6 Seminar on Hopf algebras: Modules, tensor
products and duals

DEFINITION 6.1. Let R be a ring. A left R-module is an abelian group M
together with a bilinear map

-:RXM — M, (r,m)— r.m
such that for all r,s € R, m,n e M
(rs))m=r.(s.m) and L.m =m

A R-module homomorphism between left R-modules M and N is a group ho-
momorphism f : M — N such that for all » € R, m € M : f(r.m) =r.f(m)

DEFINITION 6.2. Let k be a field and A a k-algebra. A representation of A
on a k-vectorspace V is an algebra homomorphism

p:A— Endg(V).

An intertwiner between two representations p, o of A over k-vectorspaces V and
W, respectively, is a k-linear map o : V. — W, such that

aopla) =oc(a)oa
for all a € A.

DEFINITION 6.3. Let A be a k-algebra and V' an abelian group. We say V is
a left A-module, if it possesses the induced vectorspace structure A.v := 14 (A).v
and a k-linear map - : A® M — M, that yields the previous defined A-module
structure, with A seen as a ring.

REMARK 6.4. Let k be a field and A a k-algebra. We have a bijection
between {(V, p) | p representation of A on k-vectorspace V'} and
{(V,+) | V left A-module} by a.v := p(a)(v) and p(a)(v) := a.v.

REMARK 6.5. Let A be an algebra. If U,V are A-modules, the vector space
U ® V obtains an A ® A-module structure by

(a®ad).(u®wv):=au®ad.v.
If A is a bialgebra, the A ® A-module U ® V is also an A-module by

a.(u®v) = Ala).(u®v) = (d.uwd v)
(@)

EXAMPLE 6.6. Let (G,-) be a group. Let h € G. We can make k into a
kG-module kj, by defining on bases

5,0 =13 ifg=n
0 ifg#h.



For g, h € G, we have a kG-module isomomorphism
p: ]i?g ® kp, — kgh
AR @ Al

where the tensor product on the left is given the induced kG-module structure
previously defined.

PROPOSITION 6.7. If A is a bialgebra, U,V and W are A-modules and k is
given the trivial A-module structure, we have canonical A-module isomorphisms

UeoV)oW=2U(VeW)
and
EV=2V2VeEk.
If furthermore A is cocommutative, then V@ W " W®V is also an A-module
isomorphism.

REMARK 6.8. Let A be a Hopf algebra with antipode S € End(A) and let
V,W be A-modules. We can give Homy (V, W) an A-module structure: first, it
obtains an A ® A°P-module structure by

((a®d).f)(v) :==a.f(a ).

Then (idy x S)oA: A — A® A°P is an algebra morphism. Define the action
of A on Homy(V, W) by

(a-f)(v) == ((((ida x S) 0 A)(a)).f)(v) = > d'.f(S(a").0).
(a)
PROPOSITION 6.9. Let A be a Hopf algebra and U,U’,V, V' be A-modules.
Then the linear map
A : Homy, (U, U") @ Homg (V, V') — Homy(V @ U,U" @ V')
defined by
Afeg)veu) = f(u) @gv)
is A-linear if, in addition, the flip Ty+ v/ : U* @ V' = V' @ U* is A-linear.
COROLLARY 6.10. In particular, the map A : U* @ V* — (V@ U)* and
Avy V@ U* — Homy (U, V) with (Ay,v (v @) (u) = v (u).v are A-linear.

REMARK 6.11. If either U or U’, and, either V or V', are finite-dimensional
vector spaces, A is invertible. In particular, the map Ay is invertible, if U or
V' are finite-dimensional.

PROPOSITION 6.12. Let V' be an A-module. Then the evaluation map
evy V¥RV =k, f@vw— f(v) is A-linear. If, moreover, the vector space V
18 finite-dimensional, then the k-linear coevaluation map dy : k —V @ V*,
1 ()\;1‘/ © NEnd, (v))(1) and the composition
Hom(V, W) @ Hom(U, V) = Hom(U, W)

are A-linear too.



