and the conjectural tricategory CALG(Z(C)) (recall Conjecture[d.20).

Z(B-mod)) , (5.45)

6 Automorphisms of full centers

Given a category D, we denote the set of isomorphisms in Homp (U, V') by Homj (U, V'), and the
maximal groupoid inside D by D*. Analogously, if D is a bicategory, we denote by Homg (U, V)
the 1-groupoid consisting of invertible 1-morphisms and 2-isomorphisms, and by D* the max-
imum 2-groupoid in D. In Section we will give a simple characterization of CALG(Z)*.

Then in Section we will show that the second and third conditions in Theorem are
automatically satisfied for M(C)*. Therefore, assuming only the first condition in Theorem

for M(C)*, we obtain a (non-lax) 2-functor Z : M(C)* — CALG(Z(C))* between 2-groupoids.

6.1 Invertible cospans and 2-cells

Let Z be a braided monoidal category satisfying Assumption [£.1}
Proposition 6.1. In the bicategory CALG(Z),

(i) a 1-morphism (i.e. a cospan)
T
VAN (6.1)
A B

is invertible iff f, g are isomorphisms in Z.

(ii) a 2-cell (i.e. an isomorphism class of 2-diagrams)

s
Io

A <U]‘f > B (6.2)
T
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is invertible iff v, w are isomorphisms in Z.

Proof. We will first prove the second statement, then the first.

(ii) If v and w are invertible, we will only show that the 2-cell given in (6.2]) has a right inverse.
The proof of the existence of a left inverse is similar. Since w is invertible, then M is also
naturally a right T-module via

MeT " LTeT T M.

Moreover, this right T-action commutes with the left T-action on M. In this way, M becomes a
T-T-bimodule which is isomorphic to 7. Similarly, M is also a S-S-bimodule and v : S — M is
an isomorphism of S-S-bimodules. Consider the following 2-cells:

T
¢’Ll)

A<f‘f >B (6:3)
S

The vertical composition (6.3) o (6.2]) gives the target of the following 3-cell:

ol S\

M@y M<ZTMeorT <=6

pO(le)\ g /

where we identified M @7 T = M =T ®p M. It is an easy exercise to prove that po (w® 1) o
(tr®@v) =(1®rw)ov=po(l®@w)o (v&.ir). Since v and w are invertible, above 3-cell is

invertible. Thus (6.3]) is the right inverse of (6.2]).
Conversely, given an invertible 2-cell (6.2]) we want to show that both v and w are invertible.
By the invertibility assumption, there exists a 2-cell, say given by

T
Ve
A -~ N\ B
S
and isomorphisms a:N @7 M — S, bM ®g N — T, of S- and T-bimodules respectively, such

that a is the inverse to both of the two compositions:

SHEM=Tor M2 Nor M, SLN=No:T 2% N, M

and b is the inverse to both of the two compositions:

T M=MosS 2% MeosN, T35 N=SosN 2L M ogN.

Therefore, we have a o (x @ 1) ov = idg. To prove that v is invertible, it is enough to show
vo(ao(x®r 1)) is invertible. By the commutativity of the following diagram:

TorM—"2 = Nogy M a S v M

S®sNor M- MogNor M —% Meg S,
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we have v o (ao (z1)) = (la) o (v1l o x1) = la o (b~'1) which is invertible.
The proof of the invertibility of w is similar.

(i) If f,g are isomorphisms, then T is also a commutative algebra and (B < T L A)is a
1-morphism in CALG(Z). Its composition with original cospan (6.1]) gives the cospan

TopT

AV/ \jB

It is easy to show that ¢ = j and ¢ is an isomorphism. We want to show that there is an invertible
2-cell between (A - T ®@pT <~ A) and the identity cospan (A = A <— A). It is given as follows:

e
\ I /

By the result of (ii) which has been proved, above 2-cell is invertible. Hence, we obtain that (6.1])
is invertible. /
Conversely, if the cospan l) is invertible, then there is a cospan (B <+ G L A) such that

there exist bimodules M, N and four isomorphisms: T®pG = M <2 Aand G 4T N2 B
forming the invertible 2-cells:

}/T ®¢B \ /G @3 élT\

where the morphisms fi, f2, g1, g2 are composed morphisms given as follows:
AL T—TepB Y Topa,  fr:ALsG=Besc S Tega,

g :BLHG=GosALsqeaT, ¢ :BEST=Ao,TI5GeaT

We want to show that both f and g are invertible.

First, since a; and as are invertible we must have f; = f; and g; = go. Moreover, f; and g1
are both isomorphisms with the inverses given by a5 Yoay and by Loby, respectively. Secondly, we
have (f; o (1g')) o f =ida and (97 ' o (f'1)) o g = idp. It remains to show that fo (f; o (1g"))
and go (g7 ! o (f'1)) are invertible. It is easy to show that the following diagram:

’ —1
IT~TesB—2 ~TeopG—2 A ! T

- o I

TopGosAd—oTopGoaT s AT

is commutative. Therefore, we obtain fo (f; *o(1¢")) = (f; '1) o ((11f)o(1¢") = (f; *1) o (1g1)
which is clearly invertible. Therefore, f is invertible.
The proof of the invertibility of ¢ is similar. O
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In the remaining part of this subsection, we give a simple characterization of CALG(Z)*. Let
A and B be two commutative Z-algebras. We define the map

B
A:ALB — /7 N\ (6.4)
A B

If we view Hom 44z (A, B) as a category with only identity morphisms, A automatically defines
a functor Hom 44z (A, B) — Homcarg(z)(A, B). Moreover, we have the following result.

Lemma 6.2. The functor A : Homilq(z) (A,B) — HoméALG(Z) (A, B) is an equivalence.

Proof. The functor A is essentially surjective on objects since, for any invertible cospan (A i>
T <& B), there is an invertible 2-cell

T
SN

A T B (6.5)
gkfg /

It remains to show that the functor A is fully faithful. The functor A is trivially faithful,
since Hom 4;4(z)(A, B) has only identity morphisms. To see that it is full, let

B
TN
A M B (6.:6)
Xl"g/

be an arbitrary invertible 2-cell between two cospans in the image of A. It is clear that we must
have ¢ = v which in turn implies f = g. Moreover, since M is naturally a B-B-bimodule and
¢ = 1) is bimodule isomorphism, we obtain that above 2-cell is isomorphic (thus identical) to the
identity 2-cell. Hence it lies in the image of A. O

The above lemma immediately implies the following

Theorem 6.3. Let Z be a braided monoidal category satisfying Assumption [4.1} Think of
the 1-groupoid Calg(Z)* as a 2-groupoid with only identity 2-morphisms. Then the functor
A :Calg(Z)* — CALG(Z)* in (6.4) is an equivalence of 2-groupoids.

6.2 The full center is non-lax on equivalences

Let M(C) in Theorem satisfy only the condition 1. For F,G,H € Homlf/l(c)(./\/l,./\/'), if

F =G (or G= H), it is easy to show that C defined in (5.4) is an isomorphism. In other words,
the second condition in Theorem is automatically satisfied for M(C)*. We want to show
the the third condition is also satisfied for M(C)*. We need a lemma.

Lemma 6.4. For C-module functors G,G’ : Homngc)(N,P), H,H' € Hompgc) (L, M) and
F e Homlf/l(c)(/\/l,/\/')7 i.e. F is a C-module equivalence between M and N, the morphisms

[7OF][G,G/] : [G,G/]*)[GF,G/F] and [FO*][H,H'] : [H,HI]%[FH,FHI} s (67)
defined in (3.17) and (2.20)), are isomorphisms.
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Proof. Let F be a quasi-inverse of F. By definition, there are two natural isomorphisms: FF 2,

idy and FF Yy id M. It is enough to show that the following compositions of morphisms:

[1¢~1,G'|o[GFF,14]

[—oF)ia,an [—oF)igr,c'F)
] —— | ] ———— |

G, G’
GF,¢'F) = (arF, ' FF) =2 (GFFF,G'FFF)

GF,G'F GFF,G'FF) [G,G']  (6.8)
119~ 1,G' Flo|GF FF,11%)] [GF G’F]

equal to identity maps. We will only prove that gives the identity map. The proof for the
other one is similar. Recall Remark (ii) which says that the morphism [1¢71,G] o [GFF, 1¢)]
is an isomorphism. Hence it is enough to check that

[— [e] F] [GF,G/F] o [— (e] F][G,G’] = [GFF, 1¢_1] e} [1(]5, Gl] (69)
This follows from the commutativity of the following diagram:

[14,G']1 [GFF,1¢7"]
_—

[G,G'] « GFF [GFF,G'| « GFF

11% J{eVG’FF

[G,G'*G e G’

[GFF,G'FF)* GFF

ievGFF

B )
1o G'FF

which is just a special case of the two commutative diagrams in (2.3)). Notice also that the map

(1p71) o evg o (11¢) equals to [G,G'] * GFF = ([G,G'] x G)FF oll, G'FF. By 1) and
Lemma we obtain the identity immediately. O

The following lemma says that the third condition in Theorem [5.15|is satisfied automatically
for M(C)*.

Lemma 6.5. For F,F' ¢ ’Homlf/l(c)(ﬁ,./\/l) and G, G’ ¢ ’;’—LOJrnlf/[(c)(/\/l,J\/’)7 if there are isomor-

phisms F 2 P and G Y G, then the morphism ng . g ¢ : [F, F'|Qzm) [G, G| = [GF,G'F'|
defined in (5.14) and the morphism my ) := mp ¢ ¢ defined in (5.24) and (5.25) are both
isomorphisms.

Proof. Let F 2 F and G % @' be two natural isomorphisms. Using Lemma and the
commutative diagram (5.14]), it is easy to obtain the following commutative diagram

IF,F|®[G, ¢ o [F.F) ) [G.C] (6.10)

olot-on |~ |p TR

[G'F,G'F'| @ [GF,G'F| = [G'F,G'F'| © (¢ ) [GF, G'F| —<> [GF,G'F]

[G’F,G’¢1]1l l[GF,G/qﬁl]
[G'F,G'F) @) [GF, G'F| —— [GF,G'F)

where f is given by the universal property of coequalizer. It is easy to show that f is an
isomorphism. Then ng p/,q - = go f, where g is the composition of the three isomorphisms at

the bottom of diagram (6.10), is an isomorphism.
Recall the identity (5.26)). Notice that the morphism w in (5.26) (defined by (4.33)) is an
isomorphism in our case. Therefore, mp r/ ¢ g’ is also an isomorphism. O

Altogether, we obtain the following result.
Theorem 6.6. Z : M(C)* — CALG(Z(C))* is a (non-lax) 2-functor between two bi-groupoids.
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Remark 6.7. We can reformulate the main result in [KRI|] in terms of the 2-functor Z in
Theorem Assume that C is a modular tensor category. We define a bicategory ssFA(C) of
special symmetric Frobenius algebras in C:

1. I-morphisms between objects A and B are A-B-bimodules in C.
2. 2-morphisms between two A-B-modules M and N are bimodule maps.

Then there is a fully faithful embedding ssFA(C) < Mod(C). Let ssFA(C)* be 2-groupoid
consisting of all isomorphisms in ssFA(C). Composing this embedding with Z, we obtain a
2-functor ssFA(C)* — CALG(Z(C))*. Let ssFA(C)* and CALG(Z(C))* be the truncated 1-
groupoids (see Definition |A.5). The main result of [KRI] is that the Picard group of a special
symmetric Frobenius algebra A in C is isomorphic to the group of automorphisms of its full
center of Z(A). In terms of Z, this result can be restated as follows: the functor Z : ssFA(C)”* —
CALG(Z(C))* is an equivalence between two groupoids. A categorification of this result was
proven in [ENOQ9| (see also [KK] for its physical meaning).

7 Fusion categories

In this section, we assume that C is a fusion category over a ground field & [ENOO5|]. Namely, C
is a k-linear semisimple rigid monoidal category with finitely many isomorphism classes of simple
objects and finite dimensional spaces of morphisms such that the unit object 1 is simple and
End(1) k.

Let Mod’(C) be the subcategory of Mod(C) consisting of indecomposable semisimple C-
modules and k-linear C-module functors. One easily checks that indecomposable semisimple C-
modules are automatically finite, i.e. have a finite number of simple objects and finite dimensional
morphism spaces. All C-modules in Mod®(C) are C-closed, and all C-module functors between
such C-modules are automatically exact. The main goal of this section is to show that all three
conditions in Theorem are satisfied for M(C) = Mod°(C). We will also show that the
multiplication transformation m is an isomorphism, so that Z is a non-lax 2-functor.

Throughout this section, we assume M, N € Mod’(C). Let M be an non-zero object in M.
The internal hom [M, M] is a C-algebra. The following result is due to Ostrik [Os].

Theorem 7.1. The functor [M, —] : M — Cjps a defined by N +— [M, N] is an equivalence.
We have the following lemma:

Lemma 7.2. Let M, N € M and M # 0. The following map
evVyr - [M,N} ®[]\/[’M]M—>N (71)
which is induced from the evaluation map evy; : [M, N]® M — N, is an isomorphism.

Proof. Because M is semisimple, it is enough to prove evys in is an isomorphism when N
is simple. Let thus N be simple. Notice first that [M, N] # 0 by Theorem m Then the map
[M,N]® M My N is non-zero because it is the image of id[p7,n] under the isomorphism
for X = [M, N]. So &vyy is also nonzero. Then it is enough to show that [M, N] @0 M = N
as objects. Since the functor [M, —] : M — Caz,a) is an equivalence thus preserves coequalizers,
and by Lemma and Lemma we have [M, [M, N] @ar,n) N] = [M, N] @, [M, M] and
the latter is naturally isomorphic to [M, N]. O

Proposition 7.3. Let M, N € M and M # 0. The following map
Cu : [M,N] @ [L, M] — [L, N, (7.2)

which is induced from Cy; : [M, N|®[L, M] — [L, N], is an [N, N]-[L, L]-bimodule isomorphism.
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Proof. As before we identify M = Cjp 7). Recall the map (2.6). By the universal property of

— ®[m,M) —, We obtain a map 37 ] making the following diagram:
[M, N] ® [L, M] —==— [L, [M, N] ® M] (7.3)
Pi l[Lm]

Y[M,N]

[M, N] ®n,nm) [Ly M] — [L, [M, N] ®ar,0) M] -

commutative. By Lemma and the rigidity of C, y[az,n7 is an isomorphism. Since [L, —] is an

equivalence (again by Theorem , also [L, p] is a co-equalizer. This allows one to define 7[7& N

in Cjp, 1), so in particular in C, showing that F[57 n7 is an isomorphism. The commutativity of the
diagram ([2.14) implies that the following diagram:

[llv[JV[v]VT Qg[ﬂl,Af]]v{} (7.4)

RS W\

C
[]V[7]VJ Qg[ﬂd}hl][l;vzv{] z

[L; N]

is also commutative. By Theorem and Lemma [L,eva7]) is an isomorphism. Thus also
Cys is an isomorphism, and by Lemma it is a [N, N]-[L, L]-bimodule map. O

When C is a fusion category, by [ENOOQ5|, both categories Z(C) and Cy, are fusion categories.
(Recall from Section that C), is the same category as Cj, but with the opposite tensor
product.) As a consequence, the category Z(C) satisfies Assumption

It is well-known that Z(C) = Z(C),) (see e.g. [EQ]). Let M and N be semisimple inde-
composable C-modules. The category Fune(M,N) is naturally a Cx-Cji,-bimodule. By [EQ,
Thm. 3.31], Func(M,N) is a semisimple indecomposable module over C}, (or Cx/), and hence
in particular finite. Via a-induction, the category Fune(M,N) is also a finite semisimple Z(C)-
module. As a consequence, Fune(M,N) is also Z(C)-closed. Therefore, the first condition in
Theorem is satisfied for M(C) = Mod’(C).

To verify the second condition in Theorem we need a couple of technical lemmas.

A functor F : Z — C is dominant if every object of C is a retract (i.e. a direct summand) of
an object of the form F(X) for some object X of C.

Lemma 7.4. Let M be an indecomposable C-module. Then F' : Z — C is a dominant monoidal
functor. Then the pullback F*(M) is an indecomposable Z-module.

Proof. Indecomposability of C-module M can be reformulated as follows: for a fixed M € M
any N € M is a retract of X « M for some X € C. To see the indecomposability of the Z-module
F*(M) take the same M € M. Then since by dominance of F any X € C is a retract of F(Z)
for some Z € Z we have that any N € M is a retract of F(Z) x M for some Z € Z. O

Lemma 7.5. For a fusion category C, the forgetful functor F : Z(C) — C is dominant.

Proof. Let I : C — Z(C) be the right adjoint functor of F. By [DMNO, Lem.3.5], I(1) is a
connected separable commutative algebra in Z(C). By [ENOOS8| Lem. 3.2], I defines a monoidal
equivalence from C to the category Z(C);¢1) of I(1)-modules in Z(C), and the following diagram

forget

Z(0) 20101
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is commutative. Notice that the left adjoint functor of the forgetful functor Z(C);1y — 2(C)
is given by — ® I(1), which is dominant because I(1) is separable. Then it is clear that F is
dominant. O

Thus in particular Fune (M, N) is an indecomposable Z(C)-module. Therefore, we can apply
Proposition[7.3] to the case of the semisimple indecomposable Z(C)-module Func(M,N). We
obtain, for k-linear C-module functors F, G, H : M — N, the morphism C : [G, H]|®¢ ¢ [F, G] —
[F, H] is an isomorphism. In other words, the second condition in Theorem is satisfied for
M(C) = Mod’(C).

Now we will show that the third condition in Theorem [5.15]is satisfied for M(C) = Mod®(C).
Namely, the morphism mp rr g g in is an isomorphism. Before we prove this result, we
need a few lemmas. ) )

Given C-module functors £ —2s M N, the internal homs [F, F']cs, and [G,G']cy, in
Ci, are defined by,

Hom]:unc(/\/l,./\f) (X o F| F/) = HOIIlc}‘Vl ()(7 [F, F/}c* )

M

Hom}'unc (M,N) (G oX, Gl) = HOIIle\A (X7 [Ga G/]Cj\A)
for X € C},. We have the canonical evaluation maps:
[F,Flles, o F =5 F', Go[G,Gley, =5 G
Another way to understand [F, F’ les, and [G, G’ Jes, 1s given in the following Lemma.

Lemma 7.6. Let IV : M — L be the left adjoint of F and G¥ : N'— M be the right adjoint
of G. We have
[F,F’]C;fv1 ZF/OFV, [G,Gl}cjw ZGVOG/.
Proof. We will only show the prove of [G, G’]
is similar. )
It is enough to show that G o GY o G’ <, G, where G o GV 5 idy is the counit of the
adjoint pair (G, G"), satisfies the following universal property:

~ GY o G'. The proof of the other isomorphism

Ch

Go(GVG)
3 Gf7 eG’

GoX- el

— Vv
One can construct f as the composition X X, GVoGoX LAEN GY o G’ where 1 : idyy — GVG
is the unit of the adjunction pair (G,G"). Let g be another morphism g : X — GVG’ such that
f = €G o Gg. Then we have

F=(G"f)o(nX)=(GYeG") o (G"Gg) o (nX) = (G"eG') o (nGYG") 0 g = g.
We have proved the uniqueness of f. O
For Z € Z(C) and F, F’' € Fune(M,N), notice that

Hom]:unc(M,N)(Z * F, F/) >~ Homcjw (a(Z), [F, Fl]cjvl) >~ Homz(c)(Z, Ozv([F‘7 F/]ijl)),
Hom gy, (mar) (G Z,G') =~ Homey (a(Z), [G, G']ex,) ~ Homz(e)(Z, aY([G, G'lex,))

Therefore, we obtain

[F,F' 2 aY([F, Fley,) and [G,G=a"([G,Ges,)- (7.5)
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Lemma 7.7. The evaluation maps [F, F'] * F =% G and G o [G, G'] =% G’ factor as follows:

[F,F'] % F = aa([F, F'lex, Yo F <5 [F, Flles, o F =5 F/,
G*[G,G = Goan([G,Gcy,) G5 Gola, Gles, =5 @, (7.6)
where € : aa” — idey, is the counit of the adjoint pair (a, ).

Proof. Tt follows immediately from the universal property of (aaV, aa < id):

aa¥(Y)
Sta(f) . \
a(X) ! Y
and that of ([F, F'],evp) and that of ([G,G'],evg). O

Lemma 7.8. The right adjoint a¥ gives a monoidal equivalence between C}; and the category
of Z(M)-modules in Z(C). In particular, we have a canonical isomorphism:

[F, F/} Qz(Mm) [G, G/} ~ Ozv([G, G/}c;\/l o [F, F’]C;«VI). (77)

Proof. Consider the forgetful functor Z(C3,) — C},. According to [ENOOS, Lem. 3.2], its adjoint
I induces an equivalence of C}, and I(id¢)-modules in Z(C},). Since C is fusion, the functors
L and Rpq in are equivalences [EQ]. Therefore, the functor & defined in Proposition
is also a monoidal equivalence. Thus, C}, is equivalent to " (ida¢)-modules in Z(C). But from

(3-8) we see that " (idpy) = Z(M). O
Lemma 7.9. The morphism ngr go : [F,F'] @z [G,G'] — [GF,G'F'] defined in the

diagram (5.14)) is an isomorphism. Moreover, mp, F',GEG” deﬁned in ((5.25)) is an isomorphism.

Proof. We consider the following sequence of natural isomorphisms:

Homz(c)( [F F ] [G G D = HOIIIZ(C)()(7 aXA([G, Gl]Cj\A o [F, F/]cjw»

= Hompune (m,m)(am(X), [G, G e, o [F, F'lex,)
Lem.[7.6]

= Hompune (man (am(X), (G o G') o [F, F'lex, )
Lem.B21

= HomF\unC(M’M)(aM(X),[F, (G\/OG/)OF/]CL)

= HOHlFunc(ﬁ’M)(OéM(X))OF,GVOGIOF/)

= Hompyne (2,0 (G 0 ap(X) o F,G' o F')
Lem.34] , ,

= HomF‘unc(ﬁ,N)(X*(GoF)vG OF)

= Homz(c) (X, [GF, G/F/]) . (78)

Now let us take X = [F, F'] ® z(amq [G, G']. We examine the image of idx in ([7.8) step by step.
In the 1st step, we obtain the following composition of maps:

[ F@z0m (GG = ay([F Fley,) @z o (G, G le,)

L aam(@y([F Flley,) @z0m) e (G, Ges,))
= ajlamaiy (G, Gey,) o amai([Fy F'ley,))

D Y (G, Ges, o [F, Flles, )
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In the 2nd step, we obtain

am([F, F' @z [G,G')

2

am(ai([F, Flles,) @zm) apq (G, Glex,))
amaiy([G,Ges,) o apmai([F, Flles,)

i> [G7G/]cj\/1 o [F, Fch\/1

Il

Using Lemma we obtain in the 6th step the following morphism:
G o am([F, F') @700 [G,C)) o F = (G x [G,G')) o ([F, F') 5 F) Z5, G/,
In the 7th step, we obtain the canonical action
([F,F'1®|G,G') « GF — G'F'".
Then we obtain ng r/ ¢ ¢ in the last step by the definition of ng s g g/. Therefore, ng r g ¢
is an isomorphism.

It remains to show that mp ¢ ¢/ is an isomorphism. By ([5.25), it is enough to prove that
My g g, 18 an isomorphism. By the definition of m% p o o in (5.23)), it is enough to show
that the map Z(G'F’) ®y+ [GF,G'F’'| ER [GF,G'F’], which is naturally induced by the universal
property of ®y- from the map Z(G'F') ® (GF, G'F’] <, [GF,G'F'] in {j is an isomorphism.
Since we have proved that n(p g gy is an isomorphism, in particular, we have that

ng/ Fr,g',qg0 = Mpr.qg Y’ = Z(F’) ®Z(M) Z(G/) — Z(G/F/)

is an algebra isomorphism. By re-examining the action of Y’ on [GF,G'F'] and Z(G'F"), it is
easy to see that it factors through the action of Z(G'F’) via the algebra isomorphism mpg- .
Therefore, we have the following factorization of f:

Z(G'F") @y |GF,G'F'"] — Z(G'F") @zqrry [GF,G'F']
\ -
[GF,G'F’
We obtain that f is an isomorphism. O

Since the mp ¢ = np re.¢ are isomorphisms, the multiplication transformation (see (5.12))
and (5.35)) is an isomorphism. Altogether, we have shown that all three conditions in Theo-
rem are satisfied for M(C) = Mod’(C).

Theorem 7.10. Let C be a fusion category over a ground field k. Then
Z : Mod’(C) — CALG(Z(C))
defines a (non-lax) 2-functor between bicategories.

Remark 7.11. In a rational CF'T, the category C is not only a fusion category but also a modular
tensor category. In these cases, Z(C) = C; W C_. The full center Z(M) of a C-module M in
Mod®(C) is the bulk fields (or a closed CFT) associated to M.

A Appendix

A.1 Module categories

Here we briefly state our conventions for module categories, some references are [Qul [JK], [Og].
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Definition A.1. Let C be a monoidal category with tensor unit 1¢. A left module category over
C, or C-module for short, is a category M together with

1. action functor: A functor x : C x M — M.

2. associator: A natural isomorphism a : x o (ide X *) — * o (® X idyq) between functors
C xCx M — M. That is, a family of isomorphisms ax yy : X *(Y* M) - (X ®Y)* M,
natural in XY € C and M € M.

3. unit isomorphism: a natural isomorphism [ : 1¢ x (—) — idaq between endofunctors on M.
That is, a family of isomorphisms Iy : 1¢ * M — M, natural in M € M.

These must satisfy the coherence conditions
1. pentagon: The diagram
(XQY)*x(ZxM)

ax,y,Z«M axy,z,M

X *(Yx(Z+M)) (XeY)®Z)+M

idx*ay,z,zxx /x,Y,z*idM

X+ (Y®2Z)«+ M) —(— > (XY ®2)xM
T (A1)

commutes for all X,Y,Z € C, M € M. Here ax,y z is the associator of C.

2. triangle: The diagram

ax,10,M

X x(lg*x M) (X®@1le)x M (A.2)

idx *l s T x *id pr

XM

commutes for all X € C, M € M. Here rx is the right unit isomorphism of C.

Definition A.2. Let C be a monoidal category and let M, N be C-modules. A C-module functor
from M to N is a functor F' : M — N together with

e a natural isomorphism F®) : Fox — %o (ide x F) between functors C x M — N. That
is, a family of isomorphisms F)((2)1\/1 :F(X «M)— X %« F(M), natural in X € C, M € M.
These must satisfy the compatibility conditions

1. associator compatibility: The diagram

F(X®Y)xM)

(2)
FW W

F(X # (Y % M)) (X®Y)* F(M)

F}(‘z)y*lx /X,Y,F(M)

XxF(Y«M) — X # (Y x F(M)) (A3)

commutes for all X,Y € C and M € M.
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2. unit compatibility: The diagram

e
F(le* M) —<" o 1« F(M) (A.4)
F(%F(M) lr ()

commutes for all M € M.

Definition A.3. Let C be a monoidal category, M, N be C-modules, and F,G : M — N be
C-module functors. A C-module natural transformation from F' to G is a natural transformation
¢ : F' — G such that the diagram

Fiy
F(X*M)—=X=x*F(M) (A.5)
i‘z’){*}&[ iidx *p M
G<2)

G(X * M) —2% X « G(M)

comimutes.

A.2 Bicategories

In this appendix we recall the definition of bicategories and related notions, see [Be] or [Le]. Let
1 be a category with only one object and only the identity morphism.

Definition A.4. A bicategory S consists of a set of objects (in a given universe) and a category
of morphisms Hom(A, B) for each pair of objects A and B together with

1. identity morphism: 14 : 1 — Mor(A, A) for all A € S.
2. composition functor:

©a,,c: Hom(B,C) x Hom(A,B) — Hom(A,C)
(T,S) — ToS

3. associativity isomorphisms: for A, B,C, D € S, there is a natural isomorphism a4 g ¢ p),
or « for simplicity,

a:@40p0°(@ap,c xid) = @appo(dx©®pc.p),

which consists of a family of morphisms {a(s 7,0) } semom(A,B), TeHom(B,C),UeHom(c,D)- Oc-
casionally, we will also abbreviate a (s 7,y as a in some diagrams (for example (A.8)) for
simplicity.

4. left and right unit isomorphisms: la gy : @a,4,B° (14 xid) — id and r4,B) : ©4,BB ©
(id x 15) — id. These two natural transformations, also denoted by ! and r for simplicity,

consist of the following two families of maps {14 o T Lz, T} repom(a,py and {T'o1p REAN
T} retom(A,B)-

satisfying the following coherence conditions:
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1. associativity coherence:

a 1
(SoT)oU)oV eny (So(TolU))oV (A.6)
Q(sT,U,V) ia(S,TU,V)
(SoT)o(UoV) (TolU)oV)

m /6
o(To(UoV))
2. identity coherence:
A(s,1p,T)

(SO]_B

o(1poT) (A.7)

\/

Definition A.5. For a bicategory S, we can truncate it to a l-category S by ignoring 2-
morphisms and defining 1-morphisms in S by the equivalence classes of 1-morphisms in S.

Definition A.6. Let C and D be two bicategories. A lax functor (or a lax 2-functor) F : C — D
is a quadruple F = (F,{F (4 p)}4,BeC, i, m) where

1. F is a map of objects X — F(X) for each object X in C;
2. F4,p) : Homg (A, B) — Homp (F(A), F(B)) for each pair of objects A, B € C is functor;

3. umit transformation: VA, ia : 1pa) — F(a,4)014 where 1p(4) and F (4 4)014 are functors:
1 — Homp(F(A), F(A));

4. multiplication transformation: m : @po(F (g cyxF(a,p)) = F(a,0)0@c, i.e. a collection of
morphisms ms,1 : F(p,c)(S)oF (4,5 (T) = Fa,c)(SoT) natural in S € Home(B,C),T €
HOIHC (A, B)

satisfying the following commutative diagrams:

1. associativity: for S € Home(C, D), T € Homeg(B,C),U € Home (A, B),

(Fic,p)(S) o F(p,c)(T)) o F(a 5)(U) —>Fc,p)(S) o (Fp,c)(T) o Fa5)(U)) (A.8)

mli llm

F(ByD)(SOT) OF(A,B)(U) F(C_’D)(S)OF(A70)(TOU)

mi lm

F o
Fa0)((SoT)oU) (0 Fiap) (S0 (Tol))
2. unit properties: for S € Homg (A4, B),
1
1r(5) © F(a,5)(S) — = F(a,5)(S) (A.9)

iBll TF(A,B)(ZS)

F,5(18) oF(4 5 (S) ™=Fp(lpoS)
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TF(S)

F(4,5)(8) o 1pa) ————=F(a,p)(9) (A.10)

17;A\L TF(A,B)(TS)

Fa.5)(S)oF(a4)(1a) “—=F (45 (Soly).

If we reverse all arrows, we obtain the notion of an oplax functor (or an oplax 2-functor). Given
a lax functor F, if the natural transformations i4,VA € C and m are actually isomorphisms,
then F is called a functor or a 2-functor.

Let P be a property of a functor between 1-categories like full, faithful, essentially surjective,
etc. We say that a (lax, oplax or neither) functor is locally P, if for all objects A, B the functors
F(4,p) have property P.

If S is a bicategory and S’ is a sub-bicategory (i.e. a subset of objects and collection of
subcategories S’'(A4, B) for each S(A, B), such that the resulting embedding ¢ : S — S’ defines a
(locally faithful) functor), then S’ is locally full if the embedding functor ¢ is locally fully faithful.
Less precisely said, a locally full sub-bicategory may be missing some objects and 1-morphisms,
but it will still contain all 2-morphisms between any two 1-morphisms.

Remark A.7. If the unit and multiplication transformations of a lax 2-functor F : C — D are
isomorphisms, we naturally obtain a 1-functor F : C — D between two 1-categories. In other
words, a 2-functor F automatically defines a 1-functor F.

Definition A.8. A natural transformation o : F — G between two lax functors F,G : C — D
between two bicategories C and D contains the following data:

1. 1-cell F(A) 2% G(A);

2. a natural transformation

C(4, B) fon) D(F(A), F(B)) (A.11)
Ga,B) v 0AB (oB)«
D(G(4), G(B) ——— = D(F(4),G(B)).

i.e for each 1-cell A L B, we assign a 2-cell oy : g o F(f) — G(f) o o4 such that for all

2-cells f 2, g in C we have the following commutative diagram:

9f

o5 o F(f) —L=G(f) 0 0a (A.12)
1F(¢>l iew

o

opoF(g) —>G(g)ooa,

satisfying the following axioms:

1. Omitting “o” in the following diagram: For all A ENY;IEN C in C,

-1 og4l

oc(F(9)F(f)) ——= (0cF(9))F(f) —— (G(9)op)F(f) ——= G(9)(05F(f)) (A.13)

1mi J{laf
1

ocF(go f) — L= G(go floa <"1 (G(9)G(f))oa <—— G(9)(G(f)o.1)
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2. For all A € C,
r —1
ca0lpay—>=04—>1gooa (A.14)

MF(A)\L iig(A)l
0’1A

opoFly————> Gl 004

Remark A.9. If each oy is an isomorphism for all 1-cells A EN B, then we obtain naturally
an ordinary natural transformation o : F —+ G where F, G : C — D are two ordinary functors
between two 1-categories.

A.3 Proof of Lemma |4.17
Proof. (i) We abbreviate S = Sy and T' = T in this proof. Consider the following diagram:

L 3

(M'BN')(SBT)(MBN) ————% (M'N')(ST)(MN) L o (M'®5N')(S®sT)(M o5 N)
Ry [
LST\uRST I Lsgpr | |3 Rsgpr
L% 0% Yy
(M'BN"Y(MBN) ——ZMQN MN———> (M 5 N')® (M ®8 N)
R2 ~
b ICN/’Ml\L _ P -
MeoMoNoN -7 pS® 5T
PBO(PSPT)\L - -
! A/ HIB ! !
(M'®sM)®p(N'®@r N)< - — (M ® N') ®sgzr (M @B N)

(A.15)
where Lg and Rp are the left and right action of B, and Lgr, Rsr are the actions of S ® T
(involving a braiding), and Lgg 7 and Rsg 7 are given by the universal properties of p%, which
is the coequalizer of the pair (L%, RY), and pse 1 is the coequalizer of the pair (Lsg 7, RsopT),
and pgpr is the coequalizer of the pair (LsLr, RsRr).
Now we explain how to construct the maps 8; and . First, using graphic calculus and the
defining properties of 2-diagram , we can check that

pB o (pspr) o (lenarl) o LE = pp o (pspr) o (Leniarl) o R (A.16)

Since p% is the coequalizer of the pair (L%, R%), we obtain the unique map 31 in Diagram (A.15))
such that

Bioph = pro(pspr)o (lenml). (A.17)

Secondly, using graphic calculus, it is easy to see that pg o (pspr) o (len'pml) o Ler = pp o
(pspr) o (len/ 1) o Rgr which implies immediately that

B1o(pf o Lst) = B o (p © Rsr). (A.18)

Since ,0?,’3 is epi, it is easy to see that psg .7 is also the coequalizer of the pair (LS@BTOpr7 RsgpT0
p%). By the commutativity of the upper square in Diagram (A.15), we obtain that psg,7 is

also the coequalizer of the pair (p% o Lsr, p% o Rsr). Then the identity (A.18]) implies that the
existence and the uniqueness of morphism g, which is shown in diagram in (A.15]), such that

p1=PBopsgsr- (A.19)

We define B(M’N/),(MN) = B

69



(ii) We will prove that 8 is an isomorphism by giving an explicit construction of the inverse map
B3 of B below similar to that of 81 and . Consider the following diagram:

Lg1Lp
(M'SM)B(N'TN) == (M'M)B(N'N) 22T (M’ ®s M)® B® (N' ®r N)
Rs 1Ry [\
1L31£ )/11{31 3L |3IR
/ ’ %LSLT / ’ PSPT / r /
(M'SM)(N'TN) IM@MRIN @N———— (M' ®s M) ® (N' @7 N)
Rg Rt -
ICI_V},Ml\L - -
MoNoMeN e on
pS®BTOP2B\L - -
/ ’ “ 3! B3 ’ /
(M'® N')@sgpgr (M@ N)<-—=- (M ®@s M) ®p (N ®r N)

(A.20)
where L and R are given by the universal property of pg1pr as the coequalizer of the pair
(Ls1Ly,Rs1Ry). The construction of 8y and S5 follow from the similar argument as that of
B1 and B. First, using graphic calculus, we would like to prove the following identity:

psest 0 pp o (1ey 1) o (LsLy) = pseyr 0 pp o (1eys 1,1) © (RsRr). (A.21)

It follows by first composing both sides by the isomorphism (111cp arl) o (lens garl), then ap-

plying the commutativity of upper square in (A.15)). The identity (A.21]), together with the
universal property of pgpr, implies the existence and uniqueness of 85 such that

B2 0 (pspr) = psesT © PH © (1eyt 1) (A22)

Secondly, using graphic calculus and definition properties of 2-diagram (4.30)), it is easy to prove
that the following identity: psgp7 © p% o (1Lgl) = pseyT © p% o (LRp1) holds. By (A.22), we
obtain

B2 o ((pspr) e (1Lp1)) = B2 o ((pspr) o (1Rp1)). (A.23)

On the other hand, pp is the coequalizer of the pair (L, R), hence also the coequalizer of the

pair (Lo (pslpr), Ro (pslpr)), and that of the pair ((pspr) o (1L51), (pspr) o (1Rp1)). Then
(A.23)), together with the universal property of pp, implies the existence and uniqueness of 35
such that

B3 opp = Pa. (A.24)
To see that § is invertible, it is enough to prove that
ﬂoﬁ3 = id(M’®sM)®B(N’®TN) and 63OB:id(M'®BN')®S®BT(M®BN)' (A25)

We will only prove the second identity in (A.25]). The proof for the second identity in (A.25)) is
exactly same. We have

E17)

BsoBiopy =" PBzopgolpspr)o (lenml)
(A24)
B2 0 (pspr) o (lesarl)

=
o
&

psesT © ph o (Leyt y1) o (Lenr ml)
= PsesTOPE - (A.26)

By the fact that p% is epi, we obtain 33 0 81 = pse,r, which further implies the identity
B30 B0 psgsT = PsesT- Again by the fact that psg,7 is epi, we obtain the second identity in

(A25).
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(iii) According to Definition (iii) we need to check that By, vy is an (S3 ®p T3)-
(S1 ®p T1)-bimodule map, and that the two sub-diagrams in commute. For convenience,
we again set S := Sy, T :=T5.

To prove that § is an S; ® g T1-module map, we need prove the commutativity of the lower
square of the following diagram:

(M'®@ N Y (M ® N)(S, ®@T) (M'"®p N')(M ®p N)(S1 @B T1)

fi pS®BT\L

581
(M'®s M)®p (N' @7 N)(S1 ®T1) <—— (M' @5 N') Qsgpr (M @5 N)(S1 @5 T1)
RSl®BT1l lel(@BTl
8

(M' ®s M)®p (N' @1 N) (M'®p N') @sg,r (M @5 N)
(A.27)

where f := p%o(psprl)o((lens ar1)1). The commutativity of the upper square is just the lower

square in . Using the definition of Rg, g1, it is easy to see that we can switch the order

of the right action and f in the composed map Rg, g1, © f, i-e.

RS1®3T1 © f = p%’ © (PSPT].) © (]-CN’,M]-) © RSI®T1'

Similarly, we have
RSi@BTi O PSepT © p?])i’ = PS®pT © p% © R51®T1'

Then, by the commutativity of the lower square in , it is clear that the outer square in
is also commutative. Then the commutativity of the lower square follows from the fact
that a coequalizer map is an epimorphism.

Similarly, we can show that § is an S3 ® g T3-module map. We omit the details. Therefore,
B is a (53 Rp T3)—(51 XRp Tl)—bimodule map.

To show that the upper sub-diagrams in commute, we consider the following diagram

PB

S1 Ty S1®p T (A28)

| 2 5

(M'@N)®@ (M®N)——F2 o~ (M'®5 N')® (M ®5 N)

pS®BTl
(M'®s M)® (N' @1 N) —r (M'®s M) Qsgyr (N @1 N)

PBO(PSPT)OUCN’,MU\L

where u is defined as the u in and @ is defined similarly as w such that the upper square
in (A.28) commutes. The lower square in is nothing but the commutative lower square
in (A.20)). Notice that the right column psg,7 o v in is just the left arrow in the upper
triangle in (4.46). Moreover, the left column in can be shown to give the right arrow in the
upper triangle in composed with pp : 51 ® 17 — S1 ®p T1. Since pp is an epimorphism,
we obtain that the upper triangle in commutes.

The proof of the commutativity of the lower triangle in is similar. We omit it.

(iv) The naturality of B¢y N7y, () amounts to commutativity of the diagram (write S = Sy and
T = Tg)

B(mINTY,(MN)

(M'®p N')®sgsr (M ®p N) (M'®s M)®p (N ®@r N)
i(¢’®s¢)®3(w/®7w) (A.29)

(M/®SM)®B (N/®TN)7

(¢/®B'¢'/)®S®BT(¢®B¢)\L

~ ﬂ(M'N/)uCIJ\'J)
_—

(M' @5 N') ®sg,7 (M ®p N)
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where M 2 M, M’ LN M', N Yy N’ and N 25 N7 are 3-cells. Commutativity holds before
passing to the tensor products over B and S ®p T, so that the commutativity of the above
diagram follows from the universal property of the coequalizers. O

A.4 Proof of Proposition 4.18

Proof. Below we establish the associativity (A.8)) and identity conditions (A.9), (A.10)). Once
this is done, it is clear that C will be a 2-functor from Cosp(B, C') x Cosp(A, B) to Cosp(A4, C),
as the associativity morphisms are isomorphisms by Lemma and unit morphisms (4.43) are
just identities.

m associativity condition:
We need to pick four objects in the source category Cosp(B,C) x Cosp(A, B), say

Si T;
AN AN ; 1=1,2,3,4. (A.30)
A B C

Next we pick three 1-morphisms, each between the object of index ¢ and ¢ + 1. That is, we pick
an object in Diagpc(T;, Ti+1) X Diagap(Si, Sit1) for i =1,2,3:

/W\/¢\

M1, Nit1i ; 1=1,2,3. (A.31)
\ A / N /
Sit1 Tit1

Then we need to prove commutativity of the diagram (A.8). Substituting the definition of
C(s,1),(s,77) in (@4.41) makes this a somewhat cumbersome expression. For the left hand column
of (|A.8)) this results in

[(My3 ®p Nu3) @s,051 (Ms2 @p N32)| @051 (Ma1 @p Nai)
lﬁ<M43N43>,<M32N32> 1
[(Mys ®s, M32) ®p (Nag @1, N32)| @8,051 (M1 @p Nay) (A.32)
J(5<<M43®33 M32) (Nag®74 N32)), (M1 Na1)
[(Mys ®s, Ms2) ®s, Ma1] @p [(Nas @1, Ns2) @1, Noi |
where 8 was defined in . For the right hand column, one obtains

(Myz ®p Nuz) @s,051 [(Ms2 @p N32) @s,0,1, (M21 @5 Nai)
ll B(ar3y N32), (M1 Nay)
(Mys ®p Nusg) @sy0,51; [(Msz @s, Ma1) @p (N32 @1, Nay)] (A.33)
iﬁwm N43),((M328 g, Ma1) (N32®7, N21))

[M43 ®s, (M32 ®g, M21)] ®p [N43 @15 (N32 @, N21)] .

The top and bottom entry of the two columns are linked by the obvious associator isomorphism.
To show that the hexagon (A.8)) commutes in the present case, one first considers the corre-
sponding diagram before passing to the fibered products, which by (4.47) reads (omitting all
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associators)
My3 Nug Mss Ny Moy Noy —— Mys Nag Mss N3z Moy Noy

i10N43'M32111 i1116N32’A1211
Mys Msy Nyg Ny Moy N Mys Nys Msy Moy Nay N (A.34)
43 32 43 32 21 21 43 43 32 21 32 21
il lenNyz@Ngs Moy 1 il CNy3,Mza®@Mgy 11

My3 M3z Moy Nyg Nso Noy —— Myz Mso Moy Nyg Nag Noj

This diagram indeed commutes (by the properties of the braiding), so that the associativity
coherence can be established using the universal property of coequalizers.

m identity condition:
We use the notation (A.31]) for i = 1,2. Recall the identity 2-diagram from (4.39). The first
identity condition, given in (A.9)), expands to

AMa1® g Na1

(Sg ®pB TQ) R Ss@5Ts (M21 XB N21) Mo ®p Noy

l_

(52 ®pB TQ) QR Ss@5Ts (M21 XpB Ngl)

iAA_le@BATv;
(S2 ®s, Ma1) @p (T2 @1, No1) ,
(A.35)
where A/, for a left A-module M, is the canonical isomorphism A®4 M — M. Upon taking the
inverses of the vertical arrows, one again finds that the square commutes before taking the fibered
tensor products (i.e. one finds an equality of two morphisms Sy ® To @ Moy ® Noy — Moy @ Noy).
As above, one then employs the universal property of coequalizers to show . The second

B(S.T2).(Ma1,Na1)

condition, given in (A.10]), is checked analogously. O
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